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Abstract

The work of Sela & Goldhirsch (1998) is generalized by including a body force (gravity) term

in the Boltzmann equation. The constitutive relations: stress tensor, heat flux and collisional

dissipation, have been derived till Burnett order (up to second-order in small parameters) for

a smooth granular gas. To derive these relations, the approach of Sela & Goldhirsch (1998) is

followed. The pertinent Boltzmann equation is perturbatively solved by performing the (gen-

eralized) Chapman-Enskog expansion: an expansion in both the small parameters, “Knudsen

number”, K and “degree of inelasticity”, ǫ = 1− e2, where 0 6 e 6 1 is the coefficient of resti-

tution. The expansion used in this work is similar to that used in Sela & Goldhirsch (1998) but

is in different form to avoid any confusion. The inclusion of body force term in the Boltzmann

equation has not affected the results and thus the constitutive relations obtained in this work

are same as that in Sela & Goldhirsch (1998) except for few minor corrections in the expression

of heat flux at Burnett order. The expression for heat flux at Burnett order derived in this

work matches with that in Chapman & Cowling (1970). The contribution of O(ǫ3) correction

to collisional dissipation has also been derived, while it is ignored in Sela & Goldhirsch (1998).

Using these constitutive relations, for a 2-D Poiseuille flow of smooth inelastic hard disks under

gravity, it is shown that the normal stress difference is a Burnett-order effect which agrees with

Tij & Santos (2004).
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Chapter 1

Introduction

1.1 Granular Matter

A granular material is a conglomeration of discrete macroscopic (>1 mm in size) solid particles or

grains. Granular materials are commonplace in nature and industry. According to Richard et al.

(2005), “Granular materials are ubiquitous in nature and are the second-most manipulated

material in industry (the first one is water)”. They occur in all shapes and sizes ranging from

powders, sand, cement, food grains, seeds, sugar, capsules and pills, gravels, fertilizers to large

chunks of coal, sand dunes, planetary rings, asteroids, etc. Figure 1.1 shows few examples of

granular materials. Many industries rely on handling, conveying and storage of grains.

(a) Food grains (b) Capsules and pills (c) Gravels

(d) Coal (e) Sand dunes (f) Saturn ring

Figure 1.1: Few examples of granular materials.

Granular materials may stay at rest like a solid, flow like a liquid, or behave like a gas,

depending on the rate of energy input (see figure 1.2). Of course, they can behave differently

than these states too. All these states of granular materials are discussed in detail in the review

article by Jaeger et al. (1996). In addition to practical and natural importance, they exhibit

many interesting phenomena: jamming (Corwin et al. 2005), clustering (Kudrolli et al. 1997),

mixing and segregation (Ottino & Khakhar 2000), Brazil nut and reverse Brazil nut phenomena

(Trujillo et al. 2003; Alam et al. 2006), pattern formation (Umbanhowar et al. 1996; Alam et al.

2009), granular Leidenfrost effect (Eshuis et al. 2010), etc. Despite their great importance and

applications, the mechanics of granular materials is not well understood at present. Nevertheless,

some significant progress has been made during last few decades.

1



2 Chapter 1. Introduction

(a) (b) (c)

Figure 1.2: Behaviour of granular materials: (a) like a solid (heap of oranges), (b) like a liquid
(flow of sand in an hour-glass), and (c) like a gas (dust storm).

A material is called dry granular material if the interstitial fluid between the grains is a

gas, which is usually air. In dry granular media, the effects of interstitial fluid are negligible

and the dominant interactions are inelastic collisions and friction, which are short-range and

non-cohesive. On the other hand, if the voids between grains are completely filled with a liquid,

e.g., water, the material is called saturated granular material. If some of the voids are filled with

a liquid and rest of them are filled with a gas, the material is called partially saturated. Both

saturated and partially saturated materials are called wet granular materials. In wet granular

media, the interactions are cohesive due to surface tension. For the dynamics of wet granular

materials, see Herminghaus (2005). Although, in the real world, we often see the wet granular

materials, e.g., beach sand, the present work is confined to dry granular media and due to the

mathematical complicacy, similar work for wet granular materials is left for future.

1.2 Rapid Granular Flows and Kinetic Theory

Depending on the interaction between the grains, the flow of granular materials can be classified

into two regimes: (i) slow flow regime and (ii) rapid flow regime. In the slow flow regime the

particles are densely packed, i.e., the volume fraction is high; the contacts between particles occur

via sliding and rolling motion of the particles, and the particles stay in contact for a long period

of time—therefore the particles move in the form of blocks of several particles relative to each

other; the momentum and energy transfer usually occur due to frictional forces. On the other

hand, in rapid flow regime, the volume fraction is relatively small; each particle moves randomly

and the contacts between them occur via instantaneous collisions†—therefore collisions between

the particles can be considered as binary ; the momentum and energy transfer take place due to

the instantaneous binary collisions between particles (see Campbell 1990).

A rapid granular flow resembles the classical picture of molecular gas and therefore fluidised

state of grains is termed as “granular gas” (Goldhirsch & Zanetti 1993). Due to this resemblance,

one can think that the methods used in the domain of statistical mechanics of molecular gases

may be useful in analysing the rapid granular flows. Despite the similarity of a granular gas to

†By “instantaneous” collisions, we mean that the time of contact between particles during collisions is much
smaller than the mean free time.



1.2 Rapid Granular Flows and Kinetic Theory 3

a (classical) molecular gas, there are two significant differences between them: (i) the grains are

of macroscopic sizes and (ii) the collisions between grains are inelastic (for detailed comparison

between granular gases and molecular gases, see Haff 1983). The effects of these differences are

given below.

Due to the macroscopic size of the grains, the energy required for the movement of the grains

is much higher than the thermal energy (∼ kBT
‡, where kB is the Boltzmann constant and T

is the thermodynamic temperature). Therefore, to set the particles of a granular system into

motion, the energy must be supplied by some external forcing, e.g., shearing the particles be-

tween plates, vibrating the bed of granular particles, etc. (Jaeger et al. 1996). Hence (ordinary)

thermodynamic temperature T plays no role for the granular flows. Nevertheless, in anology

with thermodynamic temperature and thermal energy of a molecular gas, (for a monodisperse

collection of grains) one can define the granular temperature from fluctuating kinetic energy

(sometimes referred to as pseudothermal energy) by (see e.g., Brilliantov & Pöschel 2004)

dim

2
Θ =

〈
1

2
mu2

〉
, (1.1)

where dim is the dimension of the problem (dim = 2 for disks and dim = 3 for spheres), Θ is

granular temperature, m is the mass of a particle, u = v − V is the fluctuating velocity of an

individual particle, v is the instantaneous velocity of that particle, V is the mean (flow) velocity

and 〈 〉 represents an appropriate average (defined in §2.2).
Since collisions between the particles of granular materials are inelastic in nature, the energy

associated with granular temperature continuously dissipates by collisions between the particles.

That means if the system is left as it is, the granular temperature will drop to zero and the

system will go to a dead state (i.e, all the particles will be at rest) after some finite time. It can

easily be seen in a simple experiment—if one shakes a box containg particles (say, rice grains)

and then stops shaking, the particles will almost instantaneously cease all their motion and come

to rest. Hence to maintain a steady motion (or to maintain a steady granular temperature) of

the particles, energy must be injected continuously into the system so that the energy lost due to

dissipative collisions can be balanced with this injected energy. Therefore the only equilibrium

state for a granular material is a dead state (until external energy is not fed into the system).

In the rapid flow regime, the qualitative properties of a granular gas can be described by

the Boltzmann equation (suitably modified by taking inelastic collisions into account). One

important objective in kinetic theory of granular gases is to derive the hydrodynamic equa-

tions from the (inelastic) Boltzmann equation. As we shall see latter (in §2.2) that pressure

tensor, heat flux and collisional dissipation appear in the hydrodynamic equations in form of

ensemble averages, therefore in order to complete the hydrodynamic description, constitutive

relations through which pressure tensor (or stress tensor), heat flux and collisional dissipation

are expressed in terms of the hydrodynamic fields (number density or mass density, mean flow

velocity and granular temperature) need to be established. There are many methods to derive

constitutive relations from the Boltzmann equation. Few commonly used methods are as follows:

‡The same order of energy is sufficient to set the molecules in (Brownian) motion in a molecular gas.
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1. Chapman-Enskog expansion: The Chapman-Enskog expansion of the Boltzmann equa-

tion is the most successful systematic method for obtaining the distribution function

(Goldhirsch 2003). The key idea of this method is that the time dependence of the distribu-

tion function can come only through the hydrodynamic fields. The details of this method

will be explained in the next chapter. Several authors, e.g., Chapman & Cowling (1970),

Goldshtein & Shapiro (1995), Sela et al. (1996), Sela & Goldhirsch (1998), etc. have used

this method.

2. Grad’s method of moment (Grad 1949): In this method the distribution function is

approximated by a Maxwellian distribution function times a polynomial in the components

of the fluctuating velocity. This approximation is substituted back into the Boltzmann

equation and this substitution leads to equations of motion for the coefficients of these

polynomials. The latter are then solved by using certain assumptions (e.g., a steady

state). Kogan (1969), Jenkins & Richman (1985a), Ramı́rez et al. (2000), etc. have used

this method.

3. Bhatnagar-Gross-Krook (BGK) model for the Boltzmann collision operator

(Bhatnagar et al. 1954): The main complexity in dealing with the Boltzmann equation

arises due to collision term (referred to as the Boltzmann collision operator). For moderate

calculation effort, the Boltzmann collision term is replaced by a BGK model. Santos et al.

(1998), Ansumali et al. (2003), Tij & Santos (2004), etc. have used this model.

1.3 Present Work and Organisation of Thesis

1.3.1 Present Work

In present work, the rapid flow of monodisperse collection of smooth inelastic hard spheres of

diameter d under gravitational force in three dimensions is considered. The mass m of the

particle is normalized to unity. Since the particles have been considered smooth in this work,

the angular velocity of each particle (about its own axes) remains unchanged, no matter what

other changes the system undergoes. Hence the angular velocities are irrelevant in the present

analysis. Also, the particles have been considered as hard spheres so that the coefficient of

(normal) restitution would be taken as a constant (note that for particles, which are not hard,

coefficient of restitution is a function of impact velocity (Brilliantov & Pöschel 2004)). Following

Sela & Goldhirsch (1998), the factor 1/3 is removed from the definition of granular temperature

(cf. eq. (1.1))—of course, it does not affect the analysis. Considering the above arguments, the

granular temperature in present study is given by Θ = 〈u2〉. The main goal of the present

work is to derive the constitutive relations for the above mentioned problem by following a

(generalized) Chapman-Enskog expansion of the Boltzmann equation. For this purpose, mostly,

the approach of Sela & Goldhirsch (1998) is followed.
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1.3.2 Organisation of Thesis

Chapter 2

The chapter starts with collision rule for binary collision of two smooth inelastic spheres. After

this, the Boltzmann equation for granular flows and the equations of motion for the hydrody-

namic fields are briefly introduced. The constitutive relations to zeroth-order are derived. The

generalized version of Chapman-Enskog expansion method is described in detail. Using gener-

alized Chapman-Enskog expansion, the method to obtain higher-order constitutive relation is

explained.

Chapter 3

With the help of (perturbed) Boltzmann equation, the correction terms at first-order in small

parameters are obtained. Using these corrections to distribution function, the constitutive rela-

tions at first-order in small parameters are derived.

Chapter 4

In this chapter, it is shown that the linearized Boltzmann collision operator is self-adjoint.

With the help of this self-adjoint property of the linearized Boltzmann collision operator, the

constitutive relations at second-order in small parameters are derived without evaluating the

correction terms at corresponding orders.

Chapter 5

The results obtained are summarized in this chapter. Normal stress difference in 2-D granular

Poiseuille flow of smooth inelastic hard spheres is discussed at Euler, Navier-Stokes and Burnett

order and it has been concluded that normal stress difference is Burnett order effect for this

problem. After this, the possible future work is mentioned.



Chapter 2

Boltzmann Equation and Method of

Solution

As discussed in §1.3.1, in the present problem, the inelastic collisions between the spheres are

characterized by constant coefficient of restitution e, where 0 6 e 6 1 with e = 0 and e = 1 for

the collision between perfectly inelastic and perfectly elastic spheres respectively. The binary

collision between spheres labeled 1 and 2 leads to the following velocity transformation:

v1 = v′
1 −

(1 + e)

2
(k̂ · v′

12)k̂, (2.1a)

v2 = v′
2 +

(1 + e)

2
(k̂ · v′

12)k̂, (2.1b)

where v′
1 and v′

2 are the velocities of the spheres 1 and 2 respectively, prior to the collision, and

v1 and v2 are the corresponding velocities of the spheres 1 and 2 respectively, after the collision,

v′
12 ≡ v′

1 − v′
2, and k̂ is a unit vector pointing from centre of sphere 2 to that of sphere 1 at the

time of contact. It does not matter if k̂ is defined from centre of sphere 1 to that of sphere 2

(Goldhirsch 2003).

Substracting eq. (2.1b) from eq. (2.1a) and taking the dot product of the resulting equation

with k̂, we get

k̂ · v12 = k̂ · v′
12 − (1 + e)(k̂ · v′

12)

or

k̂ · v12 = −e(k̂ · v′
12). (2.2)

This equation shows the relation between the normal component of relative velocities before and

after the collision. Also, on squaring and adding eqs. (2.1a) and (2.1b), we get

v21 + v22 = v′21 + v′22 +
(1 + e)2

2
(k̂ · v′

12)
2 − (1 + e)(k̂ · v′

12)
2

or

v′21 + v′22 = v21 + v22 − (1 + e)(k̂ · v′
12)

2

{
(1 + e)

2
− 1

}
= v21 + v22 +

(
1− e2

)

2
(k̂ · v′

12)
2.

Using eq. (2.2),

v′21 + v′22 = v21 + v22 +

(
1− e2

)

2e2
(k̂ · v12)

2.

Let us define a small parameter “degree of inelasticity (ǫ)” by ǫ = 1−e2 and in terms of ǫ, above

equation can be written as

6



2.1 Boltzmann Equation 7

v′21 + v′22 = v21 + v22 +
ǫ

2 (1− ǫ)(k̂ · v12)
2

= v21 + v22 +
1

2

(
ǫ+ ǫ2 + ǫ3 + . . .

)
(k̂ · v12)

2. (2.3)

This equation will be used in interchanging the total kinetic energy of the particles before

collision into the total kinetic energy of the particles after collision and vice-versa.

2.1 Boltzmann Equation

As discussed in §1.2, the qualitative properties of the system (assuming it is dilute enough) can

be described by the (inelastic) Boltzmann equation (see Brilliantov & Pöschel 2004; Rao & Nott

2008, for derivation of the Boltzmann equation):

∂f

∂t
+ v1 ·∇f + g ·∇v f = d2

∫

k̂·v12>0
dv2dk̂ (k̂ · v12)

(
1

e2
f
(
v′
1

)
f
(
v′
2

)
− f (v1) f (v2)

)
, (2.4)

where f ≡ f(v, r, t) is the single-particle distribution function defined in such a way that

f(v, r, t)drdv gives the number of particles at time t in an infinitesimal volume dr located

at r whose velocities belong to an infinitesimal volume in velocity space dv centred around v,

∇ is the gradient with respect to the spatial coordinate r and ∇v is the gradient with respect

to the velocity space coordinate v. The other variables are defined in eqs. (2.1a), (2.1b) and

the text following them. The constraint k̂ · v12 > 0 takes care for the impending collisions.

Eq. (2.4) is defined in such a way that precollisional velocities depend on coefficient of

restitution, while postcollisional velocities do not depend on the same. Note that the

right-hand side of eq. (2.4) depends on coefficient of restitution explicitly as well as implicitly

via relations (2.1) between the postcollisional and precollisional velocities.

2.2 Hydrodynamic Variables and the Equations of Motion

The hydrodynamic fields: the number density n(r, t), the mean flow velocity V (r, t), and the

granular temperature Θ(r, t) are given by (Grad 1949; Chapman & Cowling 1970; Tij & Santos

2004; Rao & Nott 2008):

n(r, t) ≡
∫

dv f(v, r, t), (2.5)

V (r, t) ≡ 1

n

∫
dv vf(v, r, t), (2.6)

Θ(r, t) ≡ 1

n

∫
dv (v − V )2f(v, r, t). (2.7)

The macroscopic balance equations for these hydrodynamic fields can be derived by multiply-

ing the Boltzmann equation (eq. (2.4)) by 1, v1 and v21 respectively, and integrating over v1

(Lun et al. 1984; Jenkins & Richman 1985a ,b; Rao & Nott 2008). They are:
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Dn

Dt
+ n

∂Vi
∂ri

= 0, (2.8)

n
DVi
Dt

+
∂Pij

∂rj
= ngi, (2.9)

n
DΘ

Dt
+ 2

∂Vi
∂rj

Pij + 2
∂Qi

∂ri
= −nΓ, (2.10)

where

Pij ≡ n〈uiuj〉 =
∫

dv uiujf, (2.11)

are the components of pressure tensor (or stress tensor),

Qi ≡
1

2
n〈u2ui〉 =

1

2

∫
dv u2uif, (2.12)

are the components of heat flux, u is the fluctuating velocity defined in §1.2, 〈 〉 is an average

with respect to f defined by 〈ψ〉 = 1
n

∫
dvψf(v, r, t), D

Dt ≡ ∂
∂t +V ·∇ is the material derivative

and Γ is the collisional dissipation, given by

Γ ≡ πǫd2

8n

∫
dv1dv2 v

3
12f(v1)f(v2). (2.13)

Note that the expression for Γ contains a prefactor ǫ. Now, the goal is to determine the con-

stitutive relations (pressure tensor Pij , heat flux Qi and collisional dissipation Γ ). Clearly, the

expressions of Pij , Qi and Γ (eqs. (2.11)-(2.13)) contain the distribution function f , which is

unknown and it is not easy to obtain an exact solution for f . Therefore, in order to deter-

mine the constitutive relation, a perturbative expansion for f is assumed (see below), following

Sela & Goldhirsch (1998).

2.3 Method of Solution

The classical Chapman-Enskog expansion for molecular gases (Cercignani 1969; Kogan 1969;

Chapman & Cowling 1970; Harris 2004) involves a perturbative expansion of the distribution

function in powers of the spatial gradients of the hydrodynamic fields; the method is used for

the systems that have an equilibrium solution, which serves the zeroth-order solution of the

expansion. But as discussed in §1.2, granular systems do not have an equilibrium solution

and therefore the classical Chapman-Enskog expansion technique can not be applied directly to

granular systems. Nevertheless, we shall see below that one can obtain a zeroth-order solution

in elastic and zero Knudsen number (defined below) limit. An appropriate generalization of

Chapman-Enskog expansion (Sela & Goldhirsch 1998) along with this zeroth-order solution can

be employed in case of granular systems.

Let us define a small parameter Knudsen number (K), by K ≡ ℓ/L, where ℓ is the mean

free path given by ℓ ≡ 1/(πnd2) and L is a macroscopic length scale in the problem. In the

present work, gravity is serving as a body force, so one can define the macroscopic length

scale as L =
v2th
g , where vth =

(
2Θ
3

)1/2
is the thermal speed and g is the magnitude of the
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gravitational acceleration, hence the macroscopic length scale L = 2Θ
3g . Next, we perform a

rescaling of the Boltzmann equation (eq. (2.4)), as follows: the rescaled fluctuating velocity is

ũ ≡
(

3
2Θ

) 1
2 (v−V ), the rescaled gravity is g̃ ≡ g/g, and f ≡ n

(
3
2Θ

) 3
2 f̃(ũ). Hence the Boltzmann

equation (2.4) changes to

∂

∂t

{
n

(
3

2Θ

) 3
2

f̃

}
+ v1 ·∇

{
n

(
3

2Θ

) 3
2

f̃

}
+ gg̃ ·∇v

{
n

(
3

2Θ

)3
2

f̃

}

= d2
∫

k̂·( 2Θ
3 )

1
2 ũ12>0

{(
2Θ

3

)3
2

dũ2

}
dk̂

{
k̂ ·
(
2Θ

3

) 1
2

ũ12

}

×
[
1

e2

{
n

(
3

2Θ

)3
2

f̃(ũ′
1)

}{
n

(
3

2Θ

)3
2

f̃(ũ′
2)

}
−
{
n

(
3

2Θ

)3
2

f̃(ũ1)

}{
n

(
3

2Θ

)3
2

f̃(ũ2)

}]

or

(
3

2Θ

) 3
2

{
n
∂f̃

∂t
+ f̃

∂n

∂t

}
+ nf̃

3

2

(
3

2Θ

) 1
2
(
− 3

2Θ2

)
∂Θ

∂t
+

(
3

2Θ

) 3
2 {

n(v1 ·∇f̃)

+f̃(v1 ·∇n)
}
+ nf̃

3

2

(
3

2Θ

) 1
2
(
− 3

2Θ2

)
(v1 ·∇Θ) + n

(
3

2Θ

) 3
2

gg̃ ·∇v f̃

= n2d2
3

2Θ

∫

k̂·ũ12>0
dũ2 dk̂ (k̂ · ũ12)

(
1

e2
f̃(ũ′

1)f̃(ũ
′
2)− f̃(ũ1)f̃(ũ2)

)

or

n

(
3

2Θ

) 3
2

[{
∂f̃

∂t
+
f̃

n

∂n

∂t

}
− f̃ 3

2Θ

∂Θ

∂t
+

{
v1 ·∇f̃ +

f̃

n
(v1 ·∇n)

}
− f̃ 3

2Θ
(v1 ·∇Θ)

+ gg̃ ·∇v f̃

]
= n2d2

3

2Θ

∫

k̂·ũ12>0
dũ2 dk̂ (k̂ · ũ12)

(
1

e2
f̃(ũ′

1)f̃(ũ
′
2)− f̃(ũ1)f̃(ũ2)

)

or

1

πnd2

(
3

2Θ

) 1
2

[{
∂f̃

∂t
+ v1 ·∇f̃

}
+
f̃

n

{
∂n

∂t
+ v1 ·∇n

}
− f̃ 3

2Θ

{
∂Θ

∂t
+ v1 ·∇Θ

}

+ gg̃ ·∇v f̃

]
=

1

π

∫

k̂·ũ12>0
dũ2 dk̂ (k̂ · ũ12)

(
1

e2
f̃(ũ′

1)f̃(ũ
′
2)− f̃(ũ1)f̃(ũ2)

)
.

Now, using the definitions of mean free path and Knudsen number, 1
πnd2

= ℓ = K 2Θ
3g . Therefore

K
2Θ

3g

(
3

2Θ

) 1
2
[(

∂

∂t
+ v1 ·∇

)
f̃ + f̃

(
∂

∂t
+ v1 ·∇

)
lnn− 3

2
f̃

(
∂

∂t
+ v1 ·∇

)
lnΘ

+ gg̃ ·∇v f̃

]
=

1

π

∫

k̂·ũ12>0
dũ2 dk̂ (k̂ · ũ12)

(
1

e2
f̃(ũ′

1)f̃(ũ
′
2)− f̃(ũ1)f̃(ũ2)

)

or

D̃ f̃ + f̃D̃

(
lnn− 3

2
lnΘ

)
+K

(
2Θ

3

) 1
2

g̃ ·∇v f̃ = B̃(f̃ , f̃ , e), (2.14)
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where

B̃(f̃ , f̃ , e) =
1

π

∫

k̂·ũ12>0
dũ2dk̂(k̂ · ũ12)

(
1

e2
f̃(ũ′

1)f̃(ũ
′
2)− f̃(ũ1)f̃(ũ2)

)
(2.15)

and

D̃ =
K

g

(
2Θ

3

) 1
2
(
∂

∂t
+ v1 ·∇

)
. (2.16)

Eq. (2.14) is another form of the Boltzmann equation in terms of rescaled quantities. Here

onwards, eq. (2.14) will be referred as the rescaled Boltzmann equation. Note that D̃ is not a

material derivative since the velocity v1 is not the hydrodynamic velocity, rather it is the velocity

of the particle. Clearly, in the double limit ǫ→ 0 and K → 0, eq. (2.14) changes to B̃(f̃ , f̃ , 1) =

0, the solution of which is a Maxwellian distribution function (see Chapman & Cowling 1970;

Harris 2004; Rao & Nott 2008, for a derivation) given by

f̃0(ũ) = π−3/2 e−ũ2
. (2.17)

Hence, for K ≪ 1 and ǫ ≪ 1, f̃ can be expressed as f̃(ũ) = f̃0(ũ)(1 + Φ), where Φ is a ‘small’

perturbation. f̃0(ũ) will serve as zeroth-order solution in this work.

Since the equilibrium distribution function, f0, is defined in such a way that the hydrody-

namic fields are velocity moments of f0, i.e.,

n =

∫
dv f0, V =

1

n

∫
dv vf0, Θ =

1

n

∫
dv (v − V )2f0.

Therefore, it follows from eqs. (2.5)-(2.7) and the relation f̃(ũ) = f̃0(ũ)(1 + Φ),

∫
dũ f̃0(ũ)Φ =

∫
dũ ũf̃0(ũ)Φ =

∫
dũ ũ2f̃0(ũ)Φ = 0. (2.18)

These are called the orthogonality conditions and they should hold at all orders in Chapman-

Enskog expansion.

Next, we shall substitute f̃(ũ) = f̃0(ũ)(1 + Φ) in eq. (2.14) and for that, let us first simplify

the first and third terms of eq. (2.14), separately. (Here onwards, wherever there is no subscript

in ũ or v, they will be read as ũ1 or v1 respectively, until ũ and ũ1 or v and v1 appear

simultaneously in integrals.)

First Term:

D̃ f̃ = D̃

{
f̃0(ũ)(1 + Φ)

}
=
K

g

(
2Θ

3

) 1
2
(
∂

∂t
+ v ·∇

){
f̃0(ũ)(1 + Φ)

}

= (1 + Φ)
K

g

(
2Θ

3

) 1
2
(
∂

∂t
+ v ·∇

)(
π−3/2 e−ũ2

)
+ f̃0(ũ)

K

g

(
2Θ

3

) 1
2
(
∂

∂t
+ v ·∇

)
Φ

=
(
π−3/2 e−ũ2

)
(1 + Φ)

K

g

(
2Θ

3

) 1
2
(
∂

∂t
+ v ·∇

)(
−ũ2

)
+ f̃0(ũ)D̃Φ

= −f̃0(ũ)(1 + Φ)
K

g

(
2Θ

3

) 1
2
(
∂

∂t
+ v ·∇

){
3

2Θ
(v − V )2

}
+ f̃0(ũ)D̃Φ
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or

D̃ f̃ = −f̃0(ũ)(1 + Φ)
K

g

(
2Θ

3

) 1
2
[
− 3

2Θ2
(v − V )2

(
∂

∂t
+ v ·∇

)
Θ

+
3

2Θ
2(v − V ) ·

(
∂

∂t
+ v ·∇

)
(−V )

]
+ f̃0(ũ)D̃Φ

= −f̃0(ũ)(1 + Φ)
K

g

(
2Θ

3

) 1
2
[
−ũ2 1

Θ

(
∂

∂t
+ v ·∇

)
Θ

−2
(

3

2Θ

) 1
2

ũ ·
(
∂

∂t
+ v ·∇

)
V

]
+ f̃0(ũ)D̃Φ

= f̃0(ũ)(1 + Φ)

[
ũ2
K

g

(
2Θ

3

) 1
2
(
∂

∂t
+ v ·∇

)
lnΘ

+2

(
3

2Θ

) 1
2

ũi
K

g

(
2Θ

3

) 1
2
(
∂

∂t
+ v ·∇

)
Vi

]
+ f̃0(ũ)D̃Φ

= f̃0(ũ)(1 + Φ)

[
ũ2D̃ lnΘ + 2

(
3

2Θ

) 1
2

ũiD̃Vi

]
+ f̃0(ũ)D̃Φ

= f̃0(ũ)

[
(1 + Φ)

{
2

(
3

2Θ

) 1
2

ũiD̃Vi + ũ2D̃ lnΘ

}
+ D̃Φ

]
.

Third Term:

K

(
2Θ

3

) 1
2

g̃ ·∇v f̃

= K

(
2Θ

3

) 1
2

g̃ ·∇v f̃0(ũ)(1 + Φ)

= (1 + Φ)K

(
2Θ

3

) 1
2

g̃ ·∇v

(
π−3/2 e−ũ2

)
+ f̃0(ũ)K

(
2Θ

3

) 1
2

g̃ ·∇v Φ

=
(
π−3/2 e−ũ2

)
(1 + Φ)K

(
2Θ

3

) 1
2

g̃ ·∇v

(
−ũ2

)
+ f̃0(ũ)K

(
2Θ

3

) 1
2

g̃ ·∇v Φ

= −f̃0(ũ)(1 + Φ)K

(
2Θ

3

) 1
2

g̃ ·∇v

(
3

2Θ
(v − V )2

)
+ f̃0(ũ)K

(
2Θ

3

) 1
2

g̃ ·∇v Φ

= −f̃0(ũ)(1 + Φ)K

(
3

2Θ

) 1
2

g̃ ·∇v

{
(v − V )2

}
+ f̃0(ũ)K

(
2Θ

3

) 1
2

g̃ ·∇v Φ

= −f̃0(ũ)(1 + Φ)K

(
3

2Θ

) 1
2

g̃ · {2(v − V )} f̃0(ũ)K
(
2Θ

3

) 1
2

g̃ ·∇v Φ

= −2f̃0(ũ)(1 + Φ)Kg̃ · ũ+ f̃0(ũ)K

(
2Θ

3

) 1
2

g̃ ·∇v Φ

= −2f̃0(ũ)(1 + Φ)Kg̃iũi + f̃0(ũ)K

(
2Θ

3

) 1
2

g̃ ·∇v Φ,
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where we have used the following,

∇v

{
(v − V )2

}
=

3∑

j=1

δ̂j
∂

∂vj

{
3∑

i=1

(vi − Vi)2
}

=

3∑

j=1

δ̂j

{
3∑

i=1

2 (vi − Vi)
(
∂vi

∂vj

)}

=
3∑

j=1

δ̂j

{
3∑

i=1

2 (vi − Vi) δij
}

= 2
3∑

j=1

δ̂j (vj − Vj) = 2(v − V ).

Substituting the above values of the first and third terms along with f̃(ũ) = f̃0(ũ)(1+Φ)

in eq. (2.14), we get

f̃0(ũ)

[
(1 + Φ)

{
2

(
3

2Θ

) 1
2

ũiD̃Vi + ũ2D̃ lnΘ

}
+ D̃Φ

]
+ f̃0(ũ)(1 + Φ)D̃

(
lnn− 3

2
lnΘ

)

− 2f̃0(ũ)(1 + Φ)Kg̃iũi + f̃0(ũ)K

(
2Θ

3

) 1
2

g̃ ·∇v Φ = B̃(f̃ , f̃ , e)

or

(1 + Φ)

[
D̃ lnn + 2

(
3

2Θ

) 1
2

ũiD̃Vi +

(
ũ2 − 3

2

)
D̃ lnΘ − 2Kg̃iũi

]
+ D̃Φ

+K

(
2Θ

3

) 1
2

g̃ ·∇v Φ =
1

f̃0(ũ)
B̃(f̃ , f̃ , e). (2.19)

Here onwards, eq. (2.19) will be referred as the perturbed Boltzmann equation. The action

of operator D̃ on the hydrodynamic fields can be evaluated with the help of eq. (2.16)

and eqs. (2.8)-(2.10) as following.

D̃ lnn =
K

g

(
2Θ

3

) 1
2
(
∂

∂t
+ v ·∇

)
lnn =

K

g

(
2Θ

3

) 1
2 1

n

(
∂n

∂t
+ v ·∇n

)
,

but from eq. (2.8),
{

∂n
∂t

+ (V ·∇)n
}
+ (∇ · V )n = 0 or ∂n

∂t
= −(V ·∇)n − n(∇ · V ),

hence

D̃ lnn =
K

g

(
2Θ

3

) 1
2 1

n
{−(V ·∇)n− n(∇ · V ) + (v ·∇)n}

=
K

g

2Θ

3

(
3

2Θ

) 1
2 1

n
{(v − V ) ·∇n− n(∇ · V )}

= K
2Θ

3g

{(
3

2Θ

) 1
2

(v − V ) · 1
n
∇n−

(
3

2Θ

) 1
2

∇ · V
}

= K
2Θ

3g

{
ũ ·∇n−

(
3

2Θ

) 1
2

∇ · V
}

= K
2Θ

3g

{
ũi
∂ lnn

∂ri
−
(

3

2Θ

) 1
2 ∂Vi

∂ri

}
, (2.20)
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D̃Vi =
K

g

(
2Θ

3

) 1
2
(
∂

∂t
+ v ·∇

)
Vi,

but from eq. (2.9), n
{

∂Vi

∂t
+ (V ·∇)Vi

}
+

∂Pij

∂rj
= ngi or

∂Vi

∂t
= gi−(V ·∇)Vi− 1

n

∂Pij

∂rj
, hence

D̃Vi =
K

g

(
2Θ

3

) 1
2
{
gi − (V ·∇)Vi −

1

n

∂Pij

∂rj
+ (v ·∇)Vi

}

=
K

g

2Θ

3

(
3

2Θ

) 1
2
{
(v − V ) ·∇Vi −

1

n

∂Pij

∂rj

}
+
K

g

(
2Θ

3

) 1
2

gi

= K
2Θ

3g

{(
3

2Θ

) 1
2

(v − V ) ·∇Vi −
1

n

(
3

2Θ

) 1
2 ∂Pij

∂rj

}
+K

(
2Θ

3

) 1
2 gi

g

= K
2Θ

3g

{
ũ ·∇Vi −

1

n

(
3

2Θ

) 1
2 ∂Pij

∂rj

}
+K

(
2Θ

3

) 1
2

g̃i

= K
2Θ

3g

{
ũj
∂Vi

∂rj
− 1

n

(
3

2Θ

) 1
2 ∂Pij

∂rj

}
+K

(
2Θ

3

) 1
2

g̃i, (2.21)

and

D̃ lnΘ =
K

g

(
2Θ

3

) 1
2
(
∂

∂t
+ v ·∇

)
lnΘ =

K

g

(
2Θ

3

) 1
2 1

Θ

{
∂Θ

∂t
+ (v ·∇)Θ

}
,

but from eq. (2.10), n
{

∂Θ
∂t

+ (V ·∇)Θ
}
+ 2∂Vi

∂rj
Pij + 2∂Qi

∂ri
= −nΓ or ∂Θ

∂t
= −(V ·∇)Θ −

2
n
∂Vi

∂rj
Pij − 2

n
∂Qi

∂ri
− Γ , hence

D̃ lnΘ =
K

g

(
2Θ

3

) 1
2 1

Θ

{
−(V ·∇)Θ − 2

n

∂Vi

∂rj
Pij −

2

n

∂Qi

∂ri
− Γ + (v ·∇)Θ

}

=
K

g

2Θ

3

(
3

2Θ

) 1
2 1

Θ

{
(v − V ) ·∇Θ − 2

n

∂Vi

∂rj
Pij −

2

n

∂Qi

∂ri

}
− K

g

(
2Θ

3

) 1
2 1

Θ
Γ

= K
2Θ

3g

{(
3

2Θ

) 1
2

(v − V ) · 1
Θ
∇Θ − 2

nΘ

(
3

2Θ

) 1
2 ∂Vi

∂rj
Pij −

2

nΘ

(
3

2Θ

) 1
2 ∂Qi

∂ri

}

− K

g

(
2Θ

3

) 1
2 1

Θ
Γ

= K
2Θ

3g

{
ũ ·∇ lnΘ − 2

nΘ

(
3

2Θ

) 1
2 ∂Vi

∂rj
Pij −

2

nΘ

(
3

2Θ

) 1
2 ∂Qi

∂ri

}
− K

g

(
2Θ

3

) 1
2 1

Θ
Γ.

As we have already seen in eq. (2.13), the expression for Γ contains a prefactor ǫ, we shall

take out the factor ǫ and replace other factors in the last term of above equation by Γ̃ ,

so that Γ̃ does not depend on ǫ explicitly. Hence

D̃ lnΘ = K
2Θ

3g

{
ũj
∂ lnΘ

∂rj
− 2

nΘ

(
3

2Θ

) 1
2 ∂Vi

∂rj
Pij −

2

nΘ

(
3

2Θ

) 1
2 ∂Qi

∂ri

}
− ǫΓ̃ , (2.22)
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where

ǫΓ̃ =
K

g

(
2Θ

3

) 1
2 1

Θ
Γ (2.23)

or

Γ =
ǫgΘ

K

(
3

2Θ

) 1
2

Γ̃ =
ǫgΘ

ℓ
× 2Θ

3g

(
3

2Θ

) 1
2

Γ̃ =
ǫΘ

ℓ

(
2Θ

3

) 1
2

Γ̃ . (2.24)

Also, substituting the value of Γ from eq. (2.13),

ǫΓ̃ =
K

g

(
2Θ

3

) 1
2 1

Θ
Γ =

K

g

(
2Θ

3

) 1
2 1

Θ

πǫd2

8n

∫
dv1dv2 v

3
12f(v1)f(v2)

=

(
1

πnd2
× 3g

2Θ

)
1

g

(
2Θ

3

) 1
2 1

Θ

πǫd2

8n

∫ {(
2Θ

3

) 3
2

dũ1

}{(
2Θ

3

) 3
2

dũ2

}

×
{(

2Θ

3

) 3
2

ũ312

}{
n

(
3

2Θ

) 3
2

f̃(ũ1)

}{
n

(
3

2Θ

) 3
2

f̃(ũ2)

}

= ǫ

(
1

8n2

)(
3

2Θ

) 1
2 1

Θ
× n2

(
2Θ

3

) 3
2
∫

dũ1dũ2 ũ
3
12f̃(ũ1)f̃(ũ2)

=
ǫ

12

∫
dũ1dũ2 ũ

3
12f̃(ũ1)f̃(ũ2)

or

Γ̃ =
1

12

∫
dũ1dũ2 ũ

3
12f̃(ũ1)f̃ (ũ2). (2.25)

Next, following Sela & Goldhirsch (1998), Φ is expanded in both small parameters, K and

ǫ (a generalization of classical Chapman-Enskog expansion for granular flows) as following.

Φ = ΦK + Φǫ + ΦKK + ΦKǫ + Φǫǫ + . . . (2.26)

or

Φ = ΦK + ǫϕ
(1)
1 + ΦKK + ǫϕ

(1)
K + ǫ2ϕ

(2)
1 + . . . . (2.27)

In eq. (2.27), Φ is written in another form to avoid any confusion. From eqs. (2.26) and

(2.27), Φǫ = ǫϕ
(1)
1 , ΦKǫ = ǫϕ

(1)
K , Φǫǫ = ǫ2ϕ

(2)
1 and so on. In eqs. (2.26) and (2.27), and here

onwards subscripts indicate the order of the corresponding terms in the small parameters,

e.g. ΦK = O(K) and bracketed superscripts in eq. (2.27) are just to indicate the ǫ order

of corresponding terms in eq. (2.26).

Similar to the expansion of Φ in small parameters, D̃ψ (where ψ is function of the

field variables) can be expanded as: D̃ψ = D̃Kψ+ D̃ǫψ+ D̃KKψ+ D̃Kǫψ+ . . ., where e.g.

D̃Kǫψ is the O(Kǫ) term in the expansion of D̃ψ in powers of K and ǫ.

For a non-negative integer n, O(ǫn) corrections to the single particle distribution func-

tion are the Euler order terms, O(Kǫn) corrections are the Navier-Stokes or Chapman-

Enskog order terms and O(K2ǫn) corrections are Burnett order terms.
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2.3.1 Zeroth-order Constitutive Relations

Pressure Tensor

Writing eq. (2.11) in terms of rescaled quantities, we have

Pij =

∫
dv uiujf =

∫ {(
2Θ

3

) 3
2

dũ

}{(
2Θ

3

) 1
2

ũi

}{(
2Θ

3

) 1
2

ũj

}{
n

(
3

2Θ

) 3
2

f̃(ũ)

}

=
2nΘ

3

∫
dũ ũiũj f̃(ũ).

Using relation f̃(ũ) = f̃0(ũ)(1 + Φ) along with eqs. (2.17) and (2.26),

Pij =
2nΘ

3π3/2

∫
dũ ũiũj e

−ũ2

(1 + ΦK + Φǫ + ΦKK + ΦKǫ + . . .)

= P 0
ij +

2nΘ

3π3/2

∫
dũ ũiũj e

−ũ2

(ΦK + Φǫ + ΦKK + ΦKǫ + . . .) , (2.28)

where P 0
ij is the zeroth order term in the expansion of Pij , given by

P 0
ij =

2nΘ

3π3/2

∫
dũ ũiũj e

−ũ2

.

Using eq. (F.9a),

P 0
ij =

2nΘ

3π3/2
× 4π

3
δij

∫ ∞

0

dũ e−ũ2

ũ4 =
2nΘ

3π3/2
× 4π

3
δij ×

3

8

√
π.

This implies

P 0
ij =

1

3
nΘδij (2.29)

Heat Flux

Writing eq. (2.12) in terms of rescaled quantities, we have

Qi =
1

2

∫
dv u2uif =

1

2

∫ {(
2Θ

3

) 3
2

dũ

}{(
2Θ

3

)
ũ2
}{(

2Θ

3

) 1
2

ũi

}{
n

(
3

2Θ

) 3
2

f̃(ũ)

}

=
n

2

(
2Θ

3

) 3
2
∫

dũ ũ2ũif̃(ũ).

Using relation f̃(ũ) = f̃0(ũ)(1 + Φ) along with eqs. (2.17) and (2.26),

Qi =
n

2π3/2

(
2Θ

3

) 3
2
∫
dũ ũ2ũi e

−ũ2

(1 + ΦK + Φǫ + ΦKK + ΦKǫ + . . .)

= Q0
i +

n

2π3/2

(
2Θ

3

) 3
2
∫

dũ ũ2ũi e
−ũ2

(ΦK + Φǫ + ΦKK + ΦKǫ + . . .) , (2.30)
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where Q0
i is the zeroth order term in the expansion of Qi, given by

Q0
i =

n

2π3/2

(
2Θ

3

) 3
2
∫

dũ ũ2ũi e
−ũ2

.

In the above integral, the integrand is an odd function of components of ũ. Therefore

Q0
i = 0 (2.31)

Collisional Dissipation

From eq. (2.25) (along with relation f̃(ũ) = f̃0(ũ)(1 + Φ) and eq. (2.17)), we have

Γ̃ =
1

12

∫
dũ1dũ2 ũ

3
12f̃(ũ1)f̃(ũ2)

=
1

12

∫
dũ1dũ2 ũ

3
12

{
f̃0(ũ1) (1 + Φ(ũ1))

}{
f̃0(ũ2) (1 + Φ(ũ2))

}

=
1

12

∫
dũ1dũ2 ũ

3
12f̃0(ũ1)f̃0(ũ2){1 + ΦK(ũ1) + Φǫ(ũ1) + ΦKK(ũ1) + ΦKǫ(ũ1) + . . .}

× {1 + ΦK(ũ2) + Φǫ(ũ2) + ΦKK(ũ2) + ΦKǫ(ũ2) + . . .}

=
1

12

∫
dũ1dũ2 ũ

3
12

(
π−3/2 e−ũ2

1

)(
π−3/2 e−ũ2

2

)
{1 + ΦK(ũ1) + ΦK(ũ2)

+Φǫ(ũ1) + Φǫ(ũ2) + ΦKK(ũ1) + ΦKK(ũ2) + ΦK(ũ1)ΦK(ũ2) + . . .}

= Γ̃0 +
1

12π3

∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) {ΦK(ũ1) + ΦK(ũ2) + Φǫ(ũ1) + Φǫ(ũ2)

+ΦKK(ũ1) + ΦKK(ũ2) + ΦK(ũ1)ΦK(ũ2) + . . .} , (2.32)

where Γ̃0 is the zeroth order term in the expansion of Γ̃ , given by

Γ̃0 =
1

12π3

∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2)

and using eq. (G.2), it simplifies to

Γ̃0 =
2

3

(
2

π

)1/2

(2.33)
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Now, from eqs. (2.24) and (2.32), we have

Γ =
ǫΘ

ℓ

(
2Θ

3

) 1
2
[
Γ̃0 +

1

12π3

∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) {ΦK(ũ1) + ΦK(ũ2)

+Φǫ(ũ1) + Φǫ(ũ2) + ΦKK(ũ1) + ΦKK(ũ2) + ΦK(ũ1)ΦK(ũ2) + . . .}
]

= Γǫ +
ǫΘ

12π3ℓ

(
2Θ

3

) 1
2
∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) {ΦK(ũ1) + ΦK(ũ2)

+Φǫ(ũ1) + Φǫ(ũ2) + ΦKK(ũ1) + ΦKK(ũ2) + ΦK(ũ1)ΦK(ũ2) + . . .} , (2.34)

where

Γǫ =
ǫΘ

ℓ

(
2Θ

3

) 1
2

Γ̃0 =
ǫΘ

ℓ

(
2Θ

3

) 1
2

× 2

3

(
2

π

)1/2

or

Γǫ =
ǫ

ℓ

(
16

27π

)1/2

Θ3/2 (2.35)

Thus, we see from eqs. (2.29) and (2.31) that at zeroth-order pressure tensor is just the

mean pressure times an identity matrix and heat flux is zero. Due to the prefactor ǫ in

the expression of Γ (cf. eq. (2.13)), the lowest-order contribution to Γ is of order ǫ and

given by eq. (2.35).

2.3.2 Method for obtaining Higher-order Constitutive Relations

As it is clear from eqs. (2.28), (2.30) and (2.34), that to evaluate the higher-order consti-

tutive relations, higher-order correction terms (i.e., ΦK , Φǫ, etc.) should be known. But

we shall realize latter that it is extremely complicated to evalute the correction terms,

even to second-order in small parameters.

Therefore we shall follow Sela & Goldhirsch (1998) and evaluate the correction terms,

to first-order in small parameters using the Boltzmann equation. Then we shall use the

first-order correction terms along with the self-adjoint property of the linearized Boltz-

mann operator (defined in §4.1) to evaluate the constitutive relations directly, without

obtaining the correction terms at second-order in small parameters. For this purpose, we

shall substitute the value of Φ from eqs. (2.26) and (2.27) in eq. (2.19) as following.

In the right-hand side (let us say, it is equal to A) of eq. (2.19), we shall replace Φ by

its expansion given in eq. (2.27). A is further simplified by using Taylor-series expansion

(for its implicit dependence on ǫ). The details are given in Appendix A and the final form

of A is given in eq. (A.1). Now, in the left-hand side of eq. (2.19), let us replace Φ by its

expansion given in eq. (2.26) and D̃ by its expansion given above, and A by its expression

given in eq. (A.1). Thus, eq. (2.19) changes to
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(1 + ΦK + Φǫ + ΦKK + ΦKǫ + . . .)

[(
D̃K + D̃ǫ + D̃KK + D̃Kǫ + . . .

)
lnn

+ 2

(
3

2Θ

) 1
2

ũi

(
D̃K + D̃ǫ + D̃KK + D̃Kǫ + . . .

)
Vi

+

(
ũ2 − 3

2

)(
D̃K + D̃ǫ + D̃KK + D̃Kǫ + . . .

)
lnΘ − 2Kg̃iũi

]

+
(
D̃K + D̃ǫ + D̃KK + D̃Kǫ + . . .

)
(ΦK + Φǫ + ΦKK + ΦKǫ + . . .)

+K

(
2Θ

3

) 1
2

g̃ ·∇v (ΦK + Φǫ + ΦKK + ΦKǫ + . . .)

= L̃ (ΦK) + ǫ L̃ (ϕ
(1)
1 ) +

ǫ

π5/2

∫

k̂·ũ12>0

dũ2dk̂ (k̂ · ũ12) e
−ũ2

2

(
1− 1

2
(k̂ · ũ12)

2
)

+ ǫ L̃ (ϕ
(1)
K ) + ǫΞ̃(ΦK) + ǫΛ̃(ΦK) + ǫΩ̃(ΦK , ϕ

(1)
1 ) + L̃ (ΦKK) +

1

2
Ω̃(ΦK , ΦK)

+ ǫ2L̃ (ϕ
(2)
1 ) + ǫ2Ξ̃(ϕ

(1)
1 ) + ǫ2Λ̃(ϕ

(1)
1 ) +

1

2
ǫ2Ω̃(ϕ

(1)
1 , ϕ

(1)
1 )

+
ǫ2

π5/2

∫

k̂·ũ12>0

dũ2dk̂ (k̂ · ũ12) e
−ũ2

2

(
1− (k̂ · ũ12)

2
+

1

8
(k̂ · ũ12)

4
)
+ h.o.t., (2.36)

where

L̃ (Φ) ≡ 1

π5/2

∫

k̂·ũ12>0

dũ2dk̂ (k̂ · ũ12) e
−ũ2

2{Φ(ũ′
1) + Φ(ũ′

2)− Φ(ũ1)− Φ(ũ2)}, (2.37)

Ω̃(Φ, ψ) ≡ 1

π5/2

∫

k̂·ũ12>0

dũ2dk̂ (k̂ · ũ12) e
−ũ2

2{Φ(ũ′
1)ψ(ũ

′
2) + Φ(ũ′

2)ψ(ũ
′
1)

− Φ(ũ1)ψ(ũ2)− Φ(ũ2)ψ(ũ1)}, (2.38)

Ξ̃(Φ) ≡ 1

π5/2

∫

k̂·ũ12>0

dũ2dk̂ (k̂ · ũ12)

(
1− 1

2
(k̂ · ũ12)

2
)
e−ũ2

2{Φ(ũ′
1) + Φ(ũ′

2)} (2.39)

and

Λ̃(Φ) =
1

π5/2
lim
ǫ→0

∂

∂ǫ

∫

k̂·ũ12>0

dũ2dk̂ (k̂ · ũ12) e
−ũ2

2{Φ(ũ′
1) + Φ(ũ′

2)}. (2.40)

The operator L̃ in eq. (2.37) is the (standard) rescaled linearized Boltzmann operator

defined for elastically colliding particles. The operators Ω̃ and Ξ̃ in eqs. (2.38) and (2.39)

respectively, are also defined for elastically colliding particles (see Appendix A for details).

Here onwards, eq. (2.36) will be referred as the expanded Boltzmann equation.

2.4 Summary

The hydrodynamic equations for granular flows are the consequences of the Boltzmann

equation. The method to obtain the constitutive relations is presented in detail. Zeroth-
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order (Euler level) constitutive relations are derived. At this order, pressure tensor turns

out to be mean pressure time an identity matrix, i.e.,

P 0
ij =

1

3
nΘδij,

heat flux vanishes, i.e.,

Q0
i = 0,

and contribution to collisional dissipation is of O(ǫ) due to eq. (2.13) and given by

Γǫ =
ǫ

ℓ

(
16

27π

)1/2

Θ3/2.

Expanded form of the Boltzmann equation (eq. (2.36)) is derived to obtain the higher-

order constitutive relations.
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Constitutive Relations at First-order

in small parameters

With the help of the expanded Boltzmann equation (2.36) and the equations of motion for

hydrodynamic fields (eqs. (2.8)-(2.10)), first-order correction terms are obtained. Using these

correction terms, the constitutive relations at first-order in small parameters are derived.

3.1 Solution at O(K)

Collecting O(K) terms in eq. (2.36), we have

D̃K lnn+ 2

(
3

2Θ

) 1
2

ũiD̃KVi +

(
ũ2 − 3

2

)
D̃K lnΘ − 2Kg̃iũi = L̃ (ΦK). (3.1)

The operation of D̃K on the hydrodynamic fields can be obtained as follows:

From eq. (2.20),

D̃K lnn = K
2Θ

3g

{
ũi
∂ lnn

∂ri
−
(

3

2Θ

) 1
2 ∂Vi
∂ri

}
. (3.2)

From eq. (2.21),

D̃KVi = K
2Θ

3g

{
ũj
∂Vi
∂rj
− 1

n

(
3

2Θ

)1
2 ∂P 0

ij

∂rj

}
+K

(
2Θ

3

) 1
2

g̃i

but from eq. (2.29), P 0
ij =

1
3nΘδij ⇒

∂P 0
ij

∂rj
= 1

3
∂
∂rj

(nΘδij) =
1
3
∂(nΘ)
∂ri

, therefore

D̃KVi = K
2Θ

3g

{
ũj
∂Vi
∂rj
− 1

n

(
3

2Θ

) 1
2 1

3

∂(nΘ)

∂ri

}
+K

(
2Θ

3

) 1
2

g̃i

= K
2Θ

3g

{
ũj
∂Vi
∂rj
− 1

2

(
2Θ

3

) 1
2 1

nΘ

∂(nΘ)

∂ri

}
+K

(
2Θ

3

) 1
2

g̃i

or

D̃KVi = K
2Θ

3g

{
ũj
∂Vi
∂rj
− 1

2

(
2Θ

3

) 1
2 ∂ ln(nΘ)

∂ri

}
+K

(
2Θ

3

) 1
2

g̃i. (3.3)

Clearly, the term ǫΓ̃ in eq. (2.22) can not contribute O(K) terms. Hence from eq. (2.22),

D̃K lnΘ = K
2Θ

3g

{
ũj
∂ lnΘ

∂rj
− 2

nΘ

(
3

2Θ

)1
2 ∂Vi
∂rj

P 0
ij −

2

nΘ

(
3

2Θ

) 1
2 ∂Q0

i

∂ri

}
,

20
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but from eqs. (2.29) and (2.31), P 0
ij =

1
3nΘδij and Q0

i = 0 respectively, therefore

D̃K lnΘ = K
2Θ

3g

{
ũi
∂ lnΘ

∂ri
− 2

3

(
3

2Θ

) 1
2 ∂Vi
∂ri

}
. (3.4)

Substitution of eqs. (3.2)-(3.4) in eq. (3.1) gives

L̃ (ΦK) = K
2Θ

3g

{
ũi
∂ lnn

∂ri
−
(

3

2Θ

) 1
2 ∂Vi
∂ri

}

+ 2

(
3

2Θ

) 1
2

ũi

[
K

2Θ

3g

{
ũj
∂Vi
∂rj
− 1

2

(
2Θ

3

) 1
2 ∂ ln(nΘ)

∂ri

}
+K

(
2Θ

3

) 1
2

g̃i

]

+

(
ũ2 − 3

2

)[
K

2Θ

3g

{
ũi
∂ lnΘ

∂ri
− 2

3

(
3

2Θ

) 1
2 ∂Vi
∂ri

}]
− 2Kg̃iũi

= K
2Θ

3g

[
ũi
∂ lnn

∂ri
−
(

3

2Θ

) 1
2 ∂Vi
∂ri

+ 2

(
3

2Θ

) 1
2

ũiũj
∂Vi
∂rj
− ũi

∂ ln(nΘ)

∂ri

+

(
ũ2 − 3

2

)
ũi
∂ lnΘ

∂ri
− 2

3

(
3

2Θ

) 1
2

ũ2
∂Vi
∂ri

+

(
3

2Θ

) 1
2 ∂Vi
∂ri

]
+ 2Kg̃iũi − 2Kg̃iũi

= K
2Θ

3g

[
2

(
3

2Θ

)1
2

ũiũj
∂Vi
∂rj
− ũi

∂ lnΘ

∂ri
+

(
ũ2 − 3

2

)
ũi
∂ lnΘ

∂ri
− 2

3

(
3

2Θ

)1
2

ũ2
∂Vj
∂rj

]

= K
2Θ

3g

[
2

(
3

2Θ

) 1
2
{
ũiũj −

1

3
ũ2δij

}
∂Vi
∂rj

+

(
ũ2 − 5

2

)
ũi
∂ lnΘ

∂ri

]

= K
2Θ

3g

[
2

(
3

2Θ

) 1
2
{
ũiũj + ũjũi

2
− 1

3
ũ2kδij

}
∂Vi
∂rj

+

(
ũ2 − 5

2

)
ũi
∂ lnΘ

∂ri

]

or

L̃ (ΦK) = 2K
2Θ

3g
ũiũj

(
3

2Θ

)1
2 ∂Vi
∂rj

+K
2Θ

3g

(
ũ2 − 5

2

)
ũi
∂ lnΘ

∂ri
, (3.5)

where the overline denotes a symmetric traceless tensor (sometimes called as deviatoric tensor)

defined by Aij ≡ 1
2 (Aij +Aji)− 1

3Akkδij . Note that eq. (3.5) is identical to that obtained in the

classical Chapman-Enskog expansion (of elastic systems) to first order in spatial gradients.

To solve eq. (3.5), note that the left-hand side is linear in ΦK , and the right-hand side is

linear in gradients of velocity (V ) and granular temperatute (Θ). From the theory of linear

equations, the solution of eq. (3.5) is the sum of the most general solution of the corresponding

homogeneous equation L̃ (ΦK) = 0 and a particular solution of eq. (3.5). From the expression

for L̃ (eq. (2.37)), it is clear that

ΦK(ũ′
1) + ΦK(ũ′

2)− ΦK(ũ1)− ΦK(ũ2) = 0

satisfies the homogeneous equation; also, it is a necessary condition on functions, which qualify

to become solutions of homogeneous equation (Chapman & Cowling 1970). Consequently, the

linear combination of all the functions, which satisfy the above condition, is the most general

solution of the homogeneous equation. A function which satisfies the above condition is called
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summational (or collisional) invariant. Since L̃ is defined for elastically colliding particles (see

Appendix A) and we know that the mass, momentum and energy are the conserved quantities

in the elastic collisions; consequently, 1, ũ and ũ2 are the summational invariants for elastically

colliding particles of same mass. It can be shown that they are the only independent summa-

tional invariants in this case (Chapman & Cowling 1970; Rao & Nott 2008). Therefore the most

general solution of the homogeneous equation is:

ΦKhom
= a1 + a2 · ũ+ a3ũ

2,

where subscript hom in ΦK denotes that it is the solution of homogeneous equation, a1 and a3

are scalar constant, and a2 is a vector constant. Since ∂Vi
∂rj

and ∂ lnΘ
∂ri

are independently variable,

the particular solution must depend linearly on them, i.e.

ΦKpar = 2K
2Θ

3g

(
3

2Θ

) 1
2

Aji
∂Vi
∂rj

+K
2Θ

3g
Bi
∂ lnΘ

∂ri
,

where subscript par in ΦK denotes that it is a particular solution of eq. (3.5), Aji are the

components of a second-order tensor and Bi are components of a vector. Therefore the general

solution of eq. (3.5) is given by:

ΦK(ũ) = a1 + a2 · ũ+ a3ũ
2 + 2K

2Θ

3g

(
3

2Θ

) 1
2

Aji
∂Vi
∂rj

+K
2Θ

3g
Bi
∂ lnΘ

∂ri
, (3.6)

where a1, a2, a3, Aji and Bi are unknowns. Substituting the above expression for ΦK back into

eq. (3.5), using the fact that hydrodynamic fields are conserved and equating the coefficients of
∂Vi
∂rj

and ∂ lnΘ
∂ri

on both sides, we get

L̃ (Aji) = ũiũj , (3.7)

L̃ (Bi) =

(
ũ2 − 5

2

)
ũi. (3.8)

The solvability conditions for these equations are

(i)

∫
dũ f̃0(ũ)ũiũjψ = 0, and (ii)

∫
dũ f̃0(ũ)

(
ũ2 − 5

2

)
ũiψ = 0,

for ψ = 1, ũk and ũ2. The condition (i) with ψ = 1 and ũ2 is satisfied using eq. (F.10), and with

ψ = ũk is satisfied because the integrand is an odd function in components of ũ. The condition

(ii) with ψ = 1 and ũ2 is satisfied because the corresponding integrands are odd functions in

components of ũ, and with ψ = ũk, (using eq. (F.9a)) it reduces to

4π

3
δik

∫ ∞

0
dũ f̃0(ũ)

(
ũ2 − 5

2

)
ũ4 = 0,

which is identically satisfied on using eq. (2.17) and integrating over ũ. Hence eqs. (3.7) and

(3.8) are solvable.
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It is clear from the eqs. (3.7) and (3.8) that Aji and Bi, respectively, can be the functions of

ũ only. From eq. (3.7), we can see that

L̃ (Aii) = 0

and

L̃ (Aji −Aij) = L̃ (Aji)− L̃ (Aij) = 0.

These two equations imply that Aji are components of a traceless (i.e., Aii = 0) and symmetric

(i.e, Aji = Aij) tensor and the only symmetric and traceless tensor which can be formed from

ũ is ũiũj . Therefore

Aji = Φ̂v(ũ)ũiũj, (3.9)

where Φ̂v(ũ) is unknown function of speed ũ only. Similarly, the only vector which can be formed

from ũ is ũ itself. Therefore

Bi = Φ̂t(ũ)ũi, (3.10)

where Φ̂t(ũ) is the unknown function of speed ũ only. Therefore eq. (3.6) changes to:

ΦK(ũ) = a1 + a2iũi + a3ũ
2 + 2K

2Θ

3g

(
3

2Θ

) 1
2

Φ̂v(ũ)ũiũj
∂Vi
∂rj

+K
2Θ

3g
Φ̂t(ũ)ũi

∂ lnΘ

∂ri
. (3.11)

Now, we shall show that the coefficients a1, a2i and a3 can be set equal to zero as following.

The orthogonality conditions for ΦK (cf. eq. (2.18)), which ΦK must satisfy, give the following:

∫
dũ f̃0(ũ)ψ ΦK =

∫
dũ f̃0(ũ)ψ

{
a1 + a2iũi + a3ũ

2

+ 2K
2Θ

3g

(
3

2Θ

) 1
2

Φ̂v(ũ)ũiũj
∂Vi
∂rj

+K
2Θ

3g
Φ̂t(ũ)ũi

∂ lnΘ

∂ri

}
= 0,

for ψ = 1, ũk and ũ2. Considering eq. (F.10) and symmetry arguments, one can ignore the

vanishing integrals in the above equation and thus using eqs. (2.17) and (F.9a), and changing

integrals into spherical polar coordinates, we get the following equations for ψ = 1, ũk and ũ2:

∫ ∞

0
dũ ũ2 e−ũ2

(a1 + a3ũ
2) = 0, (3.12)

∫ ∞

0
dũ ũ4 e−ũ2

{
a2i +K

2Θ

3g
Φ̂t(ũ)

∂ lnΘ

∂ri

}
= 0, (3.13)

∫ ∞

0
dũ ũ4 e−ũ2

(a1 + a3ũ
2) = 0. (3.14)

Eqs. (3.12) and (3.14) imply a1 = a3 = 0; eq. (3.13) implies that a2i is proportional to ∂ lnΘ
∂ri

.

Therefore the term a2iũi can be absorbed in the term proportional to ∂ lnΘ
∂ri

in eq. (3.11): hence

we can set a2 = 0, when eq. (3.13) becomes

∫ ∞

0
dũ ũ4 e−ũ2

Φ̂t(ũ) = 0. (3.15)
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Summarizing above discussions, the solution of eq. (3.5) is:

ΦK(ũ) = 2K
2Θ

3g

(
3

2Θ

) 1
2

Φ̂v(ũ)ũiũj
∂Vi
∂rj

+K
2Θ

3g
Φ̂t(ũ)ũi

∂ lnΘ

∂ri
(3.16)

with orthogonality condition (3.15) to be satisfied.

To match the solution obtained above with that of Sela & Goldhirsch (1998), the function

Φ̂t can be redefined as

Φ̂t(ũ) =

(
ũ2 − 5

2

)
Φ̂c(ũ). (3.17)

Therefore the solution of eq. (3.5) will become

ΦK(ũ) = 2K
2Θ

3g
Φ̂v(ũ)ũiũj

(
3

2Θ

)1
2 ∂Vi
∂rj

+K
2Θ

3g
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi
∂ lnΘ

∂ri
(3.18)

with orthogonality condition (cf. eq. (3.15))

∫ ∞

0
dũ ũ4 e−ũ2

(
ũ2 − 5

2

)
Φ̂c(ũ) = 0 (3.19)

to be satisfied. With the help of eqs. (3.9), (3.10) and (3.17), eqs. (3.7) and (3.8) can be written

as

L̃

[
Φ̂v(ũ)ũiũj

]
= ũiũj , (3.20)

L̃

[
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi

]
=

(
ũ2 − 5

2

)
ũi. (3.21)

As per above discussion, Φ̂v(ũ) and Φ̂c(ũ) are unknown functions of the speed ũ only. Usually,

these functions are expanded in (truncated) series of Sonine polynomials (Cercignani 1969;

Kogan 1969; Chapman & Cowling 1970; Ferziger & Kaper 1972; Brilliantov & Pöschel 2004;

Harris 2004). Sela & Goldhirsch (1998) have expanded them in (truncated) series of modified

Bessel functions of first kind by considering their asymptotic properties and the fact that Φ̂v(ũ)

and Φ̂c(ũ) are even functions of speed ũ (shown in Appendix I). Here we shall directly use the

values of these unknown functions given in Sela & Goldhirsch (1998) to evaluate the integrals

numerically (using MATHEMATICA).

3.2 Constitutive Relations at O(K)

Pressure Tensor

From eqs. (2.28) and (3.18), the contribution of ΦK to the pressure tensor is given by

PK
ij =

2nΘ

3π3/2

∫
dũ ũiũj e

−ũ2
ΦK(ũ)

=
2nΘ

3π3/2

∫
dũ ũiũj e

−ũ2

{
2K

2Θ

3g
Φ̂v(ũ)ũmũn

(
3

2Θ

)1
2 ∂Vm
∂rn

+K
2Θ

3g
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũm

∂ lnΘ

∂rm

}
.
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The second term on the right-hand side of the above equation is zero because the corresponding

integrand is an odd function in components of ũ. Hence

PK
ij = 2π−3/2K

2Θ

3g
n

(
2Θ

3

) 1
2
∫
dũ ũiũj e

−ũ2
Φ̂v(ũ)ũmũn

∂Vm
∂rn

= 2π−3/2ℓn

(
2Θ

3

) 1
2 8π

15

∂Vi
∂rj

∫ ∞

0
dũ ũ6 e−ũ2

Φ̂v(ũ) (using eq. (F.12))

= 2

{
8

15

(
2

3π

) 1
2
∫ ∞

0
dũ ũ6 e−ũ2

Φ̂v(ũ)

}
nℓΘ1/2∂Vi

∂rj

or

PK
ij = −2µ̃0nℓΘ1/2 ∂Vi

∂rj
(3.22)

where

µ̃0 = −
8

15

(
2

3π

) 1
2
∫ ∞

0
dũ ũ6 e−ũ2

Φ̂v(ũ). (3.23)

The integral in eq. (3.23) has been evaluated numerically. The result is µ̃0 ≈ 0.3249. Clearly

(from eq. (3.22)), pressure tensor is Newton’s law of viscosity at this order.

Heat Flux

From eqs. (2.30) and (3.18), the contribution of ΦK to the heat flux is

QK
i =

n

2π3/2

(
2Θ

3

) 3
2
∫

dũ ũ2ũi e
−ũ2

ΦK(ũ)

=
n

2π3/2

(
2Θ

3

) 3
2
∫

dũ ũ2ũi e
−ũ2

×
{
2K

2Θ

3g
Φ̂v(ũ)ũj ũk

(
3

2Θ

) 1
2 ∂Vj
∂rk

+K
2Θ

3g
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũj
∂ lnΘ

∂rj

}
.

The first term on the right-hand side of the above equation is zero because the corresponding

integrand is an odd function in components of ũ. Hence

QK
i =

n

2π3/2

(
2Θ

3

) 3
2

K
2Θ

3g

∂ lnΘ

∂rj

∫
dũ ũ2ũiũj

(
ũ2 − 5

2

)
Φ̂c(ũ) e

−ũ2

=
n

2π3/2

(
2Θ

3

) 3
2

K
2Θ

3g

∂ lnΘ

∂ri

4π

3

∫ ∞

0
dũ ũ6

(
ũ2 − 5

2

)
Φ̂c(ũ) e

−ũ2
(using eq. (F.9b))

=

{
4

9

(
2

3π

)1
2
∫ ∞

0
dũ ũ6

(
ũ2 − 5

2

)
Φ̂c(ũ) e

−ũ2

}
nℓΘ1/2∂Θ

∂ri

or

QK
i = −κ̃0nℓΘ1/2∂Θ

∂ri
(3.24)

where

κ̃0 = −
4

9

(
2

3π

)1
2
∫ ∞

0
dũ ũ6

(
ũ2 − 5

2

)
Φ̂c(ũ) e

−ũ2
. (3.25)
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The integral in eq. (3.25) has been evaluated numerically. The result is κ̃0 ≈ 0.4100. Clearly

(from eq. (3.24)), heat flux is Fourier’s law of conduction at this order.

Collisional Dissipation

Eq. (2.13) implies that the contribution of ΦK to collisional dissipation Γ is of O(Kǫ). From

eq. (2.34), the contribution of ΦK to collisional dissipation Γ is given by

ΓKǫ =
ǫΘ

12π3ℓ

(
2Θ

3

) 1
2
∫

dũ1dũ2 ũ
3
12 e

−(ũ2
1+ũ2

2) {ΦK(ũ1) + ΦK(ũ2)} .

But since

ũ12 = |ũ12| =
√{

(ũ1x − ũ2x)2 + (ũ1y − ũ2y)2 + (ũ1z − ũ2z)2
}

=

√{
(ũ2x − ũ1x)2 + (ũ2y − ũ1y)2 + (ũ2z − ũ1z)2

}
= |ũ21| = ũ21,

therefore interchanging the integration variables (i.e., ũ1 ←→ ũ2),

∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) ΦK(ũ1) =

∫
dũ2dũ1 ũ

3
21 e

−(ũ2
2+ũ2

1) ΦK(ũ2)

=

∫
dũ2dũ1 ũ

3
12 e

−(ũ2
2+ũ2

1) ΦK(ũ2) =

∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) ΦK(ũ2).

Therefore

ΓKǫ =
ǫΘ

6π3ℓ

(
2Θ

3

) 1
2
∫

dũ1dũ2 ũ
3
12 e

−(ũ2
1+ũ2

2) ΦK(ũ1).

Note that if one first integrates over ũ2 then clearly,
∫
dũ2 ũ

3
12 e

−ũ2
2 is an isotropic function of

ũ1, i.e, one which depends on the speed ũ1 alone. From eq. (G.4),

χ(ũ1) =

∫
dũ2 ũ

3
12 e

−ũ2
2 = π

[(
ũ21 +

5

2

)
e−ũ2

1 +
π1/2(3 + 12ũ21 + 4ũ41)

4ũ1
erf(ũ1)

]
(3.26)

where erf(x) is the error function (Abramowitz & Stegun 1965, p. 297). Note that the right-hand

side of the above equation is an even function in components of ũ1. Hence

ΓKǫ =
ǫΘ

6π3ℓ

(
2Θ

3

) 1
2
∫

dũ1 e−ũ2
1 χ(ũ1)ΦK(ũ1)

=
ǫΘ

6π3ℓ

(
2Θ

3

) 1
2
∫

dũ e−ũ2
χ(ũ)

×
{
2K

2Θ

3g
Φ̂v(ũ)ũiũj

(
3

2Θ

) 1
2 ∂Vi
∂rj

+K
2Θ

3g
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi
∂ lnΘ

∂ri

}
.

Clearly, the term containing temperature gradient vanishes because the corresponding integrand

is an odd function in components of ũ. Hence

ΓKǫ = Kǫ
2Θ

3g

Θ

3π3ℓ

∂Vi
∂rj

∫
dũ e−ũ2

χ(ũ)Φ̂v(ũ)ũiũj
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and using eq. (F.10),

ΓKǫ = 0 (3.27)

i.e., the collisional dissipation is zero at this order.

3.3 Solution at O(ǫ)

Collecting O(ǫ) terms in eq. (2.36), we have

D̃ǫ lnn+ 2

(
3

2Θ

) 1
2

ũiD̃ǫVi +

(
ũ2 − 3

2

)
D̃ǫ lnΘ

= ǫ L̃ (ϕ
(1)
1 ) +

ǫ

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− 1

2
(k̂ · ũ12)

2
)

or

ǫ L̃ (ϕ
(1)
1 ) = D̃ǫ lnn+ 2

(
3

2Θ

) 1
2

ũiD̃ǫVi +

(
ũ2 − 3

2

)
D̃ǫ lnΘ

− ǫ

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− 1

2
(k̂ · ũ12)

2
)
. (3.28)

It is clear from eqs. (2.20)-(2.22) that D̃ǫ lnn = D̃ǫVi = 0 and D̃ǫ lnΘ = −ǫΓ̃0, where Γ̃0 =
2
3

(
2
π

)1/2
from eq. (2.33). The integral on the right-hand side of eq. (3.28) is evaluated in Appendix

G. Its (final) value is given in eq. (G.6). Hence, substituting the values of each term in eq. (3.28),

we get

ǫ L̃ (ϕ
(1)
1 ) =

(
ũ2 − 3

2

){
−ǫ2

3

(
2

π

)1/2
}
− ǫ
[(

3− 2ũ2

8π1/2

)
e−ũ2

+
(5 + 4ũ2 − 4ũ4) erf(ũ)

16ũ

]

or

L̃ (ϕ
(1)
1 ) = h(ũ), (3.29)

where

h(ũ) = −
[(

2

π

)1/2(2

3
ũ2 − 1

)
+

(3− 2ũ2)

8π1/2
e−ũ2

+
(5 + 4ũ2 − 4ũ4) erf(ũ)

16ũ

]
. (3.30)

The right-hand side of eq. (3.29) is orthogonal to the invariants 1, ũ and ũ2 with f̃0(ũ) serv-

ing as weight function because with invariant ũ, the integrand is an odd function in compo-

nents of ũ, and with 1 and ũ2, (changing the integral into spherical polar coordinates) we have∫∞
0 dũ ũ2h(ũ) e−ũ2

=
∫∞
0 dũ ũ4h(ũ) e−ũ2

= 0. That means eq. (3.29) is solvable. In Appendix B,

it is shown that all equations that need to be solved in the framework of the perturbation theory

employed in this work are solvable.

Again, the most general solution of eq. (3.29) is the sum of the general solution of the cor-

responding homogeneous equation L̃ (ϕ
(1)
1 ) = 0 and a particular solution of eq. (3.29). Since L̃

is defined for elastically colliding particles, therefore by a similar argument as in §3.1,
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ϕ
(1)
1hom

= b1 + b2 · ũ+ b3ũ
2,

where subscript hom in ϕ
(1)
1 denotes that it is the solution of homogeneous equation, b1 and

b3 are scalar constant, and b2 is a vector constant. Since the right-hand side of eq. (3.29) is a

function of speed ũ only, the particular solution of eq. (3.29) will be a function of speed ũ only,

i.e.,

ϕ
(1)
1par

= Φ̂in(ũ),

where Φ̂in(ũ) is an unknown function of speed ũ only. Therefore the most general solution of

eq. (3.29) is:

ϕ
(1)
1 (ũ) = b1 + b2 · ũ+ b3ũ

2 + Φ̂in(ũ) = b2iũi + Φ̂e(ũ), (3.31)

where Φ̂e(ũ) = b1 + b3ũ
2 + Φ̂in(ũ) is an unknown function of speed ũ only. The orthogonality

conditions for Φǫ (cf. eq. (2.18)), which Φǫ must satisfy, give the following:

∫
dũ f̃0(ũ)ψ Φǫ = ǫ

∫
dũ f̃0(ũ)ψ ϕ

(1)
1 (ũ) =

∫
dũ f̃0(ũ)ψ

{
b2iũi + Φ̂e(ũ)

}
= 0,

for ψ = 1, ũj and ũ2. Considering symmetry arguments, one can ignore the vanishing integrals

and thus using eq. (2.17), the above orthogonality condition for ψ = 1, ũj and ũ2 gives the

following equations:

∫
dũ e−ũ2

Φ̂e(ũ) = 0, (3.32)

b2i

∫
dũ e−ũ2

ũiũj = 0, (3.33)
∫

dũ ũ2 e−ũ2
Φ̂e(ũ) = 0. (3.34)

From eq. (3.33), b2i = 0. This implies that b2 = 0. Therefore eq. (3.31) becomes

ϕ
(1)
1 (ũ) = Φ̂e(ũ) (3.35)

with orthogonality conditions (3.32) and (3.34) to be satisfied. Thus

Φǫ(ũ) = ǫϕ
(1)
1 (ũ) = ǫ Φ̂e(ũ) (3.36)

with Φ̂e(ũ) as an unknown functions of the speed ũ only. Sela & Goldhirsch (1998) have ex-

panded Φ̂e(ũ) also in (truncated) series of modified Bessel functions of first kind by consider-

ing its asymptotic properties and the fact that Φ̂e(ũ) is an even functions of speed ũ (shown

in Appendix I). Here we shall directly use the value of this unknown function also given in

Sela & Goldhirsch (1998) to evaluate the integrals numerically (using MATHEMATICA).
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3.4 Constitutive Relations at O(ǫ)

Pressure Tensor

From eqs. (2.28) and (3.35), the contribution of Φǫ to the pressure tensor is given by

P ǫ
ij =

2nΘ

3π3/2

∫
dũ ũiũj e

−ũ2
Φǫ(ũ) =

2nΘ

3π3/2

∫
dũ ũiũj e

−ũ2
{
ǫ Φ̂e(ũ)

}

=
2ǫnΘ

3π3/2

∫
dũ ũiũj e

−ũ2
Φ̂e(ũ) =

2ǫnΘ

3π3/2
1

3
δij

∫
dũ ũ2 e−ũ2

Φ̂e(ũ).

Using the orthogonality condition (3.32),

P ǫ
ij = 0 (3.37)

Heat Flux

From eqs. (2.30) and (3.35), the contribution of Φǫ to the heat flux is given by

Qǫ
i =

n

2π3/2

(
2Θ

3

) 3
2
∫
dũ ũ2ũi e

−ũ2
Φǫ(ũ) =

ǫn

2π3/2

(
2Θ

3

) 3
2
∫

dũ ũ2ũi e
−ũ2

Φ̂e(ũ).

Since the integrand in the above integral is an odd function in components of ũ, therefore

Qǫ
i = 0 (3.38)

That means, Φǫ neither contributes to the pressure tensor nor to the heat flux.

Collisional Dissipation

Eq. (2.13) implies that the contribution of Φǫ to collisional dissipation Γ is of O(ǫ2). From

eq. (2.34), the contribution of Φǫ to collisional dissipation Γ is given by

Γǫǫ =
ǫΘ

12π3ℓ

(
2Θ

3

) 1
2
∫

dũ1dũ2 ũ
3
12 e

−(ũ2
1+ũ2

2) {Φǫ(ũ1) + Φǫ(ũ2)} .

Again, (similar as above) on interchanging ũ1 and ũ2,

∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) Φǫ(ũ1) =

∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) Φǫ(ũ2).

Therefore

Γǫǫ =
ǫΘ

6π3ℓ

(
2Θ

3

) 1
2
∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) Φǫ(ũ1)

=
ǫΘ

6π3ℓ

(
2Θ

3

) 1
2
∫
dũ1 e−ũ2

1 χ(ũ1)Φǫ(ũ1) =
ǫ2Θ

6π3ℓ

(
2Θ

3

) 1
2
∫

dũ1 e−ũ2
1 χ(ũ1)Φ̂e(ũ1),

where the value of χ(ũ1) is given in eq. (3.26). The integral over ũ1 can be carried out by

changing it to spherical coordinate system to get
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Γǫǫ =
ǫ2

ℓ
Θ3/2

√
2

6π3
√
3
× 4π

∫ ∞

0
dũ1 ũ

2
1 e

−ũ2
1 χ(ũ1)Φ̂e(ũ1).

The integral in the above equation has been evaluated numerically. The result is

Γǫǫ ≈ −0.0102
ǫ2

ℓ
Θ3/2 ≈ −0.0322 ǫ2nd2Θ3/2 (3.39)

3.5 Summary

The solutions for the correction terms at O(K) and O(ǫ) have been obtained in terms of the

unknown functions, which depend on speed ũ only. With the help of these correction terms,

the constitutive relations at these orders have been derived. The facts about the constitutive

relations obtained are the following.

At O(K):

all the analysis is of Navier-Stokes level; expression for pressure tensor, i.e,

PK
ij = −2µ̃0nℓΘ1/2 ∂Vi

∂rj

is Newton’s law of viscosity; expression for heat flux, i.e,

QK
i = −κ̃0nℓΘ1/2∂Θ

∂ri

is Fourier’s law of conduction; the contribution to dissipation term is zero, i.e, ΓKǫ = 0.

At O(ǫ):

all the analysis is of Euler level; pressure tensor and heat flux vanish, i.e., P ǫ
ij = Qǫ

i = 0, and the

contribution to dissipation term is of O(ǫ2) and given by

Γǫǫ ≈ −0.0102
ǫ2

ℓ
Θ3/2 ≈ −0.0322 ǫ2nd2Θ3/2.

The numerical values of coefficients obtained in the present work and that in Sela & Goldhirsch

(1998) are given in Table 3.1.

Coefficients in: Coefficient Sela & Goldhirsch (1998) Present work

PK
ij µ̃0 0.3249 0.3249

QK
i κ̃0 0.4101 0.4100

Γǫǫ −0.0352 −0.0322

Table 3.1: Comparision of coefficients



Chapter 4

Constitutive Relations at

Second-order in small parameters

Theoretically speaking, obtaining the solutions for the correction terms at second-order in small

parameters is possible but practically, it is extremely difficult to obtain due to plethora of terms

appearing in the corresponding equations, which need to be solved. In fact, after seeing the

number of terms in these equations one can feel how difficult is to even write these equations on

a piece of paper. Nevertheless, in order to evaluate the constitutive relations, one does not need

to find out the correction terms. The self-adjoint property of the linearized Boltzmann collision

operator (defined in next section) can be used to directly evaluate the constitutive relations.

4.1 Self-adjoint property of L̃

Let us define an inner-product† by

〈ψ, φ〉 =
∫

e−ũ2
ψ(ũ)φ(ũ) dũ. (4.1)

Recall that the operator L̃ is defined for the elastically colliding particles. Therefore, in this

section, it is assumed that the precollisional velocities of the particles are related to postcollisional

velocities via elastic collisions. From eqs. (2.37) and (4.1),

〈Ψ, L̃ (Φ)〉 = 1

π5/2

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2) Ψ(ũ1)

× {Φ(ũ′
1) + Φ(ũ′

2)− Φ(ũ1)− Φ(ũ2)}. (4.2)

Interchanging the variables ũ1 and ũ2,

〈Ψ, L̃ (Φ)〉 = 1

π5/2

∫

k̂·ũ21>0
dũ2dũ1dk̂ (k̂ · ũ21) e

−(ũ2
2+ũ2

1) Ψ(ũ2)

× {Φ(ũ′
2) + Φ(ũ′

1)− Φ(ũ2)− Φ(ũ1)}.

Using eq. (F.8),

〈Ψ, L̃ (Φ)〉 = 1

π5/2

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2) Ψ(ũ2)

× {Φ(ũ′
1) + Φ(ũ′

2)− Φ(ũ1)− Φ(ũ2)}. (4.3)

†When complex-valued functions are used the complex conjugate of ψ should appear in the right-hand side of
eq. (4.1); this, however, is not important here, and we restrict ourselves to real-valued functions.

31
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Adding eqs. (4.2) and (4.3),

2〈Ψ, L̃ (Φ)〉 = 1

π5/2

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2){Ψ(ũ1) + Ψ(ũ2)}

× {Φ(ũ′
1) + Φ(ũ′

2)− Φ(ũ1)− Φ(ũ2)}. (4.4)

Interchanging the dummy variables ũ1 ←→ ũ′
1 and ũ2 ←→ ũ′

2 in the above equation,

2〈Ψ, L̃ (Φ)〉 = 1

π5/2

∫

k̂·ũ′
12>0

dũ′
1dũ

′
2dk̂ (k̂ · ũ′

12) e
−(ũ′2

1 +ũ′2
2 ){Ψ(ũ′

1) + Ψ(ũ′
2)}

× {Φ(ũ1) + Φ(ũ2)− Φ(ũ′
1)− Φ(ũ′

2)}.

Using the relations k̂ · ũ′
12 = −k̂ · ũ12, ũ

′2
1 + ũ′22 = ũ21 + ũ22 and dũ′

1dũ
′
2 = dũ1dũ2 (cf. eqs. (2.2),

(2.3) and (J.3) respectively),

2〈Ψ, L̃ (Φ)〉 = 1

π5/2

∫

k̂·ũ12<0
dũ1dũ2dk̂ (−k̂ · ũ12) e

−(ũ2
1+ũ2

2){Ψ(ũ′
1) + Ψ(ũ′

2)}

× {Φ(ũ1) + Φ(ũ2)− Φ(ũ′
1)− Φ(ũ′

2)}.

Using eq. (F.8),

2〈Ψ, L̃ (Φ)〉 = 1

π5/2

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2){Ψ(ũ′
1) + Ψ(ũ′

2)}

× {Φ(ũ1) + Φ(ũ2)− Φ(ũ′
1)− Φ(ũ′

2)}. (4.5)

Adding eqs. (4.4) and (4.5) and dividing both sides by 4, we have

〈Ψ, L̃ (Φ)〉 = − 1

4π5/2

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2)

× {Ψ(ũ′
1) + Ψ(ũ′

2)− Ψ(ũ1)− Ψ(ũ2)}{Φ(ũ′
1) + Φ(ũ′

2)− Φ(ũ1)− Φ(ũ2)}. (4.6)

The right-hand side of eq. (4.6) shows that interchange of Ψ and Φ does not change the value of

the inner-product on the left-hand side. Thus eq. (4.6) implies that

〈Ψ, L̃ (Φ)〉 = 〈Φ, L̃ (Ψ)〉, (4.7)

i.e., the linearized Boltzmann collision operator L̃ is self-adjoint with e−ũ2
serving as a weight

function.

4.2 Constitutive Relations at O(Kǫ)

In the following, we shall first simplify the expanded Boltzmann equation at this order.
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4.2.1 Simplified form of eq. (2.36)

Collecting O(Kǫ) terms in eq. (2.36), we have

D̃Kǫ lnn+ 2

(
3

2Θ

) 1
2

ũiD̃KǫVi +

(
ũ2 − 3

2

)
D̃Kǫ lnΘ

+ ΦK

{
D̃ǫ lnn+ 2

(
3

2Θ

) 1
2

ũiD̃ǫVi +

(
ũ2 − 3

2

)
D̃ǫ lnΘ

}

+ Φǫ

{
D̃K lnn+ 2

(
3

2Θ

) 1
2

ũiD̃KVi +

(
ũ2 − 3

2

)
D̃K lnΘ − 2Kg̃iũi

}

+ D̃KΦǫ + D̃ǫΦK +K

(
2Θ

3

) 1
2

g̃ ·∇v Φǫ

= ǫ L̃ (ϕ
(1)
K ) + ǫΞ̃(ΦK) + ǫΛ̃(ΦK) + ǫΩ̃(ΦK , ϕ

(1)
1 ). (4.8)

Let us first simplify the terms containing hydrodynamic variables in eq. (4.8). Clearly, the right-

hand side of eq. (2.20) does not contain any term of order Kǫ, this implies that D̃Kǫ lnn = 0

and since, from eq. (3.37) P ǫ
ij = 0, the right-hand side of eq. (2.21) also does not contribute

to order Kǫ, this implies that D̃KǫVi = 0. Moreover, in the light of eqs. (3.27) (equivalent of

saying, Γ̃K = 0), (3.37) and (3.38), the right-hand side of eq. (2.22) also does not contribute to

order Kǫ, this implies that D̃Kǫ lnΘ = 0; the quantity D̃ǫ lnn+2
(

3
2Θ

) 1
2 ũiD̃ǫVi+

(
ũ2 − 3

2

)
D̃ǫ lnΘ

has appeared in the right-hand side of eq. (3.28) and its value is
(
ũ2 − 3

2

) {
−ǫ23

(
2
π

)1/2}
(see the

equation following eq. (3.28)); the quantity D̃K lnn+2
(

3
2Θ

) 1
2 ũiD̃KVi+

(
ũ2 − 3

2

)
D̃K lnΘ−2Kg̃iũi

is the left-hand side of eq. (3.1), whose simplified value is the right-hand side of eq. (3.5). Next,

we need to simplify D̃KΦǫ, D̃ǫΦK and K
(
2Θ
3

) 1
2 g̃ ·∇v Φǫ. Let us first consider D̃KΦǫ. Consider

the operation of D̃ on eq. (3.36). Since D̃ is a differential operator, using chain rule with respect

to ũ2, we have

D̃Φǫ = ǫ Φ̂′
e(ũ)D̃(ũ2), (4.9)

where prime denotes the differentiation with respect to ũ2. Hence

D̃KΦǫ = ǫ Φ̂′
e(ũ)D̃K(ũ2). (4.10)

But, from eq. (E.3),

D̃K(ũ2)

= K
2Θ

3g

{
ũi
∂ ln(nΘ)

∂ri
− ũ2ũi

∂ lnΘ

∂ri
− 2

(
3

2Θ

)1
2

ũiũj
∂Vi
∂rj

+
2

3

(
3

2Θ

) 1
2

ũ2
∂Vi
∂ri

}
− 2Kg̃iũi

= K
2Θ

3g

{
ũi
∂ lnn

∂ri
− 2

(
3

2Θ

)1
2
(
ũiũj + ũj ũi

2
− 1

3
ũ2kδij

)
∂Vi
∂rj
− (ũ2 − 1)ũi

∂ lnΘ

∂ri

}
− 2Kg̃iũi

= K
2Θ

3g

{
ũi
∂ lnn

∂ri
− 2ũiũj

(
3

2Θ

)1
2 ∂Vi
∂rj
− (ũ2 − 1)ũi

∂ lnΘ

∂ri

}
− 2Kg̃iũi.
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⇒ D̃KΦǫ = Kǫ
2Θ

3g
Φ̂′
e(ũ)

{
ũi
∂ lnn

∂ri
− 2ũiũj

(
3

2Θ

)1
2 ∂Vi
∂rj
− (ũ2 − 1)ũi

∂ lnΘ

∂ri

}
− 2KǫΦ̂′

e(ũ)g̃iũi.

(4.11)

Next, let us evaluate D̃ǫΦK with the help of Appendix D. Using eq. (D.1),

D̃ǫΦK = 2
2Θ

3g
Φ̂v(ũ)ũiũj

(
3

2Θ

) 1
2 ∂Vi
∂rj

D̃ǫK + 2K
2Θ

3g
ũiũj

(
3

2Θ

) 1
2 ∂Vi
∂rj

Φ̂′
v(ũ)D̃ǫ

(
ũ2
)

+ 2K
2Θ

3g
Φ̂v(ũ)

(
3

2Θ

) 1
2 ∂Vi
∂rj

D̃ǫ

{
ũiũj

}
+ 2KΦ̂v(ũ)ũiũj

∂Vi
∂rj

1

g
D̃ǫ

{(
2Θ

3

) 1
2

}

+ 2K
2Θ

3g
Φ̂v(ũ)ũiũj

(
3

2Θ

) 1
2

D̃ǫ

{
∂Vi
∂rj

}
+

2Θ

3g
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi
∂ lnΘ

∂ri
D̃ǫK

+K
2Θ

3g

(
ũ2 − 5

2

)
ũi
∂ lnΘ

∂ri
Φ̂′
c(ũ)D̃ǫ

(
ũ2
)
+K

2Θ

3g
Φ̂c(ũ)ũi

∂ lnΘ

∂ri
D̃ǫ

(
ũ2
)

+K
2Θ

3g
Φ̂c(ũ)

(
ũ2 − 5

2

)
∂ lnΘ

∂ri
D̃ǫũi +KΦ̂c(ũ)

(
ũ2 − 5

2

)
ũi

2

3g
D̃ǫ

{
∂Θ

∂ri

}
. (4.12)

Now, the action of D̃ǫ on various variables can be obtained with the help of eqs. (D.2)-(D.8) and

the relations, D̃ǫ lnn = D̃ǫVi = 0 and D̃ǫ lnΘ = −ǫ23
(
2
π

)1/2
. Using eq. (D.2),

D̃ǫK = −K(D̃ǫ lnn+ D̃ǫ lnΘ) = −K
{
−ǫ2

3

(
2

π

)1/2
}

= Kǫ
2

3

(
2

π

)1/2

. (4.13)

Using eq. (D.3),

D̃ǫ(ũ
2) = −2

(
3

2Θ

) 1
2

ũi D̃ǫVi − ũ2D̃ǫ lnΘ = −ũ2
{
−ǫ2

3

(
2

π

)1/2
}

= ǫũ2
2

3

(
2

π

)1/2

. (4.14)

Using eq. (D.4),

D̃ǫũi = −
(

3

2Θ

) 1
2

D̃ǫVi −
1

2
ũiD̃ǫ lnΘ = −1

2
ũi

{
−ǫ2

3

(
2

π

)1/2
}

=
1

2
ũi

{
ǫ
2

3

(
2

π

)1/2
}
. (4.15)

Using eq. (D.5),

D̃ǫ

(
ũiũj

)
= ũi D̃ǫũj + ũj D̃ǫũi −

2

3
δij ũk D̃ǫũk

= ũi
1

2
ũj

{
ǫ
2

3

(
2

π

)1/2
}

+ ũj
1

2
ũi

{
ǫ
2

3

(
2

π

)1/2
}
− 2

3
δij ũk

1

2
ũk

{
ǫ
2

3

(
2

π

)1/2
}

= ǫ
2

3

(
2

π

)1/2( ũiũj + ũjũi
2

− 1

3
ũkũkδij

)
= ǫ

2

3

(
2

π

)1/2

ũiũj. (4.16)

Using eq. (D.6),

D̃ǫ

(
2Θ

3

) 1
2

=
1

2

(
2Θ

3

) 1
2

D̃ǫ lnΘ =
1

2

(
2Θ

3

) 1
2

{
−ǫ2

3

(
2

π

) 1
2

}
= − ǫ

2

2

3

(
2

π

) 1
2
(
2Θ

3

) 1
2

. (4.17)
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Using eq. (D.7),

D̃ǫ

(
∂Vi
∂rj

)
=

∂

∂rj

(
D̃ǫVi

)
+
(
D̃ǫVi

) ∂

∂rj

(
lnn+

1

2
lnΘ

)
= 0. (4.18)

Using eq. (D.8),

D̃ǫ

(
∂Θ

∂ri

)
=

∂

∂ri

(
ΘD̃ǫ lnΘ

)
+
(
ΘD̃ǫ lnΘ

) ∂

∂ri

(
lnn+

1

2
lnΘ

)

=
∂

∂ri

[
Θ

{
−ǫ2

3

(
2

π

)1/2
}]

+Θ

{
−ǫ2

3

(
2

π

)1/2
}

∂

∂ri

(
lnn+

1

2
lnΘ

)

= −ǫ2
3

(
2

π

)1/2 [
Θ
∂ lnΘ

∂ri
+Θ

∂

∂ri

(
lnn+

1

2
lnΘ

)]

= −ǫ2
3

(
2

π

)1/2

Θ
∂

∂ri

(
lnn+

3

2
lnΘ

)
. (4.19)

Substituting these values in eq. (4.12), we get

D̃ǫΦK = 2
2Θ

3g
Φ̂v(ũ)ũiũj

(
3

2Θ

)1
2 ∂Vi
∂rj
×Kǫ2

3

(
2

π

)1
2

+ 2K
2Θ

3g
ũiũj

(
3

2Θ

)1
2 ∂Vi
∂rj

Φ̂′
v(ũ)× ǫũ2

2

3

(
2

π

)1
2

+ 2K
2Θ

3g
Φ̂v(ũ)

(
3

2Θ

)1
2 ∂Vi
∂rj
× ǫ2

3

(
2

π

)1
2

ũiũj + 2KΦ̂v(ũ)ũiũj
∂Vi
∂rj

1

g

{
− ǫ
2

2

3

(
2

π

)1
2
(
2Θ

3

)1
2

}

+ 2K
2Θ

3g
Φ̂v(ũ)ũiũj

(
3

2Θ

)1
2

× 0 +
2Θ

3g
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi
∂ lnΘ

∂ri
×Kǫ2

3

(
2

π

)1
2

+K
2Θ

3g

(
ũ2 − 5

2

)
ũi
∂ lnΘ

∂ri
Φ̂′
c(ũ)× ǫũ2

2

3

(
2

π

)1
2

+K
2Θ

3g
Φ̂c(ũ)ũi

∂ lnΘ

∂ri
× ǫũ2 2

3

(
2

π

)1
2

+K
2Θ

3g
Φ̂c(ũ)

(
ũ2 − 5

2

)
∂ lnΘ

∂ri
× 1

2
ũi

{
ǫ
2

3

(
2

π

)1
2

}

+KΦ̂c(ũ)

(
ũ2 − 5

2

)
ũi

2

3g

{
−ǫ2

3

(
2

π

)1
2

Θ
∂

∂ri

(
lnn+

3

2
lnΘ

)}

or

D̃ǫΦK = Kǫ
2Θ

3g

2

3

(
2

π

)1/2
[
2Φ̂v(ũ)ũiũj

(
3

2Θ

) 1
2 ∂Vi
∂rj

+ 2ũiũj

(
3

2Θ

) 1
2 ∂Vi
∂rj

Φ̂′
v(ũ)ũ

2

+ 2Φ̂v(ũ)ũiũj

(
3

2Θ

) 1
2 ∂Vi
∂rj
− Φ̂v(ũ)ũiũj

(
3

2Θ

) 1
2 ∂Vi
∂rj

+Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi
∂ lnΘ

∂ri
ũ2

︸ ︷︷ ︸

+

(
ũ2 − 5

2

)
ũi
∂ lnΘ

∂ri
Φ̂′
c(ũ)ũ

2 + Φ̂c(ũ)ũ
2ũi

∂ lnΘ

∂ri
+
1

2
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi
∂ lnΘ

∂ri
ũ2

︸ ︷︷ ︸

− Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi
∂ lnn

∂ri
−3

2
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi
∂ lnΘ

∂ri︸ ︷︷ ︸

]
,

where the underbraces denote the terms cancelling each other. Therefore
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D̃ǫΦK = Kǫ
2Θ

3g

2

3

(
2

π

)1/2[
2

{
Φ̂′
v(ũ)ũ

2 +
3

2
Φ̂v(ũ)

}
ũiũj

(
3

2Θ

)1
2 ∂Vi
∂rj

+

{
Φ̂′
c(ũ)

(
ũ2 − 5

2

)
+ Φ̂c(ũ)

}
ũ2ũi

∂ lnΘ

∂ri
− Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi
∂ lnn

∂ri

]
. (4.20)

Now let us evaluate the last term, K
(
2Θ
3

) 1
2 g̃ ·∇v Φǫ on the left-hand side of eq. (4.8).

K

(
2Θ

3

)1
2

g̃ ·∇v Φǫ = K

(
2Θ

3

) 1
2

g̃ ·∇v

{
ǫ Φ̂e(ũ)

}
= Kǫ

(
2Θ

3

) 1
2

g̃i
∂

∂vi
Φ̂e(ũ)

= Kǫ

(
2Θ

3

) 1
2

g̃i Φ̂
′
e(ũ)

∂ũ2

∂vi
,

where prime denotes the differentiation with respect to ũ2 and

∂ũ2

∂vi
=

∂

∂vi

(
3

2Θ
(v − V )2

)
=

3

2Θ

∂

∂vi
(v − V )2 =

3

2Θ
2(vj − Vj)

∂

∂vi
(vj − Vj)

=
3

2Θ
2(vj − Vj)

∂vj
∂vi

=
3

2Θ
2(vj − Vj)δji = 2

(
3

2Θ

) 1
2

{(
3

2Θ

) 1
2

(vi − Vi)
}

= 2

(
3

2Θ

) 1
2

ũi.

Hence

K

(
2Θ

3

) 1
2

g̃ ·∇v Φǫ = 2Kǫ Φ̂′
e(ũ)g̃iũi. (4.21)

On substituting the above values along with the values of ΦK and Φǫ from eqs. (3.18) and (3.36)

respectively, the left-hand side of eq. (4.8) changes to following:

{
2K

2Θ

3g
Φ̂v(ũ)ũiũj

(
3

2Θ

)1
2 ∂Vi
∂rj

+K
2Θ

3g
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi
∂ lnΘ

∂ri

}(
ũ2 − 3

2

){
−ǫ2

3

(
2

π

)1
2

}

+ ǫΦ̂e(ũ)

{
2K

2Θ

3g
ũiũj

(
3

2Θ

) 1
2 ∂Vi
∂rj

+K
2Θ

3g

(
ũ2 − 5

2

)
ũi
∂ lnΘ

∂ri

}

+Kǫ
2Θ

3g
Φ̂′
e(ũ)

{
ũi
∂ lnn

∂ri
− 2ũiũj

(
3

2Θ

) 1
2 ∂Vi
∂rj
− (ũ2 − 1)ũi

∂ lnΘ

∂ri

}
− 2KǫΦ̂′

e(ũ)g̃iũi

+Kǫ
2Θ

3g

2

3

(
2

π

)1/2[
2

{
Φ̂′
v(ũ)ũ

2 +
3

2
Φ̂v(ũ)

}
ũiũj

(
3

2Θ

)1
2 ∂Vi
∂rj

+

{
Φ̂′
c(ũ)

(
ũ2 − 5

2

)
+ Φ̂c(ũ)

}
ũ2ũi

∂ lnΘ

∂ri
− Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi
∂ lnn

∂ri

]
+ 2KǫΦ̂′

e(ũ)g̃iũi.
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Thus simplying the left-hand side of eq. (4.8) further, it reduces to

Kǫ
2Θ

3g

[
4

3

(
2

π

)1
2
{
−Φ̂v(ũ)

(
ũ2 − 3

2

)
+ Φ̂′

v(ũ)ũ
2 +

3

2
Φ̂v(ũ)

}
ũiũj

(
3

2Θ

) 1
2 ∂Vi
∂rj

+
{
2Φ̂e(ũ)− 2Φ̂′

e(ũ)
}
ũiũj

(
3

2Θ

) 1
2 ∂Vi
∂rj

+

{
− 2

3

(
2

π

) 1
2

Φ̂c(ũ)

(
ũ2 − 5

2

)(
ũ2 − 3

2

)

+ Φ̂e(ũ)

(
ũ2 − 5

2

)
− Φ̂′

e(ũ)(ũ
2 − 1) +

2

3

(
2

π

)1
2
{
Φ̂′
c(ũ)

(
ũ2 − 5

2

)
+ Φ̂c(ũ)

}
ũ2

}
ũi
∂ lnΘ

∂ri

+

{
Φ̂′
e(ũ)−

2

3

(
2

π

)1
2

Φ̂c(ũ)

(
ũ2 − 5

2

)}
ũi
∂ lnn

∂ri

]

= Kǫ
2Θ

3g

[
4

3

{(
2

π

)1
2(
Φ̂′
v(ũ)ũ

2 − Φ̂v(ũ)(ũ
2 − 3)

)
+

3

2

{
Φ̂e(ũ)− Φ̂′

e(ũ)
}}

ũiũj

(
3

2Θ

) 1
2 ∂Vi
∂rj

+

{
Φ̂e(ũ)

(
ũ2 − 5

2

)
− Φ̂′

e(ũ)(ũ
2 − 1) +

2

3

(
2

π

)1
2

(
Φ̂′
c(ũ)ũ

2

(
ũ2 − 5

2

)

− Φ̂c(ũ)

(
ũ4 − 5ũ2 +

15

4

))}
ũi
∂ lnΘ

∂ri
+

{
Φ̂′
e(ũ)−

2

3

(
2

π

)1
2

Φ̂c(ũ)

(
ũ2 − 5

2

)}
ũi
∂ lnn

∂ri

]

≡ ǫ S̃K . (let) (4.22)

Hence eq. (4.8) can be written as

ǫ S̃K = ǫ L̃ (ϕ
(1)
K ) + ǫΞ̃(ΦK) + ǫΛ̃(ΦK) + ǫΩ̃(ΦK , ϕ

(1)
1 )

or

L̃ (ϕ
(1)
K ) = S̃K − Ξ̃(ΦK)− Λ̃(ΦK)− Ω̃(ΦK , ϕ

(1)
1 ). (4.23)

Eq. (4.23) is the final (simplified) form of the expanded Boltzmann equation and will be used

to derive the constitutive relations at O(Kǫ).

4.2.2 Constitutive Relations

Heat Flux

From eq. (2.30), the contribution of ΦKǫ to the heat flux is

QKǫ
i =

n

2π3/2

(
2Θ

3

) 3
2
∫

dũ ũ2ũi e
−ũ2

ΦKǫ =
ǫn

2π3/2

(
2Θ

3

) 3
2
∫

dũ e−ũ2

(
ũ2 − 5

2

)
ũiϕ

(1)
K .

The second equality in the above equation results from the orthogonality of ΦKǫ to ũi, which is,∫
dũ f̃0(ũ)ũiΦKǫ = 0 (cf. eq. (2.18)). Now, using eq. (3.21), one can write

QKǫ
i =

ǫn

2π3/2

(
2Θ

3

)3
2
∫

dũ e−ũ2
L̃

[
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi

]
ϕ
(1)
K
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and using the fact that L̃ is self-adjoint with e−ũ2
serving as a weight function (see §4.1), the

above equation changes to

QKǫ
i =

ǫn

2π3/2

(
2Θ

3

) 3
2
∫
dũ e−ũ2

Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi L̃ (ϕ

(1)
K ), (4.24)

Substituting the value of L̃ (ϕ
(1)
K ) from eq. (4.23) in the above equation,

QKǫ
i =

ǫn

2π3/2

(
2Θ

3

)3
2
∫

dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi e

−ũ2
{
S̃K − Ξ̃(ΦK)− Λ̃(ΦK)− Ω̃(ΦK , ϕ

(1)
1 )
}

≡ QKǫ
i1 +QKǫ

i2 +QKǫ
i3 , (let) (4.25)

where

QKǫ
i1 =

ǫn

2π3/2

(
2Θ

3

) 3
2
∫
dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi e

−ũ2
S̃K , (4.26)

QKǫ
i2 = − ǫn

2π3/2

(
2Θ

3

) 3
2
∫

dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi e

−ũ2
{
Ξ̃(ΦK) + Λ̃(ΦK)

}
, (4.27)

QKǫ
i3 = − ǫn

2π3/2

(
2Θ

3

) 3
2
∫

dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi e

−ũ2
Ω̃(ΦK , ϕ

(1)
1 ). (4.28)

Now let us evaluate the quantities QKǫ
i1

, QKǫ
i2

and QKǫ
i3

as following. Substituting the explicit

expression of S̃K from eq. (4.22) into eq. (4.26), we see that the term containing velocity gradient

vanishes because the corresponding integrand is an odd function in components of ũ. Hence

eq. (4.26) reduces to

QKǫ
i1 =

ǫn

2π3/2

(
2Θ

3

) 3
2

K
2Θ

3g

∫
dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi e

−ũ2

[{
Φ̂e(ũ)

(
ũ2 − 5

2

)
− Φ̂′

e(ũ)(ũ
2 − 1)

+
2

3

(
2

π

)1
2
{
Φ̂′
c(ũ)ũ

2

(
ũ2 − 5

2

)
− Φ̂c(ũ)

(
ũ4 − 5ũ2 +

15

4

)}}
ũj
∂ lnΘ

∂rj

+

{
Φ̂′
e(ũ)−

2

3

(
2

π

)1
2

Φ̂c(ũ)

(
ũ2 − 5

2

)}
ũj
∂ lnn

∂rj

]

or

QKǫ
i1 = ǫℓ

n

2π3/2

(
2Θ

3

) 3
2 ∂ lnΘ

∂rj

∫
dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiũj e

−ũ2

[
Φ̂e(ũ)

(
ũ2 − 5

2

)

− Φ̂′
e(ũ)(ũ

2 − 1) +
2

3

(
2

π

)1
2
{
Φ̂′
c(ũ)ũ

2

(
ũ2 − 5

2

)
− Φ̂c(ũ)

(
ũ4 − 5ũ2 +

15

4

)}]

+ ǫℓ
n

2π3/2

(
2Θ

3

) 3
2 ∂ lnn

∂rj

×
∫

dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiũj e

−ũ2

{
Φ̂′
e(ũ)−

2

3

(
2

π

)1
2

Φ̂c(ũ)

(
ũ2 − 5

2

)}
.
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Using eq. (F.9b),

QKǫ
i1 = ǫℓ

n

2π3/2

(
2Θ

3

) 3
2 4π

3

∂ lnΘ

∂ri

∫ ∞

0
dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũ4 e−ũ2

[
Φ̂e(ũ)

(
ũ2 − 5

2

)

− Φ̂′
e(ũ)(ũ

2 − 1) +
2

3

(
2

π

)1
2
{
Φ̂′
c(ũ)ũ

2

(
ũ2 − 5

2

)
− Φ̂c(ũ)

(
ũ4 − 5ũ2 +

15

4

)}]

+ ǫℓ
n

2π3/2

(
2Θ

3

) 3
2 4π

3

∂ lnn

∂ri

×
∫ ∞

0
dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũ4 e−ũ2

{
Φ̂′
e(ũ)−

2

3

(
2

π

)1
2

Φ̂c(ũ)

(
ũ2 − 5

2

)}

or

QKǫ
i1 = α1ǫnℓΘ

1/2∂Θ

∂ri
+ β1ǫℓΘ

3/2 ∂n

∂ri
, (4.29)

where

α1 =
4

9

(
2

3π

) 1
2
∫ ∞

0
dũ ũ4Φ̂c(ũ)

(
ũ2 − 5

2

)
e−ũ2

[
Φ̂e(ũ)

(
ũ2 − 5

2

)
− Φ̂′

e(ũ)(ũ
2 − 1)

+
2

3

(
2

π

)1
2
{
Φ̂′
c(ũ)ũ

2

(
ũ2 − 5

2

)
− Φ̂c(ũ)

(
ũ4 − 5ũ2 +

15

4

)}]
(4.30)

and

β1 =
4

9

(
2

3π

) 1
2
∫ ∞

0
dũ ũ4Φ̂c(ũ)

(
ũ2 − 5

2

)
e−ũ2

{
Φ̂′
e(ũ)−

2

3

(
2

π

)1
2

Φ̂c(ũ)

(
ũ2 − 5

2

)}
. (4.31)

The integrals in eqs. (4.30) and (4.31) have been evaluated numerically. The result is α1 ≈
−0.3627 and β1 ≈ −0.2110. The second term contributing to QKǫ

i is given by eq. (4.27).

The reason behind considering Ξ̃ and Λ̃ together in eq. (4.27) is that this way one obtains a

cancelation of terms. Substituting the values of Ξ̃ and Λ̃ from eqs. (2.39) and (2.40) respectively

in eq. (4.27), one obtains

QKǫ
i2 = − ǫn

2π4

(
2Θ

3

) 3
2
∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12)

(
1− 1

2
(k̂ · ũ12)

2
)
e−(ũ2

1+ũ2
2)

×
(
ΦK(ũ′

1) + ΦK(ũ′
2)
)
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

− ǫn

2π4

(
2Θ

3

) 3
2

lim
ǫ→0

∂

∂ǫ

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2)

×
(
ΦK(ũ′

1) + ΦK(ũ′
2)
)
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i.

Note that in the above equation, the velocity transformation is characterized by elastic collisons

in the first integral while that is characterized by inelastic collisons in the second integral. Hence,

to change the integration variables from postcollisional velocities to precollisional velocities—in

the first integral, relations dũ1dũ2 = dũ′
1dũ

′
2, k̂ · ũ12 = −k̂ · ũ′

12 and ũ21 + ũ22 = ũ′21 + ũ′22 are
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employed, and in the second integral, relations dũ1dũ2 = edũ′
1dũ

′
2, k̂ · ũ12 = −e(k̂ · ũ′

12) and

ũ21 + ũ22 = ũ′21 + ũ′22 − 1
2ǫ(k̂ · ũ′

12)
2
are employed. In this way, one obtains

QKǫ
i2 = − ǫn

2π4

(
2Θ

3

) 3
2
∫

−k̂·ũ′
12>0

dũ′
1dũ

′
2dk̂ (−k̂ · ũ′

12)

(
1− 1

2
(−k̂ · ũ′

12)
2
)
e−(ũ′2

1 +ũ′2
2 )

×
(
ΦK(ũ′

1) + ΦK(ũ′
2)
)
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

− ǫn

2π4

(
2Θ

3

)3
2

lim
ǫ→0

∂

∂ǫ

∫

−ek̂·ũ′
12>0

edũ′
1dũ

′
2dk̂ (−ek̂ · ũ′

12) e
−
(

ũ′2
1 +ũ′2

2 − 1
2
ǫ(k̂·ũ′

12)
2
)

×
(
ΦK(ũ′

1) + ΦK(ũ′
2)
)
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

= − ǫn

2π4

(
2Θ

3

) 3
2
∫

k̂·ũ′
12>0

dũ′
1dũ

′
2dk̂ (k̂ · ũ′

12)

(
1− 1

2
(k̂ · ũ′

12)
2
)
e−(ũ′2

1 +ũ′2
2 )

×
(
ΦK(ũ′

1) + ΦK(ũ′
2)
)
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

− ǫn

2π4

(
2Θ

3

)3
2

lim
ǫ→0

∂

∂ǫ

∫

k̂·ũ′
12>0

dũ′
1dũ

′
2dk̂

{
(1− ǫ) e 1

2
ǫ(k̂·ũ′

12)
2}

(k̂ · ũ′
12) e

−(ũ′2
1 +ũ′2

2 )

×
(
ΦK(ũ′

1) + ΦK(ũ′
2)
)
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i. (using eq. (F.8) and ǫ = 1− e2)

Since,

(1− ǫ) e 1
2
ǫ(k̂·ũ′

12)
2

= (1− ǫ)
(
1 +

1

2
ǫ(k̂ · ũ′

12)
2
+

1

2!4
ǫ2(k̂ · ũ′

12)
4
+ . . .

)

= 1 + ǫ

(
1

2
(k̂ · ũ′

12)
2 − 1

)
+ ǫ2

(
1

2!4
(k̂ · ũ′

12)
4 − 1

2
(k̂ · ũ′

12)
2
)
+ . . . ,

therefore

lim
ǫ→0

∂

∂ǫ

∫

k̂·ũ′
12>0

dũ′
1dũ

′
2dk̂

{
(1− ǫ) e 1

2
ǫ(k̂·ũ′

12)
2}

(k̂ · ũ′
12) e

−(ũ′2
1 +ũ′2

2 )
(
ΦK(ũ′

1) + ΦK(ũ′
2)
)

× Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

= lim
ǫ→0

∂

∂ǫ

∫

k̂·ũ′
12>0

dũ′
1dũ

′
2dk̂ (k̂ · ũ′

12) e
−(ũ′2

1 +ũ′2
2 )
(
ΦK(ũ′

1) + ΦK(ũ′
2)
)
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

+ lim
ǫ→0

∂

∂ǫ

{
ǫ

∫

k̂·ũ′
12>0

dũ′
1dũ

′
2dk̂

(
1

2
(k̂ · ũ′

12)
2 − 1

)
(k̂ · ũ′

12) e
−(ũ′2

1 +ũ′2
2 )

×
(
ΦK(ũ′

1) + ΦK(ũ′
2)
)
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

}

+ lim
ǫ→0

∂

∂ǫ

{
ǫ2
∫

k̂·ũ′
12>0

dũ′
1dũ

′
2dk̂

(
1

2!4
(k̂ · ũ′

12)
4 − 1

2
(k̂ · ũ′

12)
2
)
(k̂ · ũ′

12) e
−(ũ′2

1 +ũ′2
2 )

×
(
ΦK(ũ′

1) + ΦK(ũ′
2)
)
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

}
+ . . .
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or

lim
ǫ→0

∂

∂ǫ

∫

k̂·ũ′
12>0

dũ′
1dũ

′
2dk̂

{
(1− ǫ) e 1

2
ǫ(k̂·ũ′

12)
2}

(k̂ · ũ′
12) e

−(ũ′2
1 +ũ′2

2 )
(
ΦK(ũ′

1) + ΦK(ũ′
2)
)

× Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

= lim
ǫ→0

∂

∂ǫ

∫

k̂·ũ′
12>0

dũ′
1dũ

′
2dk̂ (k̂ · ũ′

12) e
−(ũ′2

1 +ũ′2
2 )
(
ΦK(ũ′

1) + ΦK(ũ′
2)
)
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

+ lim
ǫ→0

∫

k̂·ũ′
12>0

dũ′
1dũ

′
2dk̂

(
1

2
(k̂ · ũ′

12)
2 − 1

)
(k̂ · ũ′

12) e
−(ũ′2

1 +ũ′2
2 )
(
ΦK(ũ′

1) + ΦK(ũ′
2)
)

× Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i.

In the above equation other terms have vanished due to limit. Substituting this value in the

expression of QKǫ
i2

, we get

QKǫ
i2 = − ǫn

2π4

(
2Θ

3

) 3
2
∫

k̂·ũ′
12>0

dũ′
1dũ

′
2dk̂ (k̂ · ũ′

12)

(
1− 1

2
(k̂ · ũ′

12)
2
)
e−(ũ′2

1 +ũ′2
2 )

×
(
ΦK(ũ′

1) + ΦK(ũ′
2)
)
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

− ǫn

2π4

(
2Θ

3

) 3
2

lim
ǫ→0

∂

∂ǫ

∫

k̂·ũ′
12>0

dũ′
1dũ

′
2dk̂ (k̂ · ũ′

12) e
−(ũ′2

1 +ũ′2
2 )

×
(
ΦK(ũ′

1) + ΦK(ũ′
2)
)
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

− ǫn

2π4

(
2Θ

3

) 3
2

lim
ǫ→0

∫

k̂·ũ′
12>0

dũ′
1dũ

′
2dk̂

(
1

2
(k̂ · ũ′

12)
2 − 1

)
(k̂ · ũ′

12) e
−(ũ′2

1 +ũ′2
2 )

×
(
ΦK(ũ′

1) + ΦK(ũ′
2)
)
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i.

In the above equation, the first integral uses elastic velocity transformation and the limit ǫ→ 0

in the third integral makes the velocity transformation elastic. Hence the two integrals are equal

in magnitude and therefore the corresponding terms will cancel each other. Thus, one obtains

QKǫ
i2 = − ǫn

2π4

(
2Θ

3

)3
2

lim
ǫ→0

∂

∂ǫ

∫

k̂·ũ′
12>0

dũ′
1dũ

′
2dk̂ (k̂ · ũ′

12) e
−(ũ′2

1 +ũ′2
2 )

×
(
ΦK(ũ′

1) + ΦK(ũ′
2)
)
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i.

Now, by renaming the variables ũ′
1 and ũ′

2 to ũ1 and ũ2 respectively and vice-versa, the above

equation can be written as

QKǫ
i2 = − ǫn

2π4

(
2Θ

3

) 3
2

lim
ǫ→0

∂

∂ǫ

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2)

×
(
ΦK(ũ1) + ΦK(ũ2)

)
Φ̂c(ũ

′
1)

(
ũ′21 −

5

2

)
ũ′1i. (4.32)
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Remember that the variables are just renamed in eq. (4.32); the non-primed velocities are now

precollisional velocities and the primed velocities are now postcollisional velocities. To simplify

the integral in eq. (4.32) further, we shall make use of delta function and write the primed

quantities in terms of corresponding non-primed quantities as below.

∫
dũ δ(ũ− ũ′

1) Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi = Φ̂c(ũ

′
1)

(
ũ′21 −

5

2

)
ũ′1i.

Since ũ′
1 is the postcollisional velocity here, the left-hand side of the above equation can be

written in terms of precollisional velocity (cf. eq. (2.1a) for relation between postcollisional and

precollisional velocity) as

∫
dũ δ

(
ũ− ũ1 + q(k̂ · ũ12)k̂

)
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi = Φ̂c(ũ

′
1)

(
ũ′21 −

5

2

)
ũ′1i,

where q = 1+e
2 . Using the above equation, eq. (4.32) can be written as

QKǫ
i2 = − ǫn

2π4

(
2Θ

3

) 3
2

lim
ǫ→0

∂

∂ǫ

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2)
(
ΦK(ũ1) + ΦK(ũ2)

)

×
∫

dũ δ
(
ũ− ũ1 + q(k̂ · ũ12)k̂

)
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi

= − ǫn

2π4

(
2Θ

3

) 3
2

lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2)
(
ΦK(ũ1) + ΦK(ũ2)

)
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiIδ,

(4.33)

where

Iδ =

∫

k̂·ũ12>0
dk̂ (k̂ · ũ12) δ

(
ũ− ũ1 + q(k̂ · ũ12)k̂

)
. (4.34)

The integral in eq. (4.33) is then split into two parts. The first part is

(I) = − ǫn

2π4

(
2Θ

3

) 3
2

lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) ΦK(ũ1)Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiIδ

= − ǫn

2π4

(
2Θ

3

) 3
2

lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiIδ

×
[
2K

2Θ

3g
Φ̂v(ũ1)ũ1j ũ1k

(
3

2Θ

) 1
2 ∂Vj
∂rk

+K
2Θ

3g
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1j

∂ lnΘ

∂rj

]
. (4.35)

Let us define a new variable s̃ ≡ ũ− ũ1. We shall replace the variable ũ1 by ũ− s̃ in the above

equation. Note that, dũ1 = −ds̃ and the limits of integration for each component of s̃ will be∞
to −∞. Hence, making the limits of each component of s̃ as −∞ to ∞ by using the property:∫ b
a f(x) dx = −

∫ a
b f(x) dx and eq. (F.3), one can write
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(I) = −Kǫn
π4

2Θ

3g

2Θ

3

∂Vj
∂rk

lim
ǫ→0

∂

∂ǫ

∫
ds̃dũ2dũ e−(ũ−s̃)2−ũ2

2 Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiIδ

× Φ̂v(|ũ− s̃|)(ũj − s̃j)(ũk − s̃k)

− Kǫn

2π4
2Θ

3g

(
2Θ

3

)3
2 ∂ lnΘ

∂rj
lim
ǫ→0

∂

∂ǫ

∫
ds̃dũ2dũ e−(ũ−s̃)2−ũ2

2 Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiIδ

× Φ̂c(|ũ− s̃|)
(
(ũ− s̃)2 − 5

2

)
(ũj − s̃j).

In both the integrals, we shall first integrate over ũ2 as following. Let the spherical coordinates

of s̃ in the original coordinate system be (s̃, θs̃, φs̃) and the integration over ũ2 is performed in a

(rotated) spherical coordinate system (ũ2, θ
′
2, φ

′
2), which results from two rotations: (i) rotation

of xy-plane in positive direction (x towards y) around z-axis by an angle φs̃ and (ii) rotation

of new zx-plane in positive direction (z towards x) around new y-axis by an angle θs̃, so that s̃

coincides with the new z-axis and s̃ · ũ2 = s̃ũ2 cos θ
′
2 (see Appendix H). Hence

∫
dũ2 e

−ũ2
2Iδ =

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

ũ22 sin θ
′
2 e

−ũ2
2Iδ dφ

′
2dθ

′
2dũ2 = 2π

∫ ∞

ũ2=0
ũ22 e

−ũ2
2

(∫ π

θ′2=0
sin θ′2 Iδ

)
dũ2.

From eq. (C.12), ∫ π

θ′2=0
sin θ′2 Iδ =

1

q2s̃ũ2
H

(
ũ2 −

∣∣∣∣
(1− q)
q

s̃+
s̃ · ũ
s̃

∣∣∣∣
)
.

∴

∫
dũ2 e

−ũ2
2 Iδ = 2π

∫ ∞

ũ2=0
ũ22 e

−ũ2
2

1

q2s̃ũ2
H

(
ũ2 −

∣∣∣∣
(1− q)
q

s̃+
s̃ · ũ
s̃

∣∣∣∣
)
dũ2

=
2π

q2s̃

∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ s̃·ũ
s̃

∣

∣

∣

ũ2 e
−ũ2

2 dũ2 =
π

q2s̃
e
−
(

(1−q)
q

s̃+ s̃·ũ
s̃

)2

.

Therefore

(I) = −Kǫn
π4

2Θ

3g

2Θ

3

∂Vj
∂rk

lim
ǫ→0

∂

∂ǫ

π

q2

∫
ds̃dũ

1

s̃
e−(ũ−s̃)2 e

−
(

(1−q)
q

s̃+ s̃·ũ
s̃

)2

× Φ̂v(|ũ− s̃|)Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi(ũj − s̃j)(ũk − s̃k)

− Kǫn

2π4
2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂rj
lim
ǫ→0

∂

∂ǫ

π

q2

∫
ds̃dũ

1

s̃
e−(ũ−s̃)2 e

−
(

(1−q)
q

s̃+ s̃·ũ
s̃

)2

× Φ̂c(|ũ− s̃|)Φ̂c(ũ)

(
(ũ− s̃)2 − 5

2

)(
ũ2 − 5

2

)
ũi(ũj − s̃j).

Let the spherical coordinates of ũ in the original coordinate system be (ũ, θũ, φũ) and the inte-

gration over s̃ is performed in a (rotated) spherical coordinate system (s̃, θ′, φ′), which results

from two rotations: (i) rotation of xy-plane in positive direction (x towards y) around z-axis by

an angle φũ and (ii) rotation of new zx-plane in positive direction (z towards x) around new

y-axis by an angle θũ, so that ũ coincides with the new z-axis and s̃ · ũ = s̃ũ cos θ′ (see Appendix

H). Hence
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(I) = −Kǫn
π4

2Θ

3g

2Θ

3

∂Vj
∂rk

lim
ǫ→0

∂

∂ǫ

π

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0

∫ 2π

φ′=0
dφ′dθ′ds̃ s̃2 sin θ′ × 1

s̃
e−(ũ2−2ũs̃ cos θ′+s̃2)

× e
−
(

(1−q)
q

s̃+ũ cos θ′
)2

Φ̂v

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi(ũj − s̃j)(ũk − s̃k)

− Kǫn

2π4
2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂rj
lim
ǫ→0

∂

∂ǫ

π

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0

∫ 2π

φ′=0
dφ′dθ′ds̃ s̃2 sin θ′

× 1

s̃
e−(ũ2−2ũs̃ cos θ′+s̃2) e

−
(

(1−q)
q

s̃+ũ cos θ′
)2

Φ̂c

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)
Φ̂c(ũ)

×
(
ũ2 − 2ũs̃ cos θ′ + s̃2 − 5

2

)(
ũ2 − 5

2

)
ũi(ũj − s̃j).

Note that the components of s̃ are the only functions of φ′ (see Appendix H). The values of

integrations over φ′ are given in eqs. (H.19) and (H.6) respectively. Substituting these values in

the above equation, we get

(I) = −Kǫn
π4

2Θ

3g

2Θ

3
lim
ǫ→0

∂

∂ǫ

π

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0
dθ′ds̃ s̃2 sin θ′ × 1

s̃
e−(ũ2−2ũs̃ cos θ′+s̃2)

× e
−
(

(1−q)
q

s̃+ũ cos θ′
)2

Φ̂v

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi

× 2π
1

ũ2
∂Vj
∂rk

ũjũk

{
ũ2 − 2ũs̃ cos θ′ +

1

2
s̃2(3 cos2 θ′ − 1)

}

− Kǫn

2π4
2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂rj
lim
ǫ→0

∂

∂ǫ

π

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0
dθ′ds̃ s̃2 sin θ′

× 1

s̃
e−(ũ2−2ũs̃ cos θ′+s̃2) e

−
(

(1−q)
q

s̃+ũ cos θ′
)2

Φ̂c

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)

× Φ̂c(ũ)

(
ũ2 − 2ũs̃ cos θ′ + s̃2 − 5

2

)(
ũ2 − 5

2

)
ũi(2πũj − 2π

s̃

ũ
ũj cos θ

′).

Clearly, the term containing velocity gradient vanishes because the corresponding integrand is

an odd function in components of ũ and let cos θ′ = y. Therefore

(I) = −Kǫn
2π4

2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂rj
lim
ǫ→0

∂

∂ǫ

2π2

q2

∫
dũ

∫ ∞

s̃=0

∫ 1

y=−1
dyds̃ s̃ e−(ũ2−2ũs̃y+s̃2) e

−
(

(1−q)
q

s̃+ũy
)2

× Φ̂c

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂c(ũ)

(
ũ2 − 2ũs̃y + s̃2 − 5

2

)(
ũ2 − 5

2

)
ũiũj

(
1− s̃

ũ
y

)
.

Using eq. (F.9b), the integration over ũ results into

(I) = −Kǫn
2π4

2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂ri
lim
ǫ→0

∂

∂ǫ

2π2

q2
4π

3

∫ ∞

ũ=0
dũ

∫ 1

y=−1
dy

∫ ∞

s̃=0
ds̃ s̃

× e−(ũ2−2ũs̃y+s̃2) e
−
(

(1−q)
q

s̃+ũy
)2

Φ̂c

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)

× Φ̂c(ũ)

(
ũ2 − 2ũs̃y + s̃2 − 5

2

)(
ũ2 − 5

2

)
ũ4
(
1− s̃

ũ
y

)
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or

(I) = − 4

3π

(
2

3

) 3
2

ǫnℓΘ1/2 ∂Θ

∂ri
lim
ǫ→0

∂

∂ǫ

1

q2

∫ ∞

s̃=0
ds̃

∫ ∞

ũ=0
dũ

∫ 1

y=−1
dy s̃ e−(ũ2−2ũs̃y+s̃2) e

−
(

(1−q)
q

s̃+ũy
)2

× Φ̂c

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
× Φ̂c(ũ)

(
ũ2 − 2ũs̃y + s̃2 − 5

2

)(
ũ2 − 5

2

)
ũ3(ũ− s̃y). (4.36)

The differentiation with respect to ǫ at ǫ = 0 is carried out next. Note that q → 1 as ǫ→ 0.

∵ q =
1 + e

2
, ǫ = 1− e2 ⇒ q =

1 +
√
1− ǫ
2

⇒ lim
ǫ→0

∂q

∂ǫ
= − lim

ǫ→0

1

4
√
1− ǫ = −1

4
,

therefore

lim
ǫ→0

∂

∂ǫ

[
1

q2
e
−
(

(1−q)
q

s̃+ũy
)2]

= lim
ǫ→0



2s̃
(
(1−q)

q s̃+ ũy
)
e
−
(

(1−q)
q

s̃+ũy
)2

−2q e−
(

(1−q)
q

s̃+ũy
)2

q4
× ∂q

∂ǫ




=
{
2s̃ũy e−ũ2y2 −2 e−ũ2y2

}(
−1

4

)
=

1

2
(1− s̃ũy) e−ũ2y2 . (4.37)

Using the above equation, (I) can be written as

(I) = − 2

3π

(
2

3

) 3
2

ǫnℓΘ1/2∂Θ

∂ri

∫ ∞

s̃=0
ds̃

∫ ∞

ũ=0
dũ

∫ 1

y=−1
dy s̃ e−(ũ2−2ũs̃y+s̃2)(1− s̃ũy) e−ũ2y2

× Φ̂c

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂c(ũ)

(
ũ2 − 2ũs̃y + s̃2 − 5

2

)(
ũ2 − 5

2

)
ũ3(ũ− s̃y)

= α2ǫnℓΘ
1/2∂Θ

∂ri
, (4.38)

where

α2 = −
4
√
2

9π
√
3

∫ ∞

s̃=0
ds̃

∫ ∞

ũ=0
dũ

∫ 1

y=−1
dy s̃ũ3(ũ− s̃y)(1− s̃ũy)Φ̂c

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)

× Φ̂c(ũ)

(
ũ2 − 2ũs̃y + s̃2 − 5

2

)(
ũ2 − 5

2

)
e−(ũ2−2ũs̃y+s̃2) e−ũ2y2 . (4.39)

The integrals in eq. (4.39) have been evaluated numerically. The result is α2 ≈ −0.0282. The

second part of eq. (4.33) is

(II) = − ǫn

2π4

(
2Θ

3

) 3
2

lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) ΦK(ũ2)Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiIδ

= − ǫn

2π4

(
2Θ

3

) 3
2

lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiIδ

×
[
2K

2Θ

3g
Φ̂v(ũ2)ũ2j ũ2k

(
3

2Θ

) 1
2 ∂Vj
∂rk

+K
2Θ

3g
Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2j

∂ lnΘ

∂rj

]
. (4.40)
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We follow the same procedure as above. Replacing ũ1 by ũ− s̃ in the above equation and using

eq. (F.3), we get

(II) = −Kǫn
π4

2Θ

3g

2Θ

3

∂Vj
∂rk

lim
ǫ→0

∂

∂ǫ

∫
ds̃dũ2dũ e−(ũ−s̃)2 Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi e

−ũ2
2 Φ̂v(ũ2)ũ2j ũ2kIδ

− Kǫn

2π4
2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂rj
lim
ǫ→0

∂

∂ǫ

∫
ds̃dũ2dũ e−(ũ−s̃)2 Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi

× e−ũ2
2 Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2jIδ. (4.41)

The integrations over ũ2 are performed in a (rotated) spherical coordinate system (ũ2, θ
′
2, φ

′
2)

described in part (I) of QKǫ
i2

such that s̃ · ũ2 = s̃ũ2 cos θ
′
2, i.e.,

(II) = −Kǫn
π4

2Θ

3g

2Θ

3

∂Vj
∂rk

lim
ǫ→0

∂

∂ǫ

∫
ds̃dũ e−(ũ−s̃)2 Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi

×
∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2 e

−ũ2
2 Φ̂v(ũ2)ũ2j ũ2kIδ

− Kǫn

2π4
2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂rj
lim
ǫ→0

∂

∂ǫ

∫
ds̃dũ e−(ũ−s̃)2 Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi

×
∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2 e

−ũ2
2 Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2jIδ.

The integrations over φ′2 result into (cf. eqs. (H.18) and (H.6) respectively)

(II) = −Kǫn
π4

2Θ

3g

2Θ

3

∂Vj
∂rk

lim
ǫ→0

∂

∂ǫ

∫
ds̃dũ e−(ũ−s̃)2 Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi

×
∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ

2
2 sin θ

′
2 e

−ũ2
2 Φ̂v(ũ2)

{
π
ũ22
s̃2
s̃j s̃k(3 cos

2 θ′2 − 1)

}
Iδ

− Kǫn

2π4
2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂rj
lim
ǫ→0

∂

∂ǫ

∫
ds̃dũ e−(ũ−s̃)2 Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi

×
∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ

2
2 sin θ

′
2 e

−ũ2
2 Φ̂c(ũ2)

(
ũ22 −

5

2

)(
2πũ2

s̃j
s̃
cos θ′2

)
Iδ.

Using eq. (C.12),

∫ π

θ′2=0
sin θ′2(3 cos

2 θ′2 − 1)Iδ dθ
′
2

=
1

q2s̃ũ2

{
3

(
(1− q)
q

s̃

ũ2
+

s̃ · ũ
s̃ũ2

)2

− 1

}
H

(
ũ2 −

∣∣∣∣
(1− q)
q

s̃+
s̃ · ũ
s̃

∣∣∣∣
)

and

∫ π

0
sin θ′2 cos θ′2Iδ dθ

′
2 =

1

q2s̃ũ2

(
(1− q)
q

s̃

ũ2
+

s̃ · ũ
s̃ũ2

)
H

(
ũ2 −

∣∣∣∣
(1− q)
q

s̃+
s̃ · ũ
s̃

∣∣∣∣
)
.
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Substituting these values in the above expression of (II), we get

(II) = −Kǫn
π4

2Θ

3g

2Θ

3

∂Vj
∂rk

lim
ǫ→0

∂

∂ǫ

π

q2

∫
ds̃dũ e−(ũ−s̃)2 Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi

× s̃j s̃k
s̃3

∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ s̃·ũ
s̃

∣

∣

∣

dũ2 ũ
3
2 e

−ũ2
2 Φ̂v(ũ2)

{
3

(
(1− q)
q

s̃

ũ2
+

s̃ · ũ
s̃ũ2

)2

− 1

}

− Kǫn

2π4
2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂rj
lim
ǫ→0

∂

∂ǫ

2π

q2

∫
ds̃dũ e−(ũ−s̃)2 Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi

× s̃j
s̃2

∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ s̃·ũ
s̃

∣

∣

∣

dũ2 ũ
2
2 e

−ũ2
2 Φ̂c(ũ2)

(
ũ22 −

5

2

)(
(1− q)
q

s̃

ũ2
+

s̃ · ũ
s̃ũ2

)
. (4.42)

The integration over s̃ is performed in a (rotated) spherical coordinate system (s̃, θ′, φ′) described

in part (I) of QKǫ
i2

such that s̃ · ũ = s̃ũ cos θ′, i.e.,

(II) = −Kǫn
π3

2Θ

3g

2Θ

3

∂Vj
∂rk

lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0

∫ 2π

φ′=0
dφ′dθ′ds̃ s̃2 sin θ′

× e−(ũ2−2ũs̃ cos θ′+s̃2) Φ̂c(ũ)

(
ũ2 − 5

2

)
ũis̃j s̃k

1

s̃3

×
∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ũ cos θ′
∣

∣

∣

dũ2 ũ2 e
−ũ2

2 Φ̂v(ũ2)

{
3

(
(1− q)
q

s̃+ ũ cos θ′
)2

− ũ22

}

− Kǫn

π3
2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂rj
lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0

∫ 2π

φ′=0
dφ′dθ′ds̃ s̃2 sin θ′

× e−(ũ2−2ũs̃ cos θ′+s̃2) Φ̂c(ũ)

(
ũ2 − 5

2

)
ũis̃j

1

s̃2

×
∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ũ cos θ′
∣

∣

∣

dũ2 ũ2 e
−ũ2

2 Φ̂c(ũ2)

(
ũ22 −

5

2

)(
(1− q)
q

s̃+ ũ cos θ′
)
.

Note that the components of s̃ are the only functions of φ′ (see Appendix H). Hence, using

eqs. (H.18) and (H.6) respectively, we have

(II) = −Kǫn
π3

2Θ

3g

2Θ

3
lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0
dθ′ds̃ s̃2 sin θ′ e−(ũ2−2ũs̃ cos θ′+s̃2)

× Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi

{
π
s̃2

ũ2
∂Vj
∂rk

ũj ũk(3 cos
2 θ′ − 1)

}
1

s̃3

×
∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ũ cos θ′
∣

∣

∣

dũ2 ũ2 e
−ũ2

2 Φ̂v(ũ2)

{
3

(
(1− q)
q

s̃+ ũ cos θ′
)2

− ũ22

}

− Kǫn

π3
2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂rj
lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0
dθ′ds̃ s̃2 sin θ′

× e−(ũ2−2ũs̃ cos θ′+s̃2) Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi

(
2π
s̃

ũ
ũj cos θ

′
)

1

s̃2

×
∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ũ cos θ′
∣

∣

∣

dũ2 ũ2 e
−ũ2

2 Φ̂c(ũ2)

(
ũ22 −

5

2

)(
(1− q)
q

s̃+ ũ cos θ′
)
.
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Clearly, the term containing velocity gradient vanishes because the corresponding integrand is

an odd function in components of ũ and let cos θ′ = y. Therefore

(II) = −2Kǫn

π2
2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂rj
lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ 1

y=−1
dyds̃ e−(ũ2−2ũs̃y+s̃2) Φ̂c(ũ)

(
ũ2 − 5

2

)

× ũiũj
s̃

ũ
y

(
(1− q)
q

s̃+ ũy

)∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ũy
∣

∣

∣

dũ2 ũ2 e
−ũ2

2 Φ̂c(ũ2)

(
ũ22 −

5

2

)
.

Let us replace ũ22 by ũ22 +
(
(1−q)

q s̃+ ũy
)2

. This shift results into

(II) = −2Kǫn

π2
2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂rj
lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ 1

y=−1
dyds̃ e−(ũ2−2ũs̃y+s̃2)

× Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiũj

s̃

ũ
y

(
(1− q)
q

s̃+ ũy

)∫ ∞

ũ2=0
dũ2 ũ2 e

−
{

ũ2
2+

(

(1−q)
q

s̃+ũy
)2

}

× Φ̂c



{
ũ22 +

(
(1− q)
q

s̃+ ũy

)2
}1/2



{
ũ22 +

(
(1− q)
q

s̃+ ũy

)2

− 5

2

}
.

Using eq. (F.9b), the integration over ũ results into

(II) = −2Kǫn

π2
2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂ri
lim
ǫ→0

∂

∂ǫ

1

q2
4π

3

∫ ∞

ũ=0
dũ

∫ ∞

s̃=0

∫ 1

y=−1
dyds̃ e−(ũ2−2ũs̃y+s̃2)

× Φ̂c(ũ)

(
ũ2 − 5

2

)
ũ4
s̃

ũ
y

(
(1− q)
q

s̃+ ũy

)∫ ∞

ũ2=0
dũ2 ũ2 e

−
{

ũ2
2+

(

(1−q)
q

s̃+ũy
)2

}

× Φ̂c



{
ũ22 +

(
(1− q)
q

s̃+ ũy

)2
}1/2



{
ũ22 +

(
(1− q)
q

s̃+ ũy

)2

− 5

2

}

or

(II) = −8Kǫn

3π

2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂ri
lim
ǫ→0

∂

∂ǫ

1

q2

∫ ∞

s̃=0
ds̃

∫ ∞

ũ=0
dũ

∫ ∞

ũ2=0
dũ2

∫ 1

y=−1
dy s̃ũ2ũ

3y

×
(
(1− q)
q

s̃+ ũy

)
Φ̂c



{
ũ22 +

(
(1− q)
q

s̃+ ũy

)2
}1/2


 Φ̂c(ũ)

×
{
ũ22 +

(
(1− q)
q

s̃+ ũy

)2

− 5

2

}(
ũ2 − 5

2

)
e−(ũ2−2ũs̃y+s̃2) e

−
{

ũ2
2+

(

(1−q)
q

s̃+ũy
)2

}

. (4.43)

The differentiation with respect to ǫ at ǫ = 0 is carried out next. Note that q → 1 as ǫ→ 0. Let

lim
ǫ→0

∂

∂ǫ

[
1

q2

(
(1− q)
q

s̃+ ũy

)
Φ̂c



{
ũ22 +

(
(1− q)
q

s̃+ ũy

)2
}1/2




{
ũ22 +

(
(1− q)
q

s̃+ ũy

)2

− 5

2

}
e
−
(

(1−q)
q

s̃+ũy
)2
]
= A
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⇒ A = lim
ǫ→0

(
− 2

q3
∂q

∂ǫ

)
ũy Φ̂c

(
(ũ22 + ũ2y2)

1/2
)(

ũ22 + ũ2y2 − 5

2

)
e−ũ2y2

+ lim
ǫ→0

(
− s̃

q2
∂q

∂ǫ

)
Φ̂c

(
(ũ22 + ũ2y2)

1/2
)(

ũ22 + ũ2y2 − 5

2

)
e−ũ2y2

+ lim
ǫ→0


Φ̂′

c



{
ũ22 +

(
(1− q)
q

s̃+ ũy

)2
}1/2


 2

(
(1− q)
q

s̃+ ũy

)(
− s̃

q2
∂q

∂ǫ

)


× ũy
(
ũ22 + ũ2y2 − 5

2

)
e−ũ2y2

+ lim
ǫ→0

[
2

(
(1− q)
q

s̃+ ũy

)(
− s̃

q2
∂q

∂ǫ

)]
ũy Φ̂c

(
(ũ22 + ũ2y2)

1/2
)
e−ũ2y2

+ lim
ǫ→0

[
− e

−
(

(1−q)
q

s̃+ũy
)2

2

(
(1− q)
q

s̃+ ũy

)(
− s̃

q2
∂q

∂ǫ

)]

× ũy Φ̂c

(
(ũ22 + ũ2y2)

1/2
)(

ũ22 + ũ2y2 − 5

2

)
.

Here prime on Φ̂c denotes the differentiation with respect to square of its argument. Noting that

lim
ǫ→0

∂q

∂ǫ
= −1

4
(as above),

A =
1

4
e−ũ2y2

[
2ũy Φ̂c

(
(ũ22 + ũ2y2)

1/2
)(

ũ22 + ũ2y2 − 5

2

)

+s̃ Φ̂c

(
(ũ22 + ũ2y2)

1/2
)(

ũ22 + ũ2y2 − 5

2

)
+ 2s̃ũ2y2 Φ̂′

c

(
(ũ22 + ũ2y2)

1/2
)(

ũ22 + ũ2y2 − 5

2

)

+2s̃ũ2y2 Φ̂c

(
(ũ22 + ũ2y2)

1/2
)
− 2s̃ũ2y2 Φ̂c

(
(ũ22 + ũ2y2)

1/2
)(

ũ22 + ũ2y2 − 5

2

)]

=
1

2
e−ũ2y2


ũy + s̃





1

2
− ũ2y2


1−

Φ̂′
c

(
(ũ22 + ũ2y2)

1/2
)

Φ̂c

(
(ũ22 + ũ2y2)

1/2
) − 1(

ũ22 + ũ2y2 − 5
2

)










× Φ̂c

(
(ũ22 + ũ2y2)

1/2
)(

ũ22 + ũ2y2 − 5

2

)
.

Hence

(II) = − 4

3π
ǫn

(
K

2Θ

3g

)(
2

3

) 3
2

Θ1/2 ∂Θ

∂ri

∫ ∞

s̃=0
ds̃

∫ ∞

ũ=0
dũ

∫ ∞

ũ2=0
dũ2

∫ 1

y=−1
dy s̃ũ2ũ

3y

×


ũy + s̃




1

2
− ũ2y2


1−

Φ̂′
c

(
(ũ22 + ũ2y2)

1/2
)

Φ̂c

(
(ũ22 + ũ2y2)

1/2
) − 1(

ũ22 + ũ2y2 − 5
2

)










×
(
ũ22 + ũ2y2 − 5

2

)(
ũ2 − 5

2

)
Φ̂c

(
(ũ22 + ũ2y2)

1/2
)
Φ̂c(ũ) e

−(ũ2−2ũs̃y+s̃2) e−(ũ2
2+ũ2y2) .

Now, one can integrate over s̃ to get

∫ ∞

s̃=0
ds̃ s̃ e2ũs̃y−s̃2 =

1

2

{
1 +
√
πũy eũ

2y2 (1 + erf(ũy))
}
, (4.44a)

∫ ∞

s̃=0
ds̃ s̃2 e2ũs̃y−s̃2 =

1

2

{
ũy +

√
π

2
(1 + 2ũ2y2) eũ

2y2 (1 + erf(ũy))

}
. (4.44b)
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Substituting these values in the expression of (II), we get

(II) = − 4
√
2

9π
√
3
ǫnℓΘ1/2∂Θ

∂ri

∫ ∞

ũ=0
dũ

∫ ∞

ũ2=0
dũ2

∫ 1

y=−1
dy ũ2ũ

3y

[
ũy
{
1 +
√
πũy eũ

2y2 (1 + erf(ũy))
}

+





1

2
− ũ2y2


1−

Φ̂′
c

(
(ũ22 + ũ2y2)

1/2
)

Φ̂c

(
(ũ22 + ũ2y2)

1/2
) − 1(

ũ22 + ũ2y2 − 5
2

)







×
{
ũy +

√
π

2
(1 + 2ũ2y2) eũ

2y2 (1 + erf(ũy))

}](
ũ22 + ũ2y2 − 5

2

)(
ũ2 − 5

2

)

× Φ̂c

(
(ũ22 + ũ2y2)

1/2
)
Φ̂c(ũ) e

−ũ2
e−(ũ2

2+ũ2y2)

= α3ǫnℓΘ
1/2∂Θ

∂ri
, (4.45)

where

α3 = −
4
√
2

9π
√
3

∫ ∞

ũ=0
dũ

∫ ∞

ũ2=0
dũ2

∫ 1

y=−1
dy ũ2ũ

3y

[{
ũy +

√
π

2
(1 + 2ũ2y2) eũ

2y2 (1 + erf(ũy))

}

×





1

2
− ũ2y2


1−

Φ̂′
c

(
(ũ22 + ũ2y2)

1/2
)

Φ̂c

(
(ũ22 + ũ2y2)

1/2
) − 1(

ũ22 + ũ2y2 − 5
2

)







+ ũy +
√
π ũ2y2 eũ

2y2 (1 + erf(ũy))

](
ũ22 + ũ2y2 − 5

2

)(
ũ2 − 5

2

)

× Φ̂c

(
(ũ22 + ũ2y2)

1/2
)
Φ̂c(ũ) e

−ũ2
e−(ũ2

2+ũ2y2) . (4.46)

The integrals in eq. (4.46) have been evaluated numerically. The result is α3 ≈ 0.2849. The

third contribution to QKǫ
i is given by eq. (4.28). Substituting the value of Ω̃ from eq. (2.38) in

eq. (4.28), one obtains

QKǫ
i3 = − ǫn

2π4

(
2Θ

3

) 3
2
∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2) Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

× {ΦK(ũ′
1)ϕ

(1)
1 (ũ′

2) + ΦK(ũ′
2)ϕ

(1)
1 (ũ′

1)− ΦK(ũ1)ϕ
(1)
1 (ũ2)− ΦK(ũ2)ϕ

(1)
1 (ũ1)}. (4.47)

Note that eq. (4.47) uses elastic velocity transformation. The part of integral containing primed

velocities can be simplified as follows. Let

İ =

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2) Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

× {ΦK(ũ′
1)ϕ

(1)
1 (ũ′

2) + ΦK(ũ′
2)ϕ

(1)
1 (ũ′

1)}.

The integration variables in the above equation can be changed by using the relations: dũ1dũ2 =

dũ′
1dũ

′
2, k̂ · ũ12 = −k̂ · ũ′

12 and ũ21 + ũ22 = ũ′21 + ũ′22 . Thus
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İ =

∫

k̂·ũ′
12<0

dũ′
1dũ

′
2dk̂ (−k̂ · ũ′

12) e
−(ũ′2

1 +ũ′2
2 ) Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

× {ΦK(ũ′
1)ϕ

(1)
1 (ũ′

2) + ΦK(ũ′
2)ϕ

(1)
1 (ũ′

1)}

=

∫

k̂·ũ′
12>0

dũ′
1dũ

′
2dk̂ (k̂ · ũ′

12) e
−(ũ′2

1 +ũ′2
2 ) Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

× {ΦK(ũ′
1)ϕ

(1)
1 (ũ′

2) + ΦK(ũ′
2)ϕ

(1)
1 (ũ′

1)}. (using eqn. (F.8))

Now, changing the integration variables ũ′
1 and ũ′

2 to ũ1 and ũ2 respectively, we get

İ =

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2) Φ̂c(ũ
′
1)

(
ũ′21 −

5

2

)
ũ′1i

× {ΦK(ũ1)ϕ
(1)
1 (ũ2) + ΦK(ũ2)ϕ

(1)
1 (ũ1)}.

Next, using the relation (cf. see text and equations below eq. (4.32))

Φ̂c(ũ
′
1)

(
ũ′21 −

5

2

)
ũ′1i =

∫
dũ δ

(
ũ− ũ1 + q(k̂ · ũ12)k̂

)
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi,

one can write

İ =

∫

k̂·ũ12>0
dũ1dũ2dũdk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2) δ
(
ũ− ũ1 + (k̂ · ũ12)k̂

)
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi

× {ΦK(ũ1)ϕ
(1)
1 (ũ2) + ΦK(ũ2)ϕ

(1)
1 (ũ1)}

=

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2){ΦK(ũ1)ϕ

(1)
1 (ũ2) + ΦK(ũ2)ϕ

(1)
1 (ũ1)} Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiI

(0)
δ ,

where

I
(0)
δ = Iδ(q = 1) =

∫

k̂·ũ12>0
dk̂ (k̂ · ũ12)δ

(
ũ− ũ1 + (k̂ · ũ12)k̂

)
. (4.48)

Hence QKǫ
i3

can be written as

QKǫ
i3 = − ǫn

2π4

(
2Θ

3

) 3
2
∫

dũ1dũ2dũ e−(ũ2
1+ũ2

2){ΦK(ũ1)ϕ
(1)
1 (ũ2) + ΦK(ũ2)ϕ

(1)
1 (ũ1)}

× Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiI

(0)
δ

+
ǫn

2π4

(
2Θ

3

) 3
2
∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2)

× {ΦK(ũ1)ϕ
(1)
1 (ũ2) + ΦK(ũ2)ϕ

(1)
1 (ũ1)} Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i. (4.49)

The term QKǫ
i3

is split into four parts. The first part is

QKǫ
i3 = − ǫn

2π4

(
2Θ

3

) 3
2
∫

dũ1dũ2dũ e−(ũ2
1+ũ2

2) ΦK(ũ1)ϕ
(1)
1 (ũ2)Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiI

(0)
δ .
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Substituting the explicit forms of ΦK and ϕ
(1)
1 ,

(I) = − ǫn

2π4

(
2Θ

3

) 3
2
∫

dũ1dũ2dũ e−(ũ2
1+ũ2

2) Φ̂e(ũ2)Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiI

(0)
δ

×
[
2K

2Θ

3g
Φ̂v(ũ1)ũ1j ũ1k

(
3

2Θ

) 1
2 ∂Vj
∂rk

+K
2Θ

3g
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1j

∂ lnΘ

∂rj

]
. (4.50)

Note that except for the extra term Φ̂e(ũ2) and the above definition of I
(0)
δ , the integrand in

eq. (4.50) is similar to that in eq. (4.35). Replacing ũ1 by ũ− s̃ in the above equation and using

eq. (F.3), we get

(I) = −Kǫn
π4

2Θ

3g

2Θ

3

∂Vj
∂rk

∫
ds̃dũ2dũ e−(ũ−s̃)2−ũ2

2 Φ̂e(ũ2)Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiI

(0)
δ

× Φ̂v(|ũ− s̃|)(ũj − s̃j)(ũk − s̃k)

− Kǫn

2π4
2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂rj

∫
ds̃dũ2dũ e−(ũ−s̃)2−ũ2

2 Φ̂e(ũ2)Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiI

(0)
δ

× Φ̂c(|ũ− s̃|)
(
(ũ− s̃)2 − 5

2

)
(ũj − s̃j).

First we integrate over ũ2 (as above) to get

∫
dũ2 e

−ũ2
2 Φ̂e(ũ2)I

(0)
δ =

2π

s̃

∫ ∞

ũ2=| s̃·ũs̃ |
ũ2Φ̂e(ũ2) e

−ũ2
2 dũ2.

Let us replace ũ22 by ũ22 +
(
s̃·ũ
s̃

)2
. This shift implies that

∫
dũ2 e

−ũ2
2 Φ̂e(ũ2)I

(0)
δ =

2π

s̃

∫ ∞

ũ2=0
ũ2 Φ̂e



{
ũ22 +

(
s̃ · ũ
s̃

)2
}1/2


 e

−
{

ũ2
2+(

s̃·ũ
s̃ )

2
}

dũ2. (4.51)

Therefore

(I) = −Kǫn
π4

2Θ

3g

2Θ

3

∂Vj
∂rk

∫
ds̃dũ

2π

s̃

∫ ∞

ũ2=0
dũ2 ũ2Φ̂e



{
ũ22 +

(
s̃ · ũ
s̃

)2
}1/2


 e

−
{

ũ2
2+(

s̃·ũ
s̃ )

2
}

× e−(ũ−s̃)2 Φ̂v(|ũ− s̃|)Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi(ũj − s̃j)(ũk − s̃k)

− Kǫn

2π4
2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂rj

∫
ds̃dũ

2π

s̃

∫ ∞

ũ2=0
dũ2 ũ2Φ̂e



{
ũ22 +

(
s̃ · ũ
s̃

)2
}1/2




× e
−
{

ũ2
2+(

s̃·ũ
s̃ )

2
}

e−(ũ−s̃)2 Φ̂c(|ũ− s̃|)Φ̂c(ũ)

(
(ũ− s̃)2 − 5

2

)(
ũ2 − 5

2

)
ũi(ũj − s̃j).

The integrations over s̃ and ũ are performed by following a similar procedure as performed

following eq. (4.35). Finally, we get (cf. eq. (4.36))
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(I) = − 8

3π
ǫnℓ

(
2

3

) 3
2

Θ1/2 ∂Θ

∂ri

∫ ∞

s̃=0
ds̃

∫ ∞

ũ=0
dũ

∫ ∞

ũ2=0
dũ2

∫ 1

y=−1
dy ũ2ũ

3s̃

× e−(ũ2−2ũs̃y+s̃2) e−(ũ2
2+ũ2y2) Φ̂c

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂e

(
(ũ22 + ũ2y2)

1/2
)

× Φ̂c(ũ)

(
ũ2 − 2ũs̃y + s̃2 − 5

2

)(
ũ2 − 5

2

)
(ũ− s̃y)

= α4ǫnℓΘ
1/2∂Θ

∂ri
, (4.52)

where

α4 = −
16
√
2

9π
√
3

∫ ∞

s̃=0
ds̃

∫ ∞

ũ=0
dũ

∫ ∞

ũ2=0
dũ2

∫ 1

y=−1
dy s̃ũ2ũ

3(ũ− s̃y)Φ̂c(ũ)Φ̂c

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)

× Φ̂e

(
(ũ22 + ũ2y2)

1/2
)(

ũ2 − 2ũs̃y + s̃2 − 5

2

)(
ũ2 − 5

2

)
e−(ũ2−2ũs̃y+s̃2) e−(ũ2

2+ũ2y2) . (4.53)

The integrals in eq. (4.53) have been evaluated numerically. The result is α4 ≈ −0.0018. The

second part of eq. (4.49) is

(II) = − ǫn

2π4

(
2Θ

3

) 3
2
∫

dũ1dũ2dũ e−(ũ2
1+ũ2

2) ΦK(ũ2)ϕ
(1)
1 (ũ1)Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiI

(0)
δ

= − ǫn

2π4

(
2Θ

3

) 3
2
∫

dũ1dũ2dũ e−(ũ2
1+ũ2

2) Φ̂e(ũ1)Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiI

(0)
δ

×
[
2K

2Θ

3g
Φ̂v(ũ2)ũ2j ũ2k

(
3

2Θ

) 1
2 ∂Vj
∂rk

+K
2Θ

3g
Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2j

∂ lnΘ

∂rj

]
. (4.54)

Note that except for the extra term Φ̂e(ũ1) and the above definition of I
(0)
δ , the integrand in

eq. (4.54) is similar to the one in eq. (4.40). Therefore, the integrations are carried out by

following a similar procedure as performed following eq. (4.40). Finally, we get (cf. eq. (4.43))

(II) = −8Kǫn

3π

2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂ri

∫ ∞

s̃=0
ds̃

∫ ∞

ũ=0
dũ

∫ ∞

ũ2=0
dũ2

∫ 1

y=−1
dy s̃ũ2ũ

3y

× ũy Φ̂e

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂c

(
(ũ22 + ũ2y2)

1/2
)
Φ̂c(ũ)

×
(
ũ22 + ũ2y2 − 5

2

)(
ũ2 − 5

2

)
e−(ũ2−2ũs̃y+s̃2) e−(ũ

2
2+ũ2y2)

= α5ǫnℓΘ
1/2∂Θ

∂ri
, (4.55)

where

α5 = −
16
√
2

9π
√
3

∫ ∞

s̃=0
ds̃

∫ ∞

ũ=0
dũ

∫ ∞

ũ2=0
dũ2

∫ 1

y=−1
dy s̃ũ2ũ

4y2Φ̂c(ũ)Φ̂c

(
(ũ22 + ũ2y2)

1/2
)

× Φ̂e

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)(

ũ22 + ũ2y2 − 5

2

)(
ũ2 − 5

2

)
e−(ũ2−2ũs̃y+s̃2) e−(ũ2

2+ũ2y2) . (4.56)
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The integrals in eq. (4.56) have been evaluated numerically. The result is α5 ≈ −0.0018. The

computation of the third and fourth parts in eq. (4.49) is much simpler than that of first and

second parts because the corresponding integrands do not contain a mixture of precollisional

and postcollisional velocities. Therefore, the integration over k̂ is trivial in third and fourth

parts in eq. (4.49). Hence, using eq. (G.1b), the third part of eq. (4.49) reads

(III) =
ǫn

2π3

(
2Θ

3

)3
2
∫

dũ1dũ2 ũ12 e
−(ũ2

1+ũ2
2) ΦK(ũ1)ϕ

(1)
1 (ũ2)Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i.

Substituting the explicit forms of ΦK and ϕ
(1)
1 and using eq. (F.3),

(III) =
ǫn

2π3

(
2Θ

3

) 3
2
∫

dũ1dũ2 ũ12 e
−(ũ2

1+ũ2
2) Φ̂e(ũ2)Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

×
[
2K

2Θ

3g
Φ̂v(ũ1)ũ1j ũ1k

(
3

2Θ

) 1
2 ∂Vj
∂rk

+K
2Θ

3g
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1j

∂ lnΘ

∂rj

]
.

Let the spherical coordinates of ũ1 in the original coordinate system be (ũ1, θ1, φ1) and the

integration over ũ2 is performed in a (rotated) spherical coordinate system (ũ2, θ
′
2, φ

′
2), which

results from two rotations: (i) rotation of xy-plane in positive direction (x towards y) around

z-axis by an angle φ1 and (ii) rotation of new zx-plane in positive direction (z towards x) around

new y-axis by an angle θ1, so that ũ1 coincides with the new z-axis and ũ1 · ũ2 = ũ1ũ2 cos θ
′
2

(cf. Appendix H). Hence

(III) =
Kǫn

π3
2Θ

3g

2Θ

3

∂Vj
∂rk

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2

× (ũ21 − 2ũ1ũ2 cos θ
′
2 + ũ22)

1/2
e−(ũ2

1+ũ2
2) Φ̂e(ũ2)Φ̂c(ũ1)Φ̂v(ũ1)

(
ũ21 −

5

2

)
ũ1iũ1j ũ1k

+
Kǫn

2π3
2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂rj

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2

× (ũ21 − 2ũ1ũ2 cos θ
′
2 + ũ22)

1/2
e−(ũ2

1+ũ2
2) Φ̂e(ũ2)Φ̂

2
c(ũ1)

(
ũ21 −

5

2

)2

ũ1iũ1j .

Clearly, the term containing velocity gradient vanishes because the corresponding integrand is

an odd function in components of ũ1 and the integration over φ′2 is just 2π in the other term.

Hence

(III) =
Kǫn

π2
2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂rj

∫
dũ1

∫ ∞

ũ2=0
dũ2 ũ1iũ1jũ

2
2

×
{∫ π

θ′2=0
dθ′2 sin θ′2(ũ

2
1 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1/2

}
e−(ũ2

1+ũ2
2) Φ̂e(ũ2)Φ̂

2
c(ũ1)

(
ũ21 −

5

2

)2

=
Kǫn

π2
2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂rj

∫
dũ1

∫ ∞

ũ2=0
dũ2 ũ1iũ1jũ

2
2R0(ũ1, ũ2) e

−(ũ2
1+ũ2

2) Φ̂e(ũ2)

× Φ̂2
c(ũ1)

(
ũ21 −

5

2

)2

,
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where the function Rn(ũ1, ũ2) is defined as

Rn(ũ1, ũ2) ≡
∫ π

0
dθ′2 sin θ′2 Pn(cos θ

′
2) (ũ

2
1 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1/2

=

∫ 1

−1
dy Pn(y) (ũ

2
1 − 2ũ1ũ2y + ũ22)

1/2
, (4.57)

and Pn(x) is the n
th order Legendre polynomial. The value of Rn(ũ1, ũ2) is (Pekeris 1955):

Rn(ũ1, ũ2) =





2 ũ2
(2n + 1)

[
1

(2n+ 3)

(
ũ2
ũ1

)n+1

− 1

(2n− 1)

(
ũ2
ũ1

)n−1
]
, if ũ1 > ũ2,

2 ũ1
(2n + 1)

[
1

(2n+ 3)

(
ũ1
ũ2

)n+1

− 1

(2n− 1)

(
ũ1
ũ2

)n−1
]
, if ũ2 > ũ1.

(4.58)

Now, using eq. (F.9b), the expression for (III) simplifies to

(III) =
Kǫn

π2
2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂ri

4π

3

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

4
1ũ

2
2

×R0(ũ1, ũ2) e
−(ũ2

1+ũ2
2) Φ̂e(ũ2)Φ̂

2
c(ũ1)

(
ũ21 −

5

2

)2

=
4

3π

(
2

3

) 3
2

ǫnℓΘ1/2∂Θ

∂ri

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

4
1ũ

2
2

×R0(ũ1, ũ2) e
−(ũ2

1+ũ2
2) Φ̂e(ũ2)Φ̂

2
c(ũ1)

(
ũ21 −

5

2

)2

= α6ǫnℓΘ
1/2∂Θ

∂ri
, (4.59)

where

α6 =
8
√
2

9π
√
3

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

4
1ũ

2
2R0(ũ1, ũ2) e

−(ũ2
1+ũ2

2) Φ̂e(ũ2)Φ̂
2
c(ũ1)

(
ũ21 −

5

2

)2

. (4.60)

From eq. (4.58), the value of R0(ũ1, ũ2) is given by

R0(ũ1, ũ2) =





2 ũ22
3ũ1

+ 2ũ1, if ũ1 > ũ2,

2 ũ21
3ũ2

+ 2ũ2, if ũ2 > ũ1.

(4.61)

The integrals in eq. (4.60) have been evaluated numerically. The result is α6 ≈ 0.0025. Using

eq. (G.1b), the fourth part of eq. (4.49) reads

(IV ) =
ǫn

2π3

(
2Θ

3

) 3
2
∫

dũ1dũ2 ũ12 e
−(ũ2

1+ũ2
2) ΦK(ũ2)ϕ

(1)
1 (ũ1)Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i.
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Substituting the explicit forms of ΦK and ϕ
(1)
1 and using eq. (F.3),

(IV ) =
ǫn

2π3

(
2Θ

3

)3
2
∫

dũ1dũ2 ũ12 e
−(ũ2

1+ũ2
2) Φ̂e(ũ1)Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

×
[
2K

2Θ

3g
Φ̂v(ũ2)ũ2j ũ2k

(
3

2Θ

) 1
2 ∂Vj
∂rk

+K
2Θ

3g
Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2j

∂ lnΘ

∂rj

]
.

The integration over ũ2 is performed in a (rotated) spherical coordinate system (ũ2, θ
′
2, φ

′
2)

described in part (III) of QKǫ
i3

such that ũ1 · ũ2 = ũ1ũ2 cos θ
′
2, i.e.,

(IV ) =
Kǫn

π3
2Θ

3g

2Θ

3

∂Vj
∂rk

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2

× (ũ21 − 2ũ1ũ2 cos θ
′
2 + ũ22)

1
2 e−(ũ2

1+ũ2
2) Φ̂e(ũ1)Φ̂c(ũ1)Φ̂v(ũ2)

(
ũ21 −

5

2

)
ũ1iũ2jũ2k

+
Kǫn

2π3
2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂rj

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2

× (ũ21 − 2ũ1ũ2 cos θ
′
2 + ũ22)

1
2 e−(ũ2

1+ũ2
2) Φ̂e(ũ1)Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)
ũ1iũ2j .

Note that the components of ũ2 are the only functions of φ′2 (see Appendix H). Hence, the

integrations over φ′2 result into (cf. eqs. (H.18) and (H.6) respectively)

(IV ) =
Kǫn

π3
2Θ

3g

2Θ

3

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ

2
2 sin θ

′
2(ũ

2
1 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1
2 e−(ũ2

1+ũ2
2)

× Φ̂e(ũ1)Φ̂c(ũ1)Φ̂v(ũ2)

(
ũ21 −

5

2

)
ũ1i × π

ũ22
ũ21

∂Vj
∂rk

ũ1j ũ1k(3 cos
2 θ′2 − 1)

+
Kǫn

2π3
2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂rj

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ

2
2 sin θ

′
2(ũ

2
1 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1
2

× e−(ũ2
1+ũ2

2) Φ̂e(ũ1)Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)
ũ1i × 2π

ũ2
ũ1
ũ1j cos θ

′
2.

Clearly, the term containing velocity gradient vanishes because the corresponding integrand is

an odd function in components of ũ1. Hence

(IV ) =
Kǫn

π2
2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂rj

∫
dũ1

∫ ∞

ũ2=0
dũ2

1

ũ1
ũ1iũ1j ũ

3
2

×
{∫ π

θ′2=0
dθ′2 sin θ′2 cos θ

′
2(ũ

2
1 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1
2

}

× e−(ũ2
1+ũ2

2) Φ̂e(ũ1)Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)

=
Kǫn

π2
2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂rj

∫
dũ1

∫ ∞

ũ2=0
dũ2

1

ũ1
ũ1iũ1j ũ

3
2

×R1(ũ1, ũ2) e
−(ũ2

1+ũ2
2) Φ̂e(ũ1)Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)
.
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Using eq. (F.9b),

(IV ) =
Kǫn

π2
2Θ

3g

(
2Θ

3

) 3
2 ∂ lnΘ

∂ri

4π

3

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2

1

ũ1
ũ41ũ

3
2R1(ũ1, ũ2)

× e−(ũ2
1+ũ2

2) Φ̂e(ũ1)Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)

=
4

3π

(
2

3

) 3
2

ǫnℓΘ1/2 ∂Θ

∂ri

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

3
1ũ

3
2R1(ũ1, ũ2) e

−(ũ2
1+ũ2

2)

× Φ̂e(ũ1)Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)

= α7 ǫnℓΘ
1/2∂Θ

∂ri
, (4.62)

where

α7 =
8
√
2

9π
√
3

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

3
1ũ

3
2R1(ũ1, ũ2) e

−(ũ2
1+ũ2

2)

× Φ̂e(ũ1)Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)
. (4.63)

From eq. (4.58), the value of R1(ũ1, ũ2) is given by

R1(ũ1, ũ2) =





2 ũ32
15ũ21

− 2

3
ũ2, if ũ1 > ũ2,

2 ũ31
15ũ22

− 2

3
ũ1, if ũ2 > ũ1.

(4.64)

The integrals in eq. (4.63) have been evaluated numerically. The result is α7 ≈ −0.0006. Sum-

ming all the contributions to QKǫ
i , one obtains

QKǫ
i = −ǫκ̃1nℓΘ1/2∂Θ

∂ri
− ǫτ̃1ℓΘ3/2 ∂n

∂ri
(4.65)

where κ̃1 ≈ 0.1078 and τ̃1 ≈ 0.2110. Eq. (4.65) can be written in another form to get

QKǫ
i = −κ1

∂Θ

∂ri
− λ1

∂n

∂ri
, (4.66)

where κ1 ≈ 0.1078ǫnℓΘ1/2 and λ1 ≈ 0.2110ǫℓΘ3/2. Heat flux has a non Fourier term propor-

tional to density gradient at this order and this term is zero in case of elastic particles.

Pressure Tensor

From eq. (2.28), the contribution of ΦKǫ to the pressure tensor is given by

PKǫ
ij =

2nΘ

3π3/2

∫
dũ ũiũj e

−ũ2
ΦKǫ =

2ǫnΘ

3π3/2

∫
dũ e−ũ2

(
ũiũj + ũj ũi

2
− 1

3
ũ2δij

)
ϕ
(1)
K .

The second equality in the above equation results from the orthogonality of ΦKǫ to ũ
2, which is∫

dũ f̃0(ũ)ũ
2ΦKǫ = 0 (cf. eq. (2.18)). Noting that the quantity in brackets in the above integral
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is ũiũj and using eq. (3.20), one can write

PKǫ
ij =

2ǫnΘ

3π3/2

∫
dũ e−ũ2

L̃

[
Φ̂v(ũ)ũiũj

]
ϕ
(1)
K ,

and using the fact that L̃ is self-adjoint with e−ũ2
serving as a weight function (see §4.1), the

above equation changes to

PKǫ
ij =

2ǫnΘ

3π3/2

∫
dũ e−ũ2

Φ̂v(ũ)ũiũj L̃ (ϕ
(1)
K ). (4.67)

Substituting the value of L̃ (ϕ
(1)
K ) from eq. (4.23), the above equation changes to

PKǫ
ij =

2ǫnΘ

3π3/2

∫
dũ Φ̂v(ũ)ũiũj e

−ũ2
{
S̃K − Ξ̃(ΦK)− Λ̃(ΦK)− Ω̃(ΦK , ϕ

(1)
1 )
}

≡ PKǫ
ij1

+ PKǫ
ij2

+ PKǫ
ij3
, (let) (4.68)

where

PKǫ
ij1

=
2ǫnΘ

3π3/2

∫
dũ Φ̂v(ũ)ũiũj e

−ũ2
S̃K , (4.69)

PKǫ
ij2

= −2ǫnΘ

3π3/2

∫
dũ Φ̂v(ũ)ũiũj e

−ũ2
{
Ξ̃(ΦK) + Λ̃(ΦK)

}
, (4.70)

PKǫ
ij3

= −2ǫnΘ

3π3/2

∫
dũ Φ̂v(ũ)ũiũj e

−ũ2
Ω̃(ΦK , ϕ

(1)
1 ). (4.71)

Substituting the explicit form of S̃K from eq. (4.22) into eq. (4.69), we have

PKǫ
ij1

=
2ǫnΘ

3π3/2

(
K

2Θ

3g

)∫
dũ Φ̂v(ũ)ũiũj e

−ũ2

×
[
4

3

{(
2

π

)1
2 (
Φ̂′
v(ũ)ũ

2 − Φ̂v(ũ)(ũ
2 − 3)

)
+

3

2

{
Φ̂e(ũ)− Φ̂′

e(ũ)
}}

ũkũl

(
3

2Θ

)1
2 ∂Vk
∂rl

+

{
Φ̂e(ũ)

(
ũ2 − 5

2

)
− Φ̂′

e(ũ)(ũ
2 − 1) +

2

3

(
2

π

)1
2

(
Φ̂′
c(ũ)ũ

2

(
ũ2 − 5

2

)
− Φ̂c(ũ)

×
(
ũ4 − 5ũ2 +

15

4

))}
ũk
∂ lnΘ

∂rk
+

{
Φ̂′
e(ũ)−

2

3

(
2

π

)1
2

Φ̂c(ũ)

(
ũ2 − 5

2

)}
ũk
∂ lnn

∂rk

]
.

Clearly, the terms containing number density gradient and temperature gradient vanish upon

integration beacuse the corresponding integrands are odd functions in components of ũ. Using

eq. (F.3) in the term containing velocity gradient, above equation reduces to

PKǫ
ij1

=
4ǫn

3π3/2

(
K

2Θ

3g

)(
2Θ

3

) 1
2 ∂Vk
∂rl

∫
dũ Φ̂v(ũ)ũiũjũkũl e

−ũ2

×
[(

2

π

)1
2 (
Φ̂′
v(ũ)ũ

2 − Φ̂v(ũ)(ũ
2 − 3)

)
+

3

2

{
Φ̂e(ũ)− Φ̂′

e(ũ)
}]

.
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Using eq. (F.12), we get

PKǫ
ij1

=
4ǫn

3π3/2

(
K

2Θ

3g

)(
2Θ

3

)1
2 8π

15

∂Vi
∂rj

∫ ∞

0
dũ Φ̂v(ũ)ũ

6 e−ũ2

×
[(

2

π

)1
2 (
Φ̂′
v(ũ)ũ

2 − Φ̂v(ũ)(ũ
2 − 3)

)
+

3

2

{
Φ̂e(ũ)− Φ̂′

e(ũ)
}]

= ζ1ǫnℓΘ
1/2∂Vi

∂rj
, (4.72)

where

ζ1 =
32

45

(
2

3π

)1
2
∫ ∞

0
dũ ũ6Φ̂v(ũ) e

−ũ2

×
[(

2

π

)1
2 (
Φ̂′
v(ũ)ũ

2 − Φ̂v(ũ)(ũ
2 − 3)

)
+

3

2

{
Φ̂e(ũ)− Φ̂′

e(ũ)
}]

. (4.73)

The integral in eq. (4.73) has been evaluated numerically. The result is ζ1 ≈ −0.0942. The

second term contributing to PKǫ
ij is given by eq. (4.70). Substituting the values of Ξ̃ and Λ̃ from

eqs. (2.39) and (2.40) respectively, in eq. (4.70), we get

PKǫ
ij2

= −2ǫnΘ

3π4

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12)

(
1− 1

2
(k̂ · ũ12)

2
)
e−(ũ2

1+ũ2
2)

×
(
ΦK(ũ′

1) + ΦK(ũ′
2)
)
Φ̂v(ũ1)ũ1iũ1j

− 2ǫnΘ

3π4
lim
ǫ→0

∂

∂ǫ

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2)

×
(
ΦK(ũ′

1) + ΦK(ũ′
2)
)
Φ̂v(ũ1)ũ1iũ1j .

Following a similar procedure as in the derivation of QKǫ
i2

, we get

PKǫ
ij2

= −2ǫnΘ

3π4
lim
ǫ→0

∂

∂ǫ

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2)

×
(
ΦK(ũ1) + ΦK(ũ2)

)
Φ̂v(ũ

′
1)ũ

′
1iũ

′
1j . (4.74)

Note that, in eq. (4.74), the non-primed velocities are now precollisional velocities and the

primed velocities are now postcollisional velocities. To simplify the integral in eq. (4.74) further,

we use the property of delta function, i.e.,

∫
dũ δ(ũ− ũ′

1)Φ̂v(ũ) ũiũj = Φ̂v(ũ
′
1) ũ

′
1iũ

′
1j .

Since ũ′
1 is the postcollisional velocity here, hence using eq. (2.1a), the above equation can be

written as ∫
dũ δ

(
ũ− ũ1 + q(k̂ · ũ12)k̂

)
Φ̂v(ũ) ũiũj = Φ̂v(ũ

′
1) ũ

′
1iũ

′
1j ,

where q = 1+e
2 . Substituting this in eq. (4.74), we get
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PKǫ
ij2

= −2ǫnΘ

3π4
lim
ǫ→0

∂

∂ǫ

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2)
(
ΦK(ũ1) + ΦK(ũ2)

)

×
∫
dũ δ

(
ũ− ũ1 + q(k̂ · ũ12)k̂

)
Φ̂v(ũ) ũiũj

= −2ǫnΘ

3π4
lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2)
(
ΦK(ũ1) + ΦK(ũ2)

)
Φ̂v(ũ) ũiũj Iδ, (4.75)

where Iδ is given in eq. (4.34). The integral in eq. (4.75) is then split into two parts. The first

part is

(I) = −2ǫnΘ

3π4
lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) ΦK(ũ1)Φ̂v(ũ) ũiũj Iδ,

= − ǫn
π4

2Θ

3
lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) Φ̂v(ũ) ũiũj Iδ,

×
[
2K

2Θ

3g
Φ̂v(ũ1)ũ1kũ1l

(
3

2Θ

) 1
2 ∂Vk
∂rl

+K
2Θ

3g
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1k

∂ lnΘ

∂rk

]
. (4.76)

Replacing ũ1 by ũ− s̃ in the above equation and using eq. (F.3), we get

(I) = −2Kǫn

π4
2Θ

3g

(
2Θ

3

) 1
2 ∂Vk
∂rl

lim
ǫ→0

∂

∂ǫ

∫
ds̃dũ2dũ e−(ũ−s̃)2−ũ2

2 Φ̂v(ũ)ũiũj Iδ

× Φ̂v(|ũ− s̃|)(ũk − s̃k)(ũl − s̃l)

− Kǫn

π4
2Θ

3g

2Θ

3

∂ lnΘ

∂rk
lim
ǫ→0

∂

∂ǫ

∫
ds̃dũ2dũ e−(ũ−s̃)2−ũ2

2 Φ̂v(ũ)ũiũj Iδ

× Φ̂c(|ũ− s̃|)
(
(ũ− s̃)2 − 5

2

)
(ũk − s̃k).

Following exactly similar procedure as in the derivation of QKǫ
i2

, we have

∫
dũ2 e

−ũ2
2 Iδ =

2π

q2s̃

∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ s̃·ũ
s̃

∣

∣

∣

ũ2 e
−ũ2

2 dũ2 =
π

q2s̃
e
−
(

(1−q)
q

s̃+ s̃·ũ
s̃

)2

. (4.77)

Therefore

(I) = −2Kǫn

π3
2Θ

3g

(
2Θ

3

) 1
2 ∂Vk
∂rl

lim
ǫ→0

∂

∂ǫ

1

q2

∫
ds̃dũ

1

s̃
e−(ũ−s̃)2 Φ̂v(ũ)Φ̂v(|ũ− s̃|)

× ũiũj(ũk − s̃k)(ũl − s̃l) e−
(

(1−q)
q

s̃+ s̃·ũ
s̃

)2

− Kǫn

π3
2Θ

3g

2Θ

3

∂ lnΘ

∂rk
lim
ǫ→0

∂

∂ǫ

1

q2

∫
ds̃dũ

1

s̃
e−(ũ−s̃)2 Φ̂v(ũ)Φ̂c(|ũ− s̃|)

×
(
(ũ− s̃)2 − 5

2

)
ũiũj(ũk − s̃k) e−

(

(1−q)
q

s̃+ s̃·ũ
s̃

)2

.

The integrations over s̃ are performed in a (rotated) spherical coordinate system (s̃, θ′, φ′) de-

scribed in part (I) of QKǫ
i2

such that s̃ · ũ = s̃ũ cos θ′, i.e.,
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(I) = −2Kǫn

π3
2Θ

3g

(
2Θ

3

)1
2 ∂Vk
∂rl

lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0

∫ 2π

φ′=0
dφ′dθ′ds̃ s̃2 sin θ′

× 1

s̃
e−(ũ2−2ũs̃ cos θ′+s̃2) Φ̂v(ũ) Φ̂v

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)

× ũiũj(ũk − s̃k)(ũl − s̃l) e−
(

(1−q)
q

s̃+ũ cos θ′
)2

− Kǫn

π3
2Θ

3g

2Θ

3

∂ lnΘ

∂rk
lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0

∫ 2π

φ′=0
dφ′dθ′ds̃ s̃2 sin θ′

× 1

s̃
e−(ũ2−2ũs̃ cos θ′+s̃2) Φ̂v(ũ)Φ̂c

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)(

ũ2 − 2ũs̃ cos θ′ + s̃2 − 5

2

)

× ũiũj(ũk − s̃k) e−
(

(1−q)
q

s̃+ũ cos θ′
)2

.

Note that the components of s̃ are the only functions of φ′ (see Appendix H). Hence, using

eqs. (H.19) and (H.6) respectively, we get

(I) = −2Kǫn

π3
2Θ

3g

(
2Θ

3

) 1
2

lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0
dθ′ds̃ s̃ sin θ′

× e−(ũ2−2ũs̃ cos θ′+s̃2) Φ̂v(ũ) Φ̂v

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)

× ũiũj
[
2π

1

ũ2
∂Vk
∂rl

ũkũl

{
ũ2 − 2ũs̃ cos θ′ +

1

2
s̃2(3 cos2 θ′ − 1)

}]
e
−
(

(1−q)
q

s̃+ũ cos θ′
)2

− Kǫn

π3
2Θ

3g

2Θ

3

∂ lnΘ

∂rk
lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0
dθ′ds̃ s̃ sin θ′

× e−(ũ2−2ũs̃ cos θ′+s̃2) Φ̂v(ũ)Φ̂c

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)(

ũ2 − 2ũs̃ cos θ′ + s̃2 − 5

2

)

× ũiũj
(
2πũk − 2π

s̃

ũ
ũk cos θ

′
)
e
−
(

(1−q)
q

s̃+ũ cos θ′
)2

.

Clearly, the term containing temperature gradient vanishes because the corresponding integrand

is an odd function in components of ũ and let cos θ′ = y. Therefore

(I) = −4Kǫn

π2
2Θ

3g

(
2Θ

3

)1
2 ∂Vk
∂rl

lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ 1

y=−1
dyds̃

s̃

ũ2
ũiũj ũkũl

×
{
ũ2 − 2ũs̃y +

1

2
s̃2(3y2 − 1)

}
Φ̂v

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂v(ũ)

× e−(ũ2−2ũs̃y+s̃2) e
−
(

(1−q)
q

s̃+ũy
)2

.

Using eq. (F.12), the integration over ũ results into

(I) = −4Kǫn

π2
2Θ

3g

(
2Θ

3

) 1
2 ∂Vi
∂rj

8π

15
lim
ǫ→0

∂

∂ǫ

1

q2

∫ ∞

ũ=0
dũ

∫ ∞

s̃=0

∫ 1

y=−1
dyds̃

s̃

ũ2
ũ6

×
{
ũ2 − 2ũs̃y +

1

2
s̃2(3y2 − 1)

}
Φ̂v

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂v(ũ)

× e−(ũ2−2ũs̃y+s̃2) e
−
(

(1−q)
q

s̃+ũy
)2
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or

(I) = − 32

15π

(
2

3

) 1
2

ǫnℓΘ1/2∂Vi
∂rj

lim
ǫ→0

∂

∂ǫ

1

q2

∫ ∞

s̃=0
ds̃

∫ ∞

ũ=0
dũ

∫ 1

y=−1
dy s̃ũ4

×
{
ũ2 − 2ũs̃y +

1

2
s̃2(3y2 − 1)

}
Φ̂v

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂v(ũ)

× e−(ũ2−2ũs̃y+s̃2) e
−
(

(1−q)
q

s̃+ũy
)2

. (4.78)

Using eq. (4.37),

(I) = − 16
√
2

15π
√
3
ǫnℓΘ1/2∂Vi

∂rj

∫ ∞

s̃=0
ds̃

∫ ∞

ũ=0
dũ

∫ 1

y=−1
dy s̃ũ4

{
ũ2 − 2s̃ũy +

1

2
s̃2(3y2 − 1)

}

× (1− s̃ũy)Φ̂v

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂v(ũ) e

−(ũ2−2ũs̃y+s̃2) e−ũ2y2

= ζ2 ǫnℓΘ
1/2∂Vi

∂rj
, (4.79)

where

ζ2 = −
16
√
2

15π
√
3

∫ ∞

s̃=0
ds̃

∫ ∞

ũ=0
dũ

∫ 1

y=−1
dy s̃ũ4

{
ũ2 − 2s̃ũy +

1

2
s̃2(3y2 − 1)

}

× (1− s̃ũy)Φ̂v

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂v(ũ) e

−(ũ2−2ũs̃y+s̃2) e−ũ2y2 . (4.80)

The integrals in eq. (4.80) have been evaluated numerically. The result is ζ2 ≈ −0.1349. The

second part of PKǫ
ij2

is

(II) = −2ǫnΘ

3π4
lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) ΦK(ũ2)Φ̂v(ũ) ũiũj Iδ,

= −2ǫnΘ

3π4
lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) Φ̂v(ũ) ũiũj Iδ,

×
[
2K

2Θ

3g
Φ̂v(ũ2)ũ2kũ2l

(
3

2Θ

) 1
2 ∂Vk
∂rl

+K
2Θ

3g
Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2k

∂ lnΘ

∂rk

]
. (4.81)

Replacing ũ1 by ũ− s̃ in the above equation and using eq. (F.3), we get

(II) = −2Kǫn

π4
2Θ

3g

(
2Θ

3

) 1
2 ∂Vk
∂rl

lim
ǫ→0

∂

∂ǫ

∫
ds̃dũ2dũ e−(ũ−s̃)2 Φ̂v(ũ)ũiũj e

−ũ2
2 Φ̂v(ũ2)ũ2kũ2lIδ

− Kǫn

π4
2Θ

3g

2Θ

3

∂ lnΘ

∂rk
lim
ǫ→0

∂

∂ǫ

∫
ds̃dũ2dũ e−(ũ−s̃)2 Φ̂v(ũ)ũiũj e

−ũ2
2 Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2kIδ.

(4.82)

The functions depending on ũ2 in the integrands of eq. (4.82) are exactly similar to the functions

depending on ũ2 in the integrands of eq. (4.41) (except for the indices names). Therefore the

integrations over ũ2 are carried out by following a similar procedure as given below eq. (4.41).
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Finally, we get (cf. eq. (4.42))

(II) = −2Kǫn

π4
2Θ

3g

(
2Θ

3

) 1
2 ∂Vk
∂rl

lim
ǫ→0

∂

∂ǫ

π

q2

∫
ds̃dũ e−(ũ−s̃)2 Φ̂v(ũ)ũiũj

× s̃ks̃l
s̃3

∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ s̃·ũ
s̃

∣

∣

∣

dũ2 ũ
3
2 e

−ũ2
2 Φ̂v(ũ2)

{
3

(
(1− q)
q

s̃

ũ2
+

s̃ · ũ
s̃ũ2

)2

− 1

}

− Kǫn

π4
2Θ

3g

2Θ

3

∂ lnΘ

∂rk
lim
ǫ→0

∂

∂ǫ

2π

q2

∫
ds̃dũ e−(ũ−s̃)2 Φ̂v(ũ)ũiũj

× s̃k
s̃2

∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ s̃·ũ
s̃

∣

∣

∣

dũ2 ũ
2
2 e

−ũ2
2 Φ̂c(ũ2)

(
ũ22 −

5

2

)(
(1− q)
q

s̃

ũ2
+

s̃ · ũ
s̃ũ2

)
. (4.83)

The integrations over s̃ are performed in a (rotated) spherical coordinate system (s̃, θ′, φ′) de-

scribed in part (I) of QKǫ
i2

such that s̃ · ũ = s̃ũ cos θ′, i.e.,

(II) = −2Kǫn

π3
2Θ

3g

(
2Θ

3

) 1
2 ∂Vk
∂rl

lim
ǫ→0

∂

∂ǫ

1
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∫
dũ

∫ ∞
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1
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×
∫ ∞

ũ2=
∣

∣

∣

(1−q)
q
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∣
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2 Φ̂v(ũ2)

{
3

(
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q
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}

− 2Kǫn

π3
2Θ

3g

2Θ

3

∂ lnΘ

∂rk
lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ
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1
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×
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(
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2

)(
(1− q)
q

s̃+ ũ cos θ′
)
.

Note that the components of s̃ are the only functions of φ′ (see Appendix H). Hence, using

eqs. (H.18) and (H.6) respectively, we get

(II) = −2Kǫn

π3
2Θ

3g

(
2Θ

3

) 1
2

lim
ǫ→0
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3

∂ lnΘ
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ũ
ũk cos θ

′
)

1
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×
∫ ∞
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∣

∣

∣
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q
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∣

∣

∣
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(
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5

2

)(
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q

s̃+ ũ cos θ′
)
.
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Clearly, the term containing temperature gradient vanishes because the corresponding integrand

is an odd function in components of ũ and let cos θ′ = y. Therefore

(II) = −2Kǫn

π2
2Θ

3g

(
2Θ

3

) 1
2 ∂Vk
∂rl

lim
ǫ→0

∂
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1
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∫ ∞
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}
.

Using eq. (F.12), the integration over ũ results into

(II) = −2Kǫn
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(
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)1
2 8π
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ũ6(3y2 − 1)Φ̂v(ũ)
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.

Let us replace ũ22 by ũ22 +
(
(1−q)

q s̃+ ũy
)2

. This shift results into

(II) = −16Kǫn

15π
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dũ

∫ ∞

s̃=0

∫ 1

y=−1
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or
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ũ22 +

(
(1− q)
q

s̃+ ũy
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. (4.84)

The differentiation with respect to ǫ at ǫ = 0 is carried out next. Note that q → 1 as ǫ→ 0. Let

lim
ǫ→0

∂

∂ǫ


 1

q2
Φ̂v



{
ũ22 +
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)2
− ũ22
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 = B.
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B = lim
ǫ→0

(
− 2
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∂ǫ
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Here prime on Φ̂v denotes the differentiation with respect to square of its argument. Noting

that lim
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ũys̃ Φ̂v

(
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+2ũys̃Φ̂v

(
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1− ũys̃



1−

Φ̂′
v

(
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1/2
)
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Hence
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1/2
)

Φ̂v

(
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Substituting the values of integrations over s̃ from eqs. (4.44a) and (4.44b) in the expression of

(II), we get
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∫ ∞
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(1 + 2ũ2y2) eũ
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, (4.85)

where
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2+ũ2y2) . (4.86)

The integrals in eq. (4.86) have been evaluated numerically. The result is ζ3 ≈ 0.1094. The

third contribution to PKǫ
ij is given by eq. (4.71). Substituting the value of Ω̃ from eq. (2.38) in

eq. (4.71), one obtains

PKǫ
ij3

= −2ǫnΘ
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dũ1dũ2dk̂ (k̂ · ũ12) e
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2)ϕ

(1)
1 (ũ′
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(1)
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1 (ũ1)}. (4.87)

In eq. (4.87), the velocity transformation corresponds to the elastic limit. Following a similar

procedure as in the derivation of QKǫ
i3

, one obtains
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1 (ũ2) + ΦK(ũ2)ϕ

(1)
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where I
(0)
δ is given in eq. (4.48). The term PKǫ

ij3
is split into four parts. The first part is
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2 ∂Vk
∂rl

+K
2Θ

3g
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1k

∂ lnΘ

∂rk

]
. (4.89)

Note that except for the extra term Φ̂e(ũ2) and the above definition of I
(0)
δ , the integrand in

eq. (4.89) is similar to that in eq. (4.76). Replacing ũ1 by ũ− s̃ in the above equation and using

eq. (F.3), one can write

(I) = −2Kǫn

π4
2Θ

3g

(
2Θ

3

) 1
2 ∂Vk
∂rl

∫
ds̃dũ2dũ e−(ũ−s̃)2−ũ2

2 Φ̂e(ũ2)Φ̂v(ũ)ũiũj I
(0)
δ

× Φ̂v(|ũ− s̃|)(ũk − s̃k)(ũl − s̃l)

− Kǫn

π4
2Θ

3g

2Θ

3

∂ lnΘ

∂rk

∫
ds̃dũ2dũ e−(ũ−s̃)2−ũ2

2 Φ̂e(ũ2)Φ̂v(ũ)ũiũj I
(0)
δ

× Φ̂c(|ũ− s̃|)
(
(ũ− s̃)2 − 5

2

)
(ũk − s̃k).

The integral over ũ2 is given in eq. (4.51). Hence using eq. (4.51), we get

(I) = −2Kǫn

π4
2Θ

3g

(
2Θ

3

) 1
2 ∂Vk
∂rl

∫
ds̃dũ

2π

s̃

∫ ∞

ũ2=0
dũ2 ũ2 Φ̂e



{
ũ22 +

(
s̃ · ũ
s̃

)2
}1/2




× e
−
{

ũ2
2+(

s̃·ũ
s̃ )

2
}

e−(ũ−s̃)2 Φ̂v(ũ)ũiũjΦ̂v(|ũ− s̃|)(ũk − s̃k)(ũl − s̃l)

− Kǫn

π4
2Θ

3g

2Θ

3

∂ lnΘ

∂rk

∫
ds̃dũ

2π

s̃

∫ ∞

ũ2=0
dũ2 ũ2 Φ̂e



{
ũ22 +

(
s̃ · ũ
s̃

)2
}1/2




× e
−
{

ũ2
2+(

s̃·ũ
s̃ )

2
}

e−(ũ−s̃)2 Φ̂v(ũ)ũiũjΦ̂c(|ũ− s̃|)
(
(ũ− s̃)2 − 5

2

)
(ũk − s̃k).

The integrations over s̃ and ũ are performed by following a similar procedure as performed

following eq. (4.76). Finally, we get (cf. eq. (4.78))

(I) = − 64

15π
ǫnℓ

(
2Θ

3

) 1
2 ∂Vi
∂rj

∫ ∞

s̃=0
ds̃

∫ ∞

ũ=0
dũ

∫ ∞

ũ2=0
dũ2

∫ 1

y=−1
dy ũ2s̃ũ

4 e−(ũ2−2ũs̃y+s̃2) Φ̂v(ũ)

× Φ̂v

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂e

(
(ũ22 + ũ2y2)

1/2
){

ũ2 − 2s̃ũy +
1

2
s̃2(3y2 − 1)

}
e−(ũ2

2+ũ2y2)

= ζ4 ǫnℓΘ
1/2∂Vi

∂rj
, (4.90)

where

ζ4 = −
64
√
2

15π
√
3

∫ ∞

s̃=0
ds̃

∫ ∞

ũ=0
dũ

∫ ∞

ũ2=0
dũ2

∫ 1

y=−1
dy ũ2s̃ũ

4

{
ũ2 − 2s̃ũy +

1

2
s̃2(3y2 − 1)

}

× Φ̂v

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂e

(
(ũ22 + ũ2y2)

1/2
)
Φ̂v(ũ) e

−(ũ2−2ũs̃y+s̃2) e−(ũ2
2+ũ2y2) . (4.91)



68 Chapter 4. Constitutive Relations at Second-order in small parameters

The integrals in eq. (4.91) have been evaluated numerically. The result is ζ4 ≈ 0.0014. The

second part of eq. (4.88) is

(II) = −2ǫnΘ

3π4

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) ΦK(ũ2)ϕ

(1)
1 (ũ1) Φ̂v(ũ)ũiũjI

(0)
δ

= −2ǫnΘ

3π4

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) Φ̂e(ũ1)Φ̂v(ũ)ũiũjI

(0)
δ

×
[
2K

2Θ

3g
Φ̂v(ũ2)ũ2kũ2l

(
3

2Θ

) 1
2 ∂Vk
∂rl

+K
2Θ

3g
Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2k

∂ lnΘ

∂rk

]
. (4.92)

Note that except for the extra term Φ̂e(ũ1) and the above definition of I
(0)
δ , the integrand in

eq. (4.92) is similar to the one in eq. (4.81). Therefore, the above equation is simplified by

following a similar procedure as performed following eq. (4.81). Finally, we get (cf. eq. (4.84))

(II) = −16Kǫn

15π

2Θ

3g

(
2Θ

3

)1
2 ∂Vi
∂rj

∫ ∞

s̃=0
ds̃

∫ ∞

ũ=0
dũ

∫ ∞

ũ2=0
dũ2

∫ 1

y=−1
dy s̃ũ2ũ

4(3y2 − 1) Φ̂v(ũ)

× Φ̂v

(
(ũ22 + ũ2y2)

1/2
)
Φ̂e

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
(2ũ2y2 − ũ22) e−(ũ2−2ũs̃y+s̃2) e−(ũ2

2+ũ2y2)

= ζ5 ǫnℓΘ
1/2∂Vi

∂rj
, (4.93)

where

ζ5 = −
16
√
2

15π
√
3

∫ ∞

s̃=0
ds̃

∫ ∞

ũ=0
dũ

∫ ∞

ũ2=0
dũ2

∫ 1

y=−1
dy s̃ũ2ũ

4(3y2 − 1)(2ũ2y2 − ũ22)

× Φ̂e

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂v

(
(ũ22 + ũ2y2)

1/2
)
Φ̂v(ũ) e

−(ũ2−2ũs̃y+s̃2) e−(ũ2
2+ũ2y2) . (4.94)

The integrals in eq. (4.94) have been evaluated numerically. The result is ζ5 ≈ 0.0014. In the

third and fourth part of eq. (4.88), the integration over k̂ is trivial. Hence, using eq. (G.1b), the

third part of eq. (4.88) reads

(III) =
2ǫnΘ

3π3

∫
dũ1dũ2 ũ12 e

−(ũ2
1+ũ2

2) ΦK(ũ1)ϕ
(1)
1 (ũ2)Φ̂v(ũ1)ũ1iũ1j .

Substituting the explicit forms of ΦK and ϕ
(1)
1 and using eq. (F.3),

(III) =
2ǫnΘ

3π3

∫
dũ1dũ2 ũ12 e

−(ũ2
1+ũ2

2) Φ̂e(ũ2)Φ̂v(ũ1)ũ1iũ1j

×
[
2K

2Θ

3g
Φ̂v(ũ1)ũ1kũ1l

(
3

2Θ

) 1
2 ∂Vk
∂rl

+K
2Θ

3g
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1k

∂ lnΘ

∂rk

]
.
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The integration over ũ2 is performed in a (rotated) spherical coordinate system (ũ2, θ
′
2, φ

′
2)

described in part (III) of QKǫ
i3

such that ũ1 · ũ2 = ũ1ũ2 cos θ
′
2, i.e.,

(III) =
2

π3
ǫn

(
K

2Θ

3g

)(
2Θ

3

) 1
2 ∂Vk
∂rl

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2

× ũ1iũ1j ũ1kũ1l(ũ21 − 2ũ1ũ2 cos θ
′
2 + ũ22)

1/2
e−(ũ2

1+ũ2
2) Φ̂e(ũ2)Φ̂

2
v(ũ1)

+
1

π3
ǫn

(
K

2Θ

3g

)
2Θ

3

∂ lnΘ

∂rk

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2

× ũ1iũ1j ũ1k(ũ21 − 2ũ1ũ2 cos θ
′
2 + ũ22)

1/2
e−(ũ2

1+ũ2
2) Φ̂e(ũ2)Φ̂v(ũ1)Φ̂c(ũ1)

(
ũ21 −

5

2

)
.

Clearly, the term containing temperature gradient vanishes because the corresponding integrand

is an odd function in components of ũ1 and the integration over φ′2 is just 2π in the other term.

Hence

(III) =
4

π2
ǫn

(
K

2Θ

3g

)(
2Θ

3

) 1
2 ∂Vk
∂rl

∫
dũ1

∫ ∞

ũ2=0
dũ2 ũ1iũ1j ũ1kũ1lũ

2
2

×
{∫ π

θ′2=0
dθ′2 sin θ′2(ũ

2
1 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1/2

}
e−(ũ2

1+ũ2
2) Φ̂e(ũ2)Φ̂

2
v(ũ1)

=
4

π2

(
2

3

) 1
2

ǫnℓΘ1/2∂Vk
∂rl

∫
dũ1

∫ ∞

ũ2=0
dũ2 ũ1iũ1j ũ1kũ1lũ

2
2R0(ũ1, ũ2) e

−(ũ2
1+ũ2

2) Φ̂e(ũ2)Φ̂
2
v(ũ1),

where Rn(ũ1, ũ2) is defined in eq. (4.57) and the value of R0(ũ1, ũ2) is given in eq. (4.61). Now,

using eq. (F.12), the expression for (III) simplifies to

(III) =
4
√
2

π2
√
3
ǫnℓΘ1/2 8π

15

∂Vi
∂rj

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

6
1ũ

2
2R0(ũ1, ũ2) e

−(ũ2
1+ũ2

2) Φ̂e(ũ2)Φ̂
2
v(ũ1)

= ζ6 ǫnℓΘ
1/2∂Vi

∂rj
, (4.95)

where

ζ6 =
32
√
2

15π
√
3

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

6
1ũ

2
2R0(ũ1, ũ2) e

−(ũ2
1+ũ2

2) Φ̂2
v(ũ1)Φ̂e(ũ2). (4.96)

The integrals in eq. (4.96) have been evaluated numerically. The result is ζ6 ≈ 0.0016. Using

eq. (G.1b), the fourth part of eq. (4.88) reads

(IV ) =
2ǫnΘ

3π3

∫
dũ1dũ2 ũ12 e

−(ũ2
1+ũ2

2) ΦK(ũ2)ϕ
(1)
1 (ũ1)Φ̂v(ũ1)ũ1iũ1j .

Substituting the explicit forms of ΦK and ϕ
(1)
1 and using eq. (F.3),

(IV ) =
2ǫnΘ

3π3

∫
dũ1dũ2 ũ12 e

−(ũ2
1+ũ2

2) Φ̂e(ũ1)Φ̂v(ũ1)ũ1iũ1j

×
[
2K

2Θ

3g
Φ̂v(ũ2)ũ2kũ2l

(
3

2Θ

)1
2 ∂Vk
∂rl

+K
2Θ

3g
Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2k

∂ lnΘ

∂rk

]
.
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The integration over ũ2 is performed in a (rotated) spherical coordinate system (ũ2, θ
′
2, φ

′
2)

described in part (III) of QKǫ
i3

such that ũ1 · ũ2 = ũ1ũ2 cos θ
′
2, i.e.,

(IV ) =
2

π3
ǫn

(
K

2Θ

3g

)(
2Θ

3

) 1
2 ∂Vk
∂rl

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2

× (ũ21 − 2ũ1ũ2 cos θ
′
2 + ũ22)

1/2
e−(ũ2

1+ũ2
2) Φ̂e(ũ1)Φ̂v(ũ1)Φ̂v(ũ2)ũ1iũ1j ũ2kũ2l

+
1

π3
ǫn

(
K

2Θ

3g

)
2Θ

3

∂ lnΘ

∂rk

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2

× (ũ21 − 2ũ1ũ2 cos θ
′
2 + ũ22)

1/2
e−(ũ2

1+ũ2
2) Φ̂e(ũ1)Φ̂v(ũ1)Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ1iũ1j ũ2k.

Note that the components of ũ2 are the only functions of φ′2 (see Appendix H). Hence, the

integrations over φ′2 result into (cf. eqs. (H.18) and (H.6) respectively)

(IV ) =
2

π3
ǫn

(
K

2Θ

3g

)(
2Θ

3

) 1
2
∫

dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ

2
2 sin θ

′
2(ũ

2
1 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1/2

× e−(ũ2
1+ũ2

2) Φ̂e(ũ1)Φ̂v(ũ1)Φ̂v(ũ2)ũ1iũ1j × π
ũ22
ũ21

∂Vk
∂rl

ũ1kũ1l(3 cos
2 θ′2 − 1)

+
1

π3
ǫn

(
K

2Θ

3g

)
2Θ

3

∂ lnΘ

∂rk

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ

2
2 sin θ

′
2(ũ

2
1 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1/2

× e−(ũ2
1+ũ2

2) Φ̂e(ũ1)Φ̂v(ũ1)Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ1iũ1j × 2π

ũ2
ũ1
ũ1k cos θ

′
2.

Clearly, the term containing temperature gradient vanishes because the corresponding integrand

is an odd function in components of ũ1. Thus

(IV ) =
4
√
2

π2
√
3
ǫnℓΘ1/2 ∂Vk

∂rl

∫
dũ1

∫ ∞

ũ2=0
dũ2 ũ1iũ1jũ1kũ1l

ũ42
ũ21

×
[∫ π

θ′2=0
dθ′2 sin θ′2

{
1

2
(3 cos2 θ′2 − 1)

}
(ũ21 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1/2

]

× e−(ũ2
1+ũ2

2) Φ̂e(ũ1)Φ̂v(ũ1)Φ̂v(ũ2)

=
4
√
2

π2
√
3
ǫnℓΘ1/2 ∂Vk

∂rl

∫
dũ1

∫ ∞

ũ2=0
dũ2 ũ1iũ1jũ1kũ1l

ũ42
ũ21

×R2(ũ1, ũ2) e
−(ũ2

1+ũ2
2) Φ̂e(ũ1)Φ̂v(ũ1)Φ̂v(ũ2),

where Rn(ũ1, ũ2) is defined in eq. (4.57). Now, using eq. (F.12), the above equation changes to

(IV ) =
4
√
2

π2
√
3
ǫnℓΘ1/2 8π

15

∂Vi
∂rj

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

6
1

ũ42
ũ21
R2(ũ1, ũ2) e

−(ũ2
1+ũ2

2) Φ̂e(ũ1)Φ̂v(ũ1)Φ̂v(ũ2)

= ζ7 ǫnℓΘ
1/2 ∂Vi

∂rj
, (4.97)

where

ζ7 =
32
√
2

15π
√
3

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

4
1ũ

4
2R2(ũ1, ũ2) e

−(ũ2
1+ũ2

2) Φ̂v(ũ1)Φ̂v(ũ2)Φ̂e(ũ1). (4.98)
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From eq. (4.58), the value of R2(ũ1, ũ2) is given by

R2(ũ1, ũ2) =





2ũ42
35ũ31

− 2ũ22
15ũ1

, if ũ1 > ũ2

2ũ41
35ũ32

− 2ũ21
15ũ2

, if ũ2 > ũ1.

(4.99)

The integrals in eq. (4.98) have been evaluated numerically. The result is ζ7 ≈ −0.0004. Adding
all the contributions to PKǫ

ij , we get

PKǫ
ij = −2ǫµ̃1nℓΘ1/2∂Vi

∂rj
(4.100)

where µ̃1 ≈ 0.0578. Clearly, pressure tensor is Newton’s law of viscosity at this order also.

Collisional Dissipation

Eq. (2.13) implies that the contribution of ΦKǫ to collisional dissipation Γ is of O(Kǫ2). From

eq. (2.34), the contribution of ΦKǫ to collisional dissipation Γ is given by

ΓKǫǫ =
ǫΘ

12π3ℓ

(
2Θ

3

) 1
2
∫

dũ1dũ2 ũ
3
12 e

−(ũ2
1+ũ2

2)

× {ΦKǫ(ũ1) + ΦKǫ(ũ2) + ΦK(ũ1)Φǫ(ũ2) + ΦK(ũ2)Φǫ(ũ1)}.

Again, (similar as above) on interchanging ũ1 and ũ2,

∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) {ΦKǫ(ũ1) + ΦK(ũ1)Φǫ(ũ2)}

=

∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) {ΦKǫ(ũ2) + ΦK(ũ2)Φǫ(ũ1)} .

∴ ΓKǫǫ =
ǫΘ

6π3ℓ

(
2Θ

3

) 1
2

(I1 + I2), (4.101)

where

I1 =

∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) ΦKǫ(ũ1) (4.102)

and

I2 =

∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) ΦK(ũ1)Φǫ(ũ2). (4.103)

First consider eq. (4.102). Using eq. (3.26), I1 can be written as

I1 =

∫
dũ1 e

−ũ2
1 χ(ũ1)ΦKǫ(ũ1) =

∫
dũ e−ũ2

χ(ũ)ΦKǫ(ũ). (4.104)

Since we do not know the explicit form of ΦKǫ, we shall use the self adjoint property of L̃ as

following. The function χ is orthogonal to summational invariant ũ, with f̃0(ũ) = π−3/2 e−ũ2

serving as a weight function, because
∫
dũ f̃0(ũ)χ(ũ)ũi = 0 (since the integrand is an odd function

in components of ũ); but χ is not orthogonal to summational invariants 1 and ũ2 because
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∫
dũ f̃0(ũ)χ(ũ) = 8π

√
2,

∫
dũ f̃0(ũ)χ(ũ)ũ

2 = 18π
√
2,





(4.105)

but one can take advantage of the orthogonality of ΦKǫ to the summational invariants of L̃ and

replace χ in eq. (4.104) by χ̄ ≡ χ + α + βũ2 (where α and β need to be evaluated) so that χ̄

would be orthogonal to all the summational invariants of L̃ , i.e.,

∫
dũ f̃0(ũ)χ̄(ũ) =

∫
dũ f̃0(ũ)χ̄(ũ)ũ

2 = 0. (4.106)

Note that the ortogonality condition with respect to summational invariant ũ will be identically

satisfied because of the same reason as mentioned above. We can evalute α and β by substituting

the value of χ̄ in eq. (4.106) and making use of eq. (4.105) which implies that

8π
√
2 + α

∫
dũ f̃0(ũ) + β

∫
dũ f̃0(ũ)ũ

2 = 0,

18π
√
2 + α

∫
dũ f̃0(ũ)ũ

2 + β

∫
dũ f̃0(ũ)ũ

4 = 0.

The integrals above can be evaluated by changing them to spherical coordinate system. The

result is

8π
√
2 + α+

3

2
β = 0

18π
√
2 +

3

2
α+

15

4
β = 0





⇒ α = −2π
√
2 and β = −4π

√
2.

Hence χ̄(ũ) = χ(ũ)−2π
√
2(1+2ũ2), which is orthogonal to all the summational invariants. Now,

define η̄ as the unique solution of the equation L̃ (η̄) = χ̄. By Fredholm second (uniqueness)

theorem (Harris 2004, Section 6-1), η̄(ũ) is orthogonal to 1 and ũ2, with f̃0(ũ) = π−3/2 e−ũ2

serving as a weight function. The function η̄(ũ) depends on speed ũ alone and has been evaluated

in a similar way as Φ̂e. Hence eq. (4.104) can be written as

I1 =

∫
dũ e−ũ2

χ̄(ũ)ΦKǫ(ũ) =

∫
dũ e−ũ2

L̃ (η̄(ũ))ΦKǫ(ũ) = ǫ

∫
dũ e−ũ2

L̃ (η̄(ũ))ϕ
(1)
K

and using the fact that L̃ is self-adjoint with e−ũ2
serving as a weight function, the above

expression can be written as

I1 = ǫ

∫
dũ e−ũ2

η̄(ũ) L̃ (ϕ
(1)
K ).

Substituting the value of L̃ (ϕ
(1)
K ) from eq. (4.23), the above equation changes to

I1 = ǫ

∫
dũ e−ũ2

η̄(ũ)
{
S̃K − Ξ̃(ΦK)− Λ̃(ΦK)− Ω̃(ΦK , ϕ

(1)
1 )
}

≡ HKǫ
1 +HKǫ

2 +HKǫ
3 , (let) (4.107)
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where

HKǫ
1 = ǫ

∫
dũ e−ũ2

η̄(ũ)S̃K (4.108)

HKǫ
2 = −ǫ

∫
dũ e−ũ2

η̄(ũ)
{
Ξ̃(ΦK) + Λ̃(ΦK)

}
(4.109)

HKǫ
3 = −ǫ

∫
dũ e−ũ2

η̄(ũ) Ω̃(ΦK , ϕ
(1)
1 ) (4.110)

Now we shall simplify HKǫ
1 , HKǫ

2 and HKǫ
3 as following. Substituting the explicit form of S̃K

from eq. (4.22) into eq. (4.108), we see that the terms containing number density gradient and

temperature gradient vanish upon integration beacuse the corresponding integrands are odd

functions in components of ũ. Hence

HKǫ
1 =

4

3
Kǫ

2Θ

3g

(
3

2Θ

) 1
2 ∂Vi
∂rj

∫
dũ e−ũ2

η̄(ũ)ũiũj

×
[(

2

π

)1
2 (
Φ̂′
v(ũ)ũ

2 − Φ̂v(ũ)(ũ
2 − 3)

)
+

3

2

{
Φ̂e(ũ)− Φ̂′

e(ũ)
}]

and using eq. (F.10),

HKǫ
1 = 0. (4.111)

Substituting the values of Ξ̃ and Λ̃ from eqs. (2.39) and (2.40) respectively in eq. (4.109), one

obtains

HKǫ
2 = − ǫ

π5/2

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12)

(
1− 1

2
(k̂ · ũ12)

2
)
e−(ũ2

1+ũ2
2){ΦK(ũ′

1) + ΦK(ũ′
2)}η̄(ũ1)

− ǫ

π5/2
lim
ǫ→0

∂

∂ǫ

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2){ΦK(ũ′
1) + ΦK(ũ′

2)} η̄(ũ1).

Following a similar procedure as in the derivation of QKǫ
i2

, one obtains

HKǫ
2 = − ǫ

π5/2
lim
ǫ→0

∂

∂ǫ

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2){ΦK(ũ1) + ΦK(ũ2)} η̄(ũ′1). (4.112)

Note that, in eq. (4.112), the non-primed velocities are now precollisional velocities and the

primed velocities are now postcollisional velocities. To simplify the integral in eq. (4.112) further,

we use the property of delta function, i.e.,

∫
dũ δ(ũ − ũ′

1) η̄(ũ) = η̄(ũ′1).

Since ũ′
1 is the postcollisional velocity here, hence using eq. (2.1a), the above equation can be

written as ∫
dũ δ

(
ũ− ũ1 + q(k̂ · ũ12)k̂

)
η̄(ũ) = η̄(ũ′1),

where q = 1+e
2 . Substituting this in eq. (4.112), we get

HKǫ
2 = − ǫ

π5/2
lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2){ΦK(ũ1) + ΦK(ũ2)} η̄(ũ)Iδ, (4.113)
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where Iδ is given in eq. (4.34). The integral in eq. (4.113) is then split into two parts. The first

part is

(I) = − ǫ

π5/2
lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) ΦK(ũ1)η̄(ũ)Iδ

= − ǫ

π5/2
lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) η̄(ũ)Iδ

×
[
2K

2Θ

3g
Φ̂v(ũ1)ũ1iũ1j

(
3

2Θ

)1
2 ∂Vi
∂rj

+K
2Θ

3g
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

∂ lnΘ

∂ri

]
. (4.114)

Replacing ũ1 by ũ− s̃ in the above equation and using eq. (F.3), we get

(I) = −2Kǫ

π5/2
2Θ

3g

(
3

2Θ

) 1
2 ∂Vi
∂rj

lim
ǫ→0

∂

∂ǫ

∫
ds̃dũ2dũ e−(ũ−s̃)2−ũ2

2 η̄(ũ)Iδ

× Φ̂v(|ũ− s̃|)(ũi − s̃i)(ũj − s̃j)

− Kǫ

π5/2
2Θ

3g

∂ lnΘ

∂ri
lim
ǫ→0

∂

∂ǫ

∫
ds̃dũ2dũ e−(ũ−s̃)2−ũ2

2 η̄(ũ)Iδ

× Φ̂c(|ũ− s̃|)
(
(ũ− s̃)2 − 5

2

)
(ũi − s̃i).

The integral over ũ2 is given in eq. (4.77). Hence using eq. (4.77), we get

(I) = −2Kǫ

π3/2
2Θ

3g

(
3

2Θ

) 1
2 ∂Vi
∂rj

lim
ǫ→0

∂

∂ǫ

1

q2

∫
ds̃dũ

1

s̃
e−(ũ−s̃)2 η̄(ũ)Φ̂v(|ũ− s̃|)

× (ũi − s̃i)(ũj − s̃j) e−
(

(1−q)
q

s̃+ s̃·ũ
s̃

)2

− Kǫ

π3/2
2Θ

3g

∂ lnΘ

∂ri
lim
ǫ→0

∂

∂ǫ

1

q2

∫
ds̃dũ

1

s̃
e−(ũ−s̃)2 η̄(ũ)Φ̂c(|ũ− s̃|)

×
(
(ũ− s̃)2 − 5

2

)
(ũi − s̃i) e−

(

(1−q)
q

s̃+ s̃·ũ
s̃

)2

.

The integrations over s̃ are performed in a (rotated) spherical coordinate system (s̃, θ′, φ′) de-

scribed in part (I) of QKǫ
i2

such that s̃ · ũ = s̃ũ cos θ′, i.e.,

(I) = −2Kǫ

π3/2
2Θ

3g

(
3

2Θ

) 1
2 ∂Vi
∂rj

lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0

∫ 2π

φ′=0
dφ′dθ′ds̃ s̃2 sin θ′

1

s̃
e−(ũ2−2ũs̃ cos θ′+s̃2)

× η̄(ũ)Φ̂v

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)
(ũi − s̃i)(ũj − s̃j) e−

(

(1−q)
q

s̃+ũ cos θ′
)2

− Kǫ

π3/2
2Θ

3g

∂ lnΘ

∂ri
lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0

∫ 2π

φ′=0
dφ′dθ′ds̃ s̃2 sin θ′

× 1

s̃
e−(ũ2−2ũs̃ cos θ′+s̃2) η̄(ũ)Φ̂c

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)

×
(
ũ2 − 2ũs̃ cos θ′ + s̃2 − 5

2

)
(ũi − s̃i) e−

(

(1−q)
q

s̃+ũ cos θ′
)2

.

Note that the components of s̃ are the only functions of φ′ (see Appendix H). Hence, using

eqs. (H.19) and (H.6) respectively, we get
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(I) = −2Kǫ

π3/2
2Θ

3g

(
3

2Θ

) 1
2

lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0
dθ′ds̃ s̃2 sin θ′

× 1

s̃
e−(ũ2−2ũs̃ cos θ′+s̃2) η̄(ũ)Φ̂v

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)

×
[
2π

1

ũ2
∂Vi
∂rj

ũiũj

{
ũ2 − 2ũs̃ cos θ′ +

1

2
s̃2(3 cos2 θ′ − 1)

}]
e
−
(

(1−q)
q

s̃+ũ cos θ′
)2

− Kǫ

π3/2
2Θ

3g

∂ lnΘ

∂ri
lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0
dθ′ds̃ s̃2 sin θ′

× 1

s̃
e−(ũ2−2ũs̃ cos θ′+s̃2) η̄(ũ)Φ̂c

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)

×
(
ũ2 − 2ũs̃ cos θ′ + s̃2 − 5

2

)(
2πũi − 2π

s̃

ũ
ũi cos θ

′
)
e
−
(

(1−q)
q

s̃+ũ cos θ′
)2

.

Clearly, the term containing temperature gradient vanishes because the corresponding integrand

is an odd function in components of ũ and let cos θ′ = y. Therefore

(I) = −4Kǫ

π1/2
2Θ

3g

(
3

2Θ

)1
2 ∂Vi
∂rj

lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ 1

y=−1
dyds̃ ũiũj

s̃

ũ2
e−(ũ2−2ũs̃y+s̃2)

× η̄(ũ)Φ̂v

(
(ũ2 − 2ũs̃y + s̃2)

1/2
){

ũ2 − 2ũs̃y +
1

2
s̃2(3y2 − 1)

}
e
−
(

(1−q)
q

s̃+ũy
)2

.

Using eq. (F.9c), the integration over ũ results into

(I) = −4Kǫ

π1/2
2Θ

3g

(
3

2Θ

) 1
2 4π

3

∂Vi
∂ri

lim
ǫ→0

∂

∂ǫ

1

q2

∫ ∞

ũ=0
dũ

∫ 1

y=−1
dy

∫ ∞

s̃=0
ds̃ ũ4

s̃

ũ2
e−(ũ2−2ũs̃y+s̃2)

× η̄(ũ)Φ̂v

(
(ũ2 − 2ũs̃y + s̃2)

1/2
){

ũ2 − 2ũs̃y +
1

2
s̃2(3y2 − 1)

}
e
−
(

(1−q)
q

s̃+ũy
)2

. (4.115)

but since
∂Vi
∂ri

= 0, we have

(I) = 0.

The second part of eq. (4.113) is

(II) = − ǫ

π5/2
lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) ΦK(ũ2)η̄(ũ)Iδ

= − ǫ

π5/2
lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) η̄(ũ)Iδ

×
[
2K

2Θ

3g
Φ̂v(ũ2)ũ2iũ2j

(
3

2Θ

) 1
2 ∂Vi
∂rj

+K
2Θ

3g
Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2i

∂ lnΘ

∂ri

]
. (4.116)

Replacing ũ1 by ũ− s̃ in the above equation and using eq. (F.3), we get

(II) = −2Kǫ

π5/2
2Θ

3g

(
3

2Θ

) 1
2 ∂Vi
∂rj

lim
ǫ→0

∂

∂ǫ

∫
ds̃dũ2dũ e−(ũ−s̃)2−ũ2

2 η̄(ũ)Φ̂v(ũ2)ũ2iũ2jIδ

− Kǫ

π5/2
2Θ

3g

∂ lnΘ

∂ri
lim
ǫ→0

∂

∂ǫ

∫
ds̃dũ2dũ e−(ũ−s̃)2−ũ2

2 η̄(ũ)Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2iIδ. (4.117)
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The functions depending on ũ2 in the integrands of eq. (4.117) are exactly similar to the functions

depending on ũ2 in the integrands of eq. (4.41) (except for the indices names). Therefore the

integrations over ũ2 are carried out by following a similar procedure as given below eq. (4.41).

Finally, we get (cf. eq. (4.42))

(II) = −2Kǫ

π5/2
2Θ

3g

(
3

2Θ

)1
2 ∂Vi
∂rj

lim
ǫ→0

∂

∂ǫ

π

q2

∫
ds̃dũ e−(ũ−s̃)2 η̄(ũ)

× s̃is̃j
s̃3

∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ s̃·ũ
s̃

∣

∣

∣

dũ2 ũ
3
2 e

−ũ2
2 Φ̂v(ũ2)

{
3

(
(1− q)
q

s̃

ũ2
+

s̃ · ũ
s̃ũ2

)2

− 1

}

− Kǫ

π5/2
2Θ

3g

∂ lnΘ

∂ri
lim
ǫ→0

∂

∂ǫ

2π

q2

∫
ds̃dũ e−(ũ−s̃)2 η̄(ũ)

× s̃i
s̃2

∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ s̃·ũ
s̃

∣

∣

∣

dũ2 ũ
2
2 e

−ũ2
2 Φ̂c(ũ2)

(
ũ22 −

5

2

)(
(1− q)
q

s̃

ũ2
+

s̃ · ũ
s̃ũ2

)
. (4.118)

The integrations over s̃ are performed in a (rotated) spherical coordinate system (s̃, θ′, φ′) de-

scribed in part (I) of QKǫ
i2

such that s̃ · ũ = s̃ũ cos θ′, i.e.,

(II) = −2Kǫ

π3/2
2Θ

3g

(
3

2Θ

) 1
2 ∂Vi
∂rj

lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0

∫ 2π

φ′=0
dφ′dθ′ds̃ s̃2 sin θ′ e−(ũ2−2ũs̃ cos θ′+s̃2)

× η̄(ũ) s̃is̃j
s̃3

∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ũ cos θ′
∣

∣

∣

dũ2 ũ2 e
−ũ2

2 Φ̂v(ũ2)

{
3

(
(1− q)
q

s̃+ ũ cos θ′
)2

− ũ22

}

− 2Kǫ

π3/2
2Θ

3g

∂ lnΘ

∂ri
lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0

∫ 2π

φ′=0
dφ′dθ′ds̃ s̃2 sin θ′ e−(ũ2−2ũs̃ cos θ′+s̃2)

× η̄(ũ) s̃i
s̃2

∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ũ cos θ′
∣

∣

∣

dũ2 ũ2 e
−ũ2

2 Φ̂c(ũ2)

(
ũ22 −

5

2

)(
(1− q)
q

s̃+ ũ cos θ′
)
.

Note that the components of s̃ are the only functions of φ′ (see Appendix H). Hence, using

eqs. (H.18) and (H.6) respectively, we get

(II) = −2Kǫ

π3/2
2Θ

3g

(
3

2Θ

)1
2

lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0
dθ′ds̃ s̃2 sin θ′ e−(ũ2−2ũs̃ cos θ′+s̃2)

× η̄(ũ)
{
π
s̃2

ũ2
∂Vi
∂rj

ũiũj(3 cos
2 θ′ − 1)

}
1

s̃3

×
∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ũ cos θ′
∣

∣

∣

dũ2 ũ2 e
−ũ2

2 Φ̂v(ũ2)

{
3

(
(1− q)
q

s̃+ ũ cos θ′
)2

− ũ22

}

− 2Kǫ

π3/2
2Θ

3g

∂ lnΘ

∂ri
lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0
dθ′ds̃ s̃2 sin θ′ e−(ũ2−2ũs̃ cos θ′+s̃2) η̄(ũ)

1

s̃2

× 2π
s̃

ũ
ũi cos θ

′
∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ũ cos θ′
∣

∣

∣

dũ2 ũ2 e
−ũ2

2 Φ̂c(ũ2)

(
ũ22 −

5

2

)(
(1− q)
q

s̃+ ũ cos θ′
)
.
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Clearly, the term containing temperature gradient vanishes because the corresponding integrand

is an odd function in components of ũ and let cos θ′ = y. Therefore

(II) = −2Kǫ

π1/2
2Θ

3g

(
3

2Θ

) 1
2 ∂Vi
∂rj

lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ 1

y=−1
dyds̃ ũiũj

s̃

ũ2
e−(ũ2−2ũs̃y+s̃2)

× η̄(ũ)(3y2 − 1)

∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ũy
∣

∣

∣

dũ2 ũ2 e
−ũ2

2 Φ̂v(ũ2)

{
3

(
(1− q)
q

s̃+ ũy

)2

− ũ22

}
.

Using eq. (F.9c), the integration over ũ results into

(II) = −2Kǫ

π1/2
2Θ

3g

(
3

2Θ

) 1
2 4π

3

∂Vi
∂ri

lim
ǫ→0

∂

∂ǫ

1

q2

∫ ∞

ũ=0
dũ

∫ 1

y=−1
dy

∫ ∞

s̃=0
ds̃ ũ4

s̃

ũ2
e−(ũ2−2ũs̃y+s̃2)

× η̄(ũ)(3y2 − 1)

∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ũy
∣

∣

∣

dũ2 ũ2 e
−ũ2

2 Φ̂v(ũ2)

{
3

(
(1− q)
q

s̃+ ũy

)2

− ũ22

}
(4.119)

but since
∂Vi
∂ri

= 0, we have

(II) = 0.

Therefore

HKǫ
2 = 0. (4.120)

Substituting the value of Ω̃ from eq. (2.38) in eq. (4.110), one obtains

HKǫ
3 = − ǫ

π5/2

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2) η̄(ũ1)

× {ΦK(ũ′
1)ϕ

(1)
1 (ũ′

2) + ΦK(ũ′
2)ϕ

(1)
1 (ũ′

1)− ΦK(ũ1)ϕ
(1)
1 (ũ2)− ΦK(ũ2)ϕ

(1)
1 (ũ1)}. (4.121)

In eq. (4.121), the velocity transformation corresponds to the elastic limit. Following a similar

procedure as in the derivation of QKǫ
i3

, one obtains

HKǫ
3 = − ǫ

π5/2

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2){ΦK(ũ1)ϕ

(1)
1 (ũ2) + ΦK(ũ2)ϕ

(1)
1 (ũ1)}η̄(ũ)I(0)δ

− ǫ

π5/2

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2) η̄(ũ1){ΦK(ũ1)ϕ
(1)
1 (ũ2) + ΦK(ũ2)ϕ

(1)
1 (ũ1)},

(4.122)

where I
(0)
δ is given in eq. (4.48). The term HKǫ

3 is split into four parts. The first part is

(I) = − ǫ

π5/2

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) ΦK(ũ1)ϕ

(1)
1 (ũ2)η̄(ũ)I

(0)
δ

− ǫ

π5/2

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) Φ̂e(ũ2)η̄(ũ)I

(0)
δ

×
[
2K

2Θ

3g
Φ̂v(ũ1)ũ1iũ1j

(
3

2Θ

)1
2 ∂Vi
∂rj

+K
2Θ

3g
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

∂ lnΘ

∂ri

]
. (4.123)
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Note that except for the extra term Φ̂e(ũ2) and the above definition of I
(0)
δ , the integrand in

eq. (4.123) is similar to that in eq. (4.114). Replacing ũ1 by ũ − s̃ in the above equation and

using eq. (F.3), we get

(I) = −2Kǫ

π5/2
2Θ

3g

(
3

2Θ

) 1
2 ∂Vi
∂rj

∫
ds̃dũ2dũ e−(ũ−s̃)2−ũ2

2 Φ̂e(ũ2)η̄(ũ)I
(0)
δ

× Φ̂v(|ũ− s̃|)(ũi − s̃i)(ũj − s̃j)

− Kǫ

π5/2
2Θ

3g

∂ lnΘ

∂ri

∫
ds̃dũ2dũ e−(ũ−s̃)2−ũ2

2 Φ̂e(ũ2)η̄(ũ)I
(0)
δ

× Φ̂c(|ũ− s̃|)
(
(ũ− s̃)2 − 5

2

)
(ũi − s̃i).

The integral over ũ2 is given in eq. (4.51). Hence using eq. (4.51), we get

(I) = −2Kǫ

π5/2
2Θ

3g

(
3

2Θ

) 1
2 ∂Vi
∂rj

∫
ds̃dũ

2π

s̃

∫ ∞

ũ2=0
dũ2 ũ2 Φ̂e



{
ũ22 +

(
s̃ · ũ
s̃

)2
}1/2




× e
−
{

ũ2
2+(

s̃·ũ
s̃ )

2
}

e−(ũ−s̃)2 η̄(ũ)Φ̂v(|ũ− s̃|)(ũi − s̃i)(ũj − s̃j)

− Kǫ

π5/2
2Θ

3g

∂ lnΘ

∂ri

∫
ds̃dũ

2π

s̃

∫ ∞

ũ2=0
dũ2 ũ2 Φ̂e



{
ũ22 +

(
s̃ · ũ
s̃

)2
}1/2




× e
−
{

ũ2
2+(

s̃·ũ
s̃ )

2
}

e−(ũ−s̃)2 η̄(ũ)Φ̂c(|ũ− s̃|)
(
(ũ− s̃)2 − 5

2

)
(ũi − s̃i).

The integrations over s̃ and ũ are performed by following a similar procedure as performed

following eq. (4.114). Finally, we get (cf. eq. (4.115))

(I) = −8Kǫ

π1/2
2Θ

3g

(
3

2Θ

) 1
2 4π

3

∂Vi
∂ri

∫ ∞

ũ2=0
dũ2

∫ ∞

ũ=0
dũ

∫ 1

y=−1
dy

∫ ∞

s̃=0
ds̃ ũ2ũ

4 s̃

ũ2

× e−(ũ2−2ũs̃y+s̃2) η̄(ũ)Φ̂v

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂e((ũ

2
2 + ũ2y2)

1/2
)

×
{
ũ2 − 2ũs̃y +

1

2
s̃2(3y2 − 1)

}
e−(ũ2

2+ũ2y2)

but since
∂Vi
∂ri

= 0, we have

(I) = 0.

The second part of eq. (4.122) is

(II) = − ǫ

π5/2

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) ΦK(ũ2)ϕ

(1)
1 (ũ1)η̄(ũ)I

(0)
δ

= − ǫ

π5/2

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) Φ̂e(ũ1)η̄(ũ)I

(0)
δ

×
[
2K

2Θ

3g
Φ̂v(ũ2)ũ2iũ2j

(
3

2Θ

) 1
2 ∂Vi
∂rj

+K
2Θ

3g
Φ̂c(ũ2)

(
ũ21 −

5

2

)
ũ2i

∂ lnΘ

∂ri

]
. (4.124)
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Note that except for the extra term Φ̂e(ũ1) and the above definition of I
(0)
δ , the integrand in

eq. (4.124) is similar to the one in eq. (4.116). Therefore, the integrations are carried out by

following a similar procedure as performed following eq. (4.116). Finally, we get (cf. eq. (4.119))

(II) = −2Kǫ

π1/2
2Θ

3g

(
3

2Θ

) 1
2 4π

3

∂Vi
∂ri

∫ ∞

ũ=0
dũ

∫ 1

y=−1
dy

∫ ∞

s̃=0
ds̃ ũ4

s̃

ũ2
e−(ũ2−2ũs̃y+s̃2) η̄(ũ)

× (3y2 − 1)Φ̂e

(
(ũ2 − 2ũs̃y + s̃2)

1/2
) ∫ ∞

ũ2=|ũy|
dũ2 ũ2 e

−ũ2
2 Φ̂v(ũ2)(3ũ

2y2 − ũ22)

but since
∂Vi
∂ri

= 0, we have

(II) = 0.

In the third and fourth part of eq. (4.122), the integration over k̂ is trivial. Hence, using

eq. (G.1b), the third part of eq. (4.122) reads

(III) = − ǫ

π3/2

∫
dũ1dũ2 ũ12 e

−(ũ2
1+ũ2

2) η̄(ũ1)ΦK(ũ1)ϕ
(1)
1 (ũ2).

Substituing the explicit forms of ΦK and ϕ
(1)
1 and using eq. (F.3),

(III) = − ǫ

π3/2

∫
dũ1dũ2 ũ12 e

−(ũ2
1+ũ2

2) Φ̂e(ũ2)η̄(ũ1)

×
[
2K

2Θ

3g
Φ̂v(ũ1)ũ1iũ1j

(
3

2Θ

)1
2 ∂Vi
∂rj

+K
2Θ

3g
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

∂ lnΘ

∂ri

]
.

The integration over ũ2 is performed in a (rotated) spherical coordinate system (ũ2, θ
′
2, φ

′
2)

described in part (III) of QKǫ
i3

such that ũ1 · ũ2 = ũ1ũ2 cos θ
′
2, i.e.,

(III) = −2Kǫ

π3/2
2Θ

3g

(
3

2Θ

) 1
2 ∂Vi
∂rj

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2

× (ũ21 − 2ũ1ũ2 cos θ
′
2 + ũ22)

1/2
e−(ũ2

1+ũ2
2) Φ̂e(ũ2)η̄(ũ1)Φ̂v(ũ1)ũ1iũ1j

− Kǫ

π3/2
2Θ

3g

∂ lnΘ

∂ri

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2

× (ũ21 − 2ũ1ũ2 cos θ
′
2 + ũ22)

1/2
e−(ũ2

1+ũ2
2) Φ̂e(ũ2)η̄(ũ1)Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i.

Clearly, the term containing temperature gradient vanishes because the corresponding integrand

is an odd function in components of ũ1 and the integration over φ′2 is just 2π in the other term.

Hence

(III) = −4Kǫ

π1/2
2Θ

3g

(
3

2Θ

) 1
2 ∂Vi
∂rj

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ1iũ1j ũ

2
2 sin θ

′
2

× (ũ21 − 2ũ1ũ2 cos θ
′
2 + ũ22)

1/2
e−(ũ2

1+ũ2
2) Φ̂e(ũ2)η̄(ũ1)Φ̂v(ũ1).
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Using eq. (F.9c), the expression for (III) simplifies to

(III) = −4Kǫ

π1/2
2Θ

3g

(
3

2Θ

) 1
2 4π

3

∂Vi
∂ri

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ

4
1ũ

2
2 sin θ

′
2

× (ũ21 − 2ũ1ũ2 cos θ
′
2 + ũ22)

1/2
e−(ũ2

1+ũ2
2) Φ̂e(ũ2)η̄(ũ1)Φ̂v(ũ1).

but since
∂Vi
∂ri

= 0, we have

(III) = 0.

Using eq. (G.1b), the fourth part of eq. (4.122) reads

(IV ) = − ǫ

π3/2

∫
dũ1dũ2 ũ12 e

−(ũ2
1+ũ2

2) η̄(ũ1)ΦK(ũ2)ϕ
(1)
1 (ũ1).

Substituting the explicit forms of ΦK and ϕ
(1)
1 and using eq. (F.3),

(IV ) = − ǫ

π3/2

∫
dũ1dũ2 ũ12 e

−(ũ2
1+ũ2

2) η̄(ũ1)Φ̂e(ũ1)

×
[
2K

2Θ

3g
Φ̂v(ũ2)ũ2iũ2j

(
3

2Θ

) 1
2 ∂Vi
∂rj

+K
2Θ

3g
Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2i

∂ lnΘ

∂ri

]
.

The integration over ũ2 is performed in a (rotated) spherical coordinate system (ũ2, θ
′
2, φ

′
2)

described in part (III) of QKǫ
i3

such that ũ1 · ũ2 = ũ1ũ2 cos θ
′
2, i.e.,

(IV ) = −2Kǫ

π3/2
2Θ

3g

(
3

2Θ

)1
2 ∂Vi
∂rj

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2

× (ũ21 − 2ũ1ũ2 cos θ
′
2 + ũ22)

1/2
e−(ũ2

1+ũ2
2) η̄(ũ1)Φ̂e(ũ1)Φ̂v(ũ2)ũ2iũ2j

− Kǫ

π3/2
2Θ

3g

∂ lnΘ

∂ri

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2

× (ũ21 − 2ũ1ũ2 cos θ
′
2 + ũ22)

1/2
e−(ũ2

1+ũ2
2) η̄(ũ1)Φ̂e(ũ1)Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2i.

Note that the components of ũ2 are the only functions of φ′2 (see Appendix H). Hence, the

integrations over φ′2 result into (cf. eqs. (H.18) and (H.6) respectively)

(IV ) = −2Kǫ

π3/2
2Θ

3g

(
3

2Θ

)1
2
∫

dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ

2
2 sin θ

′
2(ũ

2
1 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1/2

× e−(ũ2
1+ũ2

2) η̄(ũ1)Φ̂e(ũ1)Φ̂v(ũ2)

{
π
ũ22
ũ21

∂Vi
∂rj

ũ1iũ1j(3 cos
2 θ′2 − 1)

}

− Kǫ

π3/2
2Θ

3g

∂ lnΘ

∂ri

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ

2
2 sin θ

′
2(ũ

2
1 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1/2

× e−(ũ2
1+ũ2

2) η̄(ũ1)Φ̂e(ũ1)Φ̂c(ũ2)

(
ũ22 −

5

2

)(
2π
ũ2
ũ1
ũ1i cos θ

′
2

)
.

Clearly, the term containing temperature gradient vanishes because the corresponding integrand

is an odd function in components of ũ1. Thus
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(IV ) = −2Kǫ

π1/2
2Θ

3g

(
3

2Θ

) 1
2 ∂Vi
∂rj

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ1iũ1j

ũ42
ũ21

sin θ′2(3 cos
2 θ′2 − 1)

× (ũ21 − 2ũ1ũ2 cos θ
′
2 + ũ22)

1/2
e−(ũ2

1+ũ2
2) η̄(ũ1)Φ̂e(ũ1)Φ̂v(ũ2).

Using eq. (F.9c), the expression for (IV ) simplifies to

(IV ) = −2Kǫ

π1/2
2Θ

3g

(
3

2Θ

) 1
2 4π

3

∂Vi
∂ri

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ

4
1

ũ42
ũ21

sin θ′2(3 cos
2 θ′2 − 1)

× (ũ21 − 2ũ1ũ2 cos θ
′
2 + ũ22)

1/2
e−(ũ2

1+ũ2
2) η̄(ũ1)Φ̂e(ũ1)Φ̂v(ũ2)

but since
∂Vi
∂ri

= 0, we have

(IV ) = 0.

Hence

HKǫ
3 = 0. (4.125)

From eqs. (4.111), (4.120), (4.125) and (4.107), we conclude that

I1 = 0. (4.126)

Next we shall evaluate I2 (given in eq. (4.103)). Substituting the explicit forms of ΦK and Φǫ

and using eq. (F.3), eq. (4.103) can be written as

I2 = ǫ

∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) Φ̂e(ũ2)

×
[
2K

2Θ

3g
Φ̂v(ũ1)ũ1iũ1j

(
3

2Θ

)1
2 ∂Vi
∂rj

+K
2Θ

3g
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

∂ lnΘ

∂ri

]

= 2Kǫ
2Θ

3g

(
3

2Θ

) 1
2 ∂Vi
∂rj

∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) Φ̂e(ũ2)Φ̂v(ũ1)ũ1iũ1j

+Kǫ
2Θ

3g

∂ lnΘ

∂ri

∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) Φ̂e(ũ2)Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i.

The integrations over ũ2 are performed in a (rotated) spherical coordinate system (ũ2, θ
′
2, φ

′
2)

described in part (III) of QKǫ
i3

such that ũ1 · ũ2 = ũ1ũ2 cos θ
′
2, i.e.,

I2 = 2Kǫ
2Θ

3g

(
3

2Θ

) 1
2 ∂Vi
∂rj

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2

× (ũ21 − 2ũ1ũ2 cos θ
′
2 + ũ22)

3/2
e−(ũ2

1+ũ2
2) Φ̂e(ũ2)Φ̂v(ũ1)ũ1iũ1j

+Kǫ
2Θ

3g

∂ lnΘ

∂ri

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2

× (ũ21 − 2ũ1ũ2 cos θ
′
2 + ũ22)

3/2
e−(ũ2

1+ũ2
2) Φ̂e(ũ2)Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i.
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Clearly, the term containing temperature gradient vanishes because the corresponding integrand

is an odd function in components of ũ1 and the integration over φ′2 is just 2π in the other term.

∴ I2 = 4πKǫ
2Θ

3g

(
3

2Θ

) 1
2 ∂Vi
∂rj

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ1iũ1jũ

2
2 sin θ

′
2

× (ũ21 − 2ũ1ũ2 cos θ
′
2 + ũ22)

3/2
e−(ũ2

1+ũ2
2) Φ̂e(ũ2)Φ̂v(ũ1).

Using eq. (F.9c), the expression for I2 simplifies to

I2 = 4πKǫ
2Θ

3g

(
3

2Θ

) 1
2 4π

3

∂Vi
∂ri

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ

4
1ũ

2
2 sin θ

′
2

× (ũ21 − 2ũ1ũ2 cos θ
′
2 + ũ22)

3/2
e−(ũ2

1+ũ2
2) Φ̂e(ũ2)Φ̂v(ũ1)

but since
∂Vi
∂ri

= 0, we have

I2 = 0. (4.127)

Hence from eqs. (4.126), (4.127) and (4.101),

ΓKǫǫ = 0 (4.128)

i.e., the collisional dissipation is zero at this order also.

4.3 Constitutive Relations at O(KK)

In the following, we shall first simplify the expanded Boltzmann equation at this order.

4.3.1 Simplified form of eq. (2.36)

Collecting O(K2) terms in eq. (2.36), we have

D̃KK lnn+ 2

(
3

2Θ

) 1
2

ũiD̃KKVi +

(
ũ2 − 3

2

)
D̃KK lnΘ

+ ΦK

{
D̃K lnn+ 2

(
3

2Θ

) 1
2

ũiD̃KVi +

(
ũ2 − 3

2

)
D̃K lnΘ − 2Kg̃iũi

}

+ D̃KΦK +K

(
2Θ

3

)1
2

g̃ ·∇v ΦK = L̃ (ΦKK) +
1

2
Ω̃(ΦK , ΦK)

⇒ L̃ (ΦKK) = D̃KK lnn+ 2

(
3

2Θ

) 1
2

ũiD̃KKVi +

(
ũ2 − 3

2

)
D̃KK lnΘ

+ ΦK

{
D̃K lnn+ 2

(
3

2Θ

)1
2

ũiD̃KVi +

(
ũ2 − 3

2

)
D̃K lnΘ − 2Kg̃iũi

}

+ D̃KΦK +K

(
2Θ

3

) 1
2

g̃ ·∇v ΦK −
1

2
Ω̃(ΦK , ΦK). (4.129)
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Now, the operation of D̃KK on the hydrodynamic fields can be computed as following: From

eq. (2.20),

D̃KK lnn = 0. (4.130)

From eqs. (2.21) and (3.22),
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. (4.131)

From eqs. (2.22), (3.22) and (3.24),

D̃KK lnΘ = K
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,

but,

∵
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Hence
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or

D̃KK lnΘ =
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. (4.132)

Note that the quantity in the curly brackets in eq. (4.129) is the left-hand side of eq. (3.1), whose

simplified value is the right-hand side of eq. (3.5). Hence, with the help of eqs. (3.5) and (3.18),

the term containing this curly bracketed quantity in eq. (4.129) can be simplified as follows:
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ũ2 − 5

2

)
ũi
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Using, eq. (F.3) and the definition ũkũl =
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ũ2 − 5

2

)
ũk
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3

2Θ

∂Vi
∂rj

∂Vk
∂rl
− 4

3
Φ̂v(ũ)ũ
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ũiũk
∂ lnΘ

∂ri

∂ lnΘ

∂rk

]

=

(
K

2Θ

3g

)2 [
4Φ̂v(ũ)ũiũj ũkũl
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ũiũkũj

(
3

2Θ

) 1
2 ∂Vk
∂rj

∂ lnΘ

∂ri
− 2

3
Φ̂c(ũ)
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or
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}

=

(
K

2Θ

3g

)2 [
4Φ̂v(ũ)ũiũjũkũl
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(
3

2Θ

) 1
2 ∂Vk
∂rj

∂ lnΘ

∂ri

−2

3
Φ̂c(ũ)
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ũ2 − 5

2

)
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2ũiũj
3

2Θ

∂Vi
∂rj

∂Vk
∂rk

+2Φ̂v(ũ)ũiũj ũk
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ũiũj ũk
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ũiũj

∂ lnΘ

∂ri

∂ ln(nΘ)

∂rj

]

(4.133)

Next, let us simplify the term K
(
2Θ
3

) 1
2 g̃ ·∇v ΦK in the right-hand side of eq. (4.129) as following.

First, let us evaluate ∇v ΦK .
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Let us evaluate the following terms in eq. (4.134) separately,

∇v Φ̂v(ũ) = Φ̂′
v(ũ)∇v(ũ

2),
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where the prime denotes the integration with respect to ũ2 and the value of ∇v(ũ
2) is:
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v(ũ)

(
3

2Θ

) 1
2
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Similarly,
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Next,
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ũkũkδij

}
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and
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Substituting these values in eq. (4.134), we get

∇v ΦK = 2K
2Θ

3g

(
3

2Θ

) 1
2 ∂Vi
∂rj

[
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ũiδ̃j + ũj δ̃i −

2

3
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c(ũ)ũ+ Φ̂c(ũ)

{(
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ũkδ̃kδij

)]

+K2 2Θ

3g

∂ lnΘ

∂ri

[
2

(
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ũig̃j + ũj g̃i −
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3g

(
ũ2 − 5

2

)
∂ lnΘ

∂ri
Φ̂′
c(ũ)ũiũj g̃j + 2K2 2Θ

3g

∂ lnΘ

∂ri
Φ̂c(ũ)ũiũj g̃j

+K2 2Θ

3g
Φ̂c(ũ)

(
ũ2 − 5

2

)
∂ lnΘ

∂ri
g̃i. (4.140)
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The simplified value of D̃KΦK + K
(
2Θ
3

) 1
2 g̃ ·∇v ΦK is given in Appendix E. Substituting the

values of the terms in eq. (4.129), from eqs. (4.130)-(4.133) and (E.10), we get

L̃ (ΦKK) = 2

(
K

2Θ

3g

)2( 3

2Θ

) 1
2

ũiµ̃0

(
3

2

) 1
2
(
∂ lnΘ

∂rj

∂Vi
∂rj

+ 2
∂

∂rj

∂Vi
∂rj

)

+

(
K

2Θ

3g

)2(
ũ2 − 3

2

)(
3

2

) 1
2
(
8

3
µ̃0

3

2Θ

∂Vi
∂rj

∂Vi
∂rj

+ 2κ̃0
∂2 lnΘ

∂rj∂rj
+ 3κ̃0

∂ lnΘ

∂rj

∂ lnΘ

∂rj

)

+

(
K

2Θ

3g

)2 [
4Φ̂v(ũ)ũiũj ũkũl

3

2Θ

∂Vi
∂rj

∂Vk
∂rl
− 4

3
Φ̂v(ũ)ũ

2ũiũj
3

2Θ

∂Vi
∂rj

∂Vk
∂rk

+2Φ̂v(ũ)ũiũj ũk

(
3

2Θ

) 1
2 ∂Vi
∂rj

∂ lnn

∂rk
+ 2Φ̂v(ũ)

(
ũ2 − 3

2

)
ũiũjũk

(
3

2Θ

) 1
2 ∂Vi
∂rj

∂ lnΘ

∂rk

−2Φ̂v(ũ)ũiũj ũk

(
3

2Θ

) 1
2 ∂Vi
∂rj

∂ ln(nΘ)

∂rk
+ 2Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiũj ũk

(
3

2Θ

) 1
2 ∂Vk
∂rj

∂ lnΘ

∂ri

−2

3
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũ2ũi

(
3

2Θ

) 1
2 ∂Vj
∂rj

∂ lnΘ

∂ri
+ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiũj

∂ lnΘ

∂ri

∂ lnn

∂rj

+Φ̂c(ũ)

(
ũ2 − 5

2

)(
ũ2 − 3

2

)
ũiũj

∂ lnΘ

∂ri

∂ lnΘ

∂rj
− Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiũj

∂ lnΘ

∂ri

∂ ln(nΘ)

∂rj

]

− 2

(
K

2Θ

3g

)2

Φ̂v(ũ)

(
3

2Θ

) 1
2 ∂Vi
∂rj

{
ũiũj ũk

∂ lnn

∂rk
− ũiũj

(
3

2Θ

) 1
2 ∂Vk
∂rk

}

−
(
K

2Θ

3g

)2

Φ̂c(ũ)

(
ũ2 − 5

2

){
ũiũj

∂ lnn

∂ri

∂ lnΘ

∂rj
− ũi

(
3

2Θ

) 1
2 ∂Vj
∂rj

∂ lnΘ

∂ri

}

− 2

(
K

2Θ

3g

)2

Φ̂′
v(ũ)

(
3

2Θ

) 1
2 ∂Vi
∂rj

{
2ũiũjũkũl

(
3

2Θ

) 1
2 ∂Vk
∂rl
− ũiũj ũk

∂ ln(nΘ)

∂rk

}

− 2

(
K

2Θ

3g

)2
Φ̂v(ũ)

(
3

2Θ

)1
2

{
2ũiũj

(
3

2Θ

)1
2 ∂Vi
∂rk

∂Vk
∂rj
− ũi

∂Vi
∂rk

∂ ln(nΘ)

∂rk

}

−
(
K

2Θ

3g

)2

Φ̂c(ũ)

{
2ũiũj ũk

(
3

2Θ

) 1
2 ∂Vi
∂rj

∂ lnΘ

∂rk
− ũiũj

∂ lnΘ

∂ri

∂ ln(nΘ)

∂rj

}

−
(
K

2Θ

3g

)2

Φ̂′
c(ũ)

(
ũ2 − 5

2

){
2ũiũj ũk

(
3

2Θ

)1
2 ∂Vi
∂rj

∂ lnΘ

∂rk
− ũiũj

∂ lnΘ

∂ri

∂ ln(nΘ)

∂rj

}

−
(
K

2Θ

3g

)2

Φ̂c(ũ)

(
ũ2 − 5

2

){
ũi

(
3

2Θ

) 1
2 ∂Vj
∂ri

∂ lnΘ

∂rj
− 1

2

∂ lnΘ

∂ri

∂ ln(nΘ)

∂ri

}

− 3

(
K

2Θ

3g

)2

Φ̂v(ũ)

(
3

2Θ

) 1
2 ∂Vi
∂rj

{
ũiũj ũk

∂ lnΘ

∂rk
− 2

3
ũiũj

(
3

2Θ

) 1
2 ∂Vk
∂rk

}

− 2

(
K

2Θ

3g

)2

Φ̂′
v(ũ)

(
3

2Θ

) 1
2 ∂Vi
∂rj

{
ũ2ũiũjũk

∂ lnΘ

∂rk
− 2

3
ũ2ũiũj

(
3

2Θ

) 1
2 ∂Vk
∂rk

}

−
(
K

2Θ

3g

)2

Φ̂′
c(ũ)

(
ũ2 − 5

2

)
∂ lnΘ

∂ri

{
ũ2ũiũj

∂ lnΘ

∂rj
− 2

3
ũ2ũi

(
3

2Θ

)1
2 ∂Vj
∂rj

}

−
(
K

2Θ

3g

)2

Φ̂c(ũ)
∂ lnΘ

∂ri

{
ũ2ũiũj

∂ lnΘ

∂rj
− 2

3
ũ2ũi

(
3

2Θ

) 1
2 ∂Vj
∂rj

}
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− 1

2

(
K

2Θ

3g

)2

Φ̂c(ũ)

(
ũ2 − 5

2

)
∂ lnΘ

∂ri

{
ũiũj

∂ lnΘ

∂rj
− 2

3
ũi

(
3

2Θ

) 1
2 ∂Vj
∂rj

}

− 2

(
K

2Θ

3g

)2

Φ̂v(ũ)

(
3

2Θ

)1
2

{
ũiũj

(
3

2Θ

)1
2 ∂Vi
∂rk

∂Vk
∂rj
− ũiũjũk

∂

∂rk

∂Vi
∂rj

}

−
(
K

2Θ

3g

)2

Φ̂v(ũ)

{
ũiũj

∂ ln(nΘ)

∂ri

∂ lnΘ

∂rj
+ ũiũj

∂2 ln(nΘ)

∂ri∂rj

}

+

(
K

2Θ

3g

)2
Φ̂c(ũ)

(
ũ2 − 5

2

){
ũiũj

∂2 lnΘ

∂ri∂rj
− ũi

(
3

2Θ

)1
2 ∂Vj
∂ri

∂ lnΘ

∂rj
− 2

3
ũi

(
3

2Θ

)1
2 ∂2Vj
∂ri∂rj

}

− 1

2
Ω̃(ΦK , ΦK). (4.141)

4.3.2 Constitutive Relations

Heat Flux

From eq. (2.30), the contribution of ΦKK to the heat flux is

QKK
i =

n

2π3/2

(
2Θ

3

) 3
2
∫

dũ ũ2ũi e
−ũ2

ΦKK.

Using the similar orthogonality relation with respect to ΦKK and following a similar procedure

as in getting the expression for heat flux at O(Kǫ) (cf. eq. (4.24)), we get

QKK
i =

n

2π3/2

(
2Θ

3

) 3
2
∫

dũ e−ũ2
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi L̃ (ΦKK). (4.142)

Substituting the value of L̃ (ΦKK) from eq. (4.141) into eq. (4.142), writing K 2Θ
3g = ℓ, ignoring

the terms whose tensorial structure is: ũi or ũiũjũk or ũiũj ũkũlũm (because the corresponding

integrands are odd functions in components of ũ) and using the orthogonality property of Φ̂c(ũ)

(which is:
∫
dũ ũiũj e

−ũ2
Φ̂c(ũ)

(
ũ2 − 5

2

)
= 0), we get

QKK
i =

nℓ2

2π3/2
2Θ

3

∫
dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi e

−ũ2

×
[
2Φ̂v(ũ)

(
ũ2 − 3

2

)
ũjũkũl

∂Vj
∂rk

∂ lnΘ

∂rl
− 2Φ̂v(ũ)ũj ũkũl

∂Vj
∂rk

∂ ln(nΘ)

∂rl

+2Φ̂c(ũ)

(
ũ2 − 5

2

)
ũj ũkũl

∂Vl
∂rk

∂ lnΘ

∂rj
− 2

3
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũ2ũj

∂Vk
∂rk

∂ lnΘ

∂rj

+Φ̂c(ũ)

(
ũ2 − 5

2

)
ũj
∂Vk
∂rk

∂ lnΘ

∂rj
+ 2Φ̂′

v(ũ)ũj ũkũl
∂Vj
∂rk

∂ ln(nΘ)

∂rl

+2Φ̂v(ũ)ũj
∂Vj
∂rl

∂ ln(nΘ)

∂rl
− 2Φ̂c(ũ)ũj ũkũl

∂Vj
∂rk

∂ lnΘ

∂rl

−2Φ̂′
c(ũ)

(
ũ2 − 5

2

)
ũj ũkũl

∂Vj
∂rk

∂ lnΘ

∂rl
− Φ̂c(ũ)

(
ũ2 − 5

2

)
ũj
∂Vk
∂rj

∂ lnΘ

∂rk
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−3Φ̂v(ũ)ũj ũkũl
∂Vj
∂rk

∂ lnΘ

∂rl
− 2Φ̂′

v(ũ)ũ
2ũj ũkũl

∂Vj
∂rk

∂ lnΘ

∂rl

+
2

3
Φ̂′
c(ũ)

(
ũ2 − 5

2

)
ũ2ũj

∂Vk
∂rk

∂ lnΘ

∂rj
+

2

3
Φ̂c(ũ)ũ

2ũj
∂Vk
∂rk

∂ lnΘ

∂rj

+
1

3
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũj
∂Vk
∂rk

∂ lnΘ

∂rj
+ 2Φ̂v(ũ)ũj ũkũl

∂

∂rl

∂Vj
∂rk

−Φ̂c(ũ)

(
ũ2 − 5

2

)
ũj
∂Vk
∂rj

∂ lnΘ

∂rk
− 2

3
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũj

∂2Vk
∂rj∂rk

]

− n

4π3/2

(
2Θ

3

) 3
2
∫

dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi e

−ũ2
Ω̃(ΦK , ΦK)

or

QKK
i =

nΘℓ2

3π3/2
1

Θ

∫
dũ Φ̂2

c(ũ)

(
ũ2 − 5

2

)2

ũiũj e
−ũ2

×
[
2
∂Vk
∂rk

∂Θ

∂rj
− 2

3

∂Vk
∂rk

∂Θ

∂rj
− 2

3
Θ

∂2Vk
∂rj∂rk

− 2
∂Vk
∂rj

∂Θ

∂rk

]

+
nΘℓ2

3π3/2
1

nΘ

∫
dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
e−ũ2

[
−2Φ̂v(ũ)ũiũj ũkũl

∂Vj
∂rk

∂(nΘ)

∂rl

+2Φ̂′
v(ũ)ũiũj ũkũl

∂Vj
∂rk

∂(nΘ)

∂rl
+ 2Φ̂v(ũ)ũiũj

∂Vj
∂rl

∂(nΘ)

∂rl

]

+
2nΘℓ2

3π3/2

∫
dũ Φ̂v(ũ)Φ̂c(ũ)

(
ũ2 − 5

2

)
e−ũ2

ũiũj ũkũl
∂

∂rl

∂Vj
∂rk

+
nΘℓ2

3π3/2
1

Θ

∂Vj
∂rk

∂Θ

∂rl

∫
dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiũj ũkũl e

−ũ2

[
2Φ̂c(ũ)

(
ũ2 − 5

2

)

−2Φ̂c(ũ)− 2Φ̂′
c(ũ)

(
ũ2 − 5

2

)
+ 2Φ̂v(ũ)

(
ũ2 − 3

2

)
− 3Φ̂v(ũ)− 2Φ̂′

v(ũ)ũ
2

]

− n

4π3/2

(
2Θ

3

) 3
2
∫

dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi e

−ũ2
Ω̃(ΦK , ΦK),

where we have used the following simplification:

ũj ũkũl
∂Vl
∂rk

∂Θ

∂rj
− 1

3
ũ2ũj

∂Vk
∂rk

∂Θ

∂rj
= ũjũkũl

∂Vj
∂rk

∂Θ

∂rl
− 1

3
ũ2ũj

∂Vk
∂rk

∂Θ

∂rj

= ũj ũkũl
∂Vj
∂rk

∂Θ

∂rl
− 1

3
ũ2ũl

∂Vk
∂rk

∂Θ

∂rl
= ũl

(
ũjũk

∂Vj
∂rk
− 1

3
δjkũ

2∂Vj
∂rk

)
∂Θ

∂rl

= ũl

(
ũj ũk + ũkũj

2
− 1

3
ũ2δjk

)
∂Vj
∂rk

∂Θ

∂rl
= ũlũjũk

∂Vj
∂rk

∂Θ

∂rl
= ũj ũkũl

∂Vj
∂rk

∂Θ

∂rl
.
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The integrals in the expression of QKK
i can be further simplified by using eqs. (F.9b), (F.16)

and (F.17) to obtain

QKK
i =

nℓ2

3π3/2
4π

3

∫ ∞

ũ=0
dũ Φ̂2

c(ũ)

(
ũ2 − 5

2

)2

ũ4 e−ũ2

×
[
2
∂Vk
∂rk

∂Θ

∂ri
−
(
2

3

∂Vk
∂rk

∂Θ

∂ri
+

2

3
Θ
∂2Vk
∂ri∂rk

+ 2
∂Vk
∂ri

∂Θ

∂rk

)]

+
ℓ2

3π3/2

∫ ∞

ũ=0
dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
e−ũ2

×
[
2{Φ̂′

v(ũ)− Φ̂v(ũ)}ũ6
8π

15

∂Vj
∂ri

∂(nΘ)

∂rj
+ 2Φ̂v(ũ)ũ

4 4π

3

∂Vj
∂ri

∂(nΘ)

∂rj

]

+
2nΘℓ2

3π3/2

∫ ∞

ũ=0
dũ Φ̂v(ũ)Φ̂c(ũ)

(
ũ2 − 5

2

)
e−ũ2

ũ6
8π

15

∂

∂rj

∂Vj
∂ri

+
nℓ2

3π3/2
8π

15

∂Vj
∂ri

∂Θ

∂rj

∫ ∞

ũ=0
dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũ6 e−ũ2

[
2Φ̂c(ũ)

(
ũ2 − 5

2

)

−2Φ̂c(ũ)− 2Φ̂′
c(ũ)

(
ũ2 − 5

2

)
+ 2Φ̂v(ũ)

(
ũ2 − 3

2

)
− 3Φ̂v(ũ)− 2Φ̂′

v(ũ)ũ
2

]

− n

4π3/2

(
2Θ

3

) 3
2
∫

dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi e

−ũ2
Ω̃(ΦK , ΦK)

=
8nℓ2

9π1/2
∂Vj
∂rj

∂Θ

∂ri

∫ ∞

ũ=0
dũ Φ̂2

c(ũ)

(
ũ2 − 5

2

)2

ũ4 e−ũ2

− 4nℓ2

9π1/2

[
2

3

∂

∂ri

(
Θ
∂Vj
∂rj

)
+ 2

∂Vj
∂ri

∂Θ

∂rj

] ∫ ∞

ũ=0
dũ Φ̂2

c(ũ)

(
ũ2 − 5

2

)2

ũ4 e−ũ2

+
8ℓ2

45π1/2
∂Vj
∂ri

∂(nΘ)

∂rj

∫ ∞

ũ=0
dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũ4 e−ũ2

[2{Φ̂′
v(ũ)− Φ̂v(ũ)}ũ2 + 5Φ̂v(ũ)]

+
16nΘℓ2

45π1/2
∂

∂rj

∂Vj
∂ri

∫ ∞

ũ=0
dũ Φ̂v(ũ)Φ̂c(ũ)

(
ũ2 − 5

2

)
e−ũ2

ũ6

+
8nℓ2

45π1/2
∂Vj
∂ri

∂Θ

∂rj

∫ ∞

ũ=0
dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũ6 e−ũ2

[
2Φ̂c(ũ)

(
ũ2 − 5

2

)

−2Φ̂c(ũ)− 2Φ̂′
c(ũ)

(
ũ2 − 5

2

)
+ 2Φ̂v(ũ)

(
ũ2 − 3

2

)
− 3Φ̂v(ũ)− 2Φ̂′

v(ũ)ũ
2

]

− n

4π3/2

(
2Θ

3

) 3
2
∫

dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi e

−ũ2
Ω̃(ΦK , ΦK). (4.143)

The last term in eq. (4.143) is evaluated separately as following. Substituting the value of

Ω̃(ΦK , ΦK) from eq. (2.38), this term is given by

n

4π3/2

(
2Θ

3

) 3
2
∫

dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi e

−ũ2
Ω̃(ΦK , ΦK)

=
n

2π4

(
2Θ

3

) 3
2
∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2) Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

× {ΦK(ũ′
1)ΦK(ũ′

2)− ΦK(ũ1)ΦK(ũ2)}.
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Note that in the above equation, the velocity transformation corresponds to the elastic limit.

Following a similar procedure as in the derivation of QKǫ
i3

, one obtains

n

4π3/2

(
2Θ

3

)3
2
∫

dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi e

−ũ2
Ω̃(ΦK , ΦK) = H1 −H2, (4.144)

where

H1 =
n

2π4

(
2Θ

3

) 3
2
∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) ΦK(ũ1)ΦK(ũ2)Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiI

(0)
δ , (4.145)

H2 =
n

2π4

(
2Θ

3

) 3
2
∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2) Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1iΦK(ũ1)ΦK(ũ2),

(4.146)

and I
(0)
δ is given in eq. (4.48). We shall simplify H1 and H2 as following. Using eqs. (3.18) and

(F.3),

H1 =
n

2π4

(
2Θ

3

) 3
2
∫

dũ1dũ2dũ e−(ũ2
1+ũ2

2) Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiI

(0)
δ

×
[
2K

2Θ

3g
Φ̂v(ũ1)ũ1j ũ1k

(
3

2Θ

) 1
2 ∂Vj
∂rk

+K
2Θ

3g
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1j

∂ lnΘ

∂rj

]

×
[
2K

2Θ

3g
Φ̂v(ũ2)ũ2lũ2m

(
3

2Θ

) 1
2 ∂Vl
∂rm

+K
2Θ

3g
Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2l

∂ lnΘ

∂rl

]

=
nℓ2

2π4

(
2Θ

3

) 3
2
∫

dũ1dũ2dũ e−(ũ2
1+ũ2

2) Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiI

(0)
δ

×
[
4Φ̂v(ũ1)Φ̂v(ũ2)ũ1j ũ1kũ2lũ2m

3

2Θ

∂Vj
∂rk

∂Vl
∂rm

+2Φ̂v(ũ1)Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ1j ũ1kũ2l

(
3

2Θ

) 1
2 ∂Vj
∂rk

∂ lnΘ

∂rl

+2Φ̂c(ũ1)Φ̂v(ũ2)

(
ũ21 −

5

2

)
ũ1j ũ2lũ2m

(
3

2Θ

) 1
2 ∂Vl
∂rm

∂ lnΘ

∂rj

+Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)
ũ1j ũ2l

∂ lnΘ

∂rj

∂ lnΘ

∂rl

]
.

We can ignore the first and fourth terms in the square brackets above because ultimately after

manipulation corresponding integrands become odd functions in components of ũ (cf. §4.2).
Therefore

H1 =
nℓ2

π4
2Θ

3

∂Vj
∂rk

∂ lnΘ

∂rl

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiI

(0)
δ

×
[
Φ̂v(ũ1)Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ1j ũ1kũ2l + Φ̂c(ũ1)Φ̂v(ũ2)

(
ũ21 −

5

2

)
ũ1lũ2jũ2k

]
.
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Replacing ũ1 by ũ− s̃, we get

H1 =
2nℓ2

3π4
∂Vj
∂rk

∂Θ

∂rl

∫
ds̃dũ2dũ e−(ũ−s̃)2−ũ2

2 Φ̂c(ũ)

(
ũ2 − 5

2

)
I
(0)
δ

×
[
Φ̂v(|ũ− s̃|)Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũi(ũj − s̃j)(ũk − s̃k)ũ2l

+Φ̂c(|ũ− s̃|)Φ̂v(ũ2)

(
(ũ− s̃)2 − 5

2

)
ũiũ2j ũ2k(ũl − s̃l)

]
.

The integration over ũ2 is performed in a (rotated) spherical coordinate system (ũ2, θ
′
2, φ

′
2)

described in part (I) of QKǫ
i2

such that s̃ · ũ2 = s̃ũ2 cos θ
′
2, i.e.,

H1 =
2nℓ2

3π4
∂Vj
∂rk

∂Θ

∂rl

∫
ds̃dũ

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2 e

−(ũ−s̃)2−ũ2
2 Φ̂c(ũ)

×
(
ũ2 − 5

2

)
I
(0)
δ

[
Φ̂v(|ũ− s̃|)Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũi(ũj − s̃j)(ũk − s̃k)ũ2l

+Φ̂c(|ũ− s̃|)Φ̂v(ũ2)

(
(ũ− s̃)2 − 5

2

)
ũiũ2j ũ2k(ũl − s̃l)

]
.

Note that the components of ũ2 are the only functions of φ′2 (see Appendix H). Therefore the

integrations over φ′2 give (cf. eqs. (H.6) and (H.18))

H1 =
2nℓ2

3π4
∂Vj
∂rk

∂Θ

∂rl

∫
ds̃dũ

∫ ∞

ũ2=0
dũ2

∫ π

θ′2=0
dθ′2 ũ

2
2 sin θ

′
2 e

−(ũ−s̃)2−ũ2
2 Φ̂c(ũ)

(
ũ2 − 5

2

)
I
(0)
δ

×
[
Φ̂v(|ũ− s̃|)Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũi(ũj − s̃j)(ũk − s̃k)

(
2π
ũ2
s̃
s̃l cos θ

′
2

)

+Φ̂c(|ũ− s̃|)Φ̂v(ũ2)

(
(ũ− s̃)2 − 5

2

)
ũi

{
π
ũ22
s̃2
s̃j s̃k(3 cos

2 θ′2 − 1)

}
(ũl − s̃l)

]

=
2nℓ2

3π3
∂Vj
∂rk

∂Θ

∂rl

∫
ds̃dũ

∫ ∞

ũ2=0
dũ2 ũ

2
2 e

−(ũ−s̃)2−ũ2
2 Φ̂c(ũ)

(
ũ2 − 5

2

)

×
[
2Φ̂v(|ũ− s̃|)Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2
s̃

(∫ π

θ′2=0
dθ′2 sin θ′2 cos θ

′
2I

(0)
δ

)

×ũi(ũj − s̃j)(ũk − s̃k)s̃l + Φ̂c(|ũ− s̃|)Φ̂v(ũ2)

(
(ũ− s̃)2 − 5

2

)
ũ22
s̃2

×
{∫ π

θ′2=0
dθ′2 sin θ′2(3 cos

2 θ′2 − 1)I
(0)
δ

}
ũis̃j s̃k(ũl − s̃l)

]
.

Using eq. (C.12),

H1 =
2nℓ2

3π3
∂Vj
∂rk

∂Θ

∂rl

∫
ds̃dũ

∫ ∞

ũ2=| s̃·ũs̃ |
dũ2 ũ

2
2 e

−(ũ−s̃)2−ũ2
2 Φ̂c(ũ)

(
ũ2 − 5

2

)

×
[
2 Φ̂v(|ũ− s̃|)Φ̂c(ũ2)

(
ũ22 −

5

2

)
1

s̃2

(
s̃ · ũ
s̃ũ2

)
ũi(ũj − s̃j)(ũk − s̃k)s̃l

+ Φ̂c(|ũ− s̃|)Φ̂v(ũ2)

(
(ũ− s̃)2 − 5

2

)
ũ2
s̃3

{
3

(
s̃ · ũ
s̃ũ2

)2

− 1

}
ũis̃j s̃k(ũl − s̃l)

]
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or

H1 =
2nℓ2

3π3
∂Vj
∂rk

∂Θ

∂rl

∫
ds̃dũ

∫ ∞

ũ2=| s̃·ũs̃ |
dũ2 ũ2 e

−(ũ−s̃)2−ũ2
2 Φ̂c(ũ)

(
ũ2 − 5

2

)

×
[
2 Φ̂v(|ũ− s̃|)Φ̂c(ũ2)

(
ũ22 −

5

2

)
1

s̃2

(
s̃ · ũ
s̃

)
ũi(ũj − s̃j)(ũk − s̃k)s̃l

+ Φ̂c(|ũ− s̃|)Φ̂v(ũ2)

(
(ũ− s̃)2 − 5

2

)
1

s̃3

{
3

(
s̃ · ũ
s̃

)2

− ũ22
}
ũis̃j s̃k(ũl − s̃l)

]
.

Let us replace ũ22 by ũ22 +
(
s̃·ũ
s̃

)2
. This shift implies that

H1 =
2nℓ2

3π3
∂Vj
∂rk

∂Θ

∂rl

∫
ds̃dũ

∫ ∞

ũ2=0
dũ2 ũ2 e

−(ũ−s̃)2 e
−
{

ũ2
2+(

s̃·ũ
s̃ )

2
}

Φ̂c(ũ)

(
ũ2 − 5

2

)

× 1

s̃2

[
2 Φ̂v(|ũ− s̃|)Φ̂c



{
ũ22 +

(
s̃ · ũ
s̃

)2
}1/2



{
ũ22 +

(
s̃ · ũ
s̃

)2

− 5

2

}(
s̃ · ũ
s̃

)

× ũi(ũj − s̃j)(ũk − s̃k)s̃l

+ Φ̂c(|ũ− s̃|)Φ̂v



{
ũ22 +

(
s̃ · ũ
s̃

)2
}1/2



(
(ũ− s̃)2 − 5

2

)

× 1

s̃

{
2

(
s̃ · ũ
s̃

)2

− ũ22

}
ũis̃j s̃k(ũl − s̃l)

]
.

The integration over s̃ is performed in a (rotated) spherical coordinate system (s̃, θ′, φ′) described

in part (I) of QKǫ
i2

such that s̃ · ũ = s̃ũ cos θ′, i.e.,

H1 =
2nℓ2

3π3
∂Vj
∂rk

∂Θ

∂rl

∫
dũ

∫ ∞

ũ2=0
dũ2

∫ ∞

s̃=0

∫ π

θ′=0

∫ 2π

φ′=0
dφ′dθ′ds̃ s̃2 sin θ′ũ2 e

−(ũ2−2ũs̃ cos θ′+s̃2)

× e−(ũ2
2+ũ2 cos2 θ′) Φ̂c(ũ)

(
ũ2 − 5

2

)
1

s̃2

[
2 Φ̂v

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)

× Φ̂c

(
(ũ22 + ũ2 cos2 θ′)

1/2
)(

ũ22 + ũ2 cos2 θ′ − 5

2

)
ũ cos θ′ũi(ũj − s̃j)(ũk − s̃k)s̃l

+ Φ̂c

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)
Φ̂v

(
(ũ22 + ũ2 cos2 θ′)

1/2
)(

ũ2 − 2ũs̃ cos θ′ + s̃2 − 5

2

)

× 1

s̃
(2ũ2 cos2 θ′ − ũ22)ũis̃j s̃k(ũl − s̃l)

]
.
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The integrations over φ′ are given in eqs. (H.25) and (H.26). Hence using these equations,

H1 =
2nℓ2

3π3

∫
dũ

∫ ∞

ũ2=0
dũ2

∫ ∞

s̃=0

∫ π

θ′=0
dθ′ds̃ sin θ′ũ2 e

−(ũ2−2ũs̃ cos θ′+s̃2) e−(ũ2
2+ũ2 cos2 θ′)

× Φ̂c(ũ)

(
ũ2 − 5

2

)[
2Φ̂v

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)
Φ̂c

(
(ũ22 + ũ2 cos2 θ′)

1/2
)

×
(
ũ22 + ũ2 cos2 θ′ − 5

2

)
ũ cos θ′

{
2π

s̃

ũ3
∂Vj
∂rk

∂Θ

∂rl
ũiũjũkũl

×
(
ũ2 cos θ′ − 2ũs̃

1

2
(3 cos2 θ′ − 1) + s̃2

1

2
(5 cos3 θ′ − 3 cos θ′)

)

− 2π
s̃2

ũ

∂Vj
∂rk

∂Θ

∂rk
ũiũj(ũ− s̃ cos θ′)(1− cos2 θ′)

}

+ Φ̂c

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)
Φ̂v

(
(ũ22 + ũ2 cos2 θ′)

1/2
)(

ũ2 − 2ũs̃ cos θ′ + s̃2 − 5

2

)

× 1

s̃
(2ũ2 cos2 θ′ − ũ22)

{
2π
s̃2

ũ3
∂Vj
∂rk

∂Θ

∂rl
ũiũj ũkũl

(
ũ
1

2
(3 cos2 θ′ − 1)− s̃1

2
(5 cos3 θ′ − 3 cos θ′)

)

− 2π
s̃3

ũ

∂Vj
∂rk

∂Θ

∂rk
ũiũj cos θ

′(1− cos2 θ′)

}]
.

Let cos θ′ = y. This implies that

H1 =
4nℓ2

3π2

∫
dũ

∫ ∞

ũ2=0
dũ2

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy ũ2 e

−(ũ2−2ũs̃y+s̃2) e−(ũ2
2+ũ2y2) Φ̂c(ũ)

(
ũ2 − 5

2

)

×
[
2Φ̂v

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂c

(
(ũ22 + ũ2y2)

1/2
)(

ũ22 + ũ2y2 − 5

2

)
ũy

×
{
s̃

ũ3
∂Vj
∂rk

∂Θ

∂rl
ũiũjũkũl

(
ũ2y − 2ũs̃

1

2
(3y2 − 1) + s̃2

1

2
(5y3 − 3y)

)

− s̃
2

ũ

∂Vj
∂rk

∂Θ

∂rk
ũiũj(ũ− s̃y)(1 − y2)

}

+Φ̂c

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂v

(
(ũ22 + ũ2y2)

1/2
)(

ũ2 − 2ũs̃y + s̃2 − 5

2

)

×1

s̃
(2ũ2y2 − ũ22)

{
s̃2

ũ3
∂Vj
∂rk

∂Θ

∂rl
ũiũjũkũl

(
ũ
1

2
(3y2 − 1)− s̃1

2
(5y3 − 3y)

)

− s̃
3

ũ

∂Vj
∂rk

∂Θ

∂rk
ũiũjy(1− y2)

}]
.
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Using eqs. (F.9b) and (F.16), the integrals over ũ simplify to

H1 =
4nℓ2

3π2

∫ ∞

ũ=0
dũ

∫ ∞

ũ2=0
dũ2

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy ũ2 e

−(ũ2−2ũs̃y+s̃2) e−(ũ2
2+ũ2y2) Φ̂c(ũ)

(
ũ2 − 5

2

)

×
[
2Φ̂v

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂c

(
(ũ22 + ũ2y2)

1/2
)(

ũ22 + ũ2y2 − 5

2

)
ũy

×
{
s̃

ũ3
8π

15

∂Vj
∂ri

∂Θ

∂rj
ũ6
(
ũ2y − 2ũs̃

1

2
(3y2 − 1) + s̃2

1

2
(5y3 − 3y)

)

− s̃
2

ũ

4π

3

∂Vj
∂ri

∂Θ

∂rj
ũ4(ũ− s̃y)(1− y2)

}

+Φ̂c

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂v

(
(ũ22 + ũ2y2)

1/2
)(

ũ2 − 2ũs̃y + s̃2 − 5

2

)

×1

s̃
(2ũ2y2 − ũ22)

{
s̃2

ũ3
8π

15

∂Vj
∂ri

∂Θ

∂rj
ũ6
(
ũ
1

2
(3y2 − 1)− s̃1

2
(5y3 − 3y)

)

− s̃
3

ũ

4π

3

∂Vj
∂ri

∂Θ

∂rj
ũ4y(1− y2)

}]

or

H1 =
16nℓ2

45π

∂Vj
∂ri

∂Θ

∂rj

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy

∫ ∞

ũ=0
dũ

∫ ∞

ũ2=0
dũ2 ũ2 e

−(ũ2−2ũs̃y+s̃2) e−(ũ2
2+ũ2y2) Φ̂c(ũ)

×
(
ũ2 − 5

2

)
ũ3s̃

[
2Φ̂v

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂c

(
(ũ22 + ũ2y2)

1/2
)(

ũ22 + ũ2y2 − 5

2

)
ũy

×
{(

2ũ2y − 2ũs̃(3y2 − 1) + s̃2(5y3 − 3y)
)
− 5s̃(ũ− s̃y)(1− y2)

}

+ Φ̂c

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂v

(
(ũ22 + ũ2y2)

1/2
)(

ũ2 − 2ũs̃y + s̃2 − 5

2

)

× (2ũ2y2 − ũ22)
{(
ũ(3y2 − 1)− s̃(5y3 − 3y)

)
− 5s̃y(1− y2)

} ]

or

H1 =
32nℓ2

45π

∂Vj
∂ri

∂Θ

∂rj

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy

∫ ∞

ũ=0
dũ

∫ ∞

ũ2=0
dũ2 s̃ũ

3ũ2 e
−(ũ2−2ũs̃y+s̃2) e−(ũ2

2+ũ2y2) Φ̂c(ũ)

×
(
ũ2 − 5

2

)[
Φ̂v

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂c

(
(ũ22 + ũ2y2)

1/2
)(

ũ22 + ũ2y2 − 5

2

)
ũy

×(2ũ2y − ũs̃y2 − 3ũs̃+ 2s̃2y)

+Φ̂c

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂v

(
(ũ22 + ũ2y2)

1/2
)(

ũ2 − 2ũs̃y + s̃2 − 5

2

)

×(2ũ2y2 − ũ22)
{
ũ
1

2
(3y2 − 1)− s̃y

}]
. (4.147)

Next, consider eq. (4.146). The integration over k̂ is trivial. Hence using eq. (G.1b),

H2 =
n

2π3

(
2Θ

3

) 3
2
∫

dũ1dũ2 ũ12 e
−(ũ2

1+ũ2
2) Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i ΦK(ũ1)ΦK(ũ2).

Substituting the value of ΦK from eq. (3.18) and using eq. (F.3),
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H2 =
n

2π3

(
2Θ

3

) 3
2
∫

dũ1dũ2 ũ12 e
−(ũ2

1+ũ2
2) Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

×
[
2K

2Θ

3g
Φ̂v(ũ1)ũ1j ũ1k

(
3

2Θ

) 1
2 ∂Vj
∂rk

+K
2Θ

3g
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1j

∂ lnΘ

∂rj

]

×
[
2K

2Θ

3g
Φ̂v(ũ2)ũ2lũ2m

(
3

2Θ

) 1
2 ∂Vl
∂rm

+K
2Θ

3g
Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2l

∂ lnΘ

∂rl

]

=
nℓ2

2π3

(
2Θ

3

) 3
2
∫

dũ1dũ2 ũ12 e
−(ũ2

1+ũ2
2) Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

×
[
4Φ̂v(ũ1)Φ̂v(ũ2)ũ1j ũ1kũ2lũ2m

3

2Θ

∂Vj
∂rk

∂Vl
∂rm

+2Φ̂v(ũ1)Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ1j ũ1kũ2l

(
3

2Θ

) 1
2 ∂Vj
∂rk

∂ lnΘ

∂rl

+2Φ̂c(ũ1)Φ̂v(ũ2)

(
ũ21 −

5

2

)
ũ1j ũ2lũ2m

(
3

2Θ

) 1
2 ∂Vl
∂rm

∂ lnΘ

∂rj

+Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)
ũ1j ũ2l

∂ lnΘ

∂rj

∂ lnΘ

∂rl

]
.

We can ignore the first and fourth terms in the square brackets above because ultimately after

manipulation corresponding integrands become odd functions in components of ũ1 (cf. §4.2).
Therefore

H2 =
2nℓ2

3π3
∂Vj
∂rk

∂Θ

∂rl

∫
dũ1dũ2 ũ12 e

−(ũ2
1+ũ2

2) Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

×
[
Φ̂v(ũ1)Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ1j ũ1kũ2l + Φ̂c(ũ1)Φ̂v(ũ2)

(
ũ21 −

5

2

)
ũ1lũ2jũ2k

]
.

The integration over ũ2 is performed in a (rotated) spherical coordinate system (ũ2, θ
′
2, φ

′
2)

described in part (III) of QKǫ
i3

such that ũ1 · ũ2 = ũ1ũ2 cos θ
′
2, i.e.,

H2 =
2nℓ2

3π3
∂Θ

∂rl

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2(ũ

2
1 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1/2

× e−(ũ2
1+ũ2

2) Φ̂c(ũ1)

(
ũ21 −

5

2

)[
Φ̂v(ũ1)Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ1iũ1j ũ1kũ2l

∂Vj
∂rk

+Φ̂c(ũ1)Φ̂v(ũ2)

(
ũ21 −

5

2

)
ũ1i

(
ũ2jũ2k

∂Vj
∂rk

)
ũ1l

]
.

The integrals over φ′2 result into (cf. eqs. (H.18) and (H.6)),

H2 =
2nℓ2

3π3
∂Θ

∂rl

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ

2
2 sin θ

′
2(ũ

2
1 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1/2
e−(ũ2

1+ũ2
2)

× Φ̂c(ũ1)

(
ũ21 −

5

2

)[
Φ̂v(ũ1)Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ1iũ1j ũ1k

(
2π
ũ2
ũ1
ũ1l cos θ

′
2

)
∂Vj
∂rk

+Φ̂c(ũ1)Φ̂v(ũ2)

(
ũ21 −

5

2

)
ũ1i

{
π
ũ22
ũ21

∂Vj
∂rk

ũ1j ũ1k(3 cos
2 θ′2 − 1)

}
ũ1l

]
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or

H2 =
4nℓ2

3π2
∂Vj
∂rk

∂Θ

∂rl

∫
dũ1

∫ ∞

ũ2=0
dũ2 ũ1iũ1j ũ1kũ1l

ũ32
ũ21

e−(ũ2
1+ũ2

2) Φ̂c(ũ1)

(
ũ21 −

5

2

)

×
[
ũ1Φ̂v(ũ1)Φ̂c(ũ2)

(
ũ22 −

5

2

)(∫ π

θ′2=0
dθ′2 sin θ′2 cos θ

′
2(ũ

2
1 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1/2

)

+ũ2Φ̂c(ũ1)Φ̂v(ũ2)

(
ũ21 −

5

2

)

×
{∫ π

θ′2=0
dθ′2 sin θ′2

(
1

2
(3 cos2 θ′2 − 1)

)
(ũ21 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1/2
}]

=
4nℓ2

3π2
∂Vj
∂rk

∂Θ

∂rl

∫
dũ1

∫ ∞

ũ2=0
dũ2 ũ1iũ1j ũ1kũ1l

ũ32
ũ21

e−(ũ2
1+ũ2

2) Φ̂c(ũ1)

(
ũ21 −

5

2

)

×
[
ũ1Φ̂v(ũ1)Φ̂c(ũ2)

(
ũ22 −

5

2

)
R1(ũ1, ũ2) + ũ2Φ̂c(ũ1)Φ̂v(ũ2)

(
ũ21 −

5

2

)
R2(ũ1, ũ2)

]
,

where Rn(ũ1, ũ2) is defined in eq. (4.57) and the values of R1(ũ1, ũ2) and R2(ũ1, ũ2) are given

in eqs. (4.64) and (4.99) respectively. The integration over ũ1 results into (cf. eq. (F.16)),

H2 =
4nℓ2

3π2
8π

15

∂Vj
∂ri

∂Θ

∂rj

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

6
1

ũ32
ũ21

e−(ũ2
1+ũ2

2) Φ̂c(ũ1)

(
ũ21 −

5

2

)

×
[
ũ1Φ̂v(ũ1)Φ̂c(ũ2)

(
ũ22 −

5

2

)
R1(ũ1, ũ2) + ũ2Φ̂c(ũ1)Φ̂v(ũ2)

(
ũ21 −

5

2

)
R2(ũ1, ũ2)

]

=
32nℓ2

45π

∂Vj
∂ri

∂Θ

∂rj

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

4
1ũ

3
2 e

−(ũ2
1+ũ2

2) Φ̂c(ũ1)

(
ũ21 −

5

2

)

×
[
ũ1Φ̂v(ũ1)Φ̂c(ũ2)

(
ũ22 −

5

2

)
R1(ũ1, ũ2) + ũ2Φ̂c(ũ1)Φ̂v(ũ2)

(
ũ21 −

5

2

)
R2(ũ1, ũ2)

]
.

(4.148)

Hence from eqs. (4.143), (4.144), (4.147) and (4.148),

QKK
i = θ̃1nℓ

2∂Vj
∂rj

∂Θ

∂ri
+ θ̃2nℓ

2

{
2

3

∂

∂ri

(
Θ
∂Vj
∂rj

)
+ 2

∂Vj
∂ri

∂Θ

∂rj

}

+ θ̃3ℓ
2∂Vj
∂ri

∂(nΘ)

∂rj
+ θ̃4nℓ

2Θ
∂

∂rj

∂Vj
∂ri

+ θ̃5nℓ
2∂Vj
∂ri

∂Θ

∂rj

(4.149)

where

θ̃1 =
8

9π1/2

∫ ∞

ũ=0
dũ Φ̂2

c(ũ)

(
ũ2 − 5

2

)2

ũ4 e−ũ2
, (4.150a)

θ̃2 = −
4

9π1/2

∫ ∞

ũ=0
dũ Φ̂2

c(ũ)

(
ũ2 − 5

2

)2

ũ4 e−ũ2
, (4.150b)

θ̃3 =
8

45π1/2

∫ ∞

ũ=0
dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũ4 e−ũ2

[
2{Φ̂′

v(ũ)− Φ̂v(ũ)}ũ2 + 5Φ̂v(ũ)
]
, (4.150c)

θ̃4 =
16

45π1/2

∫ ∞

ũ=0
dũ Φ̂v(ũ)Φ̂c(ũ)

(
ũ2 − 5

2

)
ũ6 e−ũ2

, (4.150d)
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and

θ̃5 =
8

45π1/2

∫ ∞

ũ=0
dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũ6 e−ũ2

[
2Φ̂c(ũ)

(
ũ2 − 5

2

)
− 2Φ̂c(ũ)

−2Φ̂′
c(ũ)

(
ũ2 − 5

2

)
+ 2Φ̂v(ũ)

(
ũ2 − 3

2

)
− 3Φ̂v(ũ)− 2Φ̂′

v(ũ)ũ
2

]

− 32

45π

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy

∫ ∞

ũ=0
dũ

∫ ∞

ũ2=0
dũ2 s̃ũ

3ũ2 e
−(ũ2−2ũs̃y+s̃2) e−(ũ2

2+ũ2y2) Φ̂c(ũ)

×
(
ũ2 − 5

2

)[
Φ̂v

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂c

(
(ũ22 + ũ2y2)

1/2
)(

ũ22 + ũ2y2 − 5

2

)
ũy

×(2ũ2y − ũs̃y2 − 3ũs̃+ 2s̃2y)

+Φ̂c

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂v

(
(ũ22 + ũ2y2)

1/2
)(

ũ2 − 2ũs̃y + s̃2 − 5

2

)

×(2ũ2y2 − ũ22)
{
ũ
1

2
(3y2 − 1)− s̃y

}]

+
32

45π

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

4
1ũ

3
2 e

−(ũ2
1+ũ2

2) Φ̂c(ũ1)

(
ũ21 −

5

2

)

×
[
ũ1Φ̂v(ũ1)Φ̂c(ũ2)

(
ũ22 −

5

2

)
R1(ũ1, ũ2) + ũ2Φ̂c(ũ1)Φ̂v(ũ2)

(
ũ21 −

5

2

)
R2(ũ1, ũ2)

]
.

(4.150e)

θ̃i are evaluated numerically. Their values are: θ̃1 ≈ 1.2312, θ̃2 ≈ −0.6156, θ̃3 ≈ −0.3270,
θ̃4 ≈ 0.2551 and θ̃5 ≈ 2.5667.

Pressure Tensor

From eq. (2.28), the contribution of ΦKK to the pressure tensor is given by

PKK
ij =

2nΘ

3π3/2

∫
dũ ũiũj e

−ũ2
ΦKK.

Using the similar orthogonality relation with respect to ΦKK and following a similar procedure

as in getting the expression for pressure tensor at O(Kǫ) (cf. eq. (4.67)), we get

PKK
ij =

2nΘ

3π3/2

∫
dũ e−ũ2

Φ̂v(ũ)ũiũj L̃ (ΦKK). (4.151)

Substituting the value of L̃ (ΦKK) from eq. (4.141) into eq. (4.151), writing K 2Θ
3g = ℓ, and

ignoring the terms whose tensorial structure is: ũi or ũiũj ũk or ũiũj ũkũlũm (because the corre-

sponding integrands are odd functions in components of ũ) or ũiũj (because of symmetry), we

get
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PKK
ij =

2nΘℓ2

3π3/2

∫
dũ e−ũ2

Φ̂v(ũ)ũiũj

[
4
{
Φ̂v(ũ)− Φ̂′

v(ũ)
}
ũkũlũmũn

3

2Θ

∂Vk
∂rl

∂Vm
∂rn

+4Φ̂v(ũ)ũkũl
3

2Θ

∂Vk
∂rl

∂Vm
∂rm

− 4Φ̂v(ũ)ũkũl
3

2Θ

∂Vk
∂rm

∂Vm
∂rl
− 2Φ̂v(ũ)ũkũl

3

2Θ

∂Vk
∂rm

∂Vm
∂rl

+Φ̂c(ũ)

(
ũ2 − 5

2

)(
ũ2 − 3

2

)
ũkũl

1

Θ2

∂Θ

∂rk

∂Θ

∂rl
− Φ̂c(ũ)ũ

2ũkũl
1

Θ2

∂Θ

∂rk

∂Θ

∂rl

−1

2
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũkũl

1

Θ2

∂Θ

∂rk

∂Θ

∂rl
− Φ̂′

c(ũ)

(
ũ2 − 5

2

)
ũ2ũkũl

1

Θ2

∂Θ

∂rk

∂Θ

∂rl

−Φ̂c(ũ)

(
ũ2 − 5

2

)
ũkũl

1

nΘ2

∂(nΘ)

∂rk

∂Θ

∂rl
+ Φ̂c(ũ)ũkũl

1

nΘ2

∂(nΘ)

∂rk

∂Θ

∂rl

+Φ̂′
c(ũ)

(
ũ2 − 5

2

)
ũkũl

1

nΘ2

∂(nΘ)

∂rk

∂Θ

∂rl
− Φ̂v(ũ)ũkũl

1

Θ

∂

∂rk

(
1

n

∂(nΘ)

∂rl

)

+Φ̂c(ũ)

(
ũ2 − 5

2

)
ũkũl

(
1

Θ

∂2Θ

∂rk∂rl
− 1

Θ2

∂Θ

∂rk

∂Θ

∂rl

)]

− nΘ

3π3/2

∫
dũ e−ũ2

Φ̂v(ũ)ũiũjΩ̃(ΦK , ΦK). (4.152)

In the above simplification, (along with eqs. (F.3)-(F.2)) the following are used:

ũiũjũkũl
∂Vi
∂rj

∂Vk
∂rl
− 1

3
ũ2ũiũj

∂Vi
∂rj

∂Vk
∂rk

= ũiũj
∂Vi
∂rj

[
ũkũl

∂Vk
∂rl
− 1

3
ũ2δkl

∂Vk
∂rl

]

= ũiũj
∂Vi
∂rj

∂Vk
∂rl

[
ũkũl + ũlũk

2
− 1

3
δklũ

2

]
= ũiũj

∂Vi
∂rj

∂Vk
∂rl

ũkũl = ũiũjũkũl
∂Vi
∂rj

∂Vk
∂rl

, (4.153a)

ũiũj
∂ lnΘ

∂ri

∂ lnn

∂rj
= ũjũi

∂ lnΘ

∂rj

∂ lnn

∂ri
= ũiũj

∂ lnn

∂ri

∂ lnΘ

∂rj
, (4.153b)

ũkũl
∂ lnΘ

∂rk

∂ ln(nΘ)

∂rl
= ũlũk

∂ lnΘ

∂rl

∂ ln(nΘ)

∂rk
= ũkũl

1

nΘ2

∂(nΘ)

∂rk

∂Θ

∂rl
, (4.153c)

ũkũl

{
∂ ln(nΘ)

∂rk

∂ lnΘ

∂rl
+
∂2 ln(nΘ)

∂rk∂rl

}
= ũkũl

{
∂ ln(nΘ)

∂rk

∂ lnΘ

∂rl
+
∂2 ln(nΘ)

∂rk∂rl

}

= ũkũl

{
1

nΘ2

∂(nΘ)

∂rk

∂Θ

∂rl
+

∂

∂rl

(
1

nΘ

∂(nΘ)

∂rk

)}

= ũkũl

{
1

nΘ2

∂(nΘ)

∂rk

∂Θ

∂rl
+

1

Θ

∂

∂rl

(
1

n

∂(nΘ)

∂rk

)
− 1

nΘ2

∂(nΘ)

∂rk

∂Θ

∂rl

}

= ũkũl
1

Θ

∂

∂rl

(
1

n

∂(nΘ)

∂rk

)
= ũlũk

1

Θ

∂

∂rk

(
1

n

∂(nΘ)

∂rl

)
= ũkũl

1

Θ

∂

∂rk

(
1

n

∂(nΘ)

∂rl

)
, (4.153d)

∂2 lnΘ

∂rk∂rl
=

∂

∂rk

(
∂ lnΘ

∂rl

)
=

∂

∂rk

(
1

Θ

∂Θ

∂rl

)
=

1

Θ

∂2Θ

∂rk∂rl
− 1

Θ2

∂Θ

∂rk

∂Θ

∂rl
. (4.153e)
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Now, eq. (4.152) can be written as

PKK
ij =

4nℓ2

π3/2
∂Vm
∂rm

∂Vk
∂rl

∫
dũ e−ũ2

Φ̂2
v(ũ)ũiũjũkũl

− 2nℓ2

π3/2

{
1

3

∂

∂rk

(
1

n

∂(nΘ)

∂rl

)
+
∂Vk
∂rm

∂Vm
∂rl

+ 2
∂Vk
∂rm

∂Vm
∂rl

}∫
dũ e−ũ2

Φ̂2
v(ũ)ũiũj ũkũl

+
2nℓ2

3π3/2
∂2Θ

∂rk∂rl

∫
dũ e−ũ2

Φ̂v(ũ)Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiũj ũkũl

+
2ℓ2

3π3/2Θ

∂(nΘ)

∂rk

∂Θ

∂rl

∫
dũ e−ũ2

Φ̂v(ũ)

{
Φ̂′
c(ũ)

(
ũ2 − 5

2

)
− Φ̂c(ũ)

(
ũ2 − 7

2

)}
ũiũjũkũl

+
2nℓ2

3π3/2Θ

∂Θ

∂rk

∂Θ

∂rl

∫
dũ e−ũ2

Φ̂v(ũ)

×
{
Φ̂c(ũ)

(
ũ4 − 13

2
ũ2 +

15

2

)
− Φ̂′

c(ũ)

(
ũ2 − 5

2

)
ũ2
}
ũiũj ũkũl

+
4nℓ2

π3/2
∂Vk
∂rl

∂Vm
∂rn

∫
dũ e−ũ2

Φ̂v(ũ)
{
Φ̂v(ũ)− Φ̂′

v(ũ)
}
ũiũj ũkũlũmũn

− nΘ

3π3/2

∫
dũ e−ũ2

Φ̂v(ũ)ũiũjΩ̃(ΦK , ΦK).

Using eqs. (F.12) and (F.15), the integrations over ũ result into

PKK
ij = nℓ2

∂Vm
∂rm

∂Vi
∂rj

32

15
√
π

∫ ∞

0
dũ e−ũ2

Φ̂2
v(ũ)ũ

6

− nℓ2
{
1

3

∂

∂ri

(
1

n

∂(nΘ)

∂rj

)
+
∂Vi
∂rm

∂Vm
∂rj

+ 2
∂Vi
∂rm

∂Vm
∂rj

}
16

15
√
π

∫ ∞

0
dũ e−ũ2

Φ̂2
v(ũ)ũ

6

+ nℓ2
∂2Θ

∂ri∂rj

16

45
√
π

∫ ∞

0
dũ e−ũ2

Φ̂v(ũ)Φ̂c(ũ)

(
ũ2 − 5

2

)
ũ6

+
ℓ2

Θ

∂(nΘ)

∂ri

∂Θ

∂rj

16

45
√
π

∫ ∞

0
dũ e−ũ2

Φ̂v(ũ)

{
Φ̂′
c(ũ)

(
ũ2 − 5

2

)
− Φ̂c(ũ)

(
ũ2 − 7

2

)}
ũ6

+
nℓ2

Θ

∂Θ

∂ri

∂Θ

∂rj

16

45
√
π

∫ ∞

0
dũ e−ũ2

Φ̂v(ũ)

×
{
Φ̂c(ũ)

(
ũ4 − 13

2
ũ2 +

15

2

)
− Φ̂′

c(ũ)

(
ũ2 − 5

2

)
ũ2
}
ũ6

+ nℓ2
∂Vi
∂rk

∂Vk
∂rj

128

105
√
π

∫ ∞

0
dũ e−ũ2

Φ̂v(ũ)
{
Φ̂v(ũ)− Φ̂′

v(ũ)
}
ũ8

− nΘ

3π3/2

∫
dũ e−ũ2

Φ̂v(ũ)ũiũjΩ̃(ΦK , ΦK). (4.154)

The last term in eq. (4.154) is evaluated separately as following. Substituting the value of

Ω̃(ΦK , ΦK) from eq. (2.38), this term is given by

nΘ

3π3/2

∫
dũ e−ũ2

Φ̂v(ũ)ũiũjΩ̃(ΦK , ΦK)

=
2nΘ

3π4

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2) Φ̂v(ũ1)ũ1iũ1j{ΦK(ũ′
1)ΦK(ũ′

2)− ΦK(ũ1)ΦK(ũ2)}.
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Note that in the above equation, the velocity transformation corresponds to the elastic limit.

Following a similar procedure as in the derivation of QKǫ
i3

, one obtains

nΘ

3π3/2

∫
dũ e−ũ2

Φ̂v(ũ)ũiũjΩ̃(ΦK , ΦK) =M1 −M2, (4.155)

where

M1 =
2nΘ

3π4

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) ΦK(ũ1)ΦK(ũ2)Φ̂v(ũ)ũiũj I

(0)
δ , (4.156)

M2 =
2nΘ

3π4

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2) Φ̂v(ũ1)ũ1iũ1j ΦK(ũ1)ΦK(ũ2), (4.157)

and I
(0)
δ is given in eq. (4.48). We shall simplify M1 and M2 as following. Using eqs. (3.18) and

(F.3),

M1 =
2nΘ

3π4

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) Φ̂v(ũ)ũiũjI

(0)
δ

×
[
2K

2Θ

3g
Φ̂v(ũ1)ũ1kũ1l

(
3

2Θ

) 1
2 ∂Vk
∂rl

+K
2Θ

3g
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1k

∂ lnΘ

∂rk

]

×
[
2K

2Θ

3g
Φ̂v(ũ2)ũ2mũ2n

(
3

2Θ

) 1
2 ∂Vm
∂rn

+K
2Θ

3g
Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2m

∂ lnΘ

∂rm

]

or

M1 =
2nΘℓ2

3π4

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) Φ̂v(ũ)ũiũjI

(0)
δ

×
[
4Φ̂v(ũ1)Φ̂v(ũ2)ũ1kũ1lũ2mũ2n

3

2Θ

∂Vk
∂rl

∂Vm
∂rn

+2Φ̂v(ũ1)Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ1kũ1lũ2m

(
3

2Θ

) 1
2 ∂Vk
∂rl

∂ lnΘ

∂rm

+2Φ̂c(ũ1)Φ̂v(ũ2)

(
ũ21 −

5

2

)
ũ1kũ2mũ2n

(
3

2Θ

) 1
2 ∂Vm
∂rn

∂ lnΘ

∂rk

+Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)
ũ1kũ2m

∂ lnΘ

∂rk

∂ lnΘ

∂rm

]
.

We can ignore the the second and third terms in the square brackets above because ultimately

after manipulation corresponding integrands become odd functions in components of ũ (cf. §4.2).
Therefore

M1 =
4nℓ2

π4
∂Vk
∂rl

∂Vm
∂rn

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) Φ̂v(ũ)ũiũjI

(0)
δ Φ̂v(ũ1)Φ̂v(ũ2)ũ1kũ1lũ2mũ2n

+
2nΘℓ2

3π4
∂ lnΘ

∂rk

∂ lnΘ

∂rm

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) Φ̂v(ũ)ũiũjI

(0)
δ

× Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)
ũ1kũ2m.



4.3 Constitutive Relations at O(KK) 103

Replacing ũ1 by ũ− s̃, we get

M1 =
4nℓ2

π4
∂Vk
∂rl

∂Vm
∂rn

∫
ds̃dũ2dũ e−(ũ−s̃)2−ũ2

2 Φ̂v(ũ)ũiũjI
(0)
δ

× Φ̂v(|ũ− s̃|)Φ̂v(ũ2)(ũk − s̃k)(ũl − s̃l)ũ2mũ2n

+
2nℓ2

3π4Θ

∂Θ

∂rk

∂Θ

∂rl

∫
ds̃dũ2dũ e−(ũ−s̃)2−ũ2

2 Φ̂v(ũ)ũiũjI
(0)
δ

× Φ̂c(|ũ− s̃|)Φ̂c(ũ2)

(
(ũ− s̃)2 − 5

2

)(
ũ22 −

5

2

)
(ũk − s̃k)ũ2l.

The integrations over ũ2 are performed in a (rotated) spherical coordinate system (ũ2, θ
′
2, φ

′
2)

described in part (I) of QKǫ
i2

such that s̃ · ũ2 = s̃ũ2 cos θ
′
2, i.e.,

M1 = nℓ2
∂Vk
∂rl

∂Vm
∂rn

4

π4

∫
ds̃dũ

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2 e

−(ũ−s̃)2−ũ2
2

× Φ̂v(ũ)Φ̂v(|ũ− s̃|)Φ̂v(ũ2)ũiũj(ũk − s̃k)(ũl − s̃l)ũ2mũ2nI(0)δ

+
nℓ2

Θ

∂Θ

∂rk

∂Θ

∂rl

2

3π4

∫
ds̃dũ

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2 e

−(ũ−s̃)2−ũ2
2

× Φ̂v(ũ)Φ̂c(|ũ− s̃|)Φ̂c(ũ2)

(
(ũ− s̃)2 − 5

2

)(
ũ22 −

5

2

)
ũiũj(ũk − s̃k)ũ2lI(0)δ .

Note that the components of ũ2 are the only functions of φ′2 (see Appendix H). Therefore the

integrations over φ′2 give (cf. eqs. (H.6) and (H.18))

M1 = nℓ2
∂Vk
∂rl

4

π4

∫
ds̃dũ

∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ

2
2 sin θ

′
2 e

−(ũ−s̃)2−ũ2
2 Φ̂v(ũ)Φ̂v(|ũ− s̃|)

× Φ̂v(ũ2)ũiũj(ũk − s̃k)(ũl − s̃l)
{
π
ũ22
s̃2
∂Vm
∂rn

s̃ms̃n(3 cos
2 θ′2 − 1)

}
I
(0)
δ

+
nℓ2

Θ

∂Θ

∂rk

∂Θ

∂rl

2

3π4

∫
ds̃dũ

∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ

2
2 sin θ

′
2 e

−(ũ−s̃)2−ũ2
2 Φ̂v(ũ)Φ̂c(|ũ− s̃|)

× Φ̂c(ũ2)

(
(ũ− s̃)2 − 5

2

)(
ũ22 −

5

2

)
ũiũj(ũk − s̃k)

(
2π
ũ2
s̃
s̃l cos θ

′
2

)
I
(0)
δ

= nℓ2
∂Vk
∂rl

∂Vm
∂rn

4

π3

∫
ds̃dũ e−(ũ−s̃)2 Φ̂v(ũ)Φ̂v(|ũ− s̃|)ũiũj(ũk − s̃k)(ũl − s̃l)

× s̃ms̃n
s̃2

∫ ∞

ũ2=0
ũ42 e

−ũ2
2 Φ̂v(ũ2)

{∫ π

θ′2=0
sin θ′2(3 cos

2 θ′2 − 1)I
(0)
δ dθ′2

}
dũ2

+
nℓ2

Θ

∂Θ

∂rk

∂Θ

∂rl

4

3π3

∫
ds̃dũ e−(ũ−s̃)2 Φ̂v(ũ)Φ̂c(|ũ− s̃|)

(
(ũ− s̃)2 − 5

2

)
ũiũj(ũk − s̃k)

× s̃l
s̃

∫ ∞

ũ2=0
ũ32 e

−ũ2
2 Φ̂c(ũ2)

(
ũ22 −

5

2

){∫ π

θ′2=0
sin θ′2 cos θ

′
2I

(0)
δ dθ′2

}
dũ2.
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Using eq. (C.12),

M1 = nℓ2
∂Vk
∂rl

∂Vm
∂rn

4

π3

∫
ds̃dũ e−(ũ−s̃)2 Φ̂v(ũ)Φ̂v(|ũ− s̃|)ũiũj(ũk − s̃k)(ũl − s̃l)

× s̃ms̃n
s̃3

∫ ∞

ũ2=| s̃·ũs̃ |
ũ32 e

−ũ2
2 Φ̂v(ũ2)

{
3

(
s̃ · ũ
s̃ũ2

)2

− 1

}
dũ2

+
nℓ2

Θ

∂Θ

∂rk

∂Θ

∂rl

4

3π3

∫
ds̃dũ e−(ũ−s̃)2 Φ̂v(ũ)Φ̂c(|ũ− s̃|)

(
(ũ− s̃)2 − 5

2

)
ũiũj(ũk − s̃k)

× s̃l
s̃2

∫ ∞

ũ2=| s̃·ũs̃ |
ũ22 e

−ũ2
2 Φ̂c(ũ2)

(
ũ22 −

5

2

)(
s̃ · ũ
s̃ũ2

)
dũ2.

Let us replace ũ22 by ũ22 +
(
s̃·ũ
s̃

)2
. This shift implies that

M1 = nℓ2
∂Vk
∂rl

∂Vm
∂rn

4

π3

∫
ds̃dũ e−(ũ−s̃)2 Φ̂v(ũ)Φ̂v(|ũ− s̃|)ũiũj(ũk − s̃k)(ũl − s̃l)

× s̃ms̃n
s̃3

∫ ∞

ũ2=0
ũ2 e

−
{

ũ2
2+(

s̃·ũ
s̃ )

2
}

Φ̂v



{
ũ22 +

(
s̃ · ũ
s̃

)2
}1/2



{
2

(
s̃ · ũ
s̃

)2

− ũ22

}
dũ2

+
nℓ2

Θ

∂Θ

∂rk

∂Θ

∂rl

4

3π3

∫
ds̃dũ e−(ũ−s̃)2 Φ̂v(ũ)Φ̂c(|ũ− s̃|)

(
(ũ− s̃)2 − 5

2

)
ũiũj(ũk − s̃k)

× s̃l
s̃2

∫ ∞

ũ2=0
ũ2 e

−
{

ũ2
2+(

s̃·ũ
s̃ )

2
}

Φ̂c



{
ũ22 +

(
s̃ · ũ
s̃

)2
}1/2




×
{
ũ22 +

(
s̃ · ũ
s̃

)2

− 5

2

}(
s̃ · ũ
s̃

)
dũ2.

The integrations over s̃ are performed in a (rotated) spherical coordinate system (s̃, θ′, φ′) de-

scribed in part (I) of QKǫ
i2

such that s̃ · ũ = s̃ũ cos θ′, i.e.,

M1 = nℓ2
∂Vk
∂rl

∂Vm
∂rn

4

π3

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0

∫ 2π

φ′=0
dφ′dθ′ds̃ s̃2 sin θ′ e−(ũ2−2ũs̃ cos θ′+s̃2)

× Φ̂v(ũ)Φ̂v

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)
ũiũj(ũk − s̃k)(ũl − s̃l)s̃ms̃n

× 1

s̃3

∫ ∞

ũ2=0
ũ2 e

−(ũ2
2+ũ2 cos2 θ′) Φ̂v

(
(ũ22 + ũ2 cos2 θ′)

1/2
)
(2ũ2 cos2 θ′ − ũ22) dũ2

+
nℓ2

Θ

∂Θ

∂rk

∂Θ

∂rl

4

3π3

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0

∫ 2π

φ′=0
dφ′dθ′ds̃ s̃2 sin θ′ e−(ũ2−2ũs̃ cos θ′+s̃2)

× Φ̂v(ũ)Φ̂c

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)(

ũ2 − 2ũs̃ cos θ′ + s̃2 − 5

2

)
ũiũj(ũk − s̃k)s̃l

× 1

s̃2

∫ ∞

ũ2=0
ũ2 e

−(ũ2
2+ũ2 cos2 θ′) Φ̂c

(
(ũ22 + ũ2 cos2 θ′)

1/2
)(

ũ22 + ũ2 cos2 θ′ − 5

2

)
ũ cos θ′ dũ2.
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The values of integrals over φ′ are given in eqs. (H.17) and (H.23). Hence using these equations,

M1 = nℓ2
4

π3

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0
dθ′ds̃ s̃2 sin θ′ e−(ũ2−2ũs̃ cos θ′+s̃2) Φ̂v(ũ)Φ̂v

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)

× ũiũj
[
2π
s̃2

ũ4
∂Vk
∂rl

∂Vm
∂rn

ũkũlũmũn

{
ũ2

1

2
(3 cos2 θ′ − 1)− 2ũs̃

1

2
(5 cos3 θ′ − 3 cos θ′)

+ s̃2
1

8
(35 cos4 θ′ − 30 cos2 θ′ + 3)

}

+ π
s̃3

ũ2
∂Vk
∂rm

∂Vm
∂rl

ũkũl(1− cos2 θ′){s̃(5 cos2 θ′ − 1)− 4ũ cos θ′}+π

2
s̃4(1− cos2 θ′)

2∂Vk
∂rl

∂Vl
∂rk

]

× 1

s̃3

∫ ∞

ũ2=0
ũ2 e

−(ũ2
2+ũ2 cos2 θ′) Φ̂v

(
(ũ22 + ũ2 cos2 θ′)

1/2
)
(2ũ2 cos2 θ′ − ũ22) dũ2

+
nℓ2

Θ

4

3π3

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0
dθ′ds̃ s̃2 sin θ′ e−(ũ2−2ũs̃ cos θ′+s̃2)

× Φ̂v(ũ)Φ̂c

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)(

ũ2 − 2ũs̃ cos θ′ + s̃2 − 5

2

)
ũiũj

×
[
−πs̃2 ∂Θ

∂rk

∂Θ

∂rk
(1− cos2 θ′) + 2π

s̃

ũ2
∂Θ

∂rk

∂Θ

∂rl
ũkũl

{
ũ cos θ′ − 1

2
s̃(3 cos2 θ′ − 1)

}]

× 1

s̃2

∫ ∞

ũ2=0
ũ2 e

−(ũ2
2+ũ2 cos2 θ′) Φ̂c

(
(ũ22 + ũ2 cos2 θ′)

1/2
)(

ũ22 + ũ2 cos2 θ′ − 5

2

)
ũ cos θ′ dũ2.

The values of integrals over ũ are given in eqs. (F.10), (F.12) and (F.15). Hence using these

equations,

M1 = nℓ2
4

π3

∫ ∞

ũ=0
dũ

∫ ∞

s̃=0

∫ π

θ′=0
dθ′ds̃ s̃2 sin θ′ e−(ũ2−2ũs̃ cos θ′+s̃2)

× Φ̂v(ũ)Φ̂v

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)[

2π
s̃2

ũ4
32π

105

∂Vi
∂rk

∂Vk
∂rj

ũ8
{
ũ2

1

2
(3 cos2 θ′ − 1)

−2ũs̃1
2
(5 cos3 θ′ − 3 cos θ′) + s̃2

1

8
(35 cos4 θ′ − 30 cos2 θ′ + 3)

}

+π
s̃3

ũ2
8π

15

∂Vi
∂rm

∂Vm
∂rj

ũ6(1− cos2 θ′){s̃(5 cos2 θ′ − 1)− 4ũ cos θ′}
]

× 1

s̃3

∫ ∞

ũ2=0
ũ2 e

−(ũ2
2+ũ2 cos2 θ′) Φ̂v

(
(ũ22 + ũ2 cos2 θ′)

1/2
)
(2ũ2 cos2 θ′ − ũ22) dũ2

+
nℓ2

Θ

4

3π3

∫ ∞

ũ=0
dũ

∫ ∞

s̃=0

∫ π

θ′=0
dθ′ds̃ s̃2 sin θ′ e−(ũ2−2ũs̃ cos θ′+s̃2)

× Φ̂v(ũ)Φ̂c

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)(

ũ2 − 2ũs̃ cos θ′ + s̃2 − 5

2

)

×
[
2π

s̃

ũ2
8π

15

∂Θ

∂ri

∂Θ

∂rj
ũ6
{
ũ cos θ′ − 1

2
s̃(3 cos2 θ′ − 1)

}]

× 1

s̃2

∫ ∞

ũ2=0
ũ2 e

−(ũ2
2+ũ2 cos2 θ′) Φ̂c

(
(ũ22 + ũ2 cos2 θ′)

1/2
)(

ũ22 + ũ2 cos2 θ′ − 5

2

)
ũ cos θ′ dũ2
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or

M1 = nℓ2
∂Vi
∂rk

∂Vk
∂rj

32

105π

∫ ∞

ũ=0
dũ

∫ ∞

s̃=0

∫ π

θ′=0
dθ′ds̃ sin θ′s̃ũ4 e−(ũ2−2ũs̃ cos θ′+s̃2)

× Φ̂v(ũ)Φ̂v

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)

×
[{

4ũ2(3 cos2 θ′ − 1)− 8ũs̃(5 cos3 θ′ − 3 cos θ′) + s̃2(35 cos4 θ′ − 30 cos2 θ′ + 3)
}

+ 7s̃(1− cos2 θ′){s̃(5 cos2 θ′ − 1)− 4ũ cos θ′}
]

×
∫ ∞

ũ2=0
ũ2 e

−(ũ2
2+ũ2 cos2 θ′) Φ̂v

(
(ũ22 + ũ2 cos2 θ′)

1/2
)
(2ũ2 cos2 θ′ − ũ22) dũ2

+
nℓ2

Θ

∂Θ

∂ri

∂Θ

∂rj

64

45π

∫ ∞

ũ=0
dũ

∫ ∞

s̃=0

∫ π

θ′=0
dθ′ds̃ sin θ′s̃ũ5 e−(ũ2−2ũs̃ cos θ′+s̃2) Φ̂v(ũ)

× Φ̂c

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)(

ũ2 − 2ũs̃ cos θ′ + s̃2 − 5

2

){
ũ cos θ′ − 1

2
s̃(3 cos2 θ′ − 1)

}

×
∫ ∞

ũ2=0
ũ2 e

−(ũ2
2+ũ2 cos2 θ′) Φ̂c

(
(ũ22 + ũ2 cos2 θ′)

1/2
)(

ũ22 + ũ2 cos2 θ′ − 5

2

)
cos θ′ dũ2.

Let cos θ′ = y. This implies that

M1 = nℓ2
∂Vi
∂rk

∂Vk
∂rj

32

105π

∫ ∞

ũ=0
dũ

∫ ∞

s̃=0

∫ 1

y=−1
dy ds̃ s̃ũ4 e−(ũ2−2ũs̃y+s̃2) Φ̂v(ũ)

× Φ̂v

(
(ũ2 − 2ũs̃y + s̃2)

1/2
){

4ũ2(3y2 − 1)− 4ũs̃y(3y2 + 1) + 4s̃2(3y2 − 1)
}

×
∫ ∞

ũ2=0
ũ2 e

−(ũ2
2+ũ2y2) Φ̂v

(
(ũ22 + ũ2y2)

1/2
)
(2ũ2y2 − ũ22) dũ2

+
nℓ2

Θ

∂Θ

∂ri

∂Θ

∂rj

64

45π

∫ ∞

ũ=0
dũ

∫ ∞

s̃=0

∫ 1

y=−1
dy ds̃ s̃ũ5 e−(ũ2−2ũs̃y+s̃2) Φ̂v(ũ)

× Φ̂c

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)(

ũ2 − 2ũs̃y + s̃2 − 5

2

){
ũy − 1

2
s̃(3y2 − 1)

}

×
∫ ∞

ũ2=0
ũ2 e

−(ũ2
2+ũ2y2) Φ̂c

(
(ũ22 + ũ2y2)

1/2
)(

ũ22 + ũ2y2 − 5

2

)
y dũ2.

or

M1 = nℓ2
∂Vi
∂rk

∂Vk
∂rj

128

105π

∫ ∞

ũ=0
dũ

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy

∫ ∞

ũ2=0
dũ2 ũ

4s̃ũ2(2ũ
2y2 − ũ22)

×
{
ũ2(3y2 − 1)− ũs̃y(3y2 + 1) + s̃2(3y2 − 1)

}
Φ̂v(ũ)Φ̂v

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)

× Φ̂v

(
(ũ22 + ũ2y2)

1/2
)
e−(ũ2−2ũs̃y+s̃2) e−(ũ2

2+ũ2y2)

+
nℓ2

Θ

∂Θ

∂ri

∂Θ

∂rj

64

45π

∫ ∞

ũ=0
dũ

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy

∫ ∞

ũ2=0
dũ2 ũ

5s̃yũ2

× Φ̂v(ũ)Φ̂c

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂c

(
(ũ22 + ũ2y2)

1/2
){

ũy − 1

2
s̃(3y2 − 1)

}

×
(
ũ2 − 2ũs̃y + s̃2 − 5

2

)(
ũ22 + ũ2y2 − 5

2

)
e−(ũ2−2ũs̃y+s̃2) e−(ũ2

2+ũ2y2) . (4.158)
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Next, consider eq. (4.157). The integration over k̂ is trivial. Hence using eq. (G.1b),

M2 =
2nΘ

3π3

∫
dũ1dũ2 ũ12 e

−(ũ2
1+ũ2

2) Φ̂v(ũ1)ũ1iũ1j ΦK(ũ1)ΦK(ũ2)

Substituting the value of ΦK from eq. (3.18) and using eq. (F.3),

M2 =
2nΘ

3π3

∫
dũ1dũ2 ũ12 e

−(ũ2
1+ũ2

2) Φ̂v(ũ1)ũ1iũ1j

×
[
2K

2Θ

3g
Φ̂v(ũ1)ũ1kũ1l

(
3

2Θ

) 1
2 ∂Vk
∂rl

+K
2Θ

3g
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1k

∂ lnΘ

∂rk

]

×
[
2K

2Θ

3g
Φ̂v(ũ2)ũ2mũ2n

(
3

2Θ

) 1
2 ∂Vm
∂rn

+K
2Θ

3g
Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2m

∂ lnΘ

∂rm

]

=
2nΘℓ2

3π3

∫
dũ1dũ2 ũ12 e

−(ũ2
1+ũ2

2) Φ̂v(ũ1)ũ1iũ1j

×
[
4Φ̂v(ũ1)Φ̂v(ũ2)ũ1kũ1lũ2mũ2n

3

2Θ

∂Vk
∂rl

∂Vm
∂rn

+2Φ̂v(ũ1)Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ1kũ1lũ2m

(
3

2Θ

) 1
2 ∂Vk
∂rl

∂ lnΘ

∂rm

+2Φ̂c(ũ1)Φ̂v(ũ2)

(
ũ21 −

5

2

)
ũ1kũ2mũ2n

(
3

2Θ

) 1
2 ∂Vm
∂rn

∂ lnΘ

∂rk

+Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)
ũ1kũ2m

∂ lnΘ

∂rk

∂ lnΘ

∂rm

]
.

We can ignore the second and third terms in the square brackets above because ultimately after

manipulation corresponding integrands become odd functions in components of ũ1 (cf. §4.2).
Therefore

M2 =
4nℓ2

π3
∂Vk
∂rl

∂Vm
∂rn

∫
dũ1dũ2 ũ12 e

−(ũ2
1+ũ2

2) Φ̂2
v(ũ1)Φ̂v(ũ2)ũ1iũ1jũ1kũ1lũ2mũ2n

+
2nℓ2

3π3Θ

∂Θ

∂rk

∂Θ

∂rl

∫
dũ1dũ2 ũ12 e

−(ũ2
1+ũ2

2) Φ̂v(ũ1)Φ̂c(ũ1)Φ̂c(ũ2)

×
(
ũ21 −

5

2

)(
ũ22 −

5

2

)
ũ1iũ1j ũ1kũ2l.

The integrations over ũ2 are performed in a (rotated) spherical coordinate system (ũ2, θ
′
2, φ

′
2)

described in part (III) of QKǫ
i3

such that ũ1 · ũ2 = ũ1ũ2 cos θ
′
2, i.e.,

M2 = nℓ2
∂Vk
∂rl

∂Vm
∂rn

4

π3

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2

× (ũ21 − 2ũ1ũ2 cos θ
′
2 + ũ22)

1/2
e−(ũ2

1+ũ2
2) Φ̂2

v(ũ1)Φ̂v(ũ2)ũ1iũ1j ũ1kũ1lũ2mũ2n

+
nℓ2

Θ

∂Θ

∂rk

∂Θ

∂rl

2

3π3

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2

× (ũ21 − 2ũ1ũ2 cos θ
′
2 + ũ22)

1/2
e−(ũ2

1+ũ2
2) Φ̂v(ũ1)Φ̂c(ũ1)Φ̂c(ũ2)

×
(
ũ21 −

5

2

)(
ũ22 −

5

2

)
ũ1iũ1j ũ1kũ2l.
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The integrals over φ′2 result into (cf. eqs. (H.18) and (H.6)),

M2 = nℓ2
∂Vk
∂rl

4

π3

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ

2
2 sin θ

′
2(ũ

2
1 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1/2

× e−(ũ2
1+ũ2

2) Φ̂2
v(ũ1)Φ̂v(ũ2)ũ1iũ1jũ1kũ1l

{
π
ũ22
ũ21

∂Vm
∂rn

ũ1mũ1n(3 cos
2 θ′2 − 1)

}

+
nℓ2

Θ

∂Θ

∂rk

∂Θ

∂rl

2

3π3

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ

2
2 sin θ

′
2(ũ

2
1 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1/2

× e−(ũ2
1+ũ2

2) Φ̂v(ũ1)Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)
ũ1iũ1j ũ1k × 2π

ũ2
ũ1
ũ1l cos θ

′
2

or

M2 = nℓ2
∂Vk
∂rl

∂Vm
∂rn

8

π2

∫
dũ1

∫ ∞

ũ2=0
dũ2

ũ42
ũ21

e−(ũ2
1+ũ2

2) Φ̂2
v(ũ1)Φ̂v(ũ2)ũ1iũ1j ũ1kũ1lũ1mũ1n

×
{∫ π

θ′2=0
dθ′2 sin θ′2

1

2
(3 cos2 θ′2 − 1)(ũ21 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1/2

}

+
nℓ2

Θ

∂Θ

∂rk

∂Θ

∂rl

4

3π2

∫
dũ1

∫ ∞

ũ2=0
dũ2

ũ32
ũ1

e−(ũ2
1+ũ2

2) Φ̂v(ũ1)Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)

× ũ1iũ1j ũ1kũ1l

{∫ π

θ′2=0
dθ′2 sin θ′2 cos θ

′
2(ũ

2
1 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1/2

}

= nℓ2
∂Vk
∂rl

∂Vm
∂rn

8

π2

∫
dũ1

∫ ∞

ũ2=0
dũ2

ũ42
ũ21

e−(ũ2
1+ũ2

2) Φ̂2
v(ũ1)Φ̂v(ũ2)ũ1iũ1j ũ1kũ1lũ1mũ1nR2(ũ1, ũ2)

+
nℓ2

Θ

∂Θ

∂rk

∂Θ

∂rl

4

3π2

∫
dũ1

∫ ∞

ũ2=0
dũ2

ũ32
ũ1

e−(ũ2
1+ũ2

2) Φ̂v(ũ1)Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)

× ũ1iũ1j ũ1kũ1lR1(ũ1, ũ2),

where Rn(ũ1, ũ2) is defined in eq. (4.57) and the values of R1(ũ1, ũ2) and R2(ũ1, ũ2) are given

in eqs. (4.64) and (4.99) respectively. The integrations over ũ1 result into (cf. eqs. (F.15) and

(F.12)),

M2 = nℓ2
∂Vi
∂rk

∂Vk
∂rj

8

π2
32π

105

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2

ũ42
ũ21

e−(ũ2
1+ũ2

2) Φ̂2
v(ũ1)Φ̂v(ũ2)ũ

8
1R2(ũ1, ũ2)

+
nℓ2

Θ

∂Θ

∂ri

∂Θ

∂rj

4

3π2
8π

15

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2

ũ32
ũ1

e−(ũ2
1+ũ2

2) Φ̂v(ũ1)Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)

×
(
ũ22 −

5

2

)
ũ61R1(ũ1, ũ2)

or

M2 = nℓ2
∂Vi
∂rk

∂Vk
∂rj

256

105π

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

6
1ũ

4
2R2(ũ1, ũ2) e

−(ũ2
1+ũ2

2) Φ̂2
v(ũ1)Φ̂v(ũ2)

+
nℓ2

Θ

∂Θ

∂ri

∂Θ

∂rj

32

45π

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

5
1ũ

3
2R1(ũ1, ũ2) e

−(ũ2
1+ũ2

2) Φ̂v(ũ1)Φ̂c(ũ1)Φ̂c(ũ2)

×
(
ũ21 −

5

2

)(
ũ22 −

5

2

)
. (4.159)
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Hence, from eqs. (4.154), (4.155), (4.158) and (4.159),

PKK
ij = ω̃1nℓ

2∂Vk
∂rk

∂Vi
∂rj
− ω̃2nℓ

2

{
1

3

∂

∂ri

(
1

n

∂(nΘ)

∂rj

)
+
∂Vi
∂rk

∂Vk
∂rj

+ 2
∂Vi
∂rk

∂Vk
∂rj

}

+ ω̃3nℓ
2 ∂2Θ

∂ri∂rj
+ ω̃4

ℓ2

Θ

∂(nΘ)

∂ri

∂Θ

∂rj
+ ω̃5

nℓ2

Θ

∂Θ

∂ri

∂Θ

∂rj
+ ω̃6nℓ

2 ∂Vi
∂rk

∂Vk
∂rj

(4.160)

where

ω̃1 =
32

15
√
π

∫ ∞

0
dũ e−ũ2

Φ̂2
v(ũ)ũ

6, (4.161a)

ω̃2 =
16

15
√
π

∫ ∞

0
dũ e−ũ2

Φ̂2
v(ũ)ũ

6, (4.161b)

ω̃3 =
16

45
√
π

∫ ∞

0
dũ e−ũ2

Φ̂v(ũ)Φ̂c(ũ)

(
ũ2 − 5

2

)
ũ6, (4.161c)

ω̃4 =
16

45
√
π

∫ ∞

0
dũ e−ũ2

Φ̂v(ũ)

{
Φ̂′
c(ũ)

(
ũ2 − 5

2

)
− Φ̂c(ũ)

(
ũ2 − 7

2

)}
ũ6, (4.161d)

ω̃5 =
16

45
√
π

∫ ∞

0
dũ e−ũ2

Φ̂v(ũ)

{
Φ̂c(ũ)

(
ũ4 − 13

2
ũ2 +

15

2

)
− Φ̂′

c(ũ)

(
ũ2 − 5

2

)
ũ2
}
ũ6

− 64

45π

∫ ∞

ũ=0
dũ

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy

∫ ∞

ũ2=0
dũ2 ũ

5s̃yũ2 Φ̂v(ũ)Φ̂c

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)

× Φ̂c

(
(ũ22 + ũ2y2)

1/2
){

ũy − 1

2
s̃(3y2 − 1)

}(
ũ2 − 2ũs̃y + s̃2 − 5

2

)

×
(
ũ22 + ũ2y2 − 5

2

)
e−(ũ2−2ũs̃y+s̃2) e−(ũ2

2+ũ2y2)

+
32

45π

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

5
1ũ

3
2R1(ũ1, ũ2) e

−(ũ2
1+ũ2

2) Φ̂v(ũ1)Φ̂c(ũ1)Φ̂c(ũ2)

×
(
ũ21 −

5

2

)(
ũ22 −

5

2

)
, (4.161e)

ω̃6 =
128

105
√
π

∫ ∞

0
dũ e−ũ2

Φ̂v(ũ)
{
Φ̂v(ũ)− Φ̂′

v(ũ)
}
ũ8

− 128

105π

∫ ∞

ũ=0
dũ

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy

∫ ∞

ũ2=0
dũ2 ũ

4s̃ũ2(2ũ
2y2 − ũ22)

× {ũ2(3y2 − 1)− ũs̃y(3y2 + 1) + s̃2(3y2 − 1)}Φ̂v(ũ)Φ̂v

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)

× Φ̂v

(
(ũ22 + ũ2y2)

1/2
)
e−(ũ2−2ũs̃y+s̃2) e−(ũ2

2+ũ2y2)

+
256

105π

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

6
1ũ

4
2R2(ũ1, ũ2) e

−(ũ2
1+ũ2

2) Φ̂2
v(ũ1)Φ̂v(ũ2). (4.161f)

ω̃i are evaluated numerically. Their values are: ω̃1 ≈ 1.2850, ω̃2 ≈ 0.6425, ω̃3 ≈ 0.2551,

ω̃4 ≈ 0.0719, ω̃5 ≈ 0.0248 and ω̃6 ≈ 2.3498.
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Collisional Dissipation

Eq. (2.13) implies that the contribution of ΦKK to collisional dissipation Γ is of O(K2ǫ). From

eq. (2.34), the contribution of ΦKK to collisional dissipation Γ is given by

ΓKKǫ =
ǫΘ

12π3ℓ

(
2Θ

3

) 1
2
∫

dũ1dũ2 ũ
3
12 e

−(ũ2
1+ũ2

2) {ΦKK(ũ1) + ΦKK(ũ2) + ΦK(ũ1)ΦK(ũ2)} .

Again, (similar as above) on interchanging ũ1 and ũ2,

∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) ΦKK(ũ1) =

∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) ΦKK(ũ2).

∴ ΓKKǫ =
ǫΘ

12π3ℓ

(
2Θ

3

) 1
2

(2I1 + I2), (4.162)

where

I1 =

∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) ΦKK(ũ1) (4.163)

and

I2 =

∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) ΦK(ũ1)ΦK(ũ2). (4.164)

First consider eq. (4.163). Using eq. (3.26), I1 can be written as

I1 =

∫
dũ1 e

−ũ2
1 χ(ũ1)ΦKK(ũ1) =

∫
dũ e−ũ2

χ(ũ)ΦKK(ũ). (4.165)

Since we do not know the explicit form of ΦKK, we shall use the self adjoint property of L̃ .

Using the similar orthogonality relation with respect to ΦKK and following a similar procedure,

as below eq. (4.104), we can write

I1 =

∫
dũ e−ũ2

η̄(ũ) L̃ (ΦKK). (4.166)

Substituting the value of L̃ (ΦKK) from eq. (4.141) into eq. (4.166), using the orthogonality rela-

tions
(∫

dũ e−ũ2
η̄(ũ) =

∫
dũ ũ2 e−ũ2

η̄(ũ) = 0
)
, writing K 2Θ

3g = ℓ and ignoring the terms whose

tensorial structure is: ũi or ũiũjũk (because the corresponding integrands are odd functions in

components of ũ) or ũiũj (because of symmetry), we get

I1 = ℓ2
∫

dũ e−ũ2
η̄(ũ)

[
4Φ̂v(ũ)ũiũj ũkũl

3

2Θ

∂Vi
∂rj

∂Vk
∂rl
− Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiũj

∂ lnΘ

∂ri

∂ ln(nΘ)

∂rj

+Φ̂c(ũ)

(
ũ2 − 5

2

)(
ũ2 − 3

2

)
ũiũj

∂ lnΘ

∂ri

∂ lnΘ

∂rj
− 4Φ̂′

v(ũ)ũiũj ũkũl
3

2Θ

∂Vi
∂rj

∂Vk
∂rl

−4Φ̂v(ũ)ũiũj
3

2Θ

∂Vi
∂rk

∂Vk
∂rj

+

{
Φ̂c(ũ) + Φ̂′

c(ũ)

(
ũ2 − 5

2

)}
ũiũj

∂ lnΘ

∂ri

∂ ln(nΘ)

∂rj

+
1

2
Φ̂c(ũ)

(
ũ2 − 5

2

)
∂ lnΘ

∂ri

∂ ln(nΘ)

∂ri
+ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiũj

∂2 lnΘ

∂ri∂rj

−
{
Φ̂′
c(ũ)ũ

2

(
ũ2 − 5

2

)
+ Φ̂c(ũ)

(
3

2
ũ2 − 5

4

)}
ũiũj

∂ lnΘ

∂ri

∂ lnΘ

∂rj

]

− 1

2

∫
dũ e−ũ2

η̄(ũ)Ω̃(ΦK , ΦK). (4.167)
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In the above simplification, eqs. (F.3)-(F.2), (4.153a) and (4.153b) are used. Now, using

eqs. (F.9b), (F.9c), (F.14a) and (F.14b), I1 can be written as

I1 = ℓ2
∫ ∞

0
dũ e−ũ2

η̄(ũ)

[
4Φ̂v(ũ)

3

2Θ

8π

15
ũ6
∂Vi
∂rj

∂Vi
∂rj
− Φ̂c(ũ)

(
ũ2 − 5

2

)
4π

3
ũ4
∂ lnΘ

∂ri

∂ ln(nΘ)

∂ri

+Φ̂c(ũ)

(
ũ2 − 5

2

)(
ũ2 − 3

2

)
4π

3
ũ4
∂ lnΘ

∂ri

∂ lnΘ

∂ri
− 4Φ̂′

v(ũ)
3

2Θ

8π

15
ũ6
∂Vi
∂rj

∂Vi
∂rj

−4Φ̂v(ũ)
3

2Θ

4π

3
ũ4
∂Vi
∂rk

∂Vk
∂ri

+

{
Φ̂c(ũ) + Φ̂′

c(ũ)

(
ũ2 − 5

2

)}
4π

3
ũ4
∂ lnΘ

∂ri

∂ ln(nΘ)

∂ri

+
1

2
Φ̂c(ũ)

(
ũ2 − 5

2

)
4πũ2

∂ lnΘ

∂ri

∂ ln(nΘ)

∂ri
+ Φ̂c(ũ)

(
ũ2 − 5

2

)
4π

3
ũ4
∂2 lnΘ

∂ri∂ri

−
{
Φ̂′
c(ũ)ũ

2

(
ũ2 − 5

2

)
+ Φ̂c(ũ)

(
3

2
ũ2 − 5

4

)}
4π

3
ũ4
∂ lnΘ

∂ri

∂ lnΘ

∂ri

]

− 1

2

∫
dũ e−ũ2

η̄(ũ)Ω̃(ΦK , ΦK).

Note that

∂Vi
∂rj

∂Vi
∂rj

=
∂Vi
∂rj

[
1

2

(
∂Vi
∂rj

+
∂Vj
∂ri

)
− 1

3
δij
∂Vk
∂rk

]
=

1

2

(
∂Vj
∂ri

∂Vi
∂rj

+
∂Vi
∂rj

∂Vj
∂ri

)
− 1

3

∂Vi
∂ri

∂Vk
∂rk

=
1

2

(
∂Vi
∂rj

∂Vj
∂ri

+
∂Vi
∂rj

∂Vj
∂ri

)
− 0 =

∂Vi
∂rj

∂Vj
∂ri

=
∂Vi
∂rk

∂Vk
∂ri

.

Therefore

I1 = ℓ2
3

2Θ

∂Vi
∂rj

∂Vi
∂rj

[
16π

3

∫ ∞

0
dũ e−ũ2

η̄(ũ)

{
2

5
{Φ̂v(ũ)− Φ̂′

v(ũ)}ũ6 − Φ̂v(ũ)ũ
4

}]

+ ℓ2
∂ lnΘ

∂ri

∂ lnΘ

∂ri
× 4π

3

∫ ∞

0
dũ e−ũ2

η̄(ũ)ũ4
{
Φ̂c(ũ)

(
ũ4 − 11

2
ũ2 + 5

)
− Φ̂′

c(ũ)ũ
2

(
ũ2 − 5

2

)}

+ ℓ2
∂ lnΘ

∂ri

∂ ln(nΘ)

∂ri
× 2π

∫ ∞

0
dũ e−ũ2

η̄(ũ)

×
[
2

3

{
Φ̂′
c(ũ)

(
ũ2 − 5

2

)
− Φ̂c(ũ)

(
ũ2 − 7

2

)}
ũ4 + Φ̂c(ũ)

(
ũ2 − 5

2

)
ũ2
]

+ ℓ2
∂2 lnΘ

∂ri∂ri
× 4π

3

∫ ∞

0
dũ e−ũ2

η̄(ũ)Φ̂c(ũ)

(
ũ2 − 5

2

)
ũ4

− 1

2

∫
dũ e−ũ2

η̄(ũ)Ω̃(ΦK , ΦK). (4.168)

We shall simplify the last term in eq. (4.168) separately. Substituting the value of Ω̃(ΦK , ΦK)

from eq. (2.38),

1

2

∫
dũ e−ũ2

η̄(ũ)Ω̃(ΦK , ΦK)

=
1

π5/2

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2) η̄(ũ1)
{
ΦK(ũ′

1)ΦK(ũ′
2)− ΦK(ũ1)ΦK(ũ2)

}
.

Note that in the above equation, the velocity transformation corresponds to the elastic limit.

Following a similar procedure as in the derivation of QKǫ
i3

, one obtains
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1

2

∫
dũ e−ũ2

η̄(ũ)Ω̃(ΦK , ΦK) = J1 − J2, (4.169)

where

J1 =
1

π5/2

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) ΦK(ũ1)ΦK(ũ2)η̄(ũ)I

(0)
δ , (4.170)

J2 =
1

π5/2

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2) η̄(ũ1)ΦK(ũ1)ΦK(ũ2), (4.171)

and I
(0)
δ is given in eq. (4.48). We shall simplify J1 and J2 as following. Using eqs. (3.18) and

(F.3),

J1 =
1

π5/2

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) η̄(ũ)I

(0)
δ

×
[
2K

2Θ

3g
Φ̂v(ũ1)ũ1iũ1j

(
3

2Θ

)1
2 ∂Vi
∂rj

+K
2Θ

3g
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

∂ lnΘ

∂ri

]

×
[
2K

2Θ

3g
Φ̂v(ũ2)ũ2kũ2l

(
3

2Θ

)1
2 ∂Vk
∂rl

+K
2Θ

3g
Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2k

∂ lnΘ

∂rk

]

=
ℓ2

π5/2

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) η̄(ũ)I

(0)
δ

[
4Φ̂v(ũ1)Φ̂v(ũ2)ũ1iũ1j ũ2kũ2l

3

2Θ

∂Vi
∂rj

∂Vk
∂rl

+2Φ̂v(ũ1)Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ1iũ1j ũ2k

(
3

2Θ

) 1
2 ∂Vi
∂rj

∂ lnΘ

∂rk

+2Φ̂c(ũ1)Φ̂v(ũ2)

(
ũ21 −

5

2

)
ũ1iũ2kũ2l

(
3

2Θ

) 1
2 ∂Vk
∂rl

∂ lnΘ

∂ri

+Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)
ũ1iũ2k

∂ lnΘ

∂ri

∂ lnΘ

∂rk

]
.

We can ignore the second and third terms in the square brackets above because ultimately after

manipulation corresponding integrands become odd functions in components of ũ (cf. §4.2).
Therefore

J1 =
4ℓ2

π5/2
3

2Θ

∂Vi
∂rj

∂Vk
∂rl

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) η̄(ũ)I

(0)
δ Φ̂v(ũ1)Φ̂v(ũ2)ũ1iũ1j ũ2kũ2l

+
ℓ2

π5/2
∂ lnΘ

∂ri

∂ lnΘ

∂rj

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) η̄(ũ)I

(0)
δ Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)
ũ1iũ2j .

Replacing ũ1 by ũ− s̃, we get

J1 =
4ℓ2

π5/2
3

2Θ

∂Vi
∂rj

∂Vk
∂rl

∫
ds̃dũ2dũ e−(ũ−s̃)2−ũ2

2 η̄(ũ)I
(0)
δ Φ̂v(|ũ− s̃|)Φ̂v(ũ2)(ũi − s̃i)(ũj − s̃j)ũ2kũ2l

+
ℓ2

π5/2
∂ lnΘ

∂ri

∂ lnΘ

∂rj

∫
ds̃dũ2dũ e−(ũ−s̃)2−ũ2

2 η̄(ũ)I
(0)
δ Φ̂c(|ũ− s̃|)Φ̂c(ũ2)

×
(
(ũ− s̃)2 − 5

2

)(
ũ22 −

5

2

)
(ũi − s̃i)ũ2j .
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The integrations over ũ2 are performed in a (rotated) spherical coordinate system (ũ2, θ
′
2, φ

′
2)

described in part (I) of QKǫ
i2

such that s̃ · ũ2 = s̃ũ2 cos θ
′
2, i.e.,

J1 =
4ℓ2

π5/2
3

2Θ

∂Vi
∂rj

∂Vk
∂rl

∫
ds̃dũ

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2 e

−(ũ−s̃)2−ũ2
2 η̄(ũ)

× Φ̂v(|ũ− s̃|)Φ̂v(ũ2)(ũi − s̃i)(ũj − s̃j)ũ2kũ2lI(0)δ

+
ℓ2

π5/2
∂ lnΘ

∂ri

∂ lnΘ

∂rj

∫
ds̃dũ

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2 e

−(ũ−s̃)2−ũ2
2 η̄(ũ)

× Φ̂c(|ũ− s̃|)Φ̂c(ũ2)

(
(ũ− s̃)2 − 5

2

)(
ũ22 −

5

2

)
(ũi − s̃i)ũ2jI(0)δ .

Note that the components of ũ2 are the only functions of φ′2 (see Appendix H). Therefore the

integrations over φ′2 give (cf. eqs. (H.6) and (H.18))

J1 =
4ℓ2

π5/2
3

2Θ

∂Vi
∂rj

∫
ds̃dũ

∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ

2
2 sin θ

′
2 e

−(ũ−s̃)2−ũ2
2 η̄(ũ)

× Φ̂v(|ũ− s̃|)Φ̂v(ũ2)(ũi − s̃i)(ũj − s̃j)
{
π
ũ22
s̃2
∂Vk
∂rl

s̃ks̃l(3 cos
2 θ′2 − 1)

}
I
(0)
δ

+
ℓ2

π5/2
∂ lnΘ

∂ri

∂ lnΘ

∂rj

∫
ds̃dũ

∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ

2
2 sin θ

′
2 e

−(ũ−s̃)2−ũ2
2 η̄(ũ)

× Φ̂c(|ũ− s̃|)Φ̂c(ũ2)

(
(ũ− s̃)2 − 5

2

)(
ũ22 −

5

2

)
(ũi − s̃i)

(
2π
ũ2
s̃
s̃j cos θ

′
2

)
I
(0)
δ

or

J1 =
4ℓ2

π3/2
3

2Θ

∂Vi
∂rj

∂Vk
∂rl

∫
ds̃dũ e−(ũ−s̃)2 η̄(ũ)Φ̂v(|ũ− s̃|)(ũi − s̃i)(ũj − s̃j)

× s̃ks̃l
s̃2

∫ ∞

ũ2=0
ũ42 e

−ũ2
2 Φ̂v(ũ2)

{∫ π

θ′2=0
sin θ′2(3 cos

2 θ′2 − 1)I
(0)
δ dθ′2

}
dũ2

+
2ℓ2

π3/2
∂ lnΘ

∂ri

∂ lnΘ

∂rj

∫
ds̃dũ e−(ũ−s̃)2 η̄(ũ)Φ̂c(|ũ− s̃|)

(
(ũ− s̃)2 − 5

2

)
(ũi − s̃i)

× s̃j
s̃

∫ ∞

ũ2=0
ũ32 e

−ũ2
2 Φ̂c(ũ2)

(
ũ22 −

5

2

){∫ π

θ′2=0
sin θ′2 cos θ

′
2I

(0)
δ dθ′2

}
dũ2.

Using eq. (C.12),

J1 =
4ℓ2

π3/2
3

2Θ

∂Vi
∂rj

∂Vk
∂rl

∫
ds̃dũ e−(ũ−s̃)2 η̄(ũ)Φ̂v(|ũ− s̃|)(ũi − s̃i)(ũj − s̃j)

× s̃ks̃l
s̃3

∫ ∞

ũ2=| s̃·ũs̃ |
ũ32 e

−ũ2
2 Φ̂v(ũ2)

{
3

(
s̃ · ũ
s̃ũ2

)2

− 1

}
dũ2

+
2ℓ2

π3/2
∂ lnΘ

∂ri

∂ lnΘ

∂rj

∫
ds̃dũ e−(ũ−s̃)2 η̄(ũ)Φ̂c(|ũ− s̃|)

(
(ũ− s̃)2 − 5

2

)
(ũi − s̃i)

× s̃j
s̃2

∫ ∞

ũ2=| s̃·ũs̃ |
ũ22 e

−ũ2
2 Φ̂c(ũ2)

(
ũ22 −

5

2

)(
s̃ · ũ
s̃ũ2

)
dũ2.
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Let us replace ũ22 by ũ22 +
(
s̃·ũ
s̃

)2
. This shift implies that

J1 =
4ℓ2

π3/2
3

2Θ

∂Vi
∂rj

∂Vk
∂rl

∫
ds̃dũ e−(ũ−s̃)2 η̄(ũ)Φ̂v(|ũ− s̃|)(ũi − s̃i)(ũj − s̃j)

× s̃ks̃l
s̃3

∫ ∞

ũ2=0
ũ2 e

−
{

ũ2
2+(

s̃·ũ
s̃ )

2
}

Φ̂v



{
ũ22 +

(
s̃ · ũ
s̃

)2
}1/2



{
2

(
s̃ · ũ
s̃

)2

− ũ22

}
dũ2

+
2ℓ2

π3/2
∂ lnΘ

∂ri

∂ lnΘ

∂rj

∫
ds̃dũ e−(ũ−s̃)2 η̄(ũ)Φ̂c(|ũ− s̃|)

(
(ũ− s̃)2 − 5

2

)
(ũi − s̃i)

× s̃j
s̃2

∫ ∞

ũ2=0
ũ2 e

−
{

ũ2
2+(

s̃·ũ
s̃ )

2
}

Φ̂c



{
ũ22 +

(
s̃ · ũ
s̃

)2
}1/2




×
{
ũ22 +

(
s̃ · ũ
s̃

)2

− 5

2

}(
s̃ · ũ
s̃

)
dũ2.

The integrations over s̃ are performed in a (rotated) spherical coordinate system (s̃, θ′, φ′) de-

scribed in part (I) of QKǫ
i2

such that s̃ · ũ = s̃ũ cos θ′, i.e.,

J1 =
4ℓ2

π3/2
3

2Θ

∂Vi
∂rj

∂Vk
∂rl

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0

∫ 2π

φ′=0
dφ′dθ′ds̃ s̃2 sin θ′ e−(ũ2−2ũs̃ cos θ′+s̃2)

× η̄(ũ)Φ̂v

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)
(ũi − s̃i)(ũj − s̃j)s̃ks̃l

1

s̃3

×
∫ ∞

ũ2=0
ũ2 e

−(ũ2
2+ũ2 cos2 θ′) Φ̂v

(
(ũ22 + ũ2 cos2 θ′)

1/2
)
(2ũ2 cos2 θ′ − ũ22)dũ2

+
2ℓ2

π3/2
∂ lnΘ

∂ri

∂ lnΘ

∂rj

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0

∫ 2π

φ′=0
dφ′dθ′ds̃ s̃2 sin θ′ e−(ũ2−2ũs̃ cos θ′+s̃2)

× η̄(ũ)Φ̂c

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)(

ũ2 − 2ũs̃ cos θ′ + s̃2 − 5

2

)
(ũi − s̃i)s̃j

1

s̃2

×
∫ ∞

ũ2=0
ũ2 e

−(ũ2
2+ũ2 cos2 θ′) Φ̂c

(
(ũ22 + ũ2 cos2 θ′)

1/2
)(

ũ22 + ũ2 cos2 θ′ − 5

2

)
ũ cos θ′ dũ2.

Note that the components of s̃ are the only functions of φ′. We shall evaluate the parts of J1

containing velocity gradients and temperature gradients separately.

First consider the part of J1 containing velocity gradients. Let

J1v =
4ℓ2

π3/2
3

2Θ

∂Vi
∂rj

∂Vk
∂rl

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0

∫ 2π

φ′=0
dφ′dθ′ds̃ s̃2 sin θ′ e−(ũ2−2ũs̃ cos θ′+s̃2)

× η̄(ũ)Φ̂v

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)
(ũi − s̃i)(ũj − s̃j)s̃ks̃l

1

s̃3

×
∫ ∞

ũ2=0
ũ2 e

−(ũ2
2+ũ2 cos2 θ′) Φ̂v

(
(ũ22 + ũ2 cos2 θ′)

1/2
)
(2ũ2 cos2 θ′ − ũ22) dũ2

=
4ℓ2

π3/2
3

2Θ

∫
dũ

∫ ∞

s̃=0
ds̃

∫ π

θ′=0
dθ′
∫ ∞

ũ2=0
dũ2

ũ2
s̃

sin θ′(2ũ2 cos2 θ′ − ũ22)η̄(ũ)

× Φ̂v

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)
Φ̂v

(
(ũ22 + ũ2 cos2 θ′)

1/2
)
e−(ũ2−2ũs̃ cos θ′+s̃2)

× e−(ũ2
2+ũ2 cos2 θ′) ∂Vi

∂rj

∂Vk
∂rl

∫ 2π

φ′=0
dφ′(ũi − s̃i)(ũj − s̃j)s̃ks̃l.
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Using eq. (H.23),

J1v =
4ℓ2

π3/2
3

2Θ

∫
dũ

∫ ∞

s̃=0
ds̃

∫ π

θ′=0
dθ′
∫ ∞

ũ2=0
dũ2

ũ2
s̃

sin θ′(2ũ2 cos2 θ′ − ũ22)η̄(ũ)

× Φ̂v

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)
Φ̂v

(
(ũ22 + ũ2 cos2 θ′)

1/2
)

× e−(ũ2−2ũs̃ cos θ′+s̃2) e−(ũ2
2+ũ2 cos2 θ′)

[
2π
s̃2

ũ4
∂Vi
∂rj

∂Vk
∂rl

ũiũj ũkũl

×
{
ũ2

1

2
(3 cos2 θ′ − 1)− 2ũs̃

1

2
(5 cos3 θ′ − 3 cos θ′) + s̃2

1

8
(35 cos4 θ′ − 30 cos2 θ′ + 3)

}

+ π
s̃3

ũ2
∂Vi
∂rk

∂Vk
∂rj

ũiũj(1− cos2 θ′){s̃(5 cos2 θ′ − 1)− 4ũ cos θ′}+ π

2
s̃4(1− cos2 θ′)

2 ∂Vi
∂rj

∂Vj
∂ri

]
.

Using eqs. (F.9b) and (F.14b),

J1v =
4ℓ2

π3/2
3

2Θ

∫ ∞

0
dũ

∫ ∞

s̃=0
ds̃

∫ π

θ′=0
dθ′
∫ ∞

ũ2=0
dũ2

ũ2
s̃

sin θ′(2ũ2 cos2 θ′ − ũ22)η̄(ũ)

× Φ̂v

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)
Φ̂v

(
(ũ22 + ũ2 cos2 θ′)

1/2
)

× e−(ũ2−2ũs̃ cos θ′+s̃2) e−(ũ2
2+ũ2 cos2 θ′)

[
2π
s̃2

ũ4
8π

15

∂Vi
∂rj

∂Vj
∂ri

ũ6

×
{
ũ2

1

2
(3 cos2 θ′ − 1)− 2ũs̃

1

2
(5 cos3 θ′ − 3 cos θ′) + s̃2

1

8
(35 cos4 θ′ − 30 cos2 θ′ + 3)

}

+ π
s̃3

ũ2
∂Vi
∂rk

∂Vk
∂ri

4π

3
ũ4(1− cos2 θ′)

{
s̃(5 cos2 θ′ − 1)− 4ũ cos θ′

}

+ 4πũ2
π

2
s̃4(1− cos2 θ′)

2∂Vi
∂rj

∂Vj
∂ri

]

=
4ℓ2

π3/2
3

2Θ

∫ ∞

0
dũ

∫ ∞

s̃=0
ds̃

∫ π

θ′=0
dθ′
∫ ∞

ũ2=0
dũ2

ũ2
s̃

sin θ′(2ũ2 cos2 θ′ − ũ22)η̄(ũ)

× Φ̂v

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)
Φ̂v

(
(ũ22 + ũ2 cos2 θ′)

1/2
)
e−(ũ2−2ũs̃ cos θ′+s̃2)

× e−(ũ2
2+ũ2 cos2 θ′) ∂Vi

∂rj

∂Vj
∂ri

π2ũ2s̃2
1

15

[
16

{
ũ2

1

2
(3 cos2 θ′ − 1)

−2ũs̃1
2
(5 cos3 θ′ − 3 cos θ′) + s̃2

1

8
(35 cos4 θ′ − 30 cos2 θ′ + 3)

}

+ 20s̃(1− cos2 θ′)
{
s̃(5 cos2 θ′ − 1)− 4ũ cos θ′

}
+ 30s̃2(1− 2 cos2 θ′ + cos4 θ′)

]

=
4ℓ2
√
π

15

3

2Θ

∂Vi
∂rj

∂Vj
∂ri

∫ ∞

0
dũ

∫ ∞

s̃=0
ds̃

∫ π

θ′=0
dθ′
∫ ∞

ũ2=0
dũ2 ũ2s̃ũ

2 sin θ′(2ũ2 cos2 θ′ − ũ22)

× η̄(ũ)Φ̂v

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)
Φ̂v

(
(ũ22 + ũ2 cos2 θ′)

1/2
)
e−(ũ2−2ũs̃ cos θ′+s̃2)

× e−(ũ2
2+ũ2 cos2 θ′)

[
s̃2
{
2(35 cos4 θ′ − 30 cos2 θ′ + 3) + 20(1 − cos2 θ′)(5 cos2 θ′ − 1)

+ 30(1 − 2 cos2 θ′ + cos4 θ′)
}
− 16ũs̃

{
(5 cos3 θ′ − 3 cos θ′) + 5 cos θ′(1− cos2 θ′)

}

+ 16

{
ũ2

1

2
(3 cos2 θ′ − 1)

}]
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or

J1v =
4ℓ2
√
π

15

3

2Θ

∂Vi
∂rj

∂Vj
∂ri

∫ ∞

0
dũ

∫ ∞

s̃=0
ds̃

∫ π

θ′=0
dθ′
∫ ∞

ũ2=0
dũ2 ũ2s̃ũ

2 sin θ′(2ũ2 cos2 θ′ − ũ22)

× η̄(ũ)Φ̂v

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)
Φ̂v

(
(ũ22 + ũ2 cos2 θ′)

1/2
)
e−(ũ2−2ũs̃ cos θ′+s̃2)

× e−(ũ2
2+ũ2 cos2 θ′)

[
16s̃2 − 16ũs̃(2 cos θ′) + 16

{
ũ2

1

2
(3 cos2 θ′ − 1)

}]
.

Let cos θ′ = y, hence

J1v =
64ℓ2
√
π

15

3

2Θ

∂Vi
∂rj

∂Vj
∂ri

∫ ∞

0
dũ

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy

∫ ∞

ũ2=0
dũ2 ũ2s̃ũ

2(2ũ2y2 − ũ22)

× η̄(ũ)Φ̂v

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂v

(
(ũ22 + ũ2y2)

1/2
)
e−(ũ2−2ũs̃y+s̃2)

× e−(ũ2
2+ũ2y2)

{
s̃2 − 2ũs̃y +

1

2
ũ2(3y2 − 1)

}
.

or

J1v =
64ℓ2
√
π

15

3

2Θ

∂Vi
∂rj

∂Vi
∂rj

∫ ∞

s̃=0
ds̃ s̃

∫ 1

y=−1
dy

∫ ∞

ũ=0
dũ ũ2η̄(ũ)

∫ ∞

ũ2=0
dũ2 ũ2(2ũ

2y2 − ũ22)

×
{
s̃2 − 2ũs̃y +

1

2
ũ2(3y2 − 1)

}
Φ̂v

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂v

(
(ũ22 + ũ2y2)

1/2
)

× e−(ũ2−2ũs̃y+s̃2) e−(ũ2
2+ũ2y2) .

Next consider the part of J1 containing temperature gradient. Let

J1t =
2ℓ2

π3/2
∂ lnΘ

∂ri

∂ lnΘ

∂rj

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0

∫ 2π

φ′=0
dφ′dθ′ds̃ s̃2 sin θ′ e−(ũ2−2ũs̃ cos θ′+s̃2)

× η̄(ũ)Φ̂c

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)(

ũ2 − 2ũs̃ cos θ′ + s̃2 − 5

2

)
(ũi − s̃i)s̃j

1

s̃2

×
∫ ∞

ũ2=0
ũ2 e

−(ũ2
2+ũ2 cos2 θ′) Φ̂c

(
(ũ22 + ũ2 cos2 θ′)

1/2
)(

ũ22 + ũ2 cos2 θ′ − 5

2

)
ũ cos θ′ dũ2.

Note that the components of s̃ are the only functions of φ′. Therefore the integration over φ′ is

carried out using eq. (H.17). This implies that

J1t =
2ℓ2

π3/2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0
dθ′ds̃ sin θ′ e−(ũ2−2ũs̃ cos θ′+s̃2) η̄(ũ)Φ̂c

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)

×
(
ũ2 − 2ũs̃ cos θ′ + s̃2 − 5

2

)[
−πs̃2∂ lnΘ

∂ri

∂ lnΘ

∂ri
(1− cos2 θ′)

+2π
s̃

ũ2
∂ lnΘ

∂ri

∂ lnΘ

∂rj
ũiũj

{
ũ cos θ′ − 1

2
s̃(3 cos2 θ′ − 1)

}]

×
∫ ∞

ũ2=0
ũ2 e

−(ũ2
2+ũ2 cos2 θ′) Φ̂c

(
(ũ22 + ũ2 cos2 θ′)

1/2
)(

ũ22 + ũ2 cos2 θ′ − 5

2

)
ũ cos θ′ dũ2.
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Let cos θ′ = y,

J1t =
2ℓ2

π1/2

∫
dũ

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy

∫ ∞

ũ2=0
dũ2 e−(ũ2−2ũs̃y+s̃2) η̄(ũ)Φ̂c

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)

×
(
ũ2 − 2ũs̃y + s̃2 − 5

2

)
ũ2 e

−(ũ2
2+ũ2y2) Φ̂c

(
(ũ22 + ũ2y2)

1/2
)(

ũ22 + ũ2y2 − 5

2

)
ũy

× s̃
[
−∂ lnΘ

∂ri

∂ lnΘ

∂ri
s̃(1− y2) + 2

ũ2
∂ lnΘ

∂ri

∂ lnΘ

∂rj
ũiũj

{
ũy − 1

2
s̃(3y2 − 1)

}]
.

Using eq. (F.9b),

J1t =
2ℓ2

π1/2

∫ ∞

ũ=0
dũ

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy

∫ ∞

ũ2=0
dũ2 e−(ũ2−2ũs̃y+s̃2) η̄(ũ)Φ̂c

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)

×
(
ũ2 − 2ũs̃y + s̃2 − 5

2

)
ũ2 e

−(ũ2
2+ũ2y2) Φ̂c

(
(ũ22 + ũ2y2)

1/2
)(

ũ22 + ũ2y2 − 5

2

)
s̃ũy

×
[
−4πũ2 ∂ lnΘ

∂ri

∂ lnΘ

∂ri
s̃(1− y2) + 2

ũ2
4π

3

∂ lnΘ

∂ri

∂ lnΘ

∂ri
ũ4
{
ũy − 1

2
s̃(3y2 − 1)

}]

or

J1t =
2ℓ2

π1/2
8π

3

∂ lnΘ

∂ri

∂ lnΘ

∂ri

∫ ∞

ũ=0
dũ ũ3η̄(ũ)

∫ ∞

s̃=0
ds̃ s̃

∫ 1

y=−1
dy y

∫ ∞

ũ2=0
dũ2 ũ2

× Φ̂c

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂c

(
(ũ22 + ũ2y2)

1/2
)(

ũ2 − 2ũs̃y + s̃2 − 5

2

)

×
(
ũ22 + ũ2y2 − 5

2

)
e−(ũ2−2ũs̃y+s̃2) e−(ũ2

2+ũ2y2)

[
−3

2
s̃(1− y2) + ũy − s̃1

2
(3y2 − 1)

]

or

J1t =
16ℓ2
√
π

3

∂ lnΘ

∂ri

∂ lnΘ

∂ri

∫ ∞

s̃=0
ds̃ s̃

∫ 1

y=−1
dy y

∫ ∞

ũ=0
dũ ũ3η̄(ũ)

∫ ∞

ũ2=0
dũ2 ũ2(ũy − s̃)

× Φ̂c

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂c

(
(ũ22 + ũ2y2)

1/2
)(

ũ2 − 2ũs̃y + s̃2 − 5

2

)

×
(
ũ22 + ũ2y2 − 5

2

)
e−(ũ2−2ũs̃y+s̃2) e−(ũ2

2+ũ2y2) .

Hence

J1 =
64ℓ2
√
π

15

3

2Θ

∂Vi
∂rj

∂Vi
∂rj

∫ ∞

s̃=0
ds̃ s̃

∫ 1

y=−1
dy

∫ ∞

ũ=0
dũ ũ2η̄(ũ)

∫ ∞

ũ2=0
dũ2 ũ2(2ũ

2y2 − ũ22)

×
{
s̃2 − 2ũs̃y +

1

2
ũ2(3y2 − 1)

}
Φ̂v

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂v

(
(ũ22 + ũ2y2)

1/2
)

× e−(ũ2−2ũs̃y+s̃2) e−(ũ2
2+ũ2y2)

+
16ℓ2
√
π

3

∂ lnΘ

∂ri

∂ lnΘ

∂ri

∫ ∞

s̃=0
ds̃ s̃

∫ 1

y=−1
dy y

∫ ∞

ũ=0
dũ ũ3η̄(ũ)

∫ ∞

ũ2=0
dũ2 ũ2(ũy − s̃)

× Φ̂c

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂c

(
(ũ22 + ũ2y2)

1/2
)(

ũ2 − 2ũs̃y + s̃2 − 5

2

)

×
(
ũ22 + ũ2y2 − 5

2

)
e−(ũ2−2ũs̃y+s̃2) e−(ũ2

2+ũ2y2) . (4.172)



118 Chapter 4. Constitutive Relations at Second-order in small parameters

Next, consider eq. (4.171). The integration over k̂ is trivial. Hence using eq. (G.1b),

J2 =
1

π3/2

∫
dũ1dũ2 ũ12 e

−(ũ2
1+ũ2

2) η̄(ũ1)ΦK(ũ1)ΦK(ũ2).

Substituting the value of ΦK from eq. (3.18) and using eq. (F.3),

J2 =
1

π3/2

∫
dũ1dũ2 ũ12 e

−(ũ2
1+ũ2

2) η̄(ũ1)

×
[
2K

2Θ

3g
Φ̂v(ũ1)ũ1iũ1j

(
3

2Θ

) 1
2 ∂Vi
∂rj

+K
2Θ

3g
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

∂ lnΘ

∂ri

]

×
[
2K

2Θ

3g
Φ̂v(ũ2)ũ2kũ2l

(
3

2Θ

) 1
2 ∂Vk
∂rl

+K
2Θ

3g
Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2k

∂ lnΘ

∂rk

]

=
ℓ2

π3/2

∫
dũ1dũ2 ũ12 e

−(ũ2
1+ũ2

2) η̄(ũ1)

×
[
4Φ̂v(ũ1)Φ̂v(ũ2)ũ1iũ1j ũ2kũ2l

3

2Θ

∂Vi
∂rj

∂Vk
∂rl

+2Φ̂v(ũ1)Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ1iũ1jũ2k

(
3

2Θ

)1
2 ∂Vi
∂rj

∂ lnΘ

∂rk

+2Φ̂c(ũ1)Φ̂v(ũ2)

(
ũ21 −

5

2

)
ũ1iũ2kũ2l

(
3

2Θ

) 1
2 ∂Vk
∂rl

∂ lnΘ

∂ri

+Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)
ũ1iũ2k

∂ lnΘ

∂ri

∂ lnΘ

∂rk

]
.

We can ignore the second and third terms in the square brackets above because ultimately after

manipulation corresponding integrands become odd functions in components of ũ1 (cf. §4.2).
Therefore

J2 =
4ℓ2

π3/2
3

2Θ

∂Vi
∂rj

∂Vk
∂rl

∫
dũ1dũ2 ũ12 e

−(ũ2
1+ũ2

2) η̄(ũ1)Φ̂v(ũ1)Φ̂v(ũ2)ũ1iũ1j ũ2kũ2l

+
ℓ2

π3/2
∂ lnΘ

∂ri

∂ lnΘ

∂rj

∫
dũ1dũ2 ũ12 e

−(ũ2
1+ũ2

2) η̄(ũ1)Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)
ũ1iũ2j .

The integrations over ũ2 are performed in a (rotated) spherical coordinate system (ũ2, θ
′
2, φ

′
2)

described in part (III) of QKǫ
i3

such that ũ1 · ũ2 = ũ1ũ2 cos θ
′
2, i.e.,

J2 =
4ℓ2

π3/2
3

2Θ

∂Vi
∂rj

∂Vk
∂rl

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2

× (ũ21 − 2ũ1ũ2 cos θ
′
2 + ũ22)

1/2
e−(ũ2

1+ũ2
2) η̄(ũ1)Φ̂v(ũ1)Φ̂v(ũ2)ũ1iũ1j ũ2kũ2l

+
ℓ2

π3/2
∂ lnΘ

∂ri

∂ lnΘ

∂rj

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2

× (ũ21 − 2ũ1ũ2 cos θ
′
2 + ũ22)

1/2
e−(ũ2

1+ũ2
2) η̄(ũ1)Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)
ũ1iũ2j .
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The integrals over φ′2 result into (cf. eqs. (H.6) and (H.18)),

J2 =
4ℓ2

π3/2
3

2Θ

∂Vi
∂rj

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ

2
2 sin θ

′
2(ũ

2
1 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1/2

× e−(ũ2
1+ũ2

2) η̄(ũ1)Φ̂v(ũ1)Φ̂v(ũ2)ũ1iũ1j

{
π
ũ22
ũ21

∂Vk
∂rl

ũ1kũ1l(3 cos
2 θ′2 − 1)

}

+
ℓ2

π3/2
∂ lnΘ

∂ri

∂ lnΘ

∂rj

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ

2
2 sin θ

′
2(ũ

2
1 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1/2

× e−(ũ2
1+ũ2

2) η̄(ũ1)Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)
ũ1i

(
2π
ũ2
ũ1
ũ1j cos θ

′
2

)

=
8ℓ2

π1/2
3

2Θ

∂Vi
∂rj

∂Vk
∂rl

∫
dũ1

∫ ∞

ũ2=0
dũ2

ũ42
ũ21
η̄(ũ1) e

−(ũ2
1+ũ2

2) Φ̂v(ũ1)Φ̂v(ũ2)ũ1iũ1jũ1kũ1l

×
{∫ π

θ′2=0
dθ′2 sin θ′2

1

2
(3 cos2 θ′2 − 1)(ũ21 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1/2

}

+
2ℓ2

π1/2
∂ lnΘ

∂ri

∂ lnΘ

∂rj

∫
dũ1

∫ ∞

ũ2=0
dũ2

ũ32
ũ1
η̄(ũ1) e

−(ũ2
1+ũ2

2) Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)

× ũ1iũ1j
{∫ π

θ′2=0
dθ′2 sin θ′2 cos θ

′
2(ũ

2
1 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1/2

}

=
8ℓ2

π1/2
3

2Θ

∂Vi
∂rj

∂Vk
∂rl

∫
dũ1

∫ ∞

ũ2=0
dũ2

ũ42
ũ21
η̄(ũ1) e

−(ũ2
1+ũ2

2) Φ̂v(ũ1)Φ̂v(ũ2)ũ1iũ1jũ1kũ1lR2(ũ1, ũ2)

+
2ℓ2

π1/2
∂ lnΘ

∂ri

∂ lnΘ

∂rj

∫
dũ1

∫ ∞

ũ2=0
dũ2

ũ32
ũ1
η̄(ũ1) e

−(ũ2
1+ũ2

2) Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)

× ũ1iũ1jR1(ũ1, ũ2),

where Rn(ũ1, ũ2) is defined in eq. (4.57) and the values of R1(ũ1, ũ2) and R2(ũ1, ũ2) are given in

eqs. (4.64) and (4.99), respectively. The integrations over ũ1 are carried out by using eqs. (F.14b)

and (F.9b), respectively. Hence J2 changes to

J2 =
8ℓ2

π1/2
3

2Θ

8π

15

∂Vi
∂rj

∂Vi
∂rj

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2

ũ42
ũ21
η̄(ũ1) e

−(ũ2
1+ũ2

2) Φ̂v(ũ1)Φ̂v(ũ2)ũ
6
1R2(ũ1, ũ2)

+
2ℓ2

π1/2
∂ lnΘ

∂ri

∂ lnΘ

∂ri

4π

3

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2

ũ32
ũ1
η̄(ũ1) e

−(ũ2
1+ũ2

2) Φ̂c(ũ1)Φ̂c(ũ2)

×
(
ũ21 −

5

2

)(
ũ22 −

5

2

)
ũ41R1(ũ1, ũ2)

or

J2 =
64ℓ2
√
π

15

3

2Θ

∂Vi
∂rj

∂Vi
∂rj

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

4
1ũ

4
2R2(ũ1, ũ2)η̄(ũ1) e

−(ũ2
1+ũ2

2) Φ̂v(ũ1)Φ̂v(ũ2)

+
8ℓ2
√
π

3

∂ lnΘ

∂ri

∂ lnΘ

∂ri

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

3
1ũ

3
2R1(ũ1, ũ2)η̄(ũ1) e

−(ũ2
1+ũ2

2)

× Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)
. (4.173)
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From eqs. (4.168), (4.169), (4.172) and (4.173),

I1 = ℓ2
[
α̃1

3

2Θ

∂Vi
∂rj

∂Vi
∂rj

+ α̃2
∂ lnΘ

∂ri

∂ lnΘ

∂ri
+ α̃3

∂ lnΘ

∂ri

∂ ln(nΘ)

∂ri
+ α̃4

∂2 lnΘ

∂ri∂ri

]
, (4.174)

where

α̃1 =
16π

3

∫ ∞

0
dũ e−ũ2

η̄(ũ)

{
2

5
{Φ̂v(ũ)− Φ̂′

v(ũ)}ũ6 − Φ̂v(ũ)ũ
4

}

− 64
√
π

15

∫ ∞

s̃=0
ds̃ s̃

∫ 1

y=−1
dy

∫ ∞

ũ=0
dũ ũ2η̄(ũ)

∫ ∞

ũ2=0
dũ2 ũ2(2ũ

2y2 − ũ22)

×
{
s̃2 − 2ũs̃y +

1

2
ũ2(3y2 − 1)

}
Φ̂v

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂v

(
(ũ22 + ũ2y2)

1/2
)

× e−(ũ2−2ũs̃y+s̃2) e−(ũ2
2+ũ2y2)

+
64
√
π

15

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

4
1ũ

4
2R2(ũ1, ũ2)η̄(ũ1) e

−(ũ2
1+ũ2

2) Φ̂v(ũ1)Φ̂v(ũ2), (4.175a)

α̃2 =
4π

3

∫ ∞

0
dũ e−ũ2

η̄(ũ)ũ4
{
Φ̂c(ũ)

(
ũ4 − 11

2
ũ2 + 5

)
− Φ̂′

c(ũ)ũ
2

(
ũ2 − 5

2

)}

− 16
√
π

3

∫ ∞

s̃=0
ds̃ s̃

∫ 1

y=−1
dy y

∫ ∞

ũ=0
dũ ũ3η̄(ũ)

∫ ∞

ũ2=0
dũ2 ũ2(ũy − s̃)

× Φ̂c

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂c

(
(ũ22 + ũ2y2)

1/2
)(

ũ2 − 2ũs̃y + s̃2 − 5

2

)

×
(
ũ22 + ũ2y2 − 5

2

)
e−(ũ2−2ũs̃y+s̃2) e−(ũ2

2+ũ2y2)

+
8
√
π

3

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

3
1ũ

3
2R1(ũ1, ũ2)η̄(ũ1) e

−(ũ2
1+ũ2

2)

× Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)
, (4.175b)

α̃3 = 2π

∫ ∞

0
dũ e−ũ2

η̄(ũ)

[
2

3

{
Φ̂′
c(ũ)

(
ũ2 − 5

2

)
− Φ̂c(ũ)

(
ũ2 − 7

2

)}
ũ4 + Φ̂c(ũ)

(
ũ2 − 5

2

)
ũ2
]
,

(4.175c)

and

α̃4 =
4π

3

∫ ∞

0
dũ e−ũ2

η̄(ũ)Φ̂c(ũ)

(
ũ2 − 5

2

)
ũ4. (4.175d)

α̃1, α̃2, α̃3 and α̃4 are evaluated numerically. Their values are: α̃1 ≈ 12.6475, α̃2 ≈ 73.1660,

α̃3 ≈ −19.0093 and α̃4 ≈ 15.7585.

Next, we consider eq. (4.164). The integrations in the right-hand side of eq. (4.164) are

carried out by following exactly same process as in the simplification of J2. The simplified value

of I2 is (cf. eq. (4.173))
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I2 =
64π2ℓ2

15

3

2Θ

∂Vi
∂rj

∂Vi
∂rj

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

4
1ũ

4
2 S2(ũ1, ũ2) e

−(ũ2
1+ũ2

2) Φ̂v(ũ1)Φ̂v(ũ2)

+
8π2ℓ2

3

∂ lnΘ

∂ri

∂ lnΘ

∂ri

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

3
1ũ

3
2 S1(ũ1, ũ2) e

−(ũ2
1+ũ2

2) Φ̂c(ũ1)Φ̂c(ũ2)

×
(
ũ21 −

5

2

)(
ũ22 −

5

2

)
, (4.176)

where

Sn(ũ1, ũ2) ≡
∫ π

0
dθ′2 sin θ′2 Pn(cos θ

′
2) (ũ

2
1 − 2ũ1ũ2 cos θ

′
2 + ũ22)

3/2

=

∫ 1

−1
dy Pn(y) (ũ

2
1 − 2ũ1ũ2y + ũ22)

3/2
. (4.177)

Eq. (4.176) can be written as

I2 = ℓ2
(
β̃1

3

2Θ

∂Vi
∂rj

∂Vi
∂rj

+ β̃2
∂ lnΘ

∂ri

∂ lnΘ

∂ri

)
, (4.178)

where

β̃1 =
64π2

15

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

4
1ũ

4
2 S2(ũ1, ũ2) e

−(ũ2
1+ũ2

2) Φ̂v(ũ1)Φ̂v(ũ2) (4.179a)

and

β̃2 =
8π2

3

∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

3
1ũ

3
2 S1(ũ1, ũ2) e

−(ũ2
1+ũ2

2) Φ̂c(ũ1)Φ̂c(ũ2)

(
ũ21 −

5

2

)(
ũ22 −

5

2

)
.

(4.179b)

β̃1 and β̃2 are evaluated numerically. Their values are: β̃1 ≈ 12.9619 and β̃2 ≈ 4.8612.

Substituting the values of I1 and I2 from eqs. (4.174) and (4.178) respectively, into eq. (4.162),

ΓKKǫ =
ǫℓΘ

12π3

(
2Θ

3

) 1
2
[
(2α̃1 + β̃1)

3

2Θ

∂Vi
∂rj

∂Vi
∂rj

+ (2α̃2 + β̃2)
∂ lnΘ

∂ri

∂ lnΘ

∂ri

+2α̃3
∂ lnΘ

∂ri

∂ ln(nΘ)

∂ri
+ 2α̃4

∂2 lnΘ

∂ri∂ri

]

=
ǫℓΘ3/2

12π3

(
2

3

) 1
2
[
(2α̃1 + β̃1)

3

2Θ

∂Vi
∂rj

∂Vi
∂rj

+ (2α̃2 + β̃2)
1

Θ2

∂Θ

∂ri

∂Θ

∂ri

+2α̃3
1

nΘ2

∂Θ

∂ri

∂(nΘ)

∂ri
+ 2α̃4

(
1

Θ

∂2Θ

∂ri∂ri
− 1

Θ2

∂Θ

∂ri

∂Θ

∂ri

)]

or

ΓKKǫ = ρ̃1ǫℓΘ
1/2 ∂Vi

∂rj

∂Vi
∂rj

+ ρ̃2
ǫℓ

Θ1/2

∂Θ

∂ri

∂Θ

∂ri
+ ρ̃3

ǫℓ

nΘ1/2

∂Θ

∂ri

∂(nΘ)

∂ri
+ ρ̃4ǫℓΘ

1/2 ∂2Θ

∂ri∂ri
(4.180)
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where

ρ̃1 =
1

12π3

(
3

2

) 1
2

(2α̃1 + β̃1) ≈ 0.1259,

ρ̃2 =
1

12π3

(
2

3

) 1
2

(2α̃2 + β̃2 − 2α̃4) ≈ 0.2626,

ρ̃3 =
1

6π3

(
2

3

) 1
2

α̃3 ≈ −0.0834,

ρ̃4 =
1

6π3

(
2

3

) 1
2

α̃4 ≈ 0.0692.

4.4 Constitutive Relations at O(ǫǫ)

In the following, we shall first simplify the expanded Boltzmann equation at this order.

4.4.1 Simplified form of eq. (2.36)

Collecting O(ǫǫ) terms in eq. (2.36), we have

D̃ǫǫ lnn+ 2

(
3

2Θ

)1
2

ũiD̃ǫǫVi +

(
ũ2 − 3

2

)
D̃ǫǫ lnΘ

+ Φǫ

{
D̃ǫ lnn+ 2

(
3

2Θ

) 1
2

ũiD̃ǫVi +

(
ũ2 − 3

2

)
D̃ǫ lnΘ

}
+ D̃ǫΦǫ

= ǫ2L̃ (ϕ
(2)
1 ) + ǫ2Ξ̃(ϕ

(1)
1 ) + ǫ2Λ̃(ϕ

(1)
1 ) +

1

2
ǫ2Ω̃(ϕ

(1)
1 , ϕ

(1)
1 )

+
ǫ2

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− (k̂ · ũ12)

2
+

1

8
(k̂ · ũ12)

4
)
. (4.181)

Clearly (cf. eqs. (2.20)-(2.22)), D̃ǫǫ lnn = D̃ǫǫVi = 0 and D̃ǫǫ lnΘ = −ǫΓ̃ǫ; but from eq. (2.23),

ǫΓ̃ǫ =
K

g

(
2Θ

3

) 1
2 1

Θ
Γǫǫ

and using eq. (3.39),

ǫΓ̃ǫ ≈
K

g

(
2Θ

3

) 1
2 1

Θ

{
−0.0102 ǫ

2

ℓ
Θ3/2

}
= −0.0102

(
3

2

) 1
2

ǫ2
(
K

2Θ

3g
× 1

ℓ

)
= −aǫ2,

where a = 0.0102
√

(3/2) ≈ 0.0125. Therefore D̃ǫǫ lnΘ = aǫ2. The quantity in curly brackets in

eq. (4.181), has appeared in the right-hand side of eq. (3.28) and its value is (ũ2− 3
2)
{
−ǫ23

(
2
π

)1/2}

(see the equation following eq. (3.28)). From eq. (4.9), the quantity D̃ǫΦǫ in eq. (4.181) is given

by

D̃ǫΦǫ = ǫ Φ̂′
e(ũ)D̃ǫ(ũ

2),

where prime denotes the differentiation with respect to ũ2. Using eq. (4.14),
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D̃ǫΦǫ = ǫ Φ̂′
e(ũ)

{
ǫũ2

2

3

(
2

π

)1/2
}

=
2

3

(
2

π

)1/2

ǫ2ũ2Φ̂′
e(ũ).

Substituting these values in eq. (4.181), we get

(
ũ2 − 3

2

)
× aǫ2 + ǫ Φ̂e(ũ)×

(
ũ2 − 3

2

){
−ǫ2

3

(
2

π

)1/2
}

+
2

3

(
2

π

)1/2

ǫ2ũ2Φ̂′
e(ũ)

= ǫ2L̃ (ϕ
(2)
1 ) + ǫ2Ξ̃(ϕ

(1)
1 ) + ǫ2Λ̃(ϕ

(1)
1 ) +

1

2
ǫ2Ω̃(ϕ

(1)
1 , ϕ

(1)
1 )

+
ǫ2

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− (k̂ · ũ12)

2
+

1

8
(k̂ · ũ12)

4
)

or

L̃ (ϕ
(2)
1 ) = a

(
ũ2 − 3

2

)
+

2

3

(
2

π

)1/2 [
ũ2Φ̂′

e(ũ)−
(
ũ2 − 3

2

)
Φ̂e(ũ)

]

− 1

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− (k̂ · ũ12)

2
+

1

8
(k̂ · ũ12)

4
)

− Ξ̃(ϕ
(1)
1 )− Λ̃(ϕ(1)

1 )− 1

2
Ω̃(ϕ

(1)
1 , ϕ

(1)
1 ).

The value of integral in the right-hand side of above equation is given in eq. (G.7). Hence using

eq. (G.7), above equation can be written as

L̃ (ϕ
(2)
1 ) = S̃(ũ)− Ξ̃(ϕ

(1)
1 )− Λ̃(ϕ(1)

1 )− 1

2
Ω̃(ϕ

(1)
1 , ϕ

(1)
1 ), (4.182)

where

S̃(ũ) = a

(
ũ2 − 3

2

)
+

2

3

(
2

π

)1/2{
ũ2Φ̂′

e(ũ)−
(
ũ2 − 3

2

)
Φ̂e(ũ)

}

−
{(−15− 68ũ2 + 4ũ4

192π1/2

)
e−ũ2

+
(63− 102ũ2 − 132ũ4 + 8ũ6) erf(ũ)

384ũ

}
(4.183)

is function of speed ũ only.

4.4.2 Constitutive Relations

Heat Flux

From eq. (2.30), the contribution of Φǫǫ to the heat flux is

Qǫǫ
i =

n

2π3/2

(
2Θ

3

) 3
2
∫

dũ ũ2ũi e
−ũ2

Φǫǫ.

Using the similar orthogonality relation with respect to Φǫǫ and following a similar procedure as

in getting the expression for heat flux at O(Kǫ) (cf. eq. (4.24)), we get

Qǫǫ
i =

ǫ2n

2π3/2

(
2Θ

3

) 3
2
∫

dũ e−ũ2
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi L̃ (ϕ

(2)
1 ). (4.184)
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Substituting the value of L̃ (ϕ
(2)
1 ) from eq. (4.182) in the above equation, we get

Qǫǫ
i =

ǫ2n

2π3/2

(
2Θ

3

)3
2
∫

dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi e

−ũ2

{
S̃(ũ)− Ξ̃(ϕ

(1)
1 )− Λ̃(ϕ(1)

1 )− 1

2
Ω̃(ϕ

(1)
1 , ϕ

(1)
1 )

}

≡ Qǫǫ
i1 +Qǫǫ

i2 +Qǫǫ
i3 , (let) (4.185)

where

Qǫǫ
i1 =

ǫ2n

2π3/2

(
2Θ

3

) 3
2
∫

dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi e

−ũ2
S̃(ũ), (4.186)

Qǫǫ
i2 = − ǫ2n

2π3/2

(
2Θ

3

) 3
2
∫

dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi e

−ũ2
{
Ξ̃(ϕ

(1)
1 ) + Λ̃(ϕ

(1)
1 )
}
, (4.187)

Qǫǫ
i3 = − ǫ2n

4π3/2

(
2Θ

3

) 3
2
∫

dũ Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi e

−ũ2
Ω̃(ϕ

(1)
1 , ϕ

(1)
1 ). (4.188)

Now we shall evaluate the quantities Qǫǫ
i1
, Qǫǫ

i2
and Qǫǫ

i3
as following.

Clearly, from eqs. (4.183) and (4.186),

Qǫǫ
i1 = 0, (4.189)

because the integrand is an odd function in components of ũ. Substituting the values of Ξ̃ and

Λ̃ from eqs. (2.39) and (2.40) respectively, in eq. (4.187), one obtains

Qǫǫ
i2 = − ǫ

2n

2π4

(
2Θ

3

) 3
2
∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12)

(
1− 1

2
(k̂ · ũ12)

2
)
e−(ũ2

1+ũ2
2)

× {ϕ(1)
1 (ũ′

1) + ϕ
(1)
1 (ũ′

2)}Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

− ǫ2n

2π4

(
2Θ

3

) 3
2

lim
ǫ→0

∂

∂ǫ

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2)

× {ϕ(1)
1 (ũ′

1) + ϕ
(1)
1 (ũ′

2)}Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i.

Following a similar procedure as in the derivation of QKǫ
i2

, we get

Qǫǫ
i2 = −

ǫ2n

2π4

(
2Θ

3

) 3
2

lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2){ϕ(1)

1 (ũ1) + ϕ
(1)
1 (ũ2)}Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiIδ,

(4.190)

where Iδ is given in eq. (4.34). The integral in eq. (4.190) is then split into two parts. The first

part is

(I) = − ǫ
2n

2π4

(
2Θ

3

) 3
2

lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) ϕ

(1)
1 (ũ1)Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiIδ

= − ǫ
2n

2π4

(
2Θ

3

) 3
2

lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) Φ̂e(ũ1)Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiIδ. (4.191)
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Replacing ũ1 by ũ− s̃ in the above equation, we get

(I) = − ǫ
2n

2π4

(
2Θ

3

) 3
2

lim
ǫ→0

∂

∂ǫ

∫
ds̃dũ2dũ e−(ũ−s̃)2−ũ2

2 Φ̂e(|ũ− s̃|)Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiIδ.

Using eq. (4.77),

(I) = − ǫ
2n

2π3

(
2Θ

3

)3
2

lim
ǫ→0

∂

∂ǫ

1

q2

∫
ds̃dũ

1

s̃
e−(ũ−s̃)2 Φ̂e(|ũ− s̃|)Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi e

−
(

(1−q)
q

s̃+ s̃·ũ
s̃

)2

.

The integration over s̃ is performed in a (rotated) spherical coordinate system (s̃, θ′, φ′) described

in part (I) of QKǫ
i2

such that s̃ · ũ = s̃ũ cos θ′, i.e.,

(I) = − ǫ
2n

2π3

(
2Θ

3

) 3
2

lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0

∫ 2π

φ′=0
dφ′dθ′ds̃ s̃2 sin θ′

1

s̃
e−(ũ2−2ũs̃ cos θ′+s̃2)

× Φ̂e

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi e

−
(

(1−q)
q

s̃+ũ cos θ′
)2

.

The integration over φ′ is just 2π and let cos θ′ = y. Therefore

(I) = −ǫ
2n

π2

(
2Θ

3

) 3
2

lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy s̃ e−(ũ2−2ũs̃y+s̃2)

× Φ̂e

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi e

−
(

(1−q)
q

s̃+ũy
)2

= 0

because the integrand above is an odd function in components of ũ. The second part of Qǫǫ
i2

is

(II) = − ǫ
2n

2π4

(
2Θ

3

) 3
2

lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) ϕ

(1)
1 (ũ2)Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiIδ

= − ǫ
2n

2π4

(
2Θ

3

) 3
2

lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) Φ̂e(ũ2)Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiIδ. (4.192)

Replacing ũ1 by ũ− s̃ in the above equation, we get

(II) = − ǫ
2n

2π4

(
2Θ

3

) 3
2

lim
ǫ→0

∂

∂ǫ

∫
ds̃dũ2dũ e−(ũ−s̃)2−ũ2

2 Φ̂e(ũ2)Φ̂c(ũ)

(
ũ2 − 5

2

)
ũiIδ.

Using eq. (4.77),

(II) = −ǫ
2n

π3

(
2Θ

3

)3
2

lim
ǫ→0

∂

∂ǫ

1

q2

∫
ds̃dũ e−(ũ−s̃)2 Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi

× 1

s̃

∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ s̃·ũ
s̃

∣

∣

∣

ũ2Φ̂e(ũ2) e
−ũ2

2 dũ2.

The integration over s̃ is performed in a (rotated) spherical coordinate system (s̃, θ′, φ′) described

in part (I) of QKǫ
i2

such that s̃ · ũ = s̃ũ cos θ′, i.e.,
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(II) = −ǫ
2n

π3

(
2Θ

3

) 3
2

lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0

∫ 2π

φ′=0
dφ′dθ′ds̃ s̃2 sin θ′ e−(ũ2−2ũs̃ cos θ′+s̃2)

× Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi
1

s̃

∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ũ cos θ′
∣

∣

∣

ũ2Φ̂e(ũ2) e
−ũ2

2 dũ2.

The integration over φ′ is just 2π and let cos θ′ = y. Therefore

(II) = −2ǫ2n

π2

(
2Θ

3

) 3
2

lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy s̃ e−(ũ2−2ũs̃y+s̃2)

× Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi

∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ũy
∣

∣

∣

ũ2Φ̂e(ũ2) e
−ũ2

2 dũ2. (4.193)

This implies that

(II) = 0

because the integrand above is an odd function in components of ũ. Hence

Qǫǫ
i2 = 0. (4.194)

The third contribution to Qǫǫ
i is given by eq. (4.188). Substituting the value of Ω̃ from eq. (2.38)

in eq. (4.188), one obtains

Qǫǫ
i3 = − ǫ

2n

2π4

(
2Θ

3

) 3
2
∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2) Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

× {ϕ(1)
1 (ũ′

1)ϕ
(1)
1 (ũ′

2)− ϕ
(1)
1 (ũ1)ϕ

(1)
1 (ũ2)}. (4.195)

Note that eq. (4.195) uses elastic velocity transformation. Following a similar procedure as in

the derivation of QKǫ
i3

, one obtains

Qǫǫ
i3 = − ǫ

2n

2π4

(
2Θ

3

) 3
2
∫

dũ1dũ2dũ e−(ũ2
1+ũ2

2) Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi ϕ

(1)
1 (ũ1)ϕ

(1)
1 (ũ2)I

(0)
δ

+
ǫ2n

2π4

(
2Θ

3

) 3
2
∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2) Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

× ϕ(1)
1 (ũ1)ϕ

(1)
1 (ũ2), (4.196)

where I
(0)
δ is given in eq. (4.48). The term Qǫǫ

i3
is split into two parts. The first part is

(I) = − ǫ
2n

2π4

(
2Θ

3

) 3
2
∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi ϕ

(1)
1 (ũ1)ϕ

(1)
1 (ũ2)I

(0)
δ

= − ǫ
2n

2π4

(
2Θ

3

) 3
2
∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi Φ̂e(ũ1)Φ̂e(ũ2)I

(0)
δ . (4.197)

Note that except for the extra term Φ̂e(ũ1) and the definition of I
(0)
δ , the integrand in eq. (4.197)

is similar to that in eq. (4.192). Hence, by following a similar procedure as below eq. (4.192),

we get (cf. eq. (4.193))
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(I) = −2ǫ2n

π2

(
2Θ

3

) 3
2
∫

dũ

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy s̃ e−(ũ2−2ũs̃y+s̃2) Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi

× Φ̂e

(
(ũ2 − 2ũs̃y + s̃2)

1/2
) ∫ ∞

ũ2=|ũy|
ũ2Φ̂e(ũ2) e

−ũ2
2 dũ2 = 0

because the integrand above is still an odd function in components of ũ. The second part of

eq. (4.196) is

(II) =
ǫ2n

2π4

(
2Θ

3

) 3
2
∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2) Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1iϕ

(1)
1 (ũ1)ϕ

(1)
1 (ũ2).

In the above equation, the integration over k̂ is trivial. Hence, using eq. (G.1b),

(II) =
ǫ2n

2π3

(
2Θ

3

) 3
2
∫

dũ1dũ2 ũ12 e
−(ũ2

1+ũ2
2) Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1iϕ

(1)
1 (ũ1)ϕ

(1)
1 (ũ2)

=
ǫ2n

2π3

(
2Θ

3

) 3
2
∫

dũ1dũ2 ũ12 e
−(ũ2

1+ũ2
2) Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1iΦ̂e(ũ1)Φ̂e(ũ2).

The integration over ũ2 is performed in a (rotated) spherical coordinate system (ũ2, θ
′
2, φ

′
2)

described in part (III) of QKǫ
i3

such that ũ1 · ũ2 = ũ1ũ2 cos θ
′
2, i.e.,

(II) =
ǫ2n

2π3

(
2Θ

3

) 3
2
∫

dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2(ũ

2
1 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1/2

× e−(ũ2
1+ũ2

2) Φ̂e(ũ1)Φ̂e(ũ2)Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i = 0

because the integrand above is an odd function in components of ũ1. Hence

Qǫǫ
i3 = 0. (4.198)

Therefore, from eqs. (4.185), (4.189), (4.194) and (4.198),

Qǫǫ
i = 0 (4.199)

Pressure Tensor

From eq. (2.28), the contribution of Φǫǫ to the pressure tensor is given by

P ǫǫ
ij =

2nΘ

3π3/2

∫
dũ ũiũj e

−ũ2
Φǫǫ.

Using the similar orthogonality relation with respect to Φǫǫ and following a similar procedure as

in getting the expression for pressure tensor at O(Kǫ) (cf. eq. (4.67)), we get

P ǫǫ
ij =

2ǫ2nΘ

3π3/2

∫
dũ e−ũ2

Φ̂v(ũ)ũiũj L̃ (ϕ
(2)
1 ). (4.200)
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Substituting the value of L̃ (ϕ
(2)
1 ) from eq. (4.182) in the above equation, we get

P ǫǫ
ij =

2ǫ2nΘ

3π3/2

∫
dũ e−ũ2

Φ̂v(ũ)ũiũj

{
S̃(ũ)− Ξ̃(ϕ

(1)
1 )− Λ̃(ϕ(1)

1 )− 1

2
Ω̃(ϕ

(1)
1 , ϕ

(1)
1 )

}

≡ P ǫǫ
ij1

+ P ǫǫ
ij2

+ P ǫǫ
ij3
, (let) (4.201)

where

P ǫǫ
ij1

=
2ǫ2nΘ

3π3/2

∫
dũ e−ũ2

Φ̂v(ũ)ũiũj S̃(ũ), (4.202)

P ǫǫ
ij2

= −2ǫ2nΘ

3π3/2

∫
dũ e−ũ2

Φ̂v(ũ)ũiũj

{
Ξ̃(ϕ

(1)
1 ) + Λ̃(ϕ

(1)
1 )
}
, (4.203)

P ǫǫ
ij3

= − ǫ
2nΘ

3π3/2

∫
dũ e−ũ2

Φ̂v(ũ)ũiũj Ω̃(ϕ
(1)
1 , ϕ

(1)
1 ). (4.204)

Now we shall evaluate the quantities P ǫǫ
ij1

, P ǫǫ
ij2

and P ǫǫ
ij3

as following.

Clearly, from eqs. (4.202) and (F.10),

P ǫǫ
ij1

= 0. (4.205)

Substituting the values of Ξ̃ and Λ̃ from eqs. (2.39) and (2.40) respectively, in eq. (4.203), one

obtains

P ǫǫ
ij2

= −2ǫ2nΘ

3π4

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12)

(
1− 1

2
(k̂ · ũ12)

2
)
e−(ũ2

1+ũ2
2)

× {ϕ(1)
1 (ũ′

1) + ϕ
(1)
1 (ũ′

2)}Φ̂v(ũ1)ũ1iũ1j

− 2ǫ2nΘ

3π4
lim
ǫ→0

∂

∂ǫ

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2){ϕ(1)
1 (ũ′

1) + ϕ
(1)
1 (ũ′

2)}Φ̂v(ũ1)ũ1iũ1j .

Following a similar procedure as in the simplification of QKǫ
i2

, we get

P ǫǫ
ij2

= −2ǫ2nΘ

3π4
lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2){ϕ(1)

1 (ũ1) + ϕ
(1)
1 (ũ2)}Φ̂v(ũ)ũiũj Iδ, (4.206)

where Iδ is given in eq. (4.34). The integral in eq. (4.206) is then split into two parts. The first

part is

(I) = −2ǫ2nΘ

3π4
lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) ϕ

(1)
1 (ũ1)Φ̂v(ũ)ũiũj Iδ

= −2ǫ2nΘ

3π4
lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) Φ̂e(ũ1)Φ̂v(ũ)ũiũj Iδ. (4.207)

Replacing ũ1 by ũ− s̃ in the above equation, we get

(I) = −2ǫ2nΘ

3π4
lim
ǫ→0

∂

∂ǫ

∫
ds̃dũ2dũ e−(ũ−s̃)2−ũ2

2 Φ̂e(|ũ− s̃|)Φ̂v(ũ)ũiũj Iδ.

Using eq. (4.77),

(I) = −2ǫ2nΘ

3π3
lim
ǫ→0

∂

∂ǫ

1

q2

∫
ds̃dũ

1

s̃
e−(ũ−s̃)2 Φ̂e(|ũ− s̃|)Φ̂v(ũ)ũiũj e

−
(

(1−q)
q

s̃+ s̃·ũ
s̃

)2

.
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The integration over s̃ is performed in a (rotated) spherical coordinate system (s̃, θ′, φ′) described

in part (I) of QKǫ
i2

such that s̃ · ũ = s̃ũ cos θ′, i.e.,

(I) = −2ǫ2nΘ

3π3
lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0

∫ 2π

φ′=0
dφ′dθ′ds̃ s̃2 sin θ′

1

s̃
e−(ũ2−2ũs̃ cos θ′+s̃2)

× Φ̂e

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)
Φ̂v(ũ)ũiũj e

−
(

(1−q)
q

s̃+ũ cos θ′
)2

.

The integration over φ′ is just 2π and let cos θ′ = y. Therefore

(I) = −4ǫ2nΘ

3π2
lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy s̃ e−(ũ2−2ũs̃y+s̃2)

× Φ̂e

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
Φ̂v(ũ)ũiũj e

−
(

(1−q)
q

s̃+ũy
)2

.

The integration over ũ in the above equation vanishes using eq. (F.10). Hence

(I) = 0.

The second part of P ǫǫ
ij2

is

(II) = −2ǫ2nΘ

3π4
lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) ϕ

(1)
1 (ũ2)Φ̂v(ũ)ũiũj Iδ

= −2ǫ2nΘ

3π4
lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) Φ̂e(ũ2)Φ̂v(ũ)ũiũj Iδ. (4.208)

Replacing ũ1 by ũ− s̃ in the above equation, we get

(II) = −2ǫ2nΘ

3π4
lim
ǫ→0

∂

∂ǫ

∫
ds̃dũ2dũ e−(ũ−s̃)2−ũ2

2 Φ̂e(ũ2)Φ̂v(ũ)ũiũj Iδ.

Using eq. (4.77),

(II) = −4ǫ2nΘ

3π3
lim
ǫ→0

∂

∂ǫ

1

q2

∫
ds̃dũ e−(ũ−s̃)2 Φ̂v(ũ)ũiũj ×

1

s̃

∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ s̃·ũ
s̃

∣

∣

∣

ũ2Φ̂e(ũ2) e
−ũ2

2 dũ2.

The integration over s̃ is performed in a (rotated) spherical coordinate system (s̃, θ′, φ′) described

in part (I) of QKǫ
i2

such that s̃ · ũ = s̃ũ cos θ′, i.e.,

(II) = −4ǫ2nΘ

3π3
lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0

∫ 2π

φ′=0
dφ′dθ′ds̃ s̃2 sin θ′ e−(ũ2−2ũs̃ cos θ′+s̃2) Φ̂v(ũ)ũiũj

× 1

s̃

∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ũ cos θ′
∣

∣

∣

ũ2Φ̂e(ũ2) e
−ũ2

2 dũ2.
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The integration over φ′ is just 2π and let cos θ′ = y. Therefore

(II) = −8ǫ2nΘ

3π2
lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy s̃ e−(ũ2−2ũs̃y+s̃2) Φ̂v(ũ)ũiũj

×
∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ũy
∣

∣

∣

ũ2Φ̂e(ũ2) e
−ũ2

2 dũ2. (4.209)

The integration over ũ in the above equation vanishes using eq. (F.10). Hence

(II) = 0.

Therefore

P ǫǫ
ij2

= 0. (4.210)

The third contribution to P ǫǫ
ij is given by eq. (4.204). Substituting the value of Ω̃ from eq. (2.38)

in eq. (4.204), one obtains

P ǫǫ
ij3

= −2ǫ2nΘ

3π4

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2) Φ̂v(ũ1)ũ1iũ1j

× {ϕ(1)
1 (ũ′

1)ϕ
(1)
1 (ũ′

2)− ϕ
(1)
1 (ũ1)ϕ

(1)
1 (ũ2)}. (4.211)

Note that eq. (4.211) uses elastic velocity transformation. Following a similar procedure as in

the derivation of QKǫ
i3

, one obtains

P ǫǫ
ij3

= −2ǫ2nΘ

3π4

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) Φ̂v(ũ)ũiũj ϕ

(1)
1 (ũ1)ϕ

(1)
1 (ũ2)I

(0)
δ

+
2ǫ2nΘ

3π4

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2) Φ̂v(ũ1)ũ1iũ1j ϕ
(1)
1 (ũ1)ϕ

(1)
1 (ũ2), (4.212)

where I
(0)
δ is given in eq. (4.48). The term P ǫǫ

ij3
is split into two parts. The first part is

(I) = −2ǫ2nΘ

3π4

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) Φ̂v(ũ)ũiũj ϕ

(1)
1 (ũ1)ϕ

(1)
1 (ũ2)I

(0)
δ

= −2ǫ2nΘ

3π4

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) Φ̂v(ũ)ũiũj Φ̂e(ũ1)Φ̂e(ũ2)I

(0)
δ . (4.213)

Note that except for the extra term Φ̂e(ũ1) and the definition of I
(0)
δ , the integrand in eq. (4.213)

is similar to that in eq. (4.208). Hence, by following a similar procedure as below eq. (4.208),

we get (cf. eq. (4.209))

(I) = −8ǫ2nΘ

3π2

∫
dũ

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy s̃ e−(ũ2−2ũs̃y+s̃2) Φ̂v(ũ)ũiũjΦ̂e

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)

×
∫ ∞

ũ2=|ũy|
ũ2Φ̂e(ũ2) e

−ũ2
2 dũ2.

Again, the integration over ũ in the above equation vanishes using eq. (F.10). Hence

(I) = 0.
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The second part of eq. (4.212) is

(II) =
2ǫ2nΘ

3π4

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2) Φ̂v(ũ1)ũ1iũ1j ϕ
(1)
1 (ũ1)ϕ

(1)
1 (ũ2).

In the above equation, the integration over k̂ is trivial. Hence, using eq. (G.1b),

(II) =
2ǫ2nΘ

3π3

∫
dũ1dũ2 ũ12 e

−(ũ2
1+ũ2

2) Φ̂v(ũ1)ũ1iũ1j ϕ
(1)
1 (ũ1)ϕ

(1)
1 (ũ2)

=
2ǫ2nΘ

3π3

∫
dũ1dũ2 ũ12 e

−(ũ2
1+ũ2

2) Φ̂v(ũ1)ũ1iũ1j Φ̂e(ũ1)Φ̂e(ũ2).

The integration over ũ2 is performed in a (rotated) spherical coordinate system (ũ2, θ
′
2, φ

′
2)

described in part (III) of QKǫ
i3

such that ũ1 · ũ2 = ũ1ũ2 cos θ
′
2, i.e.,

(II) =
2ǫ2nΘ

3π3

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2(ũ

2
1 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1/2

× e−(ũ2
1+ũ2

2) Φ̂v(ũ1)ũ1iũ1j Φ̂e(ũ1)Φ̂e(ũ2).

Again, the integration over ũ1 in the above equation vanishes using eq. (F.10). Hence

(II) = 0.

Hence

P ǫǫ
ij3

= 0. (4.214)

Therefore, from eqs. (4.201), (4.205), (4.210) and (4.214),

P ǫǫ
ij = 0 (4.215)

Collisional Dissipation

Eq. (2.13) implies that the contribution of Φǫǫ to collisional dissipation Γ is of O(ǫ3). Since the

collisional dissipation is of O(ǫ3), it is ignored in Sela & Goldhirsch (1998), but here we shall

evaluate this also. From eq. (2.34), the contribution of Φǫǫ to collisional dissipation Γ is given

by

Γǫǫǫ =
ǫΘ

12π3ℓ

(
2Θ

3

) 1
2
∫

dũ1dũ2 ũ
3
12 e

−(ũ2
1+ũ2

2) {Φǫǫ(ũ1) + Φǫǫ(ũ2) + Φǫ(ũ1)Φǫ(ũ2)} .

Again, (similar as above) on interchanging ũ1 and ũ2,

∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) Φǫǫ(ũ1) =

∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) Φǫǫ(ũ2).

∴ Γǫǫǫ =
ǫΘ

12π3ℓ

(
2Θ

3

) 1
2

(2I1 + I2), (4.216)
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where

I1 =

∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) Φǫǫ(ũ1) (4.217)

and

I2 =

∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) Φǫ(ũ1)Φǫ(ũ2). (4.218)

First consider eq. (4.217). Using eq. (3.26), I1 can be written as

I1 =

∫
dũ1 e

−ũ2
1 χ(ũ1)Φǫǫ(ũ1) =

∫
dũ e−ũ2

χ(ũ)Φǫǫ(ũ) = ǫ2
∫
dũ e−ũ2

χ(ũ)ϕ
(2)
1 (ũ). (4.219)

Since we do not know the explicit form of Φǫǫ, we shall use the self adjoint property of L̃ . Using

the similar orthogonality relation with respect to Φǫǫ and following a similar procedure, as below

eq. (4.104), we can write

I1 = ǫ2
∫

dũ e−ũ2
η̄(ũ) L̃ (ϕ

(2)
1 ).

Substituting the value of L̃ (ϕ
(2)
1 ) from eq. (4.182),

I1 = ǫ2
∫

dũ e−ũ2
η̄(ũ)

{
S̃(ũ)− Ξ̃(ϕ

(1)
1 )− Λ̃(ϕ(1)

1 )− 1

2
Ω̃(ϕ

(1)
1 , ϕ

(1)
1 )

}

= I1a + I1b + I1c , (4.220)

where

I1a = ǫ2
∫

dũ e−ũ2
η̄(ũ)S̃(ũ), (4.221)

I1b = −ǫ2
∫

dũ e−ũ2
η̄(ũ){Ξ̃(ϕ

(1)
1 ) + Λ̃(ϕ

(1)
1 )}, (4.222)

I1c = −
ǫ2

2

∫
dũ e−ũ2

η̄(ũ) Ω̃(ϕ
(1)
1 , ϕ

(1)
1 ). (4.223)

Now we shall evaluate the quantities I1a , I1b and I1c as following. Substituting the value of S̃(ũ)

from eq. (4.183) and using the orthogonality relations:
∫
dũ e−ũ2

η̄(ũ) =
∫
dũ ũ2 e−ũ2

η̄(ũ) = 0,

eq. (4.221) changes to

I1a = ǫ2
∫

dũ e−ũ2
η̄(ũ)

[
2

3

(
2

π

)1/2{
ũ2Φ̂′

e(ũ)−
(
ũ2 − 3

2

)
Φ̂e(ũ)

}

−
{(−15− 68ũ2 + 4ũ4

192π1/2

)
e−ũ2

+
(63− 102ũ2 − 132ũ4 + 8ũ6) erf(ũ)

384ũ

}]
= ϑ1ǫ

2, (4.224)

where (after changing the above integral into spherical polar coordinates)

ϑ1 = 4π

∫ ∞

0
dũ e−ũ2

η̄(ũ)

[
2

3

(
2

π

)1/2{
ũ2Φ̂′

e(ũ)−
(
ũ2 − 3

2

)
Φ̂e(ũ)

}

−
{(−15− 68ũ2 + 4ũ4

192π1/2

)
e−ũ2

+
(63− 102ũ2 − 132ũ4 + 8ũ6) erf(ũ)

384ũ

}]
. (4.225)
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ϑ1 is evaluated numerically. Its value is: ϑ1 ≈ 10.7915. The second contribution to Γǫǫǫ is given

by eq. (4.222). Substituting the values of Ξ̃ and Λ̃ from eqs. (2.39) and (2.40) respectively, in

eq. (4.222), one obtains

I1b = −
ǫ2

π5/2

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12)

(
1− 1

2
(k̂ · ũ12)

2
)
e−(ũ2

1+ũ2
2){ϕ(1)

1 (ũ′
1) + ϕ

(1)
1 (ũ′

2)}η̄(ũ1)

− ǫ2

π5/2
lim
ǫ→0

∂

∂ǫ

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2){ϕ(1)
1 (ũ′

1) + ϕ
(1)
1 (ũ′

2)}η̄(ũ1).

Following a similar procedure as in the derivation of QKǫ
i2

, we get

I1b = −
ǫ2

π5/2
lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2){ϕ(1)

1 (ũ1) + ϕ
(1)
1 (ũ2)}η̄(ũ)Iδ, (4.226)

where Iδ is given in eq. (4.34). The integral in eq. (4.206) is then split into two parts. The first

part is

(I) = − ǫ2

π5/2
lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) ϕ

(1)
1 (ũ1)η̄(ũ)Iδ

= − ǫ2

π5/2
lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) Φ̂e(ũ1)η̄(ũ)Iδ . (4.227)

Replacing ũ1 by ũ− s̃ in the above equation, we get

(I) = − ǫ2

π5/2
lim
ǫ→0

∂

∂ǫ

∫
ds̃dũ2dũ e−(ũ−s̃)2−ũ2

2 Φ̂e(|ũ− s̃|)η̄(ũ)Iδ.

Using eq. (4.77),

(I) = − ǫ2

π3/2
lim
ǫ→0

∂

∂ǫ

1

q2

∫
ds̃dũ

1

s̃
e−(ũ−s̃)2 Φ̂e(|ũ− s̃|)η̄(ũ) e−

(

(1−q)
q

s̃+ s̃·ũ
s̃

)2

.

The integration over s̃ is performed in a (rotated) spherical coordinate system (s̃, θ′, φ′) described

in part (I) of QKǫ
i2

such that s̃ · ũ = s̃ũ cos θ′, i.e.,

(I) = − ǫ2

π3/2
lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0

∫ 2π

φ′=0
dφ′dθ′ds̃ s̃2 sin θ′

1

s̃
e−(ũ2−2ũs̃ cos θ′+s̃2)

× Φ̂e

(
(ũ2 − 2ũs̃ cos θ′ + s̃2)

1/2
)
η̄(ũ) e

−
(

(1−q)
q

s̃+ũ cos θ′
)2

.

The integration over φ′ is just 2π and let cos θ′ = y. Therefore

(I) = − 2ǫ2

π1/2
lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy s̃ e−(ũ2−2ũs̃y+s̃2)

× Φ̂e

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
η̄(ũ) e

−
(

(1−q)
q

s̃+ũy
)2

.

Changing into spherical coordinate system, the integration over ũ results into
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(I) = −8π1/2ǫ2 lim
ǫ→0

∂

∂ǫ

1

q2

∫ ∞

ũ=0
dũ

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy s̃ η̄(ũ)

× Φ̂e

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
e−(ũ2−2ũs̃y+s̃2) e

−
(

(1−q)
q

s̃+ũy
)2

.

Using eq. (4.37),

(I) = −4π1/2ǫ2
∫ ∞

ũ=0
dũ

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy s̃(1− s̃ũy) η̄(ũ)

× Φ̂e

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
e−(ũ2−2ũs̃y+s̃2) e−ũ2y2 = ϑ2ǫ

2, (4.228)

where

ϑ2 = −4π1/2
∫ ∞

ũ=0
dũ

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy s̃(1− s̃ũy) η̄(ũ)

× Φ̂e

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)
e−(ũ2−2ũs̃y+s̃2) e−ũ2y2 . (4.229)

ϑ2 is evaluated numerically. Its value is: ϑ2 ≈ −0.9578. The second part of I1b is

(II) = − ǫ2

π5/2
lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) ϕ

(1)
1 (ũ2)η̄(ũ)Iδ

= − ǫ2

π5/2
lim
ǫ→0

∂

∂ǫ

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) Φ̂e(ũ2)η̄(ũ)Iδ. (4.230)

Replacing ũ1 by ũ− s̃ in the above equation, we get

(II) = − ǫ2

π5/2
lim
ǫ→0

∂

∂ǫ

∫
ds̃dũ2dũ e−(ũ−s̃)2−ũ2

2 Φ̂e(ũ2)η̄(ũ)Iδ.

Using eq. (4.77),

(II) = − 2ǫ2

π3/2
lim
ǫ→0

∂

∂ǫ

1

q2

∫
ds̃dũ e−(ũ−s̃)2 η̄(ũ)× 1

s̃

∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ s̃·ũ
s̃

∣

∣

∣

ũ2Φ̂e(ũ2) e
−ũ2

2 dũ2.

The integration over s̃ is performed in a (rotated) spherical coordinate system (s̃, θ′, φ′) described

in part (I) of QKǫ
i2

such that s̃ · ũ = s̃ũ cos θ′, i.e.,

(II) = − 2ǫ2

π3/2
lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0

∫ π

θ′=0

∫ 2π

φ′=0
dφ′dθ′ds̃ s̃2 sin θ′ e−(ũ2−2ũs̃ cos θ′+s̃2) η̄(ũ)

× 1

s̃

∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ũ cos θ′
∣

∣

∣

ũ2Φ̂e(ũ2) e
−ũ2

2 dũ2.

The integration over φ′ is just 2π and let cos θ′ = y. Therefore

(II) = − 4ǫ2

π1/2
lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy s̃ e−(ũ2−2ũs̃y+s̃2) η̄(ũ)

×
∫ ∞

ũ2=
∣

∣

∣

(1−q)
q

s̃+ũy
∣

∣

∣

ũ2Φ̂e(ũ2) e
−ũ2

2 dũ2. (4.231)
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Let us replace ũ22 by ũ22 +
(
(1−q)

q s̃+ ũy
)2

. This shift results into

(II) = − 4ǫ2

π1/2
lim
ǫ→0

∂

∂ǫ

1

q2

∫
dũ

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy s̃ e−(ũ2−2ũs̃y+s̃2) η̄(ũ)

×
∫ ∞

ũ2=0
dũ2 ũ2 e

−
{

ũ2
2+

(

(1−q)
q

s̃+ũy
)2

}

Φ̂e



{
ũ22 +

(
(1− q)
q

s̃+ ũy

)2
}1/2


 .

Changing into spherical coordinate system, the integration over ũ results into

(II) = −16π1/2ǫ2 lim
ǫ→0

∂

∂ǫ

1

q2

∫ ∞

ũ=0
dũ

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy s̃ e−(ũ2−2ũs̃y+s̃2) η̄(ũ)

×
∫ ∞

ũ2=0
dũ2 ũ2 e

−
{

ũ2
2+

(

(1−q)
q

s̃+ũy
)2

}

Φ̂e



{
ũ22 +

(
(1− q)
q

s̃+ ũy

)2
}1/2


 . (4.232)

The differentiation with respect to ǫ at ǫ = 0 is carried out next. Note that q → 1 as ǫ→ 0. Let

lim
ǫ→0

∂

∂ǫ


 1

q2
Φ̂e



{
ũ22 +

(
(1− q)
q

s̃+ ũy

)2
} 1

2


 e

−
(

(1−q)
q

s̃+ũy
)2


 = C

or

C = lim
ǫ→0

(
− 2

q3
∂q

∂ǫ

)
Φ̂e

(
(ũ22 + ũ2y2)

1/2
)
e−ũ2y2

+ lim
ǫ→0


Φ̂′

e



{
ũ22 +

(
(1− q)
q

s̃+ ũy

)2
}1/2


 2

(
(1− q)
q

s̃+ ũy

)(
− s̃

q2
∂q

∂ǫ

)
 e−ũ2y2

+ lim
ǫ→0

[
− e

−
(

(1−q)
q

s̃+ũy
)2

2

(
(1− q)
q

s̃+ ũy

)(
− s̃

q2
∂q

∂ǫ

)]
Φ̂e

(
(ũ22 + ũ2y2)

1/2
)
.

Here prime on Φ̂e denotes the differentiation with respect to square of its argument. Noting that

lim
ǫ→0

∂q

∂ǫ
= −1

4
,

C =
1

2
Φ̂e

(
(ũ22 + ũ2y2)

1/2
)
e−ũ2y2 +

1

2
Φ̂′
e

(
(ũ22 + ũ2y2)

1/2
)
ũys̃ e−ũ2y2

− 1

2
ũys̃ Φ̂e

(
(ũ22 + ũ2y2)

1/2
)
e−ũ2y2

=
1

2
e−ũ2y2

[
(1− s̃ũy) Φ̂e

(
(ũ22 + ũ2y2)

1/2
)
+ s̃ũy Φ̂′

e

(
(ũ22 + ũ2y2)

1/2
)]
.

Hence

(II) = −8π1/2ǫ2
∫ ∞

s̃=0
ds̃

∫ ∞

ũ=0
dũ

∫ ∞

ũ2=0
dũ2

∫ 1

y=−1
dy s̃ũ2η̄(ũ)

×
[
(1− s̃ũy) Φ̂e

(
(ũ22 + ũ2y2)

1
2

)
+ s̃ũy Φ̂′

e

(
(ũ22 + ũ2y2)

1
2

)]

× e−(ũ2−2ũs̃y+s̃2) e−(ũ2
2+ũ2y2) = ϑ3ǫ

2, (4.233)
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where

ϑ3 = −8π1/2
∫ ∞

s̃=0
ds̃

∫ ∞

ũ=0
dũ

∫ ∞

ũ2=0
dũ2

∫ 1

y=−1
dy s̃ũ2η̄(ũ)

×
[
(1− s̃ũy) Φ̂e

(
(ũ22 + ũ2y2)

1
2

)
+ s̃ũy Φ̂′

e

(
(ũ22 + ũ2y2)

1
2

)]

× e−(ũ2−2ũs̃y+s̃2) e−(ũ2
2+ũ2y2) . (4.234)

ϑ3 is evaluated numerically. Its value is: ϑ3 ≈ −0.2918. Therefore

I1b = (ϑ2 + ϑ3)ǫ
2. (4.235)

The third contribution to Γǫǫǫ is given by eq. (4.223). Substituting the value of Ω̃ from eq. (2.38)

in eq. (4.223), one obtains

I1c = −
ǫ2

π5/2

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2) η̄(ũ1){ϕ(1)
1 (ũ′

1)ϕ
(1)
1 (ũ′

2)− ϕ
(1)
1 (ũ1)ϕ

(1)
1 (ũ2)}.

(4.236)

Note that eq. (4.236) uses elastic velocity transformation. Following a similar procedure as in

the derivation of QKǫ
i3

, one obtains

I1c = −
ǫ2

π5/2

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) η̄(ũ)ϕ

(1)
1 (ũ1)ϕ

(1)
1 (ũ2)I

(0)
δ

+
ǫ2

π5/2

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2) η̄(ũ1)ϕ
(1)
1 (ũ1)ϕ

(1)
1 (ũ2), (4.237)

where I
(0)
δ is given in eq. (4.48). The term I1c is split into two parts. The first part is

(I) = − ǫ2

π5/2

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) η̄(ũ)ϕ

(1)
1 (ũ1)ϕ

(1)
1 (ũ2)I

(0)
δ

= − ǫ2

π5/2

∫
dũ1dũ2dũ e−(ũ2

1+ũ2
2) η̄(ũ) Φ̂e(ũ1)Φ̂e(ũ2)I

(0)
δ . (4.238)

Note that except for the extra term Φ̂e(ũ1) and the definition of I
(0)
δ , the integrand in eq. (4.238)

is similar to that in eq. (4.230). Hence, by following a similar procedure as below eq. (4.230),

we get (cf. eq. (4.232))

(I) = −16π1/2ǫ2
∫ ∞

ũ=0
dũ

∫ ∞

s̃=0
ds̃

∫ 1

y=−1
dy s̃ e−(ũ2−2ũs̃y+s̃2) η̄(ũ)Φ̂e

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)

×
∫ ∞

ũ2=0
dũ2 ũ2 e

−(ũ2
2+ũ2y2) Φ̂e

(
(ũ22 + ũ2y2)

1/2
)
= ϑ4ǫ

2, (4.239)

where

ϑ4 = −16π1/2
∫ ∞

s̃=0
ds̃

∫ ∞

ũ=0
dũ

∫ ∞

ũ2=0
dũ2

∫ 1

y=−1
dy s̃ũ2η̄(ũ)Φ̂e

(
(ũ2 − 2ũs̃y + s̃2)

1/2
)

× Φ̂e

(
(ũ22 + ũ2y2)

1/2
)
e−(ũ2−2ũs̃y+s̃2) e−(ũ2

2+ũ2y2) . (4.240)
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ϑ4 is evaluated numerically. Its value is: ϑ4 ≈ 0.0860. The second part of eq. (4.237) is

(II) =
ǫ2

π5/2

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2) η̄(ũ1)ϕ
(1)
1 (ũ1)ϕ

(1)
1 (ũ2).

In the above equation, the integration over k̂ is trivial. Hence, using eq. (G.1b),

(II) =
ǫ2

π3/2

∫
dũ1dũ2 ũ12 e

−(ũ2
1+ũ2

2) η̄(ũ1)ϕ
(1)
1 (ũ1)ϕ

(1)
1 (ũ2)

=
ǫ2

π3/2

∫
dũ1dũ2ũ12 e

−(ũ2
1+ũ2

2) η̄(ũ1)Φ̂e(ũ1)Φ̂e(ũ2). (4.241)

The integration over ũ2 is performed in a (rotated) spherical coordinate system (ũ2, θ
′
2, φ

′
2)

described in part (III) of QKǫ
i3

such that ũ1 · ũ2 = ũ1ũ2 cos θ
′
2, i.e.,

(II) =
ǫ2

π3/2

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2(ũ

2
1 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1/2

× e−(ũ2
1+ũ2

2) η̄(ũ1)Φ̂e(ũ1)Φ̂e(ũ2).

The integration over φ′2 is just 2π and let cos θ′2 = y. Therefore

(II) =
2ǫ2

π1/2

∫
dũ1

∫ ∞

ũ2=0
dũ2 ũ

2
2

{∫ π

θ′2=0
dθ′2 sin θ′2(ũ

2
1 − 2ũ1ũ2 cos θ

′
2 + ũ22)

1/2

}

× e−(ũ2
1+ũ2

2) η̄(ũ1)Φ̂e(ũ1)Φ̂e(ũ2)

=
2ǫ2

π1/2

∫
dũ1

∫ ∞

ũ2=0
dũ2 ũ

2
2R0(ũ1, ũ2) e

−(ũ2
1+ũ2

2) η̄(ũ1)Φ̂e(ũ1)Φ̂e(ũ2),

where Rn(ũ1, ũ2) is defined in eq. (4.57) and the value of R0(ũ1, ũ2) is given in eq. (4.61).

Changing into spherical polar coordinate system, the integration over ũ1 results into

(II) = 8π1/2ǫ2
∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

2
2R0(ũ1, ũ2) e

−(ũ2
1+ũ2

2) η̄(ũ1)Φ̂e(ũ1)Φ̂e(ũ2) = ϑ5ǫ
2, (4.242)

where

ϑ5 = 8π1/2
∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

2
2R0(ũ1, ũ2) e

−(ũ2
1+ũ2

2) η̄(ũ1)Φ̂e(ũ1)Φ̂e(ũ2). (4.243)

ϑ5 is evaluated numerically. Its value is: ϑ5 ≈ 0.1984. Hence

I1c = (ϑ4 + ϑ5)ǫ
2. (4.244)

Therefore, from eqs. (4.220), (4.224), (4.235) and (4.244), we have

I1 = (ϑ1 + ϑ2 + ϑ3 + ϑ4 + ϑ5)ǫ
2. (4.245)
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Next, consider eq. (4.218). Substituting the value of Φǫ, eq. (4.218) changes to

I2 = ǫ2
∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) Φ̂e(ũ1)Φ̂e(ũ2).

The integrals over ũ1 and ũ2 in the above equation are simplified by following a similar procedure

as in the (II) part of I1c . The simplified value of I2 is

I2 = ϑ6ǫ
2, (4.246)

where

ϑ6 = 8π2
∫ ∞

ũ1=0
dũ1

∫ ∞

ũ2=0
dũ2 ũ

2
2 S0(ũ1, ũ2) e

−(ũ2
1+ũ2

2) Φ̂e(ũ1)Φ̂e(ũ2) (4.247)

and Sn(ũ1, ũ2) is defined in eq. (4.177). ϑ6 is evaluated numerically. Its value is: ϑ6 ≈ 1.2233.

Therefore, from eqs. (4.216), (4.245) and (4.246),

Γǫǫǫ =
ǫΘ

12π3ℓ

(
2Θ

3

) 1
2

{2(ϑ1 + ϑ2 + ϑ3 + ϑ4 + ϑ5) + ϑ6}ǫ2 = ς̃

(
ǫ3

ℓ
Θ3/2

)
, (4.248)

where

ς̃ =
1

12π3

(
2

3

) 1
2

{2(ϑ1 + ϑ2 + ϑ3 + ϑ4 + ϑ5) + ϑ6} ≈ 0.0458. (4.249)

Eq. (4.248) can be written in another form to get

Γǫǫǫ ≈ 0.0458
ǫ3

ℓ
Θ3/2 ≈ 0.1439ǫ3nd2Θ3/2 (4.250)

4.5 Summary

The constitutive relations at O(Kǫ), O(K2) and O(ǫ2) (second-order in small parameters) have

been derived without evaluating the correction terms at these orders. The facts about the

constitutive relations obtained are the following.

At O(Kǫ):

all the analysis is of Navier-Stokes level; expression for heat flux, i.e.,

QKǫ
i = −ǫκ̃1nℓΘ1/2∂Θ

∂ri
− ǫτ̃1ℓΘ3/2 ∂n

∂ri

contains a term proportional to gradient of number density and this term is non-Fourier contri-

bution to heat flux; expression for pressure tensor, i.e.,

PKǫ
ij = −2ǫµ̃1nℓΘ1/2∂Vi

∂rj

is still Newton’s law of viscosity; the contribution to dissipation term vanishes, i.e., ΓKǫǫ = 0.
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At O(KK):

all the analysis is of Burnett level; expression for heat flux, pressure tensor and collisional

dissipation are given by

QKK
i = θ̃1nℓ

2∂Vj
∂rj

∂Θ

∂ri
+ θ̃2nℓ

2

{
2

3

∂

∂ri

(
Θ
∂Vj
∂rj

)
+ 2

∂Vj
∂ri

∂Θ

∂rj

}

+ θ̃3ℓ
2∂Vj
∂ri

∂(nΘ)

∂rj
+ θ̃4nℓ

2Θ
∂

∂rj

∂Vj
∂ri

+ θ̃5nℓ
2∂Vj
∂ri

∂Θ

∂rj
,

PKK
ij = ω̃1nℓ

2∂Vk
∂rk

∂Vi
∂rj
− ω̃2nℓ

2

{
1

3

∂

∂ri

(
1

n

∂(nΘ)

∂rj

)
+
∂Vi
∂rk

∂Vk
∂rj

+ 2
∂Vi
∂rk

∂Vk
∂rj

}

+ ω̃3nℓ
2 ∂2Θ

∂ri∂rj
+ ω̃4

ℓ2

Θ

∂(nΘ)

∂ri

∂Θ

∂rj
+ ω̃5

nℓ2

Θ

∂Θ

∂ri

∂Θ

∂rj
+ ω̃6nℓ

2 ∂Vi
∂rk

∂Vk
∂rj

,

and

ΓKKǫ = ρ̃1ǫℓΘ
1/2∂Vi

∂rj

∂Vi
∂rj

+ ρ̃2
ǫℓ

Θ1/2

∂Θ

∂ri

∂Θ

∂ri
+ ρ̃3

ǫℓ

nΘ1/2

∂Θ

∂ri

∂(nΘ)

∂ri
+ ρ̃4ǫℓΘ

1/2 ∂2Θ

∂ri∂ri
,

respectively. The last three terms in the expression of heat flux obtained in this work are

different from that obtained in Kogan (1969) and Sela & Goldhirsch (1998) but match with

Chapman & Cowling (1970). These minor corrections might be results of typographical or

calculation mistake in Kogan (1969) and Sela & Goldhirsch (1998). These corrections make

sense, because otherwise these terms in Kogan (1969) and Sela & Goldhirsch (1998) could be

included in the first two terms of expression for heat flux and it could not be required to write

them separately.

At O(ǫǫ):

all the analysis is of Euler level; heat flux and pressure tensor vanish, i.e., Qǫǫ
i = P ǫǫ

ij = 0; the

contribution to dissipation term is of O(ǫ3) and given by

Γǫǫǫ ≈ 0.0458
ǫ3

ℓ
Θ3/2 ≈ 0.1439ǫ3nd2Θ3/2.

Note that the contribution to dissipation term at this order is ignored in Sela & Goldhirsch

(1998).

The numerical values of coefficients obtained in the present work and that in Sela & Goldhirsch

(1998) are given in Table 4.1.
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Coefficients in: Coefficient Sela & Goldhirsch (1998) Present work

QKǫ
i

α1 −0.3619 −0.3627
β1 −0.2110 −0.2110
α2 −0.0282 −0.0282
α3 0.2849 0.2849

α4 −0.0016 −0.0018
α5 −0.0016 −0.0018
α6 0.0018 0.0025

α7 −0.0006 −0.0006
κ̃1 0.1072 0.1078

µ̃1 0.2110 0.2110

PKǫ
ij

ζ1 −0.0935 −0.0942
ζ2 −0.1349 −0.1349
ζ3 0.1094 0.1094

ζ4 0.0015 0.0014

ζ5 0.0015 0.0014

ζ6 0.0010 0.0016

ζ7 −0.0003 −0.0004
µ̃1 0.0576 0.0578

QKK
i

θ̃1 1.2291 1.2312

θ̃2 −0.6146 −0.6156
θ̃3 −0.3262 −0.3270
θ̃4 0.2552 0.2551

θ̃5 2.6555 2.5667

PKK
ij

ω̃1 1.2845 1.2850

ω̃2 0.6422 0.6425

ω̃3 0.2552 0.2551

ω̃4 0.0719 0.0719

ω̃5 0.0231 0.0248

ω̃6 2.3510 2.3498

ΓKKǫ

α̃1 12.6469 12.6475

α̃2 73.1575 73.1660

α̃3 −19.0089 −19.0093
α̃4 15.7588 15.7585

β̃1 15.3412 12.9619

β̃2 −3.4190 4.8612

ρ̃1 0.1338 0.1259

ρ̃2 0.2444 0.2626

ρ̃3 −0.0834 −0.0834
ρ̃4 0.0692 0.0692

Table 4.1: Comparision of coefficients



Chapter 5

Conclusion and Future Work

5.1 Conclusion

This thesis is devoted to the study of granular flows belonging to rapid flow regime. The flow

considered in this work is restricted to monodisperse collection of smooth inelastic (nearly elas-

tic) hard spheres. The interaction between the particles is assumed to be characterized by

instantaneous binary collisions. The work is mostly based on the paper by Sela & Goldhirsch

(1998), though a body force term (gravity) is added in the Boltzmann equation. The macro-

scopic length scale in the problem is defined as a function of thermal velocity and hence it

depends on position vector and time (see second paragraph of §2.3), while it has been taken as

a constant in Sela & Goldhirsch (1998). Due to this difference, the complicacy in calculations

is increased a bit. Although we could also consider the macroscopic length scale as a constant

but then to rescale the body force term we could end up with a scale depending upon position

vector and time, i.e., the level of complicacy in calculations could remain the same.

To complete the hydrodynamic description of the above mentioned flow, the constitutive

relations till second-order (which includes Burnett order description) in small parameters are

derived in detail. At O(Kǫ), the expression for heat flux contains a term proportional to the

gradient of number density, which was not present at O(K); therefore this term is a non-Fourier

contribution to the heat flux and is identically zero for flows of elastic particles (because it con-

tains ǫ in its coefficient); thus one can say that this term is a consequence of inelasticity. The

contribution to collisional dissipation due to O(ǫǫ) correction to distribution function is also eval-

uated while it is ignored in Sela & Goldhirsch (1998) because collisional dissipation is of O(ǫ3).

The constitutive relations obtained in this work match with those obtained in Sela & Goldhirsch

(1998) except for few minor corrections in the last three terms of the expression for heat flux

at Burnett order. These corrections make sense, because otherwise there was no need to write

them separately and they could be included in the first two terms. The expression for heat flux

at Burnett order obtained in this work matches with that in Chapman & Cowling (1970). As

expected, addition of body force term in the Boltzmann equation does not affect the constitutive

relations.

5.1.1 Constitutive Relations

Summarizing the results obtained in previous chapters, the constitutive relations corrected to

second order in small parameters are as follows:

141
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Heat Flux

Qi = −κ̃ nℓΘ1/2∂Θ

∂ri
− λ̃ ℓΘ3/2 ∂n

∂ri

+ θ̃1nℓ
2∂Vj
∂rj

∂Θ

∂ri
+ θ̃2nℓ

2

{
2

3

∂

∂ri

(
Θ
∂Vj
∂rj

)
+ 2

∂Vj
∂ri

∂Θ

∂rj

}

+ θ̃3ℓ
2 ∂Vj
∂ri

∂(nΘ)

∂rj
+ θ̃4nℓ

2Θ
∂

∂rj

∂Vj
∂ri

+ θ̃5nℓ
2∂Vj
∂ri

∂Θ

∂rj
, (5.1)

where κ̃ ≈ 0.4100 + 0.1078ǫ, λ̃ ≈ 0.2110ǫ, θ̃1 ≈ 1.2312, θ̃2 ≈ −0.6156, θ̃3 ≈ −0.3270, θ̃4 ≈ 0.2551

and θ̃5 ≈ 2.5667.

Pressure Tensor

Pij =
1

3
nΘδij − 2µ̃nℓΘ1/2 ∂Vi

∂rj

+ ω̃1nℓ
2∂Vk
∂rk

∂Vi
∂rj
− ω̃2nℓ

2

{
1

3

∂

∂ri

(
1

n

∂(nΘ)

∂rj

)
+
∂Vi
∂rk

∂Vk
∂rj

+ 2
∂Vi
∂rk

∂Vk
∂rj

}

+ ω̃3nℓ
2 ∂2Θ

∂ri∂rj
+ ω̃4

ℓ2

Θ

∂(nΘ)

∂ri

∂Θ

∂rj
+ ω̃5

nℓ2

Θ

∂Θ

∂ri

∂Θ

∂rj
+ ω̃6nℓ

2 ∂Vi
∂rk

∂Vk
∂rj

, (5.2)

where µ̃ = 0.3249 + 0.0578ǫ, ω̃1 ≈ 1.2850, ω̃2 ≈ 0.6425, ω̃3 ≈ 0.2551, ω̃4 ≈ 0.0719, ω̃5 ≈ 0.0248

and ω̃6 ≈ 2.3498.

Collisional Dissipation

Γ =
δ̃

ℓ
Θ3/2 + ρ̃1ǫℓΘ

1/2 ∂Vi
∂rj

∂Vi
∂rj

+ ρ̃2
ǫℓ

Θ1/2

∂Θ

∂ri

∂Θ

∂ri
+ ρ̃3

ǫℓ

nΘ1/2

∂Θ

∂ri

∂(nΘ)

∂ri
+ ρ̃4ǫℓΘ

1/2 ∂2Θ

∂ri∂ri
, (5.3)

where δ̃ ≈
(

16
27π

)1/2
ǫ − 0.0102ǫ2 + 0.0458ǫ3, ρ̃1 ≈ 0.1259, ρ̃2 ≈ 0.2626, ρ̃3 ≈ −0.0834 and

ρ̃4 ≈ 0.0692.

5.1.2 Normal Stress Difference in 2-D Granular Poiseuille Flow

under Gravity

Consider the 2-D rapid granular (Poiseuille) flow of monodispersed smooth inelastic hard disks

enclosed in a slab under the action of gravity. We assume that the granular gas is enclosed

between two infinite parallel plates normal to y-axis. A constant external force per unit mass

(e.g., gravity) g = gx̂ is acting along a direction x̂ parallel to the plates. The geometry of the

problem is sketched in figure 5.1.

We consider 2-D (xy plane), fully developed
(

∂
∂x(·) = 0

)
granular poiseuille flow under gravity.

Hence the components of mean velocity V are

Vx ≡ Vx(y) = V (say) and Vy = 0.
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Figure 5.1: Sketch of the planar Poiseuille flow induced by a gravitational force.

Therefore for this problem:
∂Vi
∂ri

=
∂Vx
∂x

+
∂Vy
∂y

+
∂Vz
∂z

= 0 (5.4)

and
∂Vi
∂rj

=
1

2

(
∂Vi
∂rj

+
∂Vj
∂ri

)
− 1

3
δij
∂Vk
∂rk

=
1

2

(
∂Vi
∂rj

+
∂Vj
∂ri

)
;

hence

∂Vx
∂x

=
1

2

(
∂Vx
∂x

+
∂Vx
∂x

)
= 0 (5.5)

and

∂Vy
∂y

=
1

2

(
∂Vy
∂y

+
∂Vy
∂y

)
= 0. (5.6)

Normal Stress Difference till Euler-order

To Euler order,

Pij = P 0
ij + P ǫ

ij + P ǫǫ
ij .

From eqs. (2.29), (3.37) and (4.215),

Pxx =
1

3
nΘδxx + 0 + 0 =

1

3
nΘ,

Pyy =
1

3
nΘδyy + 0 + 0 =

1

3
nΘ.

Hence

Pxx − Pyy = 0.

Therefore normal stress difference vanishes, if we consider stress tensor corrected till Euler order.
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Normal Stress Difference till Navier-Stokes order

To Navier-Stokes order,

Pij = P 0
ij + PK

ij + P ǫ
ij + PKǫ

ij + P ǫǫ
ij .

From eqs. (2.29), (3.22), (3.37), (4.100) and (4.215),

Pxx =
1

3
nΘδxx − 2µ̃0nℓΘ

1/2∂Vx
∂x

+ 0− 2ǫµ̃1nℓΘ
1/2 ∂Vx

∂x
+ 0.

Using eq. (5.5),

Pxx =
1

3
nΘ.

Similarly, from eqs. (2.29), (3.22), (3.37), (4.100) and (4.215),

Pyy =
1

3
nΘδyy − 2µ̃0nℓΘ

1/2 ∂Vy
∂y

+ 0− 2ǫµ̃1nℓΘ
1/2 ∂Vy

∂y
+ 0.

Using eq. (5.6),

Pyy =
1

3
nΘ.

Hence

Pxx − Pyy = 0.

Therefore normal stress difference again vanishes, even if we consider stress tensor corrected till

Navier-Stokes order.

Normal Stress Difference till Burnett order

To Burnett order,

Pij = P 0
ij + PK

ij + P ǫ
ij + PKǫ

ij + PKK
ij + P ǫǫ

ij .

From eqs. (2.29), (3.22), (3.37), (4.100), (4.160) and (4.215),

Pxx =
1

3
nΘδxx − 2µ̃0nℓΘ

1/2 ∂Vx
∂x

+ 0− 2ǫµ̃1nℓΘ
1/2∂Vx

∂x

+ ω̃1nℓ
2∂Vk
∂rk

∂Vx
∂x
− ω̃2nℓ

2

{
1

3

∂

∂x

(
1

n

∂(nΘ)

∂x

)
+
∂Vx
∂rk

∂Vk
∂x

+ 2
∂Vx
∂rk

∂Vk
∂x

}

+ ω̃3nℓ
2 ∂

2Θ

∂x∂x
+ ω̃4

ℓ2

Θ

∂(nΘ)

∂x

∂Θ

∂x
+ ω̃5

nℓ2

Θ

∂Θ

∂x

∂Θ

∂x
+ ω̃6nℓ

2∂Vx
∂rk

∂Vk
∂x

+ 0.

Using eqs. (5.4) and (5.5), and the fact that ∂
∂x(·) = 0,

Pxx =
1

3
nΘ.
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Similarly, from eqs. (2.29), (3.22), (3.37), (4.100), (4.160) and (4.215),

Pyy =
1

3
nΘδyy − 2µ̃0nℓΘ

1/2 ∂Vy
∂y

+ 0− 2ǫµ̃1nℓΘ
1/2 ∂Vy

∂y

+ ω̃1nℓ
2∂Vk
∂rk

∂Vy
∂y
− ω̃2nℓ

2

{
1

3

∂

∂y

(
1

n

∂(nΘ)

∂y

)
+
∂Vy
∂rk

∂Vk
∂y

+ 2
∂Vy
∂rk

∂Vk
∂y

}

+ ω̃3nℓ
2 ∂

2Θ

∂y∂y
+ ω̃4

ℓ2

Θ

∂(nΘ)

∂y

∂Θ

∂y
+ ω̃5

nℓ2

Θ

∂Θ

∂y

∂Θ

∂y
+ ω̃6nℓ

2∂Vy
∂rk

∂Vk
∂y

+ 0.

Using eqs. (5.4) and (5.6), and the fact that Vy = 0, Using eqs. (5.6),

Pyy =
1

3
nΘ − 1

3
ω̃2nℓ

2 ∂

∂y

(
1

n

∂(nΘ)

∂y

)
+ ω̃3nℓ

2 ∂
2Θ

∂y∂y
+ ω̃4

ℓ2

Θ

∂(nΘ)

∂y

∂Θ

∂y
+ ω̃5

nℓ2

Θ

∂Θ

∂y

∂Θ

∂y
.

Hence

Pxx − Pyy =
1

3
ω̃2nℓ

2 ∂

∂y

(
1

n

∂(nΘ)

∂y

)
− ω̃3nℓ

2 ∂
2Θ

∂y∂y
− ω̃4

ℓ2

Θ

∂(nΘ)

∂y

∂Θ

∂y
− ω̃5

nℓ2

Θ

∂Θ

∂y

∂Θ

∂y
.

Therefore normal stress difference is non zero at Burnett order, i.e., normal stress difference is

Burnett order effect for 2-D fully developed rapid granular (Poiseuille) flow of monodispersed

smooth inelastic hard disks under gravity. This result agrees with Tij & Santos (2004).

5.2 Future Work

This work can be applied to obtain the hydrodynamic profiles for the above defined 2-D gran-

ular Poiseuille flow problem and to verify the temperature anisotropy, which is captured by

kinetic theory but not by Navier-Stokes level hydrodynamic theory (Tij & Santos 2004). The

correction terms at second-order in small parameters can be evaluated and thus velocity distri-

bution function correct to Burnett order would be known. Then the symmetry in tails of the

velocity distribution function can be checked and compared with the simulation results (e.g.,

Alam & Chikkadi 2010).



Appendix A

Right-hand side of equation (2.19)

With the help of eq. (2.15), the right-hand side (let us say, it is equal to A) of eq. (2.19) can be

written as

A =
1

f̃0(ũ1)
B̃(f̃ , f̃ , e) =

1

πf̃0(ũ1)

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12)

(
1

e2
f̃(ũ′

1)f̃(ũ
′
2)− f̃(ũ1)f̃(ũ2)

)
.

Substituting f̃(ũ) = f̃0(ũ)(1 + Φ(ũ)), we have

A =
1

πf̃0(ũ1)

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12)

{
1

e2
f̃0(ũ

′
1)(1 + Φ(ũ′

1))f̃0(ũ
′
2)(1 + Φ(ũ′

2))

− f̃0(ũ1)(1 + Φ(ũ1))f̃0(ũ2)(1 + Φ(ũ2))

}
.

Using eq. (2.17), above expression changes to

A =
1

π5/2 e−ũ2
1

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12)

{
1

e2
e−(ũ′2

1 +ũ′2
2 )(1 + Φ(ũ′

1))(1 + Φ(ũ′
2))

− e−(ũ2
1+ũ2

2)(1 + Φ(ũ1))(1 + Φ(ũ2))

}
.

Using the relation (cf. eq. (2.3)): ũ′21 + ũ′22 = ũ21 + ũ22 +
1
2(ǫ+ ǫ2 + . . .)(k̂ · ũ12)

2,

A =
1

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

[
1

e2
exp

{
−1

2
(ǫ+ ǫ2 + . . .)(k̂ · ũ12)

2

}

× (1 + Φ(ũ′
1))(1 + Φ(ũ′

2))− (1 + Φ(ũ1))(1 + Φ(ũ2))

]
.

Here,

1

e2
exp

{
−1

2
(ǫ+ ǫ2 + . . .)(k̂ · ũ12)

2

}

= (1− ǫ)−1 exp

{
−1

2
(ǫ+ ǫ2 + . . .)(k̂ · ũ12)

2
}

= (1 + ǫ+ ǫ2 + . . .)

{
1− 1

2
(ǫ+ ǫ2 + . . .)(k̂ · ũ12)

2
+

1

2!4
(ǫ+ ǫ2 + . . .)

2
(k̂ · ũ12)

4 − . . .
}

= 1 + ǫ

(
1− 1

2
(k̂ · ũ12)

2
)
+ ǫ2

(
1− (k̂ · ũ12)

2
+

1

8
(k̂ · ũ12)

4
)
+ . . .
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Therefore

A =
1

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

×
[{

1 + ǫ

(
1− 1

2
(k̂ · ũ12)

2
)
+ ǫ2

(
1− (k̂ · ũ12)

2
+

1

8
(k̂ · ũ12)

4
)
+ . . .

}

×
{
1 + Φ(ũ′

1) + Φ(ũ′
2) + Φ(ũ′

1)Φ(ũ
′
2)
}
−
{
1 + Φ(ũ1) + Φ(ũ2) + Φ(ũ1)Φ(ũ2)

}]

=
1

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

[{
1 + Φ(ũ′

1) + Φ(ũ′
2) + Φ(ũ′

1)Φ(ũ
′
2)
}

+ ǫ

(
1− 1

2
(k̂ · ũ12)

2
){

1 + Φ(ũ′
1) + Φ(ũ′

2) + Φ(ũ′
1)Φ(ũ

′
2)
}

+ ǫ2
(
1− (k̂ · ũ12)

2
+

1

8
(k̂ · ũ12)

4
){

1 + Φ(ũ′
1) + Φ(ũ′

2) + Φ(ũ′
1)Φ(ũ

′
2)
}
+ . . .

−
{
1 + Φ(ũ1) + Φ(ũ2) + Φ(ũ1)Φ(ũ2)

}]

=
1

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

×
{
Φ(ũ′

1) + Φ(ũ′
2) + Φ(ũ′

1)Φ(ũ
′
2)− Φ(ũ1)− Φ(ũ2)− Φ(ũ1)Φ(ũ2)

}

+
ǫ

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− 1

2
(k̂ · ũ12)

2
)

+
ǫ

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− 1

2
(k̂ · ũ12)

2
){

Φ(ũ′
1) + Φ(ũ′

2) + Φ(ũ′
1)Φ(ũ

′
2)
}

+
ǫ2

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− (k̂ · ũ12)

2
+

1

8
(k̂ · ũ12)

4
)

+
ǫ2

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− (k̂ · ũ12)

2
+

1

8
(k̂ · ũ12)

4
)

×
{
Φ(ũ′

1) + Φ(ũ′
2) + Φ(ũ′

1)Φ(ũ
′
2)
}
+ h.o.t.

Substituting expansion for Φ given in eq. (2.27),

A =
1

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

×
[{
ΦK(ũ′

1) + ǫϕ
(1)
1 (ũ′

1) + ΦKK(ũ′
1) + ǫϕ

(1)
K (ũ′

1) + ǫ2ϕ
(2)
1 (ũ′

1) + . . .
}

+
{
ΦK(ũ′

2) + ǫϕ
(1)
1 (ũ′

2) + ΦKK(ũ′
2) + ǫϕ

(1)
K (ũ′

2) + ǫ2ϕ
(2)
1 (ũ′

2) + . . .
}

+
{
ΦK(ũ′

1) + ǫϕ
(1)
1 (ũ′

1) + ΦKK(ũ′
1) + ǫϕ

(1)
K (ũ′

1) + ǫ2ϕ
(2)
1 (ũ′

1) + . . .
}

×
{
ΦK(ũ′

2) + ǫϕ
(1)
1 (ũ′

2) + ΦKK(ũ′
2) + ǫϕ

(1)
K (ũ′

2) + ǫ2ϕ
(2)
1 (ũ′

2) + . . .
}

−
{
ΦK(ũ1) + ǫϕ

(1)
1 (ũ1) + ΦKK(ũ1) + ǫϕ

(1)
K (ũ1) + ǫ2ϕ

(2)
1 (ũ1) + . . .

}

−
{
ΦK(ũ2) + ǫϕ

(1)
1 (ũ2) + ΦKK(ũ2) + ǫϕ

(1)
K (ũ2) + ǫ2ϕ

(2)
1 (ũ2) + . . .

}

−
{
ΦK(ũ1) + ǫϕ

(1)
1 (ũ1) + ΦKK(ũ1) + ǫϕ

(1)
K (ũ1) + ǫ2ϕ

(2)
1 (ũ1) + . . .

}
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×
{
ΦK(ũ2) + ǫϕ

(1)
1 (ũ2) + ΦKK(ũ2) + ǫϕ

(1)
K (ũ2) + ǫ2ϕ

(2)
1 (ũ2) + . . .

}]

+
ǫ

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− 1

2
(k̂ · ũ12)

2
)

+
ǫ

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− 1

2
(k̂ · ũ12)

2
)

×
[{
ΦK(ũ′

1) + ǫϕ
(1)
1 (ũ′

1) + ΦKK(ũ′
1) + ǫϕ

(1)
K (ũ′

1) + ǫ2ϕ
(2)
1 (ũ′

1) + . . .
}

+
{
ΦK(ũ′

2) + ǫϕ
(1)
1 (ũ′

2) + ΦKK(ũ′
2) + ǫϕ

(1)
K (ũ′

2) + ǫ2ϕ
(2)
1 (ũ′

2) + . . .
}

+
{
ΦK(ũ′

1) + ǫϕ
(1)
1 (ũ′

1) + ΦKK(ũ′
1) + ǫϕ

(1)
K (ũ′

1) + ǫ2ϕ
(2)
1 (ũ′

1) + . . .
}

×
{
ΦK(ũ′

2) + ǫϕ
(1)
1 (ũ′

2) + ΦKK(ũ′
2) + ǫϕ

(1)
K (ũ′

2) + ǫ2ϕ
(2)
1 (ũ′

2) + . . .
}]

+
ǫ2

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− (k̂ · ũ12)

2
+

1

8
(k̂ · ũ12)

4
)
+ h.o.t.

or

A =
1

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

{
ΦK(ũ′

1) + ΦK(ũ′
2)− ΦK(ũ1)− ΦK(ũ2)

}

+
ǫ

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

{
ϕ
(1)
1 (ũ′

1) + ϕ
(1)
1 (ũ′

2)− ϕ
(1)
1 (ũ1)− ϕ(1)

1 (ũ2)
}

+
ǫ

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

{
ϕ
(1)
K (ũ′

1) + ϕ
(1)
K (ũ′

2)− ϕ
(1)
K (ũ1)− ϕ(1)

K (ũ2)
}

+
1

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

{
ΦKK(ũ′

1) + ΦKK(ũ′
2)− ΦKK(ũ1)− ΦKK(ũ2)

}

+
ǫ2

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

{
ϕ
(2)
1 (ũ′

1) + ϕ
(2)
1 (ũ′

2)− ϕ
(2)
1 (ũ1)− ϕ(2)

1 (ũ2)
}

+
1

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

{
ΦK(ũ′

1)ΦK(ũ′
2)− ΦK(ũ1)ΦK(ũ2)

}

+
ǫ

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

×
{
ΦK(ũ′

1)ϕ
(1)
1 (ũ′

2) + ΦK(ũ′
2)ϕ

(1)
1 (ũ′

1)− ΦK(ũ1)ϕ
(1)
1 (ũ2)− ΦK(ũ2)ϕ

(1)
1 (ũ1)

}

+
ǫ2

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

{
ϕ
(1)
1 (ũ′

1)ϕ
(1)
1 (ũ′

2)− ϕ
(1)
1 (ũ1)ϕ

(1)
1 (ũ2)

}

+
ǫ

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− 1

2
(k̂ · ũ12)

2
)

+
ǫ

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− 1

2
(k̂ · ũ12)

2
){

ΦK(ũ′
1) + ΦK(ũ′

2)
}

+
ǫ2

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− 1

2
(k̂ · ũ12)

2
){

ϕ
(1)
1 (ũ′

1) + ϕ
(1)
1 (ũ′

2)
}

+
ǫ2

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− (k̂ · ũ12)

2
+

1

8
(k̂ · ũ12)

4
)
+ h.o.t.
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Since ũ′
1, ũ

′
2 are functions of ũ1, ũ2 and also of ǫ. That means pre-collisional velocities are im-

plicit functions of ǫ and therefore, for further simplification one can apply Taylor series expansion

around ǫ = 0
(
i.e, f(ǫ) = f(0) + ǫf ′(0) + 1

2!ǫ
2f ′′(0) + . . .

)
. Thus we get

A =
1

π5/2

[
lim
ǫ→0

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

{
ΦK(ũ′

1) + ΦK(ũ′
2)− ΦK(ũ1)− ΦK(ũ2)

}

+ǫ lim
ǫ→0

∂

∂ǫ

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

{
ΦK(ũ′

1) + ΦK(ũ′
2)
}]

+
ǫ

π5/2

[
lim
ǫ→0

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

{
ϕ
(1)
1 (ũ′

1) + ϕ
(1)
1 (ũ′

2)− ϕ
(1)
1 (ũ1)− ϕ(1)

1 (ũ2)
}

+ǫ lim
ǫ→0

∂

∂ǫ

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

{
ϕ
(1)
1 (ũ′

1) + ϕ
(1)
1 (ũ′

2)
}]

+
ǫ

π5/2

[
lim
ǫ→0

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

{
ϕ
(1)
K (ũ′

1) + ϕ
(1)
K (ũ′

2)− ϕ
(1)
K (ũ1)− ϕ(1)

K (ũ2)
}]

+
1

π5/2

[
lim
ǫ→0

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

{
ΦKK(ũ′

1) + ΦKK(ũ′
2)− ΦKK(ũ1)− ΦKK(ũ2)

}]

+
ǫ2

π5/2

[
lim
ǫ→0

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

{
ϕ
(2)
1 (ũ′

1) + ϕ
(2)
1 (ũ′

2)− ϕ
(2)
1 (ũ1)− ϕ(2)

1 (ũ2)
}]

+
1

π5/2

[
lim
ǫ→0

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

{
ΦK(ũ′

1)ΦK(ũ′
2)− ΦK(ũ1)ΦK(ũ2)

}]

+
ǫ

π5/2

[
lim
ǫ→0

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

{
ΦK(ũ′

1)ϕ
(1)
1 (ũ′

2) + ΦK(ũ′
2)ϕ

(1)
1 (ũ′

1)

− ΦK(ũ1)ϕ
(1)
1 (ũ2)− ΦK(ũ2)ϕ

(1)
1 (ũ1)

}]

+
ǫ2

π5/2

[
lim
ǫ→0

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

{
ϕ
(1)
1 (ũ′

1)ϕ
(1)
1 (ũ′

2)− ϕ
(1)
1 (ũ1)ϕ

(1)
1 (ũ2)

}]

+
ǫ

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− 1

2
(k̂ · ũ12)

2
)

+
ǫ

π5/2

[
lim
ǫ→0

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− 1

2
(k̂ · ũ12)

2
){

ΦK(ũ′
1) + ΦK(ũ′

2)
}]

+
ǫ2

π5/2

[
lim
ǫ→0

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− 1

2
(k̂ · ũ12)

2
){

ϕ
(1)
1 (ũ′

1) + ϕ
(1)
1 (ũ′

2)
}]

+
ǫ2

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− (k̂ · ũ12)

2
+

1

8
(k̂ · ũ12)

4
)
+ h.o.t.

Let us define the following operators:

L̃ (Φ) ≡ 1

π5/2

∫

k̂·ũ12>0
dũ2dk̂(k̂ · ũ12) e

−ũ2
2

{
Φ(ũ′

1) + Φ(ũ′
2)− Φ(ũ1)− Φ(ũ2)

}
,

Ω̃(Φ,ψ) ≡ 1

π5/2

∫

k̂·ũ12>0
dũ2dk̂(k̂ · ũ12) e

−ũ2
2

{
Φ(ũ′

1)ψ(ũ
′
2) + Φ(ũ′

2)ψ(ũ
′
1)

− Φ(ũ1)ψ(ũ2)− Φ(ũ2)ψ(ũ1)
}
,



150 Appendix A. Right-hand side of equation (2.19)

Ξ̃(Φ) ≡ 1

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12)

(
1− 1

2
(k̂ · ũ12)

2
)
e−ũ2

2

{
Φ(ũ′

1) + Φ(ũ′
2)
}
,

and

Λ̃(Φ) =
1

π5/2
lim
ǫ→0

∂

∂ǫ

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

{
Φ(ũ′

1) + Φ(ũ′
2)
}
,

where the operators L̃ , Ω̃ and Ξ̃ are defined for elastically colliding particles∗. The operator

L̃ is the (standard) rescaled linearized Boltzmann operator for elastically colliding particles.

Hence A can be written as

A = L̃ (ΦK) + ǫΛ̃(ΦK) + ǫ L̃ (ϕ
(1)
1 ) + ǫ2Λ̃(ϕ

(1)
1 ) + ǫ L̃ (ϕ

(1)
K ) + L̃ (ΦKK) + ǫ2L̃ (ϕ

(2)
1 )

+
1

2
Ω̃(ΦK , ΦK) + ǫΩ̃(ΦK , ϕ

(1)
1 ) +

1

2
ǫ2Ω̃(ϕ

(1)
1 , ϕ

(1)
1 )

+
ǫ

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− 1

2
(k̂ · ũ12)

2
)
+ ǫΞ̃(ΦK) + ǫ2Ξ̃(ϕ

(1)
1 )

+
ǫ2

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− (k̂ · ũ12)

2
+

1

8
(k̂ · ũ12)

4
)
+ h.o.t.

or

A = L̃ (ΦK) + ǫ L̃ (ϕ
(1)
1 ) +

ǫ

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− 1

2
(k̂ · ũ12)

2
)

+ ǫ L̃ (ϕ
(1)
K ) + ǫΞ̃(ΦK) + ǫΛ̃(ΦK) + ǫΩ̃(ΦK , ϕ

(1)
1 ) + L̃ (ΦKK) +

1

2
Ω̃(ΦK , ΦK)

+ ǫ2L̃ (ϕ
(2)
1 ) + ǫ2Ξ̃(ϕ

(1)
1 ) + ǫ2Λ̃(ϕ

(1)
1 ) +

1

2
ǫ2Ω̃(ϕ

(1)
1 , ϕ

(1)
1 )

+
ǫ2

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− (k̂ · ũ12)

2
+

1

8
(k̂ · ũ12)

4
)
+ h.o.t. (A.1)

∗These are equivalent representations of the terms appearing in the expression of A, for example, limit ǫ→ 0 in

1

π5/2
lim
ǫ→0

∫

k̂·ũ12>0

dũ2dk̂ (k̂ · ũ12) e
−ũ2

2{ΦK(ũ′
1) + ΦK(ũ′

2)− ΦK(ũ1)− ΦK(ũ2)}

takes care of the inelastic collisons and this expression is equal to L̃ (ΦK).



Appendix B

Proof of Solvability

In this appendix it is shown that the generalized Chapman-Enskog expansion results in soluble

equations to all orders in the expansion.

From eq. (2.15),

B̃el(f̃ , f̃) ≡ B̃(f̃ , f̃ , e = 1) =
1

π

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12)

(
f̃(ũ′

1)f̃(ũ
′
2)− f̃(ũ1)f̃(ũ2)

)
.

Now, let us simplify B̃el(f̃ , f̃) by substituting f̃(ũ) = f̃0(ũ)(1 + Φ(ũ)).

B̃el(f̃ , f̃) =
1

π

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12)

[
f̃0(ũ

′
1)(1 + Φ(ũ′

1))f̃0(ũ
′
2)(1 + Φ(ũ′

2))

− f̃0(ũ1)(1 + Φ(ũ1))f̃0(ũ2)(1 + Φ(ũ2))
]
,

but for elastic case f̃0(ũ
′
1)f̃0(ũ

′
2) = f̃0(ũ1)f̃0(ũ2), hence

B̃el(f̃ , f̃) =
1

π

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12)f̃0(ũ1)f̃0(ũ2)

[
{1 + Φ(ũ′

1) + Φ(ũ′
2) + Φ(ũ′

1)Φ(ũ
′
2)}

− {1 + Φ(ũ1) + Φ(ũ2) + Φ(ũ1)Φ(ũ2)}
]
.

Taking f̃0(ũ1) out of the integral and using eq. (2.17) to replace f̃0(ũ2), we get

B̃el(f̃ , f̃) =
f̃0(ũ1)

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2
{
Φ(ũ′

1) + Φ(ũ′
2)− Φ(ũ1)− Φ(ũ2)

}

+
f̃0(ũ1)

π5/2

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2
{
Φ(ũ′

1)Φ(ũ
′
2)− Φ(ũ1)Φ(ũ2)

}

= f̃0(ũ1) L̃ (Φ) +
1

2
f̃0(ũ1)Ω̃(Φ,Φ),

where the definition of Ω̃ is given in eq. (2.38). Hence

f̃0(ũ1) L̃ (Φ) = B̃el(f̃ , f̃)−
1

2
f̃0(ũ1)Ω̃(Φ,Φ).

With the help of eq. (2.14) above equation can be written as

f̃0(ũ1) L̃ (Φ) = D̃ f̃ + f̃D̃

(
lnn− 3

2
lnΘ

)
− 1

2
f̃0(ũ1)Ω̃(Φ,Φ) + B̃el(f̃ , f̃)

− B̃(f̃ , f̃ , e) +K

(
2Θ

3

)1
2

g̃ ·∇v f̃ . (B.1)
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Eq. (B.1) is soluble only if right-hand side of it is orthogonal to all the summational invariants

(1, ũ and ũ2) of L̃ . The integral over ũ of the first term on the RHS of (B.1) times any of the

summational invariants can be carried out as follows:

Consider the integration involving the summational invariant, 1.

∫
dũ D̃ f̃ =

∫ {(
3

2Θ

) 3
2

dv

}{
K

g

(
2Θ

3

) 1
2
(
∂

∂t
+ v ·∇

)}{
1

n

(
2Θ

3

) 3
2

f

}

=
K

g

3

2Θ

∫
dv

(
∂

∂t
+ vi

∂

∂ri

){
1

n

(
2Θ

3

) 3
2

f

}

=
K

g

3

2Θ

[
∂

∂t

{
1

n

(
2Θ

3

) 3
2
∫
f dv

}
+

∂

∂ri

{
1

n

(
2Θ

3

) 3
2
∫
fvi dv

}]

=
K

g

3

2Θ

[
∂

∂t

{
1

n

(
2Θ

3

) 3
2

n

}
+

∂

∂ri

{
1

n

(
2Θ

3

)3
2

nVi

}]

=
K

g

3

2Θ

[
∂

∂t

{(
2Θ

3

) 3
2

}
+

∂

∂ri

{(
2Θ

3

) 3
2

Vi

}]

=
K

g

3

2Θ

[(
2Θ

3

) 1
2 ∂Θ

∂t
+ Vi

(
2Θ

3

) 1
2 ∂Θ

∂ri
+

(
2Θ

3

) 3
2 ∂Vi
∂ri

]

=
K

g

3

2Θ

[(
2Θ

3

) 1
2
(
∂

∂t
+ Vi

∂

∂ri

)
Θ +

(
2Θ

3

) 3
2 ∂Vi
∂ri

]

=
K

g

(
3

2Θ

) 1
2
[
DΘ

Dt
+

2Θ

3

∂Vi
∂ri

]

=
K

g

(
3

2Θ

) 1
2
[
−Γ − 2

n

∂Vi
∂rj

Pij −
2

n

∂Qi

∂ri
+

2Θ

3

∂Vi
∂ri

]
. (using eq. (2.10))

But from eq. (2.23), 3
2ǫΓ̃ = K

g

(
3
2Θ

) 1
2Γ . Hence,

∫
dũ D̃ f̃ = −3

2
ǫΓ̃ − 2

n

K

g

(
3

2Θ

) 1
2
[
∂Vi
∂rj

(
Pij −

1

3
nΘδij

)
+
∂Qi

∂ri

]

or ∫
dũ D̃ f̃ = − 2

n

K

g

(
3

2Θ

) 1
2
(
∂Vi
∂rj

P ′
ij +

∂Qi

∂ri

)
− 3

2
ǫΓ̃ (B.2)

where P ′
ij = Pij − 1

3nΘδij is the deviatoric stress tensor. Similarly, the integration involving the

summational invariant, ũ is

∫
dũ ũiD̃ f̃ =

∫ {(
3

2Θ

) 3
2

dv

}{(
3

2Θ

) 1
2

(vi − Vi)
}{

K

g

(
2Θ

3

) 1
2
(
∂

∂t
+ v ·∇

)}
f̃

=
K

g

(
3

2Θ

) 3
2
∫

dv (vi − Vi)
(
∂

∂t
+ vj

∂

∂rj

){
1

n

(
2Θ

3

) 3
2

f

}
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or

∫
dũ ũiD̃ f̃ =

K

g

(
3

2Θ

) 3
2

[
∂

∂t

{
1

n

(
2Θ

3

) 3
2
∫
fvi dv

}
− Vi

∂

∂t

{
1

n

(
2Θ

3

) 3
2
∫
f dv

}

+
∂

∂rj

{
1

n

(
2Θ

3

) 3
2
∫
fvivj dv

}
− Vi

∂

∂rj

{
1

n

(
2Θ

3

) 3
2
∫
fvj dv

}]
.

Let us evaluate the integral involved in the third term on the RHS of above expression separately,

∵

∫
fui dv =

∫
f(vi − Vi) dv =

∫
fvi dv − Vi

∫
f dv = nVi − Vi n = 0

∴

∫
fvivj dv =

∫
f(ui + Vi)(uj + Vj) dv

=

∫
fuiuj dv + Vi

∫
fuj dv + Vj

∫
fui dv + ViVj

∫
f dv = Pij + 0 + 0 + nViVj

⇒
∫
fvivj dv = Pij + nViVj .

Hence,

∫
dũ ũiD̃ f̃ =

K

g

(
3

2Θ

) 3
2

[
∂

∂t

{
1

n

(
2Θ

3

) 3
2

nVi

}
− Vi

∂

∂t

{
1

n

(
2Θ

3

) 3
2

n

}

+
∂

∂rj

{
1

n

(
2Θ

3

)3
2

(Pij + nViVj)

}
− Vi

∂

∂rj

{
1

n

(
2Θ

3

)3
2

nVj

}]

=
K

g

(
3

2Θ

) 3
2

[
∂

∂t

{(
2Θ

3

) 3
2

Vi

}
− Vi

∂

∂t

{(
2Θ

3

)3
2

}
+

∂

∂rj

{
1

n

(
2Θ

3

) 3
2

Pij

}

+
∂

∂rj

{(
2Θ

3

) 3
2

ViVj

}
− Vi

∂

∂rj

{(
2Θ

3

) 3
2

Vj

}]

=
K

g

(
3

2Θ

) 3
2

[(
2Θ

3

) 3
2 ∂Vi
∂t

+ Pij

(
2Θ

3

) 3
2
(
− 1

n2

)
∂n

∂rj
+ Pij

1

n

(
2Θ

3

) 1
2 ∂Θ

∂rj

+
1

n

(
2Θ

3

) 3
2 ∂Pij

∂rj
+

(
2Θ

3

) 3
2

Vj
∂Vi
∂rj

]

=
K

g

[(
∂

∂t
+ V ·∇

)
Vi − Pij

1

n2
∂n

∂rj
+ Pij

3

2nΘ

∂Θ

∂rj
+

1

n

∂Pij

∂rj

]

=
1

n

K

g

[
n
DVi
Dt
− Pij

1

n

∂n

∂rj
+ Pij

3

2Θ

∂Θ

∂rj
+
∂Pij

∂rj

]

=
1

n

K

g

[(
n gi −

∂Pij

∂rj

)
− Pij

∂ lnn

∂rj
+ Pij

3

2

∂ lnΘ

∂rj
+
∂Pij

∂rj

]
(Using eq. (2.9))

= Kg̃i +
1

n

K

g

[
−Pij

∂ lnn

∂rj
+ Pij

3

2

∂ lnΘ

∂rj

]

or ∫
dũ ũiD̃ f̃ = Kg̃i +

1

n

K

g
Pij

∂

∂rj

(
3

2
lnΘ − lnn

)
(B.3)
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and the integration involving the summational invariant, ũ2 is

∫
dũ ũ2D̃ f̃ =

∫ {(
3

2Θ

) 3
2

dv

}{
3

2Θ
(v − V )2

}{
K

g

(
2Θ

3

) 1
2
(
∂

∂t
+ v ·∇

)}
f̃

=
K

g

(
3

2Θ

)2 ∫
dv (v2 + V 2 − 2vjVj)

(
∂

∂t
+ vi

∂

∂ri

){
1

n

(
2Θ

3

) 3
2

f

}

=
K

g

(
3

2Θ

)2
[
∂

∂t

{
1

n

(
2Θ

3

)3
2
∫
fv2 dv

}
+

∂

∂ri

{
1

n

(
2Θ

3

) 3
2
∫
fv2vi dv

}

+V 2 ∂

∂t

{
1

n

(
2Θ

3

) 3
2
∫
f dv

}
+ V 2 ∂

∂ri

{
1

n

(
2Θ

3

) 3
2
∫
fvi dv

}

−2Vj
∂

∂t

{
1

n

(
2Θ

3

) 3
2
∫
fvj dv

}
− 2Vj

∂

∂ri

{
1

n

(
2Θ

3

) 3
2
∫
fvivj dv

}]

Let us evaluate the following integrals involved in the above equation separately,

∫
fv2 dv =

∫
f(u + V )2 dv =

∫
f(u2 + V 2 + 2ujVj) dv

=

∫
fu2 dv + V 2

∫
f dv + 2Vj

∫
fuj dv = nΘ + V 2 × n+ 2Vj × 0 = n(Θ + V 2),

and

∫
fv2vi dv =

∫
f(u + V )2(ui + Vi) dv =

∫
f(u2 + V 2 + 2ujVj)(ui + Vi) dv

=

∫
fu2ui dv + V 2

∫
fui dv + 2Vj

∫
fuiuj dv + Vi

∫
fu2 dv + V 2Vi

∫
f dv + 2ViVj

∫
fuj dv

= 2Qi + 0 + 2VjPij + Vi × nΘ + V 2Vi × n+ 0 = 2(Qi + VjPij) + nVi(Θ + V 2).

Hence

∫
dũ ũ2D̃ f̃

=
K

g

(
3

2Θ

)2
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∂

∂t

{
1

n

(
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3

) 3
2
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}
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∂
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n

(
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3

) 3
2 (
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n
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) 3
2
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∂ri
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2

nVi

}
− 2Vj

∂
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}]

=
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2
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or

∫
dũ ũ2D̃ f̃ =
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where the colored underbraces show the corresponding terms cancelling with each other. Hence
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g

(
3

2Θ

)1
2
[
(Θ + V 2)

3

2Θ

DΘ

Dt
+

DΘ

Dt
+

3

nΘ
Qi
∂Θ

∂ri
− 2

n2
Qi
∂n

∂ri
+

2

n

∂Qi

∂ri
+

2

n
Pij

∂Vi
∂rj

+Θ
∂Vi
∂ri
− V 2 3

2Θ

DΘ

Dt

]
.
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Using eq. (2.10),

∫
dũ ũ2D̃ f̃ =

K

g

(
3

2Θ

) 1
2
[
Θ × 3

2Θ

(
−Γ − 2

n

∂Vi
∂rj

Pij −
2

n

∂Qi

∂ri

)
+

(
−Γ − 2

n

∂Vi
∂rj

Pij −
2

n

∂Qi

∂ri

)

+
3

nΘ
Qi
∂Θ

∂ri
− 2

n2
Qi
∂n

∂ri
+

2

n

∂Qi

∂ri
+

2

n
Pij

∂Vi
∂rj

+Θ
∂Vi
∂ri

]

=
K

g

(
3

2Θ

) 1
2
[
−5

2
Γ − 3

n
Pij

∂Vi
∂rj
− 3

n

∂Qi

∂ri
+

3

nΘ
Qi
∂Θ

∂ri
− 2

n2
Qi
∂n

∂ri
+Θ

∂Vi
∂ri

]

=
K

g

(
3

2Θ

) 1
2
[
−5

2
Γ − 3

n

(
Pij −

1

3
nΘδij

)
∂Vi
∂rj
− 3

n

∂Qi

∂ri
+

3

n
Qi
∂ lnΘ

∂ri
− 2

n
Qi
∂ lnn

∂ri

]

=
K

g

(
3

2Θ

) 1
2 2

n

[
−3

2
P ′
ij

∂Vi
∂rj
− 3

2

∂Qi

∂ri
+

3

2
Qi
∂ lnΘ

∂ri
−Qi

∂ lnn

∂ri

]
− 5

2

K

g

(
3

2Θ

) 1
2

Γ,

where P ′
ij = Pij − 1

3nΘδij is the deviatoric stress tensor. From eq. (2.23), 3
2ǫΓ̃ = K

g

(
3
2Θ

) 1
2Γ ,

therefore

∫
dũ ũ2D̃ f̃ = −K

g

(
3

2Θ

)1
2 2

n

[
Qi
∂ lnn

∂ri
− 3

2
Qi
∂ lnΘ

∂ri
+

3

2
P ′
ij

∂Vi
∂rj

+
3

2

∂Qi

∂ri

]
− 15

4
ǫΓ̃ . (B.4)

The integral over ũ of the second term on the RHS of eq. (B.1) times any of the summational

invariants can be carried out as follows:

Let us first simplify the term D̃
(
lnn− 3

2 lnΘ
)
using eqs. (2.20) and (2.22).

D̃

(
lnn− 3

2
lnΘ

)

= K
2Θ

3g

(
ũi
∂ lnn

∂ri
−
(

3

2Θ

) 1
2 ∂Vi
∂ri

)

− 3

2

[
K

2Θ

3g

{
ũj
∂ lnΘ

∂rj
− 2

nΘ

(
3

2Θ

) 1
2 ∂Vi
∂rj

Pij −
2

nΘ

(
3

2Θ

) 1
2 ∂Qi

∂ri

}
− ǫΓ̃

]

= K
2Θ

3g

[
ũi
∂ lnn

∂ri
− 2Θ

3

(
3

2Θ

) 3
2 ∂Vi
∂rj

δij −
3

2
ũi
∂ lnΘ

∂ri
+

2

n

(
3

2Θ

)3
2

Pij
∂Vi
∂rj

+
2

n

(
3

2Θ

) 3
2 ∂Qi

∂ri

]

+
3

2
ǫΓ̃

= K
2Θ

3g

[
ũi
∂ lnn

∂ri
− 3

2
ũi
∂ lnΘ

∂ri
+

2

n

(
3

2Θ

) 3
2
(
Pij −

1

3
nΘδij

)
∂Vi
∂rj

+
2

n

(
3

2Θ

) 3
2 ∂Qi

∂ri

]
+

3

2
ǫΓ̃

= K
2Θ

3g

[
ũi
∂ lnn

∂ri
− 3

2
ũi
∂ lnΘ

∂ri
+

2

n

(
3

2Θ

) 3
2

P ′
ij

∂Vi
∂rj

+
2

n

(
3

2Θ

) 3
2 ∂Qi

∂ri

]
+

3

2
ǫΓ̃ .

Now, the integration (of 2nd term of eq. (B.1)) involving the summational invariant, 1 is:

∫
dũ f̃D̃

(
lnn− 3

2
lnΘ

)
=

∫ {(
3

2Θ

) 3
2

dv

}{
1

n

(
2Θ

3

)3
2

f

}
D̃

(
lnn− 3

2
lnΘ

)
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or

∫
dũ f̃D̃

(
lnn− 3

2
lnΘ

)

=
1

n

∫
dv f

[
K

2Θ

3g

{
ũi
∂ lnn

∂ri
− 3

2
ũi
∂ lnΘ

∂ri
+

2

n

(
3

2Θ

)3
2

P ′
ij

∂Vi
∂rj

+
2

n

(
3

2Θ

)3
2 ∂Qi

∂ri

}
+

3

2
ǫΓ̃

]

= K
2Θ

3g

(
∂ lnn

∂ri
− 3

2

∂ lnΘ

∂ri

)
1

n

∫
dv

{(
3

2Θ

) 1
2

(vi − Vi)
}
f

+

[
K

2Θ

3g

{
2

n

(
3

2Θ

) 3
2

P ′
ij

∂Vi
∂rj

+
2

n

(
3

2Θ

)3
2 ∂Qi

∂ri

}
+

3

2
ǫΓ̃

]
1

n

∫
dv f

(
∵ Γ̃ = Γ̃ (r , t)

)

= K
2Θ

3g

(
∂ lnn

∂ri
− 3

2

∂ lnΘ

∂ri

)(
3

2Θ

) 1
2
{
1

n

∫
dv vif −

1

n
Vi

∫
dv f

}

+

[
K

2Θ

3g

{
2

n

(
3

2Θ

) 3
2

P ′
ij

∂Vi
∂rj

+
2

n

(
3

2Θ

)3
2 ∂Qi

∂ri

}
+

3

2
ǫΓ̃

]
1

n
× n

= K
2Θ

3g

(
∂ lnn

∂ri
− 3

2

∂ lnΘ

∂ri

)(
3

2Θ

) 1
2
{
1

n
× nVi −

1

n
Vi × n

}

+

[
K

2Θ

3g

{
2

n

(
3

2Θ

) 3
2

P ′
ij

∂Vi
∂rj

+
2

n

(
3

2Θ

)3
2 ∂Qi

∂ri

}
+

3

2
ǫΓ̃

]

or ∫
dũ f̃D̃

(
lnn− 3

2
lnΘ

)
=

2

n

K

g

(
3

2Θ

) 1
2
(
P ′
ij

∂Vi
∂rj

+
∂Qi

∂ri

)
+

3

2
ǫΓ̃ . (B.5)

Similarly, the integration (of 2nd term of eq. (B.1)) involving the summational invariant, ũ is:

∫
dũ ũkf̃D̃

(
lnn− 3

2
lnΘ

)

=

∫ {(
3

2Θ

) 3
2

dv

}{(
3

2Θ

) 1
2

uk

}{
1

n

(
2Θ

3

) 3
2

f

}
D̃

(
lnn− 3

2
lnΘ

)

=

(
3

2Θ

)1
2 1

n

∫
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×
[
K

2Θ

3g
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ũi
∂ lnn

∂ri
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ũi
∂ lnΘ

∂ri
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(
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2

P ′
ij

∂Vi
∂rj

+
2

n

(
3

2Θ

)3
2 ∂Qi

∂ri

}
+

3

2
ǫΓ̃

]

= K
2Θ

3g

(
∂ lnn

∂ri
− 3

2

∂ lnΘ
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) 1
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n
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{(
3

2Θ

) 1
2
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}
ukf

+

[
K

2Θ

3g

{
2

n

(
3

2Θ

) 3
2

P ′
ij

∂Vi
∂rj

+
2

n

(
3

2Θ

) 3
2 ∂Qi

∂ri

}
+

3

2
ǫΓ̃
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2Θ

) 1
2 1
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∫
dv ukf

= K
2Θ

3g

(
∂ lnn

∂ri
− 3

2

∂ lnΘ

∂ri

)
3

2nΘ

∫
dv ukuif

+

[
K

2Θ

3g

{
2

n

(
3

2Θ

) 3
2

P ′
ij

∂Vi
∂rj

+
2

n

(
3

2Θ

) 3
2 ∂Qi

∂ri

}
+

3
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ǫΓ̃
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3
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2 1

n

∫
dv ukf.
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Here,
∫
dv ukuif = Pki and

∫
dv ukf = 0 as above. Hence,

∫
dũ ũkf̃D̃

(
lnn− 3

2
lnΘ

)
= K

2Θ

3g

(
∂ lnn

∂ri
− 3

2

∂ lnΘ

∂ri

)
3

2nΘ
Pki

or ∫
dũ ũif̃D̃

(
lnn− 3

2
lnΘ

)
= −K

g

1

n
Pij

∂

∂rj

(
3

2
lnΘ − lnn

)
(B.6)

and the integration (of 2nd term of eq. (B.1)) involving the summational invariant, ũ2 is:

∫
dũ ũ2f̃D̃

(
lnn− 3

2
lnΘ

)

=

∫ {(
3

2Θ

) 3
2

dv

}{(
3

2Θ

)
u2
}{

1

n

(
2Θ

3

) 3
2

f

}
D̃

(
lnn− 3

2
lnΘ

)

=
3

2nΘ

∫
dv u2f

×
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2Θ
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ũi
∂ lnn

∂ri
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2
ũi
∂ lnΘ

∂ri
+

2

n

(
3

2Θ

)3
2

P ′
ij

∂Vi
∂rj

+
2

n

(
3

2Θ

)3
2 ∂Qi

∂ri

}
+

3

2
ǫΓ̃

]

= K
2Θ

3g

(
∂ lnn

∂ri
− 3

2

∂ lnΘ

∂ri

)
3

2nΘ

∫
dv

{(
3

2Θ

) 1
2

ui

}
u2f

+

[
K

2Θ

3g

{
2

n

(
3

2Θ

) 3
2

P ′
ij

∂Vi
∂rj

+
2

n

(
3

2Θ

) 3
2 ∂Qi

∂ri

}
+

3

2
ǫΓ̃

]
3

2nΘ

∫
dv u2f.

Using the definitions of granular temperature (eq. (2.7)) and heat flux (eq. (2.12)),

∫
dũ ũ2f̃D̃

(
lnn− 3

2
lnΘ

)

= K
2Θ

3g

(
∂ lnn

∂ri
− 3

2

∂ lnΘ

∂ri

)
3

2nΘ

(
3

2Θ

) 1
2

× 2Qi

+

[
K

2Θ

3g

{
2

n

(
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2Θ

) 3
2

P ′
ij

∂Vi
∂rj

+
2

n

(
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2Θ

) 3
2 ∂Qi

∂ri

}
+

3

2
ǫΓ̃

]
3
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× nΘ

=
K

g

(
3
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) 1
2 2

n

[
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∂ lnn

∂ri
− 3

2
Qi
∂ lnΘ

∂ri
+

3

2
P ′
ij
∂Vi
∂rj

+
3

2

∂Qi

∂ri

]
+

9

4
ǫΓ̃ . (B.7)

The integral over ũ1 of the third term on the RHS of eq. (B.1) times any of the summational

invariants vanishes as following. Let ψ(ũ1) be any of the summational invariants: 1, ũ1 and ũ21,

and I =
∫
ψ(ũ1)

1
2 f̃0(ũ1)Ω̃(Φ,Φ) dũ1. Substituting the values of f̃0 and Ω̃ from eqs. (2.17) and

(2.38) respectively, I changes to

I =
1

π4

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12)ψ(ũ1) e

−(ũ2
1+ũ2

2)
{
Φ(ũ′

1)Φ(ũ
′
2)− Φ(ũ1)Φ(ũ2)

}
. (*1)

Further let us interchange the dummy variables ũ1 and ũ2 in the above equation. Note that,

(even for the inelastic case) ũ1 ←→ ũ2 ⇒ ũ′
1 ←→ ũ′

2, which can be seen as follows. By the

definitions of ũ′
1 and ũ′

2 (cf. eqs. (2.1) and (2.2)),
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ũ′
1 = ũ1 −

(1 + e)

2e

(
k̂ · ũ12

)
k̂

ũ′
2 = ũ2 +

(1 + e)

2e

(
k̂ · ũ12

)
k̂.

Now if we interchange ũ1 and ũ2, ũ
′
1 and ũ′

2 change as follows

ũ′
1 → ũ2 −

(1 + e)

2e

(
k̂ · ũ21

)
k̂ = ũ2 +

(1 + e)

2e

(
k̂ · ũ12

)
k̂ = ũ′

2

ũ′
2 → ũ1 +

(1 + e)

2e

(
k̂ · ũ21

)
k̂ = ũ1 −

(1 + e)

2e

(
k̂ · ũ12

)
k̂ = ũ′

1.

That means, on interchanging ũ1 and ũ2, ũ
′
1 and ũ′

2 interchange by themselves and vice-versa.

Therefore, on interchanging the dummy variables ũ1 and ũ2 in eq. (*1), we get

I =
1

π4

∫

k̂·ũ21>0
dũ2dũ1dk̂ (k̂ · ũ21)ψ(ũ2) e

−(ũ2
2+ũ2

1)
{
Φ(ũ′

2)Φ(ũ
′
1)− Φ(ũ2)Φ(ũ1)

}

=
1

π4

∫

k̂·ũ12<0
dũ1dũ2dk̂ (−k̂ · ũ12)ψ(ũ2) e

−(ũ2
1+ũ2

2)
{
Φ(ũ′

1)Φ(ũ
′
2)− Φ(ũ1)Φ(ũ2)

}
.

Using eq. (F.8),

I =
1

π4

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12)ψ(ũ2) e

−(ũ2
1+ũ2

2)
{
Φ(ũ′

1)Φ(ũ
′
2)− Φ(ũ1)Φ(ũ2)

}
. (*2)

Adding eqs. (*1) and (*2),

2I =
1

π4

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂·ũ12){ψ(ũ1)+ψ(ũ2)} e−(ũ2

1+ũ2
2)
{
Φ(ũ′

1)Φ(ũ
′
2)− Φ(ũ1)Φ(ũ2)

}
(*3)

and now interchanging the dummy variables ũ1 ←→ ũ′
1 and ũ2 ←→ ũ′

2,

2I =
1

π4

∫

k̂·ũ′
12>0

dũ′
1dũ

′
2dk̂ (k̂ · ũ′

12){ψ(ũ′
1) + ψ(ũ′

2)} e−(ũ′2
1 +ũ′2

2 )
{
Φ(ũ1)Φ(ũ2)− Φ(ũ′

1)Φ(ũ
′
2)
}

but since the above integral uses the elastic velocity transformation, we can again change the

integration variables using the relations, k̂ ·ũ′
12 = −k̂ ·ũ12, ũ

′
1+ ũ′

2 = ũ1+ ũ2, ũ
′2
1 + ũ′22 = ũ21+ ũ

2
2

and dũ′
1dũ

′
2 = dũ1dũ2. Thus

2I=
1

π4

∫

k̂·ũ12<0
dũ1dũ2dk̂ (−k̂ · ũ12){ψ(ũ′

1) + ψ(ũ′
2)} e−(ũ2

1+ũ2
2)
{
Φ(ũ1)Φ(ũ2)−Φ(ũ′

1)Φ(ũ
′
2)
}
.

Using eq. (F.8),

2I =
1

π4

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12){ψ(ũ′

1) + ψ(ũ′
2)} e−(ũ2

1+ũ2
2)
{
Φ(ũ1)Φ(ũ2)− Φ(ũ′

1)Φ(ũ
′
2)
}

(*4)

Adding eqs. (*3) and (*4), we get

4I =
1

π4

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12){ψ(ũ1) + ψ(ũ2)− ψ(ũ′

1)− ψ(ũ′
2)}

×
{
Φ(ũ1)Φ(ũ2)− Φ(ũ′

1)Φ(ũ
′
2)
}
.
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Note that the above integral uses elastic velocity transformation and therefore for any of the

summational invariants: 1, ũ1 and ũ21,

ψ(ũ1) + ψ(ũ2)− ψ(ũ′
1)− ψ(ũ′

2) = 0

due to conservation of mass, momentum and energy, respectively. Hence

4I = 0 or I = 0

or ∫
ψ(ũ1)

1

2
f̃0(ũ1)Ω̃(Φ,Φ) dũ1 = 0 for ψ(ũ1) = 1, ũ1 and ũ

2
1. (B.8)

The integral over ũ1 of the fourth term on the RHS of eq. (B.1) times any of the summational

invariants also vanishes due to the conservation of mass, momentum and energy for the elastic

particles. To verify this one can simply replace π4 and Φ by π and f̃ respectively, and following

a similar procedure as above. Thus

∫
ψ(ũ1)B̃el(f̃ , f̃) dũ1 = 0 for ψ(ũ1) = 1, ũ1 and ũ

2
1. (B.9)

The integral over ũ1 of the fifth term on the right-hand side of (B.1) times any of the summational

invariants can be carried out as follows:

Consider the integration involving the summational invariant, 1.

∫
dũ1 B̃(f̃ , f̃ , e) =

1

π

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12)

(
1

e2
f̃(ũ′

1)f̃(ũ
′
2)− f̃(ũ1)f̃(ũ2)

)

= I1 − I2, (let)

where

I1 =
1

π

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12)

1

e2
f̃(ũ′

1)f̃(ũ
′
2),

I2 =
1

π

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12)f̃(ũ1)f̃(ũ2).

Note that the integrals I1 and I2 use inelastic velocity transformation. In I1, one can change

the integration variables using the relations, k̂ · ũ12 = −e(k̂ · ũ′
12) (cf. eq. (2.2)) and dũ1dũ2 =

edũ′
1dũ

′
2 (cf. eq. (J.2)). Thus one obtains

I1 =
1

π

∫

k̂·ũ′
12<0

edũ′
1dũ

′
2dk̂

{
−e(k̂ · ũ′

12)
} 1

e2
f̃(ũ′

1)f̃(ũ
′
2)

=
1

π

∫

k̂·ũ′
12<0

dũ′
1dũ

′
2dk̂ (−k̂ · ũ′

12)f̃(ũ
′
1)f̃(ũ

′
2).

Changing the dummy variables ũ′
1 and ũ′

2 to ũ1 and ũ2 respectively,

I1 =
1

π

∫

k̂·ũ12<0
dũ1dũ2dk̂ (−k̂ · ũ12)f̃(ũ1)f̃(ũ2).
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Using eq. (F.8),

I1 =
1

π

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12)f̃(ũ1)f̃(ũ2) = I2.

Hence ∫
dũ1 B̃(f̃ , f̃ , e) = I1 − I2 = 0. (B.10)

Next, consider the integration involving the summational invariant, ũ1.

Let
∫
dũ1 ũ1B̃(f̃ , f̃ , e) = I3. Hence

I3 =
1

π

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12)ũ1

(
1

e2
f̃(ũ′

1)f̃(ũ
′
2)− f̃(ũ1)f̃(ũ2)

)
. (*5)

Interchanging the variables ũ1 ←→ ũ2, consequently ũ1 ←→ ũ2, and hence

I3 =
1

π

∫

k̂·ũ21>0
dũ2dũ1dk̂ (k̂ · ũ21)ũ2

(
1

e2
f̃(ũ′

2)f̃(ũ
′
1)− f̃(ũ2)f̃(ũ1)

)
.

Using eq. (F.8),

I3 =
1

π

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12)ũ2

(
1

e2
f̃(ũ′

1)f̃(ũ
′
2)− f̃(ũ1)f̃(ũ2)

)
. (*6)

Adding eqs. (*5) and (*6), we get

2I3 =
1

π

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12)(ũ1 + ũ2)

(
1

e2
f̃(ũ′

1)f̃(ũ
′
2)− f̃(ũ1)f̃(ũ2)

)

= I4 − I5, (let)

where

I4 =
1

π

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12)(ũ1 + ũ2)

1

e2
f̃(ũ′

1)f̃(ũ
′
2),

I5 =
1

π

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12)(ũ1 + ũ2)f̃(ũ1)f̃(ũ2).

Note that the integrals I4 and I5 use inelastic velocity transformation. In I4, one can change the

integration variables using the relations, k̂ · ũ12 = −e(k̂ · ũ′
12) (cf. eq. (2.2)), ũ1 + ũ2 = ũ′

1 + ũ′
2

(momentum conservation) and dũ1dũ2 = edũ′
1dũ

′
2 (cf. eq. (J.2)). Thus one obtains

I4 =
1

π

∫

k̂·ũ′
12<0

edũ′
1dũ

′
2dk̂

{
−e(k̂ · ũ′

12)
}
(ũ′

1 + ũ′
2)

1

e2
f̃(ũ′

1)f̃(ũ
′
2)

=
1

π

∫

k̂·ũ′
12<0

dũ′
1dũ

′
2dk̂ (−k̂ · ũ′

12)(ũ
′
1 + ũ′

2)f̃(ũ
′
1)f̃(ũ

′
2).

Changing the dummy variables ũ′
1 and ũ′

2 to ũ1 and ũ2 respectively,

I4 =
1

π

∫

k̂·ũ12<0
dũ1dũ2dk̂ (−k̂ · ũ12)(ũ1 + ũ2)f̃(ũ1)f̃(ũ2).
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Using eq. (F.8),

I4 =
1

π

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12)(ũ1 + ũ2)f̃(ũ1)f̃(ũ2) = I5.

Hence

2I3 = I4 − I5 = 0

or ∫
dũ1 ũ1B̃(f̃ , f̃ , e) = 0. (B.11)

Next, consider the integration involving the summational invariant, ũ21.

Let
∫
dũ1 ũ

2
1B̃(f̃ , f̃ , e) = I6. Hence

I6 =
1

π

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12)ũ

2
1

(
1

e2
f̃(ũ′

1)f̃(ũ
′
2)− f̃(ũ1)f̃(ũ2)

)
. (*7)

Interchanging the variables ũ1 ←→ ũ2, consequently ũ1 ←→ ũ2, and hence

I6 =
1

π

∫

k̂·ũ21>0
dũ2dũ1dk̂ (k̂ · ũ21)ũ

2
2

(
1

e2
f̃(ũ′

2)f̃(ũ
′
1)− f̃(ũ2)f̃(ũ1)

)
.

Using eq. (F.8),

I6 =
1

π

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12)ũ

2
2

(
1

e2
f̃(ũ′

1)f̃(ũ
′
2)− f̃(ũ1)f̃(ũ2)

)
. (*8)

Adding eqs. (*7) and (*8), we get

2I6 =
1

π

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12)(ũ

2
1 + ũ22)

(
1

e2
f̃(ũ′

1)f̃(ũ
′
2)− f̃(ũ1)f̃(ũ2)

)

= I7 − I8, (let)

where

I7 =
1

π

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12)(ũ

2
1 + ũ22)

1

e2
f̃(ũ′

1)f̃(ũ
′
2),

I8 =
1

π

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12)(ũ

2
1 + ũ22)f̃(ũ1)f̃(ũ2).

Note that the integrals I7 and I8 use inelastic velocity transformation. In I7, one can change

the integration variables using the relations, k̂ · ũ12 = −e(k̂ · ũ′
12) (cf. eq. (2.2)), ũ21 + ũ22 =

ũ′21 + ũ′22 − ǫ
2(k̂ · ũ′

12)
2
and dũ1dũ2 = edũ′

1dũ
′
2 (cf. eq. (J.2)). Thus one obtains

I7 =
1

π

∫

k̂·ũ′
12<0

edũ′
1dũ

′
2dk̂

{
−e(k̂ · ũ′

12)
}{

ũ′21 + ũ′22 −
ǫ

2
(k̂ · ũ′

12)
2
} 1

e2
f̃(ũ′

1)f̃(ũ
′
2)

=
1

π

∫

k̂·ũ′
12<0

dũ′
1dũ

′
2dk̂ (−k̂ · ũ′

12)
{
ũ′21 + ũ′22 −

ǫ

2
(k̂ · ũ′

12)
2
}
f̃(ũ′

1)f̃(ũ
′
2).
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Changing the dummy variables ũ′
1 and ũ′

2 to ũ1 and ũ2 respectively,

I7 =
1

π

∫

k̂·ũ12<0
dũ1dũ2dk̂ (−k̂ · ũ12)

{
ũ21 + ũ22 −

ǫ

2
(k̂ · ũ12)

2
}
f̃(ũ1)f̃(ũ2).

Using eq. (F.8),

I7 =
1

π

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12)

{
ũ21 + ũ22 −

ǫ

2
(k̂ · ũ12)

2
}
f̃(ũ1)f̃(ũ2)

= I8 −
ǫ

2π

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12)

3
f̃(ũ1)f̃(ũ2).

Using eq. (G.1c),

I7 = I8 −
ǫ

2π
× π

2

∫
dũ1dũ2 ũ

3
12f̃(ũ1)f̃(ũ2).

Using eq. (2.25),

I7 = I8 − 3ǫ× 1

12

∫
dũ1dũ2 ũ

3
12f̃(ũ1)f̃(ũ2) = I8 − 3ǫΓ̃ .

Hence

2I6 = I7 − I8 = −3ǫΓ̃

or ∫
dũ1 ũ

2
1B̃(f̃ , f̃ , e) = −3

2
ǫΓ̃ . (B.12)

Finally, the integral over ũ of the sixth term on the RHS of (B.1) times any of the summational

invariants can be carried out as following. Let ψ(ũ) be any of the summational invariant: 1, ũ

and ũ2, and I9 =
∫
ψ(ũ)K

(
2Θ
3

) 1
2 g̃ ·∇v f̃ dũ. Hence

I9 =

∫
ψ(ũ)K

(
2Θ

3

) 1
2

g̃i
∂f̃

∂vi
dũ = Kg̃i

∫
ψ(ũ)

∂f̃

∂ũi
dũ = Kg̃i

∫ {
∂

∂ũi

(
f̃ ψ(ũ)

)
− f̃ ∂ψ(ũ)

∂ũi

}
dũ

= Kg̃i

∫
∂

∂ũi

(
f̃ ψ(ũ)

)
dũidũjdũk −Kg̃i

∫
f̃
∂ψ(ũ)

∂ũi
dũ (i, j and k are different.)

= Kg̃i

∫ (
f̃ ψ(ũ)

)ũi=∞

ũi=−∞
dũjdũk −Kg̃i

∫
f̃
∂ψ(ũ)

∂ũi
dũ = −Kg̃i

∫
f̃
∂ψ(ũ)

∂ũi
dũ

because f̃(ũ) = f̃0(ũ)(1 +Φ) and f̃0(ũ) = π−3/2 e−ũ2
. Now substituting the values of ψ(ũ) as 1,

ũ and ũ2 separately, one obtains

∫
K

(
2Θ

3

) 1
2

g̃ ·∇v f̃ dũ = −Kg̃i
∫
f̃
∂(1)

∂ũi
dũ = 0, (B.13)
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∫
ũjK

(
2Θ

3

) 1
2

g̃ ·∇v f̃ dũ = −Kg̃i
∫
f̃
∂ũj
∂ũi

dũ = −Kg̃i
∫
f̃ δijdũ = −Kg̃j

∫
f̃dũ

= −Kg̃j
∫ {

1

n

(
2Θ

3

) 3
2

f

}{(
3

2Θ

) 3
2

dv

}

= −Kg̃j
1

n

∫
f dv = −Kg̃j

1

n
× n = −Kg̃j

or ∫
ũiK

(
2Θ

3

) 1
2

g̃ ·∇v f̃ dũ = −Kg̃i (B.14)

and

∫
ũ2K

(
2Θ

3

) 1
2

g̃ ·∇v f̃ dũ

= −Kg̃i
∫
f̃
∂ũ2

∂ũi
dũ = −Kg̃i

∫
f̃ 2ũj

∂ũj
∂ũi

dũ = −Kg̃i
∫
f̃ 2ũjδijdũ = −2Kg̃i

∫
f̃ ũidũ

= −Kg̃i
∫ {

1

n

(
2Θ

3

) 3
2

f

}{(
3

2Θ

)1
2

(vi − Vi)
}{(

3

2Θ

) 3
2

dv

}

= −Kg̃i
(

3

2Θ

) 1
2 1

n

∫
f(vi − Vi) dv = −Kg̃i

(
3

2Θ

) 1
2
(
1

n

∫
fvi dv − Vi

1

n

∫
f dv

)

= −Kg̃i
(

3

2Θ

) 1
2
(
1

n
× nVi − Vi

1

n
× n

)

or ∫
ũ2K

(
2Θ

3

) 1
2

g̃ ·∇v f̃ dũ = 0. (B.15)

• From eqs. (B.2), (B.5), (B.8), (B.9), (B.10) and (B.13), we see that that the RHS of

eq. (B.1) times the summational invariant, 1 is equal to zero.

• From eqs. (B.3), (B.6), (B.8), (B.9), (B.11) and (B.14), we see that that the RHS of

eq. (B.1) times the summational invariant, ũ is equal to zero.

• From eqs. (B.4), (B.7), (B.8), (B.9), (B.12) and (B.15), we see that that the RHS of

eq. (B.1) times the summational invariant, ũ2 is equal to zero.

That means the right-hand side of eq. (B.1) is orthogonal to all the summational invariants of

L̃ .



Appendix C

The Integral Iδ

In this appendix we shall evaluate the integral Iδ defined as

Iδ =

∫

k̂·ũ12>0
dk̂ (k̂ · ũ12)δ

(
ũ− ũ1 + q(k̂ · ũ12)k̂

)
, (C.1)

where q = 1+e
2 . Upon expressing the delta function as δ(x) = 1

(2π)3

∫
dw eiw·x and defining

s̃ ≡ ũ− ũ1, we get

Iδ =

∫

k̂·ũ12>0
dk̂ (k̂ · ũ12)×

1

(2π)3

∫
dw eiw·(s̃+q(k̂·ũ12)k̂)

=
1

(2π)3

∫
dw eiw·s̃

∫

k̂·ũ12>0
dk̂ (k̂ · ũ12) e

iq(k̂·ũ12)(k̂·w) . (C.2)

The integration over k̂ is performed in a spherical polar coordinate system (k̂, θ, φ), whose z-

axis coincides with ũ12 (see fig. C.1). Let wz and w⊥ be the components of w parallel and

perpendicular to ũ12 respectively and χ be the azimuthal angle of the projection of w on the

plane normal to ũ12. Hence

k̂ = sin θ cosφ x̂+ sin θ sinφ ŷ + cos θ ẑ

ũ12 = ũ12 ẑ

w = w⊥ cosχ x̂+ w⊥ sinχ ŷ + wz ẑ

k̂ · ũ12 = ũ12 cos θ

k̂ ·w = w⊥ sin θ (cosφ cosχ+ sinφ sinχ) + wz cos θ = w⊥ sin θ cos (φ− χ) + wz cos θ.

Substituting these values in (C.2), we get

Iδ =
1

(2π)3

∫
dw eiw·s̃

∫ 1

k̂=0

∫ π/2

θ=0

∫ 2π+χ

φ=χ
ũ12 cos θ e

iqũ12 cos θ (w⊥ sin θ cos (φ−χ)+wz cos θ) sin θ dφdθ dk̂.

Let φ− χ = ω, hence

Iδ =
ũ12

(2π)3

∫
dw eiw·s̃

∫ 1

k̂=0
dk̂

∫ π/2

θ=0

∫ 2π

ω=0
sin θ cos θ eiqũ12 cos θ (w⊥ sin θ cosω+wz cos θ) dω dθ

=
ũ12

(2π)3

∫
dw eiw·s̃

∫ π/2

θ=0
sin θ cos θ eiqwz ũ12 cos2 θ

{∫ 2π

ω=0
ei(qw⊥ũ12 sin θ cos θ) cosω dω

}
dθ.
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Figure C.1: Spherical Coordinate System (k̂, θ, φ)

Since the Bessel function of first kind is defined as

Jn(x) =
1

2πin

∫ 2π

0
eix cosφ einφ dφ ⇒ J0(x) =

1

2π

∫ 2π

0
eix cosφ dφ,

therefore,

Iδ =
ũ12

(2π)2

∫
dw eiw·s̃

∫ π/2

θ=0
sin θ cos θ eiqwzũ12 cos2 θ J0(qw⊥ũ12 sin θ cos θ) dθ. (C.3)

The integration over w is performed in a cylindrical coordinate system (w⊥, χ, wz), whose z-axis

coincides with ũ12 (see fig. C.2).
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Figure C.2: Cylindrical Coordinate System (w⊥, χ, wz)

Let s̃z and s̃⊥ be the components of s̃ parallel and perpendicular to ũ12 respectively and η be

the azimuthal angle of the projection of s̃ on the plane normal to ũ12. Hence

w = w⊥ cosχ x̂+ w⊥ sinχ ŷ + wz ẑ

s̃ = s̃⊥ cos η x̂+ s̃⊥ sin η ŷ + s̃z ẑ

w · s̃ = w⊥s̃⊥ cosχ cos η + w⊥s̃⊥ sinχ sin η + wzs̃z = w⊥s̃⊥ cos (χ− η) + wz s̃z.

Therefore

Iδ =
ũ12

(2π)2

∫ ∞

w⊥=0

∫ 2π+η

χ=η

∫ ∞

wz=−∞
ei(w⊥s̃⊥ cos (χ−η)+wz s̃z) w⊥dwz dχ dw⊥

×
∫ π/2

θ=0
sin θ cos θ eiqwzũ12 cos2 θ J0(qw⊥ũ12 sin θ cos θ) dθ.
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Let χ− η = µ. Hence

Iδ =
ũ12

(2π)2

∫ ∞

wz=−∞
dwz

∫ ∞

w⊥=0
w⊥dw⊥

∫ 2π

µ=0
ei(w⊥s̃⊥ cos µ+wz s̃z) dµ

×
∫ π/2

θ=0
sin θ cos θ eiqwz ũ12 cos2 θ J0(qw⊥ũ12 sin θ cos θ) dθ

=
ũ12

(2π)2

∫ ∞

wz=−∞
dwz

∫ ∞

w⊥=0
w⊥

{∫ 2π

µ=0
ei(w⊥s̃⊥) cos µ dµ

}
dw⊥

×
∫ π/2

θ=0
sin θ cos θ eiwz(s̃z+qũ12 cos2 θ) J0(qw⊥ũ12 sin θ cos θ) dθ

=
ũ12
2π

∫ ∞

wz=−∞
dwz

∫ ∞

w⊥=0
w⊥J0(w⊥s̃⊥) dw⊥

×
∫ π/2

θ=0
sin θ cos θ eiwz(s̃z+qũ12 cos2 θ) J0(qw⊥ũ12 sin θ cos θ) dθ (as above)

= ũ12

∫ ∞

w⊥=0
w⊥J0(w⊥s̃⊥) dw⊥

∫ π/2

θ=0
sin θ cos θJ0(qw⊥ũ12 sin θ cos θ) dθ

× 1

2π

∫ ∞

wz=−∞
eiwz(s̃z+qũ12 cos2 θ) dwz

= ũ12

∫ ∞

w⊥=0
w⊥J0(w⊥s̃⊥) dw⊥

∫ π/2

θ=0
sin θ cos θJ0(qw⊥ũ12 sin θ cos θ)δ(s̃z + qũ12 cos

2 θ) dθ

because δ(x) = 1
2π

∫∞
−∞eiwx dw. Let s̃z + qũ12 cos

2 θ = t.

∴ cos θ =

√
t− s̃z
qũ12

, sin θ =

√
qũ12 − (t− s̃z)

qũ12
and − 2qũ12 sin θ cos θ dθ = dt.

Hence

Iδ = ũ12

∫ ∞

w⊥=0
w⊥J0(w⊥s̃⊥) dw⊥

×
∫ s̃z

t=s̃z+qũ12

(
− dt

2qũ12

)
J0

(
qw⊥ũ12

√
qũ12 − (t− s̃z)

qũ12

√
t− s̃z
qũ12

)
δ(t)

=
1

2q

∫ ∞

w⊥=0
w⊥J0(w⊥s̃⊥) dw⊥

∫ s̃z

t=s̃z+qũ12

J0

(
qw⊥ũ12

√
qũ12 − (t− s̃z)

qũ12

√
t− s̃z
qũ12

)
δ(t) dt.

Note that s̃z is the projection of s̃ on ũ12, i.e.,

s̃z =
s̃ · ũ12

ũ12
=

(ũ− ũ1) · ũ12

ũ12
= −q(k̂ · ũ12)k̂ · ũ12

ũ12
⇒ −s̃z

qũ12
=

(k̂ · ũ12)
2

ũ212
> 0.

Now, to simplify the integral over t, we use the property of delta function and for this we shall

change the limits of integration to (−∞,∞) with the help of Heaviside functions. Since we know

that Heaviside function is defined as

H(x) =

{
1 if x ≥ 0

0 if x < 0



169

we have,

H

(
t− s̃z
qũ12

)
=





1 if t−s̃z
qũ12
≥ 0 or t ≥ s̃z

0 if t−s̃z
qũ12

< 0 or t < s̃z

and

H

(
1− t− s̃z

qũ12

)
=





1 if 1− t−s̃z
qũ12
≥ 0 or t ≤ s̃z + qũ12

0 if 1− t−s̃z
qũ12

< 0 or t > s̃z + qũ12.

Using these two Heaviside functions, the expression for Iδ can be written as

Iδ =
1

2q

∫ ∞

w⊥=0
w⊥J0(w⊥s̃⊥) dw⊥

×
∫ ∞

t=−∞
H

(
t− s̃z
qũ12

)
H

(
1− t− s̃z

qũ12

)
J0

(
qw⊥ũ12

√
qũ12 − (t− s̃z)

qũ12

√
t− s̃z
qũ12

)
δ(t) dt

=
1

2q

∫ ∞

w⊥=0
w⊥J0(w⊥s̃⊥) dw⊥H

(−s̃z
qũ12

)
H

(
1 +

s̃z
qũ12

)
J0

(
qw⊥ũ12

√
qũ12 + s̃z
qũ12

√
−s̃z
qũ12

)

=
1

2q
H

(−s̃z
qũ12

)
H

(
1 +

s̃z
qũ12

)∫ ∞

w⊥=0
w⊥J0(w⊥s̃⊥)J0

(
w⊥
√
−s̃z(qũ12 + s̃z)

)
dw⊥.

The orthogonality property of the Bessel function of first kind, which is
∫∞
0 xJ0(ax)J0(bx) dx =

1
aδ(a− b), implies that

Iδ =
1

2qs̃⊥
H

(−s̃z
qũ12

)
H

(
1 +

s̃z
qũ12

)
δ
(
s̃⊥ −

√
−s̃z(qũ12 + s̃z)

)
. (C.4)

Now we see that for delta function to be nonzero, we must have, s̃⊥ −
√
−s̃z(qũ12 + s̃z) = 0 or

s̃2⊥ = −qs̃zũ12 − s2z or −qs̃zũ12 = s̃2⊥ + s2z = s̃2 and hence

− s̃z
qũ12

= − s̃2z
qs̃zũ12

=
s̃2z
s̃2
≥ 0 and 1 +

s̃z
qũ12

= 1− s̃2z
s̃2

=
s̃2⊥
s̃2
≥ 0.

That means, for Iδ to be nonzero, if the condition on the argument of delta function is satisfied,

the conditions on the arguments of the Heaviside functions (so that the values of the Heaviside

functions are nonzero) are automatically satisfied. Thus the Heaviside functions are redundant

in eq. (C.4). Therefore eq. (C.4) simplifies to

Iδ =
1

2qs̃⊥
δ
(
s̃⊥ −

√
−s̃z(qũ12 + s̃z)

)
. (C.5)

Next we use the following property of delta function to get another form of Iδ.

δ(f(x)− f(x0)) =
1

|f ′(x0)|
δ(x− x0). (C.6)

Let f(x) = −x2, x = −
√
−s̃z(qũ12 + s̃z) and x0 = −s̃⊥, so f ′(x0) = −2x0 = 2s̃⊥. For these

values, eq. (C.6) gives,



170 Appendix C. The Integral Iδ

δ

(
−
{
−
√
−s̃z(qũ12 + s̃z)

}2
− (−s̃2⊥)

)
=

1

|2s̃⊥|
(
−
√
−s̃z(qũ12 + s̃z)− (−s̃⊥)

)

or

δ
(
−{−s̃z(qũ12 + s̃z)}+ s̃2⊥

)
=

1

2s̃⊥

(
s̃⊥ −

√
−s̃z(qũ12 + s̃z)

)

or

δ
(
s̃2⊥ + s2z + qs̃zũ12

)
=

1

2s̃⊥

(
s̃⊥ −

√
−s̃z(qũ12 + s̃z)

)

or

δ
(
s̃2 + qs̃ · ũ12

)
=

1

2s̃⊥

(
s̃⊥ −

√
−s̃z(qũ12 + s̃z)

)
. (C.7)

From eqs. (C.5) and (C.7), we get

Iδ =
1

q
δ(s̃2 + qs̃ · ũ12). (C.8)

Let θ′2 be the angle between s̃ and ũ2. So

cos θ′2 =
s̃ · ũ2

s̃ũ2
.

But since s̃ = ũ− ũ1 and ũ12 = ũ1 − ũ2, we have ũ2 = ũ1 − ũ12 = ũ− s̃− ũ12. Thus

cos θ′2 =
s̃ · (ũ− s̃− ũ12)

s̃ũ2
=

s̃ · ũ
s̃ũ2

− (s̃2 + s̃ · ũ12)

s̃ũ2

and the condition on delta function in eq. (C.8) implies that s̃ · ũ12 = −1
q s̃

2, hence

cos θ′2 =
s̃ · ũ
s̃ũ2

−

(
s̃2 − 1

q s̃
2
)

s̃ũ2
=

s̃ · ũ
s̃ũ2

+

(
1− q
q

)
s̃

ũ2
. (C.9)

Since we know that |cos θ′2| ≤ 1, which implies that
∣∣∣ s̃·ũs̃ũ2

+
(
1−q
q

)
s̃
ũ2

∣∣∣ ≤ 1, hence eq. (C.9)

restricts the values of ũ2 to ũ2 ≥
∣∣∣ s̃·ũs̃ +

(
1−q
q

)
s̃
∣∣∣.

Next, consider the following integral over θ′2,

∫ π

0
sin θ′2 F (cos θ

′
2)Iδ dθ

′
2 =

1

q

∫ π

0
sin θ′2 F (cos θ

′
2) δ(s̃

2 + qs̃ · ũ12) dθ
′
2, (C.10)

where F is a smooth function. Let s̃2 + qs̃ · ũ12 = p.

⇒ p = s̃2 + q(s̃ · ũ− s̃2 − s̃ · ũ2) = s̃2 + q(s̃ · ũ− s̃2 − s̃ũ2 cos θ′2)

⇒ dp = qs̃ũ2 sin θ
′
2 dθ

′
2 and cos θ′2 =

(1− q)s̃2 + qs̃ · ũ− p
qs̃ũ2

hence

∫ π

0
sin θ′2 F (cos θ

′
2)Iδ dθ

′
2 =

1

q2s̃ũ2

∫ (1−q)s̃2+qs̃·ũ+qs̃ũ2

(1−q)s̃2+qs̃·ũ−qs̃ũ2

F

(
(1− q)s̃2 + qs̃ · ũ− p

qs̃ũ2

)
δ(p) dp.

(C.11)
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Again, to simplify the integral over p, we use the property of delta function and for this we

change the limits of integration to (−∞,∞) with the help of Heaviside function as following.

H

(
ũ2 −

∣∣∣∣
(1− q)
q

s̃+
s̃ · ũ
s̃
− p

qs̃

∣∣∣∣
)

=





1 if ũ2 −
∣∣∣ (1−q)

q s̃+ s̃·ũ
s̃ −

p
qs̃

∣∣∣ ≥ 0

0 if ũ2 −
∣∣∣ (1−q)

q s̃+ s̃·ũ
s̃ −

p
qs̃

∣∣∣ < 0.

The condition ũ2 −
∣∣∣ (1−q)

q s̃+ s̃·ũ
s̃ −

p
qs̃

∣∣∣ ≥ 0 can be simplified as following.

ũ2 −
∣∣∣∣
(1− q)
q

s̃+
s̃ · ũ
s̃
− p

qs̃

∣∣∣∣ ≥ 0⇒
∣∣∣∣
(1− q)
q

s̃+
s̃ · ũ
s̃
− p

qs̃

∣∣∣∣ ≤ ũ2

or

−ũ2 ≤
(1− q)
q

s̃+
s̃ · ũ
s̃
− p

qs̃
≤ ũ2

or
p

qs̃
≤ (1− q)

q
s̃+

s̃ · ũ
s̃

+ ũ2 and
p

qs̃
≥ (1− q)

q
s̃+

s̃ · ũ
s̃
− ũ2

or

(1− q)s̃2 + qs̃ · ũ− qs̃ũ2 ≤ p ≤ (1− q)s̃2 + qs̃ · ũ+ qs̃ũ2.

Similarly, the condition ũ2 −
∣∣∣ (1−q)

q s̃+ s̃·ũ
s̃ −

p
qs̃

∣∣∣ < 0 simplifies to

p < (1− q)s̃2 + qs̃ · ũ− qs̃ũ2 or p > (1− q)s̃2 + qs̃ · ũ+ qs̃ũ2.

With these simplified conditions the above Heaviside function can be rewritten as,

H

(
ũ2 −

∣∣∣∣
(1− q)
q

s̃+
s̃ · ũ
s̃
− p

qs̃

∣∣∣∣
)

=





1 if (1− q)s̃2 + qs̃ · ũ− qs̃ũ2 ≤ p ≤ (1− q)s̃2 + qs̃ · ũ+ qs̃ũ2

0 if p < (1− q)s̃2 + qs̃ · ũ− qs̃ũ2 or p > (1− q)s̃2 + qs̃ · ũ+ qs̃ũ2.

Using this Heaviside function eq. (C.11) can be written as,

∫ π

0
sin θ′2 F (cos θ

′
2)Iδ dθ

′
2

=
1

q2s̃ũ2

∫ ∞

−∞
F

(
(1− q)s̃2 + qs̃ · ũ− p

qs̃ũ2

)
H

(
ũ2 −

∣∣∣∣
(1− q)
q

s̃+
s̃ · ũ
s̃
− p

qs̃

∣∣∣∣
)
δ(p) dp

=
1

q2s̃ũ2
F

(
(1− q)s̃2 + qs̃ · ũ

qs̃ũ2

)
H

(
ũ2 −

∣∣∣∣
(1− q)
q

s̃+
s̃ · ũ
s̃

∣∣∣∣
)

or

∫ π

0
sin θ′2 F (cos θ

′
2)Iδ dθ

′
2 =

1

q2s̃ũ2
F

(
(1− q)
q

s̃

ũ2
+

s̃ · ũ
s̃ũ2

)
H

(
ũ2 −

∣∣∣∣
(1− q)
q

s̃+
s̃ · ũ
s̃

∣∣∣∣
)
. (C.12)

From eq. (C.8),

I
(0)
δ = Iδ(q = 1) = δ(s̃2 + s̃ · ũ12) (C.13)
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and the argument of delta function in eq. (C.13) can be written in another form as following:

s̃2 + s̃ · ũ12 = (ũ− ũ1)
2 + (ũ− ũ1) · (ũ1 − ũ2)

= (ũ− ũ1)
2 + (ũ− ũ1) · [(ũ− ũ2)− (ũ− ũ1)]

= (ũ− ũ1)
2 + (ũ− ũ1) · (ũ− ũ2)− (ũ− ũ1)

2 = (ũ− ũ1) · t̃,

where t̃ = ũ− ũ2. Hence

I
(0)
δ = δ

(
(ũ− ũ1) · t̃

)
. (C.14)

Let θ′1 be the angle between t̃ and ũ1. So

cos θ′1 =
t̃ · ũ1

t̃ũ1
.

and the condition on delta function in eq. (C.14) implies that t̃ · ũ1 = t̃ · ũ, hence

cos θ′1 =
t̃ · ũ
t̃ũ1

(C.15)

Since we know that |cos θ′1| ≤ 1, which implies that
∣∣∣ t̃·ũ
t̃ũ1

∣∣∣ ≤ 1, hence eq. (C.15) restricts the

values of ũ1 to ũ1 ≥
∣∣∣ t̃·ũ

t̃

∣∣∣.
Next, consider the following integral over θ′1,

∫ π

0
sin θ′1 F (cos θ

′
1)I

(0)
δ dθ′1 =

∫ π

0
sin θ′1 F (cos θ

′
1) δ
(
(ũ− ũ1) · t̃

)
dθ′1, (C.16)

where F is a smooth function. Let (ũ− ũ1) · t̃ = p.

⇒ p = t̃ · ũ− t̃ũ1 cos θ′1 and dp = t̃ũ1 sin θ
′
1 dθ

′
1.

Hence ∫ π

0
sin θ′1 F (cos θ

′
1)I

(0)
δ dθ′1 =

1

t̃ũ1

∫ t̃·ũ+t̃ũ1

t̃·ũ−t̃ũ1

dpF

(
t̃ · ũ− p
t̃ũ1

)
δ(p). (C.17)

Again, to simplify the integral over p, we use the property of delta function and for this we

change the limits of integration to (−∞,∞) with the help of Heaviside function as following.

H

(
ũ1 −

∣∣∣∣
t̃ · ũ− p

t̃

∣∣∣∣
)

=





1 if
(
ũ1 ≥

∣∣∣ t̃·ũ−p
t̃

∣∣∣⇒ t̃ · ũ− t̃ũ1 ≤ p ≤ t̃ · ũ+ t̃ũ1

)

0 if
(
ũ1 <

∣∣∣ t̃·ũ−p
t̃ũ1

∣∣∣⇒ p < t̃ · ũ− t̃ũ1 or p > t̃ · ũ+ t̃ũ1

)
.

Using this Heaviside function eq. (C.17) can be written as,

∫ π

0
sin θ′1 F (cos θ

′
1)I

(0)
δ dθ′1 =

1

t̃ũ1

∫ ∞

−∞
dpF

(
t̃ · ũ− p
t̃ũ1

)
H

(
ũ1 −

∣∣∣∣
t̃ · ũ− p

t̃

∣∣∣∣
)
δ(p)

=
1

t̃ũ1
F

(
t̃ · ũ
t̃ũ1

)
H

(
ũ1 −

∣∣∣∣
t̃ · ũ
t̃

∣∣∣∣
)
. (C.18)
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Action of operator D̃

Eq. (3.18) implies that

D̃ΦK = D̃

{
2K

2Θ

3g
Φ̂v(ũ)ũiũj

(
3

2Θ

) 1
2 ∂Vi
∂rj

+K
2Θ

3g
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi
∂ lnΘ

∂ri

}

and since D̃ is a differential operator, one can write

D̃ΦK = 2
2Θ

3g
Φ̂v(ũ)ũiũj

(
3

2Θ

) 1
2 ∂Vi
∂rj

D̃K + 2K
2Θ

3g
ũiũj

(
3

2Θ

) 1
2 ∂Vi
∂rj

D̃

{
Φ̂v(ũ)

}

+ 2K
2Θ

3g
Φ̂v(ũ)

(
3

2Θ

) 1
2 ∂Vi
∂rj

D̃

{
ũiũj

}
+ 2KΦ̂v(ũ)ũiũj

∂Vi
∂rj

D̃

{
2Θ

3g

(
3

2Θ

) 1
2

}

+ 2K
2Θ

3g
Φ̂v(ũ)ũiũj

(
3

2Θ

) 1
2

D̃

{
∂Vi
∂rj

}
+

2Θ

3g
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi
∂ lnΘ

∂ri
D̃K

+K
2Θ

3g

(
ũ2 − 5

2

)
ũi
∂ lnΘ

∂ri
D̃

{
Φ̂c(ũ)

}
+K

2Θ

3g
Φ̂c(ũ)ũi

∂ lnΘ

∂ri
D̃

(
ũ2 − 5

2

)

+K
2Θ

3g
Φ̂c(ũ)

(
ũ2 − 5

2

)
∂ lnΘ

∂ri
D̃ ũi +KΦ̂c(ũ)

(
ũ2 − 5

2

)
ũiD̃

{
2Θ

3g

∂ lnΘ

∂ri

}

= 2
2Θ

3g
Φ̂v(ũ)ũiũj

(
3

2Θ

) 1
2 ∂Vi
∂rj

D̃K + 2K
2Θ

3g
ũiũj

(
3

2Θ

) 1
2 ∂Vi
∂rj

Φ̂′
v(ũ)D̃(ũ2)

+ 2K
2Θ

3g
Φ̂v(ũ)

(
3

2Θ

) 1
2 ∂Vi
∂rj

D̃

{
ũiũj

}
+ 2KΦ̂v(ũ)ũiũj

∂Vi
∂rj

1

g
D̃

{(
2Θ

3

) 1
2

}

+ 2K
2Θ

3g
Φ̂v(ũ)ũiũj

(
3

2Θ

) 1
2

D̃

{
∂Vi
∂rj

}
+

2Θ

3g
Φ̂c(ũ)

(
ũ2 − 5

2

)
ũi
∂ lnΘ

∂ri
D̃K

+K
2Θ

3g

(
ũ2 − 5

2

)
ũi
∂ lnΘ

∂ri
Φ̂′
c(ũ)D̃(ũ2) +K

2Θ

3g
Φ̂c(ũ)ũi

∂ lnΘ

∂ri
D̃(ũ2)

+K
2Θ

3g
Φ̂c(ũ)

(
ũ2 − 5

2

)
∂ lnΘ

∂ri
D̃ ũi +KΦ̂c(ũ)

(
ũ2 − 5

2

)
ũi

2

3g
D̃

{
∂Θ

∂ri

}
(D.1)

where prime denotes differentiation with respect to ũ2. Now using eq. (2.16), the action of D̃

on various variables can be obtained as following.

D̃K = D̃

(
ℓ

L

)
=
K

g

(
2Θ

3

) 1
2
(
∂

∂t
+ vk

∂

∂rk

)(
1

πnd2
3g

2Θ

)

=
K

g

(
2Θ

3

)1
2 3g

2πd2

(
∂

∂t
+ vk

∂

∂rk

)(
1

nΘ

)
= −K

g

(
2Θ

3

)1
2 3g

2πd2

(
1

nΘ

)2( ∂

∂t
+ vk

∂

∂rk

)
(nΘ)

= −
(

1

πnd2
3g

2Θ

)[
K

g

(
2Θ

3

) 1
2
(
∂

∂t
+ vk

∂

∂rk

)
ln(nΘ)

]
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or

D̃K = −KD̃ ln(nΘ) = −K(D̃ lnn+ D̃ lnΘ). (D.2)

D̃(ũ2) =
K

g

(
2Θ

3

) 1
2
(
∂

∂t
+ vk

∂

∂rk

){
3

2Θ
(v − V )2

}

=
K

g

(
2Θ

3

) 1
2
[

3

2Θ

(
∂

∂t
+ vk

∂

∂rk

)
(vi − Vi)2 + (v − V )2

(
∂

∂t
+ vk

∂

∂rk

)
3

2Θ

]

=
K

g

(
2Θ

3

) 1
2

× 3

2Θ
2(vi − Vi)

(
∂

∂t
+ vk

∂

∂rk

)
(−Vi)

+
K

g

(
2Θ

3

) 1
2

× (v − V )2
(
− 3

2Θ2

)(
∂

∂t
+ vk

∂

∂rk

)
Θ

= −2
(

3

2Θ

) 1
2

{(
3

2Θ

) 1
2

(vi − Vi)
}{

K

g

(
2Θ

3

) 1
2
(
∂

∂t
+ vk

∂

∂rk

)
Vi

}

−
{

3

2Θ
(v − V )2

}{
K

g

(
2Θ

3

) 1
2
(
∂

∂t
+ vk

∂

∂rk

)
lnΘ

}

= −2
(

3

2Θ

) 1
2

ũi D̃Vi − ũ2D̃ lnΘ. (D.3)

D̃ ũj =
K

g

(
2Θ

3

) 1
2
(
∂

∂t
+ vk

∂

∂rk

){(
3

2Θ

) 1
2

(vj − Vj)
}

=

(
3

2Θ

)1
2

[
K

g

(
2Θ

3

) 1
2
(
∂

∂t
+ vk

∂

∂rk

)
(−Vj)

]

+
K

g

(
2Θ

3

)1
2

(vj − Vj)
1

2

(
3

2Θ

)− 1
2

× 3

2

(
− 1

Θ2

)(
∂

∂t
+ vk

∂

∂rk

)
Θ

= −
(

3

2Θ

) 1
2

D̃Vj −
1

2

{(
3

2Θ

) 1
2

(vj − Vj)
}[

K

g

(
2Θ

3

) 1
2
(
∂

∂t
+ vk

∂

∂rk

)
lnΘ

]

= −
(

3

2Θ

) 1
2

D̃Vj −
1

2
ũjD̃ lnΘ. (D.4)

D̃

{
ũiũj

}
= D̃

{
ũiũj + ũj ũi

2
− 1

3
ũkũkδij

}
= ũi D̃ ũj + ũj D̃ ũi −

2

3
δijũk D̃ ũk (D.5)

D̃

(
2Θ

3

) 1
2

=
K

g

(
2Θ

3

) 1
2
(
∂

∂t
+ vk

∂

∂rk

)(
2Θ

3

) 1
2

=
K
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(
2Θ

3

) 1
2

× 1

2

(
2Θ

3

)− 1
2 2

3

(
∂

∂t
+ vk

∂

∂rk
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Θ

=
K

g

(
2Θ

3

) 1
2

× 1

2

(
2Θ

3

) 1
2 1

Θ

(
∂

∂t
+ vk

∂

∂rk

)
Θ

=
1

2

(
2Θ

3

)1
2 K

g

(
2Θ

3

) 1
2
(
∂

∂t
+ vk

∂

∂rk

)
lnΘ =

1

2

(
2Θ

3

) 1
2

D̃ lnΘ. (D.6)
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D̃

(
∂Vi
∂rj
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2Θ
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where

∂
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1
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1
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(
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ũi
∂ lnΘ

∂ri
D̃KK

+ 2K
2Θ

3g
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ũ2 − 5

2

)
∂ lnΘ

∂ri
D̃K ũi
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The action of D̃K on various variables can be obtained with the help of eqs. (D.2)-(D.8). Using

eq. (D.2),
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Using eq. (D.5),
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ũkũj

∂ lnΘ

∂rk
−
(

3

2Θ

)1
2

ũk
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∂ ln(nΘ)

∂rk

}

− 1

2

{
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∂ lnΘ

∂rl

}

−
(

3

2Θ

) 1
2
{
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ũiũj
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ũig̃j + ũj g̃i
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δij ũkg̃k

)

= K
2Θ

3g

[
ũi
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∂Vk
∂rl

}

+
2

3

(
3

2Θ

) 1
2 ∂Vk
∂rk

{
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ũi
∂ ln(nΘ)

∂rj
− ũiũjũk
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. (E.7)

Using eq. (D.8),

D̃K

(
∂Θ

∂ri

)
=

∂

∂ri

(
ΘD̃K lnΘ

)
+
(
ΘD̃K lnΘ

) ∂

∂ri

(
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1

2
lnΘ

)
.

Therefore, using eq. (3.4),
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(
∂Θ

∂ri

)
=
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∂ri
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K
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(
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ũj
∂ lnΘ
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∂ri

}
− 2

3

(
3

2Θ

) 1
2 ∂2Vj
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(as above)
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or
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(
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∂ri

)
= ΘK

2Θ

3g

[{
ũj
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∂ri∂rj
+

1

3

(
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(
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∂ri

∂ lnΘ

∂rj
− 2

3

(
3

2Θ

) 1
2 ∂2Vj
∂ri∂rj

]
. (E.8)

Now, we shall simplify each term on the right-hand side of eq. (E.1), with the help of eqs. (E.2)-

(E.8) and (F.3), separately.

• 1st term in eq. (E.1):

2
2Θ

3g
Φ̂v(ũ)ũiũj

(
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∂rj

D̃KK

= 2
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}
. (E.9a)
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• 2nd term in eq. (E.1):
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}
. (E.9b)

• 3rd term in eq. (E.1):

2K
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ũiũj
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∂ lnΘ
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∂rk

}
− 2Kg̃kũk
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• 4th term in eq. (E.1):
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ũ2 − 5

2

)
ũi
∂ lnΘ
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∂rj

− 2

(
3

2Θ

) 1
2
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• 5th term in eq. (E.1):
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∂ lnΘ
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• 6th term in eq. (E.1):
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• 7th term in eq. (E.1):
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− ũiũjũk
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ũiũk
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ũiũj

(
3

2Θ

) 1
2 ∂Vk
∂rk

}

−
(

3

2Θ

)1
2
(
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ũkũl

∂Vi
∂ri

∂Vk
∂rl

)
− 2K

∂Vi
∂rj
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Now, using the simplification

ũiũk
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∂Vl
∂rl

∂Vk
∂rj

= 2ũiũj
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,

and eqs. (F.3) and (F.2), we get
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• 8th term in eq. (E.1):
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• 9th term in eq. (E.1):
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Using eqs. (F.4)-(F.6)),
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. (E.9i)

• 10th term in eq. (E.1):
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. (E.9j)

Adding eqs. (E.9a)-(E.9j), we get



186 Appendix E. The term: D̃KΦK +K
(

2Θ
3

) 1

2 g̃ ·∇v ΦK

D̃KΦK = −2
(
K

2Θ

3g

)2

Φ̂v(ũ)
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ũiũjũk
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ũ2ũiũj
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(
3

2Θ

)1
2

{
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.

In the above equation, the numbers below the underbraces represent the order, in which the

terms will appear in the next step, e.g., all the terms in the blue underbraces contribute the 8th

term in the next step. The terms in the red underbraces cancel each other and the terms in

green underbraces simplify to the following (see eq. (4.140)):
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ũ2ũiũj
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(E.10)
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Eqn. (E.10) can be written in another form, to compare it with the equations in Appendix E of

Sela & Goldhirsch (1998).
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∂ lnn

∂rk

(
3

2Θ

) 1
2 ∂Vi
∂rj
− ũiũj
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(
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ũiũj

3

2Θ

∂Vi
∂rj

∂Vk
∂rk

]

−
(
K

2Θ

3g

)2
[{

Φ̂′
c(ũ)
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∂2 ln(nΘ)

∂ri∂rj

]





+

(
K

2Θ

3g

)2
Φ̂c(ũ)

(
ũ2 − 5

2

){
ũiũj

∂2 lnΘ

∂ri∂rj
− ũi

(
3

2Θ

)1
2 ∂Vj
∂ri

∂ lnΘ

∂rj
− 2

3
ũi

(
3

2Θ

)1
2 ∂2Vj
∂ri∂rj

}
.

(E.11)



Appendix F

Few Claims and their Proofs

Claim 1.

Aij Bij = Aij Bij (F.1)

where Aij and Bij are the components of the second order tensors.

Proof.

Aij Bij =

(
Aij +Aji

2
− 1

3
Akkδij

)
Bij

=
1

2

(
AijBij +AjiBij

)
− 1

3
AkkBii

=
1

2

(
AijBij +AijBji

)
− 1

3
(Aijδij)Bkk

= Aij

{
Bij +Bji

2
− 1

3
δijBkk

}

= Aij Bij . �

As a consequence of eq. (F.1), we have the following:

ũi
∂ ln(nΘ)

∂rj

∂Vi
∂rj

= ũi
∂ ln(nΘ)

∂rj

∂Vi
∂rj

, (F.2)

ũiũj
∂Vi
∂rj

= ũiũj
∂Vi
∂rj

, (F.3)

ũiũj
∂Vi
∂rk

∂Vk
∂rj

= ũiũj
∂Vi
∂rk

∂Vk
∂rj

, (F.4)

ũiũj
∂

∂rk

∂Vi
∂rj

= ũiũj
∂

∂rk

∂Vi
∂rj

, (F.5)

ũiũj
∂2 ln(nΘ)

∂ri∂rj
= ũiũj

∂2 ln(nΘ)

∂ri∂rj
, (F.6)

and

ũiũj
∂ lnΘ

∂rj

∂ ln(nΘ)

∂ri
= ũiũj

∂ lnΘ

∂rj

∂ ln(nΘ)

∂ri
= ũiũj

∂ lnΘ

∂ri

∂ ln(nΘ)

∂rj
. (F.7)

The second equality in the above equation can be obtained by interchanging the dummy indices

i and j in the middle term.

Claim 2. ∫

k̂·ũ12<0
dk̂ (−k̂ · ũ12)

m
=

∫

k̂·ũ12>0
dk̂ (k̂ · ũ12)

m
(F.8)
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Proof. Let us transform the above integrations over k̂ to the spherical polar coordinate system

(k̂, θ, φ), whose z-axis coincides with ũ12 (see Appendix C for the figure and the following

equations). Hence

k̂ = sin θ cosφ x̂+ sin θ sinφ ŷ + cos θ ẑ,

k̂ · ũ12 = ũ12 cos θ.

First, consider LHS of eq. (F.8),

∫

k̂·ũ12<0
dk̂ (−k̂ · ũ12)

m
=

∫ 1

k̂=0

∫ π

θ=π/2

∫ 2π

φ=0
(−ũ12 cos θ)m sin θ dφdθ dk̂.

Let − cos θ = t⇒ sin θ dθ = dt, hence

∫

k̂·ũ12<0
dk̂ (−k̂ · ũ12)

m
=

∫ 1

k̂=0
dk̂

∫ 1

t=0
(ũ12t)

mdt

∫ 2π

φ=0
dφ = 2π

∫ 1

0
(ũ12t)

mdt. (*)

Similarly, consider RHS of eq. (F.8),

∫

k̂·ũ12>0
dk̂ (k̂ · ũ12)

m
=

∫ 1

k̂=0

∫ π/2

θ=0

∫ 2π

φ=0
(ũ12 cos θ)

m sin θ dφdθ dk̂.

Let cos θ = p⇒ − sin θ dθ = dp, hence

∫

k̂·ũ12>0
dk̂ (k̂ · ũ12)

m
=

∫ 1

k̂=0
dk̂

∫ 0

p=1
(ũ12p)

m(−dp)
∫ 2π

φ=0
dφ = 2π

∫ 1

0
(ũ12p)

mdp. (**)

From eqs. (*) and (**), we see that

∫

k̂·ũ12<0
dk̂ (−k̂ · ũ12)

m
=

∫

k̂·ũ12>0
dk̂ (k̂ · ũ12)

m
. �

Claim 3. ∫
dũ f(ũ)ũiũj =

4π

3
δij

∫ ∞

0
dũ f(ũ)ũ4 (F.9a)

and therefore

aj

∫
dũ f(ũ)ũiũj =

4π

3
ai

∫ ∞

0
dũ f(ũ)ũ4, (F.9b)

Aij

∫
dũ f(ũ)ũiũj =

4π

3
Aii

∫ ∞

0
dũ f(ũ)ũ4 (F.9c)

where aj and Aij are the components of a vector and a second order tensor, respectively.

Proof. Consider the left-hand side of eq. (F.9a). For i 6= j the integral vanishes because in this

case integrand is an odd function in components of ũ, and because of symmetry,

∫
dũ f(ũ)ũ21 =

∫
dũ f(ũ)ũ22 =

∫
dũ f(ũ)ũ23,
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therefore one can write ∫
dũ f(ũ)ũiũj = δij

∫
dũ f(ũ)ũ21.

Let us transform the integration over ũ to the spherical polar coordinate system (ũ, θ, φ). This

transformation implies that

ũ1 = ũ sin θ cosφ

ũ2 = ũ sin θ sinφ

ũ3 = ũ cos θ.





(***)

Hence

∫
dũ f(ũ)ũiũj = δij

∫ ∞

ũ=0

∫ π

θ=0

∫ 2π

φ=0
dũdθ dφ ũ2 sin θ f(ũ)(ũ2 sin2 θ cos2 φ)

= δij

∫ ∞

ũ=0
dũ f(ũ)ũ4

∫ π

θ=0
dθ sin3 θ

∫ 2π

φ=0
dφ cos2 φ

= δij

∫ ∞

ũ=0
dũ f(ũ)ũ4 × 4

3
× π =

4π

3
δij

∫ ∞

0
dũ f(ũ)ũ4.

Therefore

aj

∫
dũ f(ũ)ũiũj = aj

4π

3
δij

∫ ∞

0
dũ f(ũ)ũ4 =

4π

3
ai

∫ ∞

0
dũ f(ũ)ũ4

and

Aij

∫
dũ f(ũ)ũiũj = Aij

4π

3
δij

∫ ∞

0
dũ f(ũ)ũ4 =

4π

3
Aii

∫ ∞

0
dũ f(ũ)ũ4. �

Claim 4. ∫
dũ f(ũ) ũiũj = 0 (F.10)

Proof.

∫
dũ f(ũ) ũiũj =

∫
dũ f(ũ)

(
ũiũj + ũjũi

2
− 1

3
δij ũ

2
k

)
=

∫
dũ f(ũ)ũiũj −

1

3
δij

∫
dũ f(ũ)ũ2

=
4π

3
δij

∫ ∞

0
dũ f(ũ)ũ4 − 1

3
δij × 4π

∫ ∞

0
dũ f(ũ)ũ4 = 0. �

Claim 5. ∫
dũ f(ũ)ũiũjũkũl =

4π

15
(δijδkl + δikδjl + δilδjk)

∫ ∞

0
dũ f(ũ)ũ6 (F.11)

Proof. The integral on the left-hand side of eq. (F.11) will be nonzero only if either (i = j =

k = l) or (i = j & k = l) or (i = k & j = l) or (i = l & j = k); in any other case the integrand

is an odd function in components of ũ, which results into vanishing integral. The combination

of delta functions, (δijδkl + δikδjl + δilδjk) takes care of all these conditions. Also, because of

symmetry,

∫
dũ f(ũ)ũ41 =

∫
dũ f(ũ)ũ42 =

∫
dũ f(ũ)ũ43,

∫
dũ f(ũ)ũ21ũ

2
2 =

∫
dũ f(ũ)ũ22ũ

2
3 =

∫
dũ f(ũ)ũ23ũ

2
1.
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Note that for i = j = k = l case, δijδkl + δikδjl + δilδjk = 3, hence in this case

∫
dũ f(ũ)ũiũj ũkũl =

1

3
(δijδkl + δikδjl + δilδjk)

∫
dũ f(ũ)ũ41.

Let us transform the integration over ũ to the spherical polar coordinate system (ũ, θ, φ). Using

eq. (***), we get

∫
dũ f(ũ)ũiũj ũkũl

=
1

3
(δijδkl + δikδjl + δilδjk)

∫ ∞

ũ=0

∫ π

θ=0

∫ 2π

φ=0
dũdθ dφ ũ2 sin θ f(ũ)(ũ4 sin4 θ cos4 φ)

=
1

3
(δijδkl + δikδjl + δilδjk)

∫ ∞

ũ=0
dũ f(ũ)ũ6

∫ π

θ=0
dθ sin5 θ

∫ 2π

φ=0
dφ cos4 φ

=
1

3
(δijδkl + δikδjl + δilδjk)

∫ ∞

ũ=0
dũ f(ũ)ũ6 × 16

15
× 3π

4

=
4π

15
(δijδkl + δikδjl + δilδjk)

∫ ∞

0
dũ f(ũ)ũ6.

Next consider the case: (i = j & k = l) or (i = k & j = l) or (i = l & j = k) but all of i, j, k

and l are not equal. In this case δijδkl + δikδjl + δilδjk = 1, hence in this case

∫
dũ f(ũ)ũiũj ũkũl = (δijδkl + δikδjl + δilδjk)

∫
dũ f(ũ)ũ21ũ

2
2.

Let us transform the integration over ũ to the spherical polar coordinate system (ũ, θ, φ). Using

eq. (***), we get

∫
dũ f(ũ)ũiũj ũkũl

= (δijδkl + δikδjl + δilδjk)

∫ ∞

ũ=0

∫ π

θ=0

∫ 2π

φ=0
dũdθ dφ ũ2 sin θ f(ũ)(ũ4 sin4 θ cos2 φ sin2 φ)

= (δijδkl + δikδjl + δilδjk)

∫ ∞

ũ=0
dũ f(ũ)ũ6

∫ π

θ=0
dθ sin5 θ

∫ 2π

φ=0
dφ sin2 φ cos2 φ

= (δijδkl + δikδjl + δilδjk)

∫ ∞

ũ=0
dũ f(ũ)ũ6 × 16

15
× π

4
=

4π

15
(δijδkl + δikδjl + δilδjk)

∫ ∞

0
dũ f(ũ)ũ6.

Therefore, in any case

∫
dũ f(ũ)ũiũj ũkũl =

4π

15
(δijδkl + δikδjl + δilδjk)

∫ ∞

0
dũ f(ũ)ũ6. �

Claim 6.

Akl

∫
dũ f(ũ)ũiũj ũkũl = Akl

∫
dũ f(ũ)ũiũj ũkũl = Akl

∫
dũ f(ũ)ũiũjũkũl

= Akl

∫
dũ f(ũ)ũiũjũkũl =

8π

15
Aij

∫ ∞

0
dũ f(ũ)ũ6, (F.12)

where Aij are the components of a second order tensor.
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Proof. Since

Akl

∫
dũ f(ũ)ũiũj ũkũl = Akl

∫
dũ f(ũ)ũiũj ũkũl −

1

3
δijAkl

∫
dũ f(ũ)ũ2ũkũl,

using eqs. (F.9c) and (F.11),

Akl

∫
dũ f(ũ)ũiũjũkũl

= Akl
4π

15
(δijδkl + δikδjl + δilδjk)

∫ ∞

0
dũ f(ũ)ũ6 − 1

3
δijAkk

4π

3

∫ ∞

0
dũ f(ũ)ũ6

=
4π

15

(
δijAkk +Aij +Aji −

5

3
δijAkk

)∫ ∞

0
dũ f(ũ)ũ6

=
4π

15

(
Aij +Aji −

2

3
δijAkk

)∫ ∞

0
dũ f(ũ)ũ6

=
8π

15

(
Aij +Aji

2
− 1

3
δijAkk

)∫ ∞

0
dũ f(ũ)ũ6

=
8π

15
Aij

∫ ∞

0
dũ f(ũ)ũ6.

Similarly,

Akl

∫
dũ f(ũ)ũiũjũkũl = Akl

∫
dũ f(ũ)ũiũj ũkũl −

1

3
δklAkl

∫
dũ f(ũ)ũ2ũiũj

= Akl

∫
dũ f(ũ)ũiũj ũkũl −

1

3
Akk

∫
dũ f(ũ)ũ2ũiũj.

Using eqs. (F.9a) and (F.11),

Akl

∫
dũ f(ũ)ũiũjũkũl

= Akl
4π

15
(δijδkl + δikδjl + δilδjk)

∫ ∞

0
dũ f(ũ)ũ6 − 1

3
Akk

4π

3
δij

∫ ∞

0
dũ f(ũ)ũ6

=
8π

15
Aij

∫ ∞

0
dũ f(ũ)ũ6. (same as above)

Now using the above results and the fact that
(
Aij

)
= Aij,

Akl

∫
dũ f(ũ)ũiũj ũkũl = Akl

∫
dũ f(ũ)ũiũj ũkũl =

8π

15
Aij

∫ ∞

0
dũ f(ũ)ũ6. �

Claim 7. ∫
dũ f(ũ)ũiũjũkũlũmũn =

4π

105
Tijklmn

∫ ∞

0
dũ f(ũ)ũ8, (F.13)

where

Tijklmn = δij(δklδmn + δkmδln + δknδlm) + δik(δjlδmn + δjmδln + δjnδlm)

+ δil(δjkδmn + δjmδkn + δjnδkm) + δim(δjkδln + δjlδkn + δjnδkl)

+ δin(δjkδlm + δjlδkm + δjmδkl).
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Proof. Consider the left-hand side of eq. (F.13). The tensorial structure, and even or odd nature

of the integrand on the left-hand side are taken care by the combination of delta functions given

by Tijklmn above. Also, because of symmetry,

∫
dũ f(ũ)ũ61 =

∫
dũ f(ũ)ũ62 =

∫
dũ f(ũ)ũ63

and

∫
dũ f(ũ)ũ41ũ

2
2 =

∫
dũ f(ũ)ũ21ũ

4
2 =

∫
dũ f(ũ)ũ42ũ

2
3

=

∫
dũ f(ũ)ũ22ũ

4
3 =

∫
dũ f(ũ)ũ43ũ

2
1 =

∫
dũ f(ũ)ũ23ũ

4
1.

Note that for i = j = k = l = m = n, Tijklmn = 15, hence in this case

∫
dũ f(ũ)ũiũj ũkũlũmũn =

1

15
Tijklmn

∫
dũ f(ũ)ũ61.

Let us transform the integration over ũ to the spherical polar coordinate system (ũ, θ, φ). Using

eq. (***), we get

∫
dũ f(ũ)ũiũj ũkũlũmũn =

1

15
Tijklmn

∫ ∞

ũ=0

∫ π

θ=0

∫ 2π

φ=0
dũdθ dφ ũ2 sin θ f(ũ)(ũ6 sin6 θ cos6 φ)

=
1

15
Tijklmn

∫ ∞

ũ=0
dũ f(ũ)ũ8

∫ π

θ=0
dθ sin7 θ

∫ 2π

φ=0
dφ cos6 φ

=
1

15
Tijklmn

∫ ∞

ũ=0
dũ f(ũ)ũ8 × 32

35
× 5π

8

=
4π

105
Tijklmn

∫ ∞

0
dũ f(ũ)ũ8.

Next consider the case: (i = j = k = l & m = n & i 6= m) or any similar case. In this case

Tijklmn = 3, hence in this case

∫
dũ f(ũ)ũiũj ũkũlũmũn =

1

3
Tijklmn

∫
dũ f(ũ)ũ41ũ

2
2.

Let us transform the integration over ũ to the spherical polar coordinate system (ũ, θ, φ). Using

eq. (***), we get

∫
dũ f(ũ)ũiũj ũkũlũmũn =

1

3
Tijklmn

∫ ∞

ũ=0

∫ π

θ=0

∫ 2π

φ=0
dũdθ dφ ũ2 sin θ f(ũ)(ũ6 sin6 θ cos4 φ sin2 φ)

=
1

3
Tijklmn

∫ ∞

ũ=0
dũ f(ũ)ũ8

∫ π

θ=0
dθ sin7 θ

∫ 2π

φ=0
dφ sin2 φ cos4 φ

=
1

3
Tijklmn

∫ ∞

ũ=0
dũ f(ũ)ũ8 × 32

35
× π

8

=
4π

105
Tijklmn

∫ ∞

0
dũ f(ũ)ũ8.
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Next consider the case: (i = j & k = l & m = n & i 6= k & i 6= m & k 6= m) or any similar

case. In this case Tijklmn = 1, hence in this case

∫
dũ f(ũ)ũiũj ũkũlũmũn = Tijklmn

∫
dũ f(ũ)ũ21ũ

2
2ũ

2
3.

Let us transform the integration over ũ to the spherical polar coordinate system (ũ, θ, φ). Using

eq. (***), we get

∫
dũ f(ũ)ũiũj ũkũlũmũn

= Tijklmn

∫ ∞

ũ=0

∫ π

θ=0

∫ 2π

φ=0
dũdθ dφ ũ2 sin θ f(ũ)(ũ6 sin4 θ cos2 θ cos2 φ sin2 φ)

= Tijklmn

∫ ∞

ũ=0
dũ f(ũ)ũ8

∫ π

θ=0
dθ sin5 θ cos2 θ

∫ 2π

φ=0
dφ sin2 φ cos2 φ

= Tijklmn

∫ ∞

ũ=0
dũ f(ũ)ũ8 × 16

105
× π

4
=

4π

105
Tijklmn

∫ ∞

0
dũ f(ũ)ũ8.

Therefore, in any case

∫
dũ f(ũ)ũiũj ũkũlũmũn =

4π

105
Tijklmn

∫ ∞

0
dũ f(ũ)ũ8. �

Claim 8.

(i)
∂Vi
∂rj

∂Vk
∂rl

∫
dũ f(ũ)ũiũjũkũl =

8π

15

∂Vi
∂rj

∂Vi
∂rj

∫ ∞

0
dũ f(ũ)ũ6 (F.14a)

(ii)
∂Vi
∂rj

∂Vk
∂rl

∫
dũ f(ũ)ũiũjũkũl =

8π

15

∂Vi
∂rj

∂Vj
∂ri

∫ ∞

0
dũ f(ũ)ũ6 =

8π

15

∂Vi
∂rj

∂Vi
∂rj

∫ ∞

0
dũ f(ũ)ũ6

(F.14b)

Proof. Using eq. (F.11) and the facts:
∂Vi
∂ri

= 0 and
∂Vj
∂ri

=
∂Vi
∂rj

,

(i)
∂Vi
∂rj

∂Vk
∂rl

∫
dũ f(ũ)ũ2ũiũjũkũl =

4π

15
(δijδkl + δikδjl + δilδjk)

∂Vi
∂rj

∂Vk
∂rl

∫ ∞

0
dũ f(ũ)ũ6

=
4π

15

(
∂Vi
∂rj

∂Vi
∂rj

+
∂Vi
∂rj

∂Vj
∂ri

)∫ ∞

0
dũ f(ũ)ũ6

=
4π

15

(
∂Vi
∂rj

∂Vi
∂rj

+
∂Vi
∂rj

∂Vj
∂ri
− 2

3

∂Vi
∂ri

∂Vk
∂rk

)∫ ∞

0
dũ f(ũ)ũ6

=
8π

15

∂Vi
∂rj

{
1

2

(
∂Vi
∂rj

+
∂Vj
∂ri

)
− 1

3
δij
∂Vk
∂rk

}∫ ∞

0
dũ f(ũ)ũ6

=
8π

15

∂Vi
∂rj

∂Vi
∂rj

∫ ∞

0
dũ f(ũ)ũ6,
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(ii)
∂Vi
∂rj

∂Vk
∂rl

∫
dũ f(ũ)ũ2ũiũj ũkũl =

4π

15
(δijδkl + δikδjl + δilδjk)

∂Vi
∂rj

∂Vk
∂rl

∫ ∞

0
dũ f(ũ)ũ6

=
4π

15

(
∂Vi
∂rj

∂Vi
∂rj

+
∂Vi
∂rj

∂Vj
∂ri

)∫ ∞

0
dũ f(ũ)ũ6

=
8π

15

∂Vi
∂rj

∂Vj
∂ri

∫ ∞

0
dũ f(ũ)ũ6

=
8π

15

∂Vi
∂rj

∂Vi
∂rj

∫ ∞

0
dũ f(ũ)ũ6. �

Claim 9.
∂Vk
∂rl

∂Vm
∂rn

∫
dũ f(ũ)ũiũjũkũlũmũn =

32π

105

∂Vi
∂rk

∂Vk
∂rj

∫ ∞

0
dũ f(ũ)ũ8, (F.15)

Proof. Consider the left-hand side of eq. (F.15).

∂Vk
∂rl

∂Vm
∂rn

∫
dũ f(ũ)ũiũj ũkũlũmũn

=
∂Vk
∂rl

∂Vm
∂rn

∫
dũ f(ũ)ũiũj ũkũlũmũn −

1

3
δij
∂Vk
∂rl

∂Vm
∂rn

∫
dũ f(ũ)ũ2ũkũlũmũn. (#)

Using eq. (F.13),

∂Vk
∂rl

∂Vm
∂rn

∫
dũ f(ũ)ũiũjũkũlũmũn =

4π

105

∂Vk
∂rl

∂Vm
∂rn

Tijklmn

∫ ∞

0
dũ f(ũ)ũ8,

where

∂Vk
∂rl

∂Vm
∂rn

Tijklmn =
∂Vk
∂rl

∂Vm
∂rn

{
δij(δklδmn + δkmδln + δknδlm)

+ δik(δjlδmn + δjmδln + δjnδlm) + δil(δjkδmn + δjmδkn + δjnδkm)

+ δim(δjkδln + δjlδkn + δjnδkl) + δin(δjkδlm + δjlδkm + δjmδkl)
}
.

Using the facts:
∂Vi
∂ri

= 0 and
∂Vi
∂rj

=
∂Vj
∂ri

,

∂Vk
∂rl

∂Vm
∂rn

Tijklmn = δij

(
∂Vk
∂rl

∂Vk
∂rl

+
∂Vk
∂rl

∂Vl
∂rk

)
+
∂Vi
∂rl

(
∂Vj
∂rl

+
∂Vl
∂rj

)

+
∂Vk
∂ri

(
∂Vj
∂rk

+
∂Vk
∂rj

)
+
∂Vi
∂rn

(
∂Vj
∂rn

+
∂Vn
∂rj

)
+
∂Vm
∂ri

(
∂Vj
∂rm

+
∂Vm
∂rj

)

= 2δij
∂Vk
∂rl

∂Vl
∂rk

+ 2
∂Vi
∂rk

∂Vk
∂rj

+ 2
∂Vk
∂ri

∂Vj
∂rk

+ 2
∂Vi
∂rk

∂Vk
∂rj

+ 2
∂Vk
∂ri

∂Vj
∂rk

= 2δij
∂Vl
∂rk

∂Vk
∂rl

+ 4

(
∂Vi
∂rk

∂Vk
∂rj

+
∂Vj
∂rk

∂Vk
∂ri

)

= 8

{
1

2

(
∂Vi
∂rk

∂Vk
∂rj

+
∂Vj
∂rk

∂Vk
∂ri

)
− 1

3
δij
∂Vl
∂rk

∂Vk
∂rl

}
+

14

3
δij
∂Vl
∂rk

∂Vk
∂rl

= 8
∂Vi
∂rk

∂Vk
∂rj

+
14

3
δij
∂Vl
∂rk

∂Vk
∂rl

.
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Hence

∂Vk
∂rl

∂Vm
∂rn

∫
dũ f(ũ)ũiũjũkũlũmũn =

4π

105

{
8
∂Vi
∂rk

∂Vk
∂rj

+
14

3
δij
∂Vl
∂rk

∂Vk
∂rl

}∫ ∞

0
dũ f(ũ)ũ8.

With above equation and eq. (F.14b), eq. (#) changes to

∂Vk
∂rl

∂Vm
∂rn

∫
dũ f(ũ)ũiũj ũkũlũmũn

=
4π

105

{
8
∂Vi
∂rk

∂Vk
∂rj

+
14

3
δij
∂Vl
∂rk

∂Vk
∂rl

}∫ ∞

0
dũ f(ũ)ũ8 − 1

3
δij

8π

15

∂Vl
∂rk

∂Vk
∂rl

∫ ∞

0
dũ f(ũ)ũ8

=
32π

105

∂Vi
∂rk

∂Vk
∂rj

∫ ∞

0
dũ f(ũ)ũ8. �

Claim 10.
∂Vj
∂rk

∂Θ

∂rl

∫
dũ f(ũ)ũiũjũkũl =

8π

15

∂Vj
∂ri

∂Θ

∂rj

∫ ∞

0
dũ f(ũ)ũ6 (F.16)

Proof. Using eq. (F.11),

∂Vj
∂rk

∂Θ

∂rl

∫
dũ f(ũ)ũiũj ũkũl =

∂Vj
∂rk

∂Θ

∂rl
× 4π

15
(δijδkl + δikδjl + δilδjk)

∫ ∞

0
dũ f(ũ)ũ6

=
4π

15

(
∂Vi
∂rk

∂Θ

∂rk
+
∂Vj
∂ri

∂Θ

∂rj
+
∂Vj
∂rj

∂Θ

∂ri

)∫ ∞

0
dũ f(ũ)ũ6

=
4π

15

(
∂Vi
∂rj

+
∂Vj
∂ri

)
∂Θ

∂rj

∫ ∞

0
dũ f(ũ)ũ6

=
8π

15

∂Vj
∂ri

∂Θ

∂rj

∫ ∞

0
dũ f(ũ)ũ6. �

Similarly,
∂

∂rl

∂Vj
∂rk

∫
dũ f(ũ)ũiũjũkũl =

8π

15

∂

∂rj

∂Vj
∂ri

∫ ∞

0
dũ f(ũ)ũ6. (F.17)



Appendix G

The Evaluation of some Integrals

1.
∫

k̂·ũ12>0
dk̂ (k̂ · ũ12)

n
=?, where n ∈ N.

Let

∫

k̂·ũ12>0
dk̂ (k̂ · ũ12)

n
= I1 and let us transform the integral over k̂ in a spherical coordinate

system (k̂, θ, φ) whose z-axis coincides with ũ12 (see Appendix C). Hence

k̂ = sin θ cosφ x̂+ sin θ sinφ ŷ + cos θ ẑ,

ũ12 = ũ12 ẑ,

k̂ · ũ12 = ũ12 cos θ.

Note that k̂ varies from 0 to 1 because k̂ is a unit vector. Therefore

I1 =

∫ 1

k̂=0

∫ π/2

θ=0

∫ 2π

φ=0
sin θ dφdθ dk̂ (ũ12 cos θ)

n

= ũn12

∫ 1

k̂=0
dk̂

∫ π/2

θ=0
sin θ cosn θ dθ

∫ 2π

φ=0
dφ = ũn12 × 1× 1

2
B

(
n+ 1

2
, 1

)
× 2π,

where B(x, y) = Γ(x)Γ(y)
Γ(x+y) is beta function and Γ(x) is gamma function (Abramowitz & Stegun

1965). Hence

I1 = πũn12
Γ
(
n+1
2

)
Γ(1)

Γ
(
n+3
2

) = πũn12
Γ
(
n+1
2

)
× 1(

n+1
2

)
Γ
(
n+1
2

) =
2π

(n+ 1)
ũn12

or ∫

k̂·ũ12>0
dk̂ (k̂ · ũ12)

n
=

2π

(n+ 1)
ũn12 for n ∈ N. (G.1a)

In particular,

∫

k̂·ũ12>0
dk̂ (k̂ · ũ12) = π ũ12, (G.1b)

∫

k̂·ũ12>0
dk̂ (k̂ · ũ12)

3
=
π

2
ũ312, (G.1c)

∫

k̂·ũ12>0
dk̂ (k̂ · ũ12)

5
=
π

3
ũ512. (G.1d)
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2.
∫

dũ1dũ2 ũ
3
12 e

−(ũ2
1+ũ2

2) =?

Let us make the transformation (ũ1, ũ2)→ (g1,g2) such that,

g1 = ũ1 + ũ2,

g2 = ũ1 − ũ2.

Squaring and adding the above equations, we get g21 + g22 = 2(ũ21 + ũ22), and ũ12 = |ũ1 − ũ2| =
|g2| = g2. Using eq. (J.5), we have

∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) =

∫ (
1

8
dg1dg2

)
g32 e

− 1
2
(g21+g22) =

1

8

∫
dg1 e

− 1
2
g21 ×

∫
dg2 g

3
2 e

− 1
2
g22 .

Changing both the integrals to spherical polar coordinate systems (g1, θ1, φ1), (g2, θ2, φ2) respec-

tively, we get

∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2)

=
1

8

∫ ∞

g1=0

∫ π

θ1=0

∫ 2π

φ1=0
g21 e

− 1
2
g21 sin θ1 dg1 dθ1 dφ1

∫ ∞

g2=0

∫ π

θ2=0

∫ 2π

φ2=0
g52 e

− 1
2
g22 sin θ2 dg2 dθ2 dφ2

=
1

8

∫ ∞

g1=0
g21 e

− 1
2
g21 dg1

∫ π

θ1=0
sin θ1 dθ1

∫ 2π

φ1=0
dφ1

∫ ∞

g2=0
g52 e

− 1
2
g22 dg2

∫ π

θ2=0
sin θ2 dθ2

∫ 2π

φ2=0
dφ2

=
1

8
×
√
π

2
× 2× 2π × 8× 2× 2π

or ∫
dũ1dũ2 ũ

3
12 e

−(ũ2
1+ũ2

2) = 8
√
2π5/2 (G.2)

3.
∫

dũ2 ũ12 e
−ũ2

2 =?

Let

∫
dũ2 ũ12 e

−ũ2
2 = I2 and ũ12 = ũ1 − ũ2 = g. Hence

I2 =

∫ ∞

ũ2x=−∞

∫ ∞

ũ2y=−∞

∫ ∞

ũ2z=−∞
dũ2x dũ2y dũ2z ũ12 e−ũ2

2

=

∫ −∞

gx=∞

∫ −∞

gy=∞

∫ −∞

gz=∞
(−dgx)(−dgy)(−dgz) g e−(ũ2

1+g2−2ũ1·g)

= e−ũ2
1

∫ ∞

gx=−∞

∫ ∞

gy=−∞

∫ ∞

gz=−∞
dgx dgy dgz g e−g2 e2ũ1·g .

Let us replace ũ1 by u for simplicity. Therefore

I2 = e−u2
∫ ∞

gx=−∞

∫ ∞

gy=−∞

∫ ∞

gz=−∞
dgx dgy dgz g e−g2 e2u·g .
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Changing the above integral to spherical polar coordinate system (g, θ, φ), whose z-axis coincides

with u, i.e.,

u = u ẑ,

g = g sin θ cosφ x̂+ g sin θ sinφ ŷ + g cos θ ẑ.

Therefore

I2 = e−u2

∫ ∞

g=0

∫ π

θ=0

∫ 2π

φ=0

(
g e−g2 e2gu cos θ

) (
g2 sin θ dφdθ dg

)

= e−u2
∫ ∞

g=0
g3 e−g2

{∫ π

θ=0
e2gu cos θ sin θ dθ

}
dg

∫ 2π

φ=0
dφ.

Let cos θ = −t⇒ sin θ dθ = dt, hence

I2 = e−u2
∫ ∞

g=0
g3 e−g2

{∫ 1

t=−1
e−2gut dt

}
dg × 2π = 2π e−u2

∫ ∞

g=0
g3 e−g2

[
e−2gut

−2gu

]1

t=−1

dg

=
π e−u2

u

∫ ∞

g=0
g2 e−g2

(
e2gu− e−2gu

)
dg

=
π

u

[∫ ∞

g=0
g2 e−(u2+g2−2gu) dg −

∫ ∞

g=0
g2 e−(u2+g2+2gu) dg

]

=
π

u

∫ ∞

g=0
g2 e−(g−u)2 dg − π

u

∫ ∞

g=0
g2 e−(g+u)2 dg.

Let g − u = x and g + u = y, hence

I2 =
π

u

∫ ∞

x=−u
(x+ u)2 e−x2

dx− π

u

∫ ∞

y=u
(y − u)2 e−y2 dy

=
π

u

[∫ 0

x=−u
(x+ u)2 e−x2

dx+

∫ ∞

x=0
(x+ u)2 e−x2

dx

]

− π

u

[∫ ∞

y=0
(y − u)2 e−y2 dy −

∫ u

y=0
(y − u)2 e−y2 dy

]

=
π

u

[∫ 0

x=−u
(x+ u)2 e−x2

dx+

∫ u

y=0
(y − u)2 e−y2 dy

]

+
π

u

[∫ ∞

x=0
(x+ u)2 e−x2

dx−
∫ ∞

y=0
(y − u)2 e−y2 dy

]
.

Now, replacing x by −y in the first term above, we see that

∫ 0

x=−u
(x+ u)2 e−x2

dx =

∫ 0

y=u
(−y + u)2 e−y2(−dy) =

∫ u

y=0
(y − u)2 e−y2 dy.

Therefore

I2 =
2π

u

∫ u

y=0
(y − u)2 e−y2 dy +

π

u

∫ ∞

x=0

[
(x+ u)2 − (x− u)2

]
e−x2

dx

=
2π

u
I2a +

π

u

∫ ∞

x=0
4ux e−x2

dx,
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where I2a =

∫ u

y=0
(y − u)2 e−y2 dy. Hence

I2 =
2π

u
I2a + 2π

∫ ∞

x=0
2x e−x2

dx =
(x2=t)

2π

u
I2a + 2π

∫ ∞

t=0
e−t dt =

2π

u
I2a + 2π.

We shall evaluate I2a separately.

I2a =

∫ u

y=0
(y − u)2 e−y2 dy =

∫ u

y=0
(y2 − 2yu+ u2) e−y2 dy

=

∫ u

0
y2 e−y2 dy − 2u

∫ u

0
y e−y2 dy + u2

∫ u

0
e−y2 dy.

Let us evaluate the integrals on the right-hand side of the above equation separately.

•
∫ u

0
e−y2 dy =

π1/2

2
erf(u),

•
∫ u

0
y e−y2 dy =

y2=t

1

2

∫ u2

0
e−t dt =

1

2

[
− e−t

]u2

0
=

1

2
(1− e−u2

),

•
∫ u

0
y2 e−y2 dy = −1

2

∫ u

0
y(−2y e−y2)dy = −1

2

[{
y e−y2

}u

0
−
∫ u

0
e−y2 dy

]

= −1

2

[
u e−u2 −π

1/2

2
erf(u)

]
= −1

2
u e−u2

+
π1/2

4
erf(u).

Substituting these values of the integrals in the expression of I2a, we get

I2a =

(
−1

2
u e−u2

+
π1/2

4
erf(u)

)
− 2u

{
1

2
(1− e−u2

)

}
+ u2

(
π1/2

2
erf(u)

)

=
1

2
u e−u2

+
π1/2(1 + 2u2)

4
erf(u)− u.

Therefore

I2 =
2π

u

[
1

2
u e−u2

+
π1/2(1 + 2u2)

4
erf(u)− u

]
+ 2π

= π

[
e−u2

+
π1/2(1 + 2u2)

2u
erf(u)

]
− 2π + 2π = π

[
e−u2

+
π1/2(1 + 2u2)

2u
erf(u)

]

or
∫

dũ2 ũ12 e
−ũ2

2 = π

[
e−ũ2

1 +
π1/2(1 + 2ũ21)

2ũ1
erf(ũ1)

]
(G.3)
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4.
∫

dũ2 ũ
3
12 e

−ũ2
2 =?

Let

∫
dũ2 ũ

3
12 e

−ũ2
2 = I3 and ũ12 = ũ1 − ũ2 = g. Hence

I3 =

∫ ∞

ũ2x=−∞

∫ ∞

ũ2y=−∞

∫ ∞

ũ2z=−∞
dũ2x dũ2y dũ2z ũ

3
12 e

−ũ2
2

=

∫ −∞

gx=∞

∫ −∞

gy=∞

∫ −∞

gz=∞
(−dgx)(−dgy)(−dgz) g3 e−(ũ2

1+g2−2ũ1·g)

= e−ũ2
1

∫ ∞

gx=−∞

∫ ∞

gy=−∞

∫ ∞

gz=−∞
dgx dgy dgz g

3 e−g2 e2ũ1·g .

Let us replace ũ1 by u for simplicity.

I3 = e−u2

∫ ∞

gx=−∞

∫ ∞

gy=−∞

∫ ∞

gz=−∞
dgx dgy dgz g

3 e−g2 e2u·g .

Changing the above integral to spherical polar coordinate system (g, θ, φ), whose z-axis coincides

with u, i.e.,

u = u ẑ,

g = g sin θ cosφ x̂+ g sin θ sinφ ŷ + g cos θ ẑ.

Therefore

I3 = e−u2
∫ ∞

g=0

∫ π

θ=0

∫ 2π

φ=0

(
g3 e−g2 e2gu cos θ

) (
g2 sin θ dφdθ dg

)

= e−u2

∫ ∞

g=0
g5 e−g2

{∫ π

θ=0
e2gu cos θ sin θ dθ

}
dg

∫ 2π

φ=0
dφ.

Let cos θ = −t⇒ sin θ dθ = dt, hence

I3 = e−u2

∫ ∞

g=0
g5 e−g2

{∫ 1

t=−1
e−2gut dt

}
dg × 2π = 2π e−u2

∫ ∞

g=0
g5 e−g2

[
e−2gut

−2gu

]1

t=−1

dg

=
π e−u2

u

∫ ∞

g=0
g4 e−g2

(
e2gu− e−2gu

)
dg

=
π

u

[∫ ∞

g=0
g4 e−(u2+g2−2gu) dg −

∫ ∞

g=0
g4 e−(u2+g2+2gu) dg

]

=
π

u

∫ ∞

g=0
g4 e−(g−u)2 dg − π

u

∫ ∞

g=0
g4 e−(g+u)2 dg.

Let g − u = x and g + u = y, hence

I3 =
π

u

∫ ∞

x=−u
(x+ u)4 e−x2

dx− π

u

∫ ∞

y=u
(y − u)4 e−y2 dy
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or

I3 =
π

u

[∫ 0

x=−u
(x+ u)4 e−x2

dx+

∫ ∞

x=0
(x+ u)4 e−x2

dx

]

− π

u

[∫ ∞

y=0
(y − u)4 e−y2 dy −

∫ u

y=0
(y − u)4 e−y2 dy

]

=
π

u

[∫ 0

x=−u
(x+ u)4 e−x2

dx+

∫ u

y=0
(y − u)4 e−y2 dy

]

+
π

u

[∫ ∞

x=0
(x+ u)4 e−x2

dx−
∫ ∞

y=0
(y − u)4 e−y2 dy

]
.

Now, replacing x by −y in the first term above we see that

∫ 0

x=−u
(x+ u)4 e−x2

dx =

∫ 0

y=u
(−y + u)4 e−y2(−dy) =

∫ u

y=0
(y − u)4 e−y2 dy.

Therefore

I3 =
2π

u

∫ u

y=0
(y − u)4 e−y2 dy +

π

u

∫ ∞

x=0

[
(x+ u)4 − (x− u)4

]
e−x2

dx

=
2π

u

∫ u

y=0
(y − u)4 e−y2 dy +

π

u

∫ ∞

x=0
8ux(x2 + u2) e−x2

dx

=
2π

u

∫ u

y=0
(y − u)4 e−y2 dy + 8π

∫ ∞

x=0
(x3 + xu2) e−x2

dx =
2π

u
I3a + 8π I3b,

where I3a =

∫ u

y=0
(y − u)4 e−y2 dy and I3b =

∫ ∞

x=0
(x3 + xu2) e−x2

dx. We shall evaluate I3a and

I3b separately.

I3a =

∫ u

y=0
(y − u)4 e−y2 dy =

∫ u

y=0
(y4 − 4y3u+ 6u2y2 − 4u3y + u4) e−y2 dy

=

∫ u

0
y4 e−y2 dy − 4u

∫ u

0
y3 e−y2 dy + 6u2

∫ u

0
y2 e−y2 dy − 4u3

∫ u

0
y e−y2 dy + u4

∫ u

0
e−y2 dy.

Let us evaluate the integrals on the right-hand side of the above equation separately.

•
∫ u

0
e−y2 dy =

π1/2

2
erf(u),

•
∫ u

0
y e−y2 dy =

y2=t

1

2

∫ u2

0
e−t dt =

1

2

[
− e−t

]u2

0
=

1

2
(1− e−u2

),

•
∫ u

0
y2 e−y2 dy = −1

2

∫ u

0
y(−2y e−y2)dy = −1

2

[{
y e−y2

}u

0
−
∫ u

0
e−y2 dy

]

= −1

2

[
u e−u2 −π

1/2

2
erf(u)

]
= −1

2
u e−u2

+
π1/2

4
erf(u),

•
∫ u

0
y3 e−y2 dy =

y2=t

1

2

∫ u2

0
t e−t dt =

1

2

[{
t(− e−t)

}u2

0
−
{
e−t
}u2

0

]

=
1

2

[
−u2 e−u2 − e−u2

+1
]
= −1

2
u2 e−u2 −1

2
e−u2

+
1

2
,
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•
∫ u

0
y4 e−y2 dy = −1

2

∫ u

0
y3(−2y e−y2)dy = −1

2

[{
y3 e−y2

}u

0
−
∫ u

0
3y2 e−y2 dy

]

= −1

2

[
u3 e−u2 −3

(
−1

2
u e−u2

+
π1/2

4
erf(u)

)]
= −1

2
u3 e−u2 −3

4
u e−u2

+
3

8
π1/2 erf(u).

Substituting these values of the integrals in the expression of I3a, we get

I3a =

(
−1

2
u3 e−u2 −3

4
u e−u2

+
3

8
π1/2 erf(u)

)
− 4u

(
−1

2
u2 e−u2 −1

2
e−u2

+
1

2

)

+ 6u2

(
−1

2
u e−u2

+
π1/2

4
erf(u)

)
− 4u3

{
1

2
(1− e−u2

)

}
+ u4

(
π1/2

2
erf(u)

)

=

(
−1

2
u3 − 3

4
u+ 2u3 + 2u− 3u3 + 2u3

)
e−u2 −2u− 2u3 + π1/2 erf(u)

(
3

8
+

3

2
u2 +

1

2
u4
)

=

(
1

2
u3 +

5

4
u

)
e−u2

+π1/2 erf(u)

(
3 + 12u2 + 4u4

8

)
− 2u(1 + u2)

=
1

2
u

(
u2 +

5

2

)
e−u2

+π1/2 erf(u)

(
3 + 12u2 + 4u4

8

)
− 2u(1 + u2)

and

I3b =

∫ ∞

x=0
(x3 + xu2) e−x2

dx =
x2=t

1

2

∫ ∞

t=0
(t+ u2) e−t dt

=
1

2

[{
(t+ u2)(−e−t)

}∞

t=0
−
{
e−t
}∞

t=0

]
=

1

2
(1 + u2).

Substituting the values of I3a and I3b in the expression of I3, we get

I3 =
2π

u

[
1

2
u

(
u2 +

5

2

)
e−u2

+π1/2 erf(u)

(
3 + 12u2 + 4u4

8

)
− 2u(1 + u2)

]
+ 8π × 1

2
(1 + u2)

= π

[(
u2 +

5

2

)
e−u2

+
π1/2(3 + 12u2 + 4u4)

4u
erf(u)

]

or
∫

dũ2 ũ
3
12 e

−ũ2
2 = π

[(
ũ21 +

5

2

)
e−ũ2

1 +
π1/2(3 + 12ũ21 + 4ũ41)

4ũ1
erf(ũ1)

]
(G.4)

5.
∫

dũ2 ũ
5
12 e

−ũ2
2 =?

This integral can be evaluated by following a similar procedure as in evaluating the integrals in

eqs. (G.3) and (G.4). The result is†:

∫
dũ2 ũ

5
12 e

−ũ2
2 = π

[
1

8
(33 + 28ũ21 + 4ũ41) e

−ũ2
1 +

π1/2(15 + 90ũ21 + 60ũ41 + 8ũ61)

16ũ1
erf(ũ1)

]
(G.5)

†This result is obtained by using the generating function given in Appendix E of Bar-Lev (2005) and Mathematica.
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6.
∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− 1

2
(k̂ · ũ12)

2
)

=?

Let

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− 1

2
(k̂ · ũ12)

2
)

= I4. The integrations over k̂ are given in

eqs. (G.1b) and (G.1c). Hence using these equations

I4 =

∫
dũ2 (π ũ12) e

−ũ2
2 − 1

2

∫
dũ2

(π
2
ũ312

)
e−ũ2

2 = π

∫
dũ2 ũ12 e

−ũ2
2 − π

4

∫
dũ2 ũ

3
12 e

−ũ2
2 .

Now, with the help of eqs. (G.3) and (G.4),

I4 = π × π
{
e−ũ2

1 +
π1/2(1 + 2ũ21)

2ũ1
erf(ũ1)

}

− π

4
× π

{(
ũ21 +

5

2

)
e−ũ2

1 +
π1/2(3 + 12ũ21 + 4ũ41)

4ũ1
erf(ũ1)

}

= π2

[(
1− ũ21

4
− 5

8

)
e−ũ2

1 +
π1/2

2ũ1

{
1 + 2ũ21 −

(3 + 12ũ21 + 4ũ41)

8

}
erf(ũ1)

]

= π2

[(
3− 2ũ21

8

)
e−ũ2

1 +
π1/2

2ũ1

{
5 + 4ũ21 − 4ũ41

8

}
erf(ũ1)

]

or ∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− 1

2
(k̂ · ũ12)

2
)

= π5/2
[(

3− 2ũ21
8π1/2

)
e−ũ2

1 +
(5 + 4ũ21 − 4ũ41) erf(ũ1)

16ũ1

] (G.6)
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7.
∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− (k̂ · ũ12)

2
+

1

8
(k̂ · ũ12)

4
)

=?

Let

∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− (k̂ · ũ12)

2
+

1

8
(k̂ · ũ12)

4
)

= I5. The integrations over k̂

are given in eqs. (G.1b)-(G.1d). Hence using these equations

I5 =

∫
dũ2 (π ũ12) e

−ũ2
2 −
∫

dũ2

(π
2
ũ312

)
e−ũ2

2 +
1

8

∫
dũ2

(π
3
ũ512

)
e−ũ2

2

= π

∫
dũ2 ũ12 e

−ũ2
2 −π

2

∫
dũ2 ũ

3
12 e

−ũ2
2 +

π

24

∫
dũ2 ũ

5
12 e

−ũ2
2 .

Now, with the help of eqs. (G.3)-(G.5),

I5 = π × π
{
e−ũ2

1 +
π1/2(1 + 2ũ21)

2ũ1
erf(ũ1)

}

− π

2
× π

{(
ũ21 +

5

2

)
e−ũ2

1 +
π1/2(3 + 12ũ21 + 4ũ41)

4ũ1
erf(ũ1)

}

+
π

24
× π

{
1

8
(33 + 28ũ21 + 4ũ41) e

−ũ2
1 +

π1/2(15 + 90ũ21 + 60ũ41 + 8ũ61)

16ũ1
erf(ũ1)

}

= π2
[(

1− ũ21
2
− 5

4
+

33

192
+

7ũ21
48

+
ũ41
48

)
e−ũ2

1

+
π1/2

2ũ1

{
1 + 2ũ21 −

(3 + 12ũ21 + 4ũ41)

4
+

(15 + 90ũ21 + 60ũ41 + 8ũ61)

192

}
erf(ũ1)

]

= π2

[
(−15− 68ũ21 + 4ũ41)

192
e−ũ2

1 +
π1/2

2ũ1

{
(63− 102ũ21 − 132ũ41 + 8ũ61)

192

}
erf(ũ1)

]

or ∫

k̂·ũ12>0
dũ2dk̂ (k̂ · ũ12) e

−ũ2
2

(
1− (k̂ · ũ12)

2
+

1

8
(k̂ · ũ12)

4
)

= π5/2
[(−15− 68ũ21 + 4ũ41

192π1/2

)
e−ũ2

1 +
(63− 102ũ21 − 132ũ41 + 8ũ61) erf(ũ1)

384ũ1

] (G.7)



Appendix H

Integrals over an Azimuthal angle in

doubly rotated Spherical Coordinate

System

In this appendix, few expressions used in the evaluation of integrals in Chapter 4 are derived.

The following identities will be used latter in this Appendix:

∫ 2π

0
sinxdx =

∫ 2π

0
cos xdx =

∫ 2π

0
sinx cos xdx = 0 (H.1a)

∫ 2π

0
sin2 xdx =

∫ 2π

0
cos2 xdx = π (H.1b)

Let the spherical coordinates of ũ in the original coordinate system be (ũ, θũ, φũ) and the inte-

gration over s̃ is performed in a (rotated) spherical coordinate system (s̃, θ′, φ′), which results

from two rotations: (i) rotation of xy-plane in positive direction (x towards y) around z-axis by

an angle φũ and (ii) rotation of new zx-plane in positive direction (z towards x) around new

y-axis by an angle θũ, so that ũ coincides with the new z-axis (figure H.1) and s̃ · ũ = s̃ũ cos θ′.

(a) (b) (c)

Figure H.1: (a) The original coordinate system xyz, (b) The new coordinate system x∗y∗z∗,
obtained by rotation of xy-plane in positive direction (x towards y) around z-axis by an angle
φũ, and (c) The new coordinate system x′y′z′, obtained by rotation of z∗x∗-plane in positive
direction (z∗ towards x∗) around y∗-axis by an angle θũ.

Note that, θ′ and φ′ are the spherical angles of s̃ in the rotated frame of reference. Hence

ũx = ũ sin θũ cosφũ

ũy = ũ sin θũ sinφũ

ũz = ũ cos θũ





and





s̃′x = s̃ sin θ′ cosφ′

s̃′y = s̃ sin θ′ sinφ′

s̃′z = s̃ cos θ′.

(H.2)
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The rotation matrix for “the rotation of xy-plane in positive direction (x towards y) around

z-axis by an angle φũ” is:

Rz =




cosφũ sinφũ 0

− sinφũ cosφũ 0

0 0 1




and the rotation matrix for “the rotation of new zx-plane in positive direction (z towards x)

around new y-axis by an angle θũ” is:

Ry =




cos θũ 0 − sin θũ

0 1 0

sin θũ 0 cos θũ




Hence the cartesian-components of any vector s̃ in this new coordinate system are given by



s̃′x
s̃′y
s̃′z


 = A



s̃x

s̃y

s̃z


 , where A = RyRz. (H.3)

In the above equation (s̃x, s̃y, s̃z) and (s̃′x, s̃
′
y, s̃

′
z) denote the cartesian-components of s̃ in the

original and rotated coordinate system respectively. Now

A = RyRz =




cos θũ cosφũ cos θũ sinφũ − sin θũ

− sinφũ cosφũ 0

sin θũ cosφũ sin θũ sinφũ cos θũ




and since the rotation matrices are orthogonal,

A−1 = A⊺ =




cos θũ cosφũ − sinφũ sin θũ cosφũ

cos θũ sinφũ cosφũ sin θũ sinφũ

− sin θũ 0 cos θũ




Hence (s̃x, s̃y, s̃z) in terms of (s̃′x, s̃
′
y, s̃

′
z) are given by



s̃x

s̃y

s̃z


 = A−1



s̃′x
s̃′y
s̃′z


 ⇒



s̃x

s̃y

s̃z


 =




cos θũ cosφũ − sinφũ sin θũ cosφũ

cos θũ sinφũ cosφũ sin θũ sinφũ

− sin θũ 0 cos θũ






s̃′x
s̃′y
s̃′z




or

s̃x = s̃′x cos θũ cosφũ − s̃′y sinφũ + s̃′z sin θũ cosφũ

s̃y = s̃′x cos θũ sinφũ + s̃′y cosφũ + s̃′z sin θũ sinφũ

s̃z = −s̃′x sin θũ + s̃′z cos θũ.





(H.4)



210 Appendix H. Integrals over an Azimuthal angle in doubly rotated Spherical Coordinate System

Using eq. (H.2), eq. (H.4) can be written as

s̃x = s̃ sin θ′ cosφ′ cos θũ cosφũ − s̃ sin θ′ sinφ′ sinφũ + s̃ cos θ′ sin θũ cosφũ

s̃y = s̃ sin θ′ cosφ′ cos θũ sinφũ + s̃ sin θ′ sinφ′ cosφũ + s̃ cos θ′ sin θũ sinφũ

s̃z = −s̃ sin θ′ cosφ′ sin θũ + s̃ cos θ′ cos θũ.





(H.5)

Using the identities given in eq. (H.1a), and eq. (H.2),

∫ 2π

φ′=0
s̃x dφ

′ = 2πs̃ cos θ′ sin θũ cosφũ = 2πs̃
ũx
ũ

cos θ′,

∫ 2π

φ′=0
s̃y dφ

′ = 2πs̃ cos θ′ sin θũ sinφũ = 2πs̃
ũy
ũ

cos θ′,

∫ 2π

φ′=0
s̃z dφ

′ = 2πs̃ cos θ′ cos θũ = 2πs̃
ũz
ũ

cos θ′,

that means one can conclude that

∫ 2π

φ′=0
s̃j dφ

′ = 2π
s̃

ũ
ũj cos θ

′. (H.6)

From eq. (H.5),

s̃2x = s̃2
(
sin2 θ′ cos2 φ′ cos2 θũ cos

2 φũ + sin2 θ′ sin2 φ′ sin2 φũ + cos2 θ′ sin2 θũ cos
2 φũ

−2 sin2 θ′ sinφ′ cosφ′ cos θũ sinφũ cosφũ − 2 sin θ′ cos θ′ sinφ′ sin θũ sinφũ cosφũ

+sin θ′ cos θ′ cosφ′ sin θũ cos θũ cos
2 φũ

)
,

s̃2y = s̃2
(
sin2 θ′ cos2 φ′ cos2 θũ sin

2 φũ + sin2 θ′ sin2 φ′ cos2 φũ + cos2 θ′ sin2 θũ sin
2 φũ

+2 sin2 θ′ sinφ′ cosφ′ cos θũ sinφũ cosφũ + 2 sin θ′ cos θ′ sinφ′ sin θũ sinφũ cosφũ

+sin θ′ cos θ′ cosφ′ sin θũ cos θũ sin
2 φũ

)
,

s̃2z = s̃2
(
sin2 θ′ cos2 φ′ sin2 θũ + cos2 θ′ cos2 θũ − 2 sin θ′ cos θ′ cosφ′ sin θũ cos θũ

)
,

and

s̃xs̃y = s̃2
(
sin2 θ′ cos2 φ′ cos2 θũ sinφũ cosφũ + sin2 θ′ sinφ′ cosφ′ cos θũ cos

2 φũ

+sin θ′ cos θ′ cosφ′ sin θũ cos θũ sinφũ cosφũ − sin2 θ′ sinφ′ cosφ′ cos θũ sin
2 φũ

− sin2 θ′ sin2 φ′ sinφũ cosφũ − sin θ′ cos θ′ sinφ′ sin θũ sin
2 φũ

+sin θ′ cos θ′ cosφ′ sin θũ cos θũ sinφũ cosφũ + sin θ′ cos θ′ sinφ′ sin θũ cos
2 φũ

+cos2 θ′ sin2 θũ sinφũ cosφũ
)
,

s̃ys̃z = s̃2
(
− sin2 θ′ cos2 φ′ sin θũ cos θũ sinφũ + sin θ′ cos θ′ cosφ′ cos2 θũ sinφũ

+sin2 θ′ sinφ′ cosφ′ sin θũ sinφũ − sin θ′ cos θ′ sinφ′ cos θũ sinφũ

− sin θ′ cos θ′ cosφ′ sin2 θũ sinφũ + cos2 θ′ sin θũ cos θũ sinφũ
)
,

s̃zs̃x = s̃2
(
− sin2 θ′ cos2 φ′ sin θũ cos θũ cosφũ + sin2 θ′ sinφ′ cosφ′ sin θũ sinφũ

− sin θ′ cos θ′ cosφ′ sin2 θũ cosφũ + sin θ′ cos θ′ cosφ′ cos2 θũ cosφũ

− sin θ′ cos θ′ sinφ′ cos θũ sinφũ + cos2 θ′ sin θũ cos θũ cosφũ
)
.
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Using the identities given in eqs. (H.1a), (H.1b), and eq. (H.2),

∫ 2π

φ′=0
s̃2x dφ

′ = s̃2
(
π sin2 θ′ cos2 θũ cos

2 φũ + π sin2 θ′ sin2 φũ + 2π cos2 θ′ sin2 θũ cos
2 φũ

)

= πs̃2
[
sin2 θ′

{
(1− sin2 θũ) cos

2 φũ + (1− cos2 φũ)
}
+ 2cos2 θ′ sin2 θũ cos

2 φũ
]

= πs̃2
[
(1− cos2 θ′)

{
− sin2 θũ cos

2 φũ + 1
}
+ 2cos2 θ′ sin2 θũ cos

2 φũ
]

= πs̃2
[
1− cos2 θ′ − sin2 θũ cos

2 φũ + 3cos2 θ′ sin2 θũ cos
2 φũ

]

= πs̃2
[
1− cos2 θ′ + (3 cos2 θ′ − 1)

ũ2x
ũ2

]
,

∫ 2π

φ′=0
s̃2y dφ

′ = s̃2
(
π sin2 θ′ cos2 θũ sin

2 φũ + π sin2 θ′ cos2 φũ + 2π cos2 θ′ sin2 θũ sin
2 φũ

)

= πs̃2
[
sin2 θ′

{
(1− sin2 θũ) sin

2 φũ + (1− sin2 φũ)
}
+ 2cos2 θ′ sin2 θũ sin

2 φũ
]

= πs̃2
[
(1− cos2 θ′)

{
− sin2 θũ sin

2 φũ + 1
}
+ 2cos2 θ′ sin2 θũ sin

2 φũ
]

= πs̃2
[
1− cos2 θ′ − sin2 θũ sin

2 φũ + 3cos2 θ′ sin2 θũ sin
2 φũ

]

= πs̃2

[
1− cos2 θ′ + (3 cos2 θ′ − 1)

ũ2y
ũ2

]
,

∫ 2π

φ′=0
s̃2z dφ

′ = s̃2
(
π sin2 θ′ sin2 θũ + 2π cos2 θ′ cos2 θũ

)

= πs̃2
[
(1− cos2 θ′)(1 − cos2 θũ) + 2 cos2 θ′ cos2 θũ

]

= πs̃2
[
1− cos2 θ′ + (3 cos2 θ′ − 1) cos2 θũ

]

= πs̃2
[
1− cos2 θ′ + (3 cos2 θ′ − 1)

ũ2z
ũ2

]
,

that means one can conclude that

∫ 2π

φ′=0
s̃2j dφ

′ = πs̃2

[
1− cos2 θ′ + (3 cos2 θ′ − 1)

ũ2j
ũ2

]
, (H.7)

and

∫ 2π

φ′=0
s̃xs̃y dφ

′ = s̃2
(
π sin2 θ′ cos2 θũ sinφũ cosφũ − π sin2 θ′ sinφũ cosφũ

+2π cos2 θ′ sin2 θũ sinφũ cosφũ
)

= πs̃2 sinφũ cosφũ
{
sin2 θ′(cos2 θũ − 1) + 2 cos2 θ′ sin2 θũ

}

= πs̃2(sin θũ cosφũ)(sin θũ sinφũ)
{
−(1− cos2 θ′) + 2 cos2 θ′

}

= π
s̃2

ũ2
ũxũy(3 cos

2 θ′ − 1),
∫ 2π

φ′=0
s̃ys̃z dφ

′ = s̃2
(
−π sin2 θ′ sin θũ cos θũ sinφũ + 2π cos2 θ′ sin θũ cos θũ sinφũ

)

= πs̃2(sin θũ sinφũ) cos θũ
{
−(1− cos2 θ′) + 2 cos2 θ′

}

= π
s̃2

ũ2
ũyũz(3 cos

2 θ′ − 1),
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∫ 2π

φ′=0
s̃zs̃x dφ

′ = s̃2
(
−π sin2 θ′ sin θũ cos θũ cosφũ + 2π cos2 θ′ sin θũ cos θũ cosφũ

)

= πs̃2 cos θũ(sin θũ cosφũ)
{
−(1− cos2 θ′) + 2 cos2 θ′

}

= π
s̃2

ũ2
ũzũx(3 cos

2 θ′ − 1),

that means (for i 6= j) one can conclude that

∫ 2π

φ′=0
s̃is̃j dφ

′ = π
s̃2

ũ2
ũiũj(3 cos

2 θ′ − 1). (H.8)

The integrals involving 3 and 4 components of s̃ can be evaluated by following similar procedure

as above and using expressions (H.5) and (H.2). The results are:

∫ 2π

φ′=0
s̃is̃j s̃k dφ

′ = πs̃3
ũiũj ũk
ũ3

(5 cos3 θ′ − 3 cos θ′), for i 6= j 6= k. (H.9)

∫ 2π

φ′=0
s̃is̃

2
j dφ

′ = πs̃3
ũiũ

2
j

ũ3
(5 cos3 θ′ − 3 cos θ′) + πs̃3

ũi
ũ

cos θ′(1− cos2 θ′), for i 6= j. (H.10)

∫ 2π

φ′=0
s̃3i dφ

′ = πs̃3
ũ3i
ũ3

(5 cos3 θ′ − 3 cos θ′) + 3πs̃3
ũi
ũ

cos θ′(1− cos2 θ′). (H.11)

∫ 2π

φ′=0
s̃is̃j s̃

2
k dφ

′ =
π

4
s̃4
ũiũj ũ

2
k

ũ4
(35 cos4 θ′ − 30 cos2 θ′ + 3)

+
π

4
s̃4
ũiũj
ũ2

(5 cos2 θ′ − 1)(1 − cos2 θ′), for i 6= j 6= k. (H.12)

∫ 2π

φ′=0
s̃2i s̃

2
j dφ

′ =
π

4
s̃4
ũ2i ũ

2
j

ũ4
(35 cos4 θ′ − 30 cos2 θ′ + 3) +

π

4
s̃4(1− cos2 θ′)

2

+
π

4
s̃4

(ũ2i + ũ2j )

ũ2
(5 cos2 θ′ − 1)(1 − cos2 θ′), for i 6= j. (H.13)

∫ 2π

φ′=0
s̃is̃

3
j dφ

′ =
π

4
s̃4
ũiũ

3
j

ũ4
(35 cos4 θ′ − 30 cos2 θ′ + 3)

+
3π

4
s̃4
ũiũj
ũ2

(5 cos2 θ′ − 1)(1− cos2 θ′), for i 6= j. (H.14)

∫ 2π

φ′=0
s̃4i dφ

′ =
π

4
s̃4
ũ4i
ũ4

(35 cos4 θ′ − 30 cos2 θ′ + 3) +
3π

4
s̃4(1− cos2 θ′)

2

+
3π

2
s̃4
ũ2i
ũ2

(5 cos2 θ′ − 1)(1 − cos2 θ′). (H.15)

Next, applying eqs. (H.6)-(H.15) and using the facts (for a second order tensor A): Aii = 0 and

Aji = Aij , we shall evaluate few integrals which have appeared while deriving the constitutive

relations of O(Kǫ) and O(KK).



213

• Let Aij be the components of a second order tensor. Then Aij

∫ 2π

φ′=0
dφ′ s̃is̃j =?

Since

Aij

∫ 2π

φ′=0
dφ′ s̃is̃j =

3∑

i=1

Aii

∫ 2π

φ′=0
dφ′ s̃is̃i +

3∑

i,j=1
i 6=j

Aij

∫ 2π

φ′=0
dφ′ s̃is̃j,

using eqs. (H.7) and (H.8),

Aij

∫ 2π

φ′=0
dφ′ s̃is̃j =

3∑

i=1

Aiiπs̃
2

[
1− cos2 θ′ + (3 cos2 θ′ − 1)

ũ2i
ũ2

]

+

3∑

i,j=1
i 6=j

Aijπ
s̃2

ũ2
ũiũj(3 cos

2 θ′ − 1)

= πs̃2(1− cos2 θ′)
3∑

i=1

Aii + π
s̃2

ũ2

3∑

i,j=1

Aij ũiũj(3 cos
2 θ′ − 1)

= πs̃2Aii(1− cos2 θ′) + π
s̃2

ũ2
Aij ũiũj(3 cos

2 θ′ − 1). (H.16)

Therefore, using eqs. (H.6) and (H.16),

Aij

∫ 2π

φ′=0
dφ′ (ũi − s̃i)s̃j

= 2π
s̃

ũ
Aij ũiũj cos θ

′ − πs̃2Aii(1− cos2 θ′)− π s̃
2

ũ2
Aij ũiũj(3 cos

2 θ′ − 1)

= −πs̃2Aii(1− cos2 θ′) + 2π
s̃

ũ2
Aij ũiũj

{
ũ cos θ′ − 1

2
s̃(3 cos2 θ′ − 1)

}
. (H.17)

• ∂Vi
∂rj

∫ 2π

φ′=0
dφ′ s̃is̃j =?

Replacing Aij by ∂Vi
∂rj

in eq. (H.16),

∂Vi
∂rj

∫ 2π

φ′=0
dφ′ s̃is̃j = πs̃2(1− cos2 θ′)

∂Vi
∂ri

+ π
s̃2

ũ2
∂Vi
∂rj

ũiũj(3 cos
2 θ′ − 1)

= π
s̃2

ũ2
∂Vi
∂rj

ũiũj(3 cos
2 θ′ − 1). (H.18)

Therefore using eqs. (H.6) and (H.18),

∂Vi
∂rj

∫ 2π

φ′=0
dφ′ (ũi − s̃i)(ũj − s̃j) =

∂Vi
∂rj

∫ 2π

φ′=0
dφ′ (ũiũj − s̃iũj − s̃iũj + s̃is̃j)

=
∂Vi
∂rj

{
2πũiũj − 2π

s̃

ũ
ũiũj cos θ

′ − 2π
s̃

ũ
ũiũj cos θ

′ + π
s̃2

ũ2
∂Vi
∂rj

ũiũj(3 cos
2 θ′ − 1)

}

= 2π
1

ũ2
∂Vi
∂rj

ũiũj

{
ũ2 − 2ũs̃ cos θ′ +

1

2
s̃2(3 cos2 θ′ − 1)

}
. (H.19)
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• ∂Vi
∂rj

∂Vk
∂rl

∫ 2π

φ′=0
dφ′ s̃iũj s̃ks̃l =?

Since

∂Vi
∂rj

∂Vk
∂rl

∫ 2π

φ′=0
dφ′ s̃iũj s̃ks̃l

=

3∑

i,k,l=1
i 6=k 6=l 6=i

(
∂Vi
∂rj

∂Vk
∂rl

+
∂Vi
∂rj

∂Vl
∂rk

+
∂Vk
∂rj

∂Vi
∂rl

+
∂Vk
∂rj

∂Vl
∂ri

+
∂Vl
∂rj

∂Vi
∂rk

+
∂Vl
∂rj

∂Vk
∂ri

)
ũj

×
∫ 2π

φ′=0
dφ′ s̃is̃ks̃l +

3∑

i,k=1
i 6=k

(
∂Vk
∂rj

∂Vk
∂ri

+
∂Vk
∂rj

∂Vi
∂rk

+
∂Vi
∂rj

∂Vk
∂rk

)
ũj

∫ 2π

φ′=0
dφ′ s̃is̃

2
k

+

3∑

i=1

∂Vi
∂rj

∂Vi
∂ri

ũj

∫ 2π

φ′=0
dφ′ s̃3i ,

using eqs. (H.9)-(H.11),

∂Vi
∂rj

∂Vk
∂rl

∫ 2π

φ′=0
dφ′ s̃iũj s̃ks̃l

=

3∑

i,k,l=1
i 6=k 6=l 6=i

(
∂Vi
∂rj

∂Vk
∂rl

+
∂Vi
∂rj

∂Vl
∂rk

+
∂Vk
∂rj

∂Vi
∂rl

+
∂Vk
∂rj

∂Vl
∂ri

+
∂Vl
∂rj

∂Vi
∂rk

+
∂Vl
∂rj

∂Vk
∂ri

)
ũj

× πs̃3 ũiũkũl
ũ3

(5 cos3 θ′ − 3 cos θ′)

+

3∑

i,k=1
i 6=k

(
∂Vk
∂rj

∂Vk
∂ri

+
∂Vk
∂rj

∂Vi
∂rk

+
∂Vi
∂rj

∂Vk
∂rk

)
ũj

× πs̃3
[
ũiũ

2
k

ũ3
(5 cos3 θ′ − 3 cos θ′) +

ũi
ũ

cos θ′(1− cos2 θ′)

]

+

3∑

i=1

∂Vi
∂rj

∂Vi
∂ri

ũjπs̃
3

[
ũ3i
ũ3

(5 cos3 θ′ − 3 cos θ′) + 3
ũi
ũ

cos θ′(1− cos2 θ′)

]

= π
s̃3

ũ3

3∑

i,k,l=1

∂Vi
∂rj

∂Vk
∂rl

ũiũj ũkũl(5 cos
3 θ′ − 3 cos θ′)

+ π
s̃3

ũ

3∑

i,k=1

(
∂Vk
∂rj

∂Vk
∂ri

+
∂Vk
∂rj

∂Vi
∂rk

+
∂Vi
∂rj

∂Vk
∂rk

)
ũiũj cos θ

′(1− cos2 θ′)

= π
s̃3

ũ3
∂Vi
∂rj

∂Vk
∂rl

ũiũjũkũl(5 cos
3 θ′ − 3 cos θ′)

+ π
s̃3

ũ

(
∂Vk
∂ri

+
∂Vi
∂rk

)
∂Vk
∂rj

ũiũj cos θ
′(1− cos2 θ′)

= π
s̃3

ũ3
∂Vi
∂rj

∂Vk
∂rl

ũiũjũkũl(5 cos
3 θ′ − 3 cos θ′) + 2π

s̃3

ũ

∂Vi
∂rk

∂Vk
∂rj

ũiũj cos θ
′(1− cos2 θ′)

(H.20)
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and hence

∂Vi
∂rj

∂Vk
∂rl

∫ 2π

φ′=0
dφ′ ũis̃j s̃ks̃l =

∂Vj
∂ri

∂Vk
∂rl

∫ 2π

φ′=0
dφ′ ũj s̃is̃ks̃l

= π
s̃3

ũ3
∂Vi
∂rj

∂Vk
∂rl

ũiũj ũkũl(5 cos
3 θ′ − 3 cos θ′) + 2π

s̃3

ũ

∂Vi
∂rk

∂Vk
∂rj

ũiũj cos θ
′(1− cos2 θ′).

(H.21)

• ∂Vi
∂rj

∂Vk
∂rl

∫ 2π

φ′=0
dφ′ s̃is̃j s̃ks̃l =?

Since

∂Vi
∂rj

∂Vk
∂rl

∫ 2π

φ′=0
dφ′ s̃is̃j s̃ks̃l

=
3∑

i,j,k=1
i 6=j 6=k 6=i

(
∂Vk
∂rk

∂Vj
∂ri

+
∂Vj
∂rk

∂Vk
∂ri

+
∂Vj
∂ri

∂Vk
∂rk

+
∂Vk
∂rj

∂Vk
∂ri

+
∂Vj
∂rk

∂Vi
∂rk

+
∂Vk
∂rj

∂Vi
∂rk

)

×
∫ 2π

φ′=0
dφ′ s̃is̃j s̃

2
k

+

3∑

i,j=1
i 6=j

(
∂Vj
∂rj

∂Vj
∂ri

+
∂Vj
∂rj

∂Vi
∂rj

+
∂Vj
∂ri

∂Vj
∂rj

+
∂Vi
∂rj

∂Vj
∂rj

)∫ 2π

φ′=0
dφ′ s̃is̃

3
j

+

3∑

i,j=1
i 6=j

(
∂Vi
∂ri

∂Vj
∂rj

+
∂Vj
∂ri

∂Vi
∂rj

+
∂Vi
∂rj

∂Vi
∂rj

)∫ 2π

φ′=0
dφ′ s̃2i s̃

2
j +

3∑

i=1

∂Vi
∂ri

∂Vi
∂ri

∫ 2π

φ′=0
dφ′ s̃4i .
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Using eqs. (H.12)-(H.15),

∂Vi
∂rj

∂Vk
∂rl

∫ 2π

φ′=0
dφ′ s̃is̃j s̃ks̃l

=

3∑

i,j,k=1
i 6=j 6=k 6=i

(
∂Vk
∂rk

∂Vj
∂ri

+
∂Vj
∂rk

∂Vk
∂ri

+
∂Vj
∂ri

∂Vk
∂rk

+
∂Vk
∂rj

∂Vk
∂ri

+
∂Vj
∂rk

∂Vi
∂rk

+
∂Vk
∂rj

∂Vi
∂rk

)

×
[
π

4
s̃4
ũiũjũ

2
k

ũ4
(35 cos4 θ′ − 30 cos2 θ′ + 3) +

π

4
s̃4
ũiũj
ũ2

(5 cos2 θ′ − 1)(1 − cos2 θ′)

]

+

3∑

i,j=1
i 6=j

(
∂Vj
∂rj

∂Vj
∂ri

+
∂Vj
∂rj

∂Vi
∂rj

+
∂Vj
∂ri

∂Vj
∂rj

+
∂Vi
∂rj

∂Vj
∂rj

)

×
[
π

4
s̃4
ũiũ

3
j

ũ4
(35 cos4 θ′ − 30 cos2 θ′ + 3) +

3π

4
s̃4
ũiũj
ũ2

(5 cos2 θ′ − 1)(1− cos2 θ′)

]

+

3∑

i,j=1
i 6=j

(
∂Vi
∂ri

∂Vj
∂rj

+
∂Vj
∂ri

∂Vi
∂rj

+
∂Vi
∂rj

∂Vi
∂rj

)[
π

4
s̃4
ũ2i ũ

2
j

ũ4
(35 cos4 θ′ − 30 cos2 θ′ + 3)

+
π

4
s̃4(1− cos2 θ′)

2
+
π

4
s̃4

(ũ2i + ũ2j )

ũ2
(5 cos2 θ′ − 1)(1 − cos2 θ′)

]

+

3∑

i=1

∂Vi
∂ri

∂Vi
∂ri

[
π

4
s̃4
ũ4i
ũ4

(35 cos4 θ′ − 30 cos2 θ′ + 3) +
3π

4
s̃4(1− cos2 θ′)

2

+
3π

2
s̃4
ũ2i
ũ2

(5 cos2 θ′ − 1)(1 − cos2 θ′)

]

=
π

4

s̃4

ũ4
∂Vi
∂rj

∂Vk
∂rl

ũiũj ũkũl(35 cos
4 θ′ − 30 cos2 θ′ + 3)

3∑

i,j,k=1
i 6=j 6=k 6=i

(
∂Vk
∂rk

∂Vj
∂ri

+
∂Vj
∂rk

∂Vk
∂ri

+
∂Vj
∂ri

∂Vk
∂rk

+
∂Vk
∂rj

∂Vk
∂ri

+
∂Vj
∂rk

∂Vi
∂rk

+
∂Vk
∂rj

∂Vi
∂rk

)

× π

4
s̃4
ũiũj
ũ2

(5 cos2 θ′ − 1)(1 − cos2 θ′)

+

3∑

i,j=1
i 6=j

(
∂Vj
∂rj

∂Vj
∂ri

+
∂Vj
∂rj

∂Vi
∂rj

+
∂Vj
∂ri

∂Vj
∂rj

+
∂Vi
∂rj

∂Vj
∂rj

)

×
[
3π

4
s̃4
ũiũj
ũ2

(5 cos2 θ′ − 1)(1 − cos2 θ′)

]

+

3∑

i,j=1
i 6=j

(
∂Vi
∂ri

∂Vj
∂rj

+
∂Vj
∂ri

∂Vi
∂rj

+
∂Vi
∂rj

∂Vi
∂rj

)

×
[
π

4
s̃4(1− cos2 θ′)

2
+
π

4
s̃4

(ũ2i + ũ2j )

ũ2
(5 cos2 θ′ − 1)(1 − cos2 θ′)

]

+

3∑

i=1

∂Vi
∂ri

∂Vi
∂ri

[
3π

4
s̃4(1− cos2 θ′)

2
+

3π

2
s̃4
ũ2i
ũ2

(5 cos2 θ′ − 1)(1 − cos2 θ′)

]



217

or

∂Vi
∂rj

∂Vk
∂rl

∫ 2π

φ′=0
dφ′ s̃is̃j s̃ks̃l

=
π

4

s̃4

ũ4
∂Vi
∂rj

∂Vk
∂rl

ũiũj ũkũl(35 cos
4 θ′ − 30 cos2 θ′ + 3) +

π

4
s̃4

1

ũ2
(5 cos2 θ′ − 1)(1 − cos2 θ′)

×




3∑

i,j,k=1
i 6=j 6=k 6=i

(
∂Vk
∂rk

∂Vj
∂ri

+
∂Vj
∂rk

∂Vk
∂ri

+
∂Vj
∂ri

∂Vk
∂rk

+
∂Vk
∂rj

∂Vk
∂ri

+
∂Vj
∂rk

∂Vi
∂rk

+
∂Vk
∂rj

∂Vi
∂rk

)
ũiũj

+
3∑

i,j=1
i 6=j

(
∂Vj
∂rj

∂Vj
∂ri

+
∂Vj
∂rj

∂Vi
∂rj

+
∂Vj
∂ri

∂Vj
∂rj

+
∂Vi
∂rj

∂Vj
∂rj

)
3ũiũj

+
3∑

i,j=1
i 6=j

(
∂Vi
∂ri

∂Vj
∂rj

+
∂Vj
∂ri

∂Vi
∂rj

+
∂Vi
∂rj

∂Vi
∂rj

)
(ũ2i + ũ2j) +

3∑

i=1

∂Vi
∂ri

∂Vi
∂ri

6ũ2i




+
π

4
s̃4(1− cos2 θ′)

2




3∑

i,j=1
i 6=j

(
∂Vi
∂ri

∂Vj
∂rj

+
∂Vj
∂ri

∂Vi
∂rj

+
∂Vi
∂rj

∂Vi
∂rj

)
+ 3

3∑

i=1

∂Vi
∂ri

∂Vi
∂ri




=
π

4

s̃4

ũ4
∂Vi
∂rj

∂Vk
∂rl

ũiũj ũkũl(35 cos
4 θ′ − 30 cos2 θ′ + 3) +

π

4
s̃4

1

ũ2
(5 cos2 θ′ − 1)(1 − cos2 θ′)

×
3∑

i,j,k=1

(
∂Vk
∂rk

∂Vj
∂ri

+
∂Vj
∂rk

∂Vk
∂ri

+
∂Vj
∂ri

∂Vk
∂rk

+
∂Vk
∂rj

∂Vk
∂ri

+
∂Vj
∂rk

∂Vi
∂rk

+
∂Vk
∂rj

∂Vi
∂rk

)

× ũiũj +
π

4
s̃4(1− cos2 θ′)

2
3∑

i,j=1

(
∂Vi
∂ri

∂Vj
∂rj

+
∂Vj
∂ri

∂Vi
∂rj

+
∂Vi
∂rj

∂Vi
∂rj

)

=
π

4

s̃4

ũ4
∂Vi
∂rj

∂Vk
∂rl

ũiũj ũkũl(35 cos
4 θ′ − 30 cos2 θ′ + 3) +

π

4
s̃4

1

ũ2
(5 cos2 θ′ − 1)(1 − cos2 θ′)

×
(
∂Vj
∂rk

∂Vk
∂ri

+
∂Vk
∂rj

∂Vk
∂ri

+
∂Vj
∂rk

∂Vi
∂rk

+
∂Vk
∂rj

∂Vi
∂rk

)
ũiũj

+
π

4
s̃4(1− cos2 θ′)

2
(
∂Vj
∂ri

∂Vi
∂rj

+
∂Vi
∂rj

∂Vi
∂rj

)

or

∂Vi
∂rj

∂Vk
∂rl

∫ 2π

φ′=0
dφ′ s̃is̃j s̃ks̃l

=
π

4

s̃4

ũ4
∂Vi
∂rj

∂Vk
∂rl

ũiũjũkũl(35 cos
4 θ′ − 30 cos2 θ′ + 3)

+ πs̃4
1

ũ2
(5 cos2 θ′ − 1)(1 − cos2 θ′)

∂Vi
∂rk

∂Vk
∂rj

ũiũj +
π

2
s̃4(1− cos2 θ′)

2 ∂Vi
∂rj

∂Vj
∂ri

. (H.22)
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Therefore using eqs. (H.18) and (H.20)-(H.22),

∂Vi
∂rj

∂Vk
∂rl

∫ 2π

φ′=0
dφ′ (ũi − s̃i)(ũj − s̃j)s̃ks̃l

=
∂Vi
∂rj

∂Vk
∂rl

∫ 2π

φ′=0
dφ′ (ũiũj s̃ks̃l − s̃iũj s̃ks̃l − ũis̃j s̃ks̃l + s̃is̃j s̃ks̃l)

= π
s̃2

ũ2
∂Vi
∂rj

∂Vk
∂rl

ũiũjũkũl(3 cos
2 θ′ − 1)

− π s̃
3

ũ3
∂Vi
∂rj

∂Vk
∂rl

ũiũj ũkũl(5 cos
3 θ′ − 3 cos θ′)− 2π

s̃3

ũ

∂Vi
∂rk

∂Vk
∂rj

ũiũj cos θ
′(1− cos2 θ′)

− π s̃
3

ũ3
∂Vi
∂rj

∂Vk
∂rl

ũiũj ũkũl(5 cos
3 θ′ − 3 cos θ′)− 2π

s̃3

ũ

∂Vi
∂rk

∂Vk
∂rj

ũiũj cos θ
′(1− cos2 θ′)

+
π

4

s̃4

ũ4
∂Vi
∂rj

∂Vk
∂rl

ũiũj ũkũl(35 cos
4 θ′ − 30 cos2 θ′ + 3)

+ πs̃4
1

ũ2
(5 cos2 θ′ − 1)(1 − cos2 θ′)

∂Vi
∂rk

∂Vk
∂rj

ũiũj +
π

2
s̃4(1− cos2 θ′)

2 ∂Vi
∂rj

∂Vj
∂ri

or

∂Vi
∂rj

∂Vk
∂rl

∫ 2π

φ′=0
dφ′ (ũi − s̃i)(ũj − s̃j)s̃ks̃l

= 2π
s̃2

ũ4
∂Vi
∂rj

∂Vk
∂rl

ũiũjũkũl

{
ũ2

1

2
(3 cos2 θ′ − 1)− 2ũs̃

1

2
(5 cos3 θ′ − 3 cos θ′)

+s̃2
1

8
(35 cos4 θ′ − 30 cos2 θ′ + 3)

}

+ π
s̃3

ũ2
∂Vi
∂rk

∂Vk
∂rj

ũiũj(1− cos2 θ′){s̃(5 cos2 θ′ − 1)− 4ũ cos θ′}

+
π

2
s̃4(1− cos2 θ′)

2∂Vi
∂rj

∂Vj
∂ri

. (H.23)

• ∂Vj
∂rk

∂Θ

∂rl

∫ 2π

φ′=0
dφ′ s̃j s̃ks̃l =?

Since

∂Vj
∂rk

∂Θ

∂rl

∫ 2π

φ′=0
dφ′ s̃j s̃ks̃l

=

3∑

j,k,l=1
j 6=k 6=l 6=j

(
∂Vj
∂rk

∂Θ

∂rl
+
∂Vk
∂rj

∂Θ

∂rl
+
∂Vl
∂rk

∂Θ

∂rj
+
∂Vk
∂rl

∂Θ

∂rj
+
∂Vj
∂rl

∂Θ

∂rk
+
∂Vl
∂rj

∂Θ

∂rk

)

×
∫ 2π

φ′=0
dφ′ s̃j s̃ks̃l +

3∑

j,k=1
j 6=k

(
∂Vj
∂rk

∂Θ

∂rk
+
∂Vk
∂rj

∂Θ

∂rk
+
∂Vk
∂rk

∂Θ

∂rj

)∫ 2π

φ′=0
dφ′ s̃j s̃

2
k

+

3∑

j=1

∂Vj
∂rj

∂Θ

∂rj

∫ 2π

φ′=0
dφ′ s̃3j ,
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using eqs. (H.9)-(H.11),

∂Vj
∂rk

∂Θ

∂rl

∫ 2π

φ′=0
dφ′ s̃j s̃ks̃l

=

3∑

j,k,l=1
j 6=k 6=l 6=j

(
∂Vj
∂rk

∂Θ

∂rl
+
∂Vk
∂rj

∂Θ

∂rl
+
∂Vl
∂rk

∂Θ

∂rj
+
∂Vk
∂rl

∂Θ

∂rj
+
∂Vj
∂rl

∂Θ

∂rk
+
∂Vl
∂rj

∂Θ

∂rk

)

× πs̃3 ũj ũkũl
ũ3

(5 cos3 θ′ − 3 cos θ′)

+
3∑

j,k=1
j 6=k

(
∂Vj
∂rk

∂Θ

∂rk
+
∂Vk
∂rj

∂Θ

∂rk
+
∂Vk
∂rk

∂Θ

∂rj

)

× πs̃3
[
ũj ũ

2
k

ũ3
(5 cos3 θ′ − 3 cos θ′) +

ũj
ũ

cos θ′(1− cos2 θ′)

]

+

3∑

j=1

∂Vj
∂rj

∂Θ

∂rj
πs̃3

[
ũ3j
ũ3

(5 cos3 θ′ − 3 cos θ′) + 3
ũj
ũ

cos θ′(1− cos2 θ′)

]

= π
s̃3

ũ3

3∑

j,k,l=1

∂Vj
∂rk

∂Θ

∂rl
ũj ũkũl(5 cos

3 θ′ − 3 cos θ′)

+ π
s̃3

ũ

3∑

j,k=1

(
∂Vj
∂rk

∂Θ

∂rk
+
∂Vk
∂rj

∂Θ

∂rk
+
∂Vk
∂rk

∂Θ

∂rj

)
ũj cos θ

′(1− cos2 θ′)

= π
s̃3

ũ3
∂Vj
∂rk

∂Θ

∂rl
ũjũkũl(5 cos

3 θ′ − 3 cos θ′) + π
s̃3

ũ

(
∂Vj
∂rk

+
∂Vk
∂rj

)
∂Θ

∂rk
ũj cos θ

′(1− cos2 θ′)

or

∂Vj
∂rk

∂Θ

∂rl

∫ 2π

φ′=0
dφ′ s̃j s̃ks̃l

= π
s̃3

ũ3
∂Vj
∂rk

∂Θ

∂rl
ũj ũkũl(5 cos

3 θ′ − 3 cos θ′) + 2π
s̃3

ũ

∂Vj
∂rk

∂Θ

∂rk
ũj cos θ

′(1− cos2 θ′). (H.24)

Hence using eqs. (H.18) and (H.24),

∂Vj
∂rk

∂Θ

∂rl

∫ 2π

φ′=0
dφ′ ũis̃j s̃k(ũl − s̃l)

= ũiũl
∂Θ

∂rl
× π s̃

2

ũ2
∂Vj
∂rk

ũj ũk(3 cos
2 θ′ − 1)

− ũi
{
π
s̃3

ũ3
∂Vj
∂rk

∂Θ

∂rl
ũjũkũl(5 cos

3 θ′ − 3 cos θ′) + 2π
s̃3

ũ

∂Vj
∂rk

∂Θ

∂rk
ũj cos θ

′(1− cos2 θ′)

}

= 2π
s̃2

ũ3
∂Vj
∂rk

∂Θ

∂rl
ũiũjũkũl

{
ũ
1

2
(3 cos2 θ′ − 1)− s̃1

2
(5 cos3 θ′ − 3 cos θ′)

}

− 2π
s̃3

ũ

∂Vj
∂rk

∂Θ

∂rk
ũiũj cos θ

′(1− cos2 θ′). (H.25)
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Also, using eqs. (H.6), (H.16) and (H.24),

∂Vj
∂rk

∂Θ

∂rl

∫ 2π

φ′=0
dφ′ ũi(ũj − s̃j)(ũk − s̃k)s̃l

=
∂Vj
∂rk

∂Θ

∂rl
ũiũjũk × 2π

s̃

ũ
ũl cos θ

′

− ũiũj
{
πs̃2

∂Vj
∂rk

∂Θ

∂rk
(1− cos2 θ′) + π

s̃2

ũ2
∂Vj
∂rk

∂Θ

∂rl
ũkũl(3 cos

2 θ′ − 1)

}

− ũiũk
{
πs̃2

∂Vj
∂rk

∂Θ

∂rj
(1− cos2 θ′) + π

s̃2

ũ2
∂Vj
∂rk

∂Θ

∂rl
ũjũl(3 cos

2 θ′ − 1)

}

+ ũi

{
π
s̃3

ũ3
∂Vj
∂rk

∂Θ

∂rl
ũjũkũl(5 cos

3 θ′ − 3 cos θ′) + 2π
s̃3

ũ

∂Vj
∂rk

∂Θ

∂rk
ũj cos θ

′(1− cos2 θ′)

}

= 2π
s̃

ũ3
∂Vj
∂rk

∂Θ

∂rl
ũiũjũkũl

{
ũ2 cos θ′ − 2ũs̃

1

2
(3 cos2 θ′ − 1) + s̃2

1

2
(5 cos3 θ′ − 3 cos θ′)

}

− 2π
s̃2

ũ

∂Vj
∂rk

∂Θ

∂rk
ũiũj(ũ− s̃ cos θ′)(1− cos2 θ′). (H.26)



Appendix I

Fredholm-form of operator L̃

In this Appendix we shall transform the operator L̃ into a Fredholm-type integral operator (in

few equations), following a similar idea as in Sela et al. (1996) and then we shall show that the

unknown functions are even. In fact, when we say that the unknown functions Φ̂v, Φ̂c, Φ̂e and η̄

are functions of speed ũ alone, that itself means that the functions are even because magnitude

of velocity can not be negative. Nevertheless, we shall use the Fredholm form of operator L̃ to

show mathematically that these functions are even.

I.1 Fredholm-form of operator L̃

Consider eq. (3.20). This equation can be written as

L̃

[
Φ̂v(ũ1)ũ1iũ1j

]
= ũ1iũ1j . (I.1)

Using the definition of operator L̃ (eq. (2.37)), the left-hand side of eq. (I.1) can be written as

L̃

[
Φ̂v(ũ1)ũ1iũ1j

]
= L′

1[Φ(ũ1)] + L′
2[Φ(ũ1)]− L1[Φ(ũ1)]− L2[Φ(ũ1)], (I.2)

where

L′
1[Φ(ũ1)] =

1

π5/2

∫

k̂·ũ12>0
dũ2dk̂(k̂ · ũ12) e

−ũ2
2 Φ̂v(ũ

′
1)ũ

′
1iũ

′
1j , (I.3a)

L′
2[Φ(ũ1)] =

1

π5/2

∫

k̂·ũ12>0
dũ2dk̂(k̂ · ũ12) e

−ũ2
2 Φ̂v(ũ

′
2)ũ

′
2iũ

′
2j , (I.3b)

L1[Φ(ũ1)] =
1

π5/2

∫

k̂·ũ12>0
dũ2dk̂(k̂ · ũ12) e

−ũ2
2 Φ̂v(ũ1)ũ1iũ1j , (I.3c)

L2[Φ(ũ1)] =
1

π5/2

∫

k̂·ũ12>0
dũ2dk̂(k̂ · ũ12) e

−ũ2
2 Φ̂v(ũ2)ũ2iũ2j . (I.3d)

First consider L′
1[Φ(ũ1)]. Multiplying eq. (I.3a) by f̃0(ũ1)δ(ũ − ũ1) (where f̃0(ũ) is given in

eq. (2.17)), and integrating over ũ1, one obtains

f̃0(ũ)L
′
1[Φ(ũ)] =

1

π4

∫

k̂·ũ12>0
dũ1dũ2dk̂(k̂ · ũ12) e

−(ũ2
1+ũ2

2) Φ̂v(ũ
′
1)ũ

′
1iũ

′
1j δ(ũ− ũ1).

Since the operator L̃ is defined for elastic collisions, one may replace k̂ ·ũ12 by −k̂ ·ũ′
12, dũ1dũ2

by dũ′
1dũ

′
2 and ũ21 + ũ22 by ũ′21 + ũ′22 , and using eq. (2.1) with e = 1, we get

221
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f̃0(ũ)L
′
1[Φ(ũ)]

=
1

π4

∫

k̂·ũ′
12<0

dũ′
1dũ

′
2dk̂ (−k̂ · ũ′

12) e
−(ũ′2

1 +ũ′2
2 ) Φ̂v(ũ

′
1) ũ

′
1iũ

′
1j δ
(
ũ− ũ′

1 + (k̂ · ũ′
12)k̂

)
.

In the above integral, if we replace k̂ by −k̂ and adjust the limits of integrations over the

components of k̂ accordingly, we get

f̃0(ũ)L
′
1[Φ(ũ)]

=
1

π4

∫

k̂·ũ′
12>0

dũ′
1dũ

′
2dk̂ (k̂ · ũ′

12) e
−(ũ′2

1 +ũ′2
2 ) Φ̂v(ũ

′
1) ũ

′
1iũ

′
1j δ
(
ũ− ũ′

1 + (k̂ · ũ′
12)k̂

)
.

Since ũ′
1 and ũ′

2 are integration variables, we can omit the prime signs to get

f̃0(ũ)L
′
1[Φ(ũ)]

=
1

π4

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2) Φ̂v(ũ1)ũ1iũ1jδ
(
ũ− ũ1 + (k̂ · ũ12)k̂

)

=
1

π4

∫
dũ1dũ2 e

−(ũ2
1+ũ2

2) Φ̂v(ũ1)ũ1iũ1jI
(0)
δ ,

where I
(0)
δ is given in eq. (4.48). Let s̃ = ũ− ũ1 and the spherical coordinates of s̃ in the original

coordinate system be (s̃, θs̃, φs̃) and the integration over ũ2 is performed in a (rotated) spherical

coordinate system (ũ2, θ
′′
2 , φ

′′
2), which results from two rotations: (i) rotation of xy-plane in

positive direction (x towards y) around z-axis by an angle φs̃ and (ii) rotation of new zx-plane

in positive direction (z towards x) around new y-axis by an angle θs̃, so that s̃ coincides with

the new z-axis (see figure H.1) and s̃ · ũ2 = s̃ũ2 cos θ
′′
2 . Hence

f̃0(ũ)L
′
1[Φ(ũ)] =

1

π4

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′′2=0

∫ 2π

φ′′
2=0

dφ′′2dθ
′′
2dũ2 ũ

2
2 sin θ

′′
2 e

−(ũ2
1+ũ2

2) Φ̂v(ũ1)ũ1iũ1jI
(0)
δ

=
2

π3

∫
dũ1 e

−ũ2
1 Φ̂v(ũ1)ũ1iũ1j

∫ ∞

ũ2=0
ũ22 e

−ũ2
2

(∫ π

θ′′2=0
sin θ′′2I

(0)
δ dθ′′2

)
dũ2.

Using eq. (C.12), ∫ π

θ′′2=0
sin θ′′2I

(0)
δ dθ′′2 =

1

s̃ũ2
H

(
ũ2 −

∣∣∣∣
s̃ · ũ
s̃

∣∣∣∣
)
.

Hence

f̃0(ũ)L
′
1[Φ(ũ)] =

1

π3

∫
dũ1 e

−ũ2
1 Φ̂v(ũ1)ũ1iũ1j

1

s̃

∫ ∞

ũ2=0
(2ũ2) e

−ũ2
2 H

(
ũ2 −

∣∣∣∣
s̃ · ũ
s̃

∣∣∣∣
)
dũ2

=
1

π3

∫
dũ1 e

−ũ2
1 Φ̂v(ũ1)ũ1iũ1j

1

s̃

∫ ∞

ũ2=| s̃·ũs̃ |
(2ũ2) e

−ũ2
2 dũ2.

Let ũ22 = t ⇒ 2ũ2 dũ2 = dt. This implies that

f̃0(ũ)L
′
1[Φ(ũ)] =

1

π3

∫
dũ1 e

−ũ2
1 Φ̂v(ũ1)ũ1iũ1j

1

s̃
e−(

s̃·ũ
s̃ )

2

.
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Therefore

L′
1[Φ(ũ)] =

1

π3/2

∫
dũ1 e

−ũ2
1 Φ̂v(ũ1)ũ1iũ1j

1

s̃
eũ

2−( s̃·ũ
s̃ )

2

=
1

π3/2

∫
dũ1 e

−ũ2
1 Φ̂v(ũ1)ũ1iũ1j

1

|ũ− ũ1|
e
ũ2−

(

(ũ−ũ1)·ũ
|ũ−ũ1|

)2

.

Since ũ1 is the integration variable, we can change it to ũ2, i.e.,

L′
1[Φ(ũ)] =

1

π3/2

∫
dũ2 e

−ũ2
2 Φ̂v(ũ2)ũ2iũ2j

1

|ũ− ũ2|
e
ũ2−

(

(ũ−ũ2)·ũ
|ũ−ũ2|

)2

,

∴ L′
1[Φ(ũ1)] =

1

π3/2

∫
dũ2 e

−ũ2
2 Φ̂v(ũ2)ũ2iũ2j

1

|ũ1 − ũ2|
e
ũ2
1−

(

(ũ1−ũ2)·ũ1
|ũ1−ũ2|

)2

.

Let |ũ1 − ũ2| = R. Here

ũ21 −
(
(ũ1 − ũ2) · ũ1

|ũ1 − ũ2|

)2

=
1

R2

[
ũ21(ũ

2
1 − 2ũ1 · ũ2 + ũ22)− (ũ21 − ũ1 · ũ2)

2
]

=
1

R2

[
ũ21ũ

2
2 − (ũ1 · ũ2)

2
]
=

1

R2

[
ũ21ũ

2
2 − ũ21ũ22 cos2 θ′2

]

=
ũ21ũ

2
2 sin

2 θ′2
R2

=
|ũ1 × ũ2|2

R2
= w2,

where θ′2 is the angle between ũ1 and ũ2 and w ≡ ũ1×ũ2
R . Hence

L′
1[Φ(ũ1)] =

1

π3/2

∫
dũ2 Φ̂v(ũ2)ũ2iũ2j e

−ũ2
2
1

R
ew

2
. (I.4)

Next consider L′
2[Φ(ũ1)]. Multiplying eq. (I.3b) by f̃0(ũ1)δ(ũ− ũ1) and integrating over ũ1 one

obtains

f̃0(ũ)L
′
2[Φ(ũ)] =

1

π4

∫

k̂·ũ12>0
dũ1dũ2dk̂(k̂ · ũ12) e

−(ũ2
1+ũ2

2) Φ̂v(ũ
′
2)ũ

′
2iũ

′
2j δ(ũ− ũ1).

By using similar procedure as above, we get

f̃0(ũ)L
′
2[Φ(ũ)] =

1

π4

∫
dũ1dũ2 e

−(ũ2
1+ũ2

2) Φ̂v(ũ2)ũ2iũ2jI
(0)
δ .

Let t̃ = ũ− ũ2 and the spherical coordinates of t̃ in the original coordinate system be (t̃, θt̃, φt̃)

and the integration over ũ1 is performed in a (rotated) spherical coordinate system (ũ1, θ
′′
1 , φ

′′
1),

which results from two rotations: (i) rotation of xy-plane in positive direction (x towards y)

around z-axis by an angle φt̃ and (ii) rotation of new zx-plane in positive direction (z towards

x) around new y-axis by an angle θt̃, so that t̃ coincides with the new z-axis (see figure H.1)

and t̃ · ũ1 = t̃ũ1 cos θ
′′
1 . Hence

f̃0(ũ)L
′
2[Φ(ũ)] =

1

π4

∫
dũ2

∫ ∞

ũ1=0

∫ π

θ′′1=0

∫ 2π

φ′′
1=0

dφ′′1dθ
′′
1dũ1 ũ

2
1 sin θ

′′
1 e

−(ũ2
1+ũ2

2) Φ̂v(ũ2)ũ2iũ2jI
(0)
δ
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or

f̃0(ũ)L
′
2[Φ(ũ)] =

2

π3

∫
dũ2 e

−ũ2
2 Φ̂v(ũ2)ũ2iũ2j

∫ ∞

ũ1=0
ũ21 e

−ũ2
1

(∫ π

θ′′1=0
sin θ′′1I

(0)
δ dθ′′1

)
dũ1.

Using eq. (C.18), ∫ π

θ′′1=0
sin θ′′1I

(0)
δ dθ′′1 =

1

t̃ũ1
H

(
ũ1 −

∣∣∣∣
t̃ · ũ
t̃

∣∣∣∣
)
.

Hence

f̃0(ũ)L
′
2[Φ(ũ)] =

1

π3

∫
dũ2 e

−ũ2
2 Φ̂v(ũ2)ũ2iũ2j

1

t̃

∫ ∞

ũ1=0
(2ũ1) e

−ũ2
1 H

(
ũ1 −

∣∣∣∣
t̃ · ũ
t̃

∣∣∣∣
)
dũ1

=
1

π3

∫
dũ2 e

−ũ2
2 Φ̂v(ũ2)ũ2iũ2j

1

t̃

∫ ∞

ũ1=
∣

∣

∣

t̃·ũ
t̃

∣

∣

∣

(2ũ1) e
−ũ2

1 dũ1.

Let ũ21 = z ⇒ 2ũ1 dũ1 = dz. This implies that

f̃0(ũ)L
′
2[Φ(ũ)] =

1

π3

∫
dũ2 e

−ũ2
2 Φ̂v(ũ2)ũ2iũ2j

1

t̃
e
−
(

t̃·ũ
t̃

)2

.

Therefore

L′
2[Φ(ũ)] =

1

π3/2

∫
dũ2 e

−ũ2
2 Φ̂v(ũ2)ũ2iũ2j

1

t̃
e
ũ2−

(

t̃·ũ
t̃

)2

=
1

π3/2

∫
dũ2 e

−ũ2
2 Φ̂v(ũ2)ũ2iũ2j

1

|ũ− ũ2|
e
ũ2−

(

(ũ−ũ2)·ũ
|ũ−ũ2|

)2

.

∴ L′
2[Φ(ũ1)] =

1

π3/2

∫
dũ2 e

−ũ2
2 Φ̂v(ũ2)ũ2iũ2j

1

|ũ1 − ũ2|
e
ũ2
1−

(

(ũ1−ũ2)·ũ1
|ũ1−ũ2|

)2

,

i.e.,

L′
2[Φ(ũ1)] =

1

π3/2

∫
dũ2 Φ̂v(ũ2)ũ2iũ2j e

−ũ2
2
1

R
ew

2
. (I.5)

Next consider L1[Φ(ũ1)]. In eq. (I.3c), the integration over k̂ is trivial. Using eq. (G.1b),

L1[Φ(ũ1)] =
1

π3/2

∫
dũ2 ũ12 Φ̂v(ũ1)ũ1iũ1j e

−ũ2
2 .

The integration over ũ2 is given in eq. (G.3); using that, we get

L1[Φ(ũ1)] =
1√
π

[
e−ũ2

1 +
π1/2(1 + 2ũ21)

2ũ1
erf(ũ1)

]
Φ̂v(ũ1)ũ1iũ1j

=
1√
π
Q(ũ1)Φ̂v(ũ1)ũ1iũ1j , (I.6)

where Q(ũ) ≡ e−ũ2
+

√
π
2

(
2ũ+ 1

ũ

)
erf(ũ). Next consider L2[Φ(ũ1)]. In eq. (I.3d) also, the inte-

gration over k̂ is trivial. Using eq. (G.1b) and the relation: ũ12 = |ũ1 − ũ2| = R,

L2[Φ(ũ1)] =
1

π3/2

∫
dũ2 ũ12 Φ̂v(ũ2)ũ2iũ2j e

−ũ2
2 =

1

π3/2

∫
dũ2 Φ̂v(ũ2)ũ2iũ2j e

−ũ2
2 R. (I.7)
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Substituting the values of L′
1[Φ(ũ1)], L

′
2[Φ(ũ1)], L1[Φ(ũ1)] and L2[Φ(ũ1)] from eqs. (I.4)-(I.7)

respectively, into eq. (I.2), we get

L̃

[
Φ̂v(ũ1)ũ1iũ1j

]
=

1

π3/2

∫
dũ2 Φ̂v(ũ2)ũ2iũ2j e

−ũ2
2

(
2

R
ew

2 −R
)
− 1√

π
Q(ũ1)Φ̂v(ũ1)ũ1iũ1j .

Hence eq. (I.1) can be written as

− 1√
π

[
Q(ũ1)Φ̂v(ũ1)ũ1iũ1j +

1

π

∫
dũ2 Φ̂v(ũ2)ũ2iũ2j e

−ũ2
2

(
R− 2

R
ew

2

)]
= ũ1iũ1j . (I.8)

We shall multiply both sides of eq. (I.8) by ∂Vi
∂rj

for further simplification; recall that eq. (I.1)

resulted from comparing the coefficients ∂Vi
∂rj

in eqs. (3.5) and (3.18).

− 1√
π

[
Q(ũ1)Φ̂v(ũ1)ũ1iũ1j +

1

π

∫
dũ2 Φ̂v(ũ2)ũ2iũ2j e

−ũ2
2

(
R− 2

R
ew

2

)]
∂Vi
∂rj

= ũ1iũ1j
∂Vi
∂rj

. (I.9)

Next, we shall simplify the integral in the left-hand side of eq. (I.9) as following. Let

Iv =
∂Vi
∂rj

∫
dũ2 Φ̂v(ũ2)ũ2iũ2j e

−ũ2
2

(
R− 2

R
ew

2

)
.

Using eq. (F.3), the above equation can be written as

Iv =
∂Vi
∂rj

∫
dũ2 Φ̂v(ũ2)ũ2iũ2j e

−ũ2
2

(
R− 2

R
ew

2

)
.

The integration over ũ2 is performed in a (rotated) spherical coordinate system (ũ2, θ
′
2, φ

′
2)

described in part (III) of QKǫ
i3

such that ũ1 · ũ2 = ũ1ũ2 cos θ
′
2, i.e.,

Iv =
∂Vi
∂rj

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2 Φ̂v(ũ2)ũ2iũ2j e

−ũ2
2

(
R− 2

R
ew

2

)
.

Note that only components of ũ2 are the functions of φ′2. Hence the integration over φ′2 results

into (cf. eq. (H.18))

Iv =

∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ

2
2 sin θ

′
2 Φ̂v(ũ2)

{
π
ũ22
ũ21

∂Vi
∂rj

ũ1iũ1j(3 cos
2 θ′2 − 1)

}
e−ũ2

2

(
R− 2

R
ew

2

)
.

Again, using eq. (F.3), Iv can be written as

Iv = ũ1iũ1j
∂Vi
∂rj

2π

ũ21

∫ ∞

ũ2=0
ũ42 Φ̂v(ũ2)

{∫ π

θ′2=0
sin θ′2

(
R− 2

R
ew

2

)
P2(cos θ

′
2) dθ

′
2

}
e−ũ2

2 dũ2,

where P2(x) =
1
2(3x

2 − 1) is the second order Legendre polynomial. Let

An(ũ1, ũ2) =

∫ π

θ′2=0
sin θ′2

(
R− 2

R
ew

2

)
Pn(cos θ

′
2) dθ

′
2. (I.10)
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Therefore

Iv = ũ1iũ1j
∂Vi
∂rj

2π

ũ21

∫ ∞

ũ2=0
ũ42 Φ̂v(ũ2)A2(ũ1, ũ2) e

−ũ2
2 dũ2.

Using the above equation, eq. (I.9) reduces to

− 1√
π

[
Q(ũ1)Φ̂v(ũ1) +

2

ũ21

∫ ∞

0
dũ2 ũ

4
2 Φ̂v(ũ2)A2(ũ1, ũ2) e

−ũ2
2

]
= 1. (I.11)

Eq. (I.11) is the Fredholm-form of eq. (I.1), where, in particular, A2(ũ1, ũ2) (for ũ1 > ũ2) is

given by (Pekeris 1955):

A2(ũ1, ũ2) =
1

ũ31ũ
3
2

[
2

35
ũ72 −

2

15
ũ52ũ

2
1 + 3ũ21ũ2 − 3ũ32 + 18ũ2

+

√
π

2
(−6ũ42 + 2ũ21ũ

2
2 − 3ũ21 + 15ũ22 − 18) eũ

2
2 erf(ũ2)

]
. (I.12)

The value of A2(ũ1, ũ2) for ũ1 < ũ2 is obtained from eq. (I.12) by interchanging ũ1 and ũ2.

Next, consider eq. (3.21). This equation can be written as

L̃

[
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

]
=

(
ũ21 −

5

2

)
ũ1i. (I.13)

Using the definition of operator L̃ (eq. (2.37)), the left-hand side of eq. (I.13) can be written as

L̃

[
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

]
= L′

1[Φ(ũ1)] + L′
2[Φ(ũ1)]− L1[Φ(ũ1)]− L2[Φ(ũ1)], (I.14)

where

L′
1[Φ(ũ1)] =

1

π5/2

∫

k̂·ũ12>0
dũ2dk̂(k̂ · ũ12) e

−ũ2
2 Φ̂c(ũ

′
1)

(
ũ′21 −

5

2

)
ũ′1i, (I.15a)

L′
2[Φ(ũ1)] =

1

π5/2

∫

k̂·ũ12>0
dũ2dk̂(k̂ · ũ12) e

−ũ2
2 Φ̂c(ũ

′
2)

(
ũ′22 −

5

2

)
ũ′2i, (I.15b)

L1[Φ(ũ1)] =
1

π5/2

∫

k̂·ũ12>0
dũ2dk̂(k̂ · ũ12) e

−ũ2
2 Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i, (I.15c)

L2[Φ(ũ1)] =
1

π5/2

∫

k̂·ũ12>0
dũ2dk̂(k̂ · ũ12) e

−ũ2
2 Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2i. (I.15d)

First consider L′
1[Φ(ũ1)]. Multiplying eq. (I.15a) by f̃0(ũ1)δ(ũ − ũ1) and integrating over ũ1

one obtains

f̃0(ũ)L
′
1[Φ(ũ)] =

1

π4

∫

k̂·ũ12>0
dũ1dũ2dk̂ (k̂ · ũ12) e

−(ũ2
1+ũ2

2) Φ̂c(ũ
′
1)

(
ũ′21 −

5

2

)
ũ′1i δ(ũ− ũ1).

Since the operator L̃ is defined for elastic collisions, one may replace k̂ ·ũ12 by −k̂ ·ũ′
12, dũ1dũ2

by dũ′
1dũ

′
2 and ũ21 + ũ22 by ũ′21 + ũ′22 ; following a similar procedure as above, we get
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f̃0(ũ)L
′
1[Φ(ũ)]

=
1

π4

∫

k̂·ũ′
12>0

dũ′
1dũ

′
2dk̂ (k̂ · ũ′

12) e
−(ũ′2

1 +ũ′2
2 ) Φ̂c(ũ

′
1)

(
ũ′21 −

5

2

)
ũ′1i δ

(
ũ− ũ′

1 + (k̂ · ũ′
12)k̂

)
.

Since ũ′
1 and ũ′

2 are integration parameters, we can omit the prime signs to get

f̃0(ũ)L
′
1[Φ(ũ)] =

1

π4

∫
dũ1dũ2 e

−(ũ2
1+ũ2

2) Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1iI

(0)
δ .

The integration over ũ2 is performed in a rotated spherical coordinate system (ũ2, θ
′′
2 , φ

′′
2) (defined

as above), whose z-axis coincides with s̃ so that s̃ · ũ2 = s̃ũ2 cos θ
′′
2 . Hence

f̃0(ũ)L
′
1[Φ(ũ)]

=
1

π4

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′′2=0

∫ 2π

φ′′
2=0

dφ′′2dθ
′′
2dũ2 ũ

2
2 sin θ

′′
2 e

−(ũ2
1+ũ2

2) Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1iI

(0)
δ

=
2

π3

∫
dũ1 e

−ũ2
1 Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

∫ ∞

ũ2=0
ũ22 e

−ũ2
2

(∫ π

θ′′2=0
sin θ′′2I

(0)
δ dθ′′2

)
dũ2.

We integrate over θ′′2 and ũ2 by following exactly similar procedure as above and get

f̃0(ũ)L
′
1[Φ(ũ)] =

1

π3

∫
dũ1 e

−ũ2
1 Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

1

s̃
e−(

s̃·ũ
s̃ )

2

or

L′
1[Φ(ũ)] =

1

π3/2

∫
dũ1 e

−ũ2
1 Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

1

|ũ− ũ1|
e
ũ2−

(

(ũ−ũ1)·ũ
|ũ−ũ1|

)2

.

Since ũ1 is the integration variable, we can change it to ũ2, i.e.,

L′
1[Φ(ũ)] =

1

π3/2

∫
dũ2 e

−ũ2
2 Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2i

1

|ũ− ũ2|
e
ũ2−

(

(ũ−ũ2)·ũ
|ũ−ũ2|

)2

,

∴ L′
1[Φ(ũ1)] =

1

π3/2

∫
dũ2 e

−ũ2
2 Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2i

1

|ũ1 − ũ2|
e
ũ2
1−

(

(ũ1−ũ2)·ũ1
|ũ1−ũ2|

)2

=
1

π3/2

∫
dũ2 Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2i e

−ũ2
2
1

R
ew

2
. (I.16)

Next consider L′
2[Φ(ũ1)]. Multiplying eq. (I.15b) by f̃0(ũ1)δ(ũ − ũ1) and integrating over ũ1

one obtains

f̃0(ũ)L
′
2[Φ(ũ)] =

1

π4

∫

k̂·ũ12>0
dũ1dũ2dk̂(k̂ · ũ12) e

−(ũ2
1+ũ2

2) Φ̂c(ũ
′
2)

(
ũ′22 −

5

2

)
ũ′2i δ(ũ − ũ1).

By using similar procedure as above, we get

f̃0(ũ)L
′
2[Φ(ũ)] =

1

π4

∫
dũ1dũ2 e

−(ũ2
1+ũ2

2) Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2iI

(0)
δ .
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The integration over ũ1 is performed in a rotated spherical coordinate system (ũ1, θ
′′
1 , φ

′′
1) (defined

as above), whose z-axis coincides with t̃ so that t̃ · ũ1 = t̃ũ1 cos θ
′′
1 . Hence

f̃0(ũ)L
′
2[Φ(ũ)]

=
1

π4

∫
dũ2

∫ ∞

ũ1=0

∫ π

θ′′1=0

∫ 2π

φ′′
1=0

dφ′′1dθ
′′
1dũ1 ũ

2
1 sin θ

′′
1 e

−(ũ2
1+ũ2

2) Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2iI

(0)
δ

=
2

π3

∫
dũ2 e

−ũ2
2 Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2i

∫ ∞

ũ1=0
ũ21 e

−ũ2
1

(∫ π

θ′′1=0
sin θ′′1I

(0)
δ dθ′′1

)
dũ1.

We integrate over θ′′1 and ũ1 by following exactly similar procedure as above and get

f̃0(ũ)L
′
2[Φ(ũ)] =

1

π3

∫
dũ2 e

−ũ2
2 Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2i

1

t̃
e
−
(

t̃·ũ
t̃

)2

or

L′
2[Φ(ũ)] =

1

π3/2

∫
dũ2 e

−ũ2
2 Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2i

1

|ũ− ũ2|
e
ũ2−

(

(ũ−ũ2)·ũ
|ũ−ũ2|

)2

.

∴ L′
2[Φ(ũ1)] =

1

π3/2

∫
dũ2 e

−ũ2
2 Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2i

1

|ũ1 − ũ2|
e
ũ2
1−

(

(ũ1−ũ2)·ũ1
|ũ1−ũ2|

)2

=
1

π3/2

∫
dũ2 Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2i e

−ũ2
2
1

R
ew

2
. (I.17)

Next consider L1[Φ(ũ1)]. In eq. (I.15c), the integration over k̂ is trivial. Using eq. (G.1b),

L1[Φ(ũ1)] =
1

π3/2

∫
dũ2 ũ12 Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i e

−ũ2
2 .

The integration over ũ2 is given in eq. (G.3); using that we get

L1[Φ(ũ1)] =
1√
π

[
e−ũ2

1 +
π1/2(1 + 2ũ21)

2ũ1
erf(ũ1)

]
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

=
1√
π
Q(ũ1)Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i. (I.18)

Next consider L2[Φ(ũ1)]. In eq. (I.15d) also, the integration over k̂ is trivial. Using eq. (G.1b),

L2[Φ(ũ1)] =
1

π3/2

∫
dũ2 ũ12 Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2i e

−ũ2
2

=
1

π3/2

∫
dũ2 Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2i e

−ũ2
2 R. (I.19)

Substituting the values of L′
1[Φ(ũ1)], L

′
2[Φ(ũ1)], L1[Φ(ũ1)] and L2[Φ(ũ1)] from eqs. (I.16)-(I.19)

respectively, into eq. (I.14), we get
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L̃

[
Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i

]
=

1

π3/2

∫
dũ2 Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2i e

−ũ2
2

(
2

R
ew

2 −R
)

− 1√
π
Q(ũ1)Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i.

Hence eq. (I.13) can be written as

− 1√
π

[
Q(ũ1)Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i +

1

π

∫
dũ2 Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2i e

−ũ2
2

(
R− 2

R
ew

2

)]

=

(
ũ21 −

5

2

)
ũ1i. (I.20)

Next, we shall simplify the integral in the left-hand side of eq. (I.20). Let

Ic =

∫
dũ2 Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2i e

−ũ2
2

(
R− 2

R
ew

2

)
. (I.21)

The integration over ũ2 is performed in a (rotated) spherical coordinate system (ũ2, θ
′
2, φ

′
2)

described in part (III) of QKǫ
i3

such that ũ1 · ũ2 = ũ1ũ2 cos θ
′
2, i.e.,

Ic =

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2 Φ̂c(ũ2)

(
ũ22 −

5

2

)
ũ2i e

−ũ2
2

(
R− 2

R
ew

2

)
.

Note that only components of ũ2 are the functions of φ′2 (see Appendix H). The integration

over φ′2 results into (cf. eq. (H.6))

Ic =

∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ

2
2 sin θ

′
2 Φ̂c(ũ2)

(
ũ22 −

5

2

)(
2π
ũ2
ũ1
ũ1i cos θ

′
2

)
e−ũ2

2

(
R− 2

R
ew

2

)

=
2π

ũ1
ũ1i

∫ ∞

ũ2=0
ũ32

(
ũ22 −

5

2

)
Φ̂c(ũ2)

{∫ π

θ′2=0
sin θ′2

(
R− 2

R
ew

2

)
P1(cos θ

′
2) dθ

′
2

}
e−ũ2

2 dũ2,

where P1(x) = x is the first order Legendre polynomial. Hence

Ic =
2π

ũ1
ũ1i

∫ ∞

ũ2=0
ũ32

(
ũ22 −

5

2

)
Φ̂c(ũ2)A1(ũ1, ũ2) e

−ũ2
2 dũ2.

Hence eq. (I.20) changes to

− 1√
π

[
Q(ũ1)Φ̂c(ũ1)

(
ũ21 −

5

2

)
ũ1i +

2

ũ1
ũ1i

∫ ∞

ũ2=0
dũ2 ũ

3
2

(
ũ22 −

5

2

)
Φ̂c(ũ2)A1(ũ1, ũ2) e

−ũ2
2

]

=

(
ũ21 −

5

2

)
ũ1i

or

− 1√
π

[
Q(ũ1)Φ̂c(ũ1) +

2

ũ1
(
ũ21 − 5

2

)
∫ ∞

ũ2=0
dũ2 ũ

3
2

(
ũ22 −

5

2

)
Φ̂c(ũ2)A1(ũ1, ũ2) e

−ũ2
2

]
= 1. (I.22)
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Eq. (I.22) is the Fredholm-form of eq. (I.13), where, in particular, A1(ũ1, ũ2) (for ũ1 > ũ2) is

given by (Pekeris 1955):

A1(ũ1, ũ2) =
1

ũ21ũ
2
2

[
2

15
ũ52 −

2

3
ũ32ũ

2
1 − 4

{
ũ2 +

√
π

2
(ũ22 − 1) eũ

2
2 erf(ũ2)

}]
. (I.23)

The value of A1(ũ1, ũ2) for ũ1 < ũ2 is obtained from eq. (I.23) by interchanging ũ1 and ũ2.

Next, we shall change the operator L̃ in eq. (3.29) into a Fredholm-type integral operator.

Using eq. (3.35), eq. (3.29) can be written as

L̃

[
Φ̂e(ũ1)

]
= h(ũ1), (I.24)

where h(ũ) is given in eq. (3.30). Using the definition of operator L̃ (eq. (2.37)), the left-hand

side of eq. (I.24) can be written as

L̃

[
Φ̂e(ũ1)

]
= L′

1[Φ(ũ1)] + L′
2[Φ(ũ1)]− L1[Φ(ũ1)]− L2[Φ(ũ1)], (I.25)

where

L′
1[Φ(ũ1)] =

1

π5/2

∫

k̂·ũ12>0
dũ2dk̂(k̂ · ũ12) e

−ũ2
2 Φ̂e(ũ

′
1), (I.26a)

L′
2[Φ(ũ1)] =

1

π5/2

∫

k̂·ũ12>0
dũ2dk̂(k̂ · ũ12) e

−ũ2
2 Φ̂e(ũ

′
2), (I.26b)

L1[Φ(ũ1)] =
1

π5/2

∫

k̂·ũ12>0
dũ2dk̂(k̂ · ũ12) e

−ũ2
2 Φ̂e(ũ1), (I.26c)

L2[Φ(ũ1)] =
1

π5/2

∫

k̂·ũ12>0
dũ2dk̂(k̂ · ũ12) e

−ũ2
2 Φ̂e(ũ2). (I.26d)

First consider L′
1[Φ(ũ1)]. Multiplying eq. (I.26a) by f̃0(ũ1)δ(ũ − ũ1) and integrating over ũ1

one obtains

f̃0(ũ)L
′
1[Φ(ũ)] =

1

π4

∫

k̂·ũ12>0
dũ1dũ2dk̂(k̂ · ũ12) e

−(ũ2
1+ũ2

2) Φ̂e(ũ
′
1) δ(ũ− ũ1).

Since the operator L̃ is defined for elastic collisions, one may replace k̂ ·ũ12 by −k̂ ·ũ′
12, dũ1dũ2

by dũ′
1dũ

′
2 and ũ21 + ũ22 by ũ′21 + ũ′22 ; following a similar procedure as above, we get

f̃0(ũ)L
′
1[Φ(ũ)] =

1

π4

∫

k̂·ũ′
12>0

dũ′
1dũ

′
2dk̂(k̂ · ũ′

12) e
−(ũ′2

1 +ũ′2
2 ) Φ̂e(ũ

′
1) δ
(
ũ− ũ′

1 + (k̂ · ũ′
12)k̂

)
.

Since ũ′
1 and ũ′

2 are integration parameters, we can omit the prime signs to get

f̃0(ũ)L
′
1[Φ(ũ)] =

1

π4

∫
dũ1dũ2 e

−(ũ2
1+ũ2

2) Φ̂e(ũ1)I
(0)
δ .

The integration over ũ2 is performed in a rotated spherical coordinate system (ũ2, θ
′′
2 , φ

′′
2) (defined

as above), whose z-axis coincides with s̃ so that s̃ · ũ2 = s̃ũ2 cos θ
′′
2 . Hence



I.1 Fredholm-form of operator L̃ 231

f̃0(ũ)L
′
1[Φ(ũ)] =

1

π4

∫
dũ1

∫ ∞

ũ2=0

∫ π

θ′′2=0

∫ 2π

φ′′
2=0

dφ′′2dθ
′′
2dũ2 ũ

2
2 sin θ

′′
2 e

−(ũ2
1+ũ2

2) Φ̂e(ũ1)I
(0)
δ

=
2

π3

∫
dũ1 e

−ũ2
1 Φ̂e(ũ1)

∫ ∞

ũ2=0
ũ22 e

−ũ2
2

(∫ π

θ′′2=0
sin θ′′2I

(0)
δ dθ′′2

)
dũ2.

We integrate over θ′′2 and ũ2 by following exactly similar procedure as above and get

f̃0(ũ)L
′
1[Φ(ũ)] =

1

π3

∫
dũ1 e

−ũ2
1 Φ̂e(ũ1)

1

s̃
e−(

s̃·ũ
s̃ )

2

or

L′
1[Φ(ũ)] =

1

π3/2

∫
dũ1 e

−ũ2
1 Φ̂e(ũ1)

1

|ũ− ũ1|
e
ũ2−

(

(ũ−ũ1)·ũ

|ũ−ũ1|

)2

.

Since ũ1 is the integration variable, we can change it to ũ2, i.e.,

L′
1[Φ(ũ)] =

1

π3/2

∫
dũ2 e

−ũ2
2 Φ̂e(ũ2)

1

|ũ− ũ2|
e
ũ2−

(

(ũ−ũ2)·ũ
|ũ−ũ2|

)2

,

∴ L′
1[Φ(ũ1)] =

1

π3/2

∫
dũ2 e

−ũ2
2 Φ̂e(ũ2)

1

|ũ1 − ũ2|
e
ũ2
1−

(

(ũ1−ũ2)·ũ1
|ũ1−ũ2|

)2

=
1

π3/2

∫
dũ2 Φ̂e(ũ2) e

−ũ2
2
1

R
ew

2
. (I.27)

Next consider L′
2[Φ(ũ1)]. Multiplying eq. (I.26b) by f̃0(ũ1)δ(ũ − ũ1) and integrating over ũ1

one obtains

f̃0(ũ)L
′
2[Φ(ũ)] =

1

π4

∫

k̂·ũ12>0
dũ1dũ2dk̂(k̂ · ũ12) e

−(ũ2
1+ũ2

2) Φ̂e(ũ
′
2) δ(ũ− ũ1).

By using similar procedure as above, we get

f̃0(ũ)L
′
2[Φ(ũ)] =

1

π4

∫
dũ1dũ2 e

−(ũ2
1+ũ2

2) Φ̂e(ũ2)I
(0)
δ .

The integration over ũ1 is performed in a rotated spherical coordinate system (ũ1, θ
′′
1 , φ

′′
1) (defined

as above), whose z-axis coincides with t̃ so that t̃ · ũ1 = t̃ũ1 cos θ
′′
1 . Hence

f̃0(ũ)L
′
2[Φ(ũ)] =

1

π4

∫
dũ2

∫ ∞

ũ1=0

∫ π

θ′′1=0

∫ 2π

φ′′
1=0

dφ′′1dθ
′′
1dũ1 ũ

2
1 sin θ

′′
1 e

−(ũ2
1+ũ2

2) Φ̂e(ũ2)I
(0)
δ

=
2

π3

∫
dũ2 e

−ũ2
2 Φ̂e(ũ2)

∫ ∞

ũ1=0
ũ21 e

−ũ2
1

(∫ π

θ′′1=0
sin θ′′1I

(0)
δ dθ′′1

)
dũ1.

We integrate over θ′′1 and ũ1 by following exactly similar procedure as above and get

f̃0(ũ)L
′
2[Φ(ũ)] =

1

π3

∫
dũ2 e

−ũ2
2 Φ̂e(ũ2)

1

t̃
e
−
(

t̃·ũ
t̃

)2

or

L′
2[Φ(ũ)] =

1

π3/2

∫
dũ2 e

−ũ2
2 Φ̂e(ũ2)

1

|ũ− ũ2|
e
ũ2−

(

(ũ−ũ2)·ũ
|ũ−ũ2|

)2

.
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∴ L′
2[Φ(ũ1)] =

1

π3/2

∫
dũ2 e

−ũ2
2 Φ̂e(ũ2)

1

|ũ1 − ũ2|
e
ũ2
1−

(

(ũ1−ũ2)·ũ1
|ũ1−ũ2|

)2

=
1

π3/2

∫
dũ2 Φ̂e(ũ2) e

−ũ2
2
1

R
ew

2
. (I.28)

Next consider L1[Φ(ũ1)]. In eq. (I.26c), the integration over k̂ is trivial. Using eq. (G.1b),

L1[Φ(ũ1)] =
1

π3/2

∫
dũ2 ũ12 Φ̂e(ũ1) e

−ũ2
2 .

The integration over ũ2 is given in eq. (G.3); using that we get

L1[Φ(ũ1)] =
1√
π

[
e−ũ2

1 +
π1/2(1 + 2ũ21)

2ũ1
erf(ũ1)

]
Φ̂e(ũ1) =

1√
π
Q(ũ1)Φ̂e(ũ1), (I.29)

where Q(ũ) ≡ e−ũ2
+

√
π
2

(
2ũ+ 1

ũ

)
erf(ũ). Next consider L2[Φ(ũ1)]. In eq. (I.26d) also, the

integration over k̂ is trivial. Using eq. (G.1b),

L2[Φ(ũ1)] =
1

π3/2

∫
dũ2 ũ12 Φ̂e(ũ2) e

−ũ2
2 =

1

π3/2

∫
dũ2 Φ̂e(ũ2) e

−ũ2
2 R. (I.30)

Substituting the values of L′
1[Φ(ũ1)], L

′
2[Φ(ũ1)], L1[Φ(ũ1)] and L2[Φ(ũ1)] from eqs. (I.27)-(I.30)

respectively, into eq. (I.25), we get

L̃

[
Φ̂e(ũ1)

]
=

1

π3/2

∫
dũ2 Φ̂e(ũ2) e

−ũ2
2

(
2

R
ew

2 −R
)
− 1√

π
Q(ũ1)Φ̂e(ũ1).

Hence eq. (I.24) can be written as

− 1√
π

[
Q(ũ1)Φ̂e(ũ1) +

1

π

∫
dũ2 Φ̂e(ũ2) e

−ũ2
2

(
R− 2

R
ew

2

)]
= h(ũ1). (I.31)

Next, we shall simplify the integral in the left-hand side of eq. (I.31). Let

Ie =

∫
dũ2 Φ̂e(ũ2) e

−ũ2
2

(
R− 2

R
ew

2

)
. (I.32)

The integration over ũ2 is performed in a (rotated) spherical coordinate system (ũ2, θ
′
2, φ

′
2)

described in part (III) of QKǫ
i3

such that ũ1 · ũ2 = ũ1ũ2 cos θ
′
2, i.e.,

Ie =

∫ ∞

ũ2=0

∫ π

θ′2=0

∫ 2π

φ′
2=0

dφ′2dθ
′
2dũ2 ũ

2
2 sin θ

′
2Φ̂e(ũ2) e

−ũ2
2

(
R− 2

R
ew

2

)

= 2π

∫ ∞

ũ2=0

∫ π

θ′2=0
dθ′2dũ2 ũ

2
2 sin θ

′
2Φ̂e(ũ2) e

−ũ2
2

(
R− 2

R
ew

2

)

= 2π

∫ ∞

ũ2=0
ũ22 Φ̂e(ũ2)

{∫ π

θ′2=0
sin θ′2

(
R− 2

R
ew

2

)
P0(cos θ

′
2) dθ

′
2

}
e−ũ2

2 dũ2,

where P0(x) = 1 is the zeroth order Legendre polynomial. Hence
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Ie = 2π

∫ ∞

ũ2=0
ũ22 Φ̂e(ũ2)A0(ũ1, ũ2) e

−ũ2
2 dũ2.

Hence eq. (I.31) changes to

− 1√
π

[
Q(ũ1)Φ̂e(ũ1) + 2

∫ ∞

ũ2=0
dũ2 ũ

2
2 Φ̂e(ũ2)A0(ũ1, ũ2) e

−ũ2
2

]
= h(ũ1). (I.33)

Eq. (I.33) is the Fredholm-form of eq. (I.24), where, in particular A0(ũ1, ũ2) (for ũ1 > ũ2) is

given by (Pekeris 1955):

A0(ũ1, ũ2) =
1

ũ1ũ2

[
2

3
ũ32 + 2ũ21ũ2 − 2

√
π eũ

2
2 erf(ũ2)

]
. (I.34)

The value of A0(ũ1, ũ2) for ũ1 < ũ2 is obtained from eq. (I.23) by interchanging ũ1 and ũ2.

Since the form of η̄(ũ) is similar to Φ̂e(ũ), the Fredholm-form of equation L̃ (η̄) = χ̄ can be

obtained by following a similar procedure.

I.2 To show that the unknown functions are even

Consider eq. (I.11). Replacing ũ1 by −ũ1 in eq. (I.11), it changes to

− 1√
π

[
Q(−ũ1)Φ̂v(−ũ1) +

2

ũ21

∫ ∞

0
dũ2 ũ

4
2 Φ̂v(ũ2)A2(−ũ1, ũ2) e−ũ2

2

]
= 1. (I.35)

Now, from the definition of Q(ũ) and the fact that error function is an odd funtion we see that

Q(−ũ) = e−ũ2
+

√
π

2

(
−2ũ+

1

(−ũ)

)
erf(−ũ) = e−ũ2

+

√
π

2

(
2ũ+

1

ũ

)
erf(ũ) = Q(ũ), (I.36)

i.e., Q(ũ) is an even function. Next, from the definition of An given in eq. (I.10),

A2(ũ1, ũ2) =

∫ π

θ′2=0
sin θ′2

(
R− 2

R
ew

2

)
P2(cos θ

′
2) dθ

′
2

=

∫ π

θ′2=0
sin θ′2

{√
(ũ21 − 2ũ1ũ2 cos θ

′
2 + ũ22)−

2√
(ũ21 − 2ũ1ũ2 cos θ′2 + ũ22)

× exp

(
ũ21ũ

2
2 sin

2 θ′2
ũ21 − 2ũ1ũ2 cos θ

′
2 + ũ22

)}
P2(cos θ

′
2) dθ

′
2.

Let cos θ′2 = y. Hence

A2(ũ1, ũ2) =

∫ 1

y=−1

{√
(ũ21 − 2ũ1ũ2y + ũ22)−

2√
(ũ21 − 2ũ1ũ2y + ũ22)

× exp

(
ũ21ũ

2
2(1− y2)

ũ21 − 2ũ1ũ2y + ũ22

)}
P2(y) dy.
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Therefore

A2(−ũ1, ũ2) =
∫ 1

y=−1

{√
(ũ21 + 2ũ1ũ2y + ũ22)−

2√
(ũ21 + 2ũ1ũ2y + ũ22)

× exp

(
ũ21ũ

2
2(1− y2)

ũ21 + 2ũ1ũ2y + ũ22

)}
P2(y) dy.

Substituting y = −x in the above equation and using the fact that P2(−x) = P2(x),

A2(−ũ1, ũ2) =
∫ −1

x=1

{√
(ũ21 − 2ũ1ũ2x+ ũ22)−

2√
(ũ21 − 2ũ1ũ2x+ ũ22)

× exp

(
ũ21ũ

2
2(1− x2)

ũ21 − 2ũ1ũ2x+ ũ22

)}
P2(x) (−dx)

=

∫ 1

x=−1

{√
(ũ21 − 2ũ1ũ2x+ ũ22)−

2√
(ũ21 − 2ũ1ũ2x+ ũ22)

× exp

(
ũ21ũ

2
2(1− x2)

ũ21 − 2ũ1ũ2x+ ũ22

)}
P2(x) dx = A2(ũ1, ũ2),

i.e., A2(ũ1, ũ2) is an even function in ũ1. Using these, eq. (I.35) changes to

− 1√
π

[
Q(ũ1)Φ̂v(−ũ1) +

2

ũ21

∫ ∞

0
dũ2 ũ

4
2 Φ̂v(ũ2)A2(ũ1, ũ2) e

−ũ2
2

]
= 1. (I.37)

Comparing eqs. (I.11) and (I.37), we see that Φ̂v(−ũ1) = Φ̂v(ũ1), i.e., Φ̂v(ũ1) is an even function

in ũ1.

Next, consider eq. (I.22). Replacing ũ1 by −ũ1 in eq. (I.22), it changes to

− 1√
π

[
Q(−ũ1)Φ̂c(−ũ1) +

2

−ũ1
(
ũ21 − 5

2

)
∫ ∞

ũ2=0
dũ2 ũ

3
2

(
ũ22 −

5

2

)
Φ̂c(ũ2)A1(−ũ1, ũ2) e−ũ2

2

]
= 1.

(I.38)

As above Q(−ũ) = Q(ũ) and from the definition of An given in eq. (I.10),

A1(ũ1, ũ2) =

∫ π

θ′2=0
sin θ′2

(
R− 2

R
ew

2

)
P1(cos θ

′
2) dθ

′
2.

Following exactly similar procedure as above and noting that P1(−x) = −P1(x), we get

A1(−ũ1, ũ2) = −A1(ũ1, ũ2),

i.e., A1(ũ1, ũ2) is an odd function in ũ1. Using these arguments, eq. (I.38) changes to

− 1√
π

[
Q(ũ1)Φ̂c(−ũ1) +

2

ũ1
(
ũ21 − 5

2

)
∫ ∞

ũ2=0
dũ2 ũ

3
2

(
ũ22 −

5

2

)
Φ̂c(ũ2)A1(ũ1, ũ2) e

−ũ2
2

]
= 1. (I.39)

Comparing eqs. (I.22) and (I.39), we see that Φ̂c(−ũ1) = Φ̂c(ũ1), i.e., Φ̂c(ũ1) is an even function

in ũ1.
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Next, consider eq. (I.33). Replacing ũ1 by −ũ1 in eq. (I.33), it changes to

− 1√
π

[
Q(−ũ1)Φ̂e(−ũ1) + 2

∫ ∞

ũ2=0
dũ2 ũ

2
2 Φ̂e(ũ2)A0(−ũ1, ũ2) e−ũ2

2

]
= h(−ũ1). (I.40)

As above Q(−ũ) = Q(ũ) and from the definition of An given in eq. (I.10),

A0(ũ1, ũ2) =

∫ π

θ′2=0
sin θ′2

(
R− 2

R
ew

2

)
P0(cos θ

′
2) dθ

′
2.

Following exactly similar procedure as above and noting that P0(−x) = P0(x), we get

A0(−ũ1, ũ2) = A0(ũ1, ũ2).

i.e., A0(ũ1, ũ2) is an even function in ũ1. Also, from eq. (3.30),

h(−ũ) = −
[(

2

π

)1/2(2

3
ũ2 − 1

)
+

(3− 2ũ2)

8π1/2
e−ũ2

+
(5 + 4ũ2 − 4ũ4) erf(−ũ)

16(−ũ)

]

and since erf(x) is an odd function, the above equation changes to

h(−ũ) = −
[(

2

π

)1/2(2

3
ũ2 − 1

)
+

(3− 2ũ2)

8π1/2
e−ũ2

+
(5 + 4ũ2 − 4ũ4) erf(ũ)

16ũ

]
= h(ũ),

i.e., h(ũ) is also an even function. Using these, eq. (I.40) changes to

− 1√
π

[
Q(ũ1)Φ̂e(−ũ1) + 2

∫ ∞

ũ2=0
dũ2 ũ

2
2 Φ̂e(ũ2)A0(ũ1, ũ2) e

−ũ2
2

]
= h(ũ1). (I.41)

Comparing eqs. (I.33) and (I.41), we see that Φ̂e(−ũ1) = Φ̂e(ũ1), i.e., Φ̂e(ũ1) is an even function

in ũ1.

Since the form of η̄(ũ) is similar to Φ̂e(ũ), one can show by following a similar procedure

that η̄(ũ) is also an even function.
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Jacobian of Transformations

In the component form eqns. (2.1a) and (2.1b) can be written as follows:

v1x = v′1x − kxη
{
(v′1x − v′2x)kx + (v′1y − v′2y)ky + (v′1z − v′2z)kz

}

v1y = v′1y − kyη
{
(v′1x − v′2x)kx + (v′1y − v′2y)ky + (v′1z − v′2z)kz

}

v1z = v′1z − kzη
{
(v′1x − v′2x)kx + (v′1y − v′2y)ky + (v′1z − v′2z)kz

}

v2x = v′2x + kxη
{
(v′1x − v′2x)kx + (v′1y − v′2y)ky + (v′1z − v′2z)kz

}

v2y = v′2y + kyη
{
(v′1x − v′2x)kx + (v′1y − v′2y)ky + (v′1z − v′2z)kz

}

v2z = v′2z + kzη
{
(v′1x − v′2x)kx + (v′1y − v′2y)ky + (v′1z − v′2z)kz

}

where η = 1+e
2 . The relation between dv1dv2 and dv′

1dv
′
2 is given by

dv1dv2 = |J | dv′
1dv

′
2, (J.1)

where

J =
∂(v1,v2)

∂(v′
1,v

′
2)

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∂v1x
∂v′1x

∂v1x
∂v′1y

∂v1x
∂v′1z

∂v1x
∂v′2x

∂v1x
∂v′2y

∂v1x
∂v′2z

∂v1y
∂v′1x

∂v1y
∂v′1y

∂v1y
∂v′1z

∂v1y
∂v′2x

∂v1y
∂v′2y

∂v1y
∂v′2z

∂v1z
∂v′1x

∂v1z
∂v′1y

∂v1z
∂v′1z

∂v1z
∂v′2x

∂v1z
∂v′2y

∂v1z
∂v′2z

∂v2x
∂v′1x

∂v2x
∂v′1y

∂v2x
∂v′1z

∂v2x
∂v′2x

∂v2x
∂v′2y

∂v2x
∂v′2z

∂v2y
∂v′1x

∂v2y
∂v′1y

∂v2y
∂v′1z

∂v2y
∂v′2x

∂v2y
∂v′2y

∂v2y
∂v′2z

∂v2z
∂v′1x

∂v2z
∂v′1y

∂v2z
∂v′1z

∂v2z
∂v′2x

∂v2z
∂v′2y

∂v2z
∂v′2z

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

or

J =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1− kxkxη −kxkyη −kxkzη kxkxη kxkyη kxkzη

−kykxη 1− kykyη −kykzη kykxη kykyη kykzη

−kzkxη −kzkyη 1− kzkzη kzkxη kzkyη kzkzη

kxkxη kxkyη kxkzη 1− kxkxη −kxkyη −kxkzη
kykxη kykyη kykzη −kykxη 1− kykyη −kykzη
kzkxη kzkyη kzkzη −kzkxη −kzkyη 1− kzkzη

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

R1 → R1 +R4, R2 → R2 +R5, R3 → R3 +R6 imply that

J =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 0 1 0 0

0 1 0 0 1 0

0 0 1 0 0 1

kxkxη kxkyη kxkzη 1− kxkxη −kxkyη −kxkzη
kykxη kykyη kykzη −kykxη 1− kykyη −kykzη
kzkxη kzkyη kzkzη −kzkxη −kzkyη 1− kzkzη

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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C4 → C4 − C1, C5 → C5 − C2, C6 → C6 − C3 imply that

J =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

kxkxη kxkyη kxkzη 1− 2kxkxη −2kxkyη −2kxkzη
kykxη kykyη kykzη −2kykxη 1− 2kykyη −2kykzη
kzkxη kzkyη kzkzη −2kzkxη −2kzkyη 1− 2kzkzη

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

or

J =

∣∣∣∣∣∣∣

1− 2kxkxη −2kxkyη −2kxkzη
−2kykxη 1− 2kykyη −2kykzη
−2kzkxη −2kzkyη 1− 2kzkzη

∣∣∣∣∣∣∣

or

J = (1− 2kxkxη)(1 − 2kykyη − 2kzkzη) + 2kxkyη(−2kykxη)− 2kxkzη(2kzkxη)

= 1− 2kxkxη − 2kykyη − 2kzkzη = 1− 2η(k2x + k2y + k2z)

= 1− 2×
(
1 + e

2

)
× 1 = −e.

Hence from eqn. (J.1),

dv1dv2 = edv′
1dv

′
2 (J.2)

and hence for elastic case (i.e., e = 1)

dv1dv2 = dv′
1dv

′
2. (J.3)

Let us find out the Jacobian of another velocity transformation, through which velocities (ũ1, ũ2)

transform to (g1,g2) such that,

g1 = ũ1 + ũ2

g2 = ũ1 − ũ2.

The relation between dg1dg2 and dũ1dũ2 is given by

dg1dg2 = |J | dũ1dũ2, (J.4)

where

J =
∂(g1,g2)

∂(ũ1, ũ2)
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∂g1x
∂ũ1x

∂g1x
∂ũ1y

∂g1x
∂ũ1z

∂g1x
∂ũ2x

∂g1x
∂ũ2y

∂g1x
∂ũ2z

∂g1y
∂ũ1x

∂g1y
∂ũ1y

∂g1y
∂ũ1z

∂g1y
∂ũ2x

∂g1y
∂ũ2y

∂g1y
∂ũ2z

∂g1z
∂ũ1x

∂g1z
∂ũ1y

∂g1z
∂ũ1z

∂g1z
∂ũ2x

∂g1z
∂ũ2y

∂g1z
∂ũ2z

∂g2x
∂ũ1x

∂g2x
∂ũ1y

∂g2x
∂ũ1z

∂g2x
∂ũ2x

∂g2x
∂ũ2y

∂g2x
∂ũ2z

∂g2y
∂ũ1x

∂g2y
∂ũ1y

∂g2y
∂ũ1z

∂g2y
∂ũ2x

∂g2y
∂ũ2y

∂g2y
∂ũ2z

∂g2z
∂ũ1x

∂g2z
∂ũ1y

∂g2z
∂ũ1z

∂g2z
∂ũ2x

∂g2z
∂ũ2y

∂g2z
∂ũ2z

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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or

J =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 0 1 0 0

0 1 0 0 1 0

0 0 1 0 0 1

1 0 0 −1 0 0

0 1 0 0 −1 0

0 0 1 0 0 −1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

C4 → C4 − C1, C5 → C5 − C2, C6 → C6 − C3 imply that

J =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

1 0 0 −2 0 0

0 1 0 0 −2 0

0 0 1 0 0 −2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

or

J = (−2)3 = −8.

Hence from eqn. (J.4),

dg1dg2 = 8dũ1dũ2. (J.5)
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