Trace Formulas of Higher Order

A Thesis
Submitted for the Degree of
Doctor of Philosophy
in the Faculty of Science

by

Arup Chattopadhyay

€>

Jiiig

Theoretical Sciences Unit
Jawaharlal Nehru Centre for Advanced Scientific Research
(A Deemed University)
Bangalore — 560 064 , India.

September 2012






Trace Formulas of Higher Order

A Thesis
Submitted for the Degree of
Doctor of Philosophy
in the Faculty of Science

by
Arup Chattopadhyay

Theoretical Sciences Unit
Jawaharlal Nehru Centre for Advanced Scientific Research
(A Deemed University)
Bangalore — 560 064 , India.

September 2012






Dedicated to my grand mother
Yogmaya Ghosal (budi)






Declaration

| hereby declare that the work reported in this thesis eutitfrace Formulas of Higher
Order " is the result of investigations carried out by me at the Tatioal Sciences Unit, Jawa-
harlal Nehru Centre for Advanced Scientific Research, Blangalndia under the supervision of
Prof.K.B.Sinha and that this work has not been submitteegisre for the award of any other
degree.

In keeping with the general practice in reporting scientliservations, due acknowledge-
ment has been made whenever the work described is based famdings of other investigators.
Any omission, which might have occurred by oversight or odgiment, is regretted.

Arup Chattopadhyay
S. R. No. 2701/S0121

Jawaharlal Nehru Centre For Advanced Scientific Research,
Bangalore - 560064,
September 2012.






Certificate

| hereby certify that the matter embodied in this thesistieti Trace Formulas of Higher
Order " has been carried out by Mr.Arup Chattopadhyay at the TeaeBciences Unit, Jawa-
harlal Nehru Centre for Advanced Scientific Research, Bangandia under my supervision and
it has not been submitted elsewhere for the award of any degréiploma.

Prof.Kalyan B. Sinha
(Research Advisor)

Jawaharlal Nehru Centre For Advanced Scientific Research,
Bangalore - 560064,
September 2012.






Acknowledgement

Words are not enough to express my gratitude to my reseapamasor Prof.K.B.Sinha. His
patience and constant guidance throughout the last fives yeade me reach this current position.
| believe that without him, | could not have reached this stag

| would like to convey my heartfelt acknowledgement to aét taculty members as well as
all the students of TSU, for their pleasant associationndumy research work.

| am also extremely grateful to all the instructors of theimas courses that | have taken
from the department of Mathematics, [ISc. Special thanksdale to Prof. Debashish Goswami
and Prof.J Martin Lindsay for their encouragement and stippo

| would like to thank Council of Scientific and Industrial Resch (CSIR), Government of
India for financial support for five years and UK-India Educatand Research Initiative (UKIERI)
project for bringing an experience of contact with a largdybof researchers in India and in UK.

This thesis would be incomplete if | don’t mention that sew&md-hearted people, especially
Late Becharam Simlai(chola mama) and Anita masi, Geeta, iBaslip meso, Biswajit meso,
Shyamal meso who have helped me immensely to continue in adeadc career. | would like to
express my gratitude to all of them. | am also grateful to alifrrends at INCASR for making the
last five years memorable. | express my sincere thanks to myyfaespecially my grand-mother
Yogmaya Ghosal for being a constant source of support anifiyfinenust thank my twin brother
Swarup and other friends from outside JINCASR for being thdrenever | needed them.






Table of Contents

Declaration i
Certificate i
Acknowledgement vV
Table of Contents Vi
1 Introduction 1

1.1 Schattenp-ideals . . . . . . . . . . . . . .. e 1

1.2 Spectraltheorem . . . . . . . . . e 4

1.3 Double operatorintegrals @ (H) . . . . . . . .

1.4 Krein's spectral shift function and associated tracenfda . . . . . . .. ... .. 7
1.5 KoplienkoFormula . . . . . . .. . . 21
1.6 HigherOrder Trace Formula . . . . . . . . . . . . ... ... ... .. 23



Bibliography

Koplienko Trace Formula
2.1 Koplienko formulain finite dimension . . . . . . . .. . ... ...
2.2 Reductiontofinitedimension . . . . . . . . .. ... ... e

2.3 Koplienko formula for both bounded and unbounded cases. . . . . .. .. ..

Bibliography

Third Order Trace Formula
3.1 Bounded Case . . . . . . ... e

3.2 Unbounded Case . . . . . . . . . . . e

Bibliography

Some Results for Commuting n-Tuples
4.1 Approximation Results forn-Tuples . . . . . . . ... .. ... ... .. ...
4.2 Trace Approximations For Bounded Commuting Tuples . ...... . . . . . . ..

4.3 Trace Approximations For unbounded Commuting Tuples .. .. . . . . . . ..

Bibliography

24

27

27

32

41

53

55

56

74

92

93

93

99

. 105

114



Chapter 1

Introduction

In this chapter we give some basic definitions and facts afed te ([18], [19], [1], [10]) for the
details. Throughout this thesi#, will denote the separable Hilbert space o{feunless otherwise
mentioned.

1.1 Schatten p-ideals

Let A be an operator in a Hilbert spagéwith Dom(A) is the domain and Rdr) is the range of
the operatord. An operatorA is said to be densely defined if Dgrh) is dense irH. A densely
defined operatod is said to be self-adjoint il = A* (where A* is the adjoint of the operatot).
The set of all bounded and everywhere defined operatdksisidenoted by3(#) andB(H) is a
Banach space with respect to operator ngrin

Definition 1.1.1. An operatorA € B(H) is called finite rank if the dimension of RaA) is finite

(and hence closed). Then there are orthonormal vegtorshs, ....... Jhy}in H with N < oo
(spanning Raf)) and a orthogonal familyey, es, ...... ,en} such that
N

Af = (e, b ¥V fEH.

i=1

The set of all finite rank operators is denoted®y(# ) .

Definition 1.1.2. A linear operatord : # — H is compact ifA({% : ||h|| < 1}) has compact
closure in{. The set of all compact operators is denoted3pi/H ).
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1.1. Schatten p-ideals

The basic properties @,(H ) are as follows:

(i) Bo(H) C By(H) € B(H) and By (H) is dense inBy(#H) with respect to operator
normf|.|.

(i) Bo(H)isa*-ideal ofB(H)i.e.if S € B(H)andA € By(H), thenAS andSA € By(H)
andifA e B(](H), thenA* € Bo(H)

(iii) Let A € By(#H). Then there exist two orthonormal s€ts. } 2>, and{ A}, such that

o0

forall f € H ; Af = > M\ilex, f)he, where{\;}?2, are the singular values of i.e. {\;}2,
k=1

are eigenvalues dfA| = (A*A)% [ see ([18], [1]) for definition of(.)% ], each repeated as often as
its multiplicity and the infinite sum ( viewed as the limit obaquence of operators ) converges in
operator norm.

Definition 1.1.3. Let # be Hilbert space{¢,}%>, an orthonormal basis. Then for any positive

o0

operatorA € B(H) (i.e. (Ah,h) > 0 ¥V h € H) we define TA = > (¢x, Adx). The number

k=1
TrA is called thetrace of A and is independent of the orthonormal basis chosen. The hasthe
following properties:

(i) Tr(A+B)=TrA+TrB.
(i) Tr(AA) = ATrA forall A > 0.
(iiiy Tr (UAU-') =TrA for any unitary operatot/.

(iv) If 0<A<B, then TA < TrB.

Definition 1.1.4. An operatorA € B(H) is called trace class if and only if | < oo and
|Al|1 = Tr|A|. The family of all trace class operators is denoted3yH).

The basic properties @, (H) are given in the following:
(i) Bi(H)is a Banach space with norjn||; and is a *-ideal in3(#).

(i) Every A € B,(H) is compact. A compact operatdris in B;(H) if and only if
> A < oo, where{\;}2, are the singular values of, each repeated as often as its multiplicity.
k=1

(iii) The finite rank operators arg||;- dense inB3;(#) andB; () is not closed under
the operator nornj.||.



Chapter 1 : Introduction

(iv) If A e Bi(H)and{¢,}:2, is any orthonormal basis, theﬁ (or, Ady) converges
k=1
absolutely and the sum is independent of choice of basis.

On the basis of property (iv), we can extend the definitionra€e to anyA € B;(H) by

TrA = Y (éw, Agy), where{¢,}2, is any orthonormal basis. The following are some basic
k=1
properties of the trace:

(i) Tr(.)islinear.
(i) TrA*=TrA.
(i) TrAB=TrBAif Aec B,(H)andB € B(H).

Definition 1.1.5. An operatorA € B(H) is called Hilbert-Schmidt if and only if H#*A =
Tr|A]? < oo. The family of all Hilbert-Schmidt operators is denoted®y(H).

The basic properties @, (H ) are as follows:
(i) By(H)is a*-ideal inB(H).

(i)  By(#H) with inner product(A, B), = Tr(A*B) (A, B € By(H)) is a Hilbert
space, which we shall denote herefés

(i) If Al = (A, A)] = (Tr(A"A))?, then|[A[| < [|A]l2 < [|A]l, and A, =
[A™]]2.

(iv) Every A € By(H) is compact and a compact operatbris in By (H) if and only

if > A2 < oo, where{)\,} are the singular values of, each repeated as often as its multiplicity.
k=1

(v) The finite rank operators afe||.-dense inB,(H).

(vi) A e By(H)ifand only if i | Adr||? < oo for some orthonormal bas{gy } 32 ;.

k=1

(vii) A € Bi(H)ifand only if A = BC with B,C € By(H), and in such a case
TrBC =TrCB =TrA.

Definition 1.1.6. (The Schatten p-ideals) Far< p < oo, we defineB,(H) = {4 € B(H) :

|AlP € Bi(H)} and set| A, = (Tr|A|P)% = (i /\Z) ’ , where{\.} are the singular values of
k=1

3



1.2. Spectral theorem

A, each repeated as often as its multiplicity. These spaceseboked upon as non-commutative
analogues of the Lebesgue spdde(or /). Here are some basic properties of the Schatten p-
ideals:

(i) Letl <p < oco. ThenB,(H) is a Banach space with norjl|, and is a *-ideal in
B(H) with [[A*][, = [|All, ; A € By(H).

(i) Letl < pgr<ocand;+ . = IfAc B,(H)andB € B,(H), then
AB € B.(H) and[|AB|, < [|All,[|Bll,-

(i) Letl <p < oo.ThenBi(H) C B,(H) C By(H) andB,(H) is the closure of the
finite rank operators in the norn|,..

(iv) Letl < ¢ <p<ooandA e B,(H). Thend € B,(#) and|| A, < ||A]|"~||A|2.

1.2 Spectral theorem

Definition 1.2.1. A orthogonal projections oK -valued function® onR is called a spectral family
if it satisfies the following properties:

(i) E()\) is non-decreasing i.d7(\)E(p) = E(min{\, u}).
(i) s — /\Er_n E(A) =0 and s — /\h_)m E\) =1.

A spectral familyE (\) is said to be right continuousB(\) = E(A+0) = s— linon+ E(An).
n—
In this thesis we shall require additionally the right cantus spectral family.

Definition 1.2.2. Let H be a given Hilbert space atitibe ac-algebra of subsets of a s&t Then
a spectral measure foX, 2, H) is a functionE : Q — B(H) such that

(i) foreachA € Q, E(A) is an orthogonal projection,
(i) E@W)=0andE(X) =1,
(|||) 1) (Al N Ag) = E(Al)E(AQ) for Al, AQ € Q,

(iv) if {Ax}32, are pairwise disjoint sets 0, then £ (Ej Ak) = i E(Ag),
k=1 k=1

4



Chapter 1 : Introduction

where the infinite sum converges strongly.

Given a spectral family you can always construct a specteglsure on Borel subsets [&f
by defining on basic Borel sets and then extending it to anlyitBorel sets by standard methods
(for details see sec.5-2, [1]).

Let A be a self-adjoint operator iK. Then there exists a unique spectral fan{ify,(\)}
such that forf € Dom(A) i.e. for f € H such that [ \* (f, E4(d\)f) < oo and for any

g € H, (g,Af) = | X{g,Ea(d\)f). Also eachE,(\) commutes with all bounded operators
that commute withé_lf>O

Given a self-adjoint operatot in #, the resolvent sgi(A) [ the set of allz € C such that
(A—zI)"" € B(#)] of Acontains allz € C such that Im # 0 ; in fact for such z,

|(A—2I)7"|| < |Imz|~!. Thuso(A), the spectrum ofl, defined byr(A) = C \ p(A) is a subset
of R and in fact, is exactly the support of the spectral fantily.

1.3 Double operator integrals on3,(H)

Double operator integrals theory was developed by Birmah Solomyak in a series of publi-
cations ([3], [4], [5], [6], [8]). In this section, we will ge some brief idea of double operator
integrals onBy (H).

Let A and B be two (possibly unbounded) self-adjoint operators on aétilspace{ with
spectral family (measurely, and Ez respectively. Lelg be the set function oik? defined as
follows:

GO X A): X — EA(0)XE(A) for 0,A € BorelR); X € By(H).

Then the values off on the set of all Borel measurable rectangies A ¢ R? are orthogonal
projections on the Hilbert spad¢and hence can be extended to a spectral measure in the Hilbert
spaceH on the Borel sets dk2. Thus integrals can be defined as a weak Riemann (or Lebesgue)
integral with respect to this spectral measure. For exanfpteis a bounded measurable function

5



1.3. Double operator integrals @ (H)

onRR?,

Ag(-) = /R/Rcb(/\,u) Ea(d\)()Ep(dp) existsinB (By(#H)) and [|Ag(X)| < |[¢]lVar(G(.)X),

where

Var (G(.)X) = sup ST Y.G(5; % A)X)a] < |1X])a

[{0ix A5}y 3 IV [l2<1 : {8:x A;}7;_, is a partition ofR?] ; j=1

Next for anyX,Y € By(H), we have

(4 ([ ssnan))

= [ o (.6axx ) X), = [ [ 600 m) 0. Ea@) X Bl

ey ([ ot Ganx ) ) Xy = [ [ o0 Ty Balan X Ealan),

Moreover, we have

2

/R/Réﬁ(ku) Ea(d\) X Es(dp)

2
2

H( [ o0 Glarx di)) X

2

= R2\¢()\7/~L)\2<X79(d)\><dM)X>2:/R/R|<Z>()\aM)|2TV{X*EA(d)\)XEB(d/~L)}S”¢Hoo”XH§-
(1.3.1)

Theorem 1.3.1.Let A be a self-adjoint operator iif and V" be a self-adjoint operator such that
V € By(H). Let¢ be a Lipschitz function oR i.e. |¢(N\) — ¢(u)] < c(@)A—p| YV N p€

R (the leastc(¢) satisfying the inequality is called the Lipschitz norfi®||, of ¢). Then
P(A+V)—¢p(A) € By(H) and

oA+ v) - o) = [ [ENZX g v Ean),

whereE 4. v()\) and £4(p) are the spectral families (measures) of the self-adjoimratrs(A +
V') and A respectively. Moreover,

o+ V)=o), < sup|“S =2 vy~ folp IV

AFp

Proof. For the proof see ([5], [6], [8]). O
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1.4 Krein's spectral shift function and associated trace fomula

In this section we will discuss briefly about krein’s theoremthe spectral shift function and the
trace formula for a pair of self-adjoint operatdis, Hy).

The original proof of Krein ([15], [22]) uses properties adrpurbation determinants and the
integral representation of holomorphic functions on thparhalf plane with a bounded imaginary
part. In 1985, Voiculescu [24] approached the trace fornfnden a different direction and gave
an alternative proof without using function theory for ttese of bounded self-adjoint operators.
Later Sinha and Mohapatra [22] extended Voiculescu’s ntetbdhe unbounded self-adjoint and
unitary cases [23]. There is also the interesting approa&irman and Solomyak [7] using the
theory of double operator integrals. Let us begin by statirggtheorem in finite dimensional
Hilbert space.

Theorem 1.4.1.(Theorem 1.1. [22]) Let! and H, be two self-adjoint operators in a finite dimen-
sional Hilbert spacé{ with £ (\) and E, () are the spectral families of and H,, respectively.
Then there exists a unique real-valued bounded fungtisunch that

() €(\) =T{Ep,(N) — Ex(N)}, AeR,
(i) fRf()\)d)\ =Tr(H — H,y),
(i) for ¢ € C(R) (set of all once continuously differentiable functionsRyn

Tr [6(H) — 6(Ho)] = / G NEN)A (1.4.1)

Furthermore{ is a constant in every real open interval H ) N p(H,) and has support i, b],
wherea = min{inf o(H), inf o (Hp)} , b = max{sup o(H ),sup o(Hy)}.

(iv) If H— Hy = 7|g){g| withT > 0, ||g|| = 1 (we have used Dirac notation for rank
one perturbations), theéiis a {0, 1} -valued function. More preciselg(\) = > xa,(A) for r
j=1

disjointintervalsA; C R, 1 <r <n.

Remark 1.4.2. The function{ as in Theorem 1.4.1 is known as Krein's spectral shift fuorcti
and the formula (1.4.1) is called Krein’s trace formula inttBndimension. But in an infinite
dimensional Hilbert space, the relatigi\) = Tr{Ey,(\) — Ex()\)} will not make sense in
general becausEy,(\) — Ex(\) may not be trace class (for details see [22]), eveld it H, is
rank one as injiv).



1.4. Krein’s spectral shift function and associated tracentila

Next we shall define Krein's spectral shift function and assted trace formula for a pair
of self-adjoint operators in an infinite dimensional Hilbspace? such that their difference is
trace-class. In fact, we will reproduce the proof of Kreitiigorem given by Voiculescu [24] for
bounded self-adjoint case as well as for unbounded setiit#idjase given by Sinha and Mohapatra
[22]. We begin with a theorem which is adapted from Weyl-vaukhann theorem [13].

Theorem 1.4.3.(Adaptation of Weyl-von Neumann theorem, [22]) Adie a self-adjoint operator
inH, f € Hande >0, K acompact setifR. Then there exist a finite rank projectighin H
such that

(i) |[(I-P)AP|;<e and |[|(I - P)é"P||,<e uniformly for ¢t € K.
(@ (- P)fll<e
Proof. Let £, be the spectral measure associated with the self-adjosratp A, and choose

a > 0 such that||[I — E4((—a,al])]f|| < e. For each positive integer and1 < k < n, set
Ey = By ((¥2=2q, #:-2q]) so that

We also set fol < k < n,

gk =

Now

| Rl = [ IEa@l? < o

o0

and hencd g, }7_, € Dom(A). Again

Agr = A ( 21 ) ! A(Erf) = BrA(BwS) = En(Agr) € ExH,

IEf ) IIERS] | Exf]]
since F, commutes withA. Let P be the orthogonal projection onto the subspace generated by
{91,092, 93, vr... , g} SO that dinPH < n. Set), = 2:="=14 then

2k—n

[ERPAE

@ a

= A IEs el < (5)

a

8



Chapter 1 : Introduction

Next PAg, € PH and hence

n n

PAg, = Z(PA%’!]J‘M]' = Z(Agkangj = (Agk, gr) 91 € ExH,
j=1 j=1
sinceAg;, € EyH andg; € E;H. Therefore,(I — P)Ag, = Agy — PAg, € EyH. So for any
u € H,

n n

Pu = Z(Puagﬁgj = Z<U,gj>gj and hence

J=1 J=1

n o0

(I —P)APu=" (u,g;)(I — P)Ag; = (u,g;)(I — P)(A—);)g;. Therefore

(= PYAPuI = 37 [, g P = P)CA = )l < (2) P

ie.|[(I - P)AP| < (2) and hence||(I — P)AP|y < /i |[(I — P)AP| < (ﬁ> . Thus Thus

again by the same calculation as in page 831 of [22] , it fodltinat

a(t) = ||(I - P)E“P||,=||(I - P) (&' —1)P|,= H([ — P)/O ds% () P

2

— H([—P) /Otds ésAiAPH2 g/Ot{H(I—P)éSAPH2|]APH+H(I—P)éSA(I—P)HH([—P)APHQ}ds

t
a
§2a/asds+T— for |t| <T,
R
(1.4.2)

solving this Gronwall-type inequality (1.4.2) leads to

T a ) < (TaezaT)
i ST

On the other han@ s ((—a,a])f = (I — P) > _, Exf = > i l|ExfII(I — P)gx = 0, so that

a(t) = ||(1 - P)EP|, < (

(L =P)fll=III=P)[I = Ea((=a,a)] fl <[ = Ea((—a,a])] fI] <e
The result follows by choosing sufficiently large. O

Lemma 1.4.4. ([24]) Let H and H, be two bounded self-adjoint operators in an infinite dimen-
sional Hilbert spacel{ such thatld — Hy = 7(g)(g|; 7 > 0 and||g|| = 1. Then there iy ,) €

9



1.4. Krein’s spectral shift function and associated tracentila

L*(R) with 0 < &p,m,) < 1 andsup@u,m,) C [a,b], wherea = inf o(Hy) ; supo(Hp) +7
such that

Tr{p(H) — p(Ho)} = / NE 1) d (1.4.3)

for every polynomiayb(.) in [a, b]. MoreoverHS(H,Ho)HLl(R) = ||7l9){gl|ly = 7 andT = Tr(7|g){g|) =
J70 gy (M) dA.

Proof. It will be sufficient to prove the lemma fgr(A\) = A". Note that forr = 0, both sides of
(1.4.3) is identically zero. Therefore without loss of geatiéy we can assume that> 1.

Applying Theorem 1.4.1 witlh = H, and f = g, we get a sequencP, } of finite rank
projections such thatP;" Hy P, ||, — 0 asn — oo and||(I — P,)g|| — 0 asn — oc. Hence
1P H P[], < || P HoPull, + 7 [[1P70) (Pagl [, < || P HoPall, + [ Pl llgll,

which converges to 0 as — oo. SinceP-HEP, = PrHY 'PrHP, + P-HY ' P, HyP,,
then by mathematical induction we conclude th&t"H;P,|, — Oasn — oo V k € N.
Similarly,

|PLH*P,||, — 0asn — oo V k € N. Next consider the expression
Tr{[H" — Hgl} = Tr{ P (P P,)" — (PoHoPu)') P}
=Tr{[H" = Hy] = P, [(BoHE,)" — (BaHoP,)"] Po}

r—1 —
=Tr {Z Hr+t 71g){gl Hg - Z b, [(PnHPn)rikil Prlg)(9lPn (PnHOPn)k] P}
k=0 k=0
r—1

=7 Y T {H"* g)(g| HE — P, [(P.HP,)" " | Pag)(Pagl (PaHoP)*] Py}
k=0

=7 Y Tr{[H"*'P,— (P.HP,)" "] Pulg)(g| H§ + H "B |g){g| Hy

+ (PnHPnyikian ‘9> <g‘ P#Hg + (PnHPnyikian |g> <9| P, [Pan - (PnHOPn)k} }
(1.4.4)

In the first term of the expression (1.4.4) :

—k—

|[H ' = (P.HP) " Pil|, = H"*==2l|f — P,HP,|(P,HP,)’P,

7=0 2

r—k—2

Z H™= 2P HP (P HP) P|| < (r— k= D H[™2 || PEHP,,

2

r(L+ =)™ || P,

10



Chapter 1 : Introduction

which converges to 0 as — oo and hence
[[H* 7 P, = (P, HP,) "] Py |g) (gl H |,

<|[[H Py = (PLHP,)™ ] Rl |ll9)(9l H |,

<L+ [|H ) [ Hol* gl || P

which converges to 0 as — oco. Similarly for the fourth term in (1.4.4), we note that

| P [HY — (P,HP)Y] |, < ZP Hy77'\PrH,P,(P,HyP,)

7=0

2
< k| Hy | HPLHOP Hz < k(1 + || Ho|)" HPLHO

which converges to 0 as — oo and hence
(P HP) 1P 9) (9] Pu [PuHE — (PaHo P |,

< |(PuHP) Py o), | Pu [PuHE — (PaHoPo)*] ],
< k(L4 [ HolD)MIIH " N gl1? || Py Ho Pl

which converges to 0 as — oo. For the second term in (1.4.4), we have

[P ) gl Hyl, = [ | Prg){al Hgll,
< H| I H ol ([1Prg)alll, < IH I HIHIIT = Paalllgll,

which converges to 0 as — oo and for the third term in (1.4.4), we have the following esttm

(P ) "1 |g) (g P H |, = [[(PaH P)"™™ " [ Pag)(Pyg] Hgl|,
< =" Holl* || Bag)(Pralll, < IHI™* 1 Holl*[| Paglll| (1 = Po)gll,

which converges to 0 as — oo. Therefore the right hand side of (1.4.4) converges to O as
n — oo and hence we have proved that
Tr{H"— Hj} = lim Tr{P,[(P.HP,)" — (P,HoP,)"] P.}. (1.4.5)

n—»aoQ

But on the other hand
Tr{P,[(P,HP,)" — (P,H\P,)"| P,} = / AT () dA,

by applying Theorem 1.4.1 t6, H P, and P, H, F,, on the finite dimensional Hilbert spac¢e
anda = info(Hy) ; b = supo(Hy) + 7. Using part(iv) of Theorem 1.4.1, we conclude that

11



1.4. Krein’s spectral shift function and associated tracentila

0<¢&, <1V neNandhencdé,} isin the unit ball ofL>([a, b]). But L>*([a, b]) = L'([a, b])*
and hence Banach-Alaoglu’s theorem we conclude the uniobal ([a, b])* is w*-compact. Also
the unit ball of L!([a, b])* is w*-metrizable, since.!([a, b]) is separable ( polynomials are dense
in L'([a,d]) ). Therefore compactness and sequential compactnessuvaleqt in the unit ball
of L'([a, b])* with respect to w*-topology. Hence there exist a subseqai¢fig } and a function
Em,m) € L ([a, b)) with 0 < &,y < 1 such that,, — &u u,) in W*-sense i.e.

b b
i [ 06, 0 A= [ F 0Ny A forall f € L¥(a.b).
Hence , ,
Tr{H" — Hg} = lim / AT (M) dA = / A ) (N) d, (1.4.6)
— 00 a a
where§ g i,y € L*(R) with 0 < &1y < 1 @and suppu,u,) C [a,b]. In particular forr = 1,
equation (1.4.6) gives
b
[ ) an=Te (11— 1} = e Mol == I
O

Remark 1.4.5. Let H and H, be two bounded self-adjoint operators in an infinite dimenai
Hilbert spaceH such thatd — H, = 7|g)(g]; 7 < 0and|g| = 1. HenceH, — H = —7|g)(gl;
—7 > 0 and therefore by applying Lemma 1.4.4 for the gafg, H) we get that

T {p(Ho) ~ ()} = [ P Oam(X) d Le,

Tr {p(H)—p(Ho)}Z/ PN [=€o,m (V)] dk:/ P (N mp (N) dA,

for every polynomiab(.); &u,m0)(A) = —&ae,m)(N); @ = info(—Hy); b=supo(—Hy) — T;
0 < |éurmy| <1 Jg &y (V) dX =7 and||€ o) || 12 = |[€cpo.mn) || 12 = |71 = =7

Next theorem is the M.G.Krein's trace formula for generat# class perturbation in bounded
self-adjoint case.

Theorem 1.4.6. ([24]) Let H and H, be two bounded self-adjoint operators in an infinite dimen-
sional Hilbert space such thatd — Hy, = V € B;(H). Then there exists a unique real-valued
function¢ € L!(R) such that

b
Tr {p(H) — p(Hy)} = / PVER) dA, (1.4.7)
12



Chapter 1 : Introduction

for every polynomiap(.), wherea = inf o(H))
(V)5 Nl < [V

b=supo(Hy)+ ||V] and [ £(N) dA =

Proof. It will be sufficient to prove the theorem fe(\) = \". SinceV' € B;(H), then

V= ZTj|gj><gj| with Z |7;| <oo; |lgjll=1 foreach j
— ~

k 00
SetV,, = ETj\gj)(gj|andeEH0+ka0rk:1,2,3, ...... ThenHV—Vkle Z ‘Tj| — 0
j=1 =kt

o0
ask — oo, since)  |1;| < oo and
j=1

r—1

> HNH - Hy)Hj,
=0

r—1

> HTENV - W) H
=0

||Hr - Hl:||1 =

1 1

r—1 r—1
< NH|TTYY = Vil | HilF < 1V = Vil (Z L™ ([ Holl + ||V||)1> :
=0 =0

which converges to 0 ds — co. But on the other handly — H; = Y% _ (H,, — HJ,_,) and
hence

k k b
Tr{H; — Hj} = > Tr{H, —H, }=)_ / PNV ) (A) A, (1.4.8)
m=1v2

m=1
by applying Lemma 1.4.4 and Remark 1.4.5 accordingly forpie(H,,, H,,_1) and
/Rf(Hm,Hml)()\) AA =T (Tin| g ) (Gml) = Tons (€t o) 20 = [Tl;

a=info(Hy) — ||V, b=supo(Ho) + |V Supp,, u,_.) < la,b] ¥ m € N. Define

N =Y &ttt (V) (1.4.9)
k=1

SetSi(\) = Z &t H 1) (A), thenS, € LY(R) for eachk € N and fork’,k € N such that

k' >k, we have

1Sk = Siell = / 156N — SN dr = / Z Etan (V)] dr
m=k-+1
<Y [Jemn o = Y
m=k+1 m=k+1

13



1.4. Krein’s spectral shift function and associated tracentila

which converges to 0 ds— oo, proving that the right hand side of (1.4.9) convergeslimorm
and hencg € L'(R). Also¢ is real valued since eagly,, »,, ,) is real valued and sugpC |a, b]
since SUPR (..., .) C [a, b] for eachm. Moreover by using Fubini’s theorem we have

wmzémwwsZAmMMHWMMiymzwmam
m=1 m=1

/Rg(A) dA=>" /}R&Hm,Hml)(A) dA =Y "7, =Tr(V).

Finally by taking limitask — oo on both sides of (1.4.8) and using Fubini’s theorem we cafeclu
that

0 b
Tr{fl" — Hy} = lim Tr{H; — Hy} = > / PN Ty H) () dA
m=1"v2
b 0 b
= / PN €ttt (A) dA = / FATTIE(N) dA.
a m:l a

For uniqueness, let us assume that there e&ist$, € L'([a, b]) such that

ﬂMW%ﬂ%Hz/ﬁW%Mﬂ

wherep(.) is a polynomial ang = 1, 2. Therefore
b
/ PN EN)dA =0V polynomials p(.) and &=¢& —& € L'([a, b)),

which together with the fact th{ﬁ:’ E1(N) dX = fab &(N) dX = Tr(V) (which one can easily arrive
at by settingp(\) = X in the above formula), implies that

b
/ A"E(N)dA =0V r > 0. Hence by an application of Fubini’s theorem, we get that

/OO e EN) dN = i % /OO (—itA)™ () dX = 0.

Hence -
/ e EN)dA =0Vt eR.

Therefore¢ is an L' ([a, b])- function whose Fourier transforgit) vanishes identically, implying
that¢ =0oré& =& a.e. O

14



Chapter 1 : Introduction

The functiong, which is obtained in Theorem 1.4.6 is called Krein’s spacthift function
and the formula (1.4.7) is known as Krein’s trace formula auibded self-adjoint case. Next we
will start with a lemma which reduce the Krein’s theorem inténdimension in an unbounded
self-adjoint case.

Lemma 1.4.7. ([22]) Let H and H, be two self-adjoint operators i such thatdH — H, =
Tlg){g|; T > 0and||g|]| = 1. Then there exists a sequend®,} of finite rank projections i
such thatP,g — g asn — oo and foranyl’ > 0

Tr{d — "} = lim Tr{p, [¢H — girntor] p 1 (1.4.10)
uniformly for all¢ with |¢| < T.
Proof. Applying Theorem 1.4.3 witdh = H, and f = g, we get a sequendg’, } of finite rank

projections inH such thaf| P;-H,P,||, — 0 asn — oo; ||Pre"P,||, — 0asn — oo
and||( — P,)g|| — 0 asn — . Hence

|PEHP|, < [PEHP, +7 ([ [PEg) (Paglll, < | BEHoPAl, + 71 = P)gl gl
which converges to 0 as — oco. Thus
Tr{eitH _ eitHo} _ Tr{P [eitPnHPn _ eitPnHoPn} Pn}

= Tr{/ doz e'taH gt(l- Oé)Ho)} TI’{P /01 do % (eitaPnHPn.eit(l—a)PnHOPn) Pn}
= Tr{/ do €t Tlg){g| € gdtll—a H"}
—Tr{ / 1 da P, HPait P 7|g)(g| P, @1 PnHolnp A
0
= Tit /1 dov Tr{eitaH |g> <g| eit(l—a)Ho _ PneitaP”HP" Pn|g> <9|Pn eit(l—a)PnHoPnPn}
0

1
= Tit / dov Tr{ [eitaH . eitaPnHPn] Pn|g> <g| eit(lfa)Ho + eitaHP:_ |g> <g| eit(lfa)Ho
0

+ eitaPnHPn Pn|g> <g|Pni eit(l—a)Ho + eitaPnHPn Pn|g> <g|Pn [eit(l—a)Ho _ eit(l—a)PnHoPn}}
(1.4.11)

In the first term of the expression (1.4.11) :

1
H [eitaH . eitaPnHPn} PnH2 — Hlt 05/0‘ dﬁ eitaBH[H . PnHPn]eita(lfB)PnHPnPn

2

1
= Hita / ds étaﬁHP;HPnémﬂ5>PnHPnPnH <T| P HP,,,
0 2

15



1.4. Krein’s spectral shift function and associated tracentila

which converges to 0 as — oo, uniformly for |¢| < 7" and hence
H [eitaH N eitaPnHPn} Pn|g><g| gt(1—a)Ho H1
< [ — e P, [lo) (gl e ol < T [P HP, Nl
which converges to 0 as — oo, uniformly for |¢| < 7. Similarly for the fourth termin (1.4.11),
we note that

HPn [eit(l—a)Ho . eit(l—a)PnHOPn] H2

1
it (1—a) / dg P!t~ pLp p @ti=)(1=5)FuHoPy
0

< TP HoPull,
2

which converges to 0 as — oo, uniformly for |¢| < 7" and hence

HétaPnHPn P |g> <g|P [ |t(1 o)Hy é’t(lfa)PnHoPn] Hl
< HeltoanHPn P |g g|H2 HP [ t(l—a)Hy __ eit(l—a)PnHQPn} H2
< [|e P [ Pag)glll, T||PaHoPall, < T ([P HoPall, llgll®,

which converges to 0 as — oo, uniformly for || < T'. For the second termin (1.4.11), we have

€1 P, g)(g| €|, = [|&* |Brg){gl €0, < [[IPa)gll], < 1K = Pa)gllgll

I =

which converges to 0 as — oo, uniformly for |¢| < 7" and for the third term in (1.4.11), we
have the following estimate

HeitaPnHP" Pn\g> <g‘P:' eit(lfa)Ho Hl
= || P HE | Pog) (Pl €0 < ||[P.g)(Prglll, < gl (I = Pa)gll,

which converges to 0 as — oo, uniformly for |¢| < T'. Therefore the right hand side of (1.4.11)
converges to 0 as — oo, uniformly for |¢| < T and hence we have proved that

Tr{e" — e} = lim Tr{P, [¢"HF — dirHorn] P}
n—-aoo

uniformly for all £ with |¢| < T. O

Next theorem is the Krein’s theorem for unbounded selfiatjcase.

Theorem 1.4.8. ([22]) Let H and H be two self-adjoint operators iK such thatd — Hy, =V €
B, (). Then there exists a unique real-valued functjon L' (R) such that

Tr{eitH . eitHo} _ (It)/R |t>\ 5( )

16



Chapter 1 : Introduction

Moreover,
/ ¢ e(N) dA=Tr(V) and €]l < [V
R

Proof. At first we letV = 7|g)(g|; 7 > 0 and|g|| = 1. Hence by Lemma 1.4.7 , we conclude
that, there exists a sequenicB, } of finite rank projections such th#&t,g — g asn — oo and

Tr{g" — "} = lim Tr{Pp, [¢'" —€&Pon] P},

whereH, = P,HP, and H,,, = P,HyF,, and the convergence is uniform irfor |t| < T.
Note that by constructio®,# € Dom(H,) = Dom(H) (see the proof of Theorem 1.4.3) and
hence both,, andH, ,, are self-adjoint operators in the finite dimensional Hittspracel’, /. By
Theorem 1.4.1iv), we get &0, 1}-valuedL! (R)- function¢,, such that

Tr{p, [¢"" — o] P} = it / &, (\) d), (1.4.12)
R

and hence
Tr{e'® — o} —it lim [ €™ &,(\) d), (1.4.13)

n—-aoo R

the convergence being uniform irfor |t| < T. Sincet — €= d!Hon are norm continuous
in P,H and P,V P, is rank one, then using bounded convergence theorem, werioang1.4.12)
that

. 1 . .
. tA I B - tH, _ AtHon
/R &) dx_t@OAé EN) A = im & Tr (P, [0 — @on] 1)
. 1 ! d  jsm i (t—s)H,
= lim — Tr{p, [ ds— (e*!".d"==/fon) p}
t—0 it o ds (1.4.14)
1 [t . .
= lim — / ds Tr{P,&*™ P,V P, e!=*)onp,}
t—0 t 0
= Tr{P,VP,}.
Thus
/ En(N) AN = Tr{7|Pag)(Pag|} = 7| Pagl* = 7(1 = [ Pygl*) > 7(1 — €%),
R

since||Plg|| — 0asn — oo i.e. givene > 0, 3 anatural numbeN € N such that| P1g|| < ¢

VY n > N. Set .
unAzif £,(\) dA
B = TE s &V
17



1.4. Krein’s spectral shift function and associated tracentila

for every Borel seA C R and hence we have a fami{y:,,} of probability measure by (1.4.14).

Also note that
& 1, (dN) / & €,() A,
/ HPng!P

which by (1.4.13) and the fact thiP,g||> — ||g||* = 1 asn — oo, converges to

1 . .
t—Tr{étH —d#o) = ()  uniformly in¢ in compact sets ifR\{0}.
-

On the other han@(0) = m Jz &(X) dX = 1foralln € N. Again

tlimoﬂ( ) = lim i Tr{[e'tH eltHo}} _ hm — Tr {/ ds & e'SH (- S)Ho)}

t—0 1tT

1 . .
= lim — / ds Tr{esH v =)oy = — Tr{V} = 1= u(0),
0 T

t—0 tT

by definition. Thus by Levy-Cramer continuity theorem [1ifflere exists a probability measyre
onR such thaf,, — p weakly i.e.

/ O(A) pn(dX) — / ®(A) u(dX) for every bounded continuous function.
R R

Let A = (a,b] C R and let{¢,} be a sequence of smooth functions of suppofuir- +,b + +]
such that) < ¢,, <1 and|xa — ¢,||; — 0 asn — oo, wherey is the characteristic function
of A. Choosing a subsequence if necessary and using the bounileztgence theorem, we have

lim lim gbn( ) i (dX) = lim gbn( ) uw(dA) = p(A).

n—moo m—oo n—-aoo

Thus

p(A) = lim lim /(bn ) Em(A) (dN)

n—7ro0 Mm—r0o0 7'”ng”2

:l Iim lim (bn( fm( )( )

T n—00 M—00
b+;
<77 lim Pn(A) dA

n—:aoo 1
a—

-1 (b—a+%) =74b—a),

since0 < &,,(A) < 1 for all m and allA. This shows thaf: is absolutely continuous and we set
E(N) = 7Y = -4 Theng is a non-negativé ' -function and we have that

/e”M (d\) =7~ / e £(\) d\ and hence

18



Chapter 1 : Introduction

Tr{e!f — dtto} — (it)/ e £(\) dX (1.4.15)
Also dividing both sides of (1.4.15) by and taking Iﬁnit ag — 0, we get that
/R £(N) dA = lim /é” §(N) dA = lim % Tr {[&"" — ']}
= Jim Tr{/ ds - (e*.e)}
= lim %/0 ds Tr{e*f v ==t} — Tr{V} =7 > 0.
i.e.||&||z: = |7], sinceg is non-negative and > 0.

Now if V' is rank one and negative i.¥. = 7|g)(g9|; 7 < 0and|g| = 1. ThenH, — H =
—7lg){g]; — 7 > 0and|g| = 1 and obtain as above a non-negatiefunction, such that

Tr{g!fo — gt} — (|t)/ e n(\) dA and/Rn()\) d\ =Tr(—7lg){g]) = —

Defining&(A) = —n()), we get
Tr{g!! — gt} = (it)/é’“g()\) d\ and/&()\) dx=71; ||€llp = nll = |7
R R

hence the relation (1.4.15) is valid for afl rank one with some real-valued -function ¢ such
that [ £(A) dA = Tr(V) and||¢[[z: < [[V]]1.

Now letV € By (H) , and writeV = > 7x|gx) (gr| With > |7%| < oo; ||gk|| = 1 for each
k=1 k=1

k
k € N. SetV,, = > 75l9;)(9;| andHy, = Hy + Vi, for k = 1,2,3..... Then||V — V||, — 0O as

7=1

k — oo and hencglH — Hy||, = ||V — Vi||, — 0 ask — oo, smcez |7x| < o0o. Therefore

HeitH étHkHl H /daentaH[H H]étlaHk
0

< [t[I[H — Hkll1,
1

which converges to 0 ds— oo, uniformly int¢ for |¢| < T'. But on the other hand

k
gt —¢gtto =}~ (é'm — g'*fm—1)  and hence

m=1

k

Tr{gtlk — gtfo) — ZTr{éth —@fmy = it) / ™ €,,(N) d), (1.4.16)

m=1

19



1.4. Krein’s spectral shift function and associated tracentila

whereg,,()\) is areal-valued.! function as obtained in (1.4.15) corresponding to the (@i, H,,_1)
such thatf,, &,,(A) d\ = 7, and||&,, || 11 = |7|. Define

=> &N (1.4.17)
k=1

k
SetSi(\) = Y &,.(N\), thenS, € LY(R) for eachk € N and fork’, k € N such that’ > &, we

m=1
ISk — Skl = / |Sk(A) — Sk (A)| dX = /

/|§m far= 3

m=k+1 m=k+1

have

ng

m=k+1

which converges to 0 as — oo, since E |Tm| < oo and hence the right hand side of (1.4.17)

converges in.!-norm. Therefore Ll( ) and alsc is real valued since eagh, is real valued.
Moreover by using Fubini’'s theorem we have

€l = / A<y / EaM]dA = Jrul = V], and
m=1 m=1
/g ) dA = (V) dA:iTm:Tr(V)
m= 1 R m=1

Finally by taking limit ask — oo on both sides of (1.4.16) and using Fubini’'s theorem we
conclude that

Tr {&" — @0} = lim Tr{e" — g} => it / €26, (N) dA
k—o00 f—’ R

o it - o it
_|t/Re' ;gm()\)d)\_lt/Ré £(N) dA

For uniqueness, let us assume that there e&ists € L'(R) such that

Tr{e — it} — (i) / &0, (M)A

for j = 1,2 and hence
/eiw\ [gl(A)—gg(A)]dAZO i O%tER and §1—§2€L1(R).
R
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Alsofort =0, [ &i(A)dA = [ &(A)dA =Tr(V) and hence
/eiw\ [gl(A)—gg(A)] dA=0V teR and §1—§2 GLl(R)
R

Then by Fourier Inversion Theorem we conclude fhat & a.e. O

1.5 Koplienko Formula

In 1982, Koplienko extended Krein's trace formula (1.4djhe next order whel — Hy =V €
Bs(H) (whereH and H, are two self-adjoint operators #). He proved that there exists a unique
non-negative function € L!(R) such that

Te{o(H) — 6(Ho) — DVG(Hy) o V) = / T8N ) d, (15.1)

whereDW ¢( H,) denotes the first order Frechet derivativesdadt H, (see [2]) andD™ ¢(H,) (V)

is the first order Frechet derivative of the functigrat the self-adjoint operatadf, acting onV/
and ¢ is a rational function with poles ofR. The proof of Koplienko in [14] is based on the
theory of multiple integrals and is not complete. The foran(d.5.1) is known as Koplienko trace
formula and the function is called Koplienko spectral shift function. Later in 198yadzhiev
[9] obtained Koplienko trace formula in a setting of unifal— algebra and the method is entirely
different from that of Koplienko. He proved the followingabrem in [9].

Theorem 1.5.1.Let A be a unitalC*- algebra andr- a positive linear trace omd. Then for any
two self-adjoint elementd, B € A, there exists a non-negative functigre L!(R) such that

{6(A) — 6(B) — (A - B)§(B)} = / T8 n(n) dA (15.2)

for every¢ € C?([a,b]) ( set of twice continuously differentiable functions ornbJa), where
o0(A),0(B) C [a,b]. Moreover the functiom is supported on the smallest interval containing
o(A),o(B) and
n(\) = 37{(/1 —\) {tanl <A — A) — tan~! <B — A)}} a.e.
™

€ €

Also by substituting(\) = A\? in (1.5.2)

FrA=B2) = [ gy =l

—00
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1.5. Koplienko Formula

The proof of the above theorem is based on the following iaétyu

m{f(A) = f(B) = (A= B)f(B)} 2 0,

where A, B are two self-adjoint elements id and f is an arbitrary continuously differentiable
convex function on some interval containingA) | Jo(B) via the Riesz representation theorem
for positive continuous functionals. Boyadzhiev also exfathat the results remain valid if we
replaceC*-algebra by Jordan Banach algebra. Recently, Geszteshnials and Simon [12]
gave an alternative proof of the formula (1.5.1) for the eohcase. In fact they showed in [12]
that

(i) Given two bounded self-adjoint operatadls H, in H such thatd — Hy =V € By(H),
then there exists a unique non-negative functigny,) € L' (R) supported ofi— max{||H ||, || Ho| },
max{|| H||, | Hol[}] such thap(H) — ¢(Hy) — DV (Ho)(V) € Bi(H) and

Tr{o(H) — o(Hy) ~ DVo(th) o V) = [ &N mamy A (153

foranyg € C>(R)( set of all infinitely differentiable functions d).

(i) Moreover,

o 1
ol = [ iy () a3 = VB

o0

and for any bounded self-adjoint operatdiis H,, H, in ‘H such thati — H,, H; — Hy € Bs(H),
then

0 1
/ |0, 10) — T 10y | AN < || H — Hi|2 bHH — Hyllz + ||Hy — Hyl|2 (1.5.4)

In the proof of the above results, they first establishedekalts for a trace class perturbation
and then proved the formula (1.5.3) for a Hilbert-Schmidtyndation by approximating it through
trace class operators and using the estimate (1.5.4). Inekiechapter we revisit the proof of
Koplienko formula for bounded case and prove the unboundsd [20], using the idea of finite
dimensional approximation as in the works of Voiculescu][Zinha and Mohapatra [22] and
using the idea contained in the proof of the above results.

22



Chapter 1 : Introduction

1.6 Higher Order Trace Formula

In 2009, Dykema and Skripka extended Koplienko trace foamnl[11]. In fact they showed
the existence of higher order spectral shift function whenunperturbed self-adjoint operator is
bounded and the perturbation is Hilbert-Schmidt and thalt®sire obtained in the semi-finite
von Neumann algebra. Given a self-adjoint operator A (fabgsinbounded) and a self-adjoint
operatorV € B,(H ), Dykema and Skripka proved that f2r< p € N,

(i) there exists a unique finite real-valued measyy®n R such that the trace formula

p—1

Tr{p(A+V) — le@ (V,V,. )}—/ dP(N) diy(N), (1.6.1)

J= 0 j—times

holds for suitable functions, whereDW¢(A) o (V,V, ..., V) is the j-th order Frechet derivative
j—times

of ¢ at A acting on(V,V,...,V) and¢® is the p-th order derivative af. The total variation of
N——

j—times

v, is bounded by, [[V'|[5.

(i) If, in addition, A is bounded, them, is absolutely continuous. The densityof v, is
called p-th order spectral shift function amg can be expressed recursively via lower order ones.

The proof of the above results is based on multiple operategrals, some properties of
divided differences and splines and some techniques ofgdrekability. They obtained), by
analyzing the Cauchy transform of the measydn chapter 3, we give an alternative proof of the
formula (1.6.1) fop = 3 and show the existence 9f in both cases when the unperturbed operator
Ais bounded or unbounded, but bounded below [21]. Our methobtaining the formula (1.6.1)
for p = 3 and showing the existence gf is entirely different from that of Dykema and Skripka.
We proveL!- convergence in an appropriaté-space.

Recently, Potapov, Skripka and Sukochev in their prepfii},[have discussed more about
higher order trace formula.
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Chapter 2

Koplienko Trace Formula

Let H and H, be two self-adjoint operators iH with o(H), o(H,) as their spectra anfiy (),
Eu, () the spectral families such that — Hy =V € By(H).

In this chapter first we discuss Koplienko formula in finitenginsion and then we prove Koplienko
formula for both bounded and unbounded self-adjoint caseBnite dimensional approximation

[5].

2.1 Koplienko formula in finite dimension

Theorem 2.1.1.Let H and H, be two bounded self-adjoint operators in a Hilbert spédteuch
that H — Hy =V andlet p(\) = \"(r > 2).

1

r

r—1 . . . .
() Then DWp(Hy) e X = > Hy'7'XHj and  £(p(H,) = Y H;7~'VHI,

§=0 =0
whereH, = Hy + sV (0 < s <1)andX € B(H).

(i) If furthermore dim™ < oo, then there exists a unique non-negativeR)-functiony
such that

b
Tr{p(H) — p(Ho) — DOp(Ho) o V} = / PN, (2.1.1)
forsome—oco <a <b< 0.
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2.1. Koplienko formula in finite dimension

Moreover,
1
o) = [ TV 1B (3) — B, O]}, (2.12)
0
whereEy, (.) is the spectral family of the self-adjoint operatéy , and
1 2

Inlly = SIVI3. (2.1.3)

(i) For dimH < oo,

b

Tr{dl — o _ D (i) ¢ '} = (it)? / d?n(N\)d), (2.1.4)

for some—oco < a < b < 0o, t € R andn is given by (2.1.2).
Proof. (i) Forp(\) = \'(r > 2)and X € B(H),

-1
p(Ho + X) — p(Ho) = (Ho + X)" Z (Hy+ X)) 7' XHI

—_
Q

r— r—

H- 1XHJ+Z [ Ho+ X) 97" — HI - 1] XH]  (2.1.5)

S .
—= o
O

—2

HI 9~ 1XHJ+Z Z (Ho+ X) 7 *2X HEX H,

l\D

j=0 j=0 k=0

and hence
r—1 _ ‘ r—2r—j—2

p(Ho+ X) —p(Ho) = > Hy 77'XH|| <> || Ho+ X |77~ || X ||| Ho || *[| X || || Holl,
§=0 j=0 k=0

r—1 . .
proving thatDWp(Hy) ¢ X = S H, /7' X H]. Similarly,
7=0

Hr Hr r—1 r—1 A ‘ r—1
7S+hh S =N CHVH =Y HTTWHI &Y [HL T - H VHE
=0 jfo =0
—2r—j—2
_ZH’" ITYWHI 4 h Z > HMPVHEIVH]
7=0 k=0
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Chapter 2 : Koplienko Trace Formula

and hence
H; _ H;« r—1 o . r—2r—j—2 N '
||%—"Z&]WﬂﬂM Vsl 2 VA VI
Jj=0 j=0 k=0

r—1
proving that every polynomial i/, is norm-differentiable and that (p(H,)) = Y- H! "'V Hi.
j=0
(i) By using the cyclicity of trace and noting that the trace new finite sum, we have that
for p(A) = X" (r > 2),

Tr{p(H) — p(Ho) — DWp(Ho) @ V} = Tr {p(H) — p(Ho)} — Tr {DWp(Hy) e V'}

=Tr </01 % (p(Hy)) ds) —Tr (i nglx/Hg)

§=0
1 r—1 1 r—1 ‘ A

:/ dsTr <ZH§—J‘—1VH5> —/ dsTr (ZH{)"_]_lVHg)
0 =0 0 7=0

= /0 e (VH!) ds — /0 T (VH; ™) ds
—Tr {rv /01 ds /ab N Y By, (d\) — EHo(d)‘)}:| :

It is easy to see that there existd € R (—oco < a < b < 4+00) such that suppy,(.) C [a, b] for
all s € [0, 1]. By integrating by-parts and noting th&};, (.) — Eg,(.) = 0 for A = a,b , we have
that

Tr{p(H) — p(Ho) — DWp(Ho) @ V'}

::TrPViAlds<ArI{EHJA)—-Emﬂkﬂﬁg—léz?“wkr2{EhJA)—Zﬁ%Q&})}
_ / DA ( / TV B () EHS(A)]ds) d)

0

_ / " (\n(\)d).  where we have set(\) — / TV [ (V) — Eip (0] s,

To prove the positivity ofp(\) , we use the idea of double spectral integrals, introducegitogan-
Solomyak ([1], [2]). For fixed\, ande > 0 define a smooth non-increasing functign, such that

0, ifa>X+e
¢E,)\(a) = .
1, ifa<a<A
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2.1. Koplienko formula in finite dimension

Therefore

bor(Ho)—der(H /qsd o) Ep (da) /qsd B (dB) — / / [6n(0) — ben(8)] By (da) B (d8)

b b . _
— —s / / ¢6*(02_¢“(6 )EHO(da)VEHS(dB) — s /[ o Per(@) — Pen(B) GldaxdB)V,

B a—p
(2.1.6)
whereG(A x §)X = Ey,(A)X Eg,(0) (X € By(H) andA x § C R x R) extends to a spectral
measure ofiR? in the Hilbert spacé3,;(H) and its (weak-) total variation is less than or equal to
| X ||2 (see section 1.3 of Chapter 1 for details). Thus

b b _
TV [$en(Ho) — $er(H))} = —s / der(@) = den(B)

Tr{V Eg,(do)V Eg, (dB)}

. ab(b (oj:j . (2.1.7)
—s// = a_ﬁ“* (V.G(da x dB)V)y

Since by constructior, » is a non-increasing function, the integrand in (2.1.7) is-positive and
hence

Tr{V [¢ex(Ho) — ¢en(H)]} = 0 vV Ae>0. (2.1.8)
Furthermore, forf € H,
b A Ate
burlt)f = [ 0ur(@)Bu(da)f = [ Pu(derf+ [ oun(@)Eudo)s

Ate

= Eu,(\) f + A Pe(@) Epy (de) f

and hence

A€
1[¢e(Ho) = Ere (W] fII* = /A [ber(@)* | B (der) fII* < N[ By (A + €) = By V] FII

which converges to 0 as — 0 (spectral family is right continuous in our definition), pnog
that ¢. \(Hy) converges strongly té&,(A). Similarly we can conclude that. ,(H;) converges
strongly toEy_(A) and hence by letting | 0 in (2.1.8), we have

TV [Em(\) — En.(M)]} >0 for 0<s<1.

Thereforen(\) > 0 forall X\ € [a,b]. The conclusion (2.1.3) is a consequence of the fact that

1

b b
Il = [ nOvix =3 [ 5 njax quhere p(y) =¥
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Chapter 2 : Koplienko Trace Formula

1 1 1
= §Tr~{H2 — Hi — DV (Hg) eV} = 5 TH(Ho + V)? — Hy — (HV + VHy)} = §||V||§-

(iii) For X € B(H),

1 1
ét(H0+X) o étHo — / da i [eita(H()#»X).eit(lfa)Ho] — |t/ da eita(H0+X)Xeit(lfa)H0
0

« 0

1
_ |t/ dov eitozHoXeit(l—oz)Ho + It/ dov [ Itoz (Ho+X) eitaH()] Xeit(l—a)Ho
0 0

1 1 1
_ |t/ dov eitCVHOXeit(I*CV)HO + (It)Q/ OédOé/ dﬁ eitaﬁ(HoJrX)Xejta(lfB)HoXejt(lfa)Ho
0 0 0

i

proving that DM (0) & X =it [ da &0 X! 1=)Ho_ Similarly,

itHyyp _ QtHs 1
gtiven — et 1 / do L [gtetn gii-em] _ / doy oo git1-o)
h h Jo da

1
N / da gttty ertizetls +|t/ do [@ioHsen — gietls] 7 gil=a)Hs
0 0

and hence

1
giHo+X) _ gtHo _jy / da g'etlo X glimelto)) < %tZHX 1%,
0

1
=it / da gty ti=ats 4 (j1)2 / ada / dj @tebHsinysgte=f)Hs dt(1-a)
0

i

and hence

g@tlern — gtis 1 : - 1
— - |t/ do @ity dti-aH: || < §|h|t2||V||2,
0

proving that
1
L@y — iy / do gy gti=
ds :
Again by integrating by-parts and noting thég,_ (\) — Ex,(A) = 0 for A\ = a,b [ where[a, b] D
UJsupFy, (.) 1, we have that
Tr{d — gtflo _ D (gtHo) ¢ 1/} = Tr{d* — o} — Tr{ DV (') o I/}

1 1
/ ds Tr-L (et) — / ds Te{ DY (¢'H0) o 1}
0 ds 0

1 1 1 1
= / ds Tr <it / da étaHsvé“la)Hs) — / ds Tr (it / da étaHovét<1a>Ho)
0 0 0 0
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2.2. Reduction to finite dimension

1 1 1 1
=it / ds / do Tr (gl ygtizetsy iy / ds / da Tr ( geHoy gtize)to)
0 0 0 0
1 1 b
=it / ds Tr{V (s — o)} =it / ds / €A Tr{V[Ey,(d\) — Eg,(d)\)]}
0 0 a

1 b
= it / ds {éﬂ T{V[Eg,(\) — Eg, \]}5_, — it / dX Tr{V[Egn,(\) — Eg,(\)]}dA

a

- (ile)Q/bélM dA /1 ds T{V[Eg,(\) — Ex.(N)]} = (it)Q/bé%(A)dA.

0

2.2 Reduction to finite dimension

We begin with a proposition collecting some results, foilogvfrom the Weyl-von Neumann type
construction (see [4], [6]).

Proposition 2.2.1.Let A be a self-adjoint operator (possibly unbounded) in a sepbranfinite
dimensional Hilbert spacgl and let{ f;}1<;<; be a set of normalized vectorsthande > 0.

(i) Then there exists a finite rank projectiédhsuch thatl|(/ — P) f;|| < efor1 <[ < L.

(ii) Furthermore, (I — P)AP € By(H), ||[(I — P)AP||s < eand||(I — P)é*P||, <
uniformly for¢ with |¢| < T

Proof. Let F4(.) be the spectral measure associated with the self-adjoératp A, and choose
a; > 0 such that
|| [[ —FEy ((—al,al])] le <e for 1 < ) < L.

If we seta = max{q;: 1<1[< L} then
I = Ea((=a,a)] ill <[ = Ea((—a,a])] fill <€ for 1<I<L.

Again as in the proof of Theorem 1.4.3, dat= E,4 ((#~*"a, 2-2a]) for each positive integer

n

nandl <k <n.Wealsosetfot <k <nandl <[< L,

E .
e T ES#O.

gkl = ]
0, if Ekfl = 0.
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Chapter 2 : Koplienko Trace Formula

Let P be the orthogonal projection onto the subspace generatégbyl <k <n; 1 <1< L}
and hence di®H < nL. For fixedk (1 < k < n), consider the sefgy; : 1 <[ < L}. By
Gram - Schmidt process, lét,; : 1 < [ < m(k) < L} be the orthonormal set made out of
{gr : 1 <1< L}.Hence{hy : 1 <k <n;1<1<m(k)<L}isan orthonormal basis for
PHandspafhy : 1 <k<n;1<Il<mk )<L}_spar{gkz 1<k<n;1<I[I<L} By
definition for each fixed (1 < k <n), {gn:1 <1< L} C E,H andsincer, H is alinear space
we have{hy : 1 <1 <m(k) < L} C EyH.Clearly{gn : 1 <k <n;1<1<L}C DomA
and since Do is a linear manifold we have

spafhp : 1 <k<n;1<I<m(k)<L}=spadgn:1<k<n;1<I1<L} CDomA.

MoreoverAh,, , PAhy, € E,H for eachk andl, sinceh;; € E,H andE;,, commutes withA for
eachk andl. A simple calculation as in the proof of Theorem 1.4.3 in Gkafi, shows that for

_ 2k—n—1
Ay = Z=nsly

2
| (A= \) hia]]? < (%) for 1<I1<L, and therefore

using Cauchy-Schwartz inequality we conclude thatfer H,

n m(k) 2 n m(k) 2

I(I = PYAPu|* = ||> > “(u, ha) (I = P)Ahya|| = D> (u, ) (I = P)(A = A
k=1 I=1 k=1 I=1

mik) 2 [mk) 2

=Y 1D () (I = PY(A = M)l <Z [y ) [ (1 = P)(A = N |
k=1

=1 = =1

P [ \F fme 51°
(4 Z\uhm < ()X |lxr s )
k=1 = k=1 =1 =1

- (&) St (&) L33 o< (2) k1

k=1 =1
The operator? A(I — P) and(I — P)AP are finite rank operators with rank less than or equal to
nL. Hence, using the above estimate we get that

. a a
|(1 = P)AP|l2 = [ PA(I = P)|l2 < /@m(P) |[(1 = P)AP| < VoL (%) VI =1L (%) .
Thus again by the same calculation as in the proof of TheordrB in Chapter 1, it follows that
(T La eam) (T La eaﬁT)

a(t) = ||(I - P)E“P||, <

IN

NG
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2.2. Reduction to finite dimension

Since( — P)F ((—a,a]) fi=0for1 <1 <L,
I(I =P)fill = (I = P)[I = F((—a,a)] fill <[l = F((—a,a))] fill <e for 1<I<L.
The proof concludes by choosingsufficiently large. O

Lemma 2.2.2.Let H and H, be two self-adjoint operators in a separable infinite dimenal
Hilbert spaceH such thatd — Hy = V' € By(H). Then giver > 0, there exists a projection P of
finite rank such that for alt with |t| < T,

() [(I = P)YHoP[[2 <, I(1 — P)efoPll; <,
(i) (I — P)V||2 < 2, |(I = P)HP||; < 3e.

Proof. Let V = " 7| /1) (fi| be the canonical form df with >~ 7 < oo and choosd. in V;, =
i=1 I=1

L [eS)
Ynlf(fil sothat|[V = Vi[l; = | > 77 < eande = min{e, -~} > 0. Next, we apply
=1 I=L+1 > |l

=1

Proposition 2.2.1 witld = Hy, {fi, fo, ..., fr} ande’ in place ofe. Hence we get a projectiof
of finite rank in’H such that

I(I-P)fi]| <€ <efor1<I<L, |[(I-P)HyP|;<¢ <eand|(I—PEHP|,<¢ <e,
uniformly for ¢ with |¢| < T'. For(ii) we note that
(I = PVl = [[(I = P)(V =VL) + (I = P)Villa < [[(I = P)(V = VL) |2 + [[(T = P)VL][2

Sl = PYR | <ete <Z|Tl|) o

=1

S|V =Vl + I = P)Vill2 < e+

and therefore
(I = P)HP|2 < |[(I = P)HoP|l2+ |[(I = P)VP|ls < 3e.

O

Remark 2.2.3. We can reformulate the statement of Lemma 2.2.2 by sayirigtileae exists a
sequencd P, } of finite rank projections ift{ such that

(I = P HoPullz, (I = P)e€ Pz, (1 = Pa)Vllz, [I(I = P)HP: — 0 as n— co.
It may also be noted thdtP, } does not necessarily converge strongly to
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Chapter 2 : Koplienko Trace Formula

The next two theorems show how Lemma 2.2.2 can be used toed¢decelevant problem
into a finite dimensional one, in the cases when the selfwatdjmir (H,, H) are bounded and
unbounded respectively.

Theorem 2.2.4.Let H and H, be two bounded self-adjoint operators in a separable irdidit
mensional Hilbert spac@{ such thatd — Hy, = V' € By(H). Then there exists a sequencg, }
of finite rank projections ir{ such that

Tr{p(H) — p(Ho) — DWp(Ho) e V'}
= lim Tr{P, [p(P.HP,) — p(P,HoP,) — DWp(P,H,P,) e P,VP,] P,}, (2.2.1)

n—oo

wherep(.) is a polynomial.

Proof. It will be sufficient to prove the theorem fpf\) = A\". Note that for- = 0 or 1, both sides
of (2.2.1) are identically zero. Using the sequekég} of finite rank projections as obtained in
Lemma 2.2.2 and using an expression similar to (2.1.5)(iH ), we have that

Tr{[p(H) — p(H,) — DVp(Ho) o V]
—P, [p(P,HP,) — p(P,H,P,) — DYp(P,HyP,) e P,V P,| P,}

=Tr{[H" — H; — DW(H}) e V]-P, [(P,HP,)" — (P,HyP,)" — DW((P,HyP,)") ¢ P,V P,] P}

r—1 r—1
= Tr{ [Z H'7'WH) =Y Hy 7 "'VH]
j=0 J=0
r—1 r—1
—Po | D (PHP) T PV Po)(PuHoPa) = 3 (PuHoP) ™ (PaV P (PuHoP) | ol
J=0 =0
r—1 ) )
=Tr{|>_(H' - H ") VH]
j=0
r—1
—Pu | (PuHP,) 7t — (P HoP,) (P V P) (P Ho P Y | P}
7=0
r—2r—j—2 )
=T{d > HTFPVH{VH]
j=0 k=0

35



2.2. Reduction to finite dimension

_ P,(P,HP,) 2P,V P,)(P,HyP,)"(P,VP,)(P,HyP,) P,}
0

I
<)
e
Il

J
Jj—2 ‘
> T{HFPVHV H]

j=0 k=0

r—2r—

—P,(P,HP,)" %P,V P,)(P,HyP,)*(P,VP,)(P,H,P,)’ P,}
r—2r—j—2 .
Tr{[H"**P, — (P,HP,)" /" P,VH}V H]}
7=0 k=0

+ H 7" PPV HSVH] + (P, HP,) " P,V P H{V H}

+ (P,HP,) 7 *2(P,VP,) [PH} — (P,HyP,)"] VH]

+ (P,HP,)" "% P,VP,)(P,H,P,)* P,V P+ H]

+ (P, HP,) 7 7*2(P,VP,) (P, HoP,)*(P,VP,) [P, Hj — (P,HyP,)’]}.  (2.2.2)

Using the results of Lemma 2.2.2, the first term of the expoaed®.2.2) leads to

—Jj—=
Z H™ j—k—l— 3PJ_HP )(PnHPn)l

H[Hrfjfk 2 (P HP )r j—k— 2 P H2

2
<(r—j—k=2)H| 3HPLHP\ <r(L+|H|)" |7y

which converges to 0 as — oo and hence

|[H™—7*2P, — (P,HP,)" ] P,VH}VH]||,
< |[[Hr5 - (BHE ] B, VIV,
< r(L+ [ HI)" |2 HP|, IVIEIHol ™,
which converges to 0 as — oo. Similarly for the fourth term in (2.2.2), we note that,

k—1
> PHETN Py HoP,)(PoHo Py
=0

| P [HE — (PoHoP,)"

M, =

2
< K| Bl || P Ho Py |, < k(L + [ Hol)* | PEHOP, |,
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Chapter 2 : Koplienko Trace Formula

which converges to 0 as — oo by Lemma 2.2.2 and hence
| (P.HP,) " *(P,VP,) [P.Hi — (P.HoP,)*] VH|,
< || (P.HP,) 7 *2(P,VP,)|2 || P [HY — (P.HoP,)*] VH]|,
< k(L + ([ Hol)* || P HoPu |, IVIIHI™ =2 Ho
which converges to 0 as — oo and for the sixth term we have
| (P.HP,) 7 7**(P,V P,)(P,HyP,)*(P,VP,) [P, H} — (P.Ho P ||,
< || (PHP,) 2B,V P) (P Ho P )E (P V P || P [HY — (PuHo P Y],
< G+ (| Hol)? [| Py HoPu ||, IV BN H"7 72| Hol |,
which converges to 0 as — oo by Lemma 2.2.2 . For the second term in (2.2.2) we have
| H "2 PIVHSVH| < (| H 7 2BV L HyV Hllo < 1BV I HIF= =2 Ho |7V s

which converges to 0 a8 — oo since by Lemma 2.2.2|PV||, — 0 as n — oo.
Similarly for the third term in (2.2.2) we have

[(PuH P) = 2PV B HEV HY |y < ||(PoH )72 PV Py 2| HG V H
<PV Pyl H ™V o] Ho |,

which converges to 0 as — oo by Lemma 2.2.2 and for the fifth term in (2.2.2) we have the
following estimate

|(P,HP,) " ~*%(P,V P,)(P,HyP,)* P,V P H]|
< ||(PoH Po)" 7 F (P, V Py) (P Ho Po)F |2 || PV Py H|
< [PV Py |l2| H|" 7752 V2| Ho | *,

which converges to 0 a8 — oo by Lemma 2.2.2. Therefore the right hand side of (2.2.2)
converges to 0 as — oo and hence the result follows.

O

Theorem 2.2.5.Let H and H, be two self-adjoint operators (not necessarily bounded) sepa-
rable infinite dimensional Hilbert spack such thatd — Hy = V' € By(H). Then there exists a
sequencé P, } of finite rank projections irt{ such that for anyi” > 0

Tr{el — gfo — pU)(&th) o 1V}
= lim Tr{p, [¢#Pn — diPntloln _ DO)(gtPntoPr) o PV P,] P},

n—oo

uniformly for all t with |¢| < T'.
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2.2. Reduction to finite dimension

Proof. As in the case of a finite dimensional Hilbert space,Xoe B(H)

1
eit(H0+X) _ eitHo — / dO[ i
0

[eita(H0+X).eit(1 «a HO] dOZ elta(HoJrX Xelt (1—a)
da

1
— |t/ do étaHOXét (1-a)Ho + t/ Ita (Ho+X) eitaHo] Xeit(lfa)Ho
0 0

1
_ It/ dov eitozHoXeit(l—oz)Ho + It)Z/ Ozdoz/ dﬁ eltaﬂ (Ho+X) eltoc (1- B)H()Xelt(l )
0
(2.2.3)

on Dom H,) and hence

i

proving that D (&"0) e X = it [} da €iefo xg!l-Mo, SinceR > s — € sl
are strongly continuous and sinée € B,(H), it follows thata — e*foygtli-e)Ho s B,-

1
giHo+X) _ gtHo _jy / da g'etlo X gti=elto)) < %tZHX I%,
0

continuous, then we have
DO (&tHo) oV = it / diatoy dti-)Ho gy ¢ By(H).
0
Again from the above calculations, we have
1 1
eitH _ eitHo _ D(l)(eitHo) o/ = (It)z/ OédOé/ dﬁ eitaﬁHVeita(lfﬁ)HoVeit(lfa)Ho (224)
0 0

and sinces — gteftot V) gtel=fHoy/gtl-a)Ho jg B, -continuous, the integral in right hand
side of (2.2.4) exits i3, (H) and hence'd’ — gtfo — D) (gtHo) o VV ¢ B;(H) and therefore by
Fubini’s theorem,

Tr{e|tH |tH0 . D(l)(eitHo) ° V}

1 1
= (ii&)Z/0 ada/o d Tr{gtesHy dta(l=B)Hoy gt(1=c)Ho)
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Thus,

Tr{e — g — DU (") o V}
. Tr{Pn [eitPnHPn . étPnHOPn . D(l) (eitPnHoPn) ° anpn] Pn}

1 1
= (|t)2 / O[dO[/ d/B Tr{eitozﬁHVeita(l—B)Ho Veit(l—a)HO
0 0
1 1
_ (It)2 / OédOé/ dﬁ Tr{PneitaﬁPnHPnPnVPneita(lfﬁ)PnHoPnanpneit(lfa)PnHoPnPn}
0 0

1 1
= (|t)2 / O[dO[/ d/B Tr{eitozﬁHVeita(l—B)Ho Veit(l—a)HO
0 0

. PneitaﬁanPnanPneita(lfﬁ)PnHoPnanpnét(lfa)PnHoPnPn}

1 1
— (|t)2/ Odez/ dﬁ TI’{ [eitaBH o eitaﬁPnHPn] aneita(l—B)Hoveit(l—a)Ho
0 0

+ eitaﬁHPJ_Veita(lfB)Ho Veit(lfa)Ho

+ P, @it p y pgte(=FHoy gt =)o
+ Pttt p v p, [gle=0Ho _ gla(=0)FHoP] p y/glt(l=a)Ho
+ P,dteftnlibup yp dlet=fHo pLy/dtl=a)Ho
+ PneitOéBPnHPnPnVPneita(l—ﬁ)PnHoPnPnVPnLeit(l_a)Ho

+ PneitaﬁanPnanpneita(lfﬁ)PnHoPnPnVPn [eit(lfa)Ho . eit(lfa)PnHOPn] }’
(2.2.5)
where{ P, } is a sequence of finite rank projections as obtained in Lem&&.2
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2.2. Reduction to finite dimension

In the first term of the expression (2.2.5) :

H [eitaBH _ eitaBPnHPn] PnH2

1
— / d’)/ i (eitaB'yH.eitaﬁ(lffy)PnHPn) Pn
0 dy

2

<

1
ita3 / dyétaﬁ’yHP;HPnémB(lﬂPnHPnPnH < T||PrHP,|,,
0 2

which converges t0 asn — oo, uniformly for |t| < 7" by Remark 2.2.3 and hence
H [eitaﬁH . eitaBPnHPn] aneita(l—B)Ho v dt(l-a)Ho H1
< H [eitaﬁH . eitaﬁPnHPn] PnHz Hvéta(lfB)Hoveit(lfa)Ho H2
< T\ PrHP|, VIS,

which converges t6 asn — oo, uniformly for |t| < T'. Similarly for the fourth term in (2.2.5),
we note that,

H [eita(lfﬁ)Ho o éta(lfﬁ)PnHoPn} PTLH2

1
_ /d,yi(eita(l—ﬁ)vHo.eita(l—ﬁ)(l—y)PnHoPn) P,
0 dy

2

S ‘

1
ita(1— B) / dyém(l‘ﬂhHOPjHOPneim(l‘m(l‘”P”H°P"PnH < T||PLHyP,|
0 2

2 )
which converges t6 asn — oo, uniformly for |¢| < 7" by Remark 2.2.3 and hence
HpneitaﬁanPnPnVPn [eita(lfﬁ)Ho _ eita(lfﬁ)PnHoPn} aneit(lfa)Ho Hl
< HpneitozﬁPnHPnPnVPnHQ || [eitoz(l—ﬁ)Ho _ eita(l—B)PnHoPn] aneit(l_a)HO ||2
< TP H P, VIS,

which converges t6 asn — oo, uniformly for || < T" and for the seventh term in (2.2.5) we
have

"PneitozﬁPnHPnPnVPneitoz(l—ﬁ)PnHoPnPnVPn [eit(l—a)Ho . eit(l_a)P"Hop"} Hl
< "PnémﬁanPnPnVPneita(l—B)PnHoPn H2 ”anpn [eit(l—a)Ho _ é’t(lfa)PnHOPn} Hz
< TP HoPol|, VI3,

which converges t6 asn — oo, uniformly for |¢t| < T by Remark 2.2.3. For the second term in
(2.2.5) we have

HejtaﬁHP;_Vejta(lfB)Ho Vet(l—a)Ho Hl
< || prv ], [lertmatovettaofl < BV, [V
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which converges t0 asn — oo by Remark 2.2.3. Similarly for the third term in (2.2.5) wesba

| P, gter TP p,y phele(= Aoy ghi=e)to |
< [PV RL |, [Pyt < [PV R, IV

which converges t6 asn — oo by Remark 2.2.3 and for the fifth term in (2.2.5) we have

"PnémﬁanPnPnVPneita(l—B)Ho P;_Veit(lfa)Ho H1
< HPneitaBP"HPnPnVPnH2 Heita(l—ﬁ)HoPaneit(l—a)Ho H2 < HPanHQ V|,

which converges t0 asn — oo by Remark 2.2.3. Finally for the sixth term in (2.2.5) we have
the following estimate

| P gl Pt p Y p, gte=A o p 1y plgti=e)to ||
< [P BV B, 1Rt P PO < [PEVE |, V]

which converges t® asn — oo by Remark 2.2.3. Therefore the right hand side of (2.2.5)
converges t® asn — oo and hence the result follows.

2.3 Koplienko formula for both bounded and unbounded cases

In this section, we derive the trace formulas for both bounaled unbounded self-adjoint pairs
(Hy, H).

Theorem 2.3.1.Let H and H, be two bounded self-adjoint operators in an infinite dimenal
separable Hilbert spacé{ such thatH — Hy, = V € By(#H). Then for any polynomigh(.),
p(H) — p(Hy) — DWp(H,) @ V € By (H) and there exists a unique non-negativéR)-function
n supported ora, b] such that

b
Tr{p(H) — p(Ho) — DVp(Ho) o V} = / P (Mn(A)dA,

where,a = inf o(Hy) — ||V||, b=supo(Hy) + ||V Furthermorefcf’ In(A)|dx = 1|V 3.
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2.3. Koplienko formula for both bounded and unbounded cases

Proof. By Theorem 2.2.4 and Theorem 2.1.1, we have i{&f) —p(H,)—DVp(H,)eV € By (H)
and

Tr{p(H) — p(H,) — DV p(Hp) o V}
= lim Tr{P, [p(P,HP,) — p(P,H,P,) — DYp(P,H,P,) ¢ P,V F,] P,}

n—oo

b

= lim [ p W)nu(N)dA,

n—o0 a

with 7,,(\) given by (2.1.2), and|n,||1 = || P.(H — Ho)P,|)3, which clearly converges to

LIV |I3asn — oo, sincel|| P,V Pullz — V2| < ||P.V P, = VI, < ||PVEPE|, 4PV,

which converges to 0 as — oo . SetV,, = P,V FP,; H, = P,HP,; Hy, = P,HyP,
andEy, ,(.), En, ,(.) are the spectral families d@f,, ,, andH, ,, = P, H, P, respectively.

Following the idea contained in the paper of Gestezy et3}) §nd using the expression

(2.1.2), we have fof € L>([a,b]) andg(\) = [ f()d that

[0 m) -~ i = | bg'(A) 1,(3) — 7 ()] A

— / "(A)dX /0 1 Tr{V,, [Er,..(A) — En,,,(N)] } ds (2.3.1)
— / ’ g (N)dA /O 1 Tr{V;n [Eny..(A) — En,,. (V)] } ds.

Again by using Fubini’s theorem to interchange the ordeistefyration, the right hand side

of (4.3.24) is equal to
/ds/ A) T{V, [Eny, (A) — En,,, (V)] } dA
/ ds/ NTHV [Eng,(A) = B, (V)] dA

1 b
:/0 ds / g (\) Tr{V,, [EHO’n(A) —EHs,nO‘)]

-V [EHO’M()\) — EHm()\)}} dA.

(2.3.2)
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Chapter 2 : Koplienko Trace Formula

Next by doing integration by-parts, the right hand side 08(25) becomes

[ s 000 T [, )~ B, (0]
— Vi [Etto,n (V) = Enr, ., (M])}5a
/ ds / ) THV, [Ea () — En, .. (V)]
— Vi [Eny,, (dX) = B, ,, (dN)] }
/ ds / N) THV, [Ex. (dX) — En, (V)]
— Vi [En,,, (d\) — B, . (dN)] }

= /0 ds TV, [9(Hsn) — 9(Hon)] = Vin [9(Hom) — 9(Hom)]}, (2.3.3)

where we have noted that all the boundary terms vanisheg.vikerote that as in (2.1.6)

b b _
gttt gttt = = [ [ 20 =00g(00 x asv

whereG(A x §)X = Ey,(A)X Eg, (0) (X € By(H) andA x § C R x R) extends to a spectral
measure oiR? in the Hilbert spac#,(H). Therefore||g(H,) — g(Ho)|l2 < s || flls ||V ]2, Since

sup ’M’ < || flleo- Againasin (2.1.6)we have for 0 < s <1,
aBelablazs| =P
Py [g(He) / / 1 =9 p g, (da) [H. ~ H,) En,(d5)P,

_ / b / TganHM(da) [P.(Ho + sV) P, — (Ho + sV)] Eq, (dB) P,

_ / ' / w P, EHS’n(da) [P HoP) + P,V P Ey,(dB)P,

— P / / - g(s,n)(da x dB) [P,HoP} + sP,V P} P,,

whereG (A x )X = Ey, (A)XEH (0) (X € By(H)andA x § C R x R) extends to a
spectral measure dg? in the H|Ibert spacé3,(H) (see section 1.3 for details) and hence

| P l9(Hen) = 9(H)) Pally < £ oo (| PaHo P[], + s [PV ,)
In particular fors = 0, we have

1P [g(Ho) = 9(Ho) Pally < 11 lloo | PaHo Py ||, -
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2.3. Koplienko formula for both bounded and unbounded cases

Therefore

vébfbv[mxk)—7nAAHdA)

/0 ds Tt{Vy, [g(Hs,n) — 9(Ho.)) — Vi [9(Hsm) — 9(Hom)]}

=|Achﬂﬂwdekw—gGmw%%mHJ—MHMD

= Tr(Viullg(Hsm) — 9(Hom)] — [9(Hs) — g(Ho)]})
+ Tr{(Vs, = Vin) [9(Hs) — g(Ho)1})|

=\A(kawwxwu&m—gUﬂﬂ—wgmm—g@mn>

= Tr(Viudlg(Hsm) — 9(Hs)] — [9(Hom) — 9(Ho)]})
+ Tr{(V, = Vin) [9(Hs) — g(Ho)1})|

< /0 ds {{[Vall2([[Pn [9(Hsn) = g(HO)] 2 + |1 Pa [9(Hom) — 9(Ho)] l2)

— Vaull2([1 P [9(Hm) — 9(Ho)] ll2 + [ B [9(Hom) — 9(Ho)] [|2)
H Vo = Vi)ll2ll l9(Hs) — g(Ho)l |2}

gwmwm%dmwa%%ww%mﬁm

+5 (|PVES, + [PV Pall,) + sllVa = Vinll2})-

Hence
fab f()‘) [nn(A) - nm()‘)] dA 1
sup }swmwmddww&%ﬁmw&%%m
fFeLe([a,b)) 1 f oo 0

s ([BaV P, + [PuV Bl,) + s1Vi = Vaull2})
1
it | = Ml aey < Hfl!oollVHz(/O ds{2 (|| Pato Py ||, + || PrHoPy]],)

5 ([PaV |l + [PV Prly) + 51V = Vinll2}),

which converges to zero as, n — oo and thereforgn, } is a Cauchy sequence of non-negative
functions inL!([a, b]) and hence there exists a non-negafiv€a, b])- functionn such that{n, }
converges t@ in L-norm. Thus

b b
Tr{p(H) — p(Ho) — DWp(Hy) e V} = lim [ p"(A)ma(A)dA = / P’ (Mn(A)dA.

n—oo
a a
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Chapter 2 : Koplienko Trace Formula

For uniqueness, let us assume that there exists, € L'([a, b]) such that

Tr [p(H) — p(Hy) — DUp(Hy) o V] = / P ()0 (A,

a

wherep(.) is a polynomial ang = 1, 2. Therefore
b
/ p’"(N)n(A)d\=0V polynomials p(.) and n=mn —n € L'([a,b]),

which together with the fact thaﬁf m(A) d\ = f;’ n2(X) dA = $Tr(V?) (which one can easily
arrive at by setting(\) = A? in the above formula), implies that

b
/ A'n(A)dA=0 V¥ r>0. Hence by an application of Fubini’'s theorem, we get that

/OO e p(\) dr = i % /OO (—itA\)" n(\) d\ = 0.

Hence -
/ e p(\)dr=0VteR.

(e o]

Thereforen is anL!([a, b])- function whose Fourier transforij(t) vanishes identically, implying
thatn = 0 orn, =1, a.e.

O

Lemma 2.3.2.Let H and H, be two self-adjoint operators in an infinite dimensional &agble
Hilbert spaceH such thatd — Hy = V € By(H). Theng! — o — D) (gtHo) o VV ¢ B, (H)
and there exists a unigue non-negatiVéRR )-functions such that

Tr{e" — " — W (') 0 V} = (it)’ / & n(N)dA
R

and|ln[l; = 3[[VI5.
Proof. By Theorem 2.2.5 we conclude that, there exists a sequghgeof finite rank projections
such that

Tr{d —go_pW)(d"0)eV} = lim Tr{Pp, [¢' — g'Hon — D (difon) e V| P}, (2.3.4)

n—oo
whereH,, = P,HP,, Hy, = P,H,P, andV,, = P,V P,, and the convergence is uniform
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2.3. Koplienko formula for both bounded and unbounded cases

in ¢ for |t| < T. Note that by constructioR,” C Dom(H,) = Dom(H) (see proof of
Proposition 2.2.1) and hence bath, andH, ,, are self-adjoint operators in the finite

dimensional spacg€,H. By (2.1.4), there exists a unique non-negatjye= L' (RR) such

that

Tr{p, [¢" — for — DU)(Hon) 0 V] P} = (it)? / &2, (\)d, (2.3.5)

—0o0

with 7,,(A) given by (2.1.2), and hence

Tr{d — giflo _ p()(glfo) o '} = (it)? lim &, (N)d, (2.3.6)

—00

the convergence being uniformiror [¢| < T'. Furthermore||n,||; = 3||P.(H — Ho) P, |3,

which clearly converges t§||V||3 asn — oo . In order to prove thé! (R)-convergence
of {n, }, we essentially repeat the procedure as in the proof of Eme@:3.1, except that
one needs to take into account the possibility that the inlefintegralg of a L>°(RR)-

function f may have a linear part, which will malkg H,) andg(H ) unbounded operators.

Next we note that as in (2.1.6)

ott) — gttty == [ [~ LV =I060a x apyv.

whereG(A x §)X = Ep,(A)XEgn,(6) (X € Bo(H)andA x § C R x R) extends to a
spectral measure dR? in the Hilbert spacé,(#). Therefore
lg(Hs) = g(Ho)ll2 < s [ flloo [IV'[l2, since

sup ‘%%(6)‘ < |Ifllo- Again asin (2.1.6)we have for 0 < s <1,

a,BeR;a#8
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Chapter 2 : Koplienko Trace Formula

Py lg(H..) — g / / 9D =9B) p g (do) [He — H.) By, (d5) P

/ / 9= 9B p gy () [Pu(Ho + sV)Po — (Ho + 5V)] En. ()P

— /OO /OO %%(MP,@EH&”M&) [PnHOPnL + SPnVPTﬂ Ey. (dB)P,
= —Pn{/_oo /_OO %%(6) G(s.m)(do x df3) [PnHOP;‘ + SPnVPnl]}pm

whereG, ) (A x §)X = Eg,  (A)XEq,(6) (X € Bo(H) andA x 6 € R x R) extends to a
spectral measure di? in the Hilbert spacé,(H) and hence

1P [9(Hon) = g(HS)] Pally < 1 flloo (| PaHlo Py ||, + s |12V P |,)
In particular fors = 0, we have
1P l9(Hon) = g(Ho)l Pally < [Iflloc || PaHo P[], -

Since for fixed finitem andn, the support of the spectral measures involved are comibesst,
using the expression (2.1.2) and using the indefinite iategof f € L>°(R), we have

/ OO Bn(N) — (V)] dA = /mg'u)[nnu)—nm(x)] i\

o0

= / g (N)d\ / T{V, [En,,.(N) — En, . (\)]} ds (2.3.7)

0

_ / h g (\)dA /0 Tt{V,u [En,n(N) — B, (V)] } ds

o0

Again by using Fubini’s theorem to interchange the ordermgration, the right hand side of
(2.3.7) is equal to

/ ds / N) THV, [Eio (V) — En (V]} dA
/ ds / NTH{V,, [Ew, (N) — B, (V)] dA

~ [Cds [ GO TV [ ) = B O] = Vi (B o) = (0]} A
v (2.3.8)
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2.3. Koplienko formula for both bounded and unbounded cases

Next by doing integration by-parts, the right hand side 08(&) becomes

[ 5 (o) W04 [ ) B, ]
— Vo [Brign (V) = B, (M)A
/ ds / A) Tt{V,, [En,, (dX) — Eng,,, (d))]
— Vi [Etg, (dN) — B, (dN)]}

/ ds / N TV, [En,, (dN) — Eg, , (d))]
— Vi [En,.. (dX) = Ey,, . (dN)] }

- / ds TV, [g(Ho) — 9(Ho )] — Vin [9(Ham) — 9(Ho)]}.

where we have noted that all the boundary terms vanishesefne

'/f a(N) — T (V)] A

/0 ds TV, [g(Hon) — 9(Ho )] — Vin [9(Hom) — 9(Ho )]}

~| / ds (Tr(Vi{lg(Han) — g(Hon)] — [g(H,) — g(Ho)})

— Tr(Veu{[9(Hsm) — 9(Hom)] — [9(Hs) — g(Ho)]})
+ Tr{(Va — Vi) [9(Hs) — g(Ho)]})|

—| / ds (Tr(Vi{[g(Han) — g(HL)] = [9(How) — g(Ho)I})

— Tr(Viud{l9(Hsm) — 9(Hy)] = [9(Hom) — g(Ho)l})
+Tr{(Vs, = Vi) [9(Hs) — g(Ho)]})|

< /0 ds {[[Vall2(l[Pn [9(Hsn) = g(H)] 2 + |1 Pn [9(Hom) — 9(Ho)] l2)

— Vel ([ P [9(Hsm) — g(H)] |2 + | B [9(Hom) — 9(Ho)] [|2)

+ | (Vo = Vin)ll2ll [9(Hs) — g(Ho)] ||2}
UVl stz (PP, + | PP )
+5 (| PVEE, + |PaV P |,) + sl Vi = Vinll2}).
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Therefore, by Remark 2.2.3 and the Hahn-Banach theofep}, is a Cauchy sequence of non-
negative functions in.}(R) and hence there exists a non-negaftiv¢R)- functionn such that
{n,} converges tay in L'-norm. Thus

Tr{d'l — o — D (!0) ¢ VV} = (it)? lim [ €n,(\)d\ = (it)? / é?n(\)dx. (2.3.10)
R

n—oo R

For uniqueness, let us assume that there exists € L'(R) such that
Tr{e" — oD ("0) o V} = (it)? / & (A)dA,
R

for j = 1,2 and hence
[ - moir =0 ¥ rer
R

since [, m(A)dx = [ m(N)dA = $||V|3 andn — 1, € L'(R). Then by Fourier Inversion
Theorem we conclude that = 7, a.e.

O

Theorem 2.3.3.Let H and H, be two self-adjoint operators in an infinite dimensionalagyble
Hilbert space?{ such thatd — Hy = V € By(H) and f € S(R)(the Schwartz class of smooth
functions of rapid decrease). Theilf) — f(H,) — DY f(H,) e V € B,(H) and

Te{f(H) — f(Ho) — DO f(Hy) o V} = / (N,

wherer) is a unique non-negative' (R) -function with||n||; = 5||V[|3.

Proof. By the spectral theorem and Fourier Inversion theorem, we fa g, h € ‘H

(f(H) /f WEx(dN)g, h) = /(/f t)dA dt) (Ex(d\)g, h). (2.3.11)

Again by an application of Fubini’s theorem the right hardksof (4.3.27) is equal to

/f dt(/ ™ (Ep(d\)g, h ) /f t) dt(d" g, h) </Rf(t)eitHdtg,h>,

proving that
:/f(t)eitHdt and similarly f(HO):/f(t)eitHodt.
" R
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Again for X € B(H),

1
f(Hy+ X) — f(Hy) = / F(t) dt [T+ ] —jy / f(t)dt / da @ieHo+X) x gti—a)Ho

0

_|t/f dt/ dov €M X g1~ °‘H0+|t/f dt/ dov [gietHotX) _ gieHo) ygii=e)H

0
/ f(t)dt [DW(E"0) o / f(t) dt (it) / ado / dj @tesHo+X) x dta(1=F)Ho x gt(1-a)

on Dom H,) and hence

o+ ) = )~ [ 70y e (D) o x| < 12710 I
R

proving that

DW f(H,) e X = / f@t) [DW () o X] dt.

SinceR > s — @s(HotV) dsHo gre strongly continuous and sinkec B, (H), it follows that
B — glabHo+V)y dla(1-B)Ho/ di(1-e)Ho js B, -continuous and using the fact thae S(R), from
the above calculations we conclude that

f(H) - f(HO) )f(Ho / f dt e'tH gto _ p() (d ( ItHO) V}
:/ f(t) dt (it)Q/ ada/ d gtesy gte(=8)Hoy dti-e)to ¢ B (7).
—eo 0 0
Finally by an application of Fubini’s theorem and using Lean3.2, we have

Tr{f(H) — f(Hy) — DY f(H,) eV} = /R F(t) Tr{e — dtlo _ pU)(dtlo) ¢ /1 gt

= /R f(t) <(it)2 /R ei”n(k)d)\) dt = /R n(A) dX < /R (it)2f (1) dt) = /R £ )n(N)aA.

O

Remark 2.3.4. Let f be a function orR such that

g —1 —itA —
FO) = /_OO S + G+

whereC;, C, are some constants andis a complex measure dR. It is worth observing that
f(H) and f(H,) are normal and not necessarily bounded operators. MoreDeenf(H) and
Domjf(H,) contains DomiH?) and Don{H?) respectively. Indeed,

A A T A T
gt —1= |t/ dr &' = it/ dx <it/ dy éty+1) = (it)? / da:/ dy €% + it \
0 0 0 0 0
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e' — 1 —itA -
i.e. ! / dx/ dy € and hence

Therefore
gt — 1 —it\

SOl < / R

where|v|(R)(< o) is the total variation of the measureHence forh € Dom(H?) C Dom(H),
we have

S oo imataoni? < [ (B e ) mataon?
<a (MY [ 3 ymanie o ()7 [ 02 pmatavnr

2(|G))" [ iEma@n

proving that Don{H?) C Domf(H). Similarly by the same above argument we conclude that
Dom(H{) C Domf (Hy). Moreoverf is twice continuously differentiable and
JtA
'\ = / ¢ (|t) v(dt)+C; and f"(\ / e v(dt).
For X € B(H), consider the following expression on DoAY, )
/°° giHo+X) 1 —it(Hy+ X) €0 — 1 —itH,
. (it)? (it)?
But the right hand side of (2.3.12) is equal to

> gtfo — 1 —itH —
/ DW < - 0) o X v(dt) + C,DWY (Hy) @ X

A2

g — 1 —it\ 1
(it)2 =2

i) + (G| 13 + |G| < AR 1[G g+ e

Cy

Cy

Cs

< 00,

v(dt) + Cy [(Ho + X) — Hy). (2.3.12)

o (it)?
o [diHo+X) _ 1 it(Ho + X) B gtio — 1 — itH, 1) giffo — 1 — itHy o U

+C [(Ho+ X) — Hy— DY (Hy) o X]

) jtHo __ 1 —
:/ Y <é (i2)2 ItHO) o X v(dt) + C\DW (Hy) o X

+ / ﬁ [iHotX) _ gifo _ D) (o) o X 1(dt)

) itHo 1 —

o) 1 1
+ / V(dt) / OédOz/ dﬁ eitaﬁ(HOJFX)Xeim(l*ﬁ)HoXét(lfa)HO
— 0 0 0
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2.3. Koplienko formula for both bounded and unbounded cases

on Dom H,) and using the expression (2.2.4) and hence

oo PO gto _ 1 —jtH,
(it)?

Hf<H0+X> -t - |

— 00

) o X v(dt) + C;DD (Hy) e X] H

< LixEm®),

(\V]

proving that

M < L (€1 -1 —itHq & H)
D f(Ho) o X = D (|t)2 o X V(dt) + ClD (Ho) o X.

Next consider the expression

< [gth _ 1 _jtg dtfo — 1 —jtH, gtio _ 1 —jtH,
- — - — pW® ( - ) ° V} v(d
/- [ (i)? (it (it ) o313
+C1[H — Hy— DV (Hy) o V]

on Dom H,). But the right hand side of (2.3.13) is equal to

[%a%gwm—émw—pmwmw.ﬂuuw

[e'e) 1 1
:/‘uuw/(ma/(wéMWV@MPm%v&@mmg (2.3.14)
—00 0 0

on Dom(H,) and using the expression (2.2.4). On the other hand thehagid side of (2.3.14) is
a well-defined3, (H) operator and hence {ff (H) — f(H,) — DV f(H,) e V'} is densely defined,
then it can be extended to whole&fas a trace class operator and

Tr{f(H) — f(Ho) — D(l)f(Ho) oV}

:i/mzlﬁTﬂém——@Hﬂ— W) (o) o V}u(dt)

-[_a ('t /é“ ooty = [ (f #tan) o
= [ roum

by using the expression (2.3.10) and using Fubini’s theorem
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Chapter 3

Third Order Trace Formula

Restating the result as in Section 1.6 of Chapter 1 in thecpdat case wherg = 3, we have the
following [4]. Let A (possibly unbounded) be a self-adjoint operatckiwith o(A) as the spectra
andE4(\) the spectral family andl” be a self-adjoint operator i such thal” € By(H), then

() there is a unique finite real-valued measuwseon R such that the trace formula
1 o
TH{O(A+V) = 6(4) = DVg(A) o V — -DPg(A) & (V,V)} = / ¢"(Ndvs()),  (3.0.2)

holds for suitable functions, where D®)¢(A) is the second order Frechet derivative@at A
[1]. Moreover, the total variation af; is bounded by ||V|[3.

(i) If, in addition, A is bounded, thens is absolutely continuous.

In this chapter we give a new proof of formula (3.0.1) in thenid(i:) for both bounded and
unbounded (but bounded below) self-adjoint cases [8] .
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3.1. Bounded Case

3.1 Bounded Case

The next three lemmas are preparatory for the proof of the th@orem of this section, Theorem
3.1.5.

Lemma 3.1.1. Let, for a givenn € N, {a;}}—; be a sequence of complex numbers such that

Ap—f—1 = Qk- Then

Proof. By changing the indices of summation and using thedact,_; = a;, we get that

n—1 n—j—1 n J—1 n—1 n-—1 n—1 7 n—1 n-—1 n—1 J

Z Z CLk—FZ Zakzz Zan,k,1+ Zak: ap + Zak

=0 k=0 j=1 k=0 7=0 k=j j=0 k=0 7=0  k=j j=0 k=0
n—1 n—1 J n—1 n—1 n-—1 n—1 n—1 n—1

= aj—l—(Z CLk—FZak): a; + a = aj +n ak:(n_'_l)zak
7=0 k=j+1 k=0 7=0 7=0 k=0 7=0 k=0 k=0

Lemma 3.1.2.Let A and V' be two bounded self-adjoint operators in an infinite dimenal
Hilbert space#{ such thatl” € Bs;(H). Letp(A) = A" (r > 0).Then

|+ vy -4 DA ey - Loy e v, v>]

\)

(3.1.1)

r—
=7 ds
00

Cdr Tr (VAR 2V AR — VA2V AR

S~

b
Il

whereA, = A+ 7V and0 <7 < 1.

Proof. We have already shown i) of Theorem 2.1.1 that

r—1
DW(A)eX =) A"'XA where X € B(H).

7=0
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Chapter 3 : Third Order Trace Formula

Againfor X, Y € B(H),

DY(A+X))eY —DWD(A") 0 Y
r—1

=) (A+X) 7Y (A+ Xy ZA?" iy AJ

j=0
r—1 r—1

=Y [A+X) 7 AT YA+ X) + Y AT [(A+ XY - A
j=0 Jj=0
r—2 r—j—2 r—1 j—1

_ DTA+X)THFEXAY A+ XY + )0 Y ATV (A4 X)X AT
j=0 k=0 Jj=1 k=0

and hence

DY(A+X))eY —DWD(A") oY

r—2 r—j— r—1 j—1
<Z Z Ar—j—k—QXAkij + Z Z Ar—j—lyAkXAj—k_1>

j=0 k=0 j=1 k=0

r—2 r—j—2 J—1
A

+ X)X ARY (A + X +Z S ATTY (A4 X)X AT

j=1 k=0

> >

=]

r—j—2 r—1 j—1
Z Ar—j—k—QXAkij+Z ZAT—j—lyAkXAj—k_1>

k=0 J=1 k=0

. =
I |
=) I\

— [(A+X) 772 — ATk 2] X APY (A + X))

j=0 k=0
r—2 r—j—2
+ ATIR2XARY [(A+ X)) — AT
j=0 k=0
r—1 j-—1
+ YD AT [(A+ X)R - AV x AR
j=1 k=0
r—3 r—j—3 r—j—k-—3

— (A4 X)r=I=FI=8 X ALX APY (A 4 X))

j=0 k=0 =0
r—2 r—j—2 j-—1
+ AT XARY (A+ X)X A
j=1 k=0 (=0
r—1 j—2 j—k-2
- AT (A + X F X ATIX AR,
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3.1. Bounded Case

leading to the estimate

IDV((A+X))eY —DW(A") oY

[ ]
r—2 r—j—2 r—1 j—1
- ( dATTEEXAYA Y ZAr‘j‘lYA’“XAj"“‘1> I
j=0 k=0 j=1 k=0
r—3 r—j—3 r—j—k—3
< 1A+ X=X AP IX AN YA + X1
j=0 k=0 1=0
r—2 r—j—2 j—1
+ LAY A + X P X AL
j=1 k=0 1=0
r—1 j—2 j—k—2
+ LAl =HIY A + X P2 IR AL,
j=2 k=0 [=0

for || X|| < 1, proving that

r—2 r—j—2 r—1 j—1
DP(A™) e (X,Y) = D TATHERXAYA £ N AT ARX AR (3.1.2)
j=0 k=0 j=1 k=0

Recall thatA, = A+ sV € B,,.(H) (0 < s < 1), and a similar calculation as in the proof
of (¢) in Theorem 2.1.1 shows that the m@pl] > s — A’ is continuously differentiable in
norm-topology and

r—1 r—1
=Y ATTWAL =Y AVAT
§=0 j=0

Hence

1 d r—1
A T AT — DWAT vz/ ds — (A" —/ d ATIY AT
(A+V) (A7) e ; SdS( 5) ; s Z

7=0
1 r—1
:/ dSZ(Ag—j—lvAj AT Jj— 1vA] _/ dsz / dT Ar j— 1VA])
0 =0

which by an application of Leibnitz’s rule reduces to

r—2 r—j—2 r—1 j—1

/ ds / d7< Z ARy AR AL 4 A:—J—WA’;VAJT‘—’H)

j=0 k= j=1 k=0
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Chapter 3 : Third Order Trace Formula

and using (3.1.2), we get

(A+V) = A = DO(A) 0V — %D(Q&A’") . (V,V)

r—2 r—j—2 r—1 j—1
/ ds / dr{ Z D ATTERVANVAL Y Y ATV ARV AR
7=0 =0 7=1 k=0
r—2 r—j—2 Jj—1
. Ar—i—k=2y7 AkY/ AT _ Z Z ATy ARy AT R }
j=0 k=0 j=1 k=0
(3.1.3)
Let us denote the sum of the first and third term inside thegnaten (3.1.3) to be
r—2 r—j—2
I, = [AT7 R 2V ARV AL — AT 2y ARy AT
7=0 k=0
r—2 r—j—2 r—2 r—j—2
— (AL A2 - AR VARV AL 4y~ Y AR (AR - AN v Al
j=0 k=0 j=0 k=0
r—2 r—j—2
+Y N ARV AN [AL - AT € Bi(H),
7=0 k=0

sinceV € B3(H) and Ak — Ak € By(H) Vr € [0,1] andk € {0,1,2,3,......}. Thus by the
cyclicity of trace , we have that

r—2 r—j—2 r—2 r—j—2
Tr(l,) = SOT{[ATER AT VARVALL 4y Y TH{ATITRY [AE — ARV ALY
j=0 k=0 j=0 k=0
r—2 r—j—2
+ Tr{A" 7 F 2V AV [AL — AT]}
j=0 k=0
r—2 r—j—2 r—2 r—j—2
= SOTHAL AR — AR VARV £ Y Y TH{ALATTRRY (AR - AN V)
j=0 k=0 j=0 k=0
r—2 r—j—2
+ Tr{[Al — AT A7 R 2V ARV}
j=0 k=0
r—2 r—j—2
= > TH{AL[AR T - AR VARY 4 AJATT TR (AR - AV
j=0 k=0
+ [AL = AT] ARy ARV
r—2 r—j—2
= Tr[AlF 2V AN — AR 2V ARV
7=0 k=0

59



3.1. Bounded Case

Again if we set the sum of the second and fourth term insidenttegyral in (3.1.3) to be

r—1 j—1
I, = [A7 TV ARV AL — AT ARy AT R
j=1 k=0
r—1 j—1 r—1 j—1
= [Ar7h — AT VARV AT 4 ATy (AR — AR v ATTR
j=1 k=0 j=1 k=0
r—1 j—1
+ AT ARY AR - AR € By(H),

1

i

0

j
sinceV € Bs3(H) ; A¥—AF € B3(H) Vr €[0,1] ; k€ {0,1,2,3,......} and a similar calculation
as above (using the cyclicity of trace) shows that

-1
Tr[AIF 2V ALY — AR 2V ARV
1 k=0

—_
k}

r—

J

By applying Lemma 3.1.1 with = » — 1 anda, = Tr [AT"*"2V ARV — A"+=2V A*V] and using
the cyclicity of trace, we conclude that

Tr(ly) + Tr(ly ri Tr[A PPV ARV — A2V ARV
;2 (3.1.4)
=ry Tr[VAIF VAL - VA2V AN
k=0
Hence combining (3.1.3) and (3.1.4), we get the requiredesgion (3.1.1). O

Lemma 3.1.3.Let B be a bounded operator in an infinite dimensional Hilbert spaii.e. B €
B(H)). DefineMy : By(H) — Bo(H) (looking uponBs(H) = H as a Hilbert space with
inner product given by trace i.€X, Y ), = Tr{X*Y} for X, Y € By(H)) by Mp(X) = BX —
XB; X € By(H). Then

(i) M is a bounded operator o (i.e. My € B(H)) with M3 = M p-.

(il) Ker (M p) and its orthogonal complemeR&an(Mg-) in H are left invariant by left and
right multiplication byB™ and (B*)" (n = 1,2, 3, ...) respectively.

(i) H = Ker(Mp) @PRan(Mp-) ; Bo(H) 3 X = X; & X,, whereX; € Ker(M3) and
Xy € Ran(Mp-).
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Chapter 3 : Third Order Trace Formula

(iv) If Ker (Mp) = Ker (M p-«), thenKer (M) andRan(M ) are generated by their self-
adjoint elements and fok € 7, we have X*), = X; and(X*), = X3, whereX = X; & X,
and X* = (X*), & (X*), are the respective decompositionsvfand X* in H.

(v) If Ker(Mp) = Ker(Mp«), then forX = X* € H, X = X, © X, with X; and X, both
self-adjoint.

(vi) (@) For B = B* € B(H), My is self-adjoint in7{ and for X = X* € 7, we have
X1 = Xik andX2 - X;

(b) For B = (A +i)~! (where A is an unbounded self-adjoint operator #), M3z is
bounded normal if{ and forX = X* € H, we haveX; = X; and X, = X, whereX = X;®X,
is the decomposition of in H.

(vii) (@) Let[0,1] > 7 — A, € B, .(H)( set of bounded self-adjoint operators#) be
continuous in operator norm , and It > X = X1, ® Xy, be the self-adjoint decomposition with
respecttod,. Thent — X, X, € H are continuous.

(b) Let{A,},cp01) be a family of unbounded self-adjoint operatorstinsuch that[0, 1] >

T — (A, + )" is continuous in operator norm. Then the conclusiongaf)(a) is valid for the

decomposition o} with respect taB, = (A, +i)7"

Proof. (i)ForX € ﬁ,
[Mp(X)|l2 = [BX — XBll2 < 2[|B|[ X2,
proving thatM j is a bounded operator atiM 5| < 2||B||. Next for X, Y € #,
(X, M5(Y))e = Mp(X),Y)s=(BX — XB,Y), =Tr{(BX — XB)'Y}
= Tr{X*B*Y — B*X*Y} = Tr{X*B*Y} — Tr{ B*X*Y'}
=TH{X"'BY} - TH{X"'YB*} = T{X*(B"Y = YB")} = (X, Mp-(Y))a,
proving thatM}; = Mp-.

(i) Notice that forX e #,

X € Ker(Mp) ifandonlyif XB = BX. Hence
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3.1. Bounded Case

X eKer(Mp) = XB=BX = XB"=B"X for n=1,23,......
proving that Kei .M ) is invariant by left and right multiplication bj™.

Again for X € Ker(Mp)" = Ran(Mp-) andY € Ker(Mj) , we have
(B)"X.Y)e =TH{[(B")"X]"Y} =TH{X"B"Y} = (X, B"Y), =0 V Y,

since Ker(M ) is invariant by left multiplication byB" and hencd B*)"X e Ker(Mp)" =
Ran(M ), proving thatRan(M g-) is invariant by left multiplication by B*)". Similarly by the
same above argument we conclude fRah(M - ) is invariant by right multiplication by B*)™.

(iii) This is a standard decomposition of the Hilbert space

(iv) We note that since KéiMp) = Ker(Mp-), X € Ker(Mg) if and only if X* €

Ker (M) and hence for any € Ker (M) can be written as{ = (X£X°) +i (£55°), proving

that Ker(M ) is generated by its self-adjoint elements. Similarly,

Ker(Mg) = Ker(Mp.) = Ker(Mp)" = Ker(Mp.)" i.e. Ran(Mp) = Ran(Mp.)

and henc&” € Ran(M3) if and only if Y* € Ran(M g-) and therefore for any” € Ran(Mp)

can be written a¥” = (¥*£=) +i (¥5=), proving thatRan(M ) is generated by its self-adjoint

elements.

Let X € #, andX = X, ® X, andX* = (X*), ® (X*), be the corresponding decomposi-
tions of X and X* in H. Then for anyy; = Y € Ker(Mp),

(X, V1) = (X0, Yi)o = Tr{X7V1} = TH{Y1 X7} = (Y1, X7)o = (X7, Y1)o.

But on the other hand,

(X, Y1) = TH{X™Y1} = T{(Y1.X)"} = TH{Y1.X} = (X*, Y1)s = ((X*)1, Y1)2

and hencé(X™*); — X;.,Y1)2 =0V Y, =Y € Ker(Mp), which implies that

(X*)1 — X7,Y), =0 V Y € Ker(Mg), proving that(X*); = Xj. Similarly, for any
Y, = Yy € Ker(Mp)™h,

(X, Y2)s = (Xp, Y3)y = TH{X5Yo} = Tr{Yo X5} = (¥3, X3)2 = (X3, V2)s.
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But on the other hand,

(X,Ya)s = THX"Ya} = TH{(YaX)'} = TH{YaX T = (X%, Ya)2 = ((X")a, Ya)o

and hencé(X™*), — X5, Y3), =0V Y, =Y, € Ker(Mpg), which implies that

(X*)y— X3,Y)y =0 ¥V Y € Ker(Mp)", proving that( X*), = X;.
(V) The result follows easily fronfiv).

(vi(a)) SinceB = B*, then Mz = M3, and hence KefM ) = Ker (M%) = Ker(Mp-)
and therefore the result follows easily frqm).

(vi(b)) Since(A + i)~! is a bounded normal operator withA +i)~!)" = (4 —i)~}, then
M a+i)-1 is a bounded operator and for aiyc H

M atiy-1 Mgy (X) = Masiy-tMaiy-1(X) = Mgy (A=) 7' X = X(A-1)7
(AT (A=) X — XA )] [(A— )X — X (A=) (At i)
A A=) X — (A ) X (A=) = (A=) XA+ )+ X(A—) T (Ati)
i (A+i)" — (A1) X(A—i) "+ X(A+i) (A—i)!
[ (A+)X = XA+ (A=)
= M1 (A+1D)7IX = X(A+1)7) = My Magi-1(X) = M- Magi- (X)),

proving thatM 4i)-1 is normal. Moreover for an) € B, (H)

X eKer(Magiy1) © XA+ ' =A+)'X
S XEs()=Es()X & X(A-i)'=(A-0)"'X & X € Ker(Ma_i)-1),

where E£4(.) is the spectral family of4, proving that Ker(/\/l(AjLi)fl) = Ker (ME‘AJFi)_l) and
hence the rest part of the result follows easily from

(vii(a)) Since the ma0, 1] > 7 — M 4, is holomorphic, then ( using Theorem 1.8, page
370, [6] ) we conclude that the mdp, 1] > 7 — Fy(7) (where Py(7) is the projection onto
Ker(M_)) is continuous and sinc&;, = Fy(7)X we get that the maf),1] > 7 — X,
is continuous. Similarly, since the ma@, 1] > = — I — Py(7) is continuous and¥,, =
(I — Py(7))X then we conclude that the m@p 1] > 7 — X5, is also continuous.

(vii(b)) Result follows immediately fronfvii(a)) since the mag0, 1] 5 7 — M, ;-1 is
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3.1. Bounded Case

holomorphic, and sincé1, ;-1 is normal for eachr.
O

Remark 3.1.4. Let A andV be two bounded self-adjoint operators in an infinite dimenai
Hilbert spaceH such thatl” € By(H) andA, = A+ 7V (0 < 7 < 1). Apply Lemma 3.1.3 with
B = AandA, respectivelyto ge¥’ = V, &V, = Vi, @ Vs, with V; andV;, (j = 1, 2) self-adjoint
and thereford V[|3 = [[V1[[3 + [[V2[3 = [Vi-[I3 + Va3 VO < 7 < L.

Theorem 3.1.5.Let A and V' be two bounded self-adjoint operators in an infinite dimenal
Hilbert space? such thatl” € By(#H). Then there exist a unique real-valued functipne
L*([a, b]) such that

b
Tr [p(A+ V)~ p(4) = DUp(A) o V — - DOp(A) o (V vﬂ - / P"Nn(Nd,  (3.15)

wherep(.) is a polynomialifa, b], a = [inf o(A)|—||V||, b= [supo(A)]+]||V]| andfabn(A)dA =
sTr(V3).

Proof. It will be sufficient to prove the theorem fef\) = A" (r > 0). Note that forr = 0, 1 or
2, both sides of (3.1.5) are identically zero. We det= A+ 7V and0 < 7 < 1. Then by Lemma
3.1.2, we have that

Tr |:(A+V>T_AT_D(1)(AT>.V_ %D@)(AT).(V,V)

r—2 1 s
=ry /0 ds /0 dr Tr[VAIF 2V AL — VAR 2y AF]
k=0

r—2 1 s
=7 / ds / dr (V,AT7F=2 ARy, — (V, ATF72) AFY,
k=0 0 0
r—2 1 s
=r / ds/ dr (Vir ® Var), A2 (Vie @ Var )ALy — (Vi @ VR), ATF2(V) @ V) AM)s,
k=0 70 0

(3.1.6)

where we seV = Vi@V, = Vi, &V, € By(H) asin Remark 3.1.4. Again by using the invariance,
orthogonality and continuity properties in Lemma 3.l3 — (vii), the right hand side of (3.1.6)

64



Chapter 3 : Third Order Trace Formula

is equal to

r—2 1 s
b [ s [ ([ A VAR - (AN
k=0 0 0
+ |:<‘/27'7 A:7k72‘/27"4§>2 - <‘/27 AT*k*2‘/’2Ak>2:| }

1 s
=r(r— 1)/0 ds/o dr Tr [VEAL? = VEA™?]

r—2 1 s
+ry / ds / dr Tr [Va, A2V, AR — V ATF 721, AF]
k=0 “0 0

(3.1.7)

Next by using the spectral familids,_(.) and E4(.) of the self-adjoint operatord., and A re-
spectively and integrating by-parts, the first term of theregsion (3.1.7) is equal to

1 s b
r(r—1) / ds / dr / N72Tr [VEE4, (dX) — VPEA(dN)]
0 0 a
1 s
=r(r—1) / ds / dr{\"? Tr [VZEa, (A) — VPEA(N)] 5
0 0

_ / b(r — 2N Tr [VEEA, (N) = VE2EA(N)] dA}

1 S
=r(r—1)b? ds/ dr Tr [VfT — Vf]
0 0 (3.1.8)

+r(r—1)(r—2) /01 ds /O dr /ab N73Tr[VEEA(N) — V2ZE 4 (N)] dX.

Sincel; € RanM ), then there exists a sequer{dé™} C Ran(M 4) such that

V™ = Va|ls — 0 asn — oo andVy™ = AY™ — v A, for a sequencéY "} C By(H).

Without loss of generality we can assume tl;réf) is self-adjoint for each , since if it is not
() M)y«

self-adjoint, consider the sequen{:%#}, which converges td5 in ||.|

is self-adjoint) and% is self-adjoint for eacln. Also without loss of generalit%”)
can be chosen to be skew-adjoint for eachsince if it is not skew-adjoint, considéYO("))’ =

o nhorm (sincel;
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(n) (n)\x (n) (n)
v - (W) = %= where(Y, ™)' is skew-adjoint and

2i
Y(n) B Y'O(”) + (Yb(n))*
0 2

Y(”) B Yb(”) + (Yb(n))*
° 2

- . [ (n) (1)« (n) (n)

A = () A=A A

2 2
Tay oyl (AT =YeUAY 057) A - A
L O 0 i 2 2
L O 0 i 2 2
= 1" Voo _ (V) — vy
2 2 9 2

since V" is self-adjoint. Similarly, for everyr € (0,1], there exists a sequenéég(f)} -
Ran M 4, ) such thaﬂ\VQ(f) — Vi, |l — 0 point-wise ag: — oo andVQ(T") is self-adjont for each
nandV"” = A, Y™ —y® A_ for some sequendd” ™} C B,(#), whereY ™ can be chosen to
be skew-adjoint for each. Furthermore, by Lemma 3.1(3ii)(a), the mag0, 1] 5 7 — Vi, Va,
are continuous.

Hence the second term of the expression (3.1.7) is equal to

/ ds/ dr lim Z Tr{Vy, AL~ k— 2\/2")Ak VQAT”“’QVQ(")A’“}

n—oo

n—oo

1
—r / ds / dr lim Z / / N2 Tr{Va, B (dNVAY Ea (dp) — VaEa(dN)VA™ Ea(dp)}
0 0 _gJa Ja

1 s b pb T2
:r/ dS/ dr lim/ / ZX‘ B2 T Var Ba, ANV E g (dp) — VaEA(dN)VY Ex(dp)}
0 0 a

n—oo a

n—oo

1 s b
—r [as [ar hw | / O, 1) Te{Var By, (AN o (dis) — VaEa(d\)VE" Ea(dpe)},
0 0 a a

whereg(\, 1) = u if X\ # p ; = (r—1XN2if A = », and where the interchange of
the limit and the mtegratlon is justified by an applicatidntloe bounded convergence theorem.

66



Chapter 3 : Third Order Trace Formula

Furthermore using the representatiorVéf) € RanM,_), the above reduces to

1 s b b
r / ds / dr lim / / (N ) Tr{Var Ea, (dN) [A, Y™ =Y A] Ey (dp)
0 0 a a

n—o0

— VaBa(d)) [AYS" = Y™ A| Ba(dp)}

1 s b b
—r [ as [ ar fim / / BN 1)\ — i) Tr{Var Ea (AN)Y ) By (dps) — VaEa(dN)Y" B (dp)}
0 0

n—o0

n—o0

_, / " ds / "dr lim / / (W1 — 1) TH{Vay Ea, (dN)Y W B (dp) — VaEa(dNYS Ea(du)}

n—o0

/ ds / dr hm{ "y Tr[Var Ba (dN)Y ™ — V3 E4(dA)Y™]

b
= [ VY B )~ VY Ea(d)

n— o0

/ ds / dr lim )\’"‘1 Tr{Va, [EAT(dA),Y(")]—VQ[EA(dA),YO(")}}. (3.1.9)

Again by twice integrating by-parts, the expression in @).1s equal to

1 S
7«/ ds/ dr lim {NTr (v2 [Ea (), Y™] - V4 [EA(A),YJ")D O
0 0

n—o0

_ / b( — DA Tr (1/2 [Ea.(V), Y] =V, [EA(A),YO(")])dA}

n—oo

r(r—1) / ds/ dr lim )\T’Q Tr{Vs, [EAT()\),Y(")] —V, [EA<)\),YE)(n):|}d)\

r(r—1) / ds/ dr JEEO -2 (/A Tr (Var [Eac (). Y] = Ve | Eau). Y] ) d )}‘A ‘

a

r(r—1) / ds / ar tm | z)x—?’ ( / o (Var [Ba, (1), Y] = V2 | Ea(), Vi) du) X

a

br 2/ ds/ dr lim Tr (VQT [EAT(M),Y(H)] —V, [EA(N)aYo(n)])dM

n—oo

+r(r—1)(r— 2)/0 ds/o dr lim )\’"‘3 (/A Tr <V2 [Ea, (0),Y™] = V4 [EA(M), 1/0<”)]) d,u) d\.

n—oo a a
(3.1.10)
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Next we note that by an integration by-parts,

Tr (Vs = V5') = lim Tr (VQTVJT”) - \/21/2(”)) — lim Tr (Vz (A, Y®] — v, [A, YO(”)D

n—o0

= lim ’ wlr (VQT [EAT (dﬂ)a Y(n)} —Va [EA(dM)’ YO(")])

n—oo a

~ lim {,m (Vor (B, (00 YO] = Ve [Bali) Y] ) o~ | T (Vi (B 0.V ] Vo [l 7]

n—oo a

= — lim bTr (VQT [Ea, (1), Y™] — V4 [EA(M),YO(")]) dp.

n—oo a

(3.1.11)

The boundary term above vanishes and substituting the abdlve first expression in (3.1.10), we
get that the right hand side of (3.1.10)

1) 2/ ds/ dr Tr (Voo = V3) +r(r = 1)(r — 2) / ds/ dr lim )\T7377§Z)(>\)d>\,

n—oo

wheren{"( f Tr (VQT [Ea, (), Y™] =V [EA(M),YO" ]) dp andni” (\) is real-valued for
eachn, because

B0 = [T (Vr 0,0, Y] = 2 [t 35
- /f{w (Vor [, ), Y )" =Te (1 [Baon), Y5 ] ) b
A *
= [ (12, G0y V) =70 ([ 5] )
— [, YO Vi) T ([Ba, Y] )

A

= / Tr (VzT [Ea. (1), Y] =V, [EA(M),YO(")]) dp
=5 (\),

sinceV,, andV; are self-adjoint and” ™ andYO(”) are skew-adjoint.

Hence

r—2 1 s
ry / ds / dr Tr [Va, AR 2V, AF — Vo ATH =21, AF]

1 s 1 5
ot [as [Car ez -2 -2 [ as [Car i [ on
0 0 0 0

n—oo

(3.1.12)
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Chapter 3 : Third Order Trace Formula

Combining (3.1.8) and (3.1.12) and sing€||2 = Tr (V2 + V) = Tr(V?2 + V), we conclude
that

r(A+V) — A" —DW(A") e v——D<2 (A") o (V, V)}

b”/o ds/o dr Tr (V2 = V2] + [V - V&)
+r(r—1)(r—2)/ ds/ dT/ N 73T [VEEA(N) — V2 E4, (A)] dA
0 0 a
+r(r—1)(r—2) /01 ds/SdTJLHSO A3 S (A)dA
(= 1)(r —2) /1 ds/sdT/bx3 Tt [V2EA(N) — V2E4 (\)] dA

n—o0

+r(r—1)(r—2) / ds/ dr lim )\7"3772T)()\)d)\

n—oo

=r(r—1)(r—2) / ds/ dr lim X“—?’n@(A)dA

= lim ()\T)”’ M (\)dX, where

n—oo

N = i ds J; dr () andn® (\) = | THVZEL(N) = VEES, (A} + 757 (1), the inter-
change of limit and the- ands- integral is justified by an easy application of bounded eogence
theorem. Note thayﬁ") is a real-valued functiokl n, because

= THVPEAQ) = V2B, N} 5 () = TH{(VEEA(N) = Vi Ea (1)} + 57
= TH{EANVE = Ea, (WVE} + 187 (M)
= Tr{V2EA(\) — V2E4, (N} + 157 (M)

= 7731) )

)

sinceVy, andV; are self-adjoint and hena;é"’ is real-valued for each.

Next we want to show that;™ } is cauchy inL! ([a, b]) and we proceed by a method similar
to that used in the proof of Theorem 2.3.1. Lfete L>([a,b]) and defineg(\ f f(@)
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3.1. Bounded Case

f g(p)dp sothaty’(\) = f(\) a.e. andh/(\) = g(A). Now consider the expression

b
/a FO [ () = mg (V)] dA = / FO [5200) = 5 ()| da
— /b R (\)dA (/ Tr (VQT [Ea, (1), Y™ — Y™ — v [EA(/L),YO(") _ Yo(m)]) dM) ’

a

which on integration by-parts twice and on observing thatiitbundary term foA = a vanishes,
leads to

A
h/()\) / Tr <V2T [EAT(M)’Y(n) _ Y(m)] —V, [EA(M),%(n) _ Yb(m)}) d/i‘l))\:a
b
b a
_ h/(b)/ Tr (VQT [Ea (), Y™ — Y™] — v [EA(M),YO(") _ Yo(m)D dy
—{h(N\)Tr (VQT [EATO\), ym _ y(m)} B 7 [EA()\), Yo(n) _ Yo(m)]) |l))\:a

_ / ChTr (Var [Ba, (@), Y =¥ ™] =V, | Ea(@n), i - Y™ )}

b
- h/(b)/ Tr (VQT [EAT(,U),Y(") _ y(m)} B VA [EA(M)’YO(n) _ Y()(m)}) di

b

b
=0 (0) [T (Var [Ba ). Y™ = Y] =3 [Eal). Y5 = %] )

S Tr (VzT [h(A,), Y™ — ym] — 1, [h(A)’ v Y0<m>]) _
(3.1.13)

Next we use the identity (follows from (3.1.11))

Tr (Ve Vi = 1314") = - / T (Var [Ba, (), Y] = V2 [ Eap), V" |) dp

a

to reduce the the above expressionin (3.1.13) to

gO)Tr (Vo [V = Vi™| = Var [V = VA ) T (Var [(A), YO = Y] = 13 [a(4), ¥i™ = v{™] )
(3.1.14)
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Chapter 3 : Third Order Trace Formula

But on the other hand,

b b
[MMJ#ﬂzmmwm—wmwozfhuwmwww—/hwmﬁﬂww

// (A) = h()) Ea(dN) Y Ea(dp) = // MU (3 ) a0 Eala
/ / AA) Z EA(dN[AY™ — Y™ A E(dp) = /b /b hA) Z EA(dNVV Ex(dp),
an
Tr (VZ [h(A),YO(n) _ Yg(?”)}) _ /ab /ab %Z(N) Tr (VQEA(d)\) [Vz(n) _ Vz(m)] EA(du)>

(3.1.15)

v =]

and hence as in Birman-Solomyak ([2],[3]) and in [7],

T (V2 1), v =¥ ] )| < InlsliVall

v v < e-a)l eV

and hence
L) [ ) = o )] ax|
<20-a)|V2 (|| 5" - vi™ v - virl|
o T (b=a) VI (|| [y =™ |+ || [ = v )
. (n) _ . (n) _ y,(m)
e 0 =l <20 - a)lVIe (|| - v+ [ - vl ).
which converges t6 asn, m — oo andV 7 € [0, 1]. Therefore

1 S
Hn(”)—n(m)HLlﬁ/ ds/ dr [ = 0™y,
0 0

which converges to 0 as,n — oo, by the bounded convergence theorem and hénte} is
a Cauchy sequence it ([a, b]) and thus there exists a functigne L'([a, b]) such that|n™ —
nlz1 — 0 asn — oo. Therefore,

b b
lim [ N3 (N)d) = / A" 3n(\)d\  and hence

n——aoo a

Tr{(A+V) —A"—DW(A") eV — %D(Q)(A") o (V, V)] =7r(r—1)(r—2) /b A" 3n(N)dA.
(3.1.16)
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3.1. Bounded Case

In particular if we sep(\) = A3 in the formula (3.1.5), we get

6 /bn(x)dx =Tr [(A + V) —A3 - DY (A} eV — %D(Q)(A?’) o« (V,V)

1
= Tr [(A + V)P — A - {AV + AVA+ VA?} — 5{2(&/2/1 + VAV + AV?)}
= Tr{V3}.

For uniqueness, let us assume that there exists, € L!([a, b]) such that

T [p(4-4 V) = p(4) = D) 0V = 3Dp) o (V1)) = [ m0a

wherep(.) is a polynomial ang = 1, 2. Therefore
b
/ p"(A\)n(A)d\ =0V polynomials p(.) and n=mn, —n € L*([a,b]),

which together with the fact thaﬁf m(A) d\ = ff n2(A) dA = FTr(V?) (which one can easily
arrive at by setting(\) = A3 in the above formula), implies that

b
/ A'n(A)dA=0 V¥ r>0. Hence by an application of Fubini’'s theorem, we get that

/_OO o itA n(A) d\ = Z % /_OO (—itA)" n(A) d\ = 0.

Hence -
/ e p\N)dr=0VteR.

[e o]

Thereforen is an L ([a, b])- function whose Fourier transforij(t) vanishes identically, implying
thatn = 0 orn, =1, a.e.

O

Corollary 3.1.6. Let A and V' be two bounded self-adjoint operators in an infinite dimenal
Hilbert spaceH such thatV’ € By(#). Then the functiom € L'([a,b]) obtained as in Theorem
3.1.5 satisfies the following equation

b L) = )

[ romin= [Cas [Car [ [EEZAE ey By @0V EL (d) - VEA@)Y Eala).
a 0 0 a a -

wheref(\) , g(\) andh()\) are as in the proof of the Theorem 3.1.5. Moreover

Iz < (0= a) V5.
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Proof. By Fubini’'s theorem we have that

[ romoan= [Cas [Car [ o0 [TEL0) V2B 00) + 0] ar

b b
[ FTHVZEA) — V2B O0}aA = [ §O0Tr [VPEA(N) = VB, ()] d,
which by integrating by-parts and using Lemma 3.(:3eads to
gN) T [VEEA(N) = Vi3 Ea, (V)] [3=a

_f%mmmmm—%mﬂm

— o0 2]+ [T VB @) - )]
— g(b) Tr V2 — V2] + Tr [V2R(A,) — V2R (A)]

]
— g(b) Tr[V? %}Q//—j—%@WMEMMMEMW)%EMWMM@N

(3.1.17)

Again by repeating the same above calculations to get @.hidd (3.1.15) as in the proof of the
Theorem 3.1.5, we conclude that

[ rom0an= o) T [y — vi, v

b b h(N) = h . .
b [ T v @0V B ) - VaEA@ VS Ealdn)].
(3.1.18)
Combining (3.1.17) and (3.1.18) we have,

/bf(k)n( )
/ ds/ dr g(b) Tr
)

(
U/@/m//"fxz T [VEA (@A) (Vi © Vi) Ea, () = VEA(dA) (Vi 0 Vi) Ea(dp)]
(3.1.19)

VE+ VYY) = (V2 + ) |+
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3.2. Unbounded Case

But by definitionVQ(") VQ(T") converges td5, V5, respectively in|.||; and we have already proved
thatn™ converges ta) in L!([a, b]). Hence by taklng limit on both sides of (3.1.19) we get that

/ FAN)n(N)dA = / ds/ dr/ / )\ M Tr[VEA (ANVE4 (du) — VEA(AN)V Ea(dp)].
(3.1.20)
In the right hand side of (3.1.20) we have used the fact that

Var (68 = Gy) < IVllo (VA = Vacla + [IVa = Vi”||) — 0:asn —> oo, where
G(A % 8) =Tr [VE4(8) (Vir & Vi) Ea (8) = VE4(A) (Vi@ V") Ea(6)] and
Go (A x8) =Tr[VE4 (A)VEA (8) — VE4(A)V E4(6)] are complex measures &t and
Var (9’5") — 92) is the variation of(g’é") — 92) and also noted that||Lip < (b — a)]| f|| -

Again from (3.1.20) we have the following estimate (as imiBan-Solomyak ([2],[3]) and in [7] )

1 s
A)dA)s / ds / dr 2 bl IVIZ< (b= a) | fll (V]2
0 0

and hence

S F0n()dN
sup

< (b—a) V|5 e |nlln < (b—a)|V]3
fFeL>(ab]) 1 f oo

3.2 Unbounded Case

Theorem 3.2.1.Let A be an unbounded self-adjoint operator in a Hilbert spd¢eand let¢
R — C be such that™_|¢(t)] (1 + |¢])® dt < oo, where¢ is the Fourier transform of. Then
#(A), DD @(A), D(2>¢(A) exist and

[e%¢) t
DWp(A) e X =i / o(t)dt / dp ePAxe=P4  and

0
[o¢] R t B ) . -
DPg(A)e (X,Y) =1’ / o(t)dt / dg { / dy @vA X -V Aydt-5)A
e o
0 =6
+ / dv €°y A x4
0
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Chapter 3 : Third Order Trace Formula

whereX,Y € B(H).

Proof. That¢(A) and the expressions on the right hand side above exiXt#f) are consequences
of the functional calculus and the assumptionjomNext for X e B(#),

S(A+X) —o(4) = / o) [ — ]t = / " dityar / 4 AT x -,
—o0 —00 0
Therefore

P(A+ X) — p(A) —1i / N o(t)dt /0 t dp A X el t=AA

iy /OO S(t)dt /t dp [@FUTN XA — @il xet=1]
—00 0

) t
— | / o(t)dt / dp {[e°ATX) — f4] xdlt=AAy,
—00 0
In one hand we hav¢],e‘5(A+X) — eWAH < 2 but on the other hand

}wm““*—&“H:“A«wew~*nxé&wAfswmxn

and hence using the interpolation inequality

€74+ — @] < 209 (5] X )7 (0<e<1), we getthat

Héb(A +X)—o(A) —i /_Z o(t)dt /Ot B &4 x (=)

oo It

. (1—¢) 0
<201+ [ g0l ar ﬁdﬁs(Q )HXW”/ ()] (1+ [£)* d.

—00 0 €+1 —0o0

which by virtue of the assumption animplies thatD®) ¢(A) exist and that

o0 t
DW¢(A)e X =i / o(t)dt / dp P4 xe=M4 " Similarly for  X,Y € B(H),

0
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3.2. Unbounded Case

DWp(A+X)eY —DWp(A)eY
=i [“ bty [ agerenvecoin i [~ i [ agerrvein
i /°° o1t /t i3 {[éﬁ(AJrX) . é’BA} Y dt-A(A+X)
- 0 + @iy [P _ d=mAy
= i? / N o(t)dt / t dg { / " dy @4+ X g5ty gi-A)
o 0 0

t—p
s [ eryerannxdesy
0
and one can verify as before that

IDWp(A+ X)eY —DWp(A)eY
oo t R . .
—i? / o(t)dt / dp { / dv "4 XAy dlt=m4
—00 0 0

=B . . .
+ / dv Py draxdlt-—n4y
0
< t B . . : :
_ ”|2/ ¢(t)dt/ dﬁ {/ dv [epl/(A+X) _ ell/Aj| Xel(ﬁfz/)AYel(t*B)(AwLX)
—oo 0 0

B
+ / dv @A XAy [di-AATX) _ glt=p)4]
0

t—p : : : :
+/ dv epﬁAY [ew(AJrX) . eu/A] Xé(tfﬁfy)A}H
0

< K[| XY / |p(t)| (1+]t))*2 dt  (for somee > 0 and some constantk = K(e)),

proving the expression fap®¢(A) e (X,Y). O

Theorem 3.2.2.Let A be an unbounded self-adjoint operator in a Hilbert spatel” be a self-
adjoint operator such that” € B3;(H) and furthermore lep € S(R) (the Schwartz class of smooth
functions of rapid decrease). Then

P(A+V) —¢(A) —DYp(A) e V — %D(Q)gb(A) e (V,V)eBi(H) and
Tr [¢(A +V)—¢p(A) —DYp(A) eV — %D<2>¢(A) o« (V,V)

00 t 1 s
= / i2 tp(t) dt / dv / ds / dr Tr [Velimarygrar — yet=aydra]
0 0

—00 0

whereA, = A+ 7V and0 < 7 < 1.

76



Chapter 3 : Third Order Trace Formula

Proof. Now

étAs+h _ eitAs 1

t
= — d dhAstn dt=B)As) _ j / dB @PAs+niydt=B)As
h /0 b5 B ( ) B

0
i / L g Ayma | / df [@%4n — o] el
0

0

t t 8
= / dp &P dt=RAs o (i)2p / B / dy @ Asen 7 d B A d =8 As
0 0 0

and hence

—eltASM — et i /t dp eiBAsVei(t—B)As

1
< —|t|* |h
I ; <SPV,

which converges to 0 ds — 0, proving that the maf0, 1] > s — '« is B; (H)(‘and hence
B5(H) )- continuously differentiable, uniformly ihand

t
gy | as @y
ds 0

Then

HA+V)—¢(A) —DWp(A) eV = / h o(t) dt [e"HY) — ] — DWg(A) eV

:/“qx)d/ds iy / ” dt/dﬁe.mvéw
:/ {/ ds/ dp P41/ dt=h)A _,/ ds/ dB Py di-5)A

[e'¢) 1 t
= / ip(t) dt / ds / dj3 [d94:ydlt=0)As _ iy dlt-9)4]
—00 0 0

— /OO iq@(t) Q(t) dt, where Q(t) = /01 ds /Ot g [eiﬁAsVei(t—B)As _ eiﬁAVei(t—B)A] .
(3.2.2)
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Again

@BAn Y dt=B)Arsn _ dBA |/ gt=B)As
h
[@Arsn — gfAr] ylt-MArsn %eiﬁATV [(t=PArn _ t=0)A]

_1
T

8 s
= / dv @Ay @Ay dl=Danmn 4 j / dy &84 @Az dlt=B-v)A-

0 0

B . _ , -8 ' ' _

=1 / dy @Ay dB-—Ary dt=fAr 4| / dy dBA- 1 drA-1/dt—B-1)Ax

0 0

o 8
+ I/ dv [eiVAr+h _ eiVAT} Vei(ﬁfu)A-r Vé(tfﬁ)Ar + I/ dv éuArVé(ﬁfl/)ATV [ei(tfﬁ)A.rJrh . ei(tfﬁ)AT]

0 0

t—p . . . .
+ i / dy P4V [@vAren — drd-] yglt=imar
0

B t—3
:i/ dv eivATVé'(B—V)ATVei(t—B)AT+i/ dy dBA- 1 draAr1 dt—B-1)A
0 0
B8 v
+i%h / dv / dn @ireny d=nAryd(B=v)Ary dt=F)Ar
0 0
B8 v
+i2h/ dv / dn @Ay B Ary dnAriny dt=A=mAs
0 0

t—p v
+i2h/ dl// dn eiﬁATVei"ATJrhVei(V—n)ATVei(t—B—u)AT’
0 0

and hence

‘éﬁAT+hvé(t—ﬁ)AT+h _ @BArdlt—B)As
h

B _ _ _ =0 _ . .
. (I/ dv A dB-Ar 1, dt=B)Ar + i/ dv eIBATVelvATVel(t—B—V)AT) ||1

0 0

1
< SIRH28° + (£ = B HIVIE,

proving that the map- € [0,1] — €4 Ve(=P4- ¢ By(H) is Bi(#H) (and henceBs(H) ) -
continuously differentiable, uniformly with respecto Then by an application of Leibnitz’s rule
we get

1 t s d ) )
Q(t) = / ds / dj / dr— (&4 di=hAAr)
0 0 0 dr
1 s ' CH . _ =F . .
=i / ds / dr / dp { / dvg"Ary Ayl 4 / dv@? -y ey t=imnan,
0 0 0 0 0
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where Fubini’s theorem has been used to interchange the airdgegration. Hence
1
G(A+V) = ¢(A) = DV(A) e V — §D(2’¢(A) o (V,V)
o 1 s t B : . : . . .
= / i*(t)dt / ds / dr / dp{ / dv [@ 4 Ve Aryl=ar _ draydB-naydli-A]
—0o0 0 0 0 0
t—p

_|_/ dv [éﬁATVéVATVé(t*B*V)AT _ eiﬁAvéuAVé(tfﬁfu)A] }
0
(3.2.2)

Though each of the four individual terms in the integral irt2(3) belong toB% (H), each of the
differences in parenthesfis belong to3; (), e.g.

[eiuATVei(ﬁfu)ATVei(th)AT _ eiuAVei(Bfu)AVei(tfﬁ)A}
_ [eiuAT _ éuA] Vel (B-1A- 1/ d(t=B)Ar | drAy, [é(BfV)AT _ é’(ﬁﬂ/)A} Vd(t=8)Ar
+ @AY Ay [dt-AAr _ dt=9)4]

= /V dn einATiTVei(V_n)AVei(B_V)ATVei(t—ﬁ)AT
0
(671/) i H . .
+ / dn @Ay eniriry df—r-nAy dit=FAr

0

“-» | |

+/ dn ell/AVeI(ﬁ*l/)AVemATiTVel(t—ﬁfn)A c 81<H)
0

andits norm|[.]1 < |7| |V {lv| + |8 — v| + |t — 8|}, where we have used the estimates:

(B-v)
| aneveriyet iy
0

Hence by the hypothesis an

<tV ;
1

/V dn @riry Ay (B-r)Ary dt=p)Ar
0

<|8—l7lIV] and

1

(t=8) _ _ , ,
/ dn &4veP—Ayenirizy et =imnAl - < — gl |7V |3,
0

1

H(A+V)—¢(A)— DWp(A) eV — %D<2>¢(A) o (V,V)eBi(H) and
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Z=Tr [gb(A +V)—(A) —DWp(A) e V — %D@)gb(A) o« (V,V)

o 1 s t 8 . . . . .
/ i2p(t)dt / ds / dr / dp { / dvTr [@4 e Arydli=far _ dray dB=)ay dii=fA]
—0o0 0 0 0 0

+/ dvTr [e'BATVe'”ATVe'(t—ﬁ—V)AT _ e'ﬁAVeIVAVeI(t—ﬁ—u)A} 1.
0

(3.2.3)
Again by the cyclicity of trace and a change of variable, tret fntegral in{.} in (3.2.3) is reduces

to
B
/ dv Tr{ [ — @] VeParydt=-mar | grdy [dB-nar _ g6-14] ygt-p)ar
0
+eiuAVe V)AV[ i(t—B)A, ei(t—B)A]}
8 . . . . .
= / dv (Tr{[e"* — 4| VA dlt=fa | Tr{evdy [ — gli=nd] ygli=Aary
0

+ Tr{eAVeF—Ay [gl-94r _ g-m4] )

B
= / dv (Tr{t=PAr [drdr — @] yBAry ) 4 Tr{dt=AA-grdy [dF-Ar _ dE-na] )
0

+ Tr{ [P — t=0A] @Ay =y

B
= / dv Tr{ei(t—ﬁ)Ar {eivAT — eivA} VeB-—Ary, o dt=BA-drAy, [ei(ﬁ—u)AT _ ei(ﬁ—u)A] 14
0

1 [d-B4- _ gt-5)A] grayd(E-ayy

8
= / dy Tr{dt=8A-ydB-1)ary, _ dt=BtAydB-1)Ay
0

8 . . . .
= / dv Tr [Vet-Arygvir — ydlt-mayera]
0

(3.2.4)

Similarly, the second integral i} in (3.2.3) is equal to
t—p . . . .
/ dv Tr [VtArydrar _ iy dra], (3.2.5)
0

Combining (3.2.4) and (3.2.5), we conclude that

zz/ i2o(t dt/ ds/ dT/ dp {/ dv Tr [Vel=Arydrar — ydlt-maydrd]

/ T [Vet=aryerar — ydli=naydra)y,
0
(3.2.6)
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By a change of variable and the cyclicity of trace, we get that
t
t / dv Tr [Vet-Ary g — ydlt-naydra]
0
t B : . . :
= / dp { / dv Tr [Vet-Ary g — ydl-naydra]
0 0

t
+ / dv Tr [VetAryrar _ ydlimndydraly
B

t B ) ) . .
— / dp { / dv Tr [Velmarygrdr — ydlmnaydrd]
0 0

t=p . . . .
+ / dv Tr [VetArygrar _ ydlizndydral)
0

t 8 ' | | |
= / ag {/ dv Tr [Vel(tﬂ')AT vrar _ Vé(tﬂ')AVe“/A]
0 0
+ / dv Tr [Ve'”ATVe'(t_V)AT _ VeIVAVel(t—y)A}}
0
t 8 _ | | |
= / dﬁ {/ dv Tr [Vel(t_”)AT VéVAT _ Vé(t—u)AVewA]
0 0

-8 . . . .
+ / dv Tr [VetArydrar — ydlizndydral)
0
using which in (3.2.6) we are lead to the equation
o) t 1 s
Z = / i2 to(t)dt / dv / ds / dr Tr [Vdmarygrar — =4y drd] - (3.2.7)
—00 0 0 0

by an application of Fubini’s theorem. O

Theorem 3.2.3.Let A be an unbounded self-adjoint operator in a Hilbert spatavith o(A) C
la, 00) for somen € R andV be a self-adjoint operator such th&t € By (#). Then there exist a

unigue real-valued function ¢ L! (R, ﬁ) (for somee > 0) such that for every € S(R)

(the Schwartz class of smooth functions of rapid decrease)

T 64+ V) = 6(4) = DY) oV = 506y« (V1) = [ 5 0min

Proof. Equation (3.2.7), after an application of Fubini’s theorgmelds that

Z=Te[o(4+1) - 6(4) ~ DOG(A) oV = 1DDo(4) o (V1)

1 s 00 t
= / ds / dr / i? to(t)dt / dv Tr [Vt yrar — ydli-ndydri],
0 0 —00 0
(3.2.8)
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3.2. Unbounded Case

Now

t
/ dv Tr [VelmAryrar — yet=Aydra]
0

= / t dv / h / " dlt-ragvie Ty [VE4 (ANVE4 (dp) — VEA(ANV E4(dp)]
0 b
(3.2.9)

whereb = a — ||V|| and E4_(.) and E4(.) are the spectral families of the operatéy and A
respectively and the measure

F : A x 3§ C Borel(R?*) — Tr[VEA (A)VE4 (6) — VEA(A)VE4(d)] is a complex measure
with total variation< 2||V||2 and hence by Fubini’s theorem the right hand side expression
(3.2.8) is equal to

/OldS/Sdr/oo i%(ﬁ(lﬁ)dt/m/Oo /tdy VG Tr [V E (dN)V B (dpt) — VEA(d\)V Ea(dp)]

_ /0 s /0 ar / 2 to(t)dt / / e e éw TE [V Ea, (dNV Ea, (dps) — VEA(dA)V Ea(dp)
_ /d [ar [ reiwa [T é” ét“ [V, Ba (d\V Ea (di))s — (V, Ea(d\)V Ea(dy))2)
_ /Olds /0 ir /Oo Dt / / éM ét“ {((Vir ® Var), Ea, (dN)(Viy © Var) Ea, (dpt))s

— (Vi © Vo), Ea(dN)(Vi © Va) Ea(dp))2},
(3.2.10)

where we set/ =V, @ Vo, = Vi, @ Vi, € By(H) as in Lemma 3.1.3i(b). Again by using the
invariance and orthogonality properties in Lemma 3(1:8— (vii), the right hand side of (3.2.10)
is equal to

/ s [Car [~ [ LA éw [{((Vir, Ea, (dNVar B (d))s — ((Vi, Ea(dN)ViEa(ds))2)
- {{(Vars Eao (dX)Var Ea (d10)s — (Vs Ba(d\)VaEa(d))}]
/ ds / dr / i t(t)dt / td™ Tr [V2 Ea, (d\) — VPE4(d)\)]
/ s / dr / i 16 (1)t / / er —ev Sy TP Var B (ANVa B (i) = VAEA (AN VaEa(d)]
(3.2.11)
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Applying Fubini’s theorem in the first expression in rightidsside of (3.2.11), we conclude that
/O ds /0 Cdr / TR gyt /b ety [V EBa (d\) = VZEa(d))]
_ /1 ds /S dr /boo ¢"(A\) Tr [V2E4 (dX) = VZEa(d))]
0 0
= [ [Car 0 T L) - WEA] I
_ /boo ¢"(A\) Tr [VEEa, (A) — VPEA(N)] dA}

1 S [e'e)
_ n 2 o 2
_ /O ds /0 dr /b "N Tr [VEEA(N) — VEE. (V)] dA,

where we have integrated by-parts and observed that thedaopterm vanishes. Thus the first
termin (3.2.11) is equal to

1 s o)
/ ds/ dT/ ¢""(N) m-(N) dX,  where n,(A) =Tr [VPEA(\) — V2 Ea (V)] . (3.2.12)
0 0 b

Now consider the second expression in the right hand sid& »f1(1) :

/ s [Car "o [T 7S e —en ST Ve B (00 VirE, (d) — VoBA(dN Vo)
(3.2.13)
SinceV; € [Ker (M(A+,) 1)} = Ran(M* +|)—1) = Ran(M(A,i)-l) , then there exists a
sequence V") C Ran(M(Afi)q) such thatV,” — Vs in |||, asn — oo and V™ =
(A—D) Y™ — ™ (A —i)! for someY, ™ € B,(H). Without loss of generality we can as-
sume thatVZ(") is self-adjoint for eact , since if it is not self-adjoint, consider the sequence
{m} which converges td% in ||.||2 (sinceV; is self-adjoint) andw is self-
adjoint for eachu. Similarly, for everyr € (0, 1], there exstsasequen{:é'%)} - Ran(M(A i1 )

— V.|| — 0 point-wise asn — oo and Vz(T is self-adjoint for eactn and
2

Vi = (A, — i) Y™ — Y™ (4, —i)~" for some sequencg’ (™} C B,(H) . Furthermore, by
Lemma 3.1.3vii)(b), the map[0,1] > 7 — Vi,, Vi, are continuous. Thus the expression in
(3.2.13) is equal to

é” é“‘ 0 0
Cas [ ar |t¢ £)dt lim Tr [VQTEAT(d)\)VQT B (dp) — VaEa(d\)Vy EA(dM)}

n—oo

. eﬂ ew . .
_ / ds / dr / i2 t4(t)dt lim / / A [VQTEAT(d)\)VQ(T)EAT(du)—VQEA(d)\)VZ( )EA(d,u)]
0 0 —00

n—oo

(3.2.14)
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3.2. Unbounded Case

since Var( 7" = %) < [Varlla VA" = Vaella + V2 V2 = V| — 0 asn — oo,
whereF, (A x §) = Tr [V, Ea (Ao, Ea(8) — VaEA(A)VaE4(6)] andF™ (A x 6) is the same
expression with second, and V3, terms are replaced by, ") and VZ(T") respectively. These are
complex measures d&* and Var(}"z(”) — J-}) is the variation of(]-“Q(") — ]—"2>. Note that

Tr (VQTEAT(d)\)VQ(f)EAT(du)) = Tr (Var Ea, (d) [(A; — 1) Y0 — Y0 (A, — i)Y By (dp)]
= (A=) = (=) Tr (Var Ba (dA)Y W E,_ (dp))

—(A—w)

= T (Vo  E YyWE

and sincef”_ |t (t)|dt < oo and the other functions are bounded, the right hand sidesesijon
in (3.2.14) is equal to

/oldS/OSdT lim i to(t dt/ / gth _ ew{ —(?)(_u,u—)i)} Tr{Vay Ea_(dN)Y™ E4_(dp)

n—oo

— VoEA(d\)Yy" Ea(dp)}
1 s elt)\ eltu
= / ds / dr lim —i to(t)dt / / Tr{VQTEAT(d)\)Y(”)EAT(du)
0 0

— VoEA(d\)Yy" Ea(dp)}

/ ds / dr lim —itqé(t)dt / h / h (€ — €] Tr{Va, Ea.(d\) (A, — 1) 'Y (A, — i)' B, (dp)

—VeBa(d\) (A=) Yy (A =)™ Ea(du)}
/ ds / dr lim [ —itgz@(t)dt { /b " n (Tr[Var Ea (dX) (A, =) Y™ (A, — i)™
— TH[LEA(dN) (A=) Yy (A= D))
- [ e (4, Y (=) B )]
—Tr[Va (A —1) Y3 (A= 1) Eadu)))}
ds [ dr lim —itg%(t)dt T dn Ty Var | Ea (a\), Y] = v [Ea(@N), V"),
/ / o /b ( { } { ]()3.2.15)

where?V ™ = (A, — )" Y™ (A, —i) " and¥,"” = (4 — i)' Y (4 —i)"". Again by apply-
ing Fubini’s theorem the right hand side expression in (®pis equal to

/ ds / drtim [ ) T (Ve [Ba (a0). V0] — v [2a(ax). %)

n—oo
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Chapter 3 : Third Order Trace Formula

and by integrating by-parts twice and on observing that thendary term vanishes, this reduces

/01 ds /0 dr lim — {& ) Tr(Var [Ea (N, Y] — VA[EL(N), Vo)) |22

n— o0

-/ T T (Ve [B2.0.70) - v [Ba ). ") an)

:/1ds/8d7 . bmgb,,(A) Tr (\/2 [EAT()\),Y/(”)} S, 74 EA(A),YO(H)])d)\

n— o0

/ ds / dr lim {¢"(\) /b Tr(VQT[EAT(M),?W]—VQ[EA(M),%("’])du 1,

n—o0

/ s / i lim | T >( /b Tr <V2 [Eal). "] 1, {EATm),W’])du) i\

- / s / dr lim ¢"'( ) S (A) dA, (3.2.16)
0 b

n—oo

where n{(A) = /b 1 (Vo [Bat), %™ = Var [Bac ), 7] ) ds.

Here it is worth observing that the hypothesis tHats bounded below is used for the first time
here, only for performing the second integration-by-pa@®mbining (3.2.12) and (3.2.16), we
conclude that

T [¢<A V)= 6(A) - DDA eV — LD g(a) e (v, vﬂ
2 (3.2.17)
/ ds/ dr lim gb”’( ) () dA,

n—oo

where 7V (A) = ni,(A) + 757

(A). We claim that{nﬁn)} is a cauchy sequence in
L (R (1+§l7§1+> (e > 0) and we follow the idea from [5]. First note that

L>®(R,d\) = L>®(R,¥(N)d)\) [ wherey () =
Next, letf € L>*(R, d\) and define

W ] since the two measures are equivalent.

/ fy(t)dt for X eR, then g isabsolutely continuous with
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3.2. Unbounded Case

d(\) = —f(M)¥(\) a.e. and thalg(\)| <  Const. (1+X4’1)%+6' (for somee’ > 0) for A — oo
and bounded. Next consider the expression
0w B0 =0 ad= [ 0o [ ) - 2 ] ax

«ié (MMQKT%%FA)Y”—%(}V%@MMYM—Wﬂ)w)

which on integration by-parts and on observing that the daunterms vanishes, leads to
A
=g [T (Ve [Baln). Vo™ = V™) = Var [Ba ). 7O = 0] ) e
b
+ [ 90T (1 (B, 7
b

_ /b T T (v2 [EA(A), Y - YO(’”’] Var [EAT()\), Yo f/<m>]) d.

n)

R =i [ 70— 5]

(3.2.18)

Define
A
h()\):/ g(t)dt for M€ la,0), then h isbounded, differentiable on [a, o)
b

with A'(X) = g(\) ¥ X\ € [b,00). Hence by integrating by-parts and observing that the bagnd
term vanishes, the right hand side expression in (3.2.18jusl to

[ <>Tr(v2 (a0, 56" = %] = Vo [Ba, (1), 70 = 7] )
)T (V2 [Ba), %™ = %] = Vo [Ba, (0,70 = 7)) e,
—/b h(A)Tr(v2 [EA(dA),?O( —V(m’} Var [E (dN), Y™ — ym >])
:/booh(A)Tr(VgT [EA (d\), Y™ — ym } VQ[EA(d)\ D
ve) -

= Tr (VQT [h(A ), Y [h(A),?( - %(m’D .

(3.2.19)
But on the other hand,

/ / EA(d)‘)Y EA(d,u)
— /1; /b [h<>\) - h(:u)]()\ — i)’l('u — i)ilEA(d)\)Yb(n)EA(d,u)

:/bm/boo 0 _}SAE:hWi (A=) = ) TEBA () (A= D)7 = Y (A = )Y Ea(dp)
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and hence R
a5 == [ %Z(’” Ea(d\)Vi" Ea(dp)
Therefore
T (12 [ 50 - 7)) = = [ [T EE =M (v [ - Vi) Batan)

(3.2.20)
and hence as in Birman-Solomyak ([2],[3]) and in [7] ,

7 (V2 [104), %™ = %] )| < o Wl 1V || [V = v |

2

and hence
00 (n) _ (m)
ISRy, (e v+ e -5
i.e.

19 = 1 s gasenan < Il VI (|| ™ = v

e v

)

which converges t0 asm,n — oo andV 7 € [0, 1]. Therefore

1 S
17 = 7| 1 @ syan) < / ds/ dr [0 = 08| 1@ poan
0 0

which converges to 0 as, n — oo, by the bounded convergence theorem and hénte} is a
Cauchy sequence ib!' (R, 1)(\)d\) and thus there exists a functigne L' (R, ¢(\)d\) such that
7™ — Nl ®wvany — 0asn — oo. Therefore by using the Dominated Convergence theorem
as well as Fubini’s theorem, from (3.2.17) we conclude that

Tr[oa V) - 0(4) = DY9(A) 0V = SDP0l) 0 (V1) = [ N0

The proof of the uniqueness and the real-valued nature®postponed till after the corol-
lary 3.2.4, which is the counterpart of Corollary 3.1.6 foe uinbounded case.
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3.2. Unbounded Case

Corollary 3.2.4. Let A be an unbounded self-adjoint operator in a Hilbert spatevith o(A) C
[b, o) for someb € R andV be a self-adjoint operator such th&t € B,(H). Then the function
n € L*(R,v¢()\)d\) obtained as in Theorem 3.2.3 satisfies the following egoatio

/ AN

= /0 ds /0 Cdr /b N /b M%Z(M)Tr [VEA(dNV EA(dp) — VE4 (dNVE4, (dp)],
(3.2.21)

wheref(A), g(A), h(\) andi()\) are as in the proof of the Theorem 3.2.3. Moreover

Il @ponany < el [V

Proof. By Fubini’'s theorem we have that

/Zf P (A = / ds / dr / FOVEO) [ms(3) + 0P (V)| d

But
| IO m i = [ =g T [VEA) V2B, (]
which by integrating by-parts and observing that the boantsErms vanishes, leads to
~gOVTE [VPEAO) ~ VEEL ] NG, + [ gOVTE [VPEA(dN) = VB, (0]
= [ aOTr 2 EA(aN) = V2B (40)] = Tr [VK(A) - VR (4], which
by Lemma 3.1.3:) is equal to

/ / - ZM Tr ViEA(AVAEa(dp) = VieEa, (dNViEa, (dp)] . (3.2.22)

Again by repeating the same calculations as in the proofefitieorem 3.2.3, we conclude that

/ T OV () dA = / / A ) = M) 1 [y, g (AW B () — Var B (dA)V B, ()]
b —H
(3.2.23)

88
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Combining (3.2.22) and (3.2.23) we have,
| 0w an

— /01 ds /05 dT/bOO /boo %Z(“) Tr[(Vy @ Va) EA(d)) (1/1 @ Vz(n)> Ealdp)

— (Vi ®Var) Ea () (Vir © Vi) B, (dp).
(3.2.24)

But by definition;,", VQ(T") converges td5, V5, respectively in||.||; and we have already proved
thatn(™ converges tg) in L*(R, (\)d)\) .Hence by taking limit on both sides of (3.2.24) we get
that

/ RO
P [ RO )
(3.2.25)

where we have used the fact that

Var (6" = G2) < [VIla (VA" = Varlls + V2 = V&™) — 0, and thathllup < [lgll <
1ol whereGy™ () = Tr [V E (A) (Vie © V") B (8) = VEA) (Vi 0 Vi) Ba(0)]
andG, (A x ) =Tr[VE., (A)VE4 (6) — VEA(A)VE4(5)] are complex measures @

and Var(gzn) — gg) is the variation of(gén) — gg) . Again from (3.2.25) we have the following
estimate (as in Birman-Solomyak ([2],[3]) and in [7] )

[ svwomea < [as [ar2 i VI3 < ol 111 V1

and hence
T TNTIOV IOV . 2
sup < [l V5 e [Inlln@eoyany < el V3
feL>(R) [alps
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3.2. Unbounded Case

Proof of uniqueness and reality property of n: For uniqueness in Theorem 3.2.3, let us assume
that there existg;, n, € L'(R, ¥ (\)d\) such that

Tr [cb(A + V) —¢(A) — DWp(A) o V — ~DPg(A) } / " (\n; (A

for 7 = 1,2. Then using Corollary 3.2.4 we conclude that
‘ (T [ [ () = h(p)
FN)YAN)n;(N)dA = ds [ dr - Tr [VEA(AN)V E4(dp) — VEA_ (dAN)V E4_ (dup)],
R 0 0 b b -

forj =1,2and forallf € L>(R). Hence
/f ANd =0V f e L*R), (3.2.26)

wheren(\) = g (\) — n2(\) € LY(R,¥(N)dN). Since (3.2.26) is true for alf € L*(R), in
particular it is true for all real valued € L>(R) i.e.

/f A)dA=0V realvalued f € L*(R). (3.2.27)

Let n(A) = nga(X) + 1 Nimg(X), Whereng(X) and n,,,(A) are real valued ! (R, 1)(\)d\)-
function. Hence from (3.2.27) , we conclude that

/ F) Y(N) nra(A) dA = 0= / FO) V) Nrmg(A) dX ¥V realvalued f € L™®(R).
(3.2.28)
In particular if we considef (\) = sgn ngrei(A), wheresgn nge (A) = 0V A such that)z. (A) = 0;
sgn Nra(A) = 1V A such thatype (A) > 0; sgn nga(X) = —1 V A such thatyre () < 0. Then
f = sgnnra € L>(R) and hence

/R nra (V)] [E(V)] dA = / 59 Da(N) mra(A) BV = 0,

which implies thatng. ()| [ (N)] = 0 a.e. and hencgg.(A\) = 0 a.e.. Similarly by the same
above argument we conclude thgt,,(A\) = 0 a.e. and hencg()\) = 0 a.e.. Thereforey (\) =

n(N)a.e..

Next we want to show thaj is real valued. SupposSg\) = nge(A) + 1 nrmg(A), where
Nret(N) andn,,, () are real valued ! (R, ¢)(\)d\)-function. Then from (3.2.21) , we conclude
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that
/_ T RO )IA = / T FO) et + g ()] (AN
_ / ARV (A)dA £ / ) i (VB (N)dA

= /O ds /O Cdr /b h /b m%z(’“‘)n [VEA(dNVEa(d) — V Ea (d\V E4_(dp)] ,
(3.2.29)

But the right hand side of (3.2.29) is real valued for all neslled f € L>°(R) and hence

/f()\)zp()\) Nimg(A) dA =0V  realvalued f < L*(R).

In particular if we considef (\) = sgn 1y (), wheresgn 1,,,(X) = 0V X such that);,,,,(A\) =
05 Sgn Nimg(A) = 1V A such thaty,,g(A) > 0; sgn nrmg(A) = —1 V A such that),,,(A) < 0.
Thenf = sgn nrm, € L*(R) and hence

/R [N1mg (M [P(A)] dA = /ngn Mimg(A) Mimg(A) (A)dA = 0,

which implies thatn;,,,(A)| [(\)| = 0 a.e. and hencgy,,,,(\) = 0 a.e., which implies thay is
real valued.
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Chapter 4

Some Results for Commuting n-Tuples

We have already discussed various trace theorems and tioefspusing final dimensional ap-
proximations in Chapters 1-3 for single operator varialalsec In this chapter we present some
preliminary results towards obtaining some trace formolativo or more generally n-operator
variables.

4.1 Approximation Results for n-Tuples

The main result in this section (Theorem 4.1.2) is an admptdtom the proof of Weyl-von
Neumaan-Berg theorem [2] . First we need a simple lemma.

Lemma 4.1.1.Let A € B(H) be such tha < A < I. Now consider the spectral projections

2k—1
E,=E,4 < U (27%(2j - 1),2—k(2j)}> for k > 1. Then

Jj=1

A= "27"E, (4.1.1)
k=1

where the right hand side d#.1.1)converges in operator norm.
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Proof. We want to show that

00 ok—1
A=Y 27"E, = 22 "Ea | U 27025 —1),27%(2))]
k=1 j=1

—22’“2&1 “(25 —1),27%(29)]

since(27%(2i — 1),27%(2i)] N (2— (2j —1),27%(25)] = 0fori+# jandl <i,j <2 Let

ZQkEk—ZQkZEA "(27 = 1),27%(2))]

Claim:
oN_1

Sy=>Y_ m2NEy(m2™V, (m+1)27"].

m=1

Applying induction onV, we will prove the above claim.

ForN =1,8 =2'E,(271.1,2742)] =27 'E, (27,1 = 1.27' B4 (1.27Y, (1 + 1).271]
and hence the result is true fofr = 1

Next assume that the result is true for= [ i.e.
2l—1

=Y m27'Ey(m27 (m+1).27"].

m=1

Now by using induction hypothesis, we have

I+1 ok—1
Siy1 = 22 RZEA ]_1) 2” k<2j)}
2’C 1 ol
— Z 2~ Z Ea (2725 —1),278(25)] + 270> "B (270 (25 — 1), 27D (25)]
j=1
21 2!
=Y m27Ey(m27, (m+1).27"] + 270y By (2700 (25 — 1), 27070 (25)]
m=1 j=1
2l—1
=Y m27'Ey(m27, (m+1).27"] 4 27V E, (270D 27
m=1

+ Z 92— l+1 2 (1+1) <2j 1)’ 27(l+1) (QJ)] )
4.1.2)
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But on the other hand

21—1 2l_1
Z m27'E4 (m.2_l, (m+ 1).2_1} = Z Qm_Q_(l‘H)EA (Qm_g—(lﬂ)’ 2(m + 1)_2—(l+1)}
m=1 m=1
2l—1
= Y 2m 2 B {(2m2 04,2 1200 (2m 4 1276 24 1).27 0]
m=1
2l—1
m=1
2l—1
+ Z 2m.2_(l+1)EA (2m + 1,2—(”1)7 2(m + 1)_2—(l+1)]
m=1
2l—1

=Y 2m 2 VE, (2m.270) 2m 4 1.2707Y)]
m=1

2l
+3 2(j —1).27 VB (25 — 1.2 2507
j=2

(4.1.3)

by substituting the index = m + 1 in second summation in last equality. Combining (4.1.2) and
(4.1.3), we conclude that

2l—1
Spiq = Z 2m.2" B, (2m.27 Y 2m 4 1,27 (0] 4 2= (FD gy (270D o7
m=1

+Y 25— 127V E, (25 — 1.270F 25,07+ ]

2l—1
=Y 2m 2 VE, (2m.270H) 2m 4 1.270H0] 2P B (27D 27
m=1

2l-1
+Y om+ 127U E, (2m + 1.2707 2(m + 1).270Y)]
m=1
o(+1)—1

= Y m2 By (m 27 (m 4 1).270F]
m=1

by substituting the index = m+1 in second summation in second equality and hence by inductio
the result follows.
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Thus forf € H,

(e (£

2N 1

= Jim ZZl m2 NEy (m2™N, (m+1).27V] | f

- / NEA(dN) ],

by using the definition of spectral integral df(see [1]). Therefore

A= /)\EAdA szEk

Hence the proof. O

Weyl-von Neumann [3] proved for one self-adjoint operatahat givere > 0, 3B € By(H)
such that|| B|| < e and A + B is diagonal. Later Berg extended this to an n-tuple of bodnde
commuting self-adjoint operato(si;, As, ..., A,), which says that givea > 0, 3 {B;}}_, of
compact operators such thaB;|| < € Vj andA; + B, is diagonal;. We extend the ideas from
Berg’s proof in the next Theorem.

Theorem 4.1.2.Let A,, A, ..., A, be n-commuting bounded self-adjoint operators in an irdinit
dimensional separable Hilbert spagé Then there exists a sequendey } of finite rank projec-
tions increases strongly tb(i.e. Py 1 I) and||[A;, Py]||, — 0asN — oo for p > n and for all

1 << n.

Proof. Without loss of generality we can assume that A; < I for 1 < i < n. For each4;,,
consider the spectral projections
) 2/671
EY = By, ( U (27525 - 1),2’f(2j)}> fork > 1.

=1

Hence by using Lemma 4.1.1 we conclude that
A=Y 27*EY  for 1<i<n.
k=1
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Now consider the commuting family of projectiods = {E,f) ke N;1 < ¢ < n}. Let

{f1, f2, f3,---, [n, ...} De an countable orthonormal basis fidr (as H is separable). Denote
A\ 1 . A\ —1 .

(B) =B and(E[")  =1-E’. Define

Estpan{[Hﬁ(E@) .]fj- 1<j<N,; e,(; =+1}.

ThusLy is a linear subspace @& and it has the following properties.
N=1

(i)  From the definition ofZ,, we conclude that y is spanned by at mos¥.2"" number of

( )
distinct elements of the forr{i]‘[ H (E(Z ) ] f; and hence dimiCy) < N2,

k=1 =1

N n A\ €
(ii) Now[]_[ H(E,Q)‘“]fjecjv for 1<j<N,

N—-1n—1 e
which implies that[H IT ( ) ’ ] fi € Lyfor 1 < j < N. By repeating the above
1 =1
(1)
argument we conclude thérEfl)) fi e Lyfor 1<j <N, ie. E(1 fis (I E )fj €Ly

for 1 <j < N andhencd fi, fo, f3,..., fn} C Ly, proving that( U EN) =H
N=1

N+1 n

50
(17i) Again [H 1T (E“) ] fi € Lyy1 for 1< j < N+ 1. Buton the other hand
1 =1
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n—1 . eg\il)+1 N e(l)

Therefore,[ | (E](\?L) IT II (E“’) fi € Lyyr for 1<j<N+1L
=1 i

By repeating the above argument we conclude that

(1)
[H H( ) ]fj€£N+1for1<j<N+1andhenceCN L1

1 =1

(sincefyi1 € Lyy1 but fyyq ¢ Ly). Let Py : H — Ly be the orthogonal projection
ontoLy. Then using the properties gfy, we conclude thaf Py }3_, is a sequence of finite

rank projections increases stronglyit¢i.e. Py 1 I). Moreover,

E,f)(ﬁN)gﬁN for 1<k<N; 1<i<n, since

()

i ) o= [ )] o

and hence y is a reducing subspace fﬁiff) (1<i<n;1<k<N). Therefore

EY

EVPy=PyEY for 1<k<N:1<i<n. (4.1.4)
Nowforl <i<n; 4 =Y 27*E" and using (4.1.4), we have
k=1
[A;, Py] = sz[ } Z Qk[E,Q,PN]
k=N+1
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and hence usingPy ||, = {Tr(Py)}"/? = {dim(Ly)}"/» < [N2"V] Y7 we get

e}

s Pl < 3 27 (B R <2 30 2Pl

k=N+1 k=N+1

<2 [N2"V] p i 9=k — 9 N1/pg—N(=n/p)
k=N+1

which convergesto 0 a8 — oo for p > n, which completes the proof. 0J

4.2 Trace Approximations For Bounded Commuting Tuples

The next Theorem shows how Theorem 4.1.2 can be used for dimtensional reduction. For
simplicity we take n=2. It will be clear from the proof thaetbame proof will go through for any
n. But before going to the main theorem, first we will state s@mple lemmas.

Lemma 4.2.1.Let A, B be two bounded self-adjoint operators# such thatB — A = V €
By(H). Supposé|[4, Px]|l, — 0asN — oo for p > 2, where{ Py} is a sequence of projec-
tions such thaPy 1 I. Then||[B, Py]||. — 0asN — oo forp > 2.

Proof. SinceV' € By(H) andPy 1 I, then we have thdt[V, Py]||s — 0asN — oo and hence
using property (iv) of Schatten p-ideals in Chapter 1, we get

1B, Pllly < lITA, Pulllp + [ITV; o]l
< [[[A, Pally + VI [V, Pall3”,

which converges to 0 a§ — oo for p > 2 (by hypothesis). O

Lemma 4.2.2. Let A be a bounded self-adjoint operator # such that||[A, Py]|l, — 0 as
N — oo for p > 2, where{ Py} is a sequence of finite rank projections such tRgt1 co. Then

(i) ||[A", Py]||[, — 0asN — oo forr e N.

(1) If furthermoreB is another bounded operator such thiéB, Py]|||, — 0asN — oo
forp > 2, thenHPN [ATBS — (PNAPN)T(PNBPN)S] PN||p/2 —0asN — o0, for r,S e N.
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4.2. Trace Approximations For Bounded Commuting Tuples

Proof. (i) We will apply induction onr. If » = 1, then||[A", Py]|l, = |I[4, Px]|l, — 0 as
N — oo (by hypothesis). Assume that the result is truerfef k.

But [A*1) Py] = A[AF, Py] + A, Py]A* and hence

LA™, Pu]lly < IIA[A, Pu]ll + (1A, Py]A*,
< [ANIEAY, Pu]ll, + 1A, Pl HANY,

which converges to 0 @8 — oo (by induction hypothesis). Therefore by inductigal”, Py|||, —
0asN — oo forr € N.

(77) The case = s = O is trivial. If one of r or s is equal to 1 and other is equal to 0, then
the expression itself is equal to 0. Nextit= s = 1, then

Py [A"B* — (PyAPy)"(PyBPy)*] Py = Py [AB — (PyAPy)(PyBPy)] Py
— PyAPyBPy = Py[Py, A|[B, Py|Py

and hence using the properties of Schatten p-ideals (sga€hg we get
| Py [A"B® — (PyAPN) (PnBPN)®] Pxllp2 < (|[Pn, Alllpl[B, Palllp,

which converges to 0 a§ — oo (by hypothesis).
Therefore we assume that eitheor s > 2. But on the other hand
Py [A"B? — (PyAPy)" (PyBPy)®] Py

— [PyA"Py — (PyAPy)"| PyB*Py + (PyAPy)" [PyB*Py — (PyBPy)*]  (4.2.1)
+ Py A" Py B*Py

The equation (4.2.1) shows that the cases= 0,s > 2) and(s = 0,7 > 2) are identical.
Similarly if either (r = 1,s > 2) or (s = 1,7 > 2), one of the first two factors in the equation
(4.2.1) vanishes identically.

Therefore without loss of generality we assume that 2. Now using the properties of
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Schatten p-ideals (see Chapterl), we have
|Pn(A)" Py — (PNAPN) ||y = [|Px [(A)" = (PNAPN)"] Pyl|g

= || Py <i(A)’"‘j(A — PNAPN)(PNAPN)j‘1> Py

j=1

P
2

r—1
= |1 Py(A) (A — PyAPy)(PyAPy) ™' Py
j=1

2
2

r—1
= 1> Py(A) 7 Py APy(PyAPy) ' Py
j=1

r—1
= |1 Py[Py, A"][A, Py]Py(PyAPy) ™' Py

J=1

2
2

r—1
< Py, A A, Pl AP
=1

r—1
< > MPw A A, Pl LA,

j=1

which converges to 0 a8 — oo, by hypothesis and using). Similarly if s > 2,
||PN(B)SPN — (PNBPN)SHP/Q —0 as N — oc.
Furthermore for the third term in the right hand side of (#)2we have

| Py A” Py B* Py |2 = || Py [P, AT [B®, Px] Py |l 2
< I[Pn, AJlp N [B°, Pullp,

which again converges to 0 & — oo, by hypothesis and usin@). Therefore each term in the
right hand side of (4.2.1) converges to 0/ds—> oo in ||.||z and hence

HPN [ATBS — (PNAPN)T(PNBPN)S] PNHp/? —0 as N — oc.

Now we are in a position to prove the main theorem in this sacti
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Theorem 4.2.3.Let(H,, H,) and(HY, HY) be two commuting pairs of bounded self-adjoint oper-

ators in an infinite dimensional Hilbert spag¢such thatt;, — HY = V; € By(H) and Hy — HY =

Vo € Bo(H). Letpi(\p) = >0 clrs)Xp’ andpy(v,y) = >0 d(i,j)a'y’. Then
r,s>0 ; r+s<n 4,720 5 i+3<m

there exists a sequen¢®y } of finite rank projections such thaty 1 I and

Tr{ [p1 (Hy, Hy) — p1 (Hlo, Hzo)] [PQ (Hy, Hy) — po (H?aHS)]}
= Nli_I{looTr{PN [p1 (PnHy Py, PyHyPy) — py (PNH?PM PNHSPN)}
Py [pQ (PNHlea PNHQPN) — D2 (PNH?PNapNHSPN)] PN}-
Remark 4.2.4. In the statement of the above Theorem 4.2.3, though H,) and (H?, HY) are
two commuting pairs of self-adjoint operators bk, H, Py, Py Hy Py) and(Py HY Py, Py HS Py)

may not be a commuting pairs of self-adjoint operators. &t thse the meaning pf (Py H, Py, Py Ho Py)
andp; (Py HY Py, Py HYPy) for i = 1,2 are as follows:

p1(PyH\Py, PyHyPy) = > c(r,s)(PvHiPy) (PyHyPy)* ;
r,s>0 ; r+s<n

p1 (PyH{ Py, PyHSPy) = > c(r,s)(PyH)Py)" (PvH3Py)* ;
r,s>0 ; r+s<n

p2 (PvHiPy, PyHoPy) = Y d(i, j)(PyHiPy) (PyHyPy)’ and
4,720 ; i+j<m

p2 (PxHYPy,PyHYPy) = > d(i,j)(PxH)Py)'(PyH3 Py ).

4,520 5 i+j<m

Proof of Theorem 4.2.3: Applying Theorem 4.1.2 for the pafi7?, HY) and using Lemma 4.2.1,
we conclude that there exists a sequefieg } of finite rank projections such thdty 1 I and
1Y, Pxllps [H3s Pulllps [H1, Pa]llps | [H2, Palll, — 0 @sN — oo for p > 2. Now

pr(Hy, Hy) —po (Y, HY) = ) 0 elrys) (L)' (H)" = (HY)" (H3)']

r,s>0 ; r+s<n

= Y cr){[(H) — (H)'] (Ho)" + (HY)" [(Ha)" = (H3)']} € Ba(H),
e (4.2.2)
sinceH, — H?, H, — HY € B,(H) and hence
Py [p1 (Hy, Ho) = p1 (HY, Hy) | Py — [py (Hy, Ho) —po (HY, Hy)] i |
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asN — oo. Similarly we conclude that
Py [p2 (Hy, Ha) — p2 (HY, HY)| Py — [p2 (H1, Ha) — p2 (HY, H3)] in |||
asN — oo. Therefore
Tre{[p1 (Hy1, Hz) — p1 (HY, H3)] [p2 (Hy, Ho) — po (HY, H3)]}
= Jim Tr{Py [p1 (H1, Ha) — p1 (HY, Hy)| Py [p2 (Hy, Ha) — pa (HY, Hy)] Py}

Again

(4.2.3)

P1 (Hl, Hz) — N (H?, HS)
= {c(1,0) [H, — HY] +¢(0,1) [Hy — HJ]}
+ > elrs) [(H) (Hy) = (HY) (HS)]

r,s>0 ; 2<r+s<n

and
P2 (H17 HQ) — D2 (H?a Hg)
= {d(1,0) [Hy — HY] +d(0,1) [H, — H3|}
b ) [ iy - () ()]
and hence S

[pl (Hla HQ) — DN (H?’ HQO)] [pQ (H17 HQ) — D2 (H?a HS)]
= ¢(1,0)d(1,0) [Hy — HY| [H1 — HY] + ¢(0,1)d(1,0) [H, — Hy| [H1 — HY]
+¢(1,0)d(0,1) [Hy — HY] [Hy — H3| + ¢(0,1)d(0, 1) [Hy — H3] [Hy — Hj |
+ > ST el s)d(, HE[(H) (Hy)* = (HD)" (H9)"]

7,520 ; 2<r+s<n  i,j>0 ; 2<i+j<m
[ () — (1) (13)]
Therefore
Py [pl (Hl,Hz) — DN (H?,HS)] Py [pz (H17H2) — D2 (H?,HQO)} Py
- {PN [p1 (PNH1PN, PNHQPN) — D (PNH?PNapNHQOPN)}
Py [pz (PnH\ Py, PyHyPy) — ps (PNH?PNa PNHSPN)] Py}

= > > crs)d(ig)

rs20; 22rbs<n 020 2<itj<m
({Pyl(H,)" (Hy)* — (HY)" (HS)"|Px[(Hy)' (Ha) — (HY)' (HY)'| Py}
— {PN[(PNH:LPN)T(PNHQPN>S — (PNH?PN)T(PNHSPN)S]
Py|(PvHyPy)'(PyHyPy)’ — (PyHY Py)'(PxHy Py )| Py}).
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But on the other hand
|Px[(Hy) (Hy)* — (HY)" (H9)'|Pn[(Hy)' (Ha) — (HY)' (HS)'|Py
— {PN[(PNHIPN)T<PNH2PN)S — (PNH?PN)T(PNHSPN)S]
Py[(PyHyPy) (PyHyPy) — (PyHY Px)'(PyH3 Py)’] Py}

< ||Py[(Hy)" (H2)" = (HY)" (H3)] Py
— Py[(PyHyPx)"(PxHaPy)® — (PyHY Py)"(PyH3 Px)*] Pyl
|y = (o) (1))
+ || Pn[(PvHyPy)' (PyHo Py )® — (PyHY Py)"(Py H3 Py )*] Py ||
| Pyl(Hy) (Ho) — (HY)' (HS)' )Py
— Py[(PvH,Py) (PyHyPy) — (PyHYPy) (PyHI Py )’ Py 2.
(4.2.4)
Again

”}%V[(ffi)i (Hp)' — (}i?)i (}fg)j]}?NwIQ

< Hmy‘ — (H)[ | Hol + [|HL

(H)' — (H3)']||

|
i—1 j—1
< Il (Z HH1H“1HH?W> [ Holl? + [ HYIF |Vl (Z HHQH“IHHSW) = Ci(say
- - (4.2.5)
and similarly

| Px[(PyHyPy)' (PyHoPy)® — (PyH{ Py)"(PyHS Py )®] Py||,

r—1 s—1
< Vil (Z ||H1||T_1_1||H1°||l> [ H|1* 4+ Y7 Vallo (Z ||H2||8_1_1||H3||l> = Ch(say).

1=0 =0
(4.2.6)

Therefore combining (4.2.5) and (4.2.6), the right hane sifi(4.2.4) is less than or equal to

Ci||Py[(Hy)" (Hs)" — (HY)" (H3)"] Py

—'f?N{(f%vffif%V)T(f%vfféf?N)S —'(f%V}{?}%V)T(I%V}JS}ZV)SlfbvH2
+ Col| Pa[(HL) (Hz) — (HY)' (HS)')Py

— Py[(PyH1\Py) (PyHyPy)’ — (PyHY Py)' (PyH3 Py )’ Py,
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which by using propertyiv) of Schatten p-ideals in Chapter 1 is less than or equal to
T S T S (172)
Cr 2(1H " Hell* + I HR )]
|Py[(Hy)" (Hs)® = (HY)" (H3)"| Py
— Py[(PxH Py)" (PxHyPy)® — (P H) Py)"(PyHy Py)*| Py 2
. T2
+Co (2| H1 'l Ho |l + | HY || Hy !V)] !
| Py (Ha) = (1) (H3)') Py
— Py[(PvH, Py)'(PyHyPy) — (PNHfPN)i(PNHSPN)j]PNHg,
provided p/2 < 2 and hence by using pafi) of Lemma 4.2.2 we conclude that (4.2.7) converges
to 0 asN — oo. Therefore we have proved that
||PN [pl (HlaHQ) — D1 (H?,HS)] Py [pQ (H1,H2) — P2 (H?,Hzo)} Py
—{Px~ [pl (PnHy Py, PyHyPy) — py (PNH?PNa PNHSPN)}
Py [pz (PnHy Py, PyHyPy) — po (PNH?PNa PNHQOPN)] Pn}1

(4.2.8)
converges to 0 a& — oo and hence combining (4.2.3) and (4.2.8), we get that
Tr{[p1 (Hy, Hy) — p1 (HY, HY)] [p2 (Hy, Hy) — p2 (HY, Hy) ]}
= ]\}I_Igo Tr{Py [p1 (PvHPy, PNHyPn) — p1 (PNH?PNa PNHSPN)] (4.2.9)
Py [p2 (PvH1 Py, PyHoPy) — ps (PvHY Py, PyH3 Py )] Py}
U

4.3 Trace Approximations For unbounded Commuting Tuples

We begin with lemma which is an extension of Theorem 4.1.2.

Lemma 4.3.1. Let (Hy, H) and (H?, HY) be two commuting pairs of unbounded self-adjoint
operators in an infinite dimensional Hilbert spag¢ such thatd, — HY = V; € By(H) and
Hy — HY =V, € By(H). Then giverr > 0, 3 a projectionP of finite rank such that for = 1,2
andp > 2,

(@) NH, Pl <e (i) [|I[H:, Plll, < e
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Proof. Let By, (.), En,(.), Epo(.) andEyy(.) be the spectral families of the operatéfs, H,, HY
and H respectively. Defind™(A) = Eyo(A1)Eyg(As), whereA = Ay x Ay C Borel(R?).
ThenF°(.) is a spectral measure @&, sinceE,o(.) commutes with&yo(.). Thus

F°((=a,a] x (—a,ad]) = Eyo ((—a,a]) Egg ((—a,a]) — I stronglyas R > a — oo.
Denoter), = I’ ((—a, a] x (—a,a]) and hence
(Fg))t — 0 stronglyas a — oo. (4.3.1)

Next we note that
Ran(F,) € Dom(H;) for i=1,2. (4.3.2)

Indeed, forf € H

/ N B (dA) FS, £ = / A2 g (40 Eo((—a. ]) B g ((—a, a]) |

[e.e] —

— [ RN Eny((-a.a) I < oo,
Moreover, sincé/;, V> € By (H), then

I(FQy) Vill.—0 as a— 00 for i=1,2. (4.3.3)
Therefore giverr > 0, 3 a € N such that

2 2
2 Vil (FG) M Vills <> for i=1,2 and p>2. (4.3.4)

=1 o

Having choseri, consider the operatoy,) = HYFj,, and Hy, = HyFy,. Also note that
Hg
operators irH. Without loss of generality we assume tliat HQ@ < I fori = 1,2. For each

Hio(a), consider the spectral projections

, commutes with73 ;. Therefore(Hf(&), Hg(d)) is a pair of commuting bounded self-adjoint

2k—1
)0 o o
Eli()m = En,, U @ @i-1.27%2)] | for k>1
7=1

Hence by using Lemma 4.1.1 we conclude that
i(a

HY, = ZTkE/(f()aO) for i=1,2.
k=1
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Now consider the commuting family of projectiofis = {E,S(LO) k€ N; ¢ =12} Let
{f1, f2, f3,---, [n, ...} e an orthonormal basis f@t. Denote

. 1 . . —1 .
90\" _ 0 0\~ = _ o o
(Eis) =BGy and (B{R) =1-EQE for i=1.2
Define
B N 2
L = span{ H(E(l ) ( B Foy| fii1<i <N ) dY = 1),

But I}, commutes withf7,, for i = 1,2 and hence

N (1)

H( ) (l(c(a>2]fy-1<]<N el 2 il})

Ly=F a <5pan{

Thereforely C Ran(F(%)> C Dom(HY) fori = 1,2 . Again by the same calculation as in the
proof of of Theorem 4.1.2, we conclude that

(i) dim (ZN> < N2V ( (U £N> Ran (F))) (i) Ly

N

Lyt

Let Py : X — Ly be the orthogonal projection oniby. Then using the above properties of
Ly, we conclude thaf Py }%_, is a sequence of finite rank projections increases stroogﬁ&;
(ie. Py 1 F(). Also

Ran(ﬁN> C Ran(F(})) € Dom(H}) = Dom(H;) for i=1,2. (4.3.5)

Moreover,
E]S()f (ZN> CLy for 1<k<N;i=12 since

1) 2 N (1) 2
@0\ o ) 20\ 1o
H( ) (Ek@) Fa H( k(d) (k( >> Fa)
1<

and hence y is a reducing subspace fﬁ},‘j(ﬁ k < N ;i=1,2). Therefore

fi= fi or 0

_ o

(1)0
PNE k(@)

ha) = Py for 1<k<N and i= 1,2. (4.3.6)

Again from (4.3.5) we conclude that
PyF)) =FQ Py =Py forall NeN. (4.3.7)
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Therefore by using (4.3.6), we have

[e.9]

| Hlay, Py] = ZQ CEG Pa] = X 2t B Pyl
k=N-+1
and hence using|| Py||, = {Tr (PN)}l/p = {dim <£N>}1/P < [N22V] Y7 we get

- —k (O S —k|| B
[0 2]], < 3= |z 2], <2 3 w1mu

k=N+1 k=N+1

N22N] 1/p Z 9~k _ 2N1/p2fN(172/p)’
E=N+1

which convergesto 0 a®/ — oo for p > 2andi =1, 2.
But on the other hand, using (4.3.5) and (4.3.7) we get
[H?, PN} — HPy — PyH? = HFQ, Py — PyF{, H?
— HYF{ Py = PyHYFy = [Hg), Py,

sinceH; commutes withy7, and hence

Therefore giverz >

_HZQapN_ S

- 1p

< ¢ forsufficientlylarge N andfor p>2; 1=1,2.

v l\Dl(‘T\

Again by using (4.3.7), we have for= 1, 2,
[w, Py| = ViPy — ByVi = ViF$, Py — ByFV;
= _ViF(%L)p]{/_ + I—%F(%)Vi +Vi(Fgy) " = (Fg) Vi
and hence using the properties of Schatten-p ideals (sg&€2Hg, we get
| Vi ] | < NV Bl - B ER Vil 1By Vill + IViCFR )

< 2| ViEG Pxlly + 21IVi(EG)) [

<2HVF(G>PLH(1" IViFG Pll!z + 2|Vi(EQ) O VA (FG) 13

< o203 (HVF Pl + Vi) |12),

108

_H?,J-:’N_ —H[ i(@)> N]H —0 as N —oo for p>2 and i=1,2.
- - p

(4.3.8)

(4.3.9)
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providedp > 2. Next by using (4.3.4), the right hand side of (4.3.9) is kss or equal to

€ _2 ~ €
2V DIViEY B < S+ =

= 4.3.10
<tii=f (4.3.10)

for sufficiently largeN (sincePy 1 F(Od)) and: = 1,2. Now combining (4.3.8) and (4.3.10), we

il = e ]« ] = e 2]

for sufficiently largeN andp > 2 ;i = 1, 2, which completes the proof.

v,

The following Theorem is the main Theorem in this section.

Theorem 4.3.2.Let H = (H,, H,) and H® = (H?, HY) be two commuting pairs of unbounded
self-adjoint operators in an infinite dimensional sepagmblilbert spaceH such thati, — HY =

Vi € By(H) and Hy — H) =V, € By(H). Then giverr > 0, 3 a projectionP of finite rank such
that

_p [ei;.ng _ eig.PﬂOP:| p |:ei§.P£P _ ds-PHP Pl <e
uniformly over|t = (t1,t2)], [s = (s1,52)] < T.

Remark 4.3.3. Again, in the statement of the above Theorem 4.3.2, thatigh (H;, H2) and
H° = (HY, HY) are two commuting pairs of self-adjoint operators B P = (PH, P, PH,P)
and PH'P = (PH?P, PH)P) may not be a commuting pairs of self-adjoint operators. &t th
case the meaning of t&HP, diLPH'P.  dsPHP gnd éPH’P gre as follows:

it. PHP itiPH P Ato PHP it.PHOP _ _jtiPHOP jtoPHOP,
gLVl — ghPIPgtalHy gLPIP — duPHPtPH;P,

9

gs-PHP _ dsiPHiPgissPHaP gy @s.PH'P _ dsiPH)P gs:PHP

Proof of Theorem 4.3.2: Let Ey,(.), En,(.), Ego(.) and Eg(.) be the spectral families of the
operatorst,, H,, Hy and H; respectively. Defind,) = Epo((—a,a])Eyg((—a,d]) as in the
proof of Lemma 4.3.1. Then given> 0, 3 a € N such that

~ FY, [éz.ﬂ _ eii.ﬂo} Fo, |:ei§_ﬂ B eiéﬂo} ROl <6 (4.3.11)
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uniformly over|t|, |s| < T, as well as

2
2 VAR (Fe) Vill; <> for i=1,2 and p>2.

= o

(4.3.12)

Hence from the proof of Lemma 4.3.1 we conclude tﬁeﬂ,sequencéPN} of finite rank projec-

tions such thaPy 1 F{, and

H [HZ,O’ ]SN] < e forsufficiently large N; i=1,2; p> 2.

p

)
p

.1

Therefore choos&” € N large enough, so that
0 jt.o jt.H° 0 js.H js.HO 0
e P L o
— Py [éz.ﬂ _ eiiﬂo] By |:ei§~ﬂ _ e@ﬂﬂ] Puli <e
uniformly over|t|, |s| < T, as well as

L2
Now consider the expression

Py [(eiz.ﬂ _ eit-ﬂ°> _ (eit.ﬁNﬂPN _ eiz.PNﬂ"PN)] Py

= Py [ééﬂ _ eii-PNﬂPN] ﬁN _ ﬁN [ééﬂo _ ei§~PNﬂ0PN:| ]SN-

<e for i=1,2 and p> 2.
p

0.2,

5]

pN |:e|lﬂ _ eit.fDNﬂ]-:’N] pN — pN [eit1H1eit2H2 _ eit115NH1]-:’Neit215NH2]-:’N] pN
— NN [eihHl . eitleHlﬁN:| eitzHQﬁN + ﬁNeitleIﬁPN [eitsz . étQPNHQPN] ]SN
— ﬁN [eit1H1 - eit115NH1PN:| pNeitQHQpN 4 ]SN |:eit1H1 . eitleH115Ni| ﬁ]{[_eitQHQpN
+ pNeitlﬁNHle |:eit2H2 _ eitQPNHgﬁNi| pN
In the first term of the expression (4.3.17):

HpN |:eit1H1 _ eitleHle] ﬁNeit2H2ﬁN
1

S/ do |t1|
0

p
2

(0%

1
pN [/ da di (eiat1H1ei(1a)t1PNH1pN>:| pNeitQngN
0

D
2

1 ~ ~
ity / do pNeiatlHlpﬁHleei(l_a)tlef‘hPNf)NeitzngN
0

P

pﬁ;Hleei(l_a)tleHlﬁNpNeitQH2pN

| Pyeonnin py

P
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p

(4.3.13)

(4.3.14)

(4.3.15)

(4.3.16)

(4.3.17)
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PyH,\Py| | (4.3.18)

p

1
g/ da |t HPNe'atlHlpﬁ
0 p
forp > 2.

But on the other hand for0 < o < 1,
Pheeath py = Bt (€°0M _ [} By = P /0 ’ dr (1) Py
_ / " pLem s ity Pydy
0
i / (PP [t ] Py + PEE™ T PEPE (1 ] Py Yoy
0
and hence
n(a) = || Py€* " Pyll,

— /0 {1Py €™ P[]l [t 1] Pl + | Pi€ ™ Py ||| Py [t ] Povll, by

< |t1|/ {n(N| Hy Py | + || Py Hy Pyl v, (4.3.19)
0
forp > 2.
Again
|Hi Py || = |[H Py + ViPy|| = ||H)FQ Py + Vi Py ||
< ||HYFQ Pyl + IViPy|| < |HYFG) | + [1VAll
<2a+ ||V (4.3.20)
and

||p§H1pN||p = H [HlapN} pN

<e
P

, (4.3.21)

for sufficiently largeN andp > 2. Therefore combining (4.3.19) ; (4.3.20) and (4.3.21), weeha

n(0) < 2+ Vi) |t / i)y + hlea < (2a+ V) T / )y £ Te  (43.22)

for sufficently largeN and|t;| < T. We can solve this Gronwall-type inequality (4.3.22) to
conclude that
n(a) = || Pyttt Py ||, < Teg?@ M) Te < pegatiVal) T (4.3.23)
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for sufficiently largeN andp > 2. Therefore combining (4.3.18) and (4.3.23), we get

H]SN [eitlHl _ eitlﬁleﬁN] Pye ™ Pyl < T2 DT (4.3.24)

2

for sufficiently largeN andp > 2 and|t| < T Similarly by repeating the same above calculations
for the third in (4.3.17), we note that

HP it Py HL Py |:e|t2H2 _ eltgPNHgPN:| Py

< T22gatel) T (4.3.25)

2

for sufficiently largeN andp > 2 and|t| < T. For the second termin (4.3.17) we have

HP [eltlHl o It1PNH1PN]

| = |[Pretin Pt Py

2 (4.3.26)

ueitQHz]sN < T22RatVall+lvall) T

< HPNei“HlP]#
p

p

for sufficiently largeN andp > 2 and|t| < T Finally combining (4.3.17) ; (4.3.24) ; (4.3.25) and
(4.3.26), we conclude that

HpN [ei;.g _ dtPy HPN] Py

< T2 ( gatVilD T ga+(IVal) T 4 g2a+([Vall+[Vall) T) ’

2

(4.3.27)
for sufficiently largeN andp > 2 and|t| < 7. Again by the similar calculations we conclude that

<7 (T +et T 4T (4.3.28)

2

for sufficiently largeN andp > 2 and|t| < T. Therefore by using the properties of Schatten-p
ideals (see Chapter 1), we get

| Py [ gt-H eit-ﬂo] Py [eigﬂ_eigﬂo] Py
_ ﬁN [eii-PNﬂPN _ eiL-PNﬂOPN] ﬁN _ei§~PNﬂPN _ ei§-PNﬂOPN_ pN”l
< ’ Py [(eiz-ﬂ _ ézﬂ“) _ (éz.ﬁNﬂPN _ eiz.PNE)PN)] Py

‘ pN |:el§ﬂ ei§'£0] PN

I HP [ t-PyHPy étPNHOPN]

(e

< (IVilla + 1Vall2) | P [(

+ (IVall2 + [[Vall2)

g]\; ( s PN HPy ei§.PNg0PN>} Py
) (g0 ) |
L

2

\m
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< (Valls + [Valla)4 )PN [( tH éi.ﬂ‘)) _ (é;PNHPN _ éz.PNgOPN)} P :j;l
+ (IVilla 4+ [Val)40=%) ‘pN [(eig.ﬂ _ eig.ﬂ°> _ (eig.PNﬂI-:’N _ eig.PNE’PN)] P Z‘;
(4.3.29)
provided £ < 2. Now combining (4.3.27) ; (4.3.28) and (4.3.29), we have
[rz® [éﬁ-ﬂ gl ] Py [e‘s e H] Py
_ Py [eig.PNgPN dt- PNHOPN] [em PnHPy _ ég.PNE’PN] Pyl (4.3.30)

2 (|[Vall2 + [ Vall)4® 972
[(e(2a+IIV1II)T+e(2a+|\\/z||) + gRatvall+Ival) ) (eZGT+e2aT+e4a T)}g

for sufficiently largeN and2 < p < 4 and|{|,|s| < T. Finally using (4.3.11) ; (4.3.14) and
(4.3.30), we conclude that

<e e +2([Villa+ [[Vallp)at P T

[(e(2é+|\V1H) T 4 g2atVal) T 4 g2atlVall+IVal) ) (e2a T, gaT | gl T)] i ’
(4.3.31)

for sufficiently largeN and2 < p < 4 and uniformly overt| , |s| < 7. Therefore the result
follows by choosingV sufficiently large. Hence the proof.
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