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Chapter 1

Introduction

In this chapter we give some basic definitions and facts and refer to ([18], [19], [1], [10]) for the

details. Throughout this thesis,H will denote the separable Hilbert space overC unless otherwise

mentioned.

1.1 Schatten p-ideals

LetA be an operator in a Hilbert spaceH with Dom(A) is the domain and Ran(A) is the range of

the operatorA. An operatorA is said to be densely defined if Dom(A) is dense inH. A densely

defined operatorA is said to be self-adjoint ifA = A∗ (whereA∗ is the adjoint of the operatorA).

The set of all bounded and everywhere defined operators inH is denoted byB(H) andB(H) is a

Banach space with respect to operator norm‖.‖.

Definition 1.1.1. An operatorA ∈ B(H) is called finite rank if the dimension of Ran(A) is finite

(and hence closed). Then there are orthonormal vectors{h1, h2, ......., hN} in H with N < ∞
(spanning Ran(A)) and a orthogonal family{e1, e2, ......, eN} such that

Af =

N∑

i=1

〈ei, f〉hi ∀ f ∈ H.

The set of all finite rank operators is denoted byB00(H) .

Definition 1.1.2. A linear operatorA : H −→ H is compact ifA({h : ‖h‖ ≤ 1}) has compact

closure inH. The set of all compact operators is denoted byB0(H).

1



1.1. Schatten p-ideals

The basic properties ofB0(H) are as follows:

(i) B00(H) ⊆ B0(H) ⊆ B(H) andB00(H) is dense inB0(H) with respect to operator

norm‖.‖.

(ii) B0(H) is a *-ideal ofB(H) i.e. if S ∈ B(H) andA ∈ B0(H), thenAS andSA ∈ B0(H)

and ifA ∈ B0(H), thenA∗ ∈ B0(H).

(iii) Let A ∈ B0(H). Then there exist two orthonormal sets{ek}∞k=1 and{hk}∞k=1 such that

for all f ∈ H ; Af =
∞∑
k=1

λk〈ek, f〉hk, where{λk}∞k=1 are the singular values ofA i.e. {λk}∞k=1

are eigenvalues of|A| = (A∗A)
1
2 [ see ([18], [1]) for definition of(.)

1
2 ], each repeated as often as

its multiplicity and the infinite sum ( viewed as the limit of asequence of operators ) converges in

operator norm.

Definition 1.1.3. Let H be Hilbert space,{φk}∞k=1 an orthonormal basis. Then for any positive

operatorA ∈ B(H) (i.e. 〈Ah, h〉 ≥ 0 ∀ h ∈ H) we define TrA =
∞∑
k=1

〈φk, Aφk〉. The number

TrA is called thetrace ofA and is independent of the orthonormal basis chosen. The trace has the

following properties:

(i) Tr(A +B) = TrA + TrB.

(ii) Tr(λA) = λTrA for all λ ≥ 0.

(iii) Tr (UAU−1) = TrA for any unitary operatorU .

(iv) If 0 ≤ A ≤ B, then TrA ≤ TrB.

Definition 1.1.4. An operatorA ∈ B(H) is called trace class if and only if Tr|A| < ∞ and

‖A‖1 = Tr|A|. The family of all trace class operators is denoted byB1(H).

The basic properties ofB1(H) are given in the following:

(i) B1(H) is a Banach space with norm‖.‖1 and is a *-ideal inB(H).

(ii) EveryA ∈ B1(H) is compact. A compact operatorA is in B1(H) if and only if
∞∑
k=1

λk <∞, where{λk}∞k=1 are the singular values ofA, each repeated as often as its multiplicity.

(iii) The finite rank operators are‖.‖1- dense inB1(H) andB1(H) is not closed under

the operator norm‖.‖.

2



Chapter 1 : Introduction

(iv) If A ∈ B1(H) and{φk}∞k=1 is any orthonormal basis, then
∞∑
k=1

〈φk, Aφk〉 converges

absolutely and the sum is independent of choice of basis.

On the basis of property (iv), we can extend the definition of trace to anyA ∈ B1(H) by

TrA =
∞∑
k=1

〈φk, Aφk〉, where{φk}∞k=1 is any orthonormal basis. The following are some basic

properties of the trace:

(i) Tr(.) is linear.

(ii) TrA∗ = TrA.

(iii) TrAB = TrBA if A ∈ B1(H) andB ∈ B(H).

Definition 1.1.5. An operatorA ∈ B(H) is called Hilbert-Schmidt if and only if TrA∗A =

Tr|A|2 <∞. The family of all Hilbert-Schmidt operators is denoted byB2(H).

The basic properties ofB2(H) are as follows:

(i) B2(H) is a *-ideal inB(H).

(ii) B2(H) with inner product〈A,B〉2 = Tr (A∗B) (A,B ∈ B2(H)) is a Hilbert

space, which we shall denote here asH̃.

(iii) If ‖A‖2 = 〈A,A〉
1
2
2 = (Tr (A∗A))

1
2 , then‖A‖ ≤ ‖A‖2 ≤ ‖A‖1 and‖A‖2 =

‖A∗‖2.

(iv) EveryA ∈ B2(H) is compact and a compact operatorA is in B2(H) if and only

if
∞∑
k=1

λ2k <∞, where{λk} are the singular values ofA, each repeated as often as its multiplicity.

(v) The finite rank operators are‖.‖2-dense inB2(H).

(vi) A ∈ B2(H) if and only if
∞∑
k=1

‖Aφk‖2 <∞ for some orthonormal basis{φk}∞k=1.

(vii) A ∈ B1(H) if and only if A = BC with B,C ∈ B2(H), and in such a case

Tr BC = Tr CB = TrA.

Definition 1.1.6. (The Schatten p-ideals) For1 ≤ p < ∞, we defineBp(H) = {A ∈ B(H) :

|A|p ∈ B1(H)} and set‖A‖p = (Tr|A|p) 1
p =

( ∞∑
k=1

λpk

) 1
p

, where{λk} are the singular values of

3



1.2. Spectral theorem

A, each repeated as often as its multiplicity. These spaces can be looked upon as non-commutative

analogues of the Lebesgue spaceLp (or ℓp). Here are some basic properties of the Schatten p-

ideals:

(i) Let 1 ≤ p < ∞. ThenBp(H) is a Banach space with norm‖.‖p and is a *-ideal in

B(H) with ‖A∗‖p = ‖A‖p ; A ∈ Bp(H).

(ii) Let 1 ≤ p, q, r < ∞ and 1
p
+ 1

q
= 1

r
. If A ∈ Bp(H) andB ∈ Bq(H), then

AB ∈ Br(H) and‖AB‖r ≤ ‖A‖p‖B‖q.

(iii) Let 1 ≤ p < ∞ .ThenB1(H) ⊂ Bp(H) ⊂ B0(H) andBp(H) is the closure of the

finite rank operators in the norm‖.‖p.

(iv) Let 1 ≤ q ≤ p <∞ andA ∈ Bq(H). ThenA ∈ Bp(H) and‖A‖p ≤ ‖A‖(1−
q

p
)‖A‖

q

p
q .

1.2 Spectral theorem

Definition 1.2.1. A orthogonal projections onH-valued functionE onR is called a spectral family

if it satisfies the following properties:

(i) E(λ) is non-decreasing i.e.E(λ)E(µ) = E(min{λ, µ}).

(ii) s− lim
λ→−∞

E(λ) = 0 and s− lim
λ→∞

E(λ) = I.

A spectral familyE(λ) is said to be right continuous ifE(λ) = E(λ+0) = s− lim
η→0+

E(λ+η).

In this thesis we shall require additionally the right continuous spectral family.

Definition 1.2.2. Let H be a given Hilbert space andΩ be aσ-algebra of subsets of a setX. Then

a spectral measure for(X,Ω,H) is a functionE : Ω −→ B(H) such that

(i) for each∆ ∈ Ω, E(∆) is an orthogonal projection,

(ii) E(∅) = 0 andE(X) = I,

(iii) E (∆1 ∩∆2) = E(∆1)E(∆2) for ∆1, ∆2 ∈ Ω,

(iv) if {∆k}∞k=1 are pairwise disjoint sets inΩ, then E

( ∞⋃
k=1

∆k

)
=

∞∑
k=1

E(∆k),

4



Chapter 1 : Introduction

where the infinite sum converges strongly.

Given a spectral family you can always construct a spectral measure on Borel subsets ofR

by defining on basic Borel sets and then extending it to arbitrary Borel sets by standard methods

(for details see sec.5-2, [1]).

Let A be a self-adjoint operator inH. Then there exists a unique spectral family{EA(λ)}
such that forf ∈ Dom(A) i.e. for f ∈ H such that

∞∫
−∞

λ2 〈f, EA(dλ)f〉 < ∞ and for any

g ∈ H, 〈g, Af〉 =
∞∫

−∞
λ 〈g, EA(dλ)f〉. Also eachEA(λ) commutes with all bounded operators

that commute withA.

Given a self-adjoint operatorA in H, the resolvent setρ(A) [ the set of allz ∈ C such that

(A− zI)−1 ∈ B(H) ] of A contains allz ∈ C such that Imz 6= 0 ; in fact for such z,

∥∥(A− zI)−1
∥∥ ≤ |Imz|−1. Thusσ(A), the spectrum ofA, defined byσ(A) = C \ ρ(A) is a subset

of R and in fact, is exactly the support of the spectral familyEA.

1.3 Double operator integrals onB2(H)

Double operator integrals theory was developed by Birman and Solomyak in a series of publi-

cations ([3], [4], [5], [6], [8]). In this section, we will give some brief idea of double operator

integrals onB2(H).

LetA andB be two (possibly unbounded) self-adjoint operators on a Hilbert spaceH with

spectral family (measure)EA andEB respectively. LetG be the set function onR2 defined as

follows:

G(δ ×∆) : X −→ EA(δ)XEB(∆) for δ,∆ ∈ Borel(R); X ∈ B2(H).

Then the values ofG on the set of all Borel measurable rectanglesδ × ∆ ⊂ R2 are orthogonal

projections on the Hilbert spacẽH and henceG can be extended to a spectral measure in the Hilbert

spaceH̃ on the Borel sets ofR2. Thus integrals can be defined as a weak Riemann (or Lebesgue)

integral with respect to this spectral measure. For example, if φ is a bounded measurable function

5



1.3. Double operator integrals onB2(H)

onR2,

AG(·) ≡
∫

R

∫

R
φ(λ, µ)EA(dλ)(·)EB(dµ) exists inB (B2(H)) and ‖AG(X)‖ ≤ ‖φ‖∞Var(G(.)X) ,

where

Var(G(.)X) = sup
[{δi×∆j}ni,j=1 ; ‖Y ‖2≤1 : {δi×∆j}ni,j=1 is a partition ofR2]

n∑

i,j=1

|〈Y,G(δi ×∆j)X〉2| ≤ ‖X‖2.

Next for anyX, Y ∈ B2(H), we have
〈
Y,

(∫

R2

φ G(dλ× dµ)

)
X

〉

2

=

∫

R2

φ(λ, µ) 〈Y,G(dλ× dµ)X〉2 =
∫

R

∫

R
φ(λ, µ) 〈Y,EA(dλ)XEB(dµ)〉2 .

i.e.

Tr{Y ∗
(∫

R2

φ(λ, µ) G(dλ× dµ)

)
X} =

∫

R

∫

R
φ(λ, µ)Tr{Y ∗EA(dλ)XEB(dµ)}.

Moreover, we have
∥∥∥∥
(∫

R2

φ(λ, µ) G(dλ× dµ)

)
X

∥∥∥∥
2

2

=

∥∥∥∥
∫

R

∫

R
φ(λ, µ) EA(dλ)XEB(dµ)

∥∥∥∥
2

2

=

∫

R2

|φ(λ, µ)|2〈X,G(dλ× dµ)X〉2 =
∫

R

∫

R
|φ(λ, µ)|2Tr{X∗EA(dλ)XEB(dµ)} ≤ ‖φ‖∞‖X‖22.

(1.3.1)

Theorem 1.3.1.LetA be a self-adjoint operator inH andV be a self-adjoint operator such that

V ∈ B2(H). Letφ be a Lipschitz function onR i.e. |φ(λ) − φ(µ)| ≤ c(φ)|λ − µ| ∀ λ, µ ∈
R (the leastc(φ) satisfying the inequality is called the Lipschitz norm‖φ‖Lip of φ). Then

φ(A+ V )− φ(A) ∈ B2(H) and

φ(A+ V )− φ(A) =

∫

R

∫

R

φ(λ)− φ(µ)

λ− µ
EA+V (dλ)V EA(dµ),

whereEA+V (λ) andEA(µ) are the spectral families (measures) of the self-adjoint operators(A+

V ) andA respectively. Moreover,

‖φ(A+ V )− φ(A)‖2 ≤ sup
λ6=µ

∣∣∣∣
φ(λ)− φ(µ)

λ− µ

∣∣∣∣ ‖V ‖2 = ‖φ‖Lip‖V ‖2.

Proof. For the proof see ([5], [6], [8]).

6



Chapter 1 : Introduction

1.4 Krein’s spectral shift function and associated trace formula

In this section we will discuss briefly about krein’s theoremon the spectral shift function and the

trace formula for a pair of self-adjoint operators(H,H0).

The original proof of Krein ([15], [22]) uses properties of perturbation determinants and the

integral representation of holomorphic functions on the upper half plane with a bounded imaginary

part. In 1985, Voiculescu [24] approached the trace formulafrom a different direction and gave

an alternative proof without using function theory for the case of bounded self-adjoint operators.

Later Sinha and Mohapatra [22] extended Voiculescu’s method to the unbounded self-adjoint and

unitary cases [23]. There is also the interesting approach of Birman and Solomyak [7] using the

theory of double operator integrals. Let us begin by statingthe theorem in finite dimensional

Hilbert space.

Theorem 1.4.1.(Theorem 1.1. [22]) LetH andH0 be two self-adjoint operators in a finite dimen-

sional Hilbert spaceH withEH(λ) andEH0(λ) are the spectral families ofH andH0 respectively.

Then there exists a unique real-valued bounded functionξ such that

(i) ξ(λ) = Tr{EH0(λ)− EH(λ)}, λ ∈ R,

(ii)
∫
R ξ(λ)dλ = Tr (H −H0) ,

(iii) for φ ∈ C1(R) (set of all once continuously differentiable functions onR),

Tr [φ(H)− φ(H0)] =

∫

R
φ′(λ)ξ(λ)dλ. (1.4.1)

Furthermore,ξ is a constant in every real open interval inρ(H)∩ ρ(H0) and has support in[a, b],

wherea = min{inf σ(H), inf σ(H0)} , b = max{sup σ(H), supσ(H0)}.

(iv) If H − H0 = τ |g〉〈g| with τ > 0, ‖g‖ = 1 (we have used Dirac notation for rank

one perturbations), thenξ is a {0, 1} -valued function. More precisely,ξ(λ) =
r∑
j=1

χ∆j
(λ) for r

disjoint intervals∆j ⊂ R, 1 ≤ r ≤ n.

Remark 1.4.2. The functionξ as in Theorem 1.4.1 is known as Krein’s spectral shift function

and the formula (1.4.1) is called Krein’s trace formula in finite dimension. But in an infinite

dimensional Hilbert space, the relationξ(λ) = Tr{EH0(λ) − EH(λ)} will not make sense in

general becauseEH0(λ)− EH(λ) may not be trace class (for details see [22]), even ifH −H0 is

rank one as in(iv).

7



1.4. Krein’s spectral shift function and associated trace formula

Next we shall define Krein’s spectral shift function and associated trace formula for a pair

of self-adjoint operators in an infinite dimensional Hilbert spaceH such that their difference is

trace-class. In fact, we will reproduce the proof of Krein’stheorem given by Voiculescu [24] for

bounded self-adjoint case as well as for unbounded self-adjoint case given by Sinha and Mohapatra

[22]. We begin with a theorem which is adapted from Weyl-von Neumann theorem [13].

Theorem 1.4.3.(Adaptation of Weyl-von Neumann theorem, [22]) LetA be a self-adjoint operator

in H, f ∈ H andǫ > 0, K a compact set inR. Then there exist a finite rank projectionP in H
such that

(i) ‖(I − P )AP‖2 < ǫ and
∥∥(I − P )eitAP

∥∥
2
< ǫ uniformly for t ∈ K.

(ii) ‖(I − P )f‖ < ǫ.

Proof. Let EA be the spectral measure associated with the self-adjoint operatorA, and choose

a > 0 such that‖[I − EA((−a, a])]f‖ < ǫ. For each positive integern and1 ≤ k ≤ n, set

Ek = EA
((

2k−2−n
n

a, 2k−n
n
a
])

so that

EkEj = δkjEj and
n∑

k=1

Ek = EA ((−a, a]) .

We also set for1 ≤ k ≤ n,

gk =





Ekf
‖Ekf‖ , if Ekf 6= 0.

0, if Ekf = 0.

Now ∫ ∞

−∞
λ2‖EA(dλ)gk‖2 =

∫ 2k−n
n

a

2k−n−2
n

a

‖EA(dλ)gk‖2 <∞,

and hence{gk}nk=1 ⊆ Dom(A). Again

Agk = A

(
Ekf

‖Ekf‖

)
=

1

‖Ekf‖
A(Ekf) =

EkA(Ekf)

‖Ekf‖
= Ek(Agk) ∈ EkH,

sinceEk commutes withA. Let P be the orthogonal projection onto the subspace generated by

{g1, g2, g3, ......., gn} so that dimPH ≤ n. Setλk = 2k−n−1
n

a, then

‖ (A− λk) gk‖2 =
∫ 2k−n

n
a

2k−n−2
n

a

(λ− λk)
2‖EA(dλ)gk‖2 ≤

(a
n

)2
.

8



Chapter 1 : Introduction

NextPAgk ∈ PH and hence

PAgk =

n∑

j=1

〈PAgk, gj〉gj =
n∑

j=1

〈Agk, gj〉gj = 〈Agk, gk〉gk ∈ EkH,

sinceAgk ∈ EkH andgj ∈ EjH. Therefore,(I − P )Agk = Agk − PAgk ∈ EkH. So for any

u ∈ H,

Pu =

n∑

j=1

〈Pu, gj〉gj =
n∑

j=1

〈u, gj〉gj and hence

(I − P )APu =

n∑

j=1

〈u, gj〉(I − P )Agj =

∞∑

j=1

〈u, gj〉(I − P )(A− λj)gj. Therefore

‖(I − P )APu‖2 =
∞∑

j=1

|〈u, gj〉|2‖(I − P )(A− λj)gj‖2 ≤
(a
n

)2
‖u‖2.

i.e. ‖(I − P )AP‖ ≤
(
a
n

)
and hence‖(I − P )AP‖2 ≤

√
n ‖(I − P )AP‖ ≤

(
a√
n

)
. Thus Thus

again by the same calculation as in page 831 of [22] , it follows that

α(t) ≡
∥∥(I − P )eitAP

∥∥
2
=
∥∥(I − P )

(
eitA − I

)
P
∥∥
2
=

∥∥∥∥(I − P )

∫ t

0

ds
d

ds

(
eisA
)
P

∥∥∥∥
2

=

∥∥∥∥(I − P )

∫ t

0

ds eisA iAP

∥∥∥∥
2

≤
∫ t

0

{
∥∥(I − P )eisAP

∥∥
2
‖AP‖+ ‖(I − P )eisA(I − P )‖‖(I − P )AP‖2}ds

≤ 2 a

∫ t

0

α(s)ds+ T
a√
n

for |t| ≤ T,

(1.4.2)

solving this Gronwall-type inequality (1.4.2) leads to

α(t) ≡
∥∥(I − P )eitAP

∥∥
2

≤ (T a e2at)√
n

≤
(
T a e2aT

)
√
n

.

On the other handEA((−a, a])f = (I − P )
∑n

k=1Ekf =
∑n

k=1 ‖Ekf‖(I − P )gk = 0, so that

‖(I − P )f‖ = ‖(I − P ) [I −EA ((−a, a])] f‖ ≤ ‖ [I − EA ((−a, a])] f‖ < ǫ.

The result follows by choosingn sufficiently large.

Lemma 1.4.4. ([24]) Let H andH0 be two bounded self-adjoint operators in an infinite dimen-

sional Hilbert spaceH such thatH −H0 = τ |g〉〈g|; τ ≥ 0 and‖g‖ = 1. Then there isξ(H,H0) ∈

9



1.4. Krein’s spectral shift function and associated trace formula

L∞(R) with 0 ≤ ξ(H,H0) ≤ 1 andsuppξ(H,H0) ⊂ [a, b], wherea = inf σ(H0) ; sup σ(H0) + τ,

such that

Tr{p(H)− p(H0)} =

∫ b

a

p′(λ)ξ(H,H0)dλ, (1.4.3)

for every polynomialp(.) in [a, b]. Moreover
∥∥ξ(H,H0)

∥∥
L1(R)

= ‖τ |g〉〈g|‖1 = τ andτ = Tr(τ |g〉〈g|) =∫∞
−∞ ξ(H,H0)(λ)dλ.

Proof. It will be sufficient to prove the lemma forp(λ) = λr. Note that forr = 0, both sides of

(1.4.3) is identically zero. Therefore without loss of generality we can assume thatr ≥ 1.

Applying Theorem 1.4.1 withA = H0 andf = g, we get a sequence{Pn} of finite rank

projections such that
∥∥P⊥

n H0Pn
∥∥
2
−→ 0 asn −→ ∞ and‖(I −Pn)g‖ −→ 0 asn −→ ∞. Hence

∥∥P⊥
n HPn

∥∥
2
≤
∥∥P⊥

n H0Pn
∥∥
2
+ τ

∥∥|P⊥
n g〉〈Png|

∥∥
2
≤
∥∥P⊥

n H0Pn
∥∥
2
+ τ

∥∥P⊥
n g
∥∥ ‖g‖,

which converges to 0 asn −→ ∞. SinceP⊥
n H

k
0Pn = P⊥

n H
k−1
0 P⊥

n H0Pn + P⊥
n H

k−1
0 PnH0Pn,

then by mathematical induction we conclude that
∥∥P⊥

n H
k
0Pn

∥∥
2
−→ 0 asn −→ ∞ ∀ k ∈ N.

Similarly,
∥∥P⊥

n H
kPn
∥∥
2
−→ 0 asn −→ ∞ ∀ k ∈ N. Next consider the expression

Tr {[Hr −Hr
0 ]} − Tr {Pn [(PnHPn)r − (PnH0Pn)

r]Pn}
= Tr {[Hr −Hr

0 ]− Pn [(PnHPn)
r − (PnH0Pn)

r]Pn}

= Tr {
r−1∑

k=0

Hr−k−1 τ |g〉〈g|Hk
0 −

r−1∑

k=0

Pn
[
(PnHPn)

r−k−1 Pnτ |g〉〈g|Pn (PnH0Pn)
k
]
Pn}

= τ

r−1∑

k=0

Tr {Hr−k−1 |g〉〈g|Hk
0 − Pn

[
(PnHPn)

r−k−1 |Png〉〈Png| (PnH0Pn)
k
]
Pn}

= τ

r−1∑

k=0

Tr {
[
Hr−k−1Pn − (PnHPn)

r−k−1
]
Pn |g〉〈g|Hk

0 +Hr−k−1P⊥
n |g〉〈g|Hk

0

+ (PnHPn)
r−k−1Pn |g〉〈g| P⊥

n H
k
0 + (PnHPn)

r−k−1Pn |g〉〈g| Pn
[
PnH

k
0 − (PnH0Pn)

k
]
}.

(1.4.4)

In the first term of the expression (1.4.4) :

∥∥[Hr−k−1 − (PnHPn)
r−k−1

]
Pn
∥∥
2
=

∥∥∥∥∥

r−k−2∑

j=0

Hr−k−j−2[H − PnHPn](PnHPn)
jPn

∥∥∥∥∥
2

=

∥∥∥∥∥

r−k−2∑

j=0

Hr−k−j−2P⊥
n HPn(PnHPn)

jPn

∥∥∥∥∥
2

≤ (r − k − 1)‖H‖r−k−2
∥∥P⊥

n HPn
∥∥
2

≤ r(1 + ‖H‖)r
∥∥P⊥

n HPn
∥∥
2
,

10
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which converges to 0 asn −→ ∞ and hence

∥∥[Hr−k−1Pn − (PnHPn)
r−k−1

]
Pn |g〉〈g|Hk

0

∥∥
1

≤
∥∥[Hr−k−1Pn − (PnHPn)

r−k−1
]
Pn
∥∥
2

∥∥|g〉〈g|Hk
0

∥∥
2

≤ r(1 + ‖H‖)r‖H0‖k‖g‖2
∥∥P⊥

n HPn
∥∥
2
,

which converges to 0 asn −→ ∞. Similarly for the fourth term in (1.4.4), we note that

∥∥Pn
[
Hk

0 − (PnH0Pn)
k
]∥∥

2
≤
∥∥∥∥∥

k−1∑

j=0

PnH
k−j−1
0 P⊥

n H0Pn(PnH0Pn)
j

∥∥∥∥∥
2

≤ k‖H0‖k−1
∥∥P⊥

n H0Pn
∥∥
2
≤ k(1 + ‖H0‖)k

∥∥P⊥
n H0Pn

∥∥
2
,

which converges to 0 asn −→ ∞ and hence

∥∥(PnHPn)r−k−1Pn |g〉〈g| Pn
[
PnH

k
0 − (PnH0Pn)

k
]∥∥

1

≤
∥∥(PnHPn)r−k−1Pn |g〉〈g|

∥∥
2

∥∥Pn
[
PnH

k
0 − (PnH0Pn)

k
]∥∥

2

≤ k(1 + ‖H0‖)k‖H‖r−k−1‖g‖2
∥∥P⊥

n H0Pn
∥∥
2
,

which converges to 0 asn −→ ∞. For the second term in (1.4.4), we have

∥∥Hr−k−1P⊥
n |g〉〈g|Hk

0

∥∥
1
=
∥∥Hr−k−1 |P⊥

n g〉〈g|Hk
0

∥∥
1

≤ ‖H‖r−k−1‖H0‖k
∥∥|P⊥

n g〉〈g|
∥∥
1
≤ ‖H‖r−k−1‖H0‖k‖(I − Pn)g‖‖g‖,

which converges to 0 asn −→ ∞ and for the third term in (1.4.4), we have the following estimate

∥∥(PnHPn)r−k−1Pn |g〉〈g| P⊥
n H

k
0

∥∥
1
=
∥∥(PnHPn)r−k−1 |Png〉〈P⊥

n g| Hk
0

∥∥
1

≤ ‖H‖r−k−1‖H0‖k
∥∥|Png〉〈P⊥

n g|
∥∥
1
≤ ‖H‖r−k−1‖H0‖k‖Png‖‖(I − Pn)g‖,

which converges to 0 asn −→ ∞. Therefore the right hand side of (1.4.4) converges to 0 as

n −→ ∞ and hence we have proved that

Tr {Hr −Hr
0} = lim

n−→∞
Tr {Pn [(PnHPn)r − (PnH0Pn)

r]Pn}. (1.4.5)

But on the other hand

Tr {Pn [(PnHPn)r − (PnH0Pn)
r]Pn} =

∫ b

a

rλr−1ξn(λ) dλ,

by applying Theorem 1.4.1 toPnHPn andPnH0Pn on the finite dimensional Hilbert spacePnH
anda = inf σ(H0) ; b = sup σ(H0) + τ . Using part(iv) of Theorem 1.4.1, we conclude that

11



1.4. Krein’s spectral shift function and associated trace formula

0 ≤ ξn ≤ 1 ∀ n ∈ N and hence{ξn} is in the unit ball ofL∞([a, b]). ButL∞([a, b]) = L1([a, b])∗

and hence Banach-Alaoglu’s theorem we conclude the unit ball of L1([a, b])∗ is w*-compact. Also

the unit ball ofL1([a, b])∗ is w*-metrizable, sinceL1([a, b]) is separable ( polynomials are dense

in L1([a, b]) ). Therefore compactness and sequential compactness are equivalent in the unit ball

of L1([a, b])∗ with respect to w*-topology. Hence there exist a subsequence {ξnk
} and a function

ξ(H,H0) ∈ L∞([a, b]) with 0 ≤ ξ(H,H0) ≤ 1 such thatξnk
−→ ξ(H,H0) in w*-sense i.e.

lim
k−→∞

∫ b

a

f(λ)ξnk
(λ) dλ =

∫ b

a

f(λ)ξ(H,H0)(λ) dλ for all f ∈ L1([a, b]).

Hence

Tr {Hr −Hr
0} = lim

k−→∞

∫ b

a

rλr−1ξnk
(λ) dλ =

∫ b

a

rλr−1ξ(H,H0)(λ) dλ, (1.4.6)

whereξ(H,H0) ∈ L∞(R) with 0 ≤ ξ(H,H0) ≤ 1 and suppξ(H,H0) ⊆ [a, b]. In particular forr = 1,

equation (1.4.6) gives
∫ b

a

ξ(H,H0)(λ) dλ = Tr {H −H0} = τ i.e. ‖ξ(H,H0)‖L1(R) = τ = |τ |.

Remark 1.4.5. Let H andH0 be two bounded self-adjoint operators in an infinite dimensional

Hilbert spaceH such thatH − H0 = τ |g〉〈g|; τ < 0 and‖g‖ = 1. HenceH0 − H = −τ |g〉〈g|;
−τ > 0 and therefore by applying Lemma 1.4.4 for the pair(H0, H) we get that

Tr {p(H0)− p(H)} =

∫ b

a

p′(λ)ξ(H0,H)(λ) dλ i.e.

Tr {p(H)− p(H0)} =

∫ b

a

p′(λ)
[
−ξ(H0,H)(λ)

]
dλ =

∫ b

a

p′(λ)ξ(H,H0)(λ) dλ,

for every polynomialp(.); ξ(H,H0)(λ) ≡ −ξ(H0,H)(λ); a = inf σ(−H0); b = sup σ(−H0)− τ ;

0 ≤
∣∣ξ(H,H0)

∣∣ ≤ 1;
∫
R ξ(H,H0)(λ) dλ = τ and

∥∥ξ(H,H0)

∥∥
L1 =

∥∥ξ(H0,H)

∥∥
L1 = |τ | = −τ .

Next theorem is the M.G.Krein’s trace formula for general trace class perturbation in bounded

self-adjoint case.

Theorem 1.4.6. ([24]) Let H andH0 be two bounded self-adjoint operators in an infinite dimen-

sional Hilbert spaceH such thatH − H0 ≡ V ∈ B1(H). Then there exists a unique real-valued

functionξ ∈ L1(R) such that

Tr {p(H)− p(H0)} =

∫ b

a

p′(λ)ξ(λ) dλ, (1.4.7)

12



Chapter 1 : Introduction

for every polynomialp(.), wherea = inf σ(H0)−‖V ‖; b = sup σ(H0)+ ‖V ‖ and
∫
R ξ(λ) dλ =

Tr(V ) ; ‖ξ‖L1 ≤ ‖V ‖1.

Proof. It will be sufficient to prove the theorem forp(λ) = λr. SinceV ∈ B1(H), then

V =
∞∑

j=1

τj |gj〉〈gj| with
∞∑

j=1

|τj | <∞; ‖gj‖ = 1 for each j.

SetVk ≡
k∑
j=1

τj |gj〉〈gj| andHk ≡ H0+Vk for k = 1, 2, 3, ...... Then‖V −Vk‖1 =
∞∑

j=k+1

|τj | −→ 0

ask −→ ∞, since
∞∑
j=1

|τj | <∞ and

‖Hr −Hr
k‖1 =

∥∥∥∥∥

r−1∑

l=0

Hr−l−1(H −Hk)H
l
k

∥∥∥∥∥
1

=

∥∥∥∥∥

r−1∑

l=0

Hr−l−1(V − Vk)H
l
k

∥∥∥∥∥
1

≤
r−1∑

l=0

‖H‖r−l−1‖V − Vk‖1‖Hk‖l ≤ ‖V − Vk‖1
(
r−1∑

l=0

‖H‖r−l−1(‖H0‖+ ‖V ‖)l
)
,

which converges to 0 ask −→ ∞. But on the other handHr
k − Hr

0 =
∑k

m=1

(
Hr
m −Hr

m−1

)
and

hence

Tr {Hr
k −Hr

0} =

k∑

m=1

Tr {Hr
m −Hr

m−1} =

k∑

m=1

∫ b

a

rλr−1ξ(Hm,Hm−1)(λ) dλ, (1.4.8)

by applying Lemma 1.4.4 and Remark 1.4.5 accordingly for thepair (Hm, Hm−1) and
∫

R
ξ(Hm,Hm−1)(λ) dλ = Tr (τm|gm〉〈gm|) = τm; ‖ξ(Hm,Hm−1)‖L1 = |τm|;

a = inf σ(H0)− ‖V ‖; b = sup σ(H0) + ‖V ‖; suppξ(Hm,Hm−1) ⊆ [a, b] ∀ m ∈ N. Define

ξ(λ) =

∞∑

k=1

ξ(Hm,Hm−1)(λ) (1.4.9)

SetSk(λ) ≡
k∑

m=1

ξ(Hm,Hm−1)(λ), thenSk ∈ L1(R) for eachk ∈ N and fork′, k ∈ N such that

k′ > k, we have

‖Sk − Sk′‖L1 =

∫

R
|Sk(λ)− Sk′(λ)| dλ =

∫

R

∣∣∣∣∣

k′∑

m=k+1

ξ(Hm,Hm−1)(λ)

∣∣∣∣∣ dλ

≤
k′∑

m=k+1

∫

R

∣∣ξ(Hm,Hm−1)(λ)
∣∣ dλ =

k′∑

m=k+1

|τm|,

13



1.4. Krein’s spectral shift function and associated trace formula

which converges to 0 ask −→ ∞, proving that the right hand side of (1.4.9) converges inL1-norm

and henceξ ∈ L1(R). Also ξ is real valued since eachξ(Hm,Hm−1) is real valued and suppξ ⊆ [a, b]

since suppξ(Hm,Hm−1) ⊆ [a, b] for eachm. Moreover by using Fubini’s theorem we have

‖ξ‖L1 =

∫

R
|ξ(λ)| dλ ≤

∞∑

m=1

∫

R
|ξ(Hm,Hm−1)(λ)| dλ =

∞∑

m=1

|τm| = ‖V ‖1 and

∫

R
ξ(λ) dλ =

∞∑

m=1

∫

R
ξ(Hm,Hm−1)(λ) dλ =

∞∑

m=1

τm = Tr(V ).

Finally by taking limit ask −→ ∞ on both sides of (1.4.8) and using Fubini’s theorem we conclude

that

Tr {Hr −Hr
0} = lim

k−→∞
Tr {Hr

k −Hr
0} =

∞∑

m=1

∫ b

a

rλr−1ξ(Hm,Hm−1)(λ) dλ

=

∫ b

a

rλr−1

∞∑

m=1

ξ(Hm,Hm−1)(λ) dλ =

∫ b

a

rλr−1ξ(λ) dλ.

For uniqueness, let us assume that there existsξ1, ξ2 ∈ L1([a, b]) such that

Tr [ p(H)− p(H0) ] =

∫ b

a

p′(λ)ξj(λ)dλ,

wherep(.) is a polynomial andj = 1, 2. Therefore

∫ b

a

p′(λ) ξ(λ) dλ = 0 ∀ polynomials p(.) and ξ ≡ ξ1 − ξ2 ∈ L1([a, b]),

which together with the fact that
∫ b
a
ξ1(λ) dλ =

∫ b
a
ξ2(λ) dλ = Tr(V ) (which one can easily arrive

at by settingp(λ) = λ in the above formula), implies that

∫ b

a

λrξ(λ)dλ = 0 ∀ r ≥ 0. Hence by an application of Fubini’s theorem, we get that

∫ ∞

−∞
e−itλ ξ(λ) dλ =

∞∑

n=0

1

n!

∫ ∞

−∞
(−itλ)n ξ(λ) dλ = 0.

Hence ∫ ∞

−∞
e−itλ ξ(λ) dλ = 0 ∀ t ∈ R.

Thereforeξ is anL1([a, b])- function whose Fourier transform̂ξ(t) vanishes identically, implying

thatξ = 0 or ξ1 = ξ2 a.e.

14
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The functionξ, which is obtained in Theorem 1.4.6 is called Krein’s spectral shift function

and the formula (1.4.7) is known as Krein’s trace formula in bounded self-adjoint case. Next we

will start with a lemma which reduce the Krein’s theorem in finite dimension in an unbounded

self-adjoint case.

Lemma 1.4.7. ([22]) Let H andH0 be two self-adjoint operators inH such thatH − H0 =

τ |g〉〈g|; τ > 0 and‖g‖ = 1. Then there exists a sequence{Pn} of finite rank projections inH
such thatPng −→ g asn −→ ∞ and for anyT > 0

Tr{eitH − eitH0} = lim
n−→∞

Tr{Pn
[
eitPnHPn − eitpnH0pn

]
Pn}, (1.4.10)

uniformly for all t with |t| ≤ T .

Proof. Applying Theorem 1.4.3 withA = H0 andf = g, we get a sequence{Pn} of finite rank

projections inH such that
∥∥P⊥

n H0Pn
∥∥
2
−→ 0 asn −→ ∞;

∥∥P⊥
n eitH0Pn

∥∥
2
−→ 0 asn −→ ∞

and‖(I − Pn)g‖ −→ 0 asn −→ ∞. Hence
∥∥P⊥

n HPn
∥∥
2
≤
∥∥P⊥

n H0Pn
∥∥
2
+ τ

∥∥|P⊥
n g〉〈Png|

∥∥
2
≤
∥∥P⊥

n H0Pn
∥∥
2
+ τ ‖(I − Pn)g‖ ‖g‖,

which converges to 0 asn −→ ∞. Thus

Tr{eitH − eitH0} − Tr{Pn
[
eitPnHPn − eitPnH0Pn

]
Pn}

= Tr{
∫ 1

0

dα
d

dα

(
eitαH .eit(1−α)H0

)
} − Tr{Pn

∫ 1

0

dα
d

dα

(
eitαPnHPn.eit(1−α)PnH0Pn

)
Pn}

= Tr{
∫ 1

0

dα eitαH it τ |g〉〈g| eit(1−α)H0}

− Tr{
∫ 1

0

dα PneitαPnHPn it Pnτ |g〉〈g|Pn eit(1−α)PnH0PnPn}

= τ it
∫ 1

0

dα Tr{eitαH |g〉〈g| eit(1−α)H0 − PneitαPnHPn Pn|g〉〈g|Pn eit(1−α)PnH0PnPn}

= τ it
∫ 1

0

dα Tr{
[
eitαH − eitαPnHPn

]
Pn|g〉〈g| eit(1−α)H0 + eitαHP⊥

n |g〉〈g| eit(1−α)H0

+ eitαPnHPn Pn|g〉〈g|P⊥
n eit(1−α)H0 + eitαPnHPn Pn|g〉〈g|Pn

[
eit(1−α)H0 − eit(1−α)PnH0Pn

]
}

(1.4.11)

In the first term of the expression (1.4.11) :

∥∥[eitαH − eitαPnHPn
]
Pn
∥∥
2
=

∥∥∥∥it α
∫ 1

0

dβ eitαβH [H − PnHPn]e
itα(1−β)PnHPnPn

∥∥∥∥
2

=

∥∥∥∥it α
∫ 1

0

dβ eitαβHP⊥
n HPneitα(1−β)PnHPnPn

∥∥∥∥
2

≤ T
∥∥P⊥

n HPn
∥∥
2
,
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which converges to 0 asn −→ ∞, uniformly for |t| ≤ T and hence
∥∥[eitαH − eitαPnHPn

]
Pn|g〉〈g| eit(1−α)H0

∥∥
1

≤
∥∥[eitαH − eitαPnHPn

]
Pn
∥∥
2

∥∥g〉〈g| eit(1−α)H0
∥∥
2
≤ T

∥∥P⊥
n HPn

∥∥
2
‖g‖2,

which converges to 0 asn −→ ∞, uniformly for |t| ≤ T . Similarly for the fourth term in (1.4.11),

we note that
∥∥Pn

[
eit(1−α)H0 − eit(1−α)PnH0Pn

]∥∥
2

=

∥∥∥∥it (1− α)

∫ 1

0

dβ Pneit(1−α)βH0P⊥
n H0Pneit(1−α)(1−β)PnH0Pn

∥∥∥∥
2

≤ T
∥∥P⊥

n H0Pn
∥∥
2
,

which converges to 0 asn −→ ∞, uniformly for |t| ≤ T and hence
∥∥eitαPnHPn Pn|g〉〈g|Pn

[
eit(1−α)H0 − eit(1−α)PnH0Pn

]∥∥
1

≤
∥∥eitαPnHPn Pn|g〉〈g|

∥∥
2

∥∥Pn
[
eit(1−α)H0 − eit(1−α)PnH0Pn

]∥∥
2

≤
∥∥eitαPnHPn |Png〉〈g|

∥∥
2
T
∥∥P⊥

n H0Pn
∥∥
2
≤ T

∥∥P⊥
n H0Pn

∥∥
2
‖g‖2,

which converges to 0 asn −→ ∞, uniformly for |t| ≤ T . For the second term in (1.4.11), we have

∥∥eitαHP⊥
n |g〉〈g| eit(1−α)H0

∥∥
1
=
∥∥eitαH |P⊥

n g〉〈g| eit(1−α)H0
∥∥
1
≤
∥∥|P⊥

n g〉〈g|
∥∥
1
≤ ‖(I − Pn)g‖‖g‖,

which converges to 0 asn −→ ∞, uniformly for |t| ≤ T and for the third term in (1.4.11), we

have the following estimate
∥∥eitαPnHPn Pn|g〉〈g|P⊥

n eit(1−α)H0
∥∥
1

=
∥∥eitαPnHPn |Png〉〈P⊥

n g| eit(1−α)H0
∥∥
1
≤
∥∥|Png〉〈P⊥

n g|
∥∥
1
≤ ‖g‖‖(I − Pn)g‖,

which converges to 0 asn −→ ∞, uniformly for |t| ≤ T . Therefore the right hand side of (1.4.11)

converges to 0 asn −→ ∞, uniformly for |t| ≤ T and hence we have proved that

Tr{eitH − eitH0} = lim
n−→∞

Tr{Pn
[
eitPnHPn − eitpnH0pn

]
Pn},

uniformly for all t with |t| ≤ T .

Next theorem is the Krein’s theorem for unbounded self-adjoint case.

Theorem 1.4.8. ([22]) Let H andH0 be two self-adjoint operators inH such thatH−H0 ≡ V ∈
B1(H). Then there exists a unique real-valued functionξ ∈ L1(R) such that

Tr{eitH − eitH0} = (it)
∫

R
eitλ ξ(λ) dλ.
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Chapter 1 : Introduction

Moreover, ∫

R
eitλ ξ(λ) dλ = Tr(V ) and ‖ξ‖L1(R) ≤ ‖V ‖1.

Proof. At first we letV ≡ τ |g〉〈g|; τ > 0 and‖g‖ = 1. Hence by Lemma 1.4.7 , we conclude

that, there exists a sequence{Pn} of finite rank projections such thatPng −→ g asn −→ ∞ and

Tr{eitH − eitH0} = lim
n−→∞

Tr{Pn
[
eitHn − eitH0,n

]
Pn},

whereHn = PnHPn andH0.n = PnH0Pn, and the convergence is uniform int for |t| ≤ T .

Note that by constructionPnH ⊆ Dom(H0) = Dom(H) (see the proof of Theorem 1.4.3) and

hence bothHn andH0,n are self-adjoint operators in the finite dimensional Hilbert spacePnH. By

Theorem 1.4.1(iv), we get a{0, 1}-valuedL1(R)- functionξn such that

Tr{Pn
[
eitHn − eitH0,n

]
Pn} = it

∫

R
eitλ ξn(λ) dλ, (1.4.12)

and hence

Tr{eitH − eitH0} = it lim
n−→∞

∫

R
eitλ ξn(λ) dλ, (1.4.13)

the convergence being uniform int for |t| ≤ T . Sincet −→ eitHn , eitH0,n are norm continuous

in PnH andPnV Pn is rank one, then using bounded convergence theorem, we havefrom (1.4.12)

that
∫

R
ξn(λ) dλ = lim

t−→0

∫

R
eitλ ξn(λ) dλ = lim

t−→0

1

it
Tr {Pn

[
eitHn − eitH0,n

]
Pn}

= lim
t−→0

1

it
Tr {Pn

∫ t

0

ds
d

ds

(
eisHn.ei(t−s)H0,n

)
Pn}

= lim
t−→0

1

t

∫ t

0

ds Tr{PneisHn PnV Pn ei(t−s)H0,nPn}

= Tr{PnV Pn}.

(1.4.14)

Thus
∫

R
ξn(λ) dλ = Tr{τ |Png〉〈Png|} = τ‖Png‖2 = τ(1− ‖P⊥

n g‖2) > τ(1− ǫ2),

since‖P⊥
n g‖ −→ 0 asn −→ ∞ i.e. givenǫ > 0, ∃ a natural numberN ∈ N such that‖P⊥

n g‖ < ǫ

∀ n ≥ N . Set

µn(∆) =
1

τ‖Png‖2
∫

∆

ξn(λ) dλ

17



1.4. Krein’s spectral shift function and associated trace formula

for every Borel set∆ ⊆ R and hence we have a family{µn} of probability measure by (1.4.14).

Also note that

µ̂n(t) =

∫

R
eitλ µn(dλ) =

1

τ‖Png‖2
∫

R
eitλ ξn(λ) dλ,

which by (1.4.13) and the fact that‖Png‖2 −→ ‖g‖2 = 1 asn −→ ∞, converges to

1

itτ
Tr{eitH − eitH0} ≡ µ̂(t) uniformly in t in compact sets inR\{0}.

On the other hand̂µ(0) = 1
τ‖Png‖2

∫
R ξn(λ) dλ = 1 for all n ∈ N. Again

lim
t−→0

µ̂(t) = lim
t−→0

1

itτ
Tr {

[
eitH − eitH0

]
} = lim

t−→0

1

itτ
Tr {

∫ t

0

ds
d

ds

(
eisH.ei(t−s)H0

)
}

= lim
t−→0

1

tτ

∫ t

0

ds Tr{eisH V ei(t−s)H0} =
1

τ
Tr{V } = 1 ≡ µ̂(0),

by definition. Thus by Levy-Cramer continuity theorem [16],there exists a probability measureµ

onR such thatµn −→ µ weakly i.e.
∫

R
φ(λ) µn(dλ) −→

∫

R
φ(λ) µ(dλ) for every bounded continuous functionφ.

Let ∆ = (a, b] ⊆ R and let{φn} be a sequence of smooth functions of support in(a − 1
n
, b + 1

n
]

such that0 ≤ φn ≤ 1 and‖χ∆ − φn‖1 −→ 0 asn −→ ∞, whereχ∆ is the characteristic function

of ∆. Choosing a subsequence if necessary and using the bounded convergence theorem, we have

lim
n−→∞

lim
m−→∞

∫

R
φn(λ) µm(dλ) = lim

n−→∞

∫

R
φn(λ) µ(dλ) = µ(∆).

Thus

µ(∆) = lim
n−→∞

lim
m−→∞

1

τ‖Pmg‖2
∫

R
φn(λ) ξm(λ) (dλ)

=
1

τ
lim
n−→∞

lim
m−→∞

∫

R
φn(λ) ξm(λ) (dλ)

≤ τ−1 lim
n−→∞

∫ b+ 1
n

a− 1
n

φn(λ) dλ

≤ τ−1

(
b− a+

2

n

)
= τ−1(b− a),

since0 ≤ ξm(λ) ≤ 1 for all m and allλ. This shows thatµ is absolutely continuous and we set

ξ(λ) = τ µ(dλ)
dλ

≡ τ dµ(λ)
dλ

. Thenξ is a non-negativeL1-function and we have that

µ̂(t) =

∫

R
eitλ µ(dλ) = τ−1

∫

R
eitλ ξ(λ) dλ and hence

18
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Tr{eitH − eitH0} = (it)
∫

R
eitλ ξ(λ) dλ. (1.4.15)

Also dividing both sides of (1.4.15) by it and taking limit ast −→ 0, we get that
∫

R
ξ(λ) dλ = lim

t−→0

∫

R
eitλ ξ(λ) dλ = lim

t−→0

1

it
Tr {

[
eitH − eitH0

]
}

= lim
t−→0

1

it
Tr {

∫ t

0

ds
d

ds

(
eisH .ei(t−s)H0

)
}

= lim
t−→0

1

t

∫ t

0

ds Tr{eisH V ei(t−s)H0} = Tr{V } = τ ≥ 0.

i.e. ‖ξ‖L1 = |τ |, sinceξ is non-negative andτ ≥ 0.

Now if V is rank one and negative i.e.V = τ |g〉〈g|; τ < 0 and‖g‖ = 1. ThenH0 −H =

−τ |g〉〈g|; − τ > 0 and‖g‖ = 1 and obtain as above a non-negativeL1-functionη such that

Tr{eitH0 − eitH} = (it)
∫

R
eitλ η(λ) dλ and

∫

R
η(λ) dλ = Tr (−τ |g〉〈g|) = −τ.

Definingξ(λ) = −η(λ), we get

Tr{eitH − eitH0} = (it)
∫

R
eitλ ξ(λ) dλ and

∫

R
ξ(λ) dλ = τ ; ‖ξ‖L1 = ‖η‖L1 = |τ |.

hence the relation (1.4.15) is valid for allV rank one with some real-valuedL1-function ξ such

that
∫
R ξ(λ) dλ = Tr(V ) and‖ξ‖L1 ≤ ‖V ‖1.

Now letV ∈ B1(H) , and writeV =
∞∑
k=1

τk|gk〉〈gk| with
∞∑
k=1

|τk| < ∞; ‖gk‖ = 1 for each

k ∈ N. SetVk ≡
k∑
j=1

τj |gj〉〈gj| andHk ≡ H0 + Vk for k = 1, 2, 3..... Then‖V − Vk‖1 −→ 0 as

k −→ ∞ and hence‖H −Hk‖1 = ‖V − Vk‖1 −→ 0 ask −→ ∞ , since
∞∑
k=1

|τk| <∞. Therefore

∥∥eitH − eitHk
∥∥
1
=

∥∥∥∥(it)
∫ 1

0

dα eitαH [H −Hk]e
it(1−α)Hk

∥∥∥∥
1

≤ |t|‖H −Hk‖1,

which converges to 0 ask −→ ∞, uniformly in t for |t| ≤ T . But on the other hand

eitHk − eitH0 =
k∑

m=1

(
eitHm − eitHm−1

)
and hence

Tr{eitHk − eitH0} =
k∑

m=1

Tr{eitHm − eitHm−1} =
k∑

m=1

(it)
∫

R
eitλ ξm(λ) dλ, (1.4.16)
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1.4. Krein’s spectral shift function and associated trace formula

whereξm(λ) is a real-valuedL1 function as obtained in (1.4.15) corresponding to the pair(Hm, Hm−1)

such that
∫
R ξm(λ) dλ = τm and‖ξm‖L1 = |τm|. Define

ξ(λ) =

∞∑

k=1

ξm(λ) (1.4.17)

SetSk(λ) ≡
k∑

m=1

ξm(λ), thenSk ∈ L1(R) for eachk ∈ N and fork′, k ∈ N such thatk′ > k, we

have

‖Sk − Sk′‖L1 =

∫

R
|Sk(λ)− Sk′(λ)| dλ =

∫

R

∣∣∣∣∣

k′∑

m=k+1

ξm(λ)

∣∣∣∣∣ dλ

≤
k′∑

m=k+1

∫

R
|ξm(λ)| dλ =

k′∑

m=k+1

|τm|,

which converges to 0 ask −→ ∞, since
∞∑
m=1

|τm| < ∞ and hence the right hand side of (1.4.17)

converges inL1-norm. Thereforeξ ∈ L1(R) and alsoξ is real valued since eachξm is real valued.

Moreover by using Fubini’s theorem we have

‖ξ‖L1 =

∫

R
|ξ(λ)| dλ ≤

∞∑

m=1

∫

R
|ξm(λ)| dλ =

∞∑

m=1

|τm| = ‖V ‖1 and

∫

R
ξ(λ) dλ =

∞∑

m=1

∫

R
ξm(λ) dλ =

∞∑

m=1

τm = Tr(V ).

Finally by taking limit ask −→ ∞ on both sides of (1.4.16) and using Fubini’s theorem we

conclude that

Tr {eitH − eitH0} = lim
k−→∞

Tr {eitHk − eitH0} =
∞∑

m=1

it
∫

R
eitλξm(λ) dλ

= it
∫

R
eitλ

∞∑

m=1

ξm(λ) dλ = it
∫

R
eitλξ(λ) dλ.

For uniqueness, let us assume that there existsξ1, ξ2 ∈ L1(R) such that

Tr{eitH − eitH0} = (it)
∫

R
eitλξj(λ)dλ,

for j = 1, 2 and hence
∫

R
eitλ [ξ1(λ)− ξ2(λ)] dλ = 0 ∀ 0 6= t ∈ R and ξ1 − ξ2 ∈ L1(R).
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Also for t = 0,
∫
R ξ1(λ)dλ =

∫
R ξ2(λ)dλ = Tr(V ) and hence

∫

R
eitλ [ξ1(λ)− ξ2(λ)] dλ = 0 ∀ t ∈ R and ξ1 − ξ2 ∈ L1(R).

Then by Fourier Inversion Theorem we conclude thatξ1 = ξ2 a.e.

1.5 Koplienko Formula

In 1982, Koplienko extended Krein’s trace formula (1.4.1) to the next order whenH −H0 ≡ V ∈
B2(H) (whereH andH0 are two self-adjoint operators inH). He proved that there exists a unique

non-negative functionη ∈ L1(R) such that

Tr{φ(H)− φ(H0)−D(1)φ(H0) • V } =

∫ ∞

−∞
φ′′(λ) η(λ) dλ, (1.5.1)

whereD(1)φ(H0) denotes the first order Frechet derivative ofφ atH0 (see [2]) andD(1)φ(H0)(V )

is the first order Frechet derivative of the functionφ at the self-adjoint operatorH0 acting onV

andφ is a rational function with poles offR. The proof of Koplienko in [14] is based on the

theory of multiple integrals and is not complete. The formula (1.5.1) is known as Koplienko trace

formula and the functionη is called Koplienko spectral shift function. Later in 1993,Boyadzhiev

[9] obtained Koplienko trace formula in a setting of unitalC∗− algebra and the method is entirely

different from that of Koplienko. He proved the following theorem in [9].

Theorem 1.5.1.LetA be a unitalC∗- algebra andτ - a positive linear trace onA. Then for any

two self-adjoint elementsA,B ∈ A, there exists a non-negative functionη ∈ L1(R) such that

τ{φ(A)− φ(B)− (A−B)φ′(B)} =

∫ ∞

−∞
φ′′(λ) η(λ) dλ (1.5.2)

for everyφ ∈ C2([a, b]) ( set of twice continuously differentiable functions on [a,b] ), where

σ(A), σ(B) ⊆ [a, b]. Moreover the functionη is supported on the smallest interval containing

σ(A), σ(B) and

η(λ) =
1

π
τ{(A− λ)

[
tan−1

(
A− λ

ǫ

)
− tan−1

(
B − λ

ǫ

)]
} a.e.

Also by substitutingφ(λ) = λ2 in (1.5.2),

1

2
τ{(A−B)2} =

∫ ∞

−∞
η(λ) dλ = ‖η‖L1 .
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1.5. Koplienko Formula

The proof of the above theorem is based on the following inequality

τ{f(A)− f(B)− (A−B)f ′(B)} ≥ 0,

whereA,B are two self-adjoint elements inA andf is an arbitrary continuously differentiable

convex function on some interval containingσ(A)
⋃
σ(B) via the Riesz representation theorem

for positive continuous functionals. Boyadzhiev also stated that the results remain valid if we

replaceC∗-algebra by Jordan Banach algebra. Recently, Gesztesy, Pushnitski and Simon [12]

gave an alternative proof of the formula (1.5.1) for the bounded case. In fact they showed in [12]

that

(i) Given two bounded self-adjoint operatorsH,H0 in H such thatH −H0 ≡ V ∈ B2(H),

then there exists a unique non-negative functionη(H,H0) ∈ L1(R) supported on[−max{‖H‖, ‖H0‖},
max{‖H‖, ‖H0‖}] such thatφ(H)− φ(H0)−D(1)φ(H0)(V ) ∈ B1(H) and

Tr{φ(H)− φ(H0)−D(1)φ(H0) • V } =

∫ ∞

−∞
φ′′(λ) η(H,H0)(λ) dλ, (1.5.3)

for anyg ∈ C∞(R)( set of all infinitely differentiable functions onR).

(ii) Moreover,

‖η(H,H0)‖L1 =

∫ ∞

−∞
η(H,H0)(λ) dλ =

1

2
‖V ‖22

and for any bounded self-adjoint operatorsH,H1, H0 in H such thatH−H0, H1−H0 ∈ B2(H),

then

∫ ∞

−∞

∣∣η(H,H0) − η(H1,H0)

∣∣ dλ ≤ ‖H −H1‖2
[
1

2
‖H −H1‖2 + ‖H1 −H0‖2

]
(1.5.4)

In the proof of the above results, they first established the results for a trace class perturbation

and then proved the formula (1.5.3) for a Hilbert-Schmidt perturbation by approximating it through

trace class operators and using the estimate (1.5.4). In thenext chapter we revisit the proof of

Koplienko formula for bounded case and prove the unbounded case [20], using the idea of finite

dimensional approximation as in the works of Voiculescu [24], Sinha and Mohapatra [22] and

using the idea contained in the proof of the above results.

22



Chapter 1 : Introduction

1.6 Higher Order Trace Formula

In 2009, Dykema and Skripka extended Koplienko trace formula in [11]. In fact they showed

the existence of higher order spectral shift function when the unperturbed self-adjoint operator is

bounded and the perturbation is Hilbert-Schmidt and the results are obtained in the semi-finite

von Neumann algebra. Given a self-adjoint operator A (possibly unbounded) and a self-adjoint

operatorV ∈ B2(H), Dykema and Skripka proved that for2 < p ∈ N,

(i) there exists a unique finite real-valued measureνp onR such that the trace formula

Tr{φ(A+ V )−
p−1∑

j=0

1

j!
D(j)φ(A) • (V, V, . . . , V︸ ︷︷ ︸

j−times

)} =

∫ ∞

−∞
φ(p)(λ) dνp(λ), (1.6.1)

holds for suitable functionsφ, whereD(j)φ(A) • (V, V, . . . , V︸ ︷︷ ︸
j−times

) is the j-th order Frechet derivative

of φ atA acting on(V, V, . . . , V︸ ︷︷ ︸
j−times

) andφ(p) is the p-th order derivative ofφ. The total variation of

νp is bounded by1
p!
‖V ‖p2.

(ii) If, in addition, A is bounded, thenνp is absolutely continuous. The densityηp of νp is

called p-th order spectral shift function andηp can be expressed recursively via lower order ones.

The proof of the above results is based on multiple operator integrals, some properties of

divided differences and splines and some techniques of freeprobability. They obtainedηp by

analyzing the Cauchy transform of the measureηp. In chapter 3, we give an alternative proof of the

formula (1.6.1) forp = 3 and show the existence ofη3 in both cases when the unperturbed operator

A is bounded or unbounded, but bounded below [21]. Our method of obtaining the formula (1.6.1)

for p = 3 and showing the existence ofη3 is entirely different from that of Dykema and Skripka.

We proveL1- convergence in an appropriateL1-space.

Recently, Potapov, Skripka and Sukochev in their preprint [17], have discussed more about

higher order trace formula.
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Chapter 2

Koplienko Trace Formula

Let H andH0 be two self-adjoint operators inH with σ(H), σ(H0) as their spectra andEH(λ),

EH0(λ) the spectral families such thatH −H0 ≡ V ∈ B2(H).

In this chapter first we discuss Koplienko formula in finite dimension and then we prove Koplienko

formula for both bounded and unbounded self-adjoint cases via finite dimensional approximation

[5].

2.1 Koplienko formula in finite dimension

Theorem 2.1.1.LetH andH0 be two bounded self-adjoint operators in a Hilbert spaceH such

thatH −H0 ≡ V and let p(λ) = λr(r ≥ 2).

(i) Then D(1)p(H0) • X =
r−1∑
j=0

Hr−j−1
0 XHj

0 and d
ds
(p(Hs)) =

r−1∑
j=0

Hr−j−1
s V Hj

s ,

whereHs = H0 + sV (0 ≤ s ≤ 1) andX ∈ B(H).

(ii) If furthermoredimH < ∞, then there exists a unique non-negativeL1(R)-functionη

such that

Tr{p(H)− p(H0)−D(1)p(H0) • V } =

∫ b

a

p′′(λ)η(λ)dλ, (2.1.1)

for some−∞ < a < b <∞ .
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Moreover,

η(λ) =

∫ 1

0

Tr{V [EH0(λ)−EHs
(λ)]}ds, (2.1.2)

whereEHs
(.) is the spectral family of the self-adjoint operatorHs , and

‖η‖1 =
1

2
‖V ‖22. (2.1.3)

(iii) For dimH <∞,

Tr{eitH − eitH0 −D(1)(eitH0) • V } = (it)2
∫ b

a

eitλη(λ)dλ, (2.1.4)

for some−∞ < a < b <∞, t ∈ R andη is given by(2.1.2).

Proof. (i) Forp(λ) = λr(r ≥ 2) andX ∈ B(H),

p(H0 +X)− p(H0) = (H0 +X)r −Hr
0 =

r−1∑

j=0

(H0 +X)r−j−1XHj
0

=

r−1∑

j=0

Hr−j−1
0 XHj

0 +

r−1∑

j=0

[
(H0 +X)r−j−1 −Hr−j−1

0

]
XHj

0

=

r−1∑

j=0

Hr−j−1
0 XHj

0 +

r−2∑

j=0

r−j−2∑

k=0

(H0 +X)r−j−k−2XHk
0XH

j
0 ,

(2.1.5)

and hence
∥∥∥∥∥p(H0 +X)− p(H0)−

r−1∑

j=0

Hr−j−1
0 XHj

0

∥∥∥∥∥ ≤
r−2∑

j=0

r−j−2∑

k=0

‖H0+X‖r−j−k−2‖X‖‖H0‖k‖X‖‖H0‖j,

proving thatD(1)p(H0) •X =
r−1∑
j=0

Hr−j−1
0 XHj

0 . Similarly,

Hr
s+h −Hr

s

h
=

r−1∑

j=0

Hr−j−1
s+h V Hj

s =

r−1∑

j=0

Hr−j−1
s V Hj

s +

r−1∑

j=0

[
Hr−j−1
s+h −Hr−j−1

s

]
V Hj

s

=

r−1∑

j=0

Hr−j−1
s V Hj

s + h

r−2∑

j=0

r−j−2∑

k=0

Hr−j−k−2
s+h V Hk

s V H
j
s
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and hence
∥∥∥∥∥
Hr
s+h −Hr

s

h
−

r−1∑

j=0

Hr−j−1
s V Hj

s

∥∥∥∥∥ ≤ |h|
r−2∑

j=0

r−j−2∑

k=0

‖Hs+h‖r−j−k−2‖V ‖‖Hs‖k‖V ‖‖Hs‖j,

proving that every polynomial inHs is norm-differentiable and thatd
ds
(p(Hs)) =

r−1∑
j=0

Hr−j−1
s V Hj

s .

(ii) By using the cyclicity of trace and noting that the trace now is a finite sum, we have that

for p(λ) = λr (r ≥ 2),

Tr{p(H)− p(H0)−D(1)p(H0) • V } = Tr {p(H)− p(H0)} − Tr {D(1)p(H0) • V }

= Tr

(∫ 1

0

d

ds
(p(Hs)) ds

)
− Tr

(
r−1∑

j=0

Hr−j−1
0 V Hj

0

)

=

∫ 1

0

dsTr

(
r−1∑

j=0

Hr−j−1
s V Hj

s

)
−
∫ 1

0

dsTr

(
r−1∑

j=0

Hr−j−1
0 V Hj

0

)

=

∫ 1

0

rTr
(
V Hr−1

s

)
ds−

∫ 1

0

rTr
(
V Hr−1

0

)
ds

= Tr

[
rV

∫ 1

0

ds

∫ b

a

λr−1{EHs
(dλ)− EH0(dλ)}

]
.

It is easy to see that there existsa, b ∈ R (−∞ < a < b < +∞) such that suppEHs
(.) ⊆ [a, b] for

all s ∈ [0, 1]. By integrating by-parts and noting thatEHs
(.)− EH0(.) = 0 for λ = a, b , we have

that

Tr{p(H)− p(H0)−D(1)p(H0) • V }

= Tr

[
rV

∫ 1

0

ds

(
λr−1{EHs

(λ)−EH0(λ)} |ba −
∫ b

a

(r − 1)λr−2{EHs
(λ)− EH0(λ)}

)]

=

∫ b

a

r(r − 1)λr−2

(∫ 1

0

Tr{V [EH0(λ)− EHs
(λ)]ds

)
dλ

=

∫ b

a

p
′′

(λ)η(λ)dλ, where we have setη(λ) =
∫ 1

0

Tr{V [EH0(λ)− EHs
(λ)]}ds.

To prove the positivity ofη(λ) , we use the idea of double spectral integrals, introduced byBirman-

Solomyak ([1], [2]). For fixedλ, andǫ > 0 define a smooth non-increasing functionφǫ,λ such that

φǫ,λ(α) =




0, if α ≥ λ+ ǫ.

1, if a ≤ α ≤ λ.
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Therefore

φǫ,λ(H0)−φǫ,λ(Hs) =

∫ b

a

φǫ,λ(α)EH0(dα)−
∫ b

a

φǫ,λ(β)EHs
(dβ) =

∫ b

a

∫ b

a

[φǫ,λ(α)− φǫ,λ(β)]EH0(dα)EHs
(dβ)

= −s
∫ b

a

∫ b

a

φǫ,λ(α)− φǫ,λ(β)

α− β
EH0(dα)V EHs

(dβ) = −s
∫

[a,b]×[a,b]

φǫ,λ(α)− φǫ,λ(β)

α− β
G(dα×dβ)V,

(2.1.6)

whereG(∆× δ)X = EH0(∆)XEHs
(δ) ( X ∈ B2(H) and∆× δ ⊆ R× R) extends to a spectral

measure onR2 in the Hilbert spaceB2(H) and its (weak-) total variation is less than or equal to

‖X‖2 (see section 1.3 of Chapter 1 for details). Thus

Tr{V [φǫ,λ(H0)− φǫ,λ(Hs)]} = −s
∫ b

a

∫ b

a

φǫ,λ(α)− φǫ,λ(β)

α− β
Tr{V EH0(dα)V EHs

(dβ)}

= −s
∫ b

a

∫ b

a

φǫ,λ(α)− φǫ,λ(β)

α− β
〈V,G(dα× dβ)V 〉2

(2.1.7)

Since by construction,φǫ,λ is a non-increasing function, the integrand in (2.1.7) is non-positive and

hence

Tr{V [φǫ,λ(H0)− φǫ,λ(Hs)]} ≥ 0 ∀ λ, ǫ > 0. (2.1.8)

Furthermore, forf ∈ H,

φǫ,λ(H0)f =

∫ b

a

φǫ,λ(α)EH0(dα)f =

∫ λ

a

EH0(dα)f +

∫ λ+ǫ

λ

φǫ,λ(α)EH0(dα)f

= EH0(λ)f +

∫ λ+ǫ

λ

φǫ,λ(α)EH0(dα)f

and hence

‖[φǫ,λ(H0)− EH0(λ)] f‖2 =
∫ λ+ǫ

λ

|φǫ,λ(α)|2 ‖EH0(dα)f‖2 ≤ ‖[EH0(λ+ ǫ)−EH0(λ)] f‖2 ,

which converges to 0 asǫ −→ 0 (spectral family is right continuous in our definition), proving

thatφǫ,λ(H0) converges strongly toEH0(λ). Similarly we can conclude thatφǫ,λ(Hs) converges

strongly toEHs
(λ) and hence by lettingǫ ↓ 0 in (2.1.8), we have

Tr{V [EH0(λ)− EHs
(λ)]} ≥ 0 for 0 ≤ s ≤ 1.

Thereforeη(λ) ≥ 0 for all λ ∈ [a, b]. The conclusion (2.1.3) is a consequence of the fact that

‖η‖1 =
∫ b

a

η(λ)dλ =
1

2

∫ b

a

p′′(λ)η(λ)dλ (where p(λ) = λ2)
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=
1

2
Tr{H2 −H2

0 −D(1)(H2
0 ) • V } =

1

2
Tr{(H0 + V )2 −H2

0 − (H0V + V H0)} =
1

2
‖V ‖22.

(iii) ForX ∈ B(H),

eit(H0+X) − eitH0 =

∫ 1

0

dα
d

dα

[
eitα(H0+X).eit(1−α)H0

]
= it

∫ 1

0

dα eitα(H0+X)Xeit(1−α)H0

= it
∫ 1

0

dα eitαH0Xeit(1−α)H0 + it
∫ 1

0

dα
[
eitα(H0+X) − eitαH0

]
Xeit(1−α)H0

= it
∫ 1

0

dα eitαH0Xeit(1−α)H0 + (it)2
∫ 1

0

αdα

∫ 1

0

dβ eitαβ(H0+X)Xeitα(1−β)H0Xeit(1−α)H0 ,

and hence ∥∥∥∥eit(H0+X) − eitH0 − it
∫ 1

0

dα eitαH0Xeit(1−α)H0

∥∥∥∥ ≤ 1

2
t2‖X‖2,

proving that D(1)(eitH0) •X = it
∫ 1

0
dα eitαH0Xeit(1−α)H0 . Similarly,

eitHs+h − eitHs

h
=

1

h

∫ 1

0

dα
d

dα

[
eitαHs+h.eit(1−α)Hs

]
= it

∫ 1

0

dα eitαHs+hV eit(1−α)Hs

= it
∫ 1

0

dα eitαHsV eit(1−α)Hs + it
∫ 1

0

dα
[
eitαHs+h − eitαHs

]
V eit(1−α)Hs

= it
∫ 1

0

dα eitαHsV eit(1−α)Hs + (it)2h
∫ 1

0

αdα

∫ 1

0

dβ eitαβHs+hV eitα(1−β)HsV eit(1−α)Hs ,

and hence ∥∥∥∥
eitHs+h − eitHs

h
− it

∫ 1

0

dα eitαHsV eit(1−α)Hs

∥∥∥∥ ≤ 1

2
|h|t2‖V ‖2,

proving that
d

ds

(
eitHs

)
= it

∫ 1

0

dα eitαHsV eit(1−α)Hs .

Again by integrating by-parts and noting thatEHs
(λ)− EH0(λ) = 0 for λ = a, b [ where[a, b] ⊇

⋃
s

suppEHs
(.) ], we have that

Tr{eitH − eitH0 −D(1)(eitH0) • V } = Tr{eitH − eitH0} − Tr{D(1)(eitH0) • V }

=

∫ 1

0

ds Tr
d

ds

(
eitHs

)
−
∫ 1

0

ds Tr{D(1)(eitH0) • V }

=

∫ 1

0

ds Tr

(
it
∫ 1

0

dα eitαHsV eit(1−α)Hs

)
−
∫ 1

0

ds Tr

(
it
∫ 1

0

dα eitαH0V eit(1−α)H0

)

31



2.2. Reduction to finite dimension

= it
∫ 1

0

ds

∫ 1

0

dα Tr
(

eitαHsV eit(1−α)Hs
)
− it

∫ 1

0

ds

∫ 1

0

dα Tr
(

eitαH0V eit(1−α)H0
)

= it
∫ 1

0

ds Tr{V
(

eitHs − eitH0
)
} = it

∫ 1

0

ds

∫ b

a

eitλ Tr{V [EHs
(dλ)−EH0(dλ)]}

= it
∫ 1

0

ds

[
eitλ Tr{V [EHs

(λ)− EH0(λ)]}|bλ=a − it
∫ b

a

eitλ Tr{V [EHs
(λ)−EH0(λ)]}dλ

]

= (it)2
∫ b

a

eitλ dλ

∫ 1

0

ds Tr{V [EH0(λ)− EHs
(λ)]} = (it)2

∫ b

a

eitλη(λ)dλ.

2.2 Reduction to finite dimension

We begin with a proposition collecting some results, following from the Weyl-von Neumann type

construction (see [4] , [6]).

Proposition 2.2.1.LetA be a self-adjoint operator (possibly unbounded) in a separable infinite

dimensional Hilbert spaceH and let{fl}1≤l≤L be a set of normalized vectors inH andǫ > 0.

(i) Then there exists a finite rank projectionP such that‖(I − P )fl‖ < ǫ for 1 ≤ l ≤ L.

(ii) Furthermore,(I − P )AP ∈ B2(H), ‖(I − P )AP‖2 < ǫ and ‖(I − P )eitAP‖2 < ǫ

uniformly fort with |t| ≤ T .

Proof. Let EA(.) be the spectral measure associated with the self-adjoint operatorA, and choose

al > 0 such that

‖ [I − EA ((−al, al])] fl‖ < ǫ for 1 ≤ l ≤ L.

If we seta = max{al : 1 ≤ l ≤ L}, then

‖ [I − EA ((−a, a])] fl‖ ≤ ‖ [I − EA ((−al, al])] fl‖ < ǫ for 1 ≤ l ≤ L.

Again as in the proof of Theorem 1.4.3, setEk = EA
((

2k−2−n
n

a, 2k−n
n
a
])

for each positive integer

n and1 ≤ k ≤ n. We also set for1 ≤ k ≤ n and1 ≤ l ≤ L,

gkl =





Ekfl
‖Ekfl‖ , if Ekfl 6= 0.

0, if Ekfl = 0.
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LetP be the orthogonal projection onto the subspace generated by{gkl : 1 ≤ k ≤ n ; 1 ≤ l ≤ L}
and hence dimPH ≤ nL. For fixedk (1 ≤ k ≤ n), consider the set{gkl : 1 ≤ l ≤ L}. By

Gram - Schmidt process, let{hkl : 1 ≤ l ≤ m(k) ≤ L} be the orthonormal set made out of

{gkl : 1 ≤ l ≤ L}. Hence{hkl : 1 ≤ k ≤ n ; 1 ≤ l ≤ m(k) ≤ L} is an orthonormal basis for

PH and span{hkl : 1 ≤ k ≤ n ; 1 ≤ l ≤ m(k) ≤ L} = span{gkl : 1 ≤ k ≤ n ; 1 ≤ l ≤ L}. By

definition for each fixedk (1 ≤ k ≤ n), {gkl : 1 ≤ l ≤ L} ⊆ EkH and sinceEkH is a linear space

we have{hkl : 1 ≤ l ≤ m(k) ≤ L} ⊆ EkH. Clearly{gkl : 1 ≤ k ≤ n ; 1 ≤ l ≤ L} ⊆ DomA

and since DomA is a linear manifold we have

span{hkl : 1 ≤ k ≤ n ; 1 ≤ l ≤ m(k) ≤ L} = span{gkl : 1 ≤ k ≤ n ; 1 ≤ l ≤ L} ⊆ DomA.

MoreoverAhkl , PAhkl ∈ EkH for eachk andl, sincehkl ∈ EkH andEk commutes withA for

eachk andl. A simple calculation as in the proof of Theorem 1.4.3 in Chapter 1, shows that for

λk =
2k−n−1

n
a,

‖ (A− λk)hkl‖2 ≤
(a
n

)2
for 1 ≤ l ≤ L, and therefore

using Cauchy-Schwartz inequality we conclude that foru ∈ H,

‖(I − P )APu‖2 =

∥∥∥∥∥∥

n∑

k=1

m(k)∑

l=1

〈u, hkl〉(I − P )Ahkl

∥∥∥∥∥∥

2

=

∥∥∥∥∥∥

n∑

k=1

m(k)∑

l=1

〈u, hkl〉(I − P )(A− λk)hkl

∥∥∥∥∥∥

2

=

n∑

k=1

∥∥∥∥∥∥

m(k)∑

l=1

〈u, hkl〉(I − P )(A− λk)hkl

∥∥∥∥∥∥

2

≤
n∑

k=1



m(k)∑

l=1

|〈u, hkl〉|‖(I − P )(A− λk)hkl‖




2

≤
(a
n

)2 n∑

k=1



m(k)∑

l=1

|〈u, hkl〉|




2

≤
(a
n

)2 n∑

k=1






m(k)∑

l=1

12




1
2


m(k)∑

l=1

|〈u, hkl〉|2



1
2




2

=
(a
n

)2 n∑

k=1

m(k)

m(k)∑

l=1

|〈u, hkl〉|2 ≤
(a
n

)2
L

n∑

k=1

m(k)∑

l=1

|〈u, hkl〉|2 ≤
(a
n

)2
L ‖u‖2.

The operatorsPA(I − P ) and(I − P )AP are finite rank operators with rank less than or equal to

nL. Hence, using the above estimate we get that

‖(I − P )AP‖2 = ‖PA(I − P )‖2 ≤
√

dim(P ) ‖(I − P )AP‖ ≤
√
nL

(a
n

) √
L = L

(
a√
n

)
.

Thus again by the same calculation as in the proof of Theorem 1.4.3 in Chapter 1, it follows that

α(t) ≡
∥∥(I − P )eitAP

∥∥
2

≤

(
T L a ea

√
Lt
)

√
n

≤

(
T L a ea

√
LT
)

√
n

.
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Since(I − P )F ((−a, a]) fl = 0 for 1 ≤ l ≤ L,

‖(I − P )fl‖ = ‖(I − P ) [I − F ((−a, a])] fl‖ ≤ ‖ [I − F ((−a, a])] fl‖ < ǫ for 1 ≤ l ≤ L.

The proof concludes by choosingn sufficiently large.

Lemma 2.2.2. Let H andH0 be two self-adjoint operators in a separable infinite dimensional

Hilbert spaceH such thatH −H0 ≡ V ∈ B2(H). Then givenǫ > 0, there exists a projection P of

finite rank such that for allt with |t| ≤ T ,

(i) ‖(I − P )H0P‖2 < ǫ, ‖(I − P )eitH0P‖2 < ǫ,

(ii) ‖(I − P )V ‖2 < 2ǫ, ‖(I − P )HP‖2 < 3ǫ.

Proof. Let V =
∞∑
l=1

τl|fl〉〈fl| be the canonical form ofV with
∞∑
l=1

τ 2l < ∞ and chooseL in VL ≡
L∑
l=1

τl|fl〉〈fl| so that‖V − VL‖2 =

√
∞∑

l=L+1

τ 2l < ǫ andǫ′ = min{ǫ, ǫ
L∑

l=1
|τl|

} > 0. Next, we apply

Proposition 2.2.1 withA = H0, {f1, f2, . . . , fL} andǫ′ in place ofǫ. Hence we get a projectionP

of finite rank inH such that

‖(I−P )fl‖ < ǫ′ < ǫ for 1 ≤ l ≤ L, ‖(I−P )H0P‖2 < ǫ′ < ǫ and ‖(I−P )eitH0P‖2 < ǫ′ < ǫ,

uniformly for t with |t| ≤ T . For (ii) we note that

‖(I − P )V ‖2 = ‖(I − P )(V − VL) + (I − P )VL‖2 ≤ ‖(I − P )(V − VL)‖2 + ‖(I − P )VL‖2

≤ ‖V − VL‖2 + ‖(I − P )VL‖2 < ǫ+

∥∥∥∥∥

L∑

l=1

τl|(I − P )fl〉〈fl|
∥∥∥∥∥
2

< ǫ+ ǫ′

(
L∑

l=1

|τl|
)
< 2ǫ

and therefore

‖(I − P )HP‖2 ≤ ‖(I − P )H0P‖2 + ‖(I − P )V P‖2 < 3ǫ.

Remark 2.2.3. We can reformulate the statement of Lemma 2.2.2 by saying that there exists a

sequence{Pn} of finite rank projections inH such that

‖(I −Pn)H0Pn‖2, ‖(I −Pn)e
itH0Pn‖2, ‖(I −Pn)V ‖2, ‖(I −Pn)HPn‖2 −→ 0 as n −→ ∞.

It may also be noted that{Pn} does not necessarily converge strongly toI.
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The next two theorems show how Lemma 2.2.2 can be used to reduce the relevant problem

into a finite dimensional one, in the cases when the self-adjoint pair (H0, H) are bounded and

unbounded respectively.

Theorem 2.2.4.LetH andH0 be two bounded self-adjoint operators in a separable infinite di-

mensional Hilbert spaceH such thatH −H0 ≡ V ∈ B2(H). Then there exists a sequence{Pn}
of finite rank projections inH such that

Tr{p(H)− p(H0)−D(1)p(H0) • V }

= lim
n→∞

Tr{Pn
[
p(PnHPn)− p(PnH0Pn)−D(1)p(PnH0Pn) • PnV Pn

]
Pn}, (2.2.1)

wherep(.) is a polynomial.

Proof. It will be sufficient to prove the theorem forp(λ) = λr. Note that forr = 0 or 1, both sides

of (2.2.1) are identically zero. Using the sequence{Pn} of finite rank projections as obtained in

Lemma 2.2.2 and using an expression similar to (2.1.5) inB(H), we have that

Tr{
[
p(H)− p(H0)−D(1)p(H0) • V

]

−Pn
[
p(PnHPn)− p(PnH0Pn)−D(1)p(PnH0Pn) • PnV Pn

]
Pn}

= Tr{
[
Hr −Hr

0 −D(1)(Hr
0) • V

]
−Pn

[
(PnHPn)

r − (PnH0Pn)
r −D(1)((PnH0Pn)

r) • PnV Pn
]
Pn}

= Tr{
[
r−1∑

j=0

Hr−j−1V Hj
0 −

r−1∑

j=0

Hr−j−1
0 V Hj

0

]

−Pn
[
r−1∑

j=0

(PnHPn)
r−j−1(PnV Pn)(PnH0Pn)

j −
r−1∑

j=0

(PnH0Pn)
r−j−1(PnV Pn)(PnH0Pn)

j

]
Pn}

= Tr{
[
r−1∑

j=0

(
Hr−j−1 −Hr−j−1

0

)
V Hj

0

]

−Pn
[
r−1∑

j=0

[(PnHPn)
r−j−1 − (PnH0Pn)

r−j−1](PnV Pn)(PnH0Pn)
j

]
Pn}

= Tr{
r−2∑

j=0

r−j−2∑

k=0

Hr−j−k−2V Hk
0V H

j
0
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−
r−2∑

j=0

r−j−2∑

k=0

Pn(PnHPn)
r−j−k−2(PnV Pn)(PnH0Pn)

k(PnV Pn)(PnH0Pn)
jPn}

=
r−2∑

j=0

r−j−2∑

k=0

Tr{Hr−j−k−2V Hk
0V H

j
0

−Pn(PnHPn)r−j−k−2(PnV Pn)(PnH0Pn)
k(PnV Pn)(PnH0Pn)

jPn}

=

r−2∑

j=0

r−j−2∑

k=0

Tr{
[
Hr−j−k−2Pn − (PnHPn)

r−j−k−2
]
PnV H

k
0V H

j
0

+ Hr−j−k−2P⊥
n V H

k
0V H

j
0 + (PnHPn)

r−j−k−2PnV P
⊥
n H

k
0V H

j
0

+ (PnHPn)
r−j−k−2(PnV Pn)

[
PnH

k
0 − (PnH0Pn)

k
]
V Hj

0

+ (PnHPn)
r−j−k−2(PnV Pn)(PnH0Pn)

kPnV P
⊥
n H

j
0

+ (PnHPn)
r−j−k−2(PnV Pn)(PnH0Pn)

k(PnV Pn)
[
PnH

j
0 − (PnH0Pn)

j
]
}. (2.2.2)

Using the results of Lemma 2.2.2, the first term of the expression (2.2.2) leads to

∥∥[Hr−j−k−2 − (PnHPn)
r−j−k−2

]
Pn
∥∥
2
=

∥∥∥∥∥

r−j−k−3∑

l=0

Hr−j−k−l−3(P⊥
n HPn)(PnHPn)

l

∥∥∥∥∥
2

≤ (r − j − k − 2)‖H‖r−j−k−3
∥∥P⊥

n HPn
∥∥
2
≤ r(1 + ‖H‖)r

∥∥P⊥
n HPn

∥∥
2
,

which converges to 0 asn −→ ∞ and hence
∥∥[Hr−j−k−2Pn − (PnHPn)

r−j−k−2
]
PnV H

k
0V H

j
0

∥∥
1

≤
∥∥[Hr−j−k−2 − (PnHPn)

r−j−k−2
]
Pn
∥∥
2
‖V Hk

0V H
j
0‖2

≤ r(1 + ‖H‖)r
∥∥P⊥

n HPn
∥∥
2
‖V ‖22‖H0‖k+j,

which converges to 0 asn −→ ∞. Similarly for the fourth term in (2.2.2), we note that,

∥∥Pn
[
Hk

0 − (PnH0Pn)
k
]∥∥

2
=

∥∥∥∥∥

k−1∑

l=0

PnH
k−l−1
0 (P⊥

n H0Pn)(PnH0Pn)
l

∥∥∥∥∥
2

≤ k‖H0‖k−1
∥∥P⊥

n H0Pn
∥∥
2
≤ k(1 + ‖H0‖)k

∥∥P⊥
n H0Pn

∥∥
2
,
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which converges to 0 asn −→ ∞ by Lemma 2.2.2 and hence
∥∥ (PnHPn)r−j−k−2(PnV Pn)

[
PnH

k
0 − (PnH0Pn)

k
]
V Hj

0

∥∥
1

≤ ‖ (PnHPn)r−j−k−2(PnV Pn)‖2
∥∥Pn

[
Hk

0 − (PnH0Pn)
k
]
V Hj

0

∥∥
2

≤ k(1 + ‖H0‖)k
∥∥P⊥

n H0Pn
∥∥
2
‖V ‖22‖H‖r−j−k−2‖H0‖j,

which converges to 0 asn −→ ∞ and for the sixth term we have
∥∥ (PnHPn)r−j−k−2(PnV Pn)(PnH0Pn)

k(PnV Pn)
[
PnH

j
0 − (PnH0Pn)

j
]∥∥

1

≤ ‖ (PnHPn)
r−j−k−2(PnV Pn)(PnH0Pn)

k(PnV Pn)‖2
∥∥Pn

[
Hj

0 − (PnH0Pn)
j
]∥∥

2

≤ j(1 + ‖H0‖)j
∥∥P⊥

n H0Pn
∥∥
2
‖V ‖22‖H‖r−j−k−2‖H0‖k,

which converges to 0 asn −→ ∞ by Lemma 2.2.2 . For the second term in (2.2.2) we have
∥∥ Hr−j−k−2P⊥

n V H
k
0V H

j
0

∥∥
1
≤ ‖Hr−j−k−2P⊥

n V ‖2‖Hk
0V H

j
0‖2 ≤ ‖P⊥

n V ‖2‖H‖r−j−k−2‖H0‖j+k‖V ‖2,

which converges to 0 asn −→ ∞ since by Lemma 2.2.2,
∥∥P⊥

n V
∥∥
2
−→ 0 as n −→ ∞.

Similarly for the third term in (2.2.2) we have

‖(PnHPn)r−j−k−2PnV P
⊥
n H

k
0V H

j
0‖1 ≤ ‖(PnHPn)r−j−k−2PnV P

⊥
n ‖2‖Hk

0V H
j
0‖2

≤ ‖PnV P⊥
n ‖2‖H‖r−j−k−2‖V ‖2‖H0‖k+j,

which converges to 0 asn −→ ∞ by Lemma 2.2.2 and for the fifth term in (2.2.2) we have the

following estimate

‖(PnHPn)r−j−k−2(PnV Pn)(PnH0Pn)
kPnV P

⊥
n H

j
0‖1

≤ ‖|(PnHPn)r−j−k−2(PnV Pn)(PnH0Pn)
k‖2‖PnV P⊥

n H
j
0‖2

≤ ‖PnV P⊥
n ‖2‖H‖r−j−k−2‖V ‖2‖H0‖k+j,

which converges to 0 asn −→ ∞ by Lemma 2.2.2. Therefore the right hand side of (2.2.2)

converges to 0 asn −→ ∞ and hence the result follows.

Theorem 2.2.5.LetH andH0 be two self-adjoint operators (not necessarily bounded) ina sepa-

rable infinite dimensional Hilbert spaceH such thatH − H0 ≡ V ∈ B2(H). Then there exists a

sequence{Pn} of finite rank projections inH such that for anyT > 0

Tr{eitH − eitH0 −D(1)(eitH0) • V }

= lim
n→∞

Tr{Pn
[
eitPnHPn − eitPnH0Pn −D(1)(eitPnH0Pn) • PnV Pn

]
Pn},

uniformly for all t with |t| ≤ T .
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Proof. As in the case of a finite dimensional Hilbert space, forX ∈ B(H)

eit(H0+X) − eitH0 =

∫ 1

0

dα
d

dα

[
eitα(H0+X).eit(1−α)H0

]
= it

∫ 1

0

dα eitα(H0+X)Xeit(1−α)H0

= it
∫ 1

0

dα eitαH0Xeit(1−α)H0 + it
∫ 1

0

dα
[
eitα(H0+X) − eitαH0

]
Xeit(1−α)H0

= it
∫ 1

0

dα eitαH0Xeit(1−α)H0 + (it)2
∫ 1

0

αdα

∫ 1

0

dβ eitαβ(H0+X)Xeitα(1−β)H0Xeit(1−α)H0

(2.2.3)

on Dom(H0) and hence

∥∥∥∥eit(H0+X) − eitH0 − it
∫ 1

0

dα eitαH0Xeit(1−α)H0

∥∥∥∥ ≤ 1

2
t2‖X‖2,

proving that D(1)(eitH0) • X = it
∫ 1

0
dα eitαH0Xeit(1−α)H0 . SinceR ∋ s −→ eisH , eisH0

are strongly continuous and sinceV ∈ B2(H), it follows that α −→ eitαH0V eit(1−α)H0 is B2-

continuous, then we have

D(1)(eitH0) • V = it
∫ 1

0

eitαH0V eit(1−α)H0dα ∈ B2(H).

Again from the above calculations, we have

eitH − eitH0 −D(1)(eitH0) • V = (it)2
∫ 1

0

αdα

∫ 1

0

dβ eitαβHV eitα(1−β)H0V eit(1−α)H0 (2.2.4)

and sinceβ −→ eitαβ(H0+V )V eitα(1−β)H0V eit(1−α)H0 is B1-continuous, the integral in right hand

side of (2.2.4) exits inB1(H) and hence eitH − eitH0 −D(1)(eitH0) • V ∈ B1(H) and therefore by

Fubini’s theorem,

Tr{eitH − eitH0 −D(1)(eitH0) • V }

= (it)2
∫ 1

0

αdα

∫ 1

0

dβ Tr{eitαβHV eitα(1−β)H0V eit(1−α)H0}.
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Thus,

Tr{eitH − eitH0 −D(1)(eitH0) • V }
− Tr{Pn

[
eitPnHPn − eitPnH0Pn −D(1)(eitPnH0Pn) • PnV Pn

]
Pn}

= (it)2
∫ 1

0

αdα

∫ 1

0

dβ Tr{eitαβHV eitα(1−β)H0V eit(1−α)H0

− (it)2
∫ 1

0

αdα

∫ 1

0

dβ Tr{PneitαβPnHPnPnV Pneitα(1−β)PnH0PnPnV Pneit(1−α)PnH0PnPn}

= (it)2
∫ 1

0

αdα

∫ 1

0

dβ Tr{eitαβHV eitα(1−β)H0V eit(1−α)H0

− PneitαβPnHPnPnV Pneitα(1−β)PnH0PnPnV Pneit(1−α)PnH0PnPn}

= (it)2
∫ 1

0

αdα

∫ 1

0

dβ Tr{
[
eitαβH − eitαβPnHPn

]
PnV eitα(1−β)H0V eit(1−α)H0

+ eitαβHP⊥
n V eitα(1−β)H0V eit(1−α)H0

+ PneitαβPnHPnPnV P
⊥
n eitα(1−β)H0V eit(1−α)H0

+ PneitαβPnHPnPnV Pn
[
eitα(1−β)H0 − eitα(1−β)PnH0Pn

]
PnV eit(1−α)H0

+ PneitαβPnHPnPnV Pneitα(1−β)H0P⊥
n V eit(1−α)H0

+ PneitαβPnHPnPnV Pneitα(1−β)PnH0PnPnV P
⊥
n eit(1−α)H0

+ PneitαβPnHPnPnV Pneitα(1−β)PnH0PnPnV Pn
[
eit(1−α)H0 − eit(1−α)PnH0Pn

]
},

(2.2.5)

where{Pn} is a sequence of finite rank projections as obtained in Lemma 2.2.2.
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In the first term of the expression (2.2.5) :
∥∥[eitαβH − eitαβPnHPn

]
Pn
∥∥
2

=

∥∥∥∥
[∫ 1

0

dγ
d

dγ

(
eitαβγH .eitαβ(1−γ)PnHPn

)]
Pn

∥∥∥∥
2

≤
∥∥∥∥itαβ

∫ 1

0

dγeitαβγHP⊥
n HPne

itαβ(1−γ)PnHPnPn

∥∥∥∥
2

≤ T
∥∥P⊥

n HPn
∥∥
2
,

which converges to0 asn −→ ∞, uniformly for |t| ≤ T by Remark 2.2.3 and hence
∥∥[eitαβH − eitαβPnHPn

]
PnV eitα(1−β)H0V eit(1−α)H0

∥∥
1

≤
∥∥[eitαβH − eitαβPnHPn

]
Pn
∥∥
2
‖V eitα(1−β)H0V eit(1−α)H0‖2

≤ T
∥∥P⊥

n HPn
∥∥
2
‖V ‖22,

which converges to0 asn −→ ∞, uniformly for |t| ≤ T . Similarly for the fourth term in (2.2.5),

we note that,
∥∥[eitα(1−β)H0 − eitα(1−β)PnH0Pn

]
Pn
∥∥
2

=

∥∥∥∥
[∫ 1

0

dγ
d

dγ

(
eitα(1−β)γH0 .eitα(1−β)(1−γ)PnH0Pn

)]
Pn

∥∥∥∥
2

≤
∥∥∥∥itα(1− β)

∫ 1

0

dγeitα(1−β)γH0P⊥
n H0Pneitα(1−β)(1−γ)PnH0PnPn

∥∥∥∥
2

≤ T
∥∥P⊥

n H0Pn
∥∥
2
,

which converges to0 asn −→ ∞, uniformly for |t| ≤ T by Remark 2.2.3 and hence
∥∥PneitαβPnHPnPnV Pn

[
eitα(1−β)H0 − eitα(1−β)PnH0Pn

]
PnV eit(1−α)H0

∥∥
1

≤
∥∥PneitαβPnHPnPnV Pn

∥∥
2
‖
[
eitα(1−β)H0 − eitα(1−β)PnH0Pn

]
PnV eit(1−α)H0‖2

≤ T
∥∥P⊥

n H0Pn
∥∥
2
‖V ‖22,

which converges to0 asn −→ ∞, uniformly for |t| ≤ T and for the seventh term in (2.2.5) we

have
∥∥PneitαβPnHPnPnV Pneitα(1−β)PnH0PnPnV Pn

[
eit(1−α)H0 − eit(1−α)PnH0Pn

]∥∥
1

≤
∥∥PneitαβPnHPnPnV Pneitα(1−β)PnH0Pn

∥∥
2
‖PnV Pn

[
eit(1−α)H0 − eit(1−α)PnH0Pn

]
‖2

≤ T
∥∥P⊥

n H0Pn
∥∥
2
‖V ‖22,

which converges to0 asn −→ ∞, uniformly for |t| ≤ T by Remark 2.2.3. For the second term in

(2.2.5) we have
∥∥eitαβHP⊥

n V eitα(1−β)H0V eit(1−α)H0
∥∥
1

≤
∥∥eitαβHP⊥

n V
∥∥
2

∥∥eitα(1−β)H0V eit(1−α)H0
∥∥
2
≤
∥∥P⊥

n V
∥∥
2
‖V ‖2,
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which converges to0 asn −→ ∞ by Remark 2.2.3. Similarly for the third term in (2.2.5) we have

∥∥PneitαβPnHPnPnV P
⊥
n eitα(1−β)H0V eit(1−α)H0

∥∥
1

≤
∥∥PneitαβPnHPnPnV P

⊥
n

∥∥
2

∥∥eitα(1−β)H0V eit(1−α)H0
∥∥
2
≤
∥∥P⊥

n V Pn
∥∥
2
‖V ‖2,

which converges to0 asn −→ ∞ by Remark 2.2.3 and for the fifth term in (2.2.5) we have

∥∥PneitαβPnHPnPnV Pneitα(1−β)H0P⊥
n V eit(1−α)H0

∥∥
1

≤
∥∥PneitαβPnHPnPnV Pn

∥∥
2

∥∥eitα(1−β)H0P⊥
n V eit(1−α)H0

∥∥
2
≤
∥∥P⊥

n V
∥∥
2
‖V ‖2,

which converges to0 asn −→ ∞ by Remark 2.2.3. Finally for the sixth term in (2.2.5) we have

the following estimate

∥∥PneitαβPnHPnPnV Pneitα(1−β)PnH0PnPnV P
⊥
n eit(1−α)H0

∥∥
1

≤
∥∥PneitαβPnHPnPnV Pn

∥∥
2

∥∥eitα(1−β)PnH0PnPnV P
⊥
n eit(1−α)H0

∥∥
2
≤
∥∥P⊥

n V Pn
∥∥
2
‖V ‖2,

which converges to0 asn −→ ∞ by Remark 2.2.3. Therefore the right hand side of (2.2.5)

converges to0 asn −→ ∞ and hence the result follows.

2.3 Koplienko formula for both bounded and unbounded cases

In this section, we derive the trace formulas for both bounded and unbounded self-adjoint pairs

(H0, H).

Theorem 2.3.1.LetH andH0 be two bounded self-adjoint operators in an infinite dimensional

separable Hilbert spaceH such thatH − H0 ≡ V ∈ B2(H). Then for any polynomialp(.),

p(H)− p(H0)−D(1)p(H0) • V ∈ B1(H) and there exists a unique non-negativeL1(R)-function

η supported on[a, b] such that

Tr{p(H)− p(H0)−D(1)p(H0) • V } =

∫ b

a

p′′(λ)η(λ)dλ,

where,a = inf σ(H0)− ‖V ‖, b = sup σ(H0) + ‖V ‖. Furthermore
∫ b
a
|η(λ)|dλ = 1

2
‖V ‖22.
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Proof. By Theorem 2.2.4 and Theorem 2.1.1, we have thatp(H)−p(H0)−D(1)p(H0)•V ∈ B1(H)

and

Tr{p(H)− p(H0)−D(1)p(H0) • V }
= lim

n→∞
Tr{Pn

[
p(PnHPn)− p(PnH0Pn)−D(1)p(PnH0Pn) • PnV Pn

]
Pn}

= lim
n→∞

∫ b

a

p
′′

(λ)ηn(λ)dλ,

with ηn(λ) given by (2.1.2), and‖ηn‖1 = 1
2
‖Pn(H −H0)Pn‖22, which clearly converges to

1
2
‖V ‖22 asn −→ ∞, since|‖PnV Pn‖2 − ‖V ‖2| ≤ ‖PnV Pn − V ‖2 ≤

∥∥PnV P⊥
n

∥∥
2
+
∥∥P⊥

n V
∥∥
2
,

which converges to 0 asn −→ ∞ . SetVn ≡ PnV Pn; Hn ≡ PnHPn; H0,n ≡ PnH0Pn

andEH0,n(.), EHs,n
(.) are the spectral families ofH0,n andHs,n ≡ PnHsPn respectively.

Following the idea contained in the paper of Gestezy et.al ([3]) and using the expression

(2.1.2), we have forf ∈ L∞([a, b]) andg(λ) =
∫ λ
a
f(µ)dµ that

∫ b

a

f(λ) [ηn(λ)− ηm(λ)] dλ =

∫ b

a

g′(λ) [ηn(λ)− ηm(λ)] dλ

=

∫ b

a

g′(λ)dλ

∫ 1

0

Tr{Vn
[
EH0,n(λ)−EHs,n

(λ)
]
} ds

−
∫ b

a

g′(λ)dλ

∫ 1

0

Tr{Vm
[
EH0,m(λ)− EHs,m

(λ)
]
} ds.

(2.3.1)

Again by using Fubini’s theorem to interchange the orders ofintegration, the right hand side

of (4.3.24) is equal to
∫ 1

0

ds

∫ b

a

g′(λ) Tr{Vn
[
EH0,n(λ)− EHs,n

(λ)
]
} dλ

−
∫ 1

0

ds

∫ b

a

g′(λ)Tr{Vm
[
EH0,m(λ)− EHs,m

(λ)
]
} dλ

=

∫ 1

0

ds

∫ b

a

g′(λ) Tr{Vn
[
EH0,n(λ)− EHs,n

(λ)
]

− Vm
[
EH0,m(λ)−EHs,m

(λ)
]
} dλ.

(2.3.2)
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Next by doing integration by-parts, the right hand side of (4.3.25) becomes
∫ 1

0

ds {g(λ) Tr(Vn
[
EH0,n(λ)−EHs,n

(λ)
]

− Vm
[
EH0,m(λ)−EHs,m

(λ)
]
)}|bλ=a

−
∫ 1

0

ds

∫ b

a

g(λ) Tr{Vn
[
EH0,n(dλ)−EHs,n

(dλ)
]

− Vm
[
EH0,m(dλ)−EHs,m

(dλ)
]
}

=

∫ 1

0

ds

∫ b

a

g(λ) Tr{Vn
[
EHs,n

(dλ)− EH0,n(dλ)
]

− Vm
[
EHs,m

(dλ)− EHn,m
(dλ)

]
}

=

∫ 1

0

ds Tr{Vn [g(Hs,n)− g(H0,n)]− Vm [g(Hs,m)− g(H0,m)]}, (2.3.3)

where we have noted that all the boundary terms vanishes. Next we note that as in (2.1.6)

g(H0)− g(Hs) = −s
∫ b

a

∫ b

a

g(α)− g(β)

α− β
G(dα× dβ)V,

whereG(∆× δ)X = EH0(∆)XEHs
(δ) ( X ∈ B2(H) and∆× δ ⊆ R× R) extends to a spectral

measure onR2 in the Hilbert spaceB2(H). Therefore‖g(Hs)− g(H0)‖2 ≤ s ‖f‖∞ ‖V ‖2, since

sup
α,β∈[a,b];α6=β

∣∣∣∣
g(α)− g(β)

α− β

∣∣∣∣ ≤ ‖f‖∞. Again as in (2.1.6), we have for 0 ≤ s ≤ 1,

Pn [g(Hs,n)− g(Hs)]Pn =

∫ b

a

∫ b

a

g(α)− g(β)

α− β
PnEHs,n

(dα) [Hs,n −Hs]EHs
(dβ)Pn

=

∫ b

a

∫ b

a

g(α)− g(β)

α− β
PnEHs,n

(dα) [Pn(H0 + sV )Pn − (H0 + sV )]EHs
(dβ)Pn

= −
∫ b

a

∫ b

a

g(α)− g(β)

α− β
PnEHs,n

(dα)
[
PnH0P

⊥
n + sPnV P

⊥
n

]
EHs

(dβ)Pn

= −Pn{
∫ b

a

∫ b

a

g(α)− g(β)

α− β
G(s,n)(dα× dβ)

[
PnH0P

⊥
n + sPnV P

⊥
n

]
}Pn,

whereG(s,n)(∆ × δ)X = EHs,n
(∆)XEHs

(δ) ( X ∈ B2(H) and∆ × δ ⊆ R × R) extends to a

spectral measure onR2 in the Hilbert spaceB2(H) (see section 1.3 for details) and hence

‖Pn [g(Hs,n)− g(Hs)]Pn‖2 ≤ ‖f‖∞
(∥∥PnH0P

⊥
n

∥∥
2
+ s

∥∥PnV P⊥
n

∥∥
2

)
.

In particular fors = 0, we have

‖Pn [g(H0,n)− g(H0)]Pn‖2 ≤ ‖f‖∞
∥∥PnH0P

⊥
n

∥∥
2
.
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Therefore
∣∣∣∣
∫ b

a

f(λ) [ηn(λ)− ηm(λ)] dλ

∣∣∣∣

=

∣∣∣∣
∫ 1

0

ds Tr{Vn [g(Hs,n)− g(H0,n)]− Vm [g(Hs,m)− g(H0,m)]}
∣∣∣∣

= |
∫ 1

0

ds (Tr(Vn{[g(Hs,n)− g(H0,n)]− [g(Hs)− g(H0)]})

− Tr(Vm{[g(Hs,m)− g(H0,m)]− [g(Hs)− g(H0)]})
+ Tr{(Vn − Vm) [g(Hs)− g(H0)]})|

= |
∫ 1

0

ds (Tr(Vn{[g(Hs,n)− g(Hs)]− [g(H0,n)− g(H0)]})

− Tr(Vm{[g(Hs,m)− g(Hs)]− [g(H0,m)− g(H0)]})
+ Tr{(Vn − Vm) [g(Hs)− g(H0)]})|

≤
∫ 1

0

ds {‖Vn‖2(‖Pn [g(Hs,n)− g(Hs)] ‖2 + ‖Pn [g(H0,n)− g(H0)] ‖2)

− ‖Vm‖2(‖Pm [g(Hs,m)− g(Hs)] ‖2 + ‖Pm [g(H0,m)− g(H0)] ‖2)
+ ‖(Vn − Vm)‖2‖ [g(Hs)− g(H0)] ‖2}

≤ ‖f‖∞‖V ‖2 (
∫ 1

0

ds{2
(∥∥PnH0P

⊥
n

∥∥
2
+
∥∥PmH0P

⊥
m

∥∥
2

)

+ s
(∥∥PnV P⊥

n

∥∥
2
+
∥∥PmV P⊥

m

∥∥
2

)
+ s‖Vn − Vm‖2}).

Hence

sup
f∈L∞([a,b])

∣∣∣
∫ b
a
f(λ) [ηn(λ)− ηm(λ)] dλ

∣∣∣
‖f‖∞

≤ ‖f‖∞‖V ‖2 (
∫ 1

0

ds{2
(∥∥PnH0P

⊥
n

∥∥
2
+
∥∥PmH0P

⊥
m

∥∥
2

)

+ s
(∥∥PnV P⊥

n

∥∥
2
+
∥∥PmV P⊥

m

∥∥
2

)
+ s‖Vn − Vm‖2})

i.e. ‖ηn − ηm‖L1([a,b]) ≤ ‖f‖∞‖V ‖2 (
∫ 1

0

ds{2
(∥∥PnH0P

⊥
n

∥∥
2
+
∥∥PmH0P

⊥
m

∥∥
2

)

+ s
(∥∥PnV P⊥

n

∥∥
2
+
∥∥PmV P⊥

m

∥∥
2

)
+ s‖Vn − Vm‖2}),

which converges to zero asm, n −→ ∞ and therefore{ηn} is a Cauchy sequence of non-negative

functions inL1([a, b]) and hence there exists a non-negativeL1([a, b])- functionη such that{ηn}
converges toη in L1-norm. Thus

Tr{p(H)− p(H0)−D(1)p(H0) • V } = lim
n→∞

∫ b

a

p′′(λ)ηn(λ)dλ =

∫ b

a

p′′(λ)η(λ)dλ.
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For uniqueness, let us assume that there existsη1, η2 ∈ L1([a, b]) such that

Tr
[
p(H)− p(H0)−D(1)p(H0) • V

]
=

∫ b

a

p′′(λ)ηj(λ)dλ,

wherep(.) is a polynomial andj = 1, 2. Therefore
∫ b

a

p′′(λ) η(λ) dλ = 0 ∀ polynomials p(.) and η ≡ η1 − η2 ∈ L1([a, b]),

which together with the fact that
∫ b
a
η1(λ) dλ =

∫ b
a
η2(λ) dλ = 1

2
Tr(V 2) (which one can easily

arrive at by settingp(λ) = λ2 in the above formula), implies that
∫ b

a

λrη(λ)dλ = 0 ∀ r ≥ 0. Hence by an application of Fubini’s theorem, we get that

∫ ∞

−∞
e−itλ η(λ) dλ =

∞∑

n=0

1

n!

∫ ∞

−∞
(−itλ)n η(λ) dλ = 0.

Hence ∫ ∞

−∞
e−itλ η(λ) dλ = 0 ∀ t ∈ R.

Thereforeη is anL1([a, b])- function whose Fourier transform̂η(t) vanishes identically, implying

thatη = 0 or η1 = η2 a.e.

Lemma 2.3.2.LetH andH0 be two self-adjoint operators in an infinite dimensional separable

Hilbert spaceH such thatH −H0 ≡ V ∈ B2(H). TheneitH − eitH0 −D(1)(eitH0) • V ∈ B1(H)

and there exists a unique non-negativeL1(R)-functionη such that

Tr{eitH − eitH0 −D(1)(eitH0) • V } = (it)2
∫

R
eitλη(λ)dλ

and‖η‖1 = 1
2
‖V ‖22.

Proof. By Theorem 2.2.5 we conclude that, there exists a sequence{Pn} of finite rank projections

such that

Tr{eitH−eitH0−D(1)(eitH0)•V } = lim
n→∞

Tr{Pn
[
eitHn − eitH0,n −D(1)(eitH0,n) • Vn

]
Pn}, (2.3.4)

whereHn ≡ PnHPn, H0,n ≡ PnH0Pn andVn ≡ PnV Pn, and the convergence is uniform

45
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in t for |t| ≤ T . Note that by constructionPnH ⊆ Dom(H0) = Dom(H) (see proof of

Proposition 2.2.1) and hence bothHn andH0,n are self-adjoint operators in the finite

dimensional spacePnH. By (2.1.4), there exists a unique non-negativeηn ∈ L1(R) such

that

Tr{Pn
[
eitHn − eitH0,n −D(1)(eitH0,n) • Vn

]
Pn} = (it)2

∫ ∞

−∞
eitληn(λ)dλ, (2.3.5)

with ηn(λ) given by (2.1.2), and hence

Tr{eitH − eitH0 −D(1)(eitH0) • V } = (it)2 lim
n→∞

∫ ∞

−∞
eitληn(λ)dλ, (2.3.6)

the convergence being uniform int for |t| ≤ T . Furthermore,‖ηn‖1 = 1
2
‖Pn(H −H0)Pn‖22,

which clearly converges to1
2
‖V ‖22 asn→ ∞ . In order to prove theL1(R)-convergence

of {ηn}, we essentially repeat the procedure as in the proof of Theorem 2.3.1, except that

one needs to take into account the possibility that the indefinite integralg of aL∞(R)-

functionf may have a linear part, which will makeg(H0) andg(H) unbounded operators.

Next we note that as in (2.1.6)

g(H0)− g(Hs) = −s
∫ ∞

−∞

∫ ∞

−∞

g(α)− g(β)

α− β
G(dα× dβ)V,

whereG(∆× δ)X = EH0(∆)XEHs
(δ) ( X ∈ B2(H) and∆× δ ⊆ R× R) extends to a

spectral measure onR2 in the Hilbert spaceB2(H). Therefore

‖g(Hs)− g(H0)‖2 ≤ s ‖f‖∞ ‖V ‖2, since

sup
α,β∈R;α6=β

∣∣∣∣
g(α)− g(β)

α− β

∣∣∣∣ ≤ ‖f‖∞. Again as in (2.1.6), we have for 0 ≤ s ≤ 1,
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Pn [g(Hs,n)− g(Hs)]Pn =

∫ ∞

−∞

∫ ∞

−∞

g(α)− g(β)

α− β
PnEHs,n

(dα) [Hs,n −Hs]EHs
(dβ)Pn

=

∫ ∞

−∞

∫ ∞

−∞

g(α)− g(β)

α− β
PnEHs,n

(dα) [Pn(H0 + sV )Pn − (H0 + sV )]EHs
(dβ)Pn

= −
∫ ∞

−∞

∫ ∞

−∞

g(α)− g(β)

α− β
PnEHs,n

(dα)
[
PnH0P

⊥
n + sPnV P

⊥
n

]
EHs

(dβ)Pn

= −Pn{
∫ ∞

−∞

∫ ∞

−∞

g(α)− g(β)

α− β
G(s,n)(dα× dβ)

[
PnH0P

⊥
n + sPnV P

⊥
n

]
}Pn,

whereG(s,n)(∆ × δ)X = EHs,n
(∆)XEHs

(δ) ( X ∈ B2(H) and∆ × δ ⊆ R × R) extends to a

spectral measure onR2 in the Hilbert spaceB2(H) and hence

‖Pn [g(Hs,n)− g(Hs)]Pn‖2 ≤ ‖f‖∞
(∥∥PnH0P

⊥
n

∥∥
2
+ s

∥∥PnV P⊥
n

∥∥
2

)
.

In particular fors = 0, we have

‖Pn [g(H0,n)− g(H0)]Pn‖2 ≤ ‖f‖∞
∥∥PnH0P

⊥
n

∥∥
2
.

Since for fixed finitem andn, the support of the spectral measures involved are compact,then

using the expression (2.1.2) and using the indefinite integral g of f ∈ L∞(R), we have

∫ ∞

−∞
f(λ) [ηn(λ)− ηm(λ)] dλ =

∫ ∞

−∞
g′(λ) [ηn(λ)− ηm(λ)] dλ

=

∫ ∞

−∞
g′(λ)dλ

∫ 1

0

Tr{Vn
[
EH0,n(λ)−EHs,n

(λ)
]
} ds

−
∫ ∞

−∞
g′(λ)dλ

∫ 1

0

Tr{Vm
[
EH0,m(λ)− EHs,m

(λ)
]
} ds

(2.3.7)

Again by using Fubini’s theorem to interchange the orders ofintegration, the right hand side of

(2.3.7) is equal to

∫ 1

0

ds

∫ ∞

−∞
g′(λ) Tr{Vn

[
EH0,n(λ)−EHs,n

(λ)
]
} dλ

−
∫ 1

0

ds

∫ ∞

−∞
g′(λ)Tr{Vm

[
EH0,m(λ)−EHs,m

(λ)
]
} dλ

=

∫ 1

0

ds

∫ ∞

−∞
g′(λ) Tr{Vn

[
EH0,n(λ)−EHs,n

(λ)
]
− Vm

[
EH0,m(λ)− EHs,m

(λ)
]
} dλ
(2.3.8)
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Next by doing integration by-parts, the right hand side of (2.3.8) becomes

∫ 1

0

ds {g(λ) Tr(Vn
[
EH0,n(λ)− EHs,n

(λ)
]

− Vm
[
EH0,m(λ)−EHs,m

(λ)
]
)}|∞λ=−∞

−
∫ 1

0

ds

∫ ∞

−∞
g(λ) Tr{Vn

[
EH0,n(dλ)−EHs,n

(dλ)
]

− Vm
[
EH0,m(dλ)−EHs,m

(dλ)
]
}

=

∫ 1

0

ds

∫ ∞

−∞
g(λ) Tr{Vn

[
EHs,n

(dλ)− EH0,n(dλ)
]

− Vm
[
EHs,m

(dλ)− EHn,m
(dλ)

]
}

=

∫ 1

0

ds Tr{Vn [g(Hs,n)− g(H0,n)]− Vm [g(Hs,m)− g(H0,m)]}, (2.3.9)

where we have noted that all the boundary terms vanishes. Therefore
∣∣∣∣
∫ ∞

−∞
f(λ) [ηn(λ)− ηm(λ)] dλ

∣∣∣∣

=

∣∣∣∣
∫ 1

0

ds Tr{Vn [g(Hs,n)− g(H0,n)]− Vm [g(Hs,m)− g(H0,m)]}
∣∣∣∣

= |
∫ 1

0

ds (Tr(Vn{[g(Hs,n)− g(H0,n)]− [g(Hs)− g(H0)]})

− Tr(Vm{[g(Hs,m)− g(H0,m)]− [g(Hs)− g(H0)]})
+ Tr{(Vn − Vm) [g(Hs)− g(H0)]})|

= |
∫ 1

0

ds (Tr(Vn{[g(Hs,n)− g(Hs)]− [g(H0,n)− g(H0)]})

− Tr(Vm{[g(Hs,m)− g(Hs)]− [g(H0,m)− g(H0)]})
+ Tr{(Vn − Vm) [g(Hs)− g(H0)]})|

≤
∫ 1

0

ds {‖Vn‖2(‖Pn [g(Hs,n)− g(Hs)] ‖2 + ‖Pn [g(H0,n)− g(H0)] ‖2)

− ‖Vm‖2(‖Pm [g(Hs,m)− g(Hs)] ‖2 + ‖Pm [g(H0,m)− g(H0)] ‖2)
+ ‖(Vn − Vm)‖2‖ [g(Hs)− g(H0)] ‖2}

≤ ‖f‖∞‖V ‖2 (
∫ 1

0

ds{2
(∥∥PnH0P

⊥
n

∥∥
2
+
∥∥PmH0P

⊥
m

∥∥
2

)

+ s
(∥∥PnV P⊥

n

∥∥
2
+
∥∥PmV P⊥

m

∥∥
2

)
+ s‖Vn − Vm‖2}).
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Therefore, by Remark 2.2.3 and the Hahn-Banach theorem,{ηn} is a Cauchy sequence of non-

negative functions inL1(R) and hence there exists a non-negativeL1(R)- function η such that

{ηn} converges toη in L1-norm. Thus

Tr{eitH − eitH0 −D(1)(eitH0) • V } = (it)2 lim
n→∞

∫

R
eitληn(λ)dλ = (it)2

∫

R
eitλη(λ)dλ. (2.3.10)

For uniqueness, let us assume that there existsη1, η2 ∈ L1(R) such that

Tr{eitH − eitH0D(1)(eitH0) • V } = (it)2
∫

R
eitληj(λ)dλ,

for j = 1, 2 and hence ∫

R
eitλ [η1(λ)− η2(λ)] dλ = 0 ∀ t ∈ R,

since
∫
R η1(λ)dλ =

∫
R η2(λ)dλ = 1

2
‖V ‖22 and η1 − η2 ∈ L1(R). Then by Fourier Inversion

Theorem we conclude thatη1 = η2 a.e.

Theorem 2.3.3.LetH andH0 be two self-adjoint operators in an infinite dimensional separable

Hilbert spaceH such thatH − H0 ≡ V ∈ B2(H) andf ∈ S(R)(the Schwartz class of smooth

functions of rapid decrease). Thenf(H)− f(H0)−D(1)f(H0) • V ∈ B1(H) and

Tr{f(H)− f(H0)−D(1)f(H0) • V } =

∫

R
f

′′

(λ)η(λ)dλ,

whereη is a unique non-negativeL1(R) -function with‖η‖1 = 1
2
‖V ‖22.

Proof. By the spectral theorem and Fourier Inversion theorem, we have forg, h ∈ H

〈f(H)g, h〉 =
∫

R
f(λ)〈EH(dλ)g, h〉 =

∫

R

(∫

R
f̂(t)eitλ dt

)
〈EH(dλ)g, h〉. (2.3.11)

Again by an application of Fubini’s theorem the right hand side of (4.3.27) is equal to

∫

R
f̂(t) dt

(∫

R
eitλ 〈EH(dλ)g, h〉

)
=

∫

R
f̂(t) dt〈eitHg, h〉 =

〈∫

R
f̂(t)eitH dt g, h

〉
,

proving that

f(H) =

∫

R
f̂(t)eitHdt and similarly f(H0) =

∫

R
f̂(t)eitH0dt.
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Again forX ∈ B(H),

f(H0 +X)− f(H0) =

∫

R
f̂(t) dt

[
eit(H0+X) − eitH

]
= it

∫

R
f̂(t) dt

∫ 1

0

dα eitα(H0+X)Xeit(1−α)H0

= it
∫

R
f̂(t) dt

∫ 1

0

dα eitαH0Xeit(1−α)H0 + it
∫

R
f̂(t) dt

∫ 1

0

dα
[
eitα(H0+X) − eitαH0

]
Xeit(1−α)H0

=

∫

R
f̂(t) dt

[
D(1)(eitH0) •X

]
+

∫

R
f̂(t) dt (it)2

∫ 1

0

αdα

∫ 1

0

dβ eitαβ(H0+X)Xeitα(1−β)H0Xeit(1−α)H0 ,

on Dom(H0) and hence
∥∥∥∥f(H0 +X)− f(H0)−

∫

R
f̂(t) dt

[
D(1)(eitH0) •X

]∥∥∥∥ ≤ ‖t2f̂‖L1

1

2
‖X‖2,

proving that

D(1)f(H0) •X =

∫

R
f̂(t)

[
D(1)

(
eitH0

)
•X

]
dt.

SinceR ∋ s −→ eis(H0+V ), eisH0 are strongly continuous and sinceV ∈ B2(H), it follows that

β −→ eitαβ(H0+V )V eitα(1−β)H0V eit(1−α)H0 isB1-continuous and using the fact thatf̂ ∈ S(R), from

the above calculations we conclude that

f(H)− f(H0)−D(1)f(H0) • V =

∫

R
f̂(t) dt

[
eitH − eitH0 −D(1)

(
eitH0

)
• V
]

=

∫ ∞

−∞
f̂(t) dt (it)2

∫ 1

0

αdα

∫ 1

0

dβ eitαβHV eitα(1−β)H0V eit(1−α)H0 ∈ B1(H).

Finally by an application of Fubini’s theorem and using Lemma 2.3.2, we have

Tr{f(H)− f(H0)−D(1)f(H0) • V } =

∫

R
f̂(t) Tr{eitH − eitH0 −D(1)(eitH0) • V } dt

=

∫

R
f̂(t)

(
(it)2

∫

R
eitλη(λ)dλ

)
dt =

∫

R
η(λ) dλ

(∫

R
(it)2f̂(t)eitλ dt

)
=

∫

R
f

′′

(λ)η(λ)dλ.

Remark 2.3.4. Let f be a function onR such that

f(λ) =

∫ ∞

−∞

eitλ − 1− itλ
(it)2

ν(dt) + C̃1λ+ C̃2,

whereC̃1, C̃2 are some constants andν is a complex measure onR. It is worth observing that

f(H) andf(H0) are normal and not necessarily bounded operators. Moreover, Domf(H) and

Domf(H0) contains Dom(H2) and Dom(H2
0 ) respectively. Indeed,

eitλ − 1 = it
∫ λ

0

dx eitx = it
∫ λ

0

dx

(
it
∫ x

0

dy eity + 1

)
= (it)2

∫ λ

0

dx

∫ x

0

dy eity + it λ
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i.e.
eitλ − 1− itλ

(it)2
=

∫ λ

0

dx

∫ x

0

dy eity and hence

∣∣∣∣
eitλ − 1− itλ

(it)2

∣∣∣∣ ≤
1

2
λ2.

Therefore

|f(λ)| ≤
∫ ∞

−∞

∣∣∣∣
eitλ − 1− itλ

(it)2

∣∣∣∣ |ν|(dt) +
∣∣∣C̃1

∣∣∣ |λ|+
∣∣∣C̃2

∣∣∣ ≤ |ν|(R)
2

|λ|2 +
∣∣∣C̃1

∣∣∣ |λ|+
∣∣∣C̃2

∣∣∣ ,

where|ν|(R)(<∞) is the total variation of the measureν. Hence forh ∈ Dom(H2) ⊆ Dom(H) ,

we have
∫ ∞

−∞
|f(λ)|2 ‖EH(dλ)h‖2 ≤

∫ ∞

−∞

( |ν|(R)
2

|λ|2 +
∣∣∣C̃1

∣∣∣ |λ|+
∣∣∣C̃2

∣∣∣
)2

‖EH(dλ)h‖2

≤ 4

( |ν|(R)
2

)2 ∫ ∞

−∞
λ4 ‖EH(dλ)h‖2 + 4

(∣∣∣C̃1

∣∣∣
)2 ∫ ∞

−∞
λ2 ‖EH(dλ)h‖2

+ 2
(∣∣∣C̃2

∣∣∣
)2 ∫ ∞

−∞
‖EH(dλ)h‖2

<∞,

proving that Dom(H2) ⊆ Domf(H). Similarly by the same above argument we conclude that

Dom(H2
0 ) ⊆ Domf(H0). Moreover,f is twice continuously differentiable and

f ′(λ) =

∫ ∞

−∞

eitλ − 1

(it)
ν(dt) + C̃1 and f ′′(λ) =

∫ ∞

−∞
eitλ ν(dt).

ForX ∈ B(H), consider the following expression on Dom(H0)
∫ ∞

−∞

[
eit(H0+X) − 1− it(H0 +X)

(it)2
− eitH0 − 1− itH0

(it)2

]
ν(dt) + C̃1 [(H0 +X)−H0] . (2.3.12)

But the right hand side of (2.3.12) is equal to
∫ ∞

−∞
D(1)

(
eitH0 − 1− itH0

(it)2

)
•X ν(dt) + C̃1D

(1) (H0) •X

+

∫ ∞

−∞

[
eit(H0+X) − 1− it(H0 +X)

(it)2
− eitH0 − 1− itH0

(it)2
−D(1)

(
eitH0 − 1− itH0

(it)2

)
•X

]
ν(dt)

+ C̃1

[
(H0 +X)−H0 −D(1) (H0) •X

]

=

∫ ∞

−∞
D(1)

(
eitH0 − 1− itH0

(it)2

)
•X ν(dt) + C̃1D

(1) (H0) •X

+

∫ ∞

−∞

1

(it)2
[
eit(H0+X) − eitH0 −D(1)(eitH0) •X

]
ν(dt)

=

∫ ∞

−∞
D(1)

(
eitH0 − 1− itH0

(it)2

)
•X ν(dt) + C̃1D

(1) (H0) •X

+

∫ ∞

−∞
ν(dt)

∫ 1

0

αdα

∫ 1

0

dβ eitαβ(H0+X)Xeitα(1−β)H0Xeit(1−α)H0 ,
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on Dom(H0) and using the expression (2.2.4) and hence
∥∥∥∥f(H0 +X)− f(H0)−

[∫ ∞

−∞
D(1)

(
eitH0 − 1− itH0

(it)2

)
•X ν(dt) + C̃1D

(1) (H0) •X
]∥∥∥∥

≤ 1

2
‖X‖2|ν|(R),

proving that

D(1)f(H0) •X =

∫ ∞

−∞
D(1)

(
eitH0 − 1− itH0

(it)2

)
•X ν(dt) + C̃1D

(1) (H0) •X.

Next consider the expression

∫ ∞

−∞

[
eitH − 1− itH

(it)2
− eitH0 − 1− itH0

(it)2
−D(1)

(
eitH0 − 1− itH0

(it)2

)
• V
]
ν(dt)

+ C̃1[H −H0 −D(1) (H0) • V ]

(2.3.13)

on Dom(H0). But the right hand side of (2.3.13) is equal to
∫ ∞

−∞

1

(it)2
[
eitH − eitH0 −D(1)(eitH0) • V

]
ν(dt)

=

∫ ∞

−∞
ν(dt)

∫ 1

0

αdα

∫ 1

0

dβ eitαβHV eitα(1−β)H0V eit(1−α)H0 , (2.3.14)

on Dom(H0) and using the expression (2.2.4). On the other hand the righthand side of (2.3.14) is

a well-definedB1(H) operator and hence if{f(H)− f(H0)−D(1)f(H0) • V } is densely defined,

then it can be extended to whole ofH as a trace class operator and

Tr{f(H)− f(H0)−D(1)f(H0) • V }

=

∫ ∞

−∞

1

(it)2
Tr{eitH − eitH0 −D(1)(eitH0) • V }ν(dt)

=

∫ ∞

−∞

1

(it)2

(
(it)2

∫

R
eitλη(λ)dλ

)
ν(dt) =

∫ ∞

−∞

(∫

R
eitλν(dt)

)
η(λ)dλ

=

∫ ∞

−∞
f

′′

(λ)η(λ)dλ,

by using the expression (2.3.10) and using Fubini’s theorem.
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Chapter 3

Third Order Trace Formula

Restating the result as in Section 1.6 of Chapter 1 in the particular case wherep = 3 , we have the

following [4]. LetA (possibly unbounded) be a self-adjoint operator inH with σ(A) as the spectra

andEA(λ) the spectral family andV be a self-adjoint operator inH such thatV ∈ B2(H), then

(i) there is a unique finite real-valued measureν3 onR such that the trace formula

Tr{φ(A+ V )− φ(A)−D(1)φ(A) • V − 1

2
D(2)φ(A) • (V, V )} =

∫ ∞

−∞
φ′′′(λ)dν3(λ), (3.0.1)

holds for suitable functionsφ, whereD(2)φ(A) is the second order Frechet derivative ofφ at A

[1]. Moreover, the total variation ofν3 is bounded by1
3!
‖V ‖32.

(ii) If, in addition,A is bounded, thenν3 is absolutely continuous.

In this chapter we give a new proof of formula (3.0.1) in the form (ii) for both bounded and

unbounded (but bounded below) self-adjoint cases [8] .
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3.1. Bounded Case

3.1 Bounded Case

The next three lemmas are preparatory for the proof of the main theorem of this section, Theorem

3.1.5.

Lemma 3.1.1. Let, for a givenn ∈ N, {ak}n−1
k=0 be a sequence of complex numbers such that

an−k−1 = ak. Then
n−1∑

j=0

n−j−1∑

k=0

ak +

n∑

j=1

j−1∑

k=0

ak = (n+ 1)

n−1∑

k=0

ak.

Proof. By changing the indices of summation and using the factan−k−1 = ak, we get that

n−1∑

j=0

n−j−1∑

k=0

ak +

n∑

j=1

j−1∑

k=0

ak =

n−1∑

j=0

n−1∑

k=j

an−k−1 +

n−1∑

j=0

j∑

k=0

ak =

n−1∑

j=0

n−1∑

k=j

ak +

n−1∑

j=0

j∑

k=0

ak

=

n−1∑

j=0

aj +

(
n−1∑

k=j+1

ak +

j∑

k=0

ak

)
=

n−1∑

j=0

aj +

n−1∑

j=0

n−1∑

k=0

ak =

n−1∑

j=0

aj + n

n−1∑

k=0

ak = (n+ 1)

n−1∑

k=0

ak.

Lemma 3.1.2. Let A and V be two bounded self-adjoint operators in an infinite dimensional

Hilbert spaceH such thatV ∈ B3(H). Letp(λ) = λr (r ≥ 0).Then

Tr

[
(A + V )r − Ar −D(1)(Ar) • V − 1

2
D(2)(Ar) • (V, V )

]

= r
r−2∑

k=0

∫ 1

0

ds

∫ s

0

dτ Tr
[
V Ar−k−2

τ V Akτ − V Ar−k−2V Ak
]
,

(3.1.1)

whereAτ = A+ τV and0 ≤ τ ≤ 1.

Proof. We have already shown in(i) of Theorem 2.1.1 that

D(1)(Ar) •X =

r−1∑

j=0

Ar−j−1XAj where X ∈ B(H).
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Chapter 3 : Third Order Trace Formula

Again forX, Y ∈ B(H),

D(1)((A+X)r) • Y −D(1)(Ar) • Y

=

r−1∑

j=0

(A +X)r−j−1Y (A+X)j −
r−1∑

j=0

Ar−j−1Y Aj

=

r−1∑

j=0

[
(A +X)r−j−1 − Ar−j−1

]
Y (A +X)j +

r−1∑

j=0

Ar−j−1Y
[
(A +X)j − Aj

]

=
r−2∑

j=0

r−j−2∑

k=0

(A+X)r−j−k−2XAkY (A+X)j +
r−1∑

j=1

j−1∑

k=0

Ar−j−1Y (A+X)kXAj−k−1,

and hence

D(1)((A+X)r) • Y −D(1)(Ar) • Y

−
(
r−2∑

j=0

r−j−2∑

k=0

Ar−j−k−2XAkY Aj +
r−1∑

j=1

j−1∑

k=0

Ar−j−1Y AkXAj−k−1

)

=
r−2∑

j=0

r−j−2∑

k=0

(A+X)r−j−k−2XAkY (A+X)j +
r−1∑

j=1

j−1∑

k=0

Ar−j−1Y (A+X)kXAj−k−1

−
(
r−2∑

j=0

r−j−2∑

k=0

Ar−j−k−2XAkY Aj +
r−1∑

j=1

j−1∑

k=0

Ar−j−1Y AkXAj−k−1

)

=

r−2∑

j=0

r−j−2∑

k=0

[
(A+X)r−j−k−2 −Ar−j−k−2

]
XAkY (A +X)j

+

r−2∑

j=0

r−j−2∑

k=0

Ar−j−k−2XAkY
[
(A+X)j − Aj

]

+

r−1∑

j=1

j−1∑

k=0

Ar−j−1Y
[
(A+X)k − Ak

]
XAj−k−1

=

r−3∑

j=0

r−j−3∑

k=0

r−j−k−3∑

l=0

(A+X)r−j−k−l−3XAlXAkY (A+X)j

+

r−2∑

j=1

r−j−2∑

k=0

j−1∑

l=0

Ar−j−k−2XAkY (A+X)j−l−1XAl

+

r−1∑

j=2

j−2∑

k=0

j−k−2∑

l=0

Ar−j−1Y (A+X)j−k−l−2XAlXAk,
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3.1. Bounded Case

leading to the estimate

‖D(1)((A+X)r) • Y −D(1)(Ar) • Y

−
(
r−2∑

j=0

r−j−2∑

k=0

Ar−j−k−2XAkY Aj +
r−1∑

j=1

j−1∑

k=0

Ar−j−1Y AkXAj−k−1

)
‖

≤
r−3∑

j=0

r−j−3∑

k=0

r−j−k−3∑

l=0

‖A +X‖r−j−k−l−3‖X‖‖A‖l‖X‖‖A‖k‖Y ‖‖A+X‖j

+
r−2∑

j=1

r−j−2∑

k=0

j−1∑

l=0

‖A‖r−j−k−2‖X‖‖A‖k‖Y ‖‖A+X‖j−l−1‖X‖‖A‖l

+
r−1∑

j=2

j−2∑

k=0

j−k−2∑

l=0

‖A‖r−j−1‖Y ‖‖A+X‖j−k−l−2‖X‖‖A‖l‖X‖‖A‖k,

for ‖X‖ ≤ 1, proving that

D(2)(Ar) • (X, Y ) =
r−2∑

j=0

r−j−2∑

k=0

Ar−j−k−2XAkY Aj +
r−1∑

j=1

j−1∑

k=0

Ar−j−1Y AkXAj−k−1. (3.1.2)

Recall thatAs = A + sV ∈ Bs.a.(H) (0 ≤ s ≤ 1), and a similar calculation as in the proof

of (i) in Theorem 2.1.1 shows that the map[0, 1] ∋ s 7−→ Ars is continuously differentiable in

norm-topology and

d

ds
(Ars) =

r−1∑

j=0

Ar−j−1
s V Ajs =

r−1∑

j=0

AjsV A
r−j−1
s .

Hence

(A+ V )r − Ar −D(1)(Ar) • V =

∫ 1

0

ds
d

ds
(Ars)−

∫ 1

0

ds

(
r−1∑

j=0

Ar−j−1V Aj

)

=

∫ 1

0

ds

r−1∑

j=0

(
Ar−j−1
s V Ajs − Ar−j−1V Aj

)
=

∫ 1

0

ds

r−1∑

j=0

∫ s

0

dτ
d

dτ

(
Ar−j−1
τ V Ajτ

)
,

which by an application of Leibnitz’s rule reduces to

∫ 1

0

ds

∫ s

0

dτ

(
r−2∑

j=0

r−j−2∑

k=0

Ar−j−k−2
τ V AkτV A

j
τ +

r−1∑

j=1

j−1∑

k=0

Ar−j−1
τ V AkτV A

j−k−1
τ

)
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Chapter 3 : Third Order Trace Formula

and using (3.1.2), we get

(A+ V )r − Ar −D(1)(Ar) • V − 1

2
D(2)(Ar) • (V, V )

=

∫ 1

0

ds

∫ s

0

dτ{
r−2∑

j=0

r−j−2∑

k=0

Ar−j−k−2
τ V AkτV A

j
τ +

r−1∑

j=1

j−1∑

k=0

Ar−j−1
τ V AkτV A

j−k−1
τ

−
r−2∑

j=0

r−j−2∑

k=0

Ar−j−k−2V AkV Aj −
r−1∑

j=1

j−1∑

k=0

Ar−j−1V AkV Aj−k−1 }.

(3.1.3)

Let us denote the sum of the first and third term inside the integral in (3.1.3) to be

I1 ≡
r−2∑

j=0

r−j−2∑

k=0

[
Ar−j−k−2
τ V AkτV A

j
τ − Ar−j−k−2V AkV Aj

]

=
r−2∑

j=0

r−j−2∑

k=0

[
Ar−j−k−2
τ − Ar−j−k−2

]
V AkτV A

j
τ +

r−2∑

j=0

r−j−2∑

k=0

Ar−j−k−2V
[
Akτ − Ak

]
V Ajτ

+
r−2∑

j=0

r−j−2∑

k=0

Ar−j−k−2V AkV
[
Ajτ − Aj

]
∈ B1(H),

sinceV ∈ B3(H) andAkτ − Ak ∈ B3(H) ∀τ ∈ [0, 1] andk ∈ {0, 1, 2, 3, ......}. Thus by the

cyclicity of trace , we have that

Tr(I1) =
r−2∑

j=0

r−j−2∑

k=0

Tr{
[
Ar−j−k−2
τ − Ar−j−k−2

]
V AkτV A

j
τ}+

r−2∑

j=0

r−j−2∑

k=0

Tr{Ar−j−k−2V
[
Akτ −Ak

]
V Ajτ}

+

r−2∑

j=0

r−j−2∑

k=0

Tr{Ar−j−k−2V AkV
[
Ajτ − Aj

]
}

=
r−2∑

j=0

r−j−2∑

k=0

Tr{Ajτ
[
Ar−j−k−2
τ −Ar−j−k−2

]
V AkτV }+

r−2∑

j=0

r−j−2∑

k=0

Tr{AjτAr−j−k−2V
[
Akτ − Ak

]
V }

+
r−2∑

j=0

r−j−2∑

k=0

Tr{
[
Ajτ −Aj

]
Ar−j−k−2V AkV }

=
r−2∑

j=0

r−j−2∑

k=0

Tr{Ajτ
[
Ar−j−k−2
τ −Ar−j−k−2

]
V AkτV + AjτA

r−j−k−2V
[
Akτ − Ak

]
V

+
[
Ajτ − Aj

]
Ar−j−k−2V AkV }

=

r−2∑

j=0

r−j−2∑

k=0

Tr
[
Ar−k−2
τ V AkτV −Ar−k−2V AkV

]
.
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Again if we set the sum of the second and fourth term inside theintegral in (3.1.3) to be

I2 ≡
r−1∑

j=1

j−1∑

k=0

[
Ar−j−1
τ V AkτV A

j−k−1
τ − Ar−j−1V AkV Aj−k−1

]

=
r−1∑

j=1

j−1∑

k=0

[
Ar−j−1
τ − Ar−j−1

]
V AkτV A

j−k−1
τ +

r−1∑

j=1

j−1∑

k=0

Ar−j−1V
[
Akτ − Ak

]
V Aj−k−1

τ

+

r−1∑

j=1

j−1∑

k=0

Ar−j−1V AkV
[
Aj−k−1
τ −Aj−k−1

]
∈ B1(H),

sinceV ∈ B3(H) ; Akτ−Ak ∈ B3(H) ∀τ ∈ [0, 1] ; k ∈ {0, 1, 2, 3, ......} and a similar calculation

as above (using the cyclicity of trace) shows that

Tr(I2) =
r−1∑

j=1

j−1∑

k=0

Tr
[
Ar−k−2
τ V AkτV − Ar−k−2V AkV

]
.

By applying Lemma 3.1.1 withn = r−1 andak = Tr
[
Ar−k−2
τ V AkτV − Ar−k−2V AkV

]
and using

the cyclicity of trace, we conclude that

Tr(I1) + Tr(I2) = r

r−2∑

k=0

Tr
[
Ar−k−2
τ V AkτV − Ar−k−2V AkV

]

= r

r−2∑

k=0

Tr
[
V Ar−k−2

τ V Akτ − V Ar−k−2V Ak
]
.

(3.1.4)

Hence combining (3.1.3) and (3.1.4), we get the required expression (3.1.1).

Lemma 3.1.3.LetB be a bounded operator in an infinite dimensional Hilbert spaceH(i.e. B ∈
B(H)). DefineMB : B2(H) 7−→ B2(H) ( looking uponB2(H) ≡ H̃ as a Hilbert space with

inner product given by trace i.e.〈X, Y 〉2 = Tr{X∗Y } for X, Y ∈ B2(H)) byMB(X) = BX −
XB ; X ∈ B2(H). Then

(i) MB is a bounded operator oñH (i.e. MB ∈ B(H̃)) with M∗
B = MB∗.

(ii) Ker(MB) and its orthogonal complementRan(MB∗) in H̃ are left invariant by left and

right multiplication byBn and(B∗)n (n = 1, 2, 3, ...) respectively.

(iii) H̃ = Ker(MB)
⊕

Ran(MB∗) ; B2(H) ∋ X = X1 ⊕X2, whereX1 ∈ Ker(MB) and

X2 ∈ Ran(MB∗).
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Chapter 3 : Third Order Trace Formula

(iv) If Ker(MB) = Ker(MB∗), thenKer(MB) andRan(MB) are generated by their self-

adjoint elements and forX ∈ H̃, we have(X∗)1 = X∗
1 and (X∗)2 = X∗

2 , whereX = X1 ⊕ X2

andX∗ = (X∗)1 ⊕ (X∗)2 are the respective decompositions ofX andX∗ in H̃.

(v) If Ker(MB) = Ker(MB∗), then forX = X∗ ∈ H̃, X = X1⊕X2 withX1 andX2 both

self-adjoint.

(vi) (a) For B = B∗ ∈ B(H), MB is self-adjoint inH̃ and forX = X∗ ∈ H̃, we have

X1 = X∗
1 andX2 = X∗

2 .

(b) For B = (A + i)−1 ( whereA is an unbounded self-adjoint operator inH), MB is

bounded normal iñH and forX = X∗ ∈ H̃, we haveX1 = X∗
1 andX2 = X∗

2 , whereX = X1⊕X2

is the decomposition ofX in H̃.

(vii) (a) Let [0, 1] ∋ τ −→ Aτ ∈ Bs.a(H)( set of bounded self-adjoint operators inH) be

continuous in operator norm , and let̃H ∋ X ≡ X1τ ⊕X2τ be the self-adjoint decomposition with

respect toAτ . Thenτ −→ X1τ , X2τ ∈ H̃ are continuous.

(b) Let{Aτ}τ∈[0,1] be a family of unbounded self-adjoint operators inH such that[0, 1] ∋
τ −→ (Aτ + i)−1 is continuous in operator norm. Then the conclusions of(vii)(a) is valid for the

decomposition of̃H with respect toBτ ≡ (Aτ + i)−1.

Proof. (i) ForX ∈ H̃,

‖MB(X)‖2 = ‖BX −XB‖2 ≤ 2‖B‖‖X‖2,

proving thatMB is a bounded operator and‖MB‖ ≤ 2‖B‖. Next forX, Y ∈ H̃,

〈X,M∗
B(Y )〉2 = 〈MB(X), Y 〉2 = 〈BX −XB, Y 〉2 = Tr{(BX −XB)∗Y }

= Tr{X∗B∗Y − B∗X∗Y } = Tr{X∗B∗Y } − Tr{B∗X∗Y }
= Tr{X∗B∗Y } − Tr{X∗Y B∗} = Tr{X∗(B∗Y − Y B∗)} = 〈X,MB∗(Y )〉2,

proving thatM∗
B = MB∗.

(ii) Notice that forX ∈ H̃,

X ∈ Ker(MB) if and only if XB = BX. Hence
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3.1. Bounded Case

X ∈ Ker(MB) =⇒ XB = BX =⇒ XBn = BnX for n = 1, 2, 3, .......

proving that Ker(MB) is invariant by left and right multiplication byBn.

Again forX ∈ Ker(MB)
⊥ = Ran(MB∗) andY ∈ Ker(MB) , we have

〈(B∗)nX, Y 〉2 = Tr{[(B∗)nX ]∗Y } = Tr{X∗BnY } = 〈X,BnY 〉2 = 0 ∀ Y,

since Ker(MB) is invariant by left multiplication byBn and hence(B∗)nX ∈ Ker(MB)
⊥ =

Ran(MB∗), proving thatRan(MB∗) is invariant by left multiplication by(B∗)n. Similarly by the

same above argument we conclude thatRan(MB∗) is invariant by right multiplication by(B∗)n.

(iii) This is a standard decomposition of the Hilbert spaceH̃.

(iv) We note that since Ker(MB) = Ker(MB∗), X ∈ Ker(MB) if and only if X∗ ∈
Ker(MB) and hence for anyX ∈ Ker(MB) can be written asX =

(
X+X∗

2

)
+ i
(
X−X∗

2i

)
, proving

that Ker(MB) is generated by its self-adjoint elements. Similarly,

Ker(MB) = Ker(MB∗) =⇒ Ker(MB)
⊥ = Ker(MB∗)⊥ i.e. Ran(MB) = Ran(MB∗)

and henceY ∈ Ran(MB) if and only if Y ∗ ∈ Ran(MB∗) and therefore for anyY ∈ Ran(MB)

can be written asY =
(
Y+Y ∗

2

)
+ i
(
Y−Y ∗

2i

)
, proving thatRan(MB) is generated by its self-adjoint

elements.

LetX ∈ H̃, andX = X1 ⊕X2 andX∗ = (X∗)1 ⊕ (X∗)2 be the corresponding decomposi-

tions ofX andX∗ in H̃. Then for anyY1 = Y ∗
1 ∈ Ker(MB),

〈X, Y1〉2 = 〈X1, Y1〉2 = Tr{X∗
1Y1} = Tr{Y1X∗

1} = 〈Y1, X∗
1 〉2 = 〈X∗

1 , Y1〉2.

But on the other hand,

〈X, Y1〉2 = Tr{X∗Y1} = Tr{(Y1X)∗} = Tr{Y1X} = 〈X∗, Y1〉2 = 〈(X∗)1, Y1〉2

and hence〈(X∗)1 −X∗
1 , Y1〉2 = 0 ∀ Y1 = Y ∗

1 ∈ Ker(MB), which implies that

〈(X∗)1 − X∗
1 , Y 〉2 = 0 ∀ Y ∈ Ker(MB), proving that(X∗)1 = X∗

1 . Similarly, for any

Y2 = Y ∗
2 ∈ Ker(MB)

⊥,

〈X, Y2〉2 = 〈X2, Y2〉2 = Tr{X∗
2Y2} = Tr{Y2X∗

2} = 〈Y2, X∗
2 〉2 = 〈X∗

2 , Y2〉2.
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But on the other hand,

〈X, Y2〉2 = Tr{X∗Y2} = Tr{(Y2X)∗} = Tr{Y2X} = 〈X∗, Y2〉2 = 〈(X∗)2, Y2〉2

and hence〈(X∗)2 −X∗
2 , Y2〉2 = 0 ∀ Y2 = Y ∗

2 ∈ Ker(MB), which implies that

〈(X∗)2 −X∗
2 , Y 〉2 = 0 ∀ Y ∈ Ker(MB)

⊥, proving that(X∗)2 = X∗
2 .

(v) The result follows easily from(iv).

(vi(a)) SinceB = B∗, thenMB = M∗
B and hence Ker(MB) = Ker(M∗

B) = Ker(MB∗)

and therefore the result follows easily from(v).

(vi(b)) Since(A + i)−1 is a bounded normal operator with((A+ i)−1)
∗
= (A − i)−1, then

M(A+i)−1 is a bounded operator and for anyX ∈ H̃

M(A+i)−1M∗
(A+i)−1(X) = M(A+i)−1M(A−i)−1(X) = M(A+i)−1((A− i)−1X −X(A− i)−1)

= (A+ i)−1
[
(A− i)−1X −X(A− i)−1

]
−
[
(A− i)−1X −X(A− i)−1

]
(A+ i)−1

= (A+ i)−1(A− i)−1X − (A+ i)−1X(A− i)−1 − (A− i)−1X(A+ i)−1 +X(A− i)−1(A+ i)−1

= (A− i)−1(A + i)−1X − (A− i)−1X(A+ i)−1 − (A+ i)−1X(A− i)−1 +X(A+ i)−1(A− i)−1

= (A− i)−1
[
(A+ i)−1X −X(A+ i)−1

]
−
[
(A+ i)−1X −X(A+ i)−1

]
(A− i)−1

= M(A−i)−1((A+ i)−1X −X(A+ i)−1) = M(A−i)−1M(A+i)−1(X) = M∗
(A+i)−1M(A+i)−1(X),

proving thatM(A+i)−1 is normal. Moreover for anyX ∈ B2(H)

X ∈ Ker
(
M(A+i)−1

)
⇔ X(A+ i)−1 = (A+ i)−1X

⇔ XEA(.) = EA(.)X ⇔ X(A− i)−1 = (A− i)−1X ⇔ X ∈ Ker
(
M(A−i)−1

)
,

whereEA(.) is the spectral family ofA, proving that Ker
(
M(A+i)−1

)
= Ker

(
M∗

(A+i)−1

)
and

hence the rest part of the result follows easily from(v).

(vii(a)) Since the map[0, 1] ∋ τ −→ MAτ
is holomorphic, then ( using Theorem 1.8, page

370, [6] ) we conclude that the map[0, 1] ∋ τ −→ P0(τ) (whereP0(τ) is the projection onto

Ker(MAτ
)) is continuous and sinceX1τ ≡ P0(τ)X we get that the map[0, 1] ∋ τ −→ X1τ

is continuous. Similarly, since the map[0, 1] ∋ τ −→ I − P0(τ) is continuous andX2τ =

(I − P0(τ))X then we conclude that the map[0, 1] ∋ τ −→ X2τ is also continuous.

(vii(b)) Result follows immediately from(vii(a)) since the map[0, 1] ∋ τ −→ M(Aτ+i)−1 is
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holomorphic, and sinceM(Aτ+i)−1 is normal for eachτ .

Remark 3.1.4. Let A andV be two bounded self-adjoint operators in an infinite dimensional

Hilbert spaceH such thatV ∈ B2(H) andAτ = A + τV (0 ≤ τ ≤ 1). Apply Lemma 3.1.3 with

B = A andAτ respectively to getV = V1⊕V2 = V1τ⊕V2τ , with Vj andVjτ (j = 1, 2) self-adjoint

and therefore‖V ‖22 = ‖V1‖22 + ‖V2‖22 = ‖V1τ‖22 + ‖V2τ‖22 ∀ 0 ≤ τ ≤ 1.

Theorem 3.1.5.Let A and V be two bounded self-adjoint operators in an infinite dimensional

Hilbert spaceH such thatV ∈ B2(H). Then there exist a unique real-valued functionη ∈
L1([a, b]) such that

Tr

[
p(A+ V )− p(A)−D(1)p(A) • V − 1

2
D(2)p(A) • (V, V )

]
=

∫ b

a

p′′′(λ)η(λ)dλ, (3.1.5)

wherep(.) is a polynomial in[a, b], a = [inf σ(A)]−‖V ‖, b = [sup σ(A)]+‖V ‖ and
∫ b
a
η(λ)dλ =

1
6
Tr(V 3).

Proof. It will be sufficient to prove the theorem forp(λ) = λr (r ≥ 0). Note that forr = 0, 1 or

2, both sides of (3.1.5) are identically zero. We setAτ = A+ τV and0 ≤ τ ≤ 1. Then by Lemma

3.1.2, we have that

Tr

[
(A+ V )r − Ar −D(1)(Ar) • V − 1

2
D(2)(Ar) • (V, V )

]

= r

r−2∑

k=0

∫ 1

0

ds

∫ s

0

dτ Tr
[
V Ar−k−2

τ V Akτ − V Ar−k−2V Ak
]

= r
r−2∑

k=0

∫ 1

0

ds

∫ s

0

dτ 〈V,Ar−k−2
τ V Akτ 〉2 − 〈V,Ar−k−2V Ak〉2

= r
r−2∑

k=0

∫ 1

0

ds

∫ s

0

dτ 〈(V1τ ⊕ V2τ ), A
r−k−2
τ (V1τ ⊕ V2τ )A

k
τ 〉2 − 〈(V1 ⊕ V2), A

r−k−2(V1 ⊕ V2)A
k〉2,

(3.1.6)

where we setV = V1⊕V2 = V1τ⊕V2τ ∈ B2(H) as in Remark 3.1.4. Again by using the invariance,

orthogonality and continuity properties in Lemma 3.1.3(ii)− (vii), the right hand side of (3.1.6)
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is equal to

r

r−2∑

k=0

∫ 1

0

ds

∫ s

0

dτ {
[
〈V1τ , Ar−k−2

τ V1τA
k
τ 〉2 − 〈V1, Ar−k−2V1A

k〉2
]

+
[
〈V2τ , Ar−k−2

τ V2τA
k
τ 〉2 − 〈V2, Ar−k−2V2A

k〉2
]
}

= r(r − 1)

∫ 1

0

ds

∫ s

0

dτ Tr
[
V 2
1τA

r−2
τ − V 2

1 A
r−2
]

+ r

r−2∑

k=0

∫ 1

0

ds

∫ s

0

dτ Tr
[
V2τA

r−k−2
τ V2τA

k
τ − V2A

r−k−2V2A
k
]
.

(3.1.7)

Next by using the spectral familiesEAτ
(.) andEA(.) of the self-adjoint operatorsAτ andA re-

spectively and integrating by-parts, the first term of the expression (3.1.7) is equal to

r(r − 1)

∫ 1

0

ds

∫ s

0

dτ

∫ b

a

λr−2 Tr
[
V 2
1τEAτ

(dλ)− V 2
1 EA(dλ)

]

= r(r − 1)

∫ 1

0

ds

∫ s

0

dτ{λr−2 Tr
[
V 2
1τEAτ

(λ)− V 2
1 EA(λ)

]
|bλ=a

−
∫ b

a

(r − 2)λr−3 Tr
[
V 2
1τEAτ

(λ)− V 2
1 EA(λ)

]
dλ}

= r(r − 1)br−2

∫ 1

0

ds

∫ s

0

dτ Tr
[
V 2
1τ − V 2

1

]

+ r(r − 1)(r − 2)

∫ 1

0

ds

∫ s

0

dτ

∫ b

a

λr−3 Tr
[
V 2
1 EA(λ)− V 2

1τEAτ
(λ)
]
dλ.

(3.1.8)

SinceV2 ∈ Ran(MA), then there exists a sequence{V (n)
2 } ⊆ Ran(MA) such that

‖V (n)
2 − V2‖2 −→ 0 asn −→ ∞ andV (n)

2 = AY
(n)
0 − Y

(n)
0 A, for a sequence{Y (n)

0 } ⊆ B2(H).

Without loss of generality we can assume thatV
(n)
2 is self-adjoint for eachn , since if it is not

self-adjoint, consider the sequence{V
(n)
2 +(V

(n)
2 )∗

2
}, which converges toV2 in ‖.‖2 norm (sinceV2

is self-adjoint) andV
(n)
2 +(V

(n)
2 )∗

2
is self-adjoint for eachn. Also without loss of generalityY (n)

0

can be chosen to be skew-adjoint for eachn, since if it is not skew-adjoint, consider(Y (n)
0 )

′

=
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Y
(n)
0 −

(
Y

(n)
0 +(Y

(n)
0 )∗

2

)
= i Y

(n)
0 −(Y

(n)
0 )∗

2i , where(Y (n)
0 )

′

is skew-adjoint and

A(Y
(n)
0 )

′ − (Y
(n)
0 )

′

A = A

[
Y

(n)
0 −

(
Y

(n)
0 + (Y

(n)
0 )∗

2

)]
−
[
Y

(n)
0 −

(
Y

(n)
0 + (Y

(n)
0 )∗

2

)]
A

=
[
AY

(n)
0 − Y

(n)
0 A

]
−
[
A

(
Y

(n)
0 + (Y

(n)
0 )∗

2

)
−
(
Y

(n)
0 + (Y

(n)
0 )∗

2

)
A

]

=
[
AY

(n)
0 − Y

(n)
0 A

]
−
[(

AY
(n)
0 − Y

(n)
0 A

2

)
−
(
(Y

(n)
0 )∗A−A(Y

(n)
0 )∗

2

)]

=
[
AY

(n)
0 − Y

(n)
0 A

]
−
[(

AY
(n)
0 − Y

(n)
0 A

2

)
−
(
{AY (n)

0 − Y
(n)
0 A}∗

2

)]

= V
(n)
2 −

[
V

(n)
2

2
− (V

(n)
2 )∗

2

]
= V

(n)
2 ,

sinceV (n)
2 is self-adjoint. Similarly, for everyτ ∈ (0, 1], there exists a sequence{V (n)

2τ } ⊆
Ran(MAτ

) such that‖V (n)
2τ − V2τ‖2 −→ 0 point-wise asn −→ ∞ andV (n)

2τ is self-adjont for each

n andV (n)
2τ = AτY

(n)−Y (n)Aτ , for some sequence{Y (n)} ⊆ B2(H), whereY (n) can be chosen to

be skew-adjoint for eachn. Furthermore, by Lemma 3.1.3(vii)(a), the map[0, 1] ∋ τ −→ V1τ , V2τ

are continuous.

Hence the second term of the expression (3.1.7) is equal to

r

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

r−2∑

k=0

Tr{V2τAr−k−2
τ V

(n)
2τ A

k
τ − V2A

r−k−2V
(n)
2 Ak}

= r

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

r−2∑

k=0

∫ b

a

∫ b

a

λr−k−2µk Tr{V2τEAτ
(dλ)V

(n)
2τ EAτ

(dµ)− V2EA(dλ)V
(n)
2 EA(dµ)}

= r

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

∫ b

a

∫ b

a

r−2∑

k=0

λr−k−2µk Tr{V2τEAτ
(dλ)V

(n)
2τ EAτ

(dµ)− V2EA(dλ)V
(n)
2 EA(dµ)}

= r

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

∫ b

a

∫ b

a

φ(λ, µ) Tr{V2τEAτ
(dλ)V

(n)
2τ EAτ

(dµ)− V2EA(dλ)V
(n)
2 EA(dµ)},

whereφ(λ, µ) = λr−1−µr−1

λ−µ if λ 6= µ ; = (r − 1)λr−2 if λ = µ, and where the interchange of

the limit and the integration is justified by an application of the bounded convergence theorem.
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Furthermore using the representation ofV
(n)
2τ ∈ Ran(MAτ

), the above reduces to

r

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

∫ b

a

∫ b

a

φ(λ, µ) Tr{V2τEAτ
(dλ)

[
AτY

(n) − Y (n)Aτ
]
EAτ

(dµ)

− V2EA(dλ)
[
AY

(n)
0 − Y

(n)
0 A

]
EA(dµ)}

= r

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

∫ b

a

∫ b

a

φ(λ, µ)(λ− µ)Tr{V2τEAτ
(dλ)Y (n)EAτ

(dµ)− V2EA(dλ)Y
(n)
0 EA(dµ)}

= r

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

∫ b

a

∫ b

a

(
λr−1 − µr−1

)
Tr{V2τEAτ

(dλ)Y (n)EAτ
(dµ)− V2EA(dλ)Y

(n)
0 EA(dµ)}

= r

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

{
∫ b

a

λr−1 Tr[V2τEAτ
(dλ)Y (n) − V2EA(dλ)Y

(n)
0 ]

−
∫ b

a

µr−1 Tr[V2τY
(n)EAτ

(dµ)− V2Y
(n)
0 EA(dµ)]}

= r

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

∫ b

a

λr−1 Tr{V2τ
[
EAτ

(dλ), Y (n)
]
− V2

[
EA(dλ), Y

(n)
0

]
}. (3.1.9)

Again by twice integrating by-parts, the expression in (3.1.9) is equal to

r

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

{λr−1 Tr
(
V2τ
[
EAτ

(λ), Y (n)
]
− V2

[
EA(λ), Y

(n)
0

])
|bλ=a

−
∫ b

a

(r − 1)λr−2 Tr
(
V2τ
[
EAτ

(λ), Y (n)
]
− V2

[
EA(λ), Y

(n)
0

])
dλ}

= −r(r − 1)

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

∫ b

a

λr−2 Tr{V2τ
[
EAτ

(λ), Y (n)
]
− V2

[
EA(λ), Y

(n)
0

]
} dλ

= −r(r − 1)

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

{λr−2

(∫ λ

a

Tr
(
V2τ
[
EAτ

(µ), Y (n)
]
− V2

[
EA(µ), Y

(n)
0

])
dµ

)
}|bλ=a

+ r(r − 1)

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

∫ b

a

(r − 2)λr−3

(∫ λ

a

Tr
(
V2τ
[
EAτ

(µ), Y (n)
]
− V2

[
EA(µ), Y

(n)
0

])
dµ

)
dλ

= −r(r − 1)br−2

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

∫ b

a

Tr
(
V2τ
[
EAτ

(µ), Y (n)
]
− V2

[
EA(µ), Y

(n)
0

])
dµ

+ r(r − 1)(r − 2)

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

∫ b

a

λr−3

(∫ λ

a

Tr
(
V2τ
[
EAτ

(µ), Y (n)
]
− V2

[
EA(µ), Y

(n)
0

])
dµ

)
dλ.

(3.1.10)
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Next we note that by an integration by-parts,

Tr
(
V 2
2τ − V 2

2

)
= lim

n→∞
Tr
(
V2τV

(n)
2τ − V2V

(n)
2

)
= lim

n→∞
Tr
(
V2τ
[
Aτ , Y

(n)
]
− V2

[
A, Y

(n)
0

])

= lim
n→∞

∫ b

a

µTr
(
V2τ
[
EAτ

(dµ), Y (n)
]
− V2

[
EA(dµ), Y

(n)
0

])

= lim
n→∞

[
µTr

(
V2τ
[
EAτ

(µ), Y (n)
]
− V2

[
EA(µ), Y

(n)
0

])
|bµ=a −

∫ b

a

Tr
(
V2τ
[
EAτ

(µ), Y (n)
]
− V2

[
EA(µ), Y

(n)
0

])
dµ

]

= − lim
n→∞

∫ b

a

Tr
(
V2τ
[
EAτ

(µ), Y (n)
]
− V2

[
EA(µ), Y

(n)
0

])
dµ.

(3.1.11)

The boundary term above vanishes and substituting the abovein the first expression in (3.1.10), we

get that the right hand side of (3.1.10)

= r(r − 1)br−2

∫ 1

0

ds

∫ s

0

dτ Tr
(
V 2
2τ − V 2

2

)
+ r(r − 1)(r − 2)

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

∫ b

a

λr−3η
(n)
2τ (λ)dλ,

whereη(n)2τ (λ) =
∫ λ
a

Tr
(
V2τ
[
EAτ

(µ), Y (n)
]
− V2

[
EA(µ), Y

(n)
0

])
dµ andη(n)2τ (λ) is real-valued for

eachn, because

η
(n)
2τ (λ) =

∫ λ

a

Tr
(
V2τ [EAτ

(µ), Y (n)]− V2

[
EA(µ), Y

(n)
0

])
dµ

=

∫ λ

a

{Tr
(
V2τ
[
EAτ

(µ), Y (n)
])∗ − Tr

(
V2

[
EA(µ), Y

(n)
0

])∗
}dµ

=

∫ λ

a

{Tr
([
EAτ

(µ), Y (n)
]∗
V ∗
2τ

)
− Tr

([
EA(µ), Y

(n)
0

]∗
V ∗
2

)
}dµ

=

∫ λ

a

{Tr
([
EAτ

(µ), Y (n)
]
V2τ
)
− Tr

([
EA(µ), Y

(n)
0

]
V2

)
}dµ

=

∫ λ

a

Tr
(
V2τ
[
EAτ

(µ), Y (n)
]
− V2

[
EA(µ), Y

(n)
0

])
dµ

= η
(n)
2τ (λ),

sinceV2τ andV2 are self-adjoint andY (n) andY (n)
0 are skew-adjoint.

Hence

r
r−2∑

k=0

∫ 1

0

ds

∫ s

0

dτ Tr
[
V2τA

r−k−2
τ V2τA

k
τ − V2A

r−k−2V2A
k
]

= r(r − 1)br−2

∫ 1

0

ds

∫ s

0

dτ Tr
(
V 2
2τ − V 2

2

)
+ r(r − 1)(r − 2)

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

∫ b

a

λr−3η
(n)
2τ (λ)dλ.

(3.1.12)
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Combining (3.1.8) and (3.1.12) and since‖V ‖22 = Tr (V 2
1τ + V 2

2τ ) = Tr (V 2
1 + V 2

2 ), we conclude

that

Tr

[
(A+ V )r −Ar −D(1)(Ar) • V − 1

2
D(2)(Ar) • (V, V )

]

= r(r − 1)br−2

∫ 1

0

ds

∫ s

0

dτ Tr
([
V 2
1τ − V 2

1

]
+
[
V 2
2τ − V 2

2

])

+ r(r − 1)(r − 2)

∫ 1

0

ds

∫ s

0

dτ

∫ b

a

λr−3 Tr
[
V 2
1 EA(λ)− V 2

1τEAτ
(λ)
]
dλ

+ r(r − 1)(r − 2)

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

∫ b

a

λr−3 η
(n)
2τ (λ)dλ

= r(r − 1)(r − 2)

∫ 1

0

ds

∫ s

0

dτ

∫ b

a

λr−3 Tr
[
V 2
1 EA(λ)− V 2

1τEAτ
(λ)
]
dλ

+ r(r − 1)(r − 2)

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

∫ b

a

λr−3 η
(n)
2τ (λ)dλ

= r(r − 1)(r − 2)

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

∫ b

a

λr−3 η(n)τ (λ)dλ

= lim
n→∞

∫ b

a

(λr)′′′ η(n)(λ)dλ , where

η(n)(λ) ≡
∫ 1

0
ds
∫ s
0
dτ η

(n)
τ (λ) andη(n)τ (λ) =

[
Tr{V 2

1 EA(λ)− V 2
1τEAτ

(λ)}+ η
(n)
2τ (λ)

]
, the inter-

change of limit and theτ - ands- integral is justified by an easy application of bounded convergence

theorem. Note thatη(n)τ is a real-valued function∀ n, because

η
(n)
τ = Tr{V 2

1 EA(λ)− V 2
1τEAτ

(λ)}+ η
(n)
2τ (λ) = Tr{

(
V 2
1 EA(λ)− V 2

1τEAτ
(λ)
)∗}+ η

(n)
2τ (λ)

= Tr{EA(λ)V 2
1 − EAτ

(λ)V 2
1τ}+ η

(n)
2τ (λ)

= Tr{V 2
1 EA(λ)− V 2

1τEAτ
(λ)}+ η

(n)
2τ (λ)

= η(n)τ ,

sinceV1τ andV1 are self-adjoint and henceη(n) is real-valued for eachn.

Next we want to show that{η(n)} is cauchy inL1([a, b]) and we proceed by a method similar

to that used in the proof of Theorem 2.3.1. Letf ∈ L∞([a, b]) and defineg(λ) =
∫ λ
a
f(t)dt,
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h(λ) =
∫ λ
a
g(µ)dµ so thatg′(λ) = f(λ) a.e. andh′(λ) = g(λ). Now consider the expression

∫ b

a

f(λ)
[
η(n)τ (λ)− η(m)

τ (λ)
]
dλ =

∫ b

a

f(λ)
[
η
(n)
2τ (λ)− η

(m)
2τ (λ)

]
dλ

=

∫ b

a

h′′(λ)dλ

(∫ λ

a

Tr
(
V2τ
[
EAτ

(µ), Y (n) − Y (m)
]
− V2

[
EA(µ), Y

(n)
0 − Y

(m)
0

])
dµ

)
,

which on integration by-parts twice and on observing that the boundary term forλ = a vanishes,

leads to

h′(λ)

∫ λ

a

Tr
(
V2τ
[
EAτ

(µ), Y (n) − Y (m)
]
− V2

[
EA(µ), Y

(n)
0 − Y

(m)
0

])
dµ|bλ=a

−
∫ b

a

h′(λ) Tr
(
V2τ
[
EAτ

(λ), Y (n) − Y (m)
]
− V2

[
EA(λ), Y

(n)
0 − Y

(m)
0

])
dλ

= h′(b)

∫ b

a

Tr
(
V2τ
[
EAτ

(µ), Y (n) − Y (m)
]
− V2

[
EA(µ), Y

(n)
0 − Y

(m)
0

])
dµ

− {h(λ)Tr
(
V2τ
[
EAτ

(λ), Y (n) − Y (m)
]
− V2

[
EA(λ), Y

(n)
0 − Y

(m)
0

])
|bλ=a

−
∫ b

a

h(λ)Tr
(
V2τ
[
EAτ

(dλ), Y (n) − Y (m)
]
− V2

[
EA(dλ), Y

(n)
0 − Y

(m)
0

])
}

= h′(b)

∫ b

a

Tr
(
V2τ
[
EAτ

(µ), Y (n) − Y (m)
]
− V2

[
EA(µ), Y

(n)
0 − Y

(m)
0

])
dµ

+

∫ b

a

h(λ)Tr
(
V2τ
[
EAτ

(dλ), Y (n) − Y (m)
]
− V2

[
EA(dλ), Y

(n)
0 − Y

(m)
0

])

= h′(b)

∫ b

a

Tr
(
V2τ
[
EAτ

(µ), Y (n) − Y (m)
]
− V2

[
EA(µ), Y

(n)
0 − Y

(m)
0

])
dµ

+ Tr
(
V2τ
[
h(Aτ ), Y

(n) − Y (m)
]
− V2

[
h(A), Y

(n)
0 − Y

(m)
0

])
.

(3.1.13)

Next we use the identity (follows from (3.1.11))

Tr
(
V2τV

(n)
2τ − V2V

(n)
2

)
= −

∫ b

a

Tr
(
V2τ
[
EAτ

(µ), Y (n)
]
− V2

[
EA(µ), Y

(n)
0

])
dµ

to reduce the the above expression in (3.1.13) to

g(b)Tr
(
V2

[
V

(n)
2 − V

(m)
2

]
− V2τ

[
V

(n)
2τ − V

(m)
2τ

])
+Tr

(
V2τ
[
h(Aτ ), Y

(n) − Y (m)
]
− V2

[
h(A), Y

(n)
0 − Y

(m)
0

])
.

(3.1.14)
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But on the other hand,

[
h(A), Y

(n)
0

]
= h(A)Y

(n)
0 − Y

(n)
0 h(A) =

∫ b

a

h(λ)EA(dλ)Y
(n)
0 −

∫ b

a

h(µ)Y
(n)
0 EA(dµ)

=

∫ b

a

∫ b

a

[h(λ)− h(µ)]EA(dλ)Y
(n)
0 EA(dµ) =

∫ b

a

∫ b

a

h(λ)− h(µ)

λ− µ
(λ− µ)EA(dλ)Y

(n)
0 EA(dµ)

=

∫ b

a

∫ b

a

h(λ)− h(µ)

λ− µ
EA(dλ)[AY

(n)
0 − Y

(n)
0 A]EA(dµ) =

∫ b

a

∫ b

a

h(λ)− h(µ)

λ− µ
EA(dλ)V

(n)
2 EA(dµ),

and

Tr
(
V2

[
h(A), Y

(n)
0 − Y

(m)
0

])
=

∫ b

a

∫ b

a

h(λ)− h(µ)

λ− µ
Tr
(
V2EA(dλ)

[
V

(n)
2 − V

(m)
2

]
EA(dµ)

)

(3.1.15)

and hence as in Birman-Solomyak ([2],[3]) and in [7] ,

∣∣∣Tr
(
V2

[
h(A), Y

(n)
0 − Y

(m)
0

])∣∣∣ ≤ ‖h‖Lip‖V2‖2
∥∥∥
[
V

(n)
2 − V

(m)
2

]∥∥∥
2
≤ (b−a)‖f‖∞‖V ‖2

∥∥∥
[
V

(n)
2 − V

(m)
2

]∥∥∥
2

and hence

sup
f∈L∞([a,b])

∣∣∣
∫ b
a
f(λ)

[
η
(n)
τ (λ)− η

(m)
τ (λ)

]
dλ
∣∣∣

‖f‖∞
≤ 2(b−a)‖V ‖2

(∥∥∥
[
V

(n)
2 − V

(m)
2

]∥∥∥
2
+
∥∥∥
[
V

(n)
2τ − V

(m)
2τ

]∥∥∥
2

)

i.e. ‖η(n)τ − η(m)
τ ‖L1 ≤ 2(b− a)‖V ‖2

(∥∥∥
[
V

(n)
2 − V

(m)
2

]∥∥∥
2
+
∥∥∥
[
V

(n)
2τ − V

(m)
2τ

]∥∥∥
2

)
,

which converges to0 asn,m→ ∞ and∀ τ ∈ [0, 1]. Therefore

‖η(n) − η(m)‖L1 ≤
∫ 1

0

ds

∫ s

0

dτ ‖η(n)τ − η(m)
τ ‖L1,

which converges to 0 asm,n −→ ∞, by the bounded convergence theorem and hence{η(n)} is

a Cauchy sequence inL1([a, b]) and thus there exists a functionη ∈ L1([a, b]) such that‖η(n) −
η‖L1 → 0 asn −→ ∞. Therefore,

lim
n−→∞

∫ b

a

λr−3η(n)(λ)dλ =

∫ b

a

λr−3η(λ)dλ and hence

Tr

[
(A+ V )r −Ar −D(1)(Ar) • V − 1

2
D(2)(Ar) • (V, V )

]
= r(r − 1)(r − 2)

∫ b

a

λr−3η(λ)dλ.

(3.1.16)
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In particular if we setp(λ) = λ3 in the formula (3.1.5), we get

6

∫ b

a

η(λ)dλ = Tr

[
(A+ V )3 −A3 −D(1)(A3) • V − 1

2
D(2)(A3) • (V, V )

]

= Tr

[
(A+ V )3 −A3 − {A2V + AV A+ V A2} − 1

2
{2(V 2A + V AV + AV 2)}

]

= Tr{V 3}.

For uniqueness, let us assume that there existsη1, η2 ∈ L1([a, b]) such that

Tr

[
p(A+ V )− p(A)−D(1)p(A) • V − 1

2
D(2)p(A) • (V, V )

]
=

∫ b

a

p′′′(λ)ηj(λ)dλ,

wherep(.) is a polynomial andj = 1, 2. Therefore
∫ b

a

p′′′(λ) η(λ) dλ = 0 ∀ polynomials p(.) and η ≡ η1 − η2 ∈ L1([a, b]),

which together with the fact that
∫ b
a
η1(λ) dλ =

∫ b
a
η2(λ) dλ = 1

6
Tr(V 3) (which one can easily

arrive at by settingp(λ) = λ3 in the above formula), implies that
∫ b

a

λrη(λ)dλ = 0 ∀ r ≥ 0. Hence by an application of Fubini’s theorem, we get that

∫ ∞

−∞
e−itλ η(λ) dλ =

∞∑

n=0

1

n!

∫ ∞

−∞
(−itλ)n η(λ) dλ = 0.

Hence ∫ ∞

−∞
e−itλ η(λ) dλ = 0 ∀ t ∈ R.

Thereforeη is anL1([a, b])- function whose Fourier transform̂η(t) vanishes identically, implying

thatη = 0 or η1 = η2 a.e.

Corollary 3.1.6. Let A andV be two bounded self-adjoint operators in an infinite dimensional

Hilbert spaceH such thatV ∈ B2(H). Then the functionη ∈ L1([a, b]) obtained as in Theorem

3.1.5 satisfies the following equation
∫ b

a

f(λ)η(λ)dλ =

∫ 1

0

ds

∫ s

0

dτ

∫ b

a

∫ b

a

h(λ)− h(µ)

λ− µ
Tr [V EAτ

(dλ)V EAτ
(dµ)− V EA(dλ)V EA(dµ)] ,

wheref(λ) , g(λ) andh(λ) are as in the proof of the Theorem 3.1.5. Moreover

‖η‖L1 ≤ (b− a)‖V ‖22.
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Proof. By Fubini’s theorem we have that
∫ b

a

f(λ)η(n)(λ)dλ =

∫ 1

0

ds

∫ s

0

dτ

∫ b

a

f(λ)
[

Tr{V 2
1 EA(λ)− V 2

1τEAτ
(λ)}+ η

(n)
2τ (λ)

]
dλ.

But
∫ b

a

f(λ) Tr{V 2
1 EA(λ)− V 2

1τEAτ
(λ)}dλ =

∫ b

a

g′(λ)Tr
[
V 2
1 EA(λ)− V 2

1τEAτ
(λ)
]
dλ,

which by integrating by-parts and using Lemma 3.1.3(ii)leads to

g(λ) Tr
[
V 2
1 EA(λ)− V 2

1τEAτ
(λ)
]
|bλ=a

−
∫ b

a

g(λ)Tr
[
V 2
1 EA(dλ)− V 2

1τEAτ
(dλ)

]

= g(b) Tr
[
V 2
1 − V 2

1τ

]
+

∫ b

a

g(λ)Tr
[
V 2
1τEAτ

(dλ)− V 2
1 EA(dλ)

]

= g(b) Tr
[
V 2
1 − V 2

1τ

]
+ Tr

[
V 2
1τh

′(Aτ )− V 2
1 h

′(A)
]

= g(b) Tr
[
V 2
1 − V 2

1τ

]
+

∫ b

a

∫ b

a

h(λ)− h(µ)

λ− µ
Tr [V1τEAτ

(dλ)V1τEAτ
(dµ)− V1EA(dλ)V1EA(dµ)] .

(3.1.17)

Again by repeating the same above calculations to get (3.1.14) and (3.1.15) as in the proof of the

Theorem 3.1.5, we conclude that
∫ b

a

f(λ)η
(n)
2τ (λ)dλ = g(b) Tr

[
V2V

(n)
2 − V2τV

(n)
2τ

]

+

∫ b

a

∫ b

a

h(λ)− h(µ)

λ− µ
Tr
[
V2τEAτ

(dλ)V
(n)
2τ EAτ

(dµ)− V2EA(dλ)V
(n)
2 EA(dµ)

]
.

(3.1.18)

Combining (3.1.17) and (3.1.18) we have,

∫ b

a

f(λ)η(n)(λ)dλ

=

∫ 1

0

ds

∫ s

0

dτ g(b) Tr
[(
V 2
1 + V2V

(n)
2

)
−
(
V 2
2τ + V2τV

(n)
2τ

)]
+

∫ 1

0

ds

∫ s

0

dτ

∫ b

a

∫ b

a

h(λ)− h(µ)

λ− µ
Tr
[
V EAτ

(dλ)
(
V1τ ⊕ V

(n)
2τ

)
EAτ

(dµ)− V EA(dλ)
(
V1 ⊕ V

(n)
2

)
EA(dµ)

]
.

(3.1.19)
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But by definitionV (n)
2 , V

(n)
2τ converges toV2, V2τ respectively in‖.‖2 and we have already proved

thatη(n) converges toη in L1([a, b]). Hence by taking limit on both sides of (3.1.19) we get that
∫ b

a

f(λ)η(λ)dλ =

∫ 1

0

ds

∫ s

0

dτ

∫ b

a

∫ b

a

h(λ)− h(µ)

λ− µ
Tr [V EAτ

(dλ)V EAτ
(dµ)− V EA(dλ)V EA(dµ)] .

(3.1.20)

In the right hand side of (3.1.20) we have used the fact that

Var
(
G(n)
2 − G2

)
≤ ‖V ‖2

(
‖V (n)

2τ − V2τ‖2 + ‖V2 − V
(n)
2 ‖

)
−→ 0 asn −→ ∞, where

G(n)
2 (∆× δ) = Tr

[
V EAτ

(∆)
(
V1τ ⊕ V

(n)
2τ

)
EAτ

(δ)− V EA(∆)
(
V1 ⊕ V

(n)
2

)
EA(δ)

]
and

G2 (∆× δ) = Tr [V EAτ
(∆)V EAτ

(δ)− V EA(∆)V EA(δ)] are complex measures onR2 and

Var
(
G(n)
2 − G2

)
is the variation of

(
G(n)
2 − G2

)
and also noted that‖h‖Lip ≤ (b− a)‖f‖∞.

Again from (3.1.20) we have the following estimate (as in Birman-Solomyak ([2],[3]) and in [7] )
∣∣∣∣
∫ b

a

f(λ)η(λ)dλ

∣∣∣∣ ≤
∫ 1

0

ds

∫ s

0

dτ 2 ‖h‖Lip ‖V ‖22 ≤ (b− a) ‖f‖∞ ‖V ‖22

and hence

sup
f∈L∞([a,b])

∣∣∣
∫ b
a
f(λ)η(λ)dλ

∣∣∣
‖f‖∞

≤ (b− a) ‖V ‖22 i.e. ‖η‖L1 ≤ (b− a) ‖V ‖22.

3.2 Unbounded Case

Theorem 3.2.1.Let A be an unbounded self-adjoint operator in a Hilbert spaceH and letφ :

R −→ C be such that
∫∞
−∞ |φ̂(t)| (1 + |t|)3 dt < ∞, whereφ̂ is the Fourier transform ofφ. Then

φ(A), D(1)φ(A), D(2)φ(A) exist and

D(1)φ(A) •X = i
∫ ∞

−∞
φ̂(t)dt

∫ t

0

dβ eiβAXei(t−β)A and

D(2)φ(A) • (X, Y ) = i2
∫ ∞

−∞
φ̂(t)dt

∫ t

0

dβ {
∫ β

0

dν eiνAXei(β−ν)AY ei(t−β)A

+

∫ t−β

0

dν eiβAY eiνAXei(t−β−ν)A},
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whereX, Y ∈ B(H).

Proof. Thatφ(A) and the expressions on the right hand side above exist inB(H) are consequences

of the functional calculus and the assumption onφ̂. Next forX ∈ B(H),

φ(A+X)− φ(A) =

∫ ∞

−∞
φ̂(t)

[
eit(A+X) − eitA

]
dt =

∫ ∞

−∞
φ̂(t)dt

∫ t

0

dβ eiβ(A+X)iXei(t−β)A.

Therefore

φ(A+X)− φ(A)− i
∫ ∞

−∞
φ̂(t)dt

∫ t

0

dβ eiβAXei(t−β)A

= i
∫ ∞

−∞
φ̂(t)dt

∫ t

0

dβ
[
eiβ(A+X)Xei(t−β)A − eiβAXei(t−β)A]

= i
∫ ∞

−∞
φ̂(t)dt

∫ t

0

dβ {
[
eiβ(A+X) − eiβA

]
Xei(t−β)A}.

In one hand we have,
∥∥eiβ(A+X) − eiβA

∥∥ ≤ 2 but on the other hand

∥∥eiβ(A+X) − eiβA
∥∥ =

∥∥∥∥
∫ β

0

dν eiν(A+X)iXei(β−ν)A
∥∥∥∥ ≤ |β|‖X‖

and hence using the interpolation inequality

∥∥eiβ(A+X) − eiβA
∥∥ ≤ 2(1−ǫ) (|β|‖X‖)ǫ (0 ≤ ǫ ≤ 1), we get that

∥∥∥∥φ(A+X)− φ(A)− i
∫ ∞

−∞
φ̂(t)dt

∫ t

0

dβ eiβAXei(t−β)A
∥∥∥∥

≤ 2(1−ǫ)‖X‖ǫ+1

∫ ∞

−∞
|φ̂(t)| dt

∫ |t|

0

βǫ dβ ≤
(
2(1−ǫ)

ǫ+ 1

)
‖X‖ǫ+1

∫ ∞

−∞
|φ̂(t)| (1 + |t|)ǫ+2 dt,

which by virtue of the assumption on̂φ implies thatD(1)φ(A) exist and that

D(1)φ(A) •X = i
∫ ∞

−∞
φ̂(t)dt

∫ t

0

dβ eiβAXei(t−β)A. Similarly for X, Y ∈ B(H),
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D(1)φ(A+X) • Y −D(1)φ(A) • Y

= i
∫ ∞

−∞
φ̂(t)dt

∫ t

0

dβ eiβ(A+X)Y ei(t−β)(A+X) − i
∫ ∞

−∞
φ̂(t)dt

∫ t

0

dβ eiβAY ei(t−β)A

= i
∫ ∞

−∞
φ̂(t)dt

∫ t

0

dβ {
[
eiβ(A+X) − eiβA

]
Y ei(t−β)(A+X)

+ eiβAY
[
ei(t−β)(A+X) − ei(t−β)A]}

= i2
∫ ∞

−∞
φ̂(t)dt

∫ t

0

dβ {
∫ β

0

dν eiν(A+X)Xei(β−ν)AY ei(t−β)(A+X)

+

∫ t−β

0

dν eiβAY eiν(A+X)Xei(t−β−ν)A}

and one can verify as before that

‖D(1)φ(A+X) • Y −D(1)φ(A) • Y

− i2
∫ ∞

−∞
φ̂(t)dt

∫ t

0

dβ {
∫ β

0

dν eiνAXei(β−ν)AY ei(t−β)A

+

∫ t−β

0

dν eiβAY eiνAXei(t−β−ν)A}‖

= ‖i2
∫ ∞

−∞
φ̂(t)dt

∫ t

0

dβ {
∫ β

0

dν
[
eiν(A+X) − eiνA

]
Xei(β−ν)AY ei(t−β)(A+X)

+

∫ β

0

dν eiνAXei(β−ν)AY
[
ei(t−β)(A+X) − ei(t−β)A]

+

∫ t−β

0

dν eiβAY
[
eiν(A+X) − eiνA

]
Xei(t−β−ν)A}‖

≤ K‖X‖ǫ+1‖Y ‖
∫ ∞

−∞
|φ̂(t)| (1+|t|)ǫ+2 dt (for someǫ > 0 and some constantK ≡ K(ǫ)),

proving the expression forD(2)φ(A) • (X, Y ).

Theorem 3.2.2.LetA be an unbounded self-adjoint operator in a Hilbert spaceH, V be a self-

adjoint operator such thatV ∈ B3(H) and furthermore letφ ∈ S(R) (the Schwartz class of smooth

functions of rapid decrease). Then

φ(A+ V )− φ(A)−D(1)φ(A) • V − 1

2
D(2)φ(A) • (V, V ) ∈ B1(H) and

Tr

[
φ(A+ V )− φ(A)−D(1)φ(A) • V − 1

2
D(2)φ(A) • (V, V )

]

=

∫ ∞

−∞
i2 tφ̂(t) dt

∫ t

0

dν

∫ 1

0

ds

∫ s

0

dτ Tr
[
V ei(t−ν)AτV eiνAτ − V ei(t−ν)AV eiνA

]
,

whereAτ = A+ τV and0 ≤ τ ≤ 1.
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Proof. Now

eitAs+h − eitAs

h
=

1

h

∫ t

0

dβ
d

dβ

(
eiβAs+h.ei(t−β)As

)
= i
∫ t

0

dβ eiβAs+hV ei(t−β)As

= i
∫ t

0

dβ eiβAsV ei(t−β)As + i
∫ t

0

dβ
[
eiβAs+h − eiβAs

]
V ei(t−β)As

= i
∫ t

0

dβ eiβAsV ei(t−β)As + (i)2h
∫ t

0

dβ

∫ β

0

dν eiνAs+hV ei(β−ν)AsV ei(t−β)As ,

and hence
∥∥∥∥

eitAs+h − eitAs

h
− i
∫ t

0

dβ eiβAsV ei(t−β)As

∥∥∥∥
3
2

≤ 1

2
|t|2 |h| ‖V ‖23,

which converges to 0 ash −→ 0, proving that the map[0, 1] ∋ s −→ eitAs is B 3
2
(H)( and hence

B3(H) )- continuously differentiable, uniformly int and

d

ds

(
eitAs

)
= i
∫ t

0

dβ eiβAsV ei(t−β)As .

Then

φ(A+ V )− φ(A)−D(1)φ(A) • V =

∫ ∞

−∞
φ̂(t) dt

[
eit(A+V ) − eitA

]
−D(1)φ(A) • V

=

∫ ∞

−∞
φ̂(t) dt

∫ 1

0

ds
d

ds
(eitAs)− i

∫ ∞

−∞
φ̂(t) dt

∫ t

0

dβ eiβAV ei(t−β)A

=

∫ ∞

−∞
φ̂(t) dt

[
i
∫ 1

0

ds

∫ t

0

dβ eiβAsV ei(t−β)As − i
∫ 1

0

ds

∫ t

0

dβ eiβAV ei(t−β)A
]

=

∫ ∞

−∞
iφ̂(t) dt

∫ 1

0

ds

∫ t

0

dβ
[
eiβAsV ei(t−β)As − eiβAV ei(t−β)A]

=

∫ ∞

−∞
iφ̂(t) Q(t) dt, where Q(t) ≡

∫ 1

0

ds

∫ t

0

dβ
[
eiβAsV ei(t−β)As − eiβAV ei(t−β)A] .

(3.2.1)
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Again

eiβAτ+hV ei(t−β)Aτ+h − eiβAτV ei(t−β)Aτ

h

=
1

h

[
eiβAτ+h − eiβAτ

]
V ei(t−β)Aτ+h +

1

h
eiβAτV

[
ei(t−β)Aτ+h − ei(t−β)Aτ

]

= i
∫ β

0

dν eiνAτ+hV ei(β−ν)AτV ei(t−β)Aτ+h + i
∫ t−β

0

dν eiβAτV eiνAτ+hV ei(t−β−ν)Aτ

= i
∫ β

0

dν eiνAτV ei(β−ν)AτV ei(t−β)Aτ + i
∫ t−β

0

dν eiβAτV eiνAτV ei(t−β−ν)Aτ

+ i
∫ β

0

dν
[
eiνAτ+h − eiνAτ

]
V ei(β−ν)AτV ei(t−β)Aτ + i

∫ β

0

dν eiνAτV ei(β−ν)AτV
[
ei(t−β)Aτ+h − ei(t−β)Aτ

]

+ i
∫ t−β

0

dν eiβAτV
[
eiνAτ+h − eiνAτ

]
V ei(t−β−ν)Aτ

= i
∫ β

0

dν eiνAτV ei(β−ν)AτV ei(t−β)Aτ + i
∫ t−β

0

dν eiβAτV eiνAτV ei(t−β−ν)Aτ

+ i2h
∫ β

0

dν

∫ ν

0

dη eiηAτ+hV ei(ν−η)AτV ei(β−ν)AτV ei(t−β)Aτ

+ i2h
∫ β

0

dν

∫ ν

0

dη eiνAτV ei(β−ν)AτV eiηAτ+hV ei(t−β−η)Aτ

+ i2h
∫ t−β

0

dν

∫ ν

0

dη eiβAτV eiηAτ+hV ei(ν−η)AτV ei(t−β−ν)Aτ ,

and hence

‖eiβAτ+hV ei(t−β)Aτ+h − eiβAτV ei(t−β)Aτ

h

−
(

i
∫ β

0

dν eiνAτV ei(β−ν)AτV ei(t−β)Aτ + i
∫ t−β

0

dν eiβAτV eiνAτV ei(t−β−ν)Aτ

)
‖1

≤ 1

2
|h|{2β2 + (t− β)2}‖V ‖33,

proving that the mapτ ∈ [0, 1] −→ eiβAτV ei(t−β)Aτ ∈ B3(H) is B1(H) ( and henceB 3
2
(H) ) -

continuously differentiable, uniformly with respect toβ. Then by an application of Leibnitz’s rule

we get

Q(t) =

∫ 1

0

ds

∫ t

0

dβ

∫ s

0

dτ
d

dτ

(
eiβAτV ei(t−β)Aτ

)

= i
∫ 1

0

ds

∫ s

0

dτ

∫ t

0

dβ {
∫ β

0

dνeiνAτV ei(β−ν)AτV ei(t−β)Aτ +

∫ t−β

0

dνeiβAτV eiνAτV ei(t−β−ν)Aτ },
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where Fubini’s theorem has been used to interchange the order of integration. Hence

φ(A+ V )− φ(A)−D(1)φ(A) • V − 1

2
D(2)φ(A) • (V, V )

=

∫ ∞

−∞
i2φ̂(t)dt

∫ 1

0

ds

∫ s

0

dτ

∫ t

0

dβ{
∫ β

0

dν
[
eiνAτV ei(β−ν)AτV ei(t−β)Aτ − eiνAV ei(β−ν)AV ei(t−β)A]

+

∫ t−β

0

dν
[
eiβAτV eiνAτV ei(t−β−ν)Aτ − eiβAV eiνAV ei(t−β−ν)A]}.

(3.2.2)

Though each of the four individual terms in the integral in (3.2.2) belong toB 3
2
(H), each of the

differences in parenthesis[.] belong toB1(H), e.g.

[
eiνAτV ei(β−ν)AτV ei(t−β)Aτ − eiνAV ei(β−ν)AV ei(t−β)A]

=
[
eiνAτ − eiνA

]
V ei(β−ν)AτV ei(t−β)Aτ + eiνAV

[
ei(β−ν)Aτ − ei(β−ν)A]V ei(t−β)Aτ

+ eiνAV ei(β−ν)AV
[
ei(t−β)Aτ − ei(t−β)A]

=

∫ ν

0

dη eiηAτ iτV ei(ν−η)AV ei(β−ν)AτV ei(t−β)Aτ

+

∫ (β−ν)

0

dη eiνAV eiηAτ iτV ei(β−ν−η)AV ei(t−β)Aτ

+

∫ (t−β)

0

dη eiνAV ei(β−ν)AV eiηAτ iτV ei(t−β−η)A ∈ B1(H)

and its norm‖[.]‖1 ≤ |τ | ‖V ‖33 {|ν|+ |β − ν|+ |t− β|}, where we have used the estimates:

∥∥∥∥
∫ ν

0

dη eiηAτ iτV ei(ν−η)AV ei(β−ν)AτV ei(t−β)Aτ

∥∥∥∥
1

≤ |ν||τ |‖V ‖33 ;

∥∥∥∥∥

∫ (β−ν)

0

dη eiνAV eiηAτ iτV ei(β−ν−η)AV ei(t−β)Aτ

∥∥∥∥∥
1

≤ |β − ν||τ |‖V ‖33 and

∥∥∥∥∥

∫ (t−β)

0

dη eiνAV ei(β−ν)AV eiηAτ iτV ei(t−β−η)A

∥∥∥∥∥
1

≤ |t− β||τ |‖V ‖33.

Hence by the hypothesis on̂φ,

φ(A+ V )− φ(A)−D(1)φ(A) • V − 1

2
D(2)φ(A) • (V, V ) ∈ B1(H) and
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Z ≡ Tr

[
φ(A+ V )− φ(A)−D(1)φ(A) • V − 1

2
D(2)φ(A) • (V, V )

]

=

∫ ∞

−∞
i2φ̂(t)dt

∫ 1

0

ds

∫ s

0

dτ

∫ t

0

dβ {
∫ β

0

dνTr
[
eiνAτV ei(β−ν)AτV ei(t−β)Aτ − eiνAV ei(β−ν)AV ei(t−β)A]

+

∫ t−β

0

dνTr
[
eiβAτV eiνAτV ei(t−β−ν)Aτ − eiβAV eiνAV ei(t−β−ν)A]}.

(3.2.3)

Again by the cyclicity of trace and a change of variable, the first integral in{.} in (3.2.3) is reduces

to
∫ β

0

dν Tr{
[
eiνAτ − eiνA

]
V ei(β−ν)AτV ei(t−β)Aτ + eiνAV

[
ei(β−ν)Aτ − ei(β−ν)A]V ei(t−β)Aτ

+ eiνAV ei(β−ν)AV
[
ei(t−β)Aτ − ei(t−β)A]}

=

∫ β

0

dν (Tr{
[
eiνAτ − eiνA

]
V ei(β−ν)AτV ei(t−β)Aτ }+ Tr{eiνAV

[
ei(β−ν)Aτ − ei(β−ν)A]V ei(t−β)Aτ }

+ Tr{eiνAV ei(β−ν)AV
[
ei(t−β)Aτ − ei(t−β)A]})

=

∫ β

0

dν (Tr{ei(t−β)Aτ
[
eiνAτ − eiνA

]
V ei(β−ν)AτV }+ Tr{ei(t−β)Aτ eiνAV

[
ei(β−ν)Aτ − ei(β−ν)A]V }

+ Tr{
[
ei(t−β)Aτ − ei(t−β)A]eiνAV ei(β−ν)AV })

=

∫ β

0

dν Tr{ei(t−β)Aτ
[
eiνAτ − eiνA

]
V ei(β−ν)AτV + ei(t−β)Aτ eiνAV

[
ei(β−ν)Aτ − ei(β−ν)A] V

+
[
ei(t−β)Aτ − ei(t−β)A] eiνAV ei(β−ν)AV }

=

∫ β

0

dν Tr{ei(t−β+ν)AτV ei(β−ν)AτV − ei(t−β+ν)AV ei(β−ν)AV }

=

∫ β

0

dν Tr
[
V ei(t−ν)AτV eiνAτ − V ei(t−ν)AV eiνA

]
.

(3.2.4)

Similarly, the second integral in{.} in (3.2.3) is equal to
∫ t−β

0

dν Tr
[
V ei(t−ν)AτV eiνAτ − V ei(t−ν)AV eiνA

]
. (3.2.5)

Combining (3.2.4) and (3.2.5), we conclude that

Z =

∫ ∞

−∞
i2φ̂(t)dt

∫ 1

0

ds

∫ s

0

dτ

∫ t

0

dβ {
∫ β

0

dν Tr
[
V ei(t−ν)AτV eiνAτ − V ei(t−ν)AV eiνA

]

+

∫ t−β

0

dν Tr
[
V ei(t−ν)AτV eiνAτ − V ei(t−ν)AV eiνA

]
}.

(3.2.6)
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By a change of variable and the cyclicity of trace, we get that

t

∫ t

0

dν Tr
[
V ei(t−ν)AτV eiνAτ − V ei(t−ν)AV eiνA

]

=

∫ t

0

dβ {
∫ β

0

dν Tr
[
V ei(t−ν)AτV eiνAτ − V ei(t−ν)AV eiνA

]

+

∫ t

β

dν Tr
[
V ei(t−ν)AτV eiνAτ − V ei(t−ν)AV eiνA

]
}

=

∫ t

0

dβ {
∫ β

0

dν Tr
[
V ei(t−ν)AτV eiνAτ − V ei(t−ν)AV eiνA

]

+

∫ t−β

0

dν Tr
[
V ei(t−ν)AτV eiνAτ − V ei(t−ν)AV eiνA

]
},

=

∫ t

0

dβ {
∫ β

0

dν Tr
[
V ei(t−ν)AτV eiνAτ − V ei(t−ν)AV eiνA

]

+

∫ t−β

0

dν Tr
[
V eiνAτV ei(t−ν)Aτ − V eiνAV ei(t−ν)A]}

=

∫ t

0

dβ {
∫ β

0

dν Tr
[
V ei(t−ν)AτV eiνAτ − V ei(t−ν)AV eiνA

]

+

∫ t−β

0

dν Tr
[
V ei(t−ν)AτV eiνAτ − V ei(t−ν)AV eiνA

]
},

using which in (3.2.6) we are lead to the equation

Z =

∫ ∞

−∞
i2 tφ̂(t)dt

∫ t

0

dν

∫ 1

0

ds

∫ s

0

dτ Tr
[
V ei(t−ν)AτV eiνAτ − V ei(t−ν)AV eiνA

]
, (3.2.7)

by an application of Fubini’s theorem.

Theorem 3.2.3.LetA be an unbounded self-adjoint operator in a Hilbert spaceH with σ(A) ⊆
[a,∞) for somea ∈ R andV be a self-adjoint operator such thatV ∈ B2(H). Then there exist a

unique real-valued functionη ∈ L1
(
R, dλ

(1+λ2)1+ǫ

)
(for someǫ > 0) such that for everyφ ∈ S(R)

(the Schwartz class of smooth functions of rapid decrease)

Tr

[
φ(A+ V )− φ(A)−D(1)φ(A) • V − 1

2
D(2)φ(A) • (V, V )

]
=

∫ ∞

−∞
φ′′′(λ)η(λ)dλ.

Proof. Equation (3.2.7), after an application of Fubini’s theorem, yields that

Z ≡ Tr

[
φ(A+ V )− φ(A)−D(1)φ(A) • V − 1

2
D(2)φ(A) • (V, V )

]

=

∫ 1

0

ds

∫ s

0

dτ

∫ ∞

−∞
i2 tφ̂(t)dt

∫ t

0

dν Tr
[
V ei(t−ν)AτV eiνAτ − V ei(t−ν)AV eiνA

]
.

(3.2.8)

81



3.2. Unbounded Case

Now
∫ t

0

dν Tr
[
V ei(t−ν)AτV eiνAτ − V ei(t−ν)AV eiνA

]

=

∫ t

0

dν

∫ ∞

b

∫ ∞

b

ei(t−ν)λeiνµ Tr [V EAτ
(dλ)V EAτ

(dµ)− V EA(dλ)V EA(dµ)] ,

(3.2.9)

whereb = a − ‖V ‖ andEAτ
(.) andEA(.) are the spectral families of the operatorAτ andA

respectively and the measure

F : ∆ × δ ⊆ Borel(R2) −→ Tr [V EAτ
(∆)V EAτ

(δ)− V EA(∆)V EA(δ)] is a complex measure

with total variation≤ 2‖V ‖22 and hence by Fubini’s theorem the right hand side expressionin

(3.2.8) is equal to

∫ 1

0

ds

∫ s

0

dτ

∫ ∞

−∞
i2 tφ̂(t)dt

∫ ∞

b

∫ ∞

b

∫ t

0

dν ei(t−ν)λeiνµ Tr [V EAτ
(dλ)V EAτ

(dµ)− V EA(dλ)V EA(dµ)]

=

∫ 1

0

ds

∫ s

0

dτ

∫ ∞

−∞
i2 tφ̂(t)dt

∫ ∞

b

∫ ∞

b

eitλ − eitµ

i(λ− µ)
Tr [V EAτ

(dλ)V EAτ
(dµ)− V EA(dλ)V EA(dµ)]

=

∫ 1

0

ds

∫ s

0

dτ

∫ ∞

−∞
i2 tφ̂(t)dt

∫ ∞

b

∫ ∞

b

eitλ − eitµ

i(λ− µ)
{〈V,EAτ

(dλ)V EAτ
(dµ)〉2 − 〈V,EA(dλ)V EA(dµ)〉2}

=

∫ 1

0

ds

∫ s

0

dτ

∫ ∞

−∞
i2 tφ̂(t)dt

∫ ∞

b

∫ ∞

b

eitλ − eitµ

i(λ− µ)
{〈(V1τ ⊕ V2τ ), EAτ

(dλ)(V1τ ⊕ V2τ )EAτ
(dµ)〉2

− 〈(V1 ⊕ V2), EA(dλ)(V1 ⊕ V2)EA(dµ)〉2},
(3.2.10)

where we setV = V1 ⊕ V2 = V1τ ⊕ V2τ ∈ B2(H) as in Lemma 3.1.3vi(b). Again by using the

invariance and orthogonality properties in Lemma 3.1.3(ii)− (vii), the right hand side of (3.2.10)

is equal to

∫ 1

0

ds

∫ s

0

dτ

∫ ∞

−∞
i2 tφ̂(t)dt

∫ ∞

b

∫ ∞

b

eitλ − eitµ

i(λ− µ)
[{〈(V1τ , EAτ

(dλ)V1τEAτ
(dµ)〉2 − 〈(V1, EA(dλ)V1EA(dµ)〉2}

+ {〈(V2τ , EAτ
(dλ)V2τEAτ

(dµ)〉2 − 〈(V2, EA(dλ)V2EA(dµ)〉2}]

=

∫ 1

0

ds

∫ s

0

dτ

∫ ∞

−∞
i2 tφ̂(t)dt

∫ ∞

b

teitλ Tr
[
V 2
1τEAτ

(dλ)− V 2
1 EA(dλ)

]

+

∫ 1

0

ds

∫ s

0

dτ

∫ ∞

−∞
i2 tφ̂(t)dt

∫ ∞

b

∫ ∞

b

eitλ − eitµ

i(λ− µ)
Tr [V2τEAτ

(dλ)V2τEAτ
(dµ)− V2EA(dλ)V2EA(dµ)] .

(3.2.11)
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Applying Fubini’s theorem in the first expression in right hand side of (3.2.11), we conclude that
∫ 1

0

ds

∫ s

0

dτ

∫ ∞

−∞
i2 tφ̂(t)dt

∫ ∞

b

teitλTr
[
V 2
1τEAτ

(dλ)− V 2
1 EA(dλ)

]

=

∫ 1

0

ds

∫ s

0

dτ

∫ ∞

b

φ′′(λ) Tr
[
V 2
1τEAτ

(dλ)− V 2
1 EA(dλ)

]

=

∫ 1

0

ds

∫ s

0

dτ {φ′′(λ) Tr
[
V 2
1τEAτ

(λ)− V 2
1 EA(λ)

]
|∞λ=b

−
∫ ∞

b

φ′′′(λ) Tr
[
V 2
1τEAτ

(λ)− V 2
1 EA(λ)

]
dλ}

=

∫ 1

0

ds

∫ s

0

dτ

∫ ∞

b

φ′′′(λ) Tr
[
V 2
1 EA(λ)− V 2

1τEAτ
(λ)
]
dλ,

where we have integrated by-parts and observed that the boundary term vanishes. Thus the first

term in (3.2.11) is equal to
∫ 1

0

ds

∫ s

0

dτ

∫ ∞

b

φ′′′(λ) η1τ (λ) dλ, where η1τ (λ) = Tr
[
V 2
1 EA(λ)− V 2

1τEAτ
(λ)
]
. (3.2.12)

Now consider the second expression in the right hand side of (3.2.11) :
∫ 1

0

ds

∫ s

0

dτ

∫ ∞

−∞
i2 tφ̂(t)dt

∫ ∞

b

∫ ∞

b

eitλ − eitµ

i(λ− µ)
Tr [V2τEAτ

(dλ)V2τEAτ
(dµ)− V2EA(dλ)V2EA(dµ)]

(3.2.13)

SinceV2 ∈
[
Ker

(
M(A+i)−1

)]⊥
= Ran

(
M∗

(A+i)−1

)
= Ran

(
M(A−i)−1

)
, then there exists a

sequence{V (n)
2 } ⊆ Ran

(
M(A−i)−1

)
such thatV (n)

2 −→ V2 in ‖.‖2 asn −→ ∞ andV (n)
2 =

(A− i)−1 Y
(n)
0 − Y

(n)
0 (A− i)−1 for someY (n)

0 ∈ B2(H). Without loss of generality we can as-

sume thatV (n)
2 is self-adjoint for eachn , since if it is not self-adjoint, consider the sequence

{V
(n)
2 +(V

(n)
2 )∗

2
}, which converges toV2 in ‖.‖2 (sinceV2 is self-adjoint) andV

(n)
2 +(V

(n)
2 )∗

2
is self-

adjoint for eachn. Similarly, for everyτ ∈ (0, 1], there exists a sequence{V (n)
2τ } ⊆ Ran

(
M(Aτ−i)−1

)

such that
∥∥∥V (n)

2τ − V2τ

∥∥∥
2
−→ 0 point-wise asn −→ ∞ andV (n)

2τ is self-adjoint for eachn and

V
(n)
2τ = (Aτ − i)−1 Y (n) − Y (n) (Aτ − i)−1 for some sequence{Y (n)} ⊆ B2(H) . Furthermore, by

Lemma 3.1.3(vii)(b), the map[0, 1] ∋ τ −→ V1τ , V2τ are continuous. Thus the expression in

(3.2.13) is equal to
∫ 1

0

ds

∫ s

0

dτ

∫ ∞

−∞
i2 tφ̂(t)dt

∫ ∞

b

∫ ∞

b

eitλ − eitµ

i(λ− µ)
lim
n→∞

Tr
[
V2τEAτ

(dλ)V
(n)
2τ EAτ

(dµ)− V2EA(dλ)V
(n)
2 EA(dµ)

]

=

∫ 1

0

ds

∫ s

0

dτ

∫ ∞

−∞
i2 tφ̂(t)dt lim

n→∞

∫ ∞

b

∫ ∞

b

eitλ − eitµ

i(λ− µ)
Tr
[
V2τEAτ

(dλ)V
(n)
2τ EAτ

(dµ)− V2EA(dλ)V
(n)
2 EA(dµ)

]

(3.2.14)

83



3.2. Unbounded Case

since Var
(
F (n)

2 − F2

)
≤ ‖V2τ‖2 ‖V (n)

2τ − V2τ‖2 + ‖V ‖2 ‖V2 − V
(n)
2 ‖ −→ 0 asn −→ ∞,

whereF2(∆× δ) = Tr [V2τEAτ
(∆)V2τEAτ

(δ)− V2EA(∆)V2EA(δ)] andF (n)
2 (∆× δ) is the same

expression with secondV2 andV2τ terms are replaced byV (n)
2 andV (n)

2τ respectively. These are

complex measures onR2 and Var
(
F (n)

2 −F2

)
is the variation of

(
F (n)

2 − F2

)
. Note that

Tr
(
V2τEAτ

(dλ)V
(n)
2τ EAτ

(dµ)
)
= Tr

(
V2τEAτ

(dλ)
[
(Aτ − i)−1 Y (n) − Y (n) (Aτ − i)−1]EAτ

(dµ)
]

=
[
(λ− i)−1 − (µ− i)−1

]
Tr
(
V2τEAτ

(dλ)Y (n)EAτ
(dµ)

)

=
−(λ− µ)

(λ− i)(µ− i)
Tr
(
V2τEAτ

(dλ)Y (n)EAτ
(dµ)

)

and since
∫∞
−∞ |tφ̂(t)|dt < ∞ and the other functions are bounded, the right hand side expression

in (3.2.14) is equal to
∫ 1

0

ds

∫ s

0

dτ lim
n→∞

∫ ∞

−∞
i2 tφ̂(t)dt

∫ ∞

b

∫ ∞

b

eitλ − eitµ

i(λ− µ)

[ −(λ− µ)

(λ− i)(µ− i)

]
Tr{V2τEAτ

(dλ)Y (n)EAτ
(dµ)

− V2EA(dλ)Y
(n)
0 EA(dµ)}

=

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

∫ ∞

−∞
−i tφ̂(t)dt

∫ ∞

b

∫ ∞

b

[eitλ − eitµ]

[(λ− i)(µ− i)]
Tr{V2τEAτ

(dλ)Y (n)EAτ
(dµ)

− V2EA(dλ)Y
(n)
0 EA(dµ)}

=

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

∫ ∞

−∞
−itφ̂(t)dt

∫ ∞

b

∫ ∞

b

[
eitλ − eitµ

]
Tr{V2τEAτ

(dλ) (Aτ − i)−1 Y (n) (Aτ − i)−1EAτ
(dµ)

− V2EA(dλ) (A− i)−1 Y
(n)
0 (A− i)−1EA(dµ)}

=

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

∫ ∞

−∞
−itφ̂(t)dt {

∫ ∞

b

eitλ (Tr[V2τEAτ
(dλ) (Aτ − i)−1 Y (n) (Aτ − i)−1]

− Tr[V2EA(dλ) (A− i)−1 Y
(n)
0 (A− i)−1])

−
∫ ∞

b

eitµ (Tr[V2τ (Aτ − i)−1 Y (n) (Aτ − i)−1EAτ
(dµ)]

− Tr[V2 (A− i)−1 Y
(n)
0 (A− i)−1EA(dµ)])}

=

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

∫ ∞

−∞
−itφ̂(t)dt

∫ ∞

b

eitλ Tr
(
V2τ

[
EAτ

(dλ), Ỹ (n)
]
− V2

[
EA(dλ), Ỹ0

(n)
])
,

(3.2.15)

whereỸ (n) = (Aτ − i)−1 Y (n) (Aτ − i)−1 andỸ0
(n)

= (A− i)−1 Y
(n)
0 (A− i)−1. Again by apply-

ing Fubini’s theorem the right hand side expression in (3.2.15) is equal to
∫ 1

0

ds

∫ s

0

dτ lim
n→∞

∫ ∞

b

−φ′(λ) Tr
(
V2τ

[
EAτ

(dλ), Ỹ (n)
]
− V2

[
EA(dλ), Ỹ0

(n)
])
,
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and by integrating by-parts twice and on observing that the boundary term vanishes, this reduces

to

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

− {φ′(λ) Tr(V2τ [EAτ
(λ), Ỹ (n)]− V2[EA(λ), Ỹ0

(n)
]) |∞λ=a

−
∫ ∞

b

−φ′′(λ) Tr
(
V2τ

[
EAτ

(λ), Ỹ (n)
]
− V2

[
EA(λ), Ỹ0

(n)
])
dλ}

=

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

∫ ∞

b

φ′′(λ) Tr
(
V2τ

[
EAτ

(λ), Ỹ (n)
]
− V2

[
EA(λ), Ỹ0

(n)
])
dλ

=

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

{φ′′(λ)

∫ λ

b

Tr(V2τ [EAτ
(µ), Ỹ (n)]− V2[EA(µ), Ỹ0

(n)
]) dµ |∞λ=b

−
∫ ∞

b

φ′′′(λ)

(∫ λ

b

Tr
(
V2τ

[
EAτ

(µ), Ỹ (n)
]
− V2

[
EA(µ), Ỹ0

(n)
])
dµ

)
dλ}

=

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

∫ ∞

b

φ′′′(λ)

(∫ λ

b

Tr
(
V2

[
EA(µ), Ỹ0

(n)
]
− V2τ

[
EAτ

(µ), Ỹ (n)
])
dµ

)
dλ

=

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

∫ ∞

b

φ′′′(λ) η
(n)
2τ (λ) dλ, (3.2.16)

where η
(n)
2τ (λ) =

∫ λ

b

Tr
(
V2

[
EA(µ), Ỹ0

(n)
]
− V2τ

[
EAτ

(µ), Ỹ (n)
])
dµ.

Here it is worth observing that the hypothesis thatA is bounded below is used for the first time

here, only for performing the second integration-by-parts. Combining (3.2.12) and (3.2.16), we

conclude that

Tr

[
φ(A+ V )− φ(A)−D(1)φ(A) • V − 1

2
D(2)φ(A) • (V, V )

]

=

∫ 1

0

ds

∫ s

0

dτ lim
n→∞

∫ ∞

b

φ′′′(λ) η(n)τ (λ) dλ,

(3.2.17)

where η(n)τ (λ) = η1τ (λ) + η
(n)
2τ (λ). We claim that{η(n)τ } is a cauchy sequence in

L1
(
R, dλ

(1+λ2)1+ǫ

)
(ǫ > 0) and we follow the idea from [5]. First note that

L∞(R, dλ) = L∞(R, ψ(λ)dλ) [ whereψ(λ) = 1
(1+λ2)1+ǫ ] since the two measures are equivalent.

Next, letf ∈ L∞(R, dλ) and define

g(λ) =

∫ ∞

λ

f(t)ψ(t)dt for λ ∈ R, then g is absolutely continuous with
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g′(λ) = −f(λ)ψ(λ) a.e. and that|g(λ)| ≤ Const. 1

(1+λ2)
1
2+ǫ′

(for someǫ′ > 0) for λ → ∞
and bounded. Next consider the expression
∫ ∞

−∞
f(λ)ψ(λ)

[
η(n)τ (λ)− η(m)

τ (λ)
]
dλ =

∫ ∞

b

f(λ)ψ(λ)
[
η
(n)
2τ (λ)− η

(m)
2τ (λ)

]
dλ

=

∫ ∞

b

−g′(λ) dλ
(∫ λ

b

Tr
(
V2

[
EA(µ), Ỹ0

(n) − Ỹ0
(m)
]
− V2τ

[
EAτ

(µ), Ỹ (n) − Ỹ (m)
])
dµ

)
,

which on integration by-parts and on observing that the boundary terms vanishes, leads to

−g(λ)
∫ λ

b

Tr
(
V2

[
EA(µ), Ỹ0

(n) − Ỹ0
(m)
]
− V2τ

[
EAτ

(µ), Ỹ (n) − Ỹ (m)
])
dµ|∞λ=b

+

∫ ∞

b

g(λ)Tr
(
V2

[
EA(λ), Ỹ0

(n) − Ỹ0
(m)
]
− V2τ

[
EAτ

(λ), Ỹ (n) − Ỹ (m)
])
dλ

=

∫ ∞

b

g(λ)Tr
(
V2

[
EA(λ), Ỹ0

(n) − Ỹ0
(m)
]
− V2τ

[
EAτ

(λ), Ỹ (n) − Ỹ (m)
])
dλ.

(3.2.18)

Define

h(λ) =

∫ λ

b

g(t)dt for λ ∈ [a,∞), then h is bounded, differentiable on [a,∞)

with h′(λ) = g(λ) ∀ λ ∈ [b,∞). Hence by integrating by-parts and observing that the boundary

term vanishes, the right hand side expression in (3.2.18) isequal to
∫ ∞

b

h′(λ)Tr
(
V2

[
EA(λ), Ỹ0

(n) − Ỹ0
(m)
]
− V2τ

[
EAτ

(λ), Ỹ (n) − Ỹ (m)
])
dλ

= h(λ) Tr
(
V2

[
EA(λ), Ỹ0

(n) − Ỹ0
(m)
]
− V2τ

[
EAτ

(λ), Ỹ (n) − Ỹ (m)
])

|∞λ=b

−
∫ ∞

b

h(λ)Tr
(
V2

[
EA(dλ), Ỹ0

(n) − Ỹ0
(m)
]
− V2τ

[
EAτ

(dλ), Ỹ (n) − Ỹ (m)
])

=

∫ ∞

b

h(λ) Tr
(
V2τ

[
EAτ

(dλ), Ỹ (n) − Ỹ (m)
]
− V2

[
EA(dλ), Ỹ0

(n) − Ỹ0
(m)
])

= Tr
(
V2τ

[
h(Aτ ), Ỹ

(n) − Ỹ (m)
]
− V2

[
h(A), Ỹ0

(n) − Ỹ0
(m)
])
.

(3.2.19)

But on the other hand,
[
h(A), Ỹ0

(n)
]
=

∫ ∞

b

∫ ∞

b

[h(λ)− h(µ)]EA(dλ)Ỹ0
(n)
EA(dµ)

=

∫ ∞

b

∫ ∞

b

[h(λ)− h(µ)](λ− i)−1(µ− i)−1EA(dλ)Y
(n)
0 EA(dµ)

=

∫ ∞

b

∫ ∞

b

h(λ)− h(µ)

(λ− i)−1 − (µ− i)−1
(λ− i)−1(µ− i)−1EA(dλ)

[
(A− i)−1Y

(n)
0 − Y

(n)
0 (A− i)−1

]
EA(dµ)
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=

∫ ∞

b

∫ ∞

b

h(λ)− h(µ)

(λ− i)−1 − (µ− i)−1
(λ− i)−1(µ− i)−1EA(dλ)V

(n)
2 EA(dµ)

and hence [
h(A), Ỹ0

(n)
]
= −

∫ ∞

b

∫ ∞

b

h(λ)− h(µ)

λ− µ
EA(dλ)V

(n)
2 EA(dµ).

Therefore

Tr
(
V2

[
h(A), Ỹ0

(n) − Ỹ0
(m)
])

= −
∫ ∞

b

∫ ∞

b

h(λ)− h(µ)

λ− µ
Tr
(
V2EA(dλ)

[
V

(n)
2 − V

(m)
2

]
EA(dµ)

)

(3.2.20)

and hence as in Birman-Solomyak ([2],[3]) and in [7] ,

∣∣∣Tr
(
V2

[
h(A), Ỹ0

(n) − Ỹ0
(m)
])∣∣∣ ≤ ‖f‖∞ ‖ψ‖L1 ‖V ‖2

∥∥∥
[
V

(n)
2 − V

(m)
2

]∥∥∥
2

and hence

sup
f∈L∞(R)

∣∣∣
∫∞
−∞ f(λ)ψ(λ)

[
η
(n)
τ (λ)− η

(m)
τ (λ)

]
dλ
∣∣∣

‖f‖∞
≤ ‖ψ‖L1 ‖V ‖2

(∥∥∥
[
V

(n)
2 − V

(m)
2

]∥∥∥
2
+
∥∥∥
[
V

(n)
2τ − V

(m)
2τ

]∥∥∥
2

)

i.e.

‖η(n)τ − η(m)
τ ‖L1(R,ψ(λ)dλ) ≤ ‖ψ‖L1 ‖V ‖2

(∥∥∥
[
V

(n)
2 − V

(m)
2

]∥∥∥
2
+
∥∥∥
[
V

(n)
2τ − V

(m)
2τ

]∥∥∥
2

)
,

which converges to0 asm,n −→ ∞ and∀ τ ∈ [0, 1]. Therefore

‖η(n) − η(m)‖L1(R,ψ(λ)dλ) ≤
∫ 1

0

ds

∫ s

0

dτ ‖η(n)τ − η(m)
τ ‖L1(R,ψ(λ)dλ),

which converges to 0 asm,n −→ ∞, by the bounded convergence theorem and hence{η(n)} is a

Cauchy sequence inL1(R, ψ(λ)dλ) and thus there exists a functionη ∈ L1(R, ψ(λ)dλ) such that

‖η(n) − η‖L1(R,ψ(λ)dλ) → 0 asn −→ ∞. Therefore by using the Dominated Convergence theorem

as well as Fubini’s theorem, from (3.2.17) we conclude that

Tr

[
φ(A+ V )− φ(A)−D(1)φ(A) • V − 1

2
D(2)φ(A) • (V, V )

]
=

∫ ∞

−∞
φ′′′(λ)η(λ)dλ.

The proof of the uniqueness and the real-valued nature ofη is postponed till after the corol-

lary 3.2.4, which is the counterpart of Corollary 3.1.6 for the unbounded case.
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Corollary 3.2.4. LetA be an unbounded self-adjoint operator in a Hilbert spaceH with σ(A) ⊆
[b,∞) for someb ∈ R andV be a self-adjoint operator such thatV ∈ B2(H). Then the function

η ∈ L1(R, ψ(λ)dλ) obtained as in Theorem 3.2.3 satisfies the following equation

∫ ∞

−∞
f(λ)ψ(λ)η(λ)dλ

=

∫ 1

0

ds

∫ s

0

dτ

∫ ∞

b

∫ ∞

b

h(λ)− h(µ)

λ− µ
Tr [V EA(dλ)V EA(dµ)− V EAτ

(dλ)V EAτ
(dµ)] ,

(3.2.21)

wheref(λ), g(λ), h(λ) andψ(λ) are as in the proof of the Theorem 3.2.3. Moreover

‖η‖L1(R,ψ(λ)dλ) ≤ ‖ψ‖L1‖V ‖22.

Proof. By Fubini’s theorem we have that

∫ ∞

−∞
f(λ)ψ(λ)η(n)(λ)dλ =

∫ 1

0

ds

∫ s

0

dτ

∫ ∞

b

f(λ)ψ(λ)
[
η1τ (λ) + η

(n)
2τ (λ)

]
dλ.

But

∫ ∞

b

f(λ)ψ(λ)η1τ(λ)dλ =

∫ ∞

b

−g′(λ)Tr
[
V 2
1 EA(λ)− V 2

1τEAτ
(λ)
]
dλ,

which by integrating by-parts and observing that the boundary terms vanishes, leads to

−g(λ)Tr
[
V 2
1 EA(λ)− V 2

1τEAτ
(λ)
]
dλ|∞λ=a +

∫ ∞

b

g(λ)Tr
[
V 2
1 EA(dλ)− V 2

1τEAτ
(dλ)

]

=

∫ ∞

b

g(λ)Tr
[
V 2
1 EA(dλ)− V 2

1τEAτ
(dλ)

]
= Tr

[
V 2
1 h

′(A)− V 2
1τh

′(Aτ )
]
, which

by Lemma 3.1.3(ii) is equal to

∫ ∞

b

∫ ∞

b

h(λ)− h(µ)

λ− µ
Tr [V1EA(dλ)V1EA(dµ)− V1τEAτ

(dλ)V1τEAτ
(dµ)] . (3.2.22)

Again by repeating the same calculations as in the proof of the Theorem 3.2.3, we conclude that

∫ ∞

b

f(λ)ψ(λ)η
(n)
2τ (λ)dλ =

∫ ∞

b

∫ ∞

b

h(λ)− h(µ)

λ− µ
Tr
[
V2EA(dλ)V

(n)
2 EA(dµ)− V2τEAτ

(dλ)V
(n)
2τ EAτ

(dµ)
]
.

(3.2.23)
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Combining (3.2.22) and (3.2.23) we have,
∫ ∞

−∞
f(λ)ψ(λ)η(n)(λ)dλ

=

∫ 1

0

ds

∫ s

0

dτ

∫ ∞

b

∫ ∞

b

h(λ)− h(µ)

λ− µ
Tr[(V1 ⊕ V2)EA(dλ)

(
V1 ⊕ V

(n)
2

)
EA(dµ)

− (V1τ ⊕ V2τ )EAτ
(dλ)

(
V1τ ⊕ V

(n)
2τ

)
EAτ

(dµ)].

(3.2.24)

But by definitionV (n)
2 , V

(n)
2τ converges toV2, V2τ respectively in‖.‖2 and we have already proved

thatη(n) converges toη in L1(R, ψ(λ)dλ) .Hence by taking limit on both sides of (3.2.24) we get

that
∫ ∞

−∞
f(λ)ψ(λ)η(λ)dλ

=

∫ 1

0

ds

∫ s

0

dτ

∫ ∞

b

∫ ∞

b

h(λ)− h(µ)

λ− µ
Tr [V EA(dλ)V EA(dµ)− V EAτ

(dλ)V EAτ
(dµ)] ,

(3.2.25)

where we have used the fact that

Var
(
G(n)
2 − G2

)
≤ ‖V ‖2

(
‖V (n)

2τ − V2τ‖2 + ‖V2 − V
(n)
2 ‖

)
−→ 0, and that‖h‖Lip ≤ ‖g‖∞ ≤

‖f‖∞‖ψ‖L1,whereG(n)
2 (∆×δ) = Tr

[
V EAτ

(∆)
(
V1τ ⊕ V

(n)
2τ

)
EAτ

(δ)− V EA(∆)
(
V1 ⊕ V

(n)
2

)
EA(δ)

]

andG2 (∆× δ) = Tr [V EAτ
(∆)V EAτ

(δ)− V EA(∆)V EA(δ)] are complex measures onR2

and Var
(
G(n)
2 − G2

)
is the variation of

(
G(n)
2 − G2

)
. Again from (3.2.25) we have the following

estimate (as in Birman-Solomyak ([2],[3]) and in [7] )

∣∣∣∣
∫ ∞

−∞
f(λ)ψ(λ)η(λ)dλ

∣∣∣∣ ≤
∫ 1

0

ds

∫ s

0

dτ 2 ‖h‖Lip ‖V ‖22 ≤ ‖ψ‖L1 ‖f‖∞ ‖V ‖22

and hence

sup
f∈L∞(R)

∣∣∣
∫∞
−∞ f(λ)ψ(λ)η(λ)dλ

∣∣∣
‖f‖∞

≤ ‖ψ‖L1 ‖V ‖22 i.e. ‖η‖L1(R,ψ(λ)dλ) ≤ ‖ψ‖L1 ‖V ‖22.
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Proof of uniqueness and reality property of η: For uniqueness in Theorem 3.2.3, let us assume

that there existsη1, η2 ∈ L1(R, ψ(λ)dλ) such that

Tr

[
φ(A+ V )− φ(A)−D(1)φ(A) • V − 1

2
D(2)φ(A) • (V, V )

]
=

∫ ∞

−∞
φ′′′(λ)ηj(λ)dλ

for j = 1, 2. Then using Corollary 3.2.4 we conclude that

∫

R
f(λ)ψ(λ)ηj(λ)dλ =

∫ 1

0

ds

∫ s

0

dτ

∫ ∞

b

∫ ∞

b

h(λ)− h(µ)

λ− µ
Tr [V EA(dλ)V EA(dµ)− V EAτ

(dλ)V EAτ
(dµ)] ,

for j = 1, 2 and for allf ∈ L∞(R). Hence

∫

R
f(λ) ψ(λ) η(λ) dλ = 0 ∀ f ∈ L∞(R), (3.2.26)

whereη(λ) ≡ η1(λ) − η2(λ) ∈ L1(R, ψ(λ)dλ). Since (3.2.26) is true for allf ∈ L∞(R), in

particular it is true for all real valuedf ∈ L∞(R) i.e.

∫

R
f(λ) ψ(λ) η(λ) dλ = 0 ∀ real valued f ∈ L∞(R). (3.2.27)

Let η(λ) = ηRel(λ) + i ηImg(λ), whereηRel(λ) and ηImg(λ) are real valuedL1(R, ψ(λ)dλ)-

function. Hence from (3.2.27) , we conclude that

∫

R
f(λ) ψ(λ) ηRel(λ) dλ = 0 =

∫

R
f(λ) ψ(λ) ηImg(λ) dλ ∀ real valued f ∈ L∞(R).

(3.2.28)

In particular if we considerf(λ) = sgn ηRel(λ), wheresgn ηRel(λ) = 0 ∀ λ such thatηRel(λ) = 0 ;

sgn ηRel(λ) = 1 ∀ λ such thatηRel(λ) > 0 ; sgn ηRel(λ) = −1 ∀ λ such thatηRel(λ) < 0 . Then

f = sgn ηRel ∈ L∞(R) and hence

∫

R
|ηRel(λ)| |ψ(λ)| dλ =

∫

R
sgn ηRel(λ) ηRel(λ) ψ(λ)dλ = 0,

which implies that|ηRel(λ)| |ψ(λ)| = 0 a.e. and henceηRel(λ) = 0 a.e.. Similarly by the same

above argument we conclude thatηImg(λ) = 0 a.e. and henceη(λ) = 0 a.e.. Thereforeη1(λ) =

η2(λ)a.e..

Next we want to show thatη is real valued. Supposeη(λ) = ηRel(λ) + i ηImg(λ), where

ηRel(λ) andηImg(λ) are real valuedL1(R, ψ(λ)dλ)-function. Then from (3.2.21) , we conclude
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that
∫ ∞

−∞
f(λ)ψ(λ)η(λ)dλ =

∫ ∞

−∞
f(λ) [ηRel(λ) + i ηImg(λ)]ψ(λ)dλ

=

∫ ∞

−∞
f(λ)ηRel(λ)ψ(λ)dλ+ i

∫ ∞

−∞
f(λ) ηImg(λ)ψ(λ)dλ

=

∫ 1

0

ds

∫ s

0

dτ

∫ ∞

b

∫ ∞

b

h(λ)− h(µ)

λ− µ
Tr [V EA(dλ)V EA(dµ)− V EAτ

(dλ)V EAτ
(dµ)] ,

(3.2.29)

But the right hand side of (3.2.29) is real valued for all realvaluedf ∈ L∞(R) and hence
∫

R
f(λ) ψ(λ) ηImg(λ) dλ = 0 ∀ real valued f ∈ L∞(R).

In particular if we considerf(λ) = sgn ηImg(λ), wheresgn ηImg(λ) = 0 ∀ λ such thatηImg(λ) =

0 ; sgn ηImg(λ) = 1 ∀ λ such thatηImg(λ) > 0 ; sgn ηImg(λ) = −1 ∀ λ such thatηImg(λ) < 0 .

Thenf = sgn ηImg ∈ L∞(R) and hence
∫

R
|ηImg(λ)| |ψ(λ)| dλ =

∫

R
sgn ηImg(λ) ηImg(λ) ψ(λ)dλ = 0,

which implies that|ηImg(λ)| |ψ(λ)| = 0 a.e. and henceηImg(λ) = 0 a.e., which implies thatη is

real valued.
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Chapter 4

Some Results for Commuting n-Tuples

We have already discussed various trace theorems and their proofs using final dimensional ap-

proximations in Chapters 1-3 for single operator variable case. In this chapter we present some

preliminary results towards obtaining some trace formula for two or more generally n-operator

variables.

4.1 Approximation Results for n-Tuples

The main result in this section (Theorem 4.1.2) is an adaptation from the proof of Weyl-von

Neumaan-Berg theorem [2] . First we need a simple lemma.

Lemma 4.1.1. LetA ∈ B(H) be such that0 ≤ A ≤ I. Now consider the spectral projections

Ek = EA

(
2k−1⋃
j=1

(
2−k(2j − 1), 2−k(2j)

]
)

for k ≥ 1. Then

A =
∞∑

k=1

2−kEk, (4.1.1)

where the right hand side of(4.1.1)converges in operator norm.
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Proof. We want to show that

A =
∞∑

k=1

2−kEk =
∞∑

k=1

2−kEA




2k−1⋃

j=1

(
2−k(2j − 1), 2−k(2j)

]



=
∞∑

k=1

2−k
2k−1∑

j=1

EA
(
2−k(2j − 1), 2−k(2j)

]
,

since
(
2−k(2i− 1), 2−k(2i)

]⋂ (
2−k(2j − 1), 2−k(2j)

]
= ∅ for i 6= j and1 ≤ i, j ≤ 2k−1. Let

SN ≡
N∑

k=1

2−kEk =

N∑

k=1

2−k
2k−1∑

j=1

EA
(
2−k(2j − 1), 2−k(2j)

]

Claim:

SN =
2N−1∑

m=1

m.2−NEA
(
m.2−N , (m+ 1).2−N

]
.

Applying induction onN , we will prove the above claim.

ForN = 1, S1 = 2−1EA (2
−1.1, 2−1(2)] = 2−1EA (2−1, 1] = 1.2−1EA (1.2−1, (1 + 1).2−1]

and hence the result is true forN = 1

Next assume that the result is true forN = l i.e.

Sl =
2l−1∑

m=1

m.2−lEA
(
m.2−l, (m+ 1).2−l

]
.

Now by using induction hypothesis, we have

Sl+1 =

l+1∑

k=1

2−k
2k−1∑

j=1

EA
(
2−k(2j − 1), 2−k(2j)

]

=

l∑

k=1

2−k
2k−1∑

j=1

EA
(
2−k(2j − 1), 2−k(2j)

]
+ 2−(l+1)

2l∑

j=1

EA
(
2−(l+1)(2j − 1), 2−(l+1)(2j)

]

=

2l−1∑

m=1

m.2−lEA
(
m.2−l, (m+ 1).2−l

]
+ 2−(l+1)

2l∑

j=1

EA
(
2−(l+1)(2j − 1), 2−(l+1)(2j)

]

=

2l−1∑

m=1

m.2−lEA
(
m.2−l, (m+ 1).2−l

]
+ 2−(l+1)EA

(
2−(l+1), 2−l

]

+

2l∑

j=2

2−(l+1)EA
(
2−(l+1)(2j − 1), 2−(l+1)(2j)

]
.

(4.1.2)
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But on the other hand

2l−1∑

m=1

m.2−lEA
(
m.2−l, (m+ 1).2−l

]
=

2l−1∑

m=1

2m.2−(l+1)EA
(
2m.2−(l+1), 2(m+ 1).2−(l+1)

]

=

2l−1∑

m=1

2m.2−(l+1)EA{
(
2m.2−(l+1), 2m+ 1.2−(l+1)

]⋃(
2m+ 1.2−(l+1), 2(m+ 1).2−(l+1)

]
}

=
2l−1∑

m=1

2m.2−(l+1)EA
(
2m.2−(l+1), 2m+ 1.2−(l+1)

]

+

2l−1∑

m=1

2m.2−(l+1)EA
(
2m+ 1.2−(l+1), 2(m+ 1).2−(l+1)

]

=

2l−1∑

m=1

2m.2−(l+1)EA
(
2m.2−(l+1), 2m+ 1.2−(l+1)

]

+
2l∑

j=2

2(j − 1).2−(l+1)EA
(
2j − 1.2−(l+1), 2j.2−(l+1)

]
,

(4.1.3)

by substituting the indexj = m+ 1 in second summation in last equality. Combining (4.1.2) and

(4.1.3), we conclude that

Sl+1 =
2l−1∑

m=1

2m.2−(l+1)EA
(
2m.2−(l+1), 2m+ 1.2−(l+1)

]
+ 2−(l+1)EA

(
2−(l+1), 2−l

]

+

2l∑

j=2

2j − 1.2−(l+1)EA
(
2j − 1.2−(l+1), 2j.2−(l+1)

]

=
2l−1∑

m=1

2m.2−(l+1)EA
(
2m.2−(l+1), 2m+ 1.2−(l+1)

]
+ 2−(l+1)EA

(
2−(l+1), 2−l

]

+

2l−1∑

m=1

2m+ 1.2−(l+1)EA
(
2m+ 1.2−(l+1), 2(m+ 1).2−(l+1)

]

=

2(l+1)−1∑

m=1

m.2−(l+1)EA
(
m.2−(l+1), (m+ 1).2−(l+1)

]
,

by substituting the indexj = m+1 in second summation in second equality and hence by induction

the result follows.
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Thus forf ∈ H,
( ∞∑

k=1

2−kEk

)
f = lim

N−→∞

(
N∑

k=1

2−kEk

)
f

= lim
N−→∞




2N−1∑

m=1

m.2−NEA
(
m.2−N , (m+ 1).2−N

]

 f

=

∫
λEA(dλ)f,

by using the definition of spectral integral ofA (see [1]). Therefore

A =

∫
λEA (dλ) =

∞∑

k=1

2−kEk.

Hence the proof.

Weyl-von Neumann [3] proved for one self-adjoint operatorA that givenǫ > 0, ∃B ∈ B2(H)

such that‖B‖2 < ǫ andA + B is diagonal. Later Berg extended this to an n-tuple of bounded

commuting self-adjoint operators(A1, A2, . . . , An), which says that givenǫ > 0, ∃ {Bj}nj=1 of

compact operators such that‖Bj‖ < ǫ ∀j andAj + Bj is diagonal∀j. We extend the ideas from

Berg’s proof in the next Theorem.

Theorem 4.1.2.LetA1, A2, . . . , An be n-commuting bounded self-adjoint operators in an infinite

dimensional separable Hilbert spaceH. Then there exists a sequence{PN} of finite rank projec-

tions increases strongly toI (i.e. PN ↑ I) and‖[Ai, PN ]‖p → 0 asN → ∞ for p > n and for all

1 ≤ i ≤ n.

Proof. Without loss of generality we can assume that0 ≤ Ai ≤ I for 1 ≤ i ≤ n. For eachAi,

consider the spectral projections

E
(i)
k = EAi

(
2k−1⋃
j=1

(
2−k(2j − 1), 2−k(2j)

]
)

for k ≥ 1.

Hence by using Lemma 4.1.1 we conclude that

Ai =
∞∑
k=1

2−kE
(i)
k for 1 ≤ i ≤ n.
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Now consider the commuting family of projectionsΩ = {E(i)
k : k ∈ N; 1 ≤ i ≤ n}. Let

{f1, f2, f3, . . . , fn, . . .} be an countable orthonormal basis forH (asH is separable). Denote(
E

(i)
k

)1
≡ E

(i)
k and

(
E

(i)
k

)−1

≡ I − E
(i)
k . Define

LN = span{
[
N∏

k=1

n∏

i=1

(
E

(i)
k

)ǫ(i)
k

]
fj : 1 ≤ j ≤ N ; ǫ

(i)
k = ±1}.

ThusLN is a linear subspace ofH and it has the following properties.

(i) dim(LN) ≤ N2nN ; (ii)

( ∞⋃
N=1

LN
)

= H; (iii) LN $ LN+1.

(i) From the definition ofLN , we conclude thatLN is spanned by at mostN.2nN number of

distinct elements of the form

[
N∏
k=1

n∏
i=1

(
E

(i)
k

)ǫ(i)
k

]
fj and hence dim(LN) ≤ N2nN .

(ii) Now

[
N∏
k=1

n∏
i=1

(
E

(i)
k

)ǫ(i)
k

]
fj ∈ LN for 1 ≤ j ≤ N ,

i.e.
(
E

(n)
N

)ǫ(n)
N

[
N−1∏
k=1

n−1∏
i=1

(
E

(i)
k

)ǫ(i)
k

]
fj ∈ LN for 1 ≤ j ≤ N ,

i.e.
(
I − E

(n)
N

)[N−1∏
k=1

n−1∏
i=1

(
E

(i)
k

)ǫ(i)
k

]
fj ∈ LN and

(
E

(n)
N

)[N−1∏
k=1

n−1∏
i=1

(
E

(i)
k

)ǫ(i)
k

]
fj ∈ LN for 1 ≤ j ≤ N ,

which implies that

[
N−1∏
k=1

n−1∏
i=1

(
E

(i)
k

)ǫ(i)
k

]
fj ∈ LN for 1 ≤ j ≤ N . By repeating the above

argument we conclude that
(
E

(1)
1

)ǫ(1)1

fj ∈ LN for 1 ≤ j ≤ N, i.e. E(1)
1 fj ,

(
I − E

(1)
1

)
fj ∈ LN

for 1 ≤ j ≤ N and hence{f1, f2, f3, . . . , fN} ⊂ LN , proving that

( ∞⋃
N=1

LN
)

= H.

(iii) Again

[
N+1∏
k=1

n∏
i=1

(
E

(i)
k

)ǫ(i)
k

]
fj ∈ LN+1 for 1 ≤ j ≤ N + 1. But on the other hand
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[
N+1∏
k=1

n∏
i=1

(
E

(i)
k

)ǫ(i)
k

]
fj =

n∏
i=1

(
E

(i)
N+1

)ǫ(i)
N+1

[
N∏
k=1

n∏
i=1

(
E

(i)
k

)ǫ(i)
k

]
fj

=
(
E

(n)
N+1

)ǫ(n)
N+1∏n−1

i=1

(
E

(i)
N+1

)ǫ(i)
N+1

[
N∏
k=1

n∏
i=1

(
E

(i)
k

)ǫ(i)
k

]
fj and hence

(
E

(n)
N+1

) n−1∏
i=1

(
E

(i)
N+1

)ǫ(i)
N+1

[
N∏
k=1

n∏
i=1

(
E

(i)
k

)ǫ(i)
k

]
fj ,

(
I −E

(n)
N+1

) n−1∏
i=1

(
E

(i)
N+1

)ǫ(i)
N+1

[
N∏
k=1

n∏
i=1

(
E

(i)
k

)ǫ(i)
k

]
fj ∈ LN+1 for 1 ≤ j ≤ N +1.

Therefore,
n−1∏
i=1

(
E

(i)
N+1

)ǫ(i)
N+1

[
N∏
k=1

n∏
i=1

(
E

(i)
k

)ǫ(i)
k

]
fj ∈ LN+1 for 1 ≤ j ≤ N + 1.

By repeating the above argument we conclude that

[
N∏
k=1

n∏
i=1

(
E

(i)
k

)ǫ(i)
k

]
fj ∈ LN+1 for 1 ≤ j ≤ N + 1 and henceLN $ LN+1

(sincefN+1 ∈ LN+1 butfN+1 /∈ LN ). LetPN : H −→ LN be the orthogonal projection

ontoLN . Then using the properties ofLN , we conclude that{PN}∞N=1 is a sequence of finite

rank projections increases strongly toI (i.e. PN ↑ I). Moreover,

E
(i)
k (LN) ⊆ LN for 1 ≤ k ≤ N ; 1 ≤ i ≤ n, since

E
(i)
k

[
N∏
k=1

n∏
i=1

(
E

(i)
k

)ǫ(i)
k

]
fj =

[
N∏
k=1

n∏
i=1

(
E

(i)
k

)ǫ(i)
k

]
fj or 0

and henceLN is a reducing subspace forE(i)
k (1 ≤ i ≤ n ; 1 ≤ k ≤ N). Therefore

E
(i)
k PN = PNE

(i)
k for 1 ≤ k ≤ N ; 1 ≤ i ≤ n. (4.1.4)

Now for 1 ≤ i ≤ n; Ai =
∞∑
k=1

2−kE
(i)
k and using (4.1.4), we have

[Ai, PN ] =
∞∑

k=1

2−k
[
E

(i)
k , PN

]
=

∞∑

k=N+1

2−k
[
E

(i)
k , PN

]
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and hence using‖PN‖p = {Tr(PN)}1/p = {dim(LN)}1/p ≤
[
N2nN

]1/p
, we get

‖[Ai, PN ]‖p ≤
∞∑

k=N+1

2−k
∥∥∥
[
E

(i)
k , PN

]∥∥∥
p
≤ 2

∞∑

k=N+1

2−k‖PN‖p

≤ 2
[
N2nN

]1/p ∞∑

k=N+1

2−k = 2N1/p2−N(1−n/p),

which converges to 0 asN −→ ∞ for p > n, which completes the proof.

4.2 Trace Approximations For Bounded Commuting Tuples

The next Theorem shows how Theorem 4.1.2 can be used for finitedimensional reduction. For

simplicity we take n=2. It will be clear from the proof that the same proof will go through for any

n. But before going to the main theorem, first we will state some simple lemmas.

Lemma 4.2.1. Let A,B be two bounded self-adjoint operators inH such thatB − A ≡ V ∈
B2(H). Suppose‖[A, PN ]‖p −→ 0 asN −→ ∞ for p > 2, where{PN} is a sequence of projec-

tions such thatPN ↑ I. Then‖[B,PN ]‖2 −→ 0 asN −→ ∞ for p > 2.

Proof. SinceV ∈ B2(H) andPN ↑ I, then we have that‖[V, PN ]‖2 −→ 0 asN −→ ∞ and hence

using property (iv) of Schatten p-ideals in Chapter 1, we get

‖[B,PN ]‖p ≤ ‖[A, PN ]‖p + ‖[V, PN ]‖p
≤ ‖[A, PN ]‖p + (2.‖V ‖)(1−2/p)‖[V, PN ]‖2/p2 ,

which converges to 0 asN −→ ∞ for p > 2 (by hypothesis).

Lemma 4.2.2. Let A be a bounded self-adjoint operator inH such that‖[A, PN ]‖p −→ 0 as

N −→ ∞ for p > 2, where{PN} is a sequence of finite rank projections such thatPN ↑ ∞. Then

(i) ‖[Ar, PN ]‖p −→ 0 asN −→ ∞ for r ∈ N.

(ii) If furthermoreB is another bounded operator such that‖[B,PN ]‖p −→ 0 asN −→ ∞
for p > 2, then‖PN [ArBs − (PNAPN)

r(PNBPN)
s]PN‖p/2 −→ 0 asN −→ ∞, for r, s ∈ N.
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Proof. (i) We will apply induction onr. If r = 1, then‖[Ar, PN ]‖p = ‖[A, PN ]‖p −→ 0 as

N −→ ∞ (by hypothesis). Assume that the result is true forr ≤ k.

But [Ak+1, PN ] = A[Ak, PN ] + [A, PN ]A
k and hence

‖[Ak+1, PN ]‖p ≤ ‖A[Ak, PN ]‖p + ‖[A, PN ]Ak‖p
≤ ‖A‖‖[Ak, PN ]‖p + ‖[A, PN ]‖p‖A‖k,

which converges to 0 asN −→ ∞ (by induction hypothesis). Therefore by induction‖[Ar, PN ]‖p −→
0 asN −→ ∞ for r ∈ N.

(ii) The caser = s = 0 is trivial. If one of r or s is equal to 1 and other is equal to 0, then

the expression itself is equal to 0. Next ifr = s = 1, then

PN [ArBs − (PNAPN )
r(PNBPN)

s]PN = PN [AB − (PNAPN)(PNBPN)]PN

= PNAP
⊥
NBPN = PN [PN , A][B,PN ]PN

and hence using the properties of Schatten p-ideals (see Chapter1), we get

‖PN [ArBs − (PNAPN )
r(PNBPN )

s]PN‖p/2 ≤ ‖[PN , A]‖p‖[B,PN ]‖p,

which converges to 0 asN −→ ∞ (by hypothesis).

Therefore we assume that eitherr or s ≥ 2. But on the other hand

PN [ArBs − (PNAPN )
r(PNBPN)

s]PN

= [PNA
rPN − (PNAPN)

r]PNB
sPN + (PNAPN)

r [PNB
sPN − (PNBPN)

s]

+ PNA
rP⊥

NB
sPN

(4.2.1)

The equation (4.2.1) shows that the cases(r = 0, s ≥ 2) and (s = 0, r ≥ 2) are identical.

Similarly if either (r = 1, s ≥ 2) or (s = 1, r ≥ 2), one of the first two factors in the equation

(4.2.1) vanishes identically.

Therefore without loss of generality we assume thatr ≥ 2. Now using the properties of
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Schatten p-ideals (see Chapter1), we have

‖PN(A)rPN − (PNAPN)
r‖ p

2
= ‖PN [(A)r − (PNAPN)

r]PN‖ p

2

=

∥∥∥∥∥PN
(

r∑

j=1

(A)r−j(A− PNAPN)(PNAPN)
j−1

)
PN

∥∥∥∥∥
p

2

=

∥∥∥∥∥

r−1∑

j=1

PN(A)
r−j(A− PNAPN)(PNAPN)

j−1PN

∥∥∥∥∥
p

2

=

∥∥∥∥∥

r−1∑

j=1

PN(A)
r−jP⊥

NAPN (PNAPN)
j−1PN

∥∥∥∥∥
p

2

=

∥∥∥∥∥

r−1∑

j=1

PN [PN , A
r−j][A, PN ]PN(PNAPN )

j−1PN

∥∥∥∥∥
p

2

≤
r−1∑

j=1

‖[PN , Ar−j][A, PN ]‖p/2‖A‖j−1

≤
r−1∑

j=1

‖[PN , Ar−j]‖p‖[A, PN ]‖p‖A‖j−1,

which converges to 0 asN −→ ∞, by hypothesis and using(i). Similarly if s ≥ 2,

‖PN(B)sPN − (PNBPN)
s‖p/2 −→ 0 as N −→ ∞.

Furthermore for the third term in the right hand side of (4.2.1) , we have

‖PNArP⊥
NB

sPN‖p/2 = ‖PN [PN , Ar][Bs, PN ]PN‖p/2
≤ ‖[PN , Ar]‖p‖[Bs, PN ]‖p,

which again converges to 0 asN −→ ∞, by hypothesis and using(i). Therefore each term in the

right hand side of (4.2.1) converges to 0 asN −→ ∞ in ‖.‖ p

2
and hence

‖PN [ArBs − (PNAPN)
r(PNBPN)

s]PN‖p/2 −→ 0 as N −→ ∞.

Now we are in a position to prove the main theorem in this section.
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Theorem 4.2.3.Let(H1, H2) and(H0
1 , H

0
2 ) be two commuting pairs of bounded self-adjoint oper-

ators in an infinite dimensional Hilbert spaceH such thatH1−H0
1 ≡ V1 ∈ B2(H) andH2−H0

2 ≡
V2 ∈ B2(H). Letp1(λ, µ) =

∑
r,s≥0 ; r+s≤n

c(r, s)λrµs andp2(x, y) =
∑

i,j≥0 ; i+j≤m
d(i, j)xiyj. Then

there exists a sequence{PN} of finite rank projections such thatPN ↑ I and

Tr{
[
p1 (H1, H2)− p1

(
H0

1 , H
0
2

)] [
p2 (H1, H2)− p2

(
H0

1 , H
0
2

)]
}

= lim
N−→∞

Tr{PN
[
p1 (PNH1PN , PNH2PN)− p1

(
PNH

0
1PN , PNH

0
2PN

)]

PN
[
p2 (PNH1PN , PNH2PN)− p2

(
PNH

0
1PN , PNH

0
2PN

)]
PN}.

Remark 4.2.4. In the statement of the above Theorem 4.2.3, though(H1, H2) and(H0
1 , H

0
2 ) are

two commuting pairs of self-adjoint operators but(PNH1PN , PNH2PN) and(PNH0
1PN , PNH

0
2PN )

may not be a commuting pairs of self-adjoint operators. In that case the meaning ofpi (PNH1PN , PNH2PN)

andpi (PNH0
1PN , PNH

0
2PN ) for i = 1, 2 are as follows:

p1 (PNH1PN , PNH2PN) =
∑

r,s≥0 ; r+s≤n
c(r, s)(PNH1PN)

r(PNH2PN)
s ;

p1
(
PNH

0
1PN , PNH

0
2PN

)
=

∑

r,s≥0 ; r+s≤n
c(r, s)(PNH

0
1PN)

r(PNH
0
2PN)

s ;

p2 (PNH1PN , PNH2PN) =
∑

i,j≥0 ; i+j≤m
d(i, j)(PNH1PN)

i(PNH2PN)
j and

p2
(
PNH

0
1PN , PNH

0
2PN

)
=

∑

i,j≥0 ; i+j≤m
d(i, j)(PNH

0
1PN)

i(PNH
0
2PN)

j .

Proof of Theorem 4.2.3: Applying Theorem 4.1.2 for the pair(H0
1 , H

0
2) and using Lemma 4.2.1,

we conclude that there exists a sequence{PN} of finite rank projections such thatPN ↑ I and

‖[H0
1 , PN ]‖p, ‖[H0

2 , PN ]‖p, ‖[H1, PN ]‖p, ‖[H2, PN ]‖p −→ 0 asN −→ ∞ for p > 2. Now

p1 (H1, H2)− p1
(
H0

1 , H
0
2

)
=

∑

r,s≥0 ; r+s≤n
c(r, s)

[
(H1)

r (H2)
s −

(
H0

1

)r (
H0

2

)s]

=
∑

r,s≥0 ; r+s≤n
c(r, s){

[
(H1)

r −
(
H0

1

)r]
(H2)

s +
(
H0

1

)r [
(H2)

s −
(
H0

2

)s]} ∈ B2(H),

(4.2.2)

sinceH1 −H0
1 , H2 −H0

2 ∈ B2(H) and hence

PN
[
p1 (H1, H2)− p1

(
H0

1 , H
0
2

)]
PN −→

[
p1 (H1, H2)− p1

(
H0

1 , H
0
2

)]
in ‖.‖2
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asN −→ ∞. Similarly we conclude that

PN
[
p2 (H1, H2)− p2

(
H0

1 , H
0
2

)]
PN −→

[
p2 (H1, H2)− p2

(
H0

1 , H
0
2

)]
in ‖.‖2

asN −→ ∞. Therefore

Tr{
[
p1 (H1, H2)− p1

(
H0

1 , H
0
2

)] [
p2 (H1, H2)− p2

(
H0

1 , H
0
2

)]
}

= lim
N−→∞

Tr{PN
[
p1 (H1, H2)− p1

(
H0

1 , H
0
2

)]
PN
[
p2 (H1, H2)− p2

(
H0

1 , H
0
2

)]
PN}.

(4.2.3)

Again

p1 (H1, H2)− p1
(
H0

1 , H
0
2

)

= {c(1, 0)
[
H1 −H0

1

]
+ c(0, 1)

[
H2 −H0

2

]
}

+
∑

r,s≥0 ; 2≤r+s≤n
c(r, s)

[
(H1)

r (H2)
s −

(
H0

1

)r (
H0

2

)s]

and

p2 (H1, H2)− p2
(
H0

1 , H
0
2

)

= {d(1, 0)
[
H1 −H0

1

]
+ d(0, 1)

[
H2 −H0

2

]
}

+
∑

i,j≥0 ; 2≤i+j≤m
d(i, j)

[
(H1)

i (H2)
j −

(
H0

1

)i (
H0

2

)j]

and hence
[
p1 (H1, H2)− p1

(
H0

1 , H
0
2

)] [
p2 (H1, H2)− p2

(
H0

1 , H
0
2

)]

= c(1, 0)d(1, 0)
[
H1 −H0

1

] [
H1 −H0

1

]
+ c(0, 1)d(1, 0)

[
H2 −H0

2

] [
H1 −H0

1

]

+ c(1, 0)d(0, 1)
[
H1 −H0

1

] [
H2 −H0

2

]
+ c(0, 1)d(0, 1)

[
H2 −H0

2

] [
H2 −H0

2

]

+
∑

r,s≥0 ; 2≤r+s≤n

∑

i,j≥0 ; 2≤i+j≤m
c(r, s)d(i, j){

[
(H1)

r (H2)
s −

(
H0

1

)r (
H0

2

)s]

[
(H1)

i (H2)
j −

(
H0

1

)i (
H0

2

)j]}.
Therefore

PN
[
p1 (H1, H2)− p1

(
H0

1 , H
0
2

)]
PN
[
p2 (H1, H2)− p2

(
H0

1 , H
0
2

)]
PN

− {PN
[
p1 (PNH1PN , PNH2PN)− p1

(
PNH

0
1PN , PNH

0
2PN

)]

PN
[
p2 (PNH1PN , PNH2PN )− p2

(
PNH

0
1PN , PNH

0
2PN

)]
PN}

=
∑

r,s≥0 ; 2≤r+s≤n

∑

i,j≥0 ; 2≤i+j≤m
c(r, s)d(i, j)

( {PN [(H1)
r (H2)

s −
(
H0

1

)r (
H0

2

)s
]PN [(H1)

i (H2)
j −

(
H0

1

)i (
H0

2

)j
]PN}

− {PN [(PNH1PN)
r(PNH2PN)

s − (PNH
0
1PN )

r(PNH
0
2PN)

s]

PN [(PNH1PN )
i(PNH2PN)

j − (PNH
0
1PN)

i(PNH
0
2PN)

j]PN}).
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But on the other hand

‖PN [(H1)
r (H2)

s −
(
H0

1

)r (
H0

2

)s
]PN [(H1)

i (H2)
j −

(
H0

1

)i (
H0

2

)j
]PN

− {PN [(PNH1PN)
r(PNH2PN)

s − (PNH
0
1PN)

r(PNH
0
2PN)

s]

PN [(PNH1PN)
i(PNH2PN)

j − (PNH
0
1PN)

i(PNH
0
2PN )

j]PN}‖1

≤ ‖PN [(H1)
r (H2)

s −
(
H0

1

)r (
H0

2

)s
]PN

− PN [(PNH1PN)
r(PNH2PN)

s − (PNH
0
1PN)

r(PNH
0
2PN)

s]PN‖2∥∥∥PN [(H1)
i (H2)

j −
(
H0

1

)i (
H0

2

)j
]PN

∥∥∥
2

+
∥∥PN [(PNH1PN)

r(PNH2PN)
s − (PNH

0
1PN)

r(PNH
0
2PN)

s]PN
∥∥
2

‖PN [(H1)
i (H2)

j −
(
H0

1

)i (
H0

2

)j
]PN

− PN [(PNH1PN )
i(PNH2PN)

j − (PNH
0
1PN)

i(PNH
0
2PN)

j]PN‖2.
(4.2.4)

Again
∥∥∥PN [(H1)

i (H2)
j −

(
H0

1

)i (
H0

2

)j
]PN

∥∥∥
2

≤
∥∥∥[(H1)

i −
(
H0

1

)i
]
∥∥∥
2
‖H2‖j + ‖H0

1‖i
∥∥∥[(H2)

j −
(
H0

2

)j
]
∥∥∥
2

≤ ‖V1‖2
(

i−1∑

l=0

‖H1‖i−l−1‖H0
1‖l
)
‖H2‖j + ‖H0

1‖i‖V2‖2
(
j−1∑

l=0

‖H2‖j−l−1‖H0
2‖l
)

≡ C1(say)

(4.2.5)

and similarly

∥∥PN [(PNH1PN)
r(PNH2PN)

s − (PNH
0
1PN)

r(PNH
0
2PN)

s]PN
∥∥
2

≤ ‖V1‖2
(
r−1∑

l=0

‖H1‖r−l−1‖H0
1‖l
)
‖H2‖s + ‖H0

1‖r‖V2‖2
(
s−1∑

l=0

‖H2‖s−l−1‖H0
2‖l
)

≡ C2(say).

(4.2.6)

Therefore combining (4.2.5) and (4.2.6), the right hand side of (4.2.4) is less than or equal to

C1‖PN [(H1)
r (H2)

s −
(
H0

1

)r (
H0

2

)s
]PN

− PN [(PNH1PN)
r(PNH2PN)

s − (PNH
0
1PN)

r(PNH
0
2PN)

s]PN‖2
+ C2‖PN [(H1)

i (H2)
j −

(
H0

1

)i (
H0

2

)j
]PN

− PN [(PNH1PN)
i(PNH2PN)

j − (PNH
0
1PN)

i(PNH
0
2PN )

j]PN‖2,
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which by using property(iv) of Schatten p-ideals in Chapter 1 is less than or equal to

C1

[
2(‖H1‖r‖H2‖s + ‖H0

1‖r‖H0
2‖s)

](1− p

4
)

‖PN [(H1)
r (H2)

s −
(
H0

1

)r (
H0

2

)s
]PN

− PN [(PNH1PN)
r(PNH2PN)

s − (PNH
0
1PN)

r(PNH
0
2PN)

s]PN‖
p

4
p

2

+ C2

[
2(‖H1‖i‖H2‖j + ‖H0

1‖i‖H0
2‖j)

](1− p

4
)

‖PN [(H1)
i (H2)

j −
(
H0

1

)i (
H0

2

)j
]PN

− PN [(PNH1PN)
i(PNH2PN)

j − (PNH
0
1PN)

i(PNH
0
2PN)

j ]PN‖
p

4
p

2
,

(4.2.7)

provided p/2 ≤ 2 and hence by using part(ii) of Lemma 4.2.2 we conclude that (4.2.7) converges

to 0 asN −→ ∞. Therefore we have proved that

‖PN
[
p1 (H1, H2)− p1

(
H0

1 , H
0
2

)]
PN
[
p2 (H1, H2)− p2

(
H0

1 , H
0
2

)]
PN

− {PN
[
p1 (PNH1PN , PNH2PN)− p1

(
PNH

0
1PN , PNH

0
2PN

)]

PN
[
p2 (PNH1PN , PNH2PN )− p2

(
PNH

0
1PN , PNH

0
2PN

)]
PN}‖1
(4.2.8)

converges to 0 asN −→ ∞ and hence combining (4.2.3) and (4.2.8), we get that

Tr{
[
p1 (H1, H2)− p1

(
H0

1 , H
0
2

)] [
p2 (H1, H2)− p2

(
H0

1 , H
0
2

)]
}

= lim
N→∞

Tr{PN
[
p1 (PNH1PN , PNH2PN)− p1

(
PNH

0
1PN , PNH

0
2PN

)]

PN
[
p2 (PNH1PN , PNH2PN)− p2

(
PNH

0
1PN , PNH

0
2PN

)]
PN}.

(4.2.9)

�

4.3 Trace Approximations For unbounded Commuting Tuples

We begin with lemma which is an extension of Theorem 4.1.2.

Lemma 4.3.1. Let (H1, H2) and (H0
1 , H

0
2) be two commuting pairs of unbounded self-adjoint

operators in an infinite dimensional Hilbert spaceH such thatH1 − H0
1 ≡ V1 ∈ B2(H) and

H2 −H0
2 ≡ V2 ∈ B2(H). Then givenǫ > 0, ∃ a projectionP of finite rank such that fori = 1, 2

andp > 2,

(i) ‖[H0
i , P ]‖p ≤ ǫ, (ii) ‖[Hi, P ]‖p ≤ ǫ.
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Proof. LetEH1(.), EH2(.), EH0
1
(.) andEH0

2
(.) be the spectral families of the operatorsH1, H2, H

0
1

andH0
2 respectively. DefineF 0(△) = EH0

1
(△1)EH0

2
(△2), where△ = △1 × △2 ⊆ Borel(R2).

ThenF 0(.) is a spectral measure onR2, sinceEH0
1
(.) commutes withEH0

2
(.). Thus

F 0 ((−a, a]× (−a, a]) = EH0
1
((−a, a])EH0

2
((−a, a]) −→ I strongly as R ∋ a −→ ∞.

DenoteF 0
(a) ≡ F 0 ((−a, a]× (−a, a]) and hence

(F 0
(a))

⊥ −→ 0 strongly as a −→ ∞. (4.3.1)

Next we note that

Ran
(
F 0
(a)

)
⊆ Dom

(
H0
i

)
for i = 1, 2. (4.3.2)

Indeed, forf ∈ H
∫ ∞

−∞
λ2‖EH0

1
(dλ)F 0

(a)f‖2 =
∫ ∞

−∞
λ2‖EH0

1
(dλ)EH0

1
((−a, a])EH0

2
((−a, a])f‖2

=

∫ a

−a
λ2‖EH0

1
(dλ)EH0

2
((−a, a])f‖2 <∞.

Moreover, sinceV1, V2 ∈ B2(H), then

‖(F 0
(a))

⊥Vi‖2 −→ 0 as a −→ ∞ for i = 1, 2. (4.3.3)

Therefore givenǫ > 0, ∃ ã ∈ N such that

2‖Vi‖(1−
2
p
)‖(F 0

(ã))
⊥Vi‖

2
p

2 ≤ ǫ

4
for i = 1, 2 and p > 2. (4.3.4)

Having choseña, consider the operatorsH0
1(ã) ≡ H0

1F
0
(ã) andH0

2(ã) ≡ H0
2F

0
(ã). Also note that

H0
1(ã) commutes withH0

2(ã). Therefore
(
H0

1(ã), H
0
2(ã)

)
is a pair of commuting bounded self-adjoint

operators inH. Without loss of generality we assume that0 ≤ H0
i(ã) ≤ I for i = 1, 2. For each

H0
i(ã), consider the spectral projections

E
(i)0
k(ã) = EH0

i(ã)




2k−1⋃

j=1

(
2−k(2j − 1), 2−k(2j)

]

 for k ≥ 1.

Hence by using Lemma 4.1.1 we conclude that

H0
i(ã) =

∞∑

k=1

2−kE
(i)0
k(ã) for i = 1, 2.
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Now consider the commuting family of projectionsΩ = {E(i)0
k(ã) : k ∈ N ; i = 1, 2}. Let

{f1, f2, f3, . . . , fn, . . .} be an orthonormal basis forH. Denote

(
E

(i)0
k(ã)

)1
≡ E

(i)0
k(ã) and

(
E

(i)0
k(ã)

)−1

≡ I − E
(i)0
k(ã) for i = 1, 2.

Define

L̃N = span{
[
N∏

k=1

(
E

(1)0
k(ã)

)ǫ(1)
k
(
E

(2)0
k(ã)

)ǫ(2)
k

F 0
(ã)

]
fj : 1 ≤ j ≤ N ; ǫ

(1)
k , ǫ

(2)
k = ±1}.

But F 0
(ã) commutes withH0

i(ã) for i = 1, 2 and hence

L̃N = F 0
(ã)

(
span{

[
N∏

k=1

(
E

(1)0
k(ã)

)ǫ(1)
k
(
E

(2)0
k(ã)

)ǫ(2)
k

]
fj : 1 ≤ j ≤ N ; ǫ

(1)
k , ǫ

(2)
k = ±1}

)
.

ThereforeL̃N ⊆ Ran
(
F 0
(ã)

)
⊆ Dom(H0

i ) for i = 1, 2 . Again by the same calculation as in the

proof of of Theorem 4.1.2, we conclude that

(i) dim
(
L̃N
)
≤ N22N (ii)

( ∞⋃

N=1

L̃N
)

= Ran
(
F 0
(ã)

)
(iii) L̃N j L̃N+1.

Let P̃N : H −→ L̃N be the orthogonal projection ontõLN . Then using the above properties of

L̃N , we conclude that{P̃N}∞N=1 is a sequence of finite rank projections increases strongly to F 0
(ã)

(i.e. P̃N ↑ F 0
(ã)). Also

Ran
(
P̃N

)
⊆ Ran

(
F 0
(ã)

)
⊆ Dom

(
H0
i

)
= Dom(Hi) for i = 1, 2. (4.3.5)

Moreover,

E
(i)0
k(ã)

(
L̃N
)
⊆ L̃N for 1 ≤ k ≤ N ; i = 1, 2, since

E
(i)0
k(ã)

[
N∏

k=1

(
E

(1)0
k(ã)

)ǫ(1)
k
(
E

(2)0
k(ã)

)ǫ(2)
k

F 0
(ã)

]
fj =

[
N∏

k=1

(
E

(1)0
k(ã)

)ǫ(1)
k
(
E

(2)0
k(ã)

)ǫ(2)
k

F 0
(ã)

]
fj or 0

and hencẽLN is a reducing subspace forE(i)0
k(ã) (1 ≤ k ≤ N ; i = 1, 2). Therefore

P̃N E
(i)0
k(ã) = E

(i)0
k(ã) P̃N for 1 ≤ k ≤ N and i = 1, 2. (4.3.6)

Again from (4.3.5) we conclude that

P̃NF
0
(ã) = F 0

(ã)P̃N = P̃N for all N ∈ N. (4.3.7)
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Therefore by using (4.3.6), we have

[
H0
i(ã), P̃N

]
=

∞∑

k=1

2−k
[
E

(i)0
k(ã), P̃N

]
=

∞∑

k=N+1

2−k
[
E

(i)0
k(ã), P̃N

]

and hence using‖P̃N‖p = {Tr
(
P̃N

)
}1/p = {dim

(
L̃N
)
}1/p ≤

[
N22N

]1/p
, we get

∥∥∥
[
H0
i(ã), P̃N

]∥∥∥
p
≤

∞∑

k=N+1

2−k
∥∥∥
[
E

(i)0
k(ã), P̃N

]∥∥∥
p
≤ 2

∞∑

k=N+1

2−k‖P̃N‖p

≤ 2
[
N22N

]1/p ∞∑

k=N+1

2−k = 2N1/p2−N(1−2/p),

which converges to 0 asN −→ ∞ for p > 2 andi = 1, 2.

But on the other hand, using (4.3.5) and (4.3.7) we get
[
H0
i , P̃N

]
= H0

i P̃N − P̃NH
0
i = H0

i F
0
(ã)P̃N − P̃NF

0
(ã)H

0
i

= H0
i F

0
(ã)P̃N − P̃NH

0
i F

0
(ã) =

[
H0
i(ã), P̃N

]
,

sinceH0
i commutes withF 0

(ã) and hence
∥∥∥
[
H0
i , P̃N

]∥∥∥
p
=
∥∥∥
[
H0
i(ã), P̃N

]∥∥∥
p
−→ 0 as N −→ ∞ for p > 2 and i = 1, 2.

Therefore givenǫ > 0,
∥∥∥
[
H0
i , P̃N

]∥∥∥
p
≤ ǫ

2
< ǫ for sufficiently large N and for p > 2 ; i = 1, 2. (4.3.8)

Again by using (4.3.7), we have fori = 1, 2,
[
Vi, P̃N

]
= ViP̃N − P̃NVi = ViF

0
(ã)P̃N − P̃NF

0
(ã)Vi

= −ViF 0
(ã)P̃

⊥
N + P̃⊥

NF
0
(ã)Vi + Vi(F

0
(ã))

⊥ − (F 0
(ã))

⊥Vi

and hence using the properties of Schatten-p ideals (see Chapter 1), we get
∥∥∥
[
Vi, P̃N

]∥∥∥
p
≤ ‖ViF 0

(ã)P̃
⊥
N ‖p + ‖P̃⊥

NF
0
(a)Vi‖p + ‖(F 0

(ã))
⊥Vi‖p + ‖Vi(F 0

(a))
⊥‖p

≤ 2‖ViF 0
(ã)P̃

⊥
N ‖p + 2‖Vi(F 0

(ã))
⊥‖p

≤ 2‖ViF 0
(ã)P̃

⊥
N ‖(1−

2
p
)‖ViF 0

(ã)P̃
⊥
N ‖

2
p

2 + 2‖Vi(F 0
(ã))

⊥‖(1− 2
p
)‖Vi(F 0

(ã))
⊥‖

2
p

2

≤ 2‖Vi‖(1−
2
p
)

(
‖ViF 0

(ã)P̃
⊥
N ‖

2
p

2 + ‖Vi(F 0
(ã))

⊥‖
2
p

2

)
, (4.3.9)
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providedp > 2. Next by using (4.3.4), the right hand side of (4.3.9) is lessthan or equal to

ǫ

4
+ 2‖Vi‖(1−

2
p
)‖ViF 0

(ã)P̃
⊥
N ‖

2
p

2 ≤ ǫ

4
+
ǫ

4
=
ǫ

2
, (4.3.10)

for sufficiently largeN (sinceP̃N ↑ F 0
(ã)) andi = 1, 2. Now combining (4.3.8) and (4.3.10), we

have
∥∥∥
[
Hi, P̃N

]∥∥∥
p
=
∥∥∥
[
H0
i , P̃N

]
+
[
Vi, P̃N

]∥∥∥
p
≤
∥∥∥
[
H0
i , P̃N

]∥∥∥
p
+
∥∥∥
[
Vi, P̃N

]∥∥∥
p
≤ ǫ

2
+
ǫ

2
= ǫ,

for sufficiently largeN andp > 2 ; i = 1, 2, which completes the proof.

The following Theorem is the main Theorem in this section.

Theorem 4.3.2.LetH = (H1, H2) andH0 = (H0
1 , H

0
2) be two commuting pairs of unbounded

self-adjoint operators in an infinite dimensional separable Hilbert spaceH such thatH1 −H0
1 ≡

V1 ∈ B2(H) andH2 −H0
2 ≡ V2 ∈ B2(H). Then givenǫ > 0, ∃ a projectionP of finite rank such

that

‖
[
eit.H − eit.H0

] [
eis.H − eis.H0

]

− P
[
eit.PHP − eit.PH0P

]
P
[
eis.PHP − eis.PH0P

]
P‖1 ≤ ǫ,

uniformly over|t ≡ (t1, t2)|, |s ≡ (s1, s2)| ≤ T .

Remark 4.3.3. Again, in the statement of the above Theorem 4.3.2, thoughH = (H1, H2) and

H0 = (H0
1 , H

0
2 ) are two commuting pairs of self-adjoint operators butPHP = (PH1P, PH2P )

andPH0P = (PH0
1P, PH

0
2P ) may not be a commuting pairs of self-adjoint operators. In that

case the meaning of eit.PHP ; eit.PH0P ; eis.PHP and eis.PH
0P are as follows:

eit.PHP = eit1PH1Peit2PH2P ; eit.PH0P = eit1PH0
1Peit2PH0

2P ;

eis.PHP = eis1PH1Peis2PH2P and eis.PH
0P = eis1PH0

1Peis2PH0
2P .

Proof of Theorem 4.3.2: Let EH1(.), EH2(.), EH0
1
(.) andEH0

2
(.) be the spectral families of the

operatorsH1, H2, H
0
1 andH0

2 respectively. DefineF 0
(a) = EH0

1
((−a, a])EH0

2
((−a, a]) as in the

proof of Lemma 4.3.1. Then givenǫ > 0, ∃ ã ∈ N such that

‖
[
eit.H − eit.H0

] [
eis.H − eis.H0

]

− F 0
(ã)

[
eit.H − eit.H0

]
F 0
(ã)

[
eis.H − eis.H0

]
F 0
(ã)‖1 ≤ ǫ,

(4.3.11)
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uniformly over|t|, |s| ≤ T, as well as

2‖Vi‖(1−
2
p
)‖(F 0

(ã))
⊥Vi‖

2
p

2 ≤ ǫ

4
for i = 1, 2 and p > 2. (4.3.12)

Hence from the proof of Lemma 4.3.1 we conclude that,∃ a sequence{P̃N} of finite rank projec-

tions such that̃PN ↑ F 0
(ã) and

∥∥∥
[
H0
i , P̃N

]∥∥∥
p
,
∥∥∥
[
Hi, P̃N

]∥∥∥
p
≤ ǫ for sufficiently large N ; i = 1, 2; p > 2. (4.3.13)

Therefore chooseN ∈ N large enough, so that

‖F 0
(ã)

[
eit.H − eit.H0

]
F 0
(ã)

[
eis.H − eis.H0

]
F 0
(ã)

− P̃N

[
eit.H − eit.H0

]
P̃N

[
eis.H − eis.H0

]
P̃N‖1 ≤ ǫ,

(4.3.14)

uniformly over|t|, |s| ≤ T, as well as
∥∥∥
[
H0
i , P̃N

]∥∥∥
p
,
∥∥∥
[
Hi, P̃N

]∥∥∥
p
≤ ǫ for i = 1, 2 and p > 2. (4.3.15)

Now consider the expression

P̃N

[(
eit.H − eit.H0

)
−
(

eit.P̃NHP̃N − eit.P̃NH
0P̃N

)]
P̃N

= P̃N

[
eit.H − eit.P̃NHP̃N

]
P̃N − P̃N

[
eit.H0 − eit.P̃NH

0P̃N

]
P̃N .

(4.3.16)

But

P̃N

[
eit.H − eit.P̃NHP̃N

]
P̃N = P̃N

[
eit1H1eit2H2 − eit1P̃NH1P̃N eit2P̃NH2P̃N

]
P̃N

= P̃N

[
eit1H1 − eit1P̃NH1P̃N

]
eit2H2P̃N + P̃Neit1P̃NH1P̃N

[
eit2H2 − eit2P̃NH2P̃N

]
P̃N

= P̃N

[
eit1H1 − eit1P̃NH1P̃N

]
P̃Neit2H2P̃N + P̃N

[
eit1H1 − eit1P̃NH1P̃N

]
P̃⊥
N eit2H2P̃N

+ P̃Neit1P̃NH1P̃N

[
eit2H2 − eit2P̃NH2P̃N

]
P̃N .

(4.3.17)

In the first term of the expression (4.3.17):
∥∥∥P̃N

[
eit1H1 − eit1P̃NH1P̃N

]
P̃Neit2H2P̃N

∥∥∥
p

2

=

∥∥∥∥P̃N
[∫ 1

0

dα
d

dα

(
eiαt1H1ei(1−α)t1P̃NH1P̃N

)]
P̃Neit2H2P̃N

∥∥∥∥
p

2

=

∥∥∥∥it1

∫ 1

0

dα P̃Neiαt1H1P̃⊥
NH1P̃Nei(1−α)t1P̃NH1P̃N P̃Neit2H2P̃N

∥∥∥∥
p

2

≤
∫ 1

0

dα |t1|
∥∥∥P̃Neiαt1H1P̃⊥

N

∥∥∥
p

∥∥∥P̃⊥
NH1P̃Nei(1−α)t1P̃NH1P̃N P̃Neit2H2P̃N

∥∥∥
p
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≤
∫ 1

0

dα |t1|
∥∥∥P̃Neiαt1H1P̃⊥

N

∥∥∥
p

∥∥∥P̃⊥
NH1P̃N

∥∥∥
p
, (4.3.18)

for p > 2.

But on the other hand for0 ≤ α ≤ 1,

P̃⊥
Neiαt1H1P̃N = P̃⊥

N

(
eiαt1H1 − I

)
P̃N = P̃⊥

N

∫ α

0

dγ
d

dγ

(
eiγt1H1

)
P̃N

=

∫ α

0

P̃⊥
N eiγt1H1 [it1H1] P̃Ndγ

= i
∫ α

0

{P̃⊥
Neiγt1HP̃N [t1H1] P̃N + P̃⊥

N eiγt1H1P̃⊥
N P̃

⊥
N [t1H1] P̃N}dγ

and hence

η(α) ≡ ‖P̃⊥
Neiαt1H1P̃N‖p

≤
∫ α

0

{‖P̃⊥
Neiγt1H1P̃N‖p‖ [t1H1] P̃N‖+ ‖P̃⊥

N eiγt1H1P̃⊥
N ‖‖P̃⊥

N [t1H1] P̃N‖p}dγ

≤ |t1|
∫ α

0

{η(γ)‖H1P̃N‖+ ‖P̃⊥
NH1P̃N‖p}dγ, (4.3.19)

for p > 2.

Again

‖H1P̃N‖ = ‖H0
1 P̃N + V1P̃N‖ = ‖H0

1F
0
(ã)P̃N + V1P̃N‖

≤ ‖H0
1F

0
(ã)P̃N‖+ ‖V1P̃N‖ ≤ ‖H0

1F
0
(ã)‖+ ‖V1‖

≤ 2ã+ ‖V1‖ (4.3.20)

and

‖P̃⊥
NH1P̃N‖p =

∥∥∥
[
H1, P̃N

]
P̃N

∥∥∥
p
≤ ǫ, (4.3.21)

for sufficiently largeN andp > 2. Therefore combining (4.3.19) ; (4.3.20) and (4.3.21), we have

η(α) ≤ (2ã+ ‖V1‖) |t1|
∫ α

0

η(γ)dγ + |t1|ǫα ≤ (2ã+ ‖V1‖) T
∫ α

0

η(γ)dγ + Tǫ (4.3.22)

for sufficently largeN and |t1| ≤ T. We can solve this Gronwall-type inequality (4.3.22) to

conclude that

η(α) ≡ ‖P̃⊥
Neiαt1H1P̃N‖p ≤ Tǫe(2ã+‖V1‖) Tα ≤ Tǫe(2ã+‖V1‖) T (4.3.23)
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for sufficiently largeN andp > 2. Therefore combining (4.3.18) and (4.3.23), we get
∥∥∥P̃N

[
eit1H1 − eit1P̃NH1P̃N

]
P̃Neit2H2P̃N

∥∥∥
p

2

≤ T 2ǫ2e(2ã+‖V1‖) T , (4.3.24)

for sufficiently largeN andp > 2 and|t| ≤ T. Similarly by repeating the same above calculations

for the third in (4.3.17), we note that
∥∥∥P̃Neit1P̃NH1P̃N

[
eit2H2 − eit2P̃NH2P̃N

]
P̃N

∥∥∥
p

2

≤ T 2ǫ2e(2ã+‖V2‖) T , (4.3.25)

for sufficiently largeN andp > 2 and|t| ≤ T. For the second term in (4.3.17) we have
∥∥∥P̃N

[
eit1H1 − eit1P̃NH1P̃N

]
P̃⊥
N eit2H2P̃N

∥∥∥
p

2

=
∥∥∥P̃Neit1H1P̃⊥

Neit2H2P̃N

∥∥∥
p

2

≤
∥∥∥P̃Neit1H1P̃⊥

N

∥∥∥
p

∥∥∥P̃⊥
Neit2H2P̃N

∥∥∥
p
≤ T 2ǫ2e(2ã+‖V1‖+‖V2‖) T ,

(4.3.26)

for sufficiently largeN andp > 2 and|t| ≤ T. Finally combining (4.3.17) ; (4.3.24) ; (4.3.25) and

(4.3.26), we conclude that
∥∥∥P̃N

[
eit.H − eit.P̃NHP̃N

]
P̃N

∥∥∥
p

2

≤ T 2ǫ2
(
e(2ã+‖V1‖) T + e(2ã+‖V2‖) T + e(2ã+‖V1‖+‖V2‖) T ) ,

(4.3.27)

for sufficiently largeN andp > 2 and|t| ≤ T. Again by the similar calculations we conclude that
∥∥∥P̃N

[
eit.H0 − eit.P̃NH

0P̃N

]
P̃N

∥∥∥
p

2

≤ T 2ǫ2
(
e2ã T + e2ã T + e4ã T

)
, (4.3.28)

for sufficiently largeN andp > 2 and |t| ≤ T. Therefore by using the properties of Schatten-p

ideals (see Chapter 1), we get

‖P̃N
[
eit.H − eit.H0

]
P̃N

[
eis.H − eis.H0

]
P̃N

− P̃N

[
eit.P̃NHP̃N − eit.P̃NH

0P̃N

]
P̃N

[
eis.P̃NHP̃N − eis.P̃NH

0P̃N

]
P̃N‖1

≤
∥∥∥P̃N

[(
eit.H − eit.H0

)
−
(

eit.P̃NHP̃N − eit.P̃NH
0P̃N

)]
P̃N

∥∥∥
2∥∥∥P̃N

[
eis.H − eis.H0

]
P̃N

∥∥∥
2

+
∥∥∥P̃N

[
eit.P̃NHP̃N − eit.P̃NH

0P̃N

]
P̃N

∥∥∥
2∥∥∥P̃N

[(
eis.H − eis.H0

)
−
(

eis.P̃NHP̃N − eis.P̃NH
0P̃N

)]
P̃N

∥∥∥
2

≤ (‖V1‖2 + ‖V2‖2)
∥∥∥P̃N

[(
eit.H − eit.H0

)
−
(

eit.P̃NHP̃N − eit.P̃NH
0P̃N

)]
P̃N

∥∥∥
2

+ (‖V1‖2 + ‖V2‖2)
∥∥∥P̃N

[(
eis.H − eis.H0

)
−
(

eis.P̃NHP̃N − eis.P̃NH
0P̃N

)]
P̃N

∥∥∥
2
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≤ (‖V1‖2 + ‖V2‖2)4(1−
p

4
)
∥∥∥P̃N

[(
eit.H − eit.H0

)
−
(

eit.P̃NHP̃N − eit.P̃NH
0P̃N

)]
P̃N

∥∥∥
p/4

p/2

+ (‖V1‖2 + ‖V2‖2)4(1−
p

4
)
∥∥∥P̃N

[(
eis.H − eis.H0

)
−
(

eis.P̃NHP̃N − eis.P̃NH
0P̃N

)]
P̃N

∥∥∥
p/4

p/2
,

(4.3.29)

provided p
2
≤ 2. Now combining (4.3.27) ; (4.3.28) and (4.3.29), we have

‖P̃N
[
eit.H − eit.H0

]
P̃N

[
eis.H − eis.H0

]
P̃N

− P̃N

[
eit.P̃NHP̃N − eit.P̃NH

0P̃N

]
P̃N

[
eis.P̃NHP̃N − eis.P̃NH

0P̃N

]
P̃N‖1

≤ 2 (‖V1‖2 + ‖V2‖2)4(1−
p

4
)T 2ǫ2

[(
e(2ã+‖V1‖) T + e(2ã+‖V2‖) T + e(2ã+‖V1‖+‖V2‖) T )+

(
e2ã T + e2ã T + e4ã T

)]p

4

(4.3.30)

for sufficiently largeN and2 < p ≤ 4 and |t|, |s| ≤ T. Finally using (4.3.11) ; (4.3.14) and

(4.3.30), we conclude that

‖
[
eit.H − eit.H0

] [
eis.H − eis.H0

]

− P̃N

[
eit.P̃NHP̃N − eit.P̃NH

0P̃N

]
P̃N

[
eis.P̃NHP̃N − eis.P̃NH

0P̃N

]
P̃N‖1

≤ ‖
[
eit.H − eit.H0

] [
eis.H − eis.H0

]

− F 0
(ã)

[
eit.H − eit.H0

]
F 0
(ã)

[
eis.H − eis.H0

]
F 0
(ã)‖1

+ ‖F 0
(ã)

[
eit.H − eit.H0

]
F 0
(ã)

[
eis.H − eis.H0

]
F 0
(ã)

− P̃N

[
eit.H − eit.H0

]
P̃N

[
eis.H − eis.H0

]
P̃N‖1

+ ‖P̃N
[
eit.H − eit.H0

]
P̃N

[
eis.H − eis.H0

]
P̃N

− P̃N

[
eit.P̃NHP̃N − eit.P̃NH

0P̃N

]
P̃N

[
eis.P̃NHP̃N − eis.P̃NH

0P̃N

]
P̃N‖1

≤ ǫ + ǫ + 2 (‖V1‖2 + ‖V2‖2)4(1−
p

4
)T 2ǫ2

[(
e(2ã+‖V1‖) T + e(2ã+‖V2‖) T + e(2ã+‖V1‖+‖V2‖) T )+

(
e2ã T + e2ã T + e4ã T

)]p

4 ,

(4.3.31)

for sufficiently largeN and2 < p ≤ 4 and uniformly over|t| , |s| ≤ T . Therefore the result

follows by choosingN sufficiently large. Hence the proof.
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