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     SYNOPSIS 

Thermoelectric materials that convert heat flux into electrical energy are a topic of great scientific 

interest because of their potential to deal with the present day energy challenges.  Wide range 

applications and commercialization of these materials though critically depends on our ability to 

improve their efficiency by at least two to three folds from the present day laboratory value.  

 

The present thesis work deals with modelling how  electrons and phonons behave in nano-

structured metal/semiconductor superlattices based on (Hf,Zr)N/(Sc,Y)N system, using first-

principles density functional theory based calculations. Electronic structure, vibrational spectra, and 

thermal properties of these nitrides in bulk form are determined. The superlattices, made of these 

nitrides are simulated to understand their potential and suitability for thermoelectric applications. 

 

The first chapter of the thesis provides a brief introduction to thermoelectric materials, and related 

research. Starting from basic concepts like Seebeck and Peltier effect, we have invoked modern 

concepts like Mahan & Sofo theory, and Boltzmann transport theory to present the theoretical basis 

of advanced thermoelectric materials. The conflicting design challenges that prevent us from 

developing highly efficient thermoelectric materials are also discussed. Insightful pictures about the 

metal/semiconductor superlattices are given, and their working principle is discussed. 

 

In the second chapter, we present the electronic structure, vibrational spectra, and thermal properties 

of bulk ScN, ZrN, and HfN.  Hubbard U correction is used to fit the band gap with the experimental 

values and to connect it with the transport related effective mass calculations.  Vibrational spectra, 

lattice specific heat, and lattice thermal conductivity are also estimated to understand their potential 

to be used as component materials for metal/semiconductor superlattices.  

 

In the third chapter, we have used a combination of (1) generalised gradient approximation (GGA), 

(2) A Hubbard U correction along with GGA, and (3) GW approximation to estimate band gaps, 

effective masses, and volume deformation potentials of YN. Vibrational spectra, and thermal 

properties are estimated to understand its potential and suitability for alloying with other nitrides for 

thermoelectric applications. 

 

The last chapter of this thesis contains extensive theoretical analysis of ZrN/ScN and HfN/ScN 

metal/semiconductor superlattices for thermoelectric applications. The crystal structure, interface 

energy density, and inter planer distances are discussed. Electronic structures of these superlattices 



are calculated, and enhancement of Seebeck coefficient along the growth direction is discussed. 

Vibrational spectrum, lattice thermal conductivity, and its dependence on temperature, and 

contribution of phonons as a function of frequency is analysed. Finally we comment on the relative 

superiority of HfN based systems over ZrN ones. 
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Chapter 1 

Introduction  

An ever growing demand for alternate clean, green energy, coupled with climate change is 

bringing dramatic changes in the social and political structure of the world. The solution to this 

grand challenge lies essentially on discovering new and alternate source of energy, minimizing our 

over dependence on fossil fuel and conventional energy sources like coal and oil. Thermoelectric 

materials that convert heat flux directly into electrical energy hold an enormous promise to partly 

deal with this great challenge, and have been a topic of renewed scientific interest. These 

materials are characterised by their thermoelectric figure of merit 𝑍𝑇 =
𝑆2𝜎

𝜅𝑒+𝜅𝑝
𝑇, where S is the 

Seebeck coefficient, σ is the electrical conductivity, 𝜅𝑒  and 𝜅𝑝  are electronic and phonon 

contribution to thermal conductivity respectively, and T is the operating temperature. To be 

competitive with conventional power generator and refrigerator, we must develop materials with 

ZT of the order of 3-4, however research with conventional bulk materials in the last half century 

has yielded materials with ZT of the order of 1. Recent development in nano-science and nano-

engineering has demonstrated a possibility of increasing ZT, and many of the efforts in 

thermoelectric are now devoted in this direction. 

1.1 History and current status of thermoelectric energy research 

History of thermoelectricity and thermoelectric materials dates way back to the days of   Johann 

Seebeck (1822) and Peltier (1834), for their pioneering discovery of Seebeck effect and Peltier 

effect respectively. But it is W. Thomson who provided the first important theoretical basis for 

thermoelectricity.  He related, mathematically, the Peltier and Seebeck effects and predicted the 

existence of the Thomson effect.   



The first practical thermoelectric material was developed in USSR during the World War II to 

power radio sources. And in the mid fifties discoveries were made regarding materials which 

expanded the potential applications of this technology by opening up the possibilities to use larger 

temperature differences and higher efficiencies.    

Most of the early thermoelectric materials were based on the electron crystal phonon glass type 

materials like Bi2Te3, PbTe and its alloys, whose electrical properties are in the higher side like that 

of electron crystal, while thermal conductivity are of the order of phonon glass. But with the best of 

effort one could reach ZT of the order of 1 with these conventional materials, which the practical 

demand to achieve ZT about 3-4 remained elusive, and essentially no break-through happened from 

sixties to eighties.  

              

                           Figure 1(a)                                                                   Figure 1(b) 

Figure 1 (a) Schematic diagram of a thermoelectric device operating over a temperature gradient 

(http://web.mit.edu/nanoengineering/). (b) A prototype of real life thermoelectric device used by 

NASA for its space science exploration (http://thermoelectrics.caltech.edu/). 

 

 

The development of nano-science and nano-engineering in early nineties rejuvenated the field. The 

pioneering work of Dresselhaus and Hicks
1,2

 showed for the first time that nano-structured materials 

have immense potential to increase the material’s thermoelectric  performance. Their one-band 

model predicted that one dimensional nano-wire, two dimensional superlattices will have larger 

http://web.mit.edu/nanoengineering/
http://thermoelectrics.caltech.edu/


figure of merit due to the quantum confinement of electron and phonon. Their predictions were 

subsequently realised experimentally by Venkatsubramian et al
3
 and Harman et al

4
. While 

Venkatsubramian et al used Bi2Te3/Sb2Te3 superlattice to increase ZT upto 2.4, Harman et al 

investigated PbSeTe/PbTe quantum dot superlattice. Most of this enhancement of ZT was due to the 

reduction in lattice thermal conductivity coming from the quantum confinement of phonons at the 

interface of superlattices. 

                                                                                    

Figure 2. Historical development of thermoelectric materials efficiency
3
. 

In the meantime, better theoretical understanding of thermoelectric energy transport gave a new 

dimension to the bulk thermoelectric energy research, with Kanatzidis and Snyder taking lead.  

Kanatzidis et al
6
 found ZTmax about 2.2 at 800 K in AgPbmSbTe2+m, while Snyder et al

7
 used density 

of states engineering to increase ZT about 1.6 for p-type PbTe. The increase in ZT of these 

materials can be attributed to large mass of the constituent atoms, and heavy unit cell, reducing the 

lattice thermal conductivity without hampering the electrical properties. Although promising for 

their relatively easy manufacturability compared to the nano-structured superlattices, the presence 

of poisonous Pb may however restrict their practical application. 

Thermoelectric materials research today also circles around these two regimes (1) Nano-structured 

materials, like superlattices, quantum wires etc, and (2) Bulk materials with heavy atoms, and 

doping. Metal/semiconductor superlattices are currently being explored at various groups for their 

potential increment in ZT. The present thesis contains some important theoretical modelling results 



of two promising metal/semiconductor superlattices namely ZrN/ScN and HfN/ScN which are 

currently being investigated experimentally by a group of scientist at the Purdue University [Tim 

Sands et al.]. 

 

1.2 Basics of Thermoelectricity 

1.2.1 Seebeck effect   

The Seebeck effect is the conversion of temperature difference directly into electricity. 

Seebeck in 1822 observed that if a temperature difference exists between two dissimilar metals or 

semiconductors, an electrical current flow in the closed loop formed by the constituents’ elements. 

The voltage produced is proportional to the temperature difference between the two junctions, and 

the proportionality constant is known as the Seebeck coefficient, and often referred to as the 

thermoelectric power or thermopower.  

                                                                                                          (1) 

The voltage difference, V, produced across the terminals of an open circuit made from a pair of 

dissimilar metals, A and B, whose two junctions are held at different temperatures, is directly 

proportional to the difference between the hot and cold junction temperatures, Th - Tc. 

 

1.2.2 Peltier effect 

Peltier effect represents the calorific effect of an electrical current at the junction of two different 

metals. Peltier in 1834 discovered that When a current I is made to flow through the circuit, heat is 

released at the upper junction (at T2), and absorbed at the lower junction (at T1). The Peltier heat 

absorbed by the lower junction per unit time,  is equal to 

                                                                            (2) 

where, I is electrical current and ΠAB  is the Peltier coefficient of the materials. 



 

1.2.3 Thomson effect 

The Thomson effect was predicted and subsequently experimentally observed by Thomson in 

1851. It describes the heating or cooling of a current-carrying conductor with a temperature 

gradient. Any current-carrying conductor (except for a superconductor), with a temperature 

difference between two points, will either absorb or emit heat, depending on the material. 

If a current density J is passed through a homogeneous conductor, heat production per unit volume 

is: 

                                                                                                            (3) 

 

where ρ is the resistivity of the material, dT/dx is the temperature gradient along the wire, μ is the 

Thomson coefficient. 

 

1.3 Figure of merit of thermoelectric materials and conflicting design 

challenges 

The figure of merit of a thermoelectric device is defined as 

                                        𝑍𝑇 =
𝑆2𝜎

𝜅𝑒+𝜅𝑝
𝑇                                     (4) 

Where S is the Seebeck Coefficient, σ is the electrical conductivity, 𝜅𝑒  and 𝜅𝑝  are electronic and 

phonon contribution to thermal conductivity respectively, and T is the operating temperature or 

average temperature. Higher the value of ZT, better the material is for thermoelectric applications.  



                             

Figure 3. Thermoelectric power generation efficiency compared with other conventional power 

sources at different temperature ratio
8
. 

 

Figure 3 shows comparison of thermoelectric power generation efficiency of different processes. 

The thermal power plant and diesel plant has much higher power generation efficiency than 

thermoelectric materials, which stands way low. So, to be competitive with these power sources we 

must develop materials with ZT of the order of 3-4. But it is not easy to increase ZT because of the 

presence of mutually conflicting design parameters in the ZT expression 

(a).  If one increases the electrical conductivity (𝜎) by increasing the carrier concentration (n) [see 

expression 5], then according to Mott equation [see expression 6] of Seebeck coefficient (S) goes 

down. 

                             

                                                (5)                    

                                               ((6) (2(  

(b).  Moreover because of Wideman Franz law increase in electrical conductivity (𝜎) will be 

accompanied by increase in electronic contribution to thermal conductivity (𝜅𝑒). 

(c). Increase in effective mass of the system will increase the Seebeck coefficient (S), but the 

electrical conductivity (𝜎) will then go down. 
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(d). Artificial creation of defects will reduce the lattice contribution to thermal conductivity, but it 

also adversely affects the electrical conductivity. 

 

Although the creation of a more efficient thermoelectric material is an optimisation problem 

between S, 𝜎, 𝑎𝑛𝑑 𝜅, it is hard to optimise all in order to get a high ZT. 

 

1.4 Mahan & Sofo theory  

In an article titled “The best thermoelectric”, Mahan and Sofo
9
 came up with an elegant theoretical 

understanding of thermoelectricity. They solved the Boltzmann transport equation under relaxation 

time approximation to get expressions for electrical conductivity, Seebeck coefficient, and 

electronic contribution to thermal conductivity. Their expressions for these properties are  

    𝜎 = 𝑒2  𝑑휀 (−
𝑑𝑓0

𝑑휀
)Ʃ(휀)

+∞

−∞
    (7)                    

 

  𝑇𝜎𝑆 = 𝑒 𝑑휀  −
𝑑𝑓0

𝑑휀
 Ʃ 휀  휀 − 𝜇 

+∞
−∞

             (8)       

                                   

  𝑇𝜅𝑒 =  𝑑휀 (−
𝑑𝑓0

𝑑휀
)Ʃ(휀)(휀 − 𝜇)2+∞

−∞
   (9) 

where 𝜎, 𝑆, 𝑎𝑛𝑑  𝜅𝑒  are electrical conductivity, Seebeck coefficient, and electronic contribution to 

thermal conductivity respectively, 𝑓0  𝑖𝑠 𝑡𝑒 Fermi-Dirac distribution function, 𝜇 is the chemical 

potential of a material under consideration, and Ʃ(휀) is the transport distribution function, given by 

 

                                            Ʃ(휀) =  𝑣𝑥 𝑘 2
𝑘 𝜏 𝑘 𝛿(휀 − 휀(𝑘))    (10) 



 

where 𝑣𝑥 𝑘  is the group velocity of electron along x-direction, and having a wave-vector k, 𝜏 𝑘  is 

the relaxation time of the electron, and 𝛿(휀 − 휀(𝑘)) is the density of states. 

The first derivative of the Fermi-Dirac distribution function is bell-shaped in nature, and cantered 

around the Fermi energy. 

It is clear from the expression 9 that to achieve high Seebeck coefficient one need to have an 

asymmetry in the density of states at the Fermi energy, so which gives a large first moment  휀 − 𝜇 , 

and maximum thermopower. This is a key requirement of any type of thermoelectric materials. 

 

1.5 Expression of lattice thermal conductivity  

Boltzmann transport equation which works well in the quasi-ballistic regime can also be solved to 

obtain an expression for lattice thermal conductivity, which looks similar to its electronic 

counterpart, with the only difference that we now have Bose-Einstein distribution function, rather 

than Fermi-Dirac distribution. The expression is shown below. 

 

𝜅 = ℏ  
𝑑3𝑞

 2𝜋 3  𝑣𝑧𝜆  𝑞 2𝜔𝜆  𝜆  𝑞 𝜏𝜆 (q)(
𝑑𝑛𝐵 [𝜔𝜆  𝑞 ]

𝑑𝑇
)        (11) 

 𝑛𝐵[𝜔𝜆 𝑞 ] is the Bose-Einstein distribution function, 𝜔𝜆(𝑞) is the frequency of the phonon having 

q wave vector and  𝜆 normal mode. 

 

1.6 Metal/semiconductor superlattices  

Because of mutually conflicting design challenges mentioned above, it is very hard to achieve ZT 

above 2 till today. No conventional metal or semiconductors has the potential it seems, to live up to 

the expectations of having a high ZT. One approach which is currently being explored and which 

has a lot of potential is metal/semiconductor superlattices
10

. Effective energy filtering mechanism at 



the interface of the superlattices by creation of optimum Schottky barriers heights, as well as 

reduced lattice thermal conductivity resulting from the mismatch of phonon density of states at the 

interface does give higher ZT in these materials. 

 

Superlattices are periodic layers of different materials stacked one after another, where the 

periodicity may vary from nano to micro range. Metal/semiconductor binary superlattices are 

formed by stacking one layer of metal on top of one layer of semiconductor and repeating the 

process [see Fig 5 (a)].    

                      

     

                      4(a)                                                                            4(b)  

Figure 4 (a) Real space schematic diagram of a metal/semiconductor superlattice, (b) Reciprocal 

space picture. While the metallic layers act as potential well for electronic motion, the 

semiconductor layers offer barriers for its motion. 

 

The metallic layers are represented as the quantum well, while semiconductor layers act as barriers 

to the low energy electrons. As a result only a certain fraction of the total conduction electron 

reaches from the hot side to the cold side, increasing the Seebeck coefficient of the materials. This 

selective transport of electron from the hot to the cold side is termed as the energy filtering 

mechanism, which plays a key role on the performance of these materials system. 

 

Other advantage of these engineered materials engineering is, because of the mismatch in phonon 

density of states of the metal and the semiconductor, large number of phonons will get scattered at 

the interface, which will reduce the lattice thermal conductivity along the cross-plane directions. 



Since traditionally reduction in lattice thermal conductivity has given highly efficient thermoelectric 

materials, the superlattices whose lattice thermal conductivity is more than 10-100 times lower than 

their individual bulk component may prove an efficient way of getting better efficiency. 

However, drawback that these materials may have is its lower electrical conductivity because of the 

presence of the Schottky barriers, which may adversely affect the overall ZT.    

 

1.7 Summary of the systems studied in the thesis  

This thesis is aimed at gaining an insightful theoretical understanding of the physical and chemical 

properties of nitride metal/semiconductor superlattices for their potential application in the 

thermoelectric and thermionic energy conversion devices. We have attempted to (1) understand the 

role of electronic structure, vibrational spectra, and thermal properties of nitride materials, and their 

metal/semiconductor superlattices on their thermoelectric properties, (2) understand the role of 

epitaxial strain and interfaces on their transport properties, and (3) developing models that can be 

applied for superlattices with larger periodicities which are not simulated here. For each system of 

study (ZrN/ScN, and HfN/ScN), we have tried to point out how our results can be used for basic 

understanding and lead to technological applications. 
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Chapter 2 

Bulk Nitride Materials (ZrN, HfN, and ScN): Electronic 

structure, vibrational spectra and thermal properties 

 

Abstract 

With a motivation to understand microscopic aspects of ScN, ZrN, and HfN relevant to the 

thermoelectric properties of nitride metal/semiconductor superlattices, we determine their electronic 

structure, vibrational spectra and thermal properties using first-principles calculations based on 

density functional theory with a generalized gradient approximation of the exchange correlation 

energy. We find a large energy gap in the phonon dispersions of metallic ZrN and HfN, but a 

gapless phonon spectrum for ScN spanning the same energy range; this suggests that a reduced 

thermal conductivity, suitable for thermoelectric applications, should arise in superlattices made 

with ScN and ZrN or ScN and HfN. To obtain an electronic energy band gap of ScN comparable to 

experiment, we use a Hubbard correction with a parameter U =3.5 eV. Anomalies in the acoustic 

branches of the phonon  

 

 

 

The content of this chapter has been published as “Electronic structure, phonons, and thermal 

properties of ScN, ZrN, and HfN: A first-principles study” Bivas Saha, Jagaran Acharya, Timothy 

D. Sands and Umesh V. Waghmare, Journal of Applied Physics, 033715, 107, 2010. 

dispersion of ZrN and HfN, manifested as dips in the bands, can be understood through the nesting 

of Fermi surface determined from our calculations. To connect with transport properties, we have 



determined effective masses of ScN and determined their dependence on the U parameter. Using 

the relaxation time approximation in the Boltzmann transport theory, we estimate the temperature 

dependence of the lattice thermal conductivity and discuss the chemical trends among these nitrides. 

Our work uncovers important aspects of these nitrides for their potential applications in 

thermoelectric and thermionic devices. 

 

2.1 Introduction 

The early transition metal mononitrides are well known for their outstanding physical properties 

including high hardness, mechanical strength, high melting points, and electrical conductivity that 

vary from metallic to semiconducting. Because of these interesting features they have attracted wide 

attention of researchers and are extensively used in technological applications such as hard wear-

resistant coatings, diffusion barriers, and optical coatings. Recently, these materials are also being 

investigated to understand their potential for thermoelectric applications.
1,2

 As the growing demand 

for alternative clean energy catalyzes research in the thermoelectric field, we believe these materials 

ScN, ZrN, and HfN may have an important role to play in future thermoelectric devices, particularly 

at high operating temperatures where the refractory properties of the nitrides are a distinct 

advantage. 

 

Electronic structures and vibrational spectra of these materials have been topics of research
5,6,9,10

 for 

a considerable period of time. While most of these studies were aimed at understanding their 

physical properties, thorough analysis with a goal of assessing their potential for thermoelectric 

applications is much needed. The electronic structure of ScN has been intriguing as different groups 

have estimated different values of the band gap ranging from the zero band gap semimetallic
3,4

 state 

to an indirect band gap semiconductor.
5,6

 Recent experiments of Gall et al.,
7
 however, suggests an 

indirect Γ to X gap of 0.9 ± 0.1 eV. Most recent theoretical work by Abdallah et al.,
8
 based on the 

sophisticated GW approximation, has shown the same gap to be 0.99 ± 0.15 eV. Similarly, 



vibrational spectra of these materials have been calculated by Isaev et al
.9

 and Heid et al.
10

 

Interesting phonon anomalies in the acoustic branch of ZrN and HfN are well captured in their 

studies, and it would be nice to understand possible reasons for such phonon behaviour. To develop 

thermoelectric superlattices based on these nitrides, it is desirable to have a detailed comparative 

study of their electronic and thermal properties, which are relevant to thermoelectric behaviour. 

 

Here, we use first-principles simulations to determine electronic structures, vibrational spectra, and 

thermal properties of ScN, ZrN, and HfN in the rock salt structure aiming to understand (a) their 

miscibility, and the feasibility of growing metal/semiconductor superlattices and heterostructures, 

(b) the detailed nature of their electronic structures, and (c) their vibrational spectra and thermal 

properties, for the potential applications in thermoelectric and thermionic devices. Our first-

principles based DFT calculations should be useful to experimentalists in understanding properties 

of superlattices and multilayers of nitride materials relevant to thermoelectric applications. 

 

2.2 Computational Details 

We use plane wave self-consistent field (PWSCF) implementation of density functional theory 

(DFT), with a generalized gradient approximation (GGA)
11,12

 to exchange correlation energy and 

ultrasoft pseudopotential
13

 to represent the interaction between ionic cores and valance electrons. 

PWs with a cutoff energy of 30 Ry were used to represent the electronic wave functions and PWs 

with energy of 180 Ry were included for the description of charge density. Integration over the 

Brillouin zone is carried out using the Monkhorst–Pack scheme
14

 with a 10x10x10 mesh of k-

points, and occupation numbers are treated according to the Methfessel–Paxton
15

 scheme with a 

broadening of 0.003 Ry. A Hubbard U correction
25

 was included along with GGA in determination 

of the electronic structure of ScN. Lattice-dynamical calculations (the phonon spectrum, the density 

of states) are performed within the framework of the self-consistent density functional perturbation 

theory.
16

 PWs with cutoff energies of 40 and 750 Ry were used to describe wave functions and 



charge density, respectively. Such a high charge density cutoff is necessary to keep the errors in 

vibrational frequencies minimal. In order to understand the detailed features of the phonon spectra, 

force constants (K) are obtained on a 4x4x4 q-point mesh. The dynamical matrices at arbitrary wave 

vectors were obtained using Fourier transform based interpolations. 

 

The specific heat CP and thermal conductivity 𝜅𝛼𝛽 ( i.e along any arbitrary 𝛼𝛽 direction) are 

given by Eqs. (1) and (2), respectively 

                                    𝐶𝑃 =
1

𝑁𝑑
   𝐾𝐵  

ℏ𝜔𝜆𝑞

𝐾𝐵𝑇
 

2

 
𝑒

ℏ𝜔𝜆𝑞
𝐾𝐵𝑇

(𝑒

ℏ𝜔𝜆𝑞
𝐾𝐵𝑇 −1)2

𝜆𝑞                             (1) 

 

                𝜅 = ℏ  
𝑑3𝑞

 2𝜋 3
 𝑣𝑧𝜆  𝑞 2𝜔𝜆  𝜆  𝑞 𝜏𝜆(q)(

𝑑𝑛𝐵 [𝜔𝜆  𝑞 ]

𝑑𝑇
)                      (2) 

 

where 𝜆 is the polarization vector of the normal mode, 𝑣𝛼𝜆 (𝑞) and 𝑣𝛽𝜆 (𝑞)  are the velocity of 

phonon along any 𝛼 and 𝛽 directions, respectively, 𝜏𝜆 𝑞  is the relaxation time, and 𝑛𝐵[𝜔𝜆 𝑞 ] is 

the boson occupation function. The relaxation time 𝜏𝜆 𝑞   is assumed to be constant and kept 

outside the integral. Eigen frequencies were obtained in a dense mesh of 1000 k-points over the 

entire Brillouin zone, which are subsequently used in determining derivatives of phonon 

frequencies.  

To get an idea about diffusion of cations across an interface in a superlattice, we determine energy 

of mixing for ZrxSc1−xN, ScxZr1−xN, HfxSc1−xN, and ScxHf1−xN with x =0.06 by considering 

configurations with 2x2x2 cubic supercell. There are total of 496 configurations, however analysis 

with site occupancy disorder technique
28

 yields only five symmetry inequivalent configurations. 

The structures are relaxed until forces on each atom are less than 0.001 Ry/bohr, and the energy of 

mixing is calculated using the formula 



                      Emis = (EAmBnNm+n − mEAN – nEBN)/ (m + n), 

Where A and B represent transition metals, and EAN is the energy of a nitride AN per formula unit, 

EAmBnNmn is the energy of alloy composed of m formula units of AN and n formula units of BN. 

 

2.3 Results 

2.3.1 Crystal structure 

The three early transition mononitrides occur in rock salt crystal structure. Our estimates of the 

lattice constant and bulk moduli are compared with experimental and other theoretical values (see 

Table I). Our calculated values of bulk moduli are overestimated by a few to 10 % with respect to 

earlier GGA calculations,
5,9

 but they are closer to the experimental values of ZrN and HfN.
17

 For 

ScN, though our result is overestimated with respect to the experimental value,
18

 it is within the 

typical GGA error and consistent with other calculations. 

 

Energy of mixing of all configurations are very similar (see Table II) and negative, suggesting that 

diffusion of transition metal atoms into nitrides at the ZrN/ScN and HfN/ScN interface is quite 

possible and that the superlattice interface would not be atomically sharp. Our results suggest that 

Zr and Hf are more likely to diffuse to ScN side than Sc diffusing to ZrN or HfN. 

TABLE I. Calculated lattice constant a (Å) and bulk modulus (B) of ScN, ZrN, and HfN are 

presented. Results of other calculations and values of experimental data are listed on the next line 

after results of our calculations. 

 

 

System 

a 

(Ǻ) 

B 

(Mbar) 

ScN 4.52 

4.50,
a
 4.51,

b 
4.50,

e
 4.44

f
 

2.07 

2.01,
a
 1.98,

b
 1.82±0.40

d
 

ZrN 4.59 

4.57,
a
 4.583,

b
 4.537,

g
 4.61

f
 

2.89 

2.64,
a
 2.50,

b
 2.85

c
 



HfN 4.52 

4.54,
a
 4.54,

b
 4.52

g
 

2.94 

2.78,
a 
2.69,

b
 3.03

c
 

 

a
Reference 5.                                          

b
Reference 9. 

c
Reference 17.                                        

d
Reference 18. 

e
References 19–21.                                 

f
Reference 22. 

g
Reference 23. 

 

2.3.2 Electronic structure 

As mentioned earlier, both experimental and theoretical estimates of the electronic band gap of ScN 

(see Table III) have been multivalued and contradicting. Freeman et al.
5
 used  

 

 

TABLE II.  Calculated energies of cation mixing in eV per formula unit. X =0.06 and the SICs 

represent different symmetry inequivalent configurations. 

 

Multiplicity EZrxSc1−xN EScxZr1−xN EHfxSc1−xN EScxHf1−xN 

SIC1 -0.0516 -0.0201 -0.0706 -0.0278 

SIC2 -0.0529 -0.0197 -0.0729 -0.0280 

SIC3 -0.0535 -0.0198 -0.0743 -0.0272 

SIC4 -0.0518 -0.0191 -0.0715 -0.0273 

SIC5 -0.0533 -0.0202 -0.0738 -0.0280 

 

screened-exchange local-density approximation (LDA) and derived an indirect Γ to X band gap of 

1.58 eV, while Gall et al.
24

 used DFT and the exact exchange formalism to predict an indirect band 

gap of 1.6 eV. Their experimental measurement
24

 shows a band gap of 1.3±0.3 eV, with errors 



arising mainly from a large background carrier concentration causing an apparent increase in band 

gap. The most recent experiment of Gall et al.
7
 suggests a band gap of 0.9±0.1 eV. In this work, we 

have used GGA coupled with a Hubbard U parameter
25

 to fit the band gaps at different locations of 

the dispersion spectra. Our U=0.0 eV calculation shows that within GGA, ScN is semi-metallic in 

nature as found earlier by Srivastava et al
.26

. But such a discrepancy is not surprising as DFT is 

known to underestimate the band gap. It can be seen that for U =3.5 eV, we get an indirect Γ to X 

gap of 0.89 eV, direct Γ point gap of 2.93 eV, and X point gap of 1.86 eV, values that are 

reasonably close to experimental observations and other theoretical predictions. Although the direct 

gap at the Γ point is underestimated with respect to other DFT based calculations, the value is only 

slightly higher than experimental data. The gap at the X point, on the other hand is in better 

agreement with previous work. 

 

TABLE III. Calculated band gaps of ScN, followed by other theoretical calculations and 

experimental observations. 

 

Approach EΓ-X (eV) EX (eV) EΓ (eV) 

Present GGA+U 0.89 1.86 2.93 

LDA + correction
25

  0.90 2.00 4.30 

Screened exchange LDA
4
  1.58 2.41 4.80 

(G0W0)average
5
  0.99 2.02 3.62 

Experimental
22

  1.30±0.30 3.80 2.40 

Experimental
5
  0.90±0.10  2.15 

 

Calculated band structures of ScN (with a Hubbard U correction of U=3.5 eV), ZrN and HfN along 

high symmetry directions of the Brillouin zone (see Fig. 1(a)–1(c)) indicate that ZrN and HfN have 

similar band structures and both are metallic in nature with bands crossing the Fermi energy near 

the Γ, W and K points. Since both Zr and Hf are in the same column of the periodic table, and have 



the same oxidation state in their respective mononitrides with roughly the same lattice constants, 

such similarity in electronic structures is not surprising. Bandwidths in HfN are slightly larger than 

ZrN indicating larger coupling for HfN between p-states of nitrogen and d-states of the transition 

metals, consistent with its larger size. For ScN, semiconducting character is prominent in the band 

structure with a Γ to X (100 direction in Brillouin zone) band gap of 0.89 eV. 

 



 

Figure 1. Electronic structure of (a) ScN, (b) ZrN, and (c) HfN, respectively, along high symmetry 

directions in the Brillouin zone. The symmetry points are Γ (000), X (010), W (
1

2
10), L (111), K (

3

4

3

4
 

0) in the Brillouin zone, and density of electronic states of (d) ScN, (e) ZrN, and (f) HfN. A small 

gap in the spectrum of ScN and small asymmetry (linear behaviour) at EF in the DOS of ZrN and 

HfN are evident. 

 

 

 



The longitudinal (ml) and transverse (mt) effective masses of the conduction band at the X point in 

the band structure of ScN are calculated by fitting a quadratic function to the corresponding band 

energies along Δ(Γ−X) and Z(X –W) directions, respectively, and for different values of U [see 

Table IV]. Monotonic increases in effective masses with varying U parameter are observed. 

Typically, the d-band width decreases with increasing U parameter (bands become more flat) 

resulting in the increase in effective mass found here. Our estimated effective masses are 

overestimated with respect to Abdallah et al
.8

 G0W0 calculations (see Table IV). At present we are 

aware of only one experimental study where a conduction band effective mass between 0.1 and 0.2 

has been reported (see Ref. 27). 

 

 The density of states (see Figs. 1(d)–1(f)) shows that the metal d-band t2g 
3
 and eg 

2
 states are split 

up in all three cases. The effect of splitting is most pronounced in the case of ScN, the peaks of t2g
3
 

and eg 
2
 states are separated by 8 eV. These peaks in ZrN are separated by 9.5 eV, and the splitting 

in HfN is slightly weaker. Another notable feature of the density of states (DOS) is that the 2s-

bands of nitrogen in ZrN are shifted by 2.5 eV with respect to those in ScN and this shift is 2.8 eV 

in HfN. This should be relevant to estimation of valence band offsets in metal/semiconductor 

superlattices based on these nitrides. 

To determine the nature of electronic states in valence and conduction bands, we visualize the 

electronic wave functions of the highest occupied (valence band) and lowest unoccupied 

(conduction) states at Γ point (see Fig. 2). The valence bands of ScN comprise primarily of the p-

states of nitrogen and the lowest conduction bands are made of xy-type (t2g) orbitals of Sc, as 

expected in octahedral coordination. For ZrN and HfN, both valence and conduction bands (which 

overlaps with each other) are based on mostly d-states of the transition metal (see these states of 

ZrN in Fig. 2). The overlap with p-states of nitrogen is reflected in the deviation in the shape of 

these states (see Fig. 2) from that of purely d-states. 

TABLE IV. Calculated band gaps (in eV) and transverse (mt*) and longitudinal (ml*)  effective 

masses of the conduction electron at the X point (in units of m0) with different U values for ScN. 



Lower part of the table shows effective masses as reported in Ref. 8. at the same point of band 

structure. OEPx(cLDA) is an exchange correlation functional used by them. 

 

U(eV) EΓ-X EΓ EX mt
*
 ml

*
 

0.0 0.008 2.42 0.93 0.164 1.571 

1.0 0.270 2.56 1.21 0.197 1.718 

2.0 0.496 2.69 1.45 0.228 1.840 

3.0 0.748 2.84 1.72 0.262 1.981 

3.5 0.890 2.93 1.86 0.281 2.061 

4.0 1.031 3.02 2.01 0.301 2.175 

5.0 1.350 3.22 2.34 0.344 2.378 

Reference 8.   

OEPx(cLDA)-G0W0 0.189 1.483 

OEPx(cLDA) 0.253 1.450 

GGA 0.139 1.625 

 

Fermi surfaces of ZrN and HfN consist of three branches (see results for ZrN in Fig. 3, those for 

HfN are very similar). The branch with the largest area (see Fig. 3(a)) represents a band crossing the 

Fermi energy near the W and K points of the Brillouin zone (see the electronic band structure Fig. 

(1). The other two branches of the Fermi surface (see Figs. 3(b) and 3(c)) are smaller, and 

correspond to the two bands that are crossing the Fermi energy near the Γ point. We will find the 

features of the Fermi surface presented here useful in understanding the phonon anomalies in sec. 

III C. 

 



 

Figure 2. Nature of electronic states (at the Γ point) of the highest occupied valence band of (a) ScN 

and (b) ZrN, and lowest unoccupied conduction band (at the Γ point) for (c) ScN and (d) ZrN. 

 

 

 

 

 



                   

                                     Figure 3. Different branches of Fermi surfaces of ZrN. 

 

2.3.4 Phonons 

A characteristic feature of the phonon dispersion of ScN (see Fig. 4) is the splitting of the 

longitudinal optical (LO) and transverse optical (TO) modes at the Γ point, which arises from long-

range dipole-dipole interactions and is typical of polar semiconductors and insulators. Our estimates 

of the electronic dielectric constant ε(∞) and Born effective charge of ScN are 12.9 and 4.35, 

respectively, giving an LO-TO splitting of  LO-TO=335cm
−1

. The electronic dielectric constant, 

typically overestimated in DFT calculations, is quite comparable to that of other semiconductors 

like Si and GaAs. Our estimate of ωLO 
2
 /ωTO

2
 at the Γ point is about 5, which agrees well with Isaev 

et al.
9
 estimation. Measured phonon dispersion curve of ScN is not available in the literature for 

comparison. 

 



The branches of acoustic phonons of ScN are similar (albeit of slightly smaller slope) to those in 

rock salt oxides; they mix with optical phonons, but do not exhibit any anomaly. In contrast, there is 

an anomalous dip in the longitudinal acoustic modes of ZrN and HfN along the [100] (i.e. Γ to X 

direction near q=0.7), and both the longitudinal and transverse acoustic modes along the [110] (i.e., 

Γ to K to X) direction. Softening of these longitudinal and transverse acoustic modes can also be 

observed in [111] direction (i.e., Γ to L). Phonon dispersion curves also exhibit a reverse order in 

LO and TO modes along [100] direction nearly at (q =0.7). Such anomalies in phonon frequencies 

can be understood with the nesting of the Fermi surface by the wave vector (q). Due to large mass 

difference between nitrogen and transition metal Zr and Hf atoms, there are large gaps between the 

acoustic branches dominated by displacements of the heavy transition metals and optical modes 

involving displacements of mainly nitrogen atoms. The effect is less pronounced of ScN, where 

such gaps in the dispersion are not observed. 

 

While our calculated dispersion for HfN is in good agreement with experimental observations (see 

Ref. 26), our calculated frequencies of optical modes in ZrN differ with respect to experimental 

observations (see Ref. 27), in which softer frequencies are reported at the Γ point, and a much 

higher frequency is observed at the X point of the Brillouin zone. The observed (Ref. 27) frequency 

of the optical phonon at the Γ point of ZrN is 468 cm
−1

, whereas our estimate of the same is 490 

cm
−1

. Other optical frequencies are approximately 5%–8% softer than experimental estimates. 

However, our calculated phonon dispersion compares quite well with calculations of Isaev et al.
9
 

and Heid et al.
10

 

 

 



           

Figure 4. Calculated phonon dispersion curve and density of states of ScN, ZrN, and HfN in 

rocksalt structure. First columns has the phonon dispersion curves, while the right column has 

phonon DOS with same frequency scale. Gaps in the phonon spectra of ZrN and HfN are evident. 

2.3.4 Thermal properties 



Since the applications of these nitrides are expanding to thermoelectrics, we present a comparative 

theoretical analysis of thermal properties like specific heat and lattice thermal conductivity aiming 

to understand (a) the temperature dependence of the specific heat and lattice thermal conductivity 

and (b) the contribution of various phonon modes to thermal properties that will be useful in 

developing statistical thermo-dynamical model to predict thermal properties of their superlattices. 

Our results for specific heats as a function of temperature (see Fig. 5) show that (below 300 K) HfN 

has the largest Cp followed by ZrN and ScN at low temperatures. This can be understood from the 

phonon dispersions presented earlier, acoustic branches (velocity of sound) of HfN are softer than 

those in ZrN and ScN. This is not surprising as these are dominated by Hf displacements and Hf has 

a larger mass compared to Zr and Sc. Since the specific heat at low temperature is dominated by 

acoustic phonons and is inversely proportional to the cube of the velocity of sound, the specific heat 

of HfN is the largest at low temperatures. 

At high temperatures, the Cp values of all the three materials are identical to the Dulong Petit value 

(for diatomic system). A crossover to this classical limit is set by the effective Debye temperature. 

An estimate of Debye temperature (TD) obtained using the slope of acoustic branches in our phonon 

dispersion; and an effective wave vector cut off are about 711, 512, and 326 K for ScN, ZrN, and 

HfN, respectively. We note that the specific heat of HfN remains higher than that of ScN and ZrN at 

all temperatures. 

 



                 

Figure  5. Lattice specific heat as a function of temperature of the three nitrides. Horizontal line 

represents classical Dulong–Petit limit of Cp. 

 

We now analyze the lattice thermal conductivity using Boltzmann transport theory. Since we have 

not determined anharmonic interactions between phonons, it is not possible to estimate scattering 

time. We assume that the scattering time is constant for all phonons and compare the thermal 

conductivities of the three nitrides, including only the effects of DOS and group velocity of 

phonons. Our results for temperature dependent lattice thermal conductivity (see Figs. 6 and 7) 

show that κ of ScN is larger than the other two nitrides above 30 K. Since ScN is semiconducting in 

nature, the estimated Cp and 𝜅𝑝  should be roughly equal to the total  



                 

Figure 6. Estimated lattice thermal conductivity as a function of temperature of ScN, ZrN, and HfN. 

 

values as the electronic contribution will be very small. It is clear from the phonon density of states 

(see Fig. 4) that a large number of phonons (both acoustic and optical phonons) of ScN fall in the 

mid-frequency range [250–500 cm
−1

]. As a result, its lattice thermal conductivity is much higher 

than that of ZrN and HfN, where a large gap in the energies of acoustic and optical phonons is 

observed. While the gap between acoustic and optical modes is 191 cm
−1

 for ZrN, it is 283 cm
−1

 for 

HfN, and a cross over among thermal conductivities is observed at about 30 K below, which HfN 

has the largest thermal conductivity dominated by its acoustic phonons. 

 

2.4 Potential for thermoelectric applications 

Having discussed the physical properties of these nitrides in previous sections, we now comment on 

their potential use in making superlattices for thermoelectric applications. First of all, closely 

matched lattice constants (nearly perfect matching in the case of ScN and HfN, and ~1.5% lattice 

mismatch between ScN and ZrN) augur well for growing multilayers and superlattices, although 

one should be careful in analyzing their interfaces as the negative energy of miscibility suggests a 

tendency for diffusion of cations across the interface, potentially leading to diffuse interfaces at the 



atomic scale. Second, from our results for their electronic properties, these materials seem ideal for 

growing metal/semiconductor (ZrN/ScN and HfN/ScN) superlattices, with a moderate band gap of 

ScN that can be utilized for controlling the Schottky barrier height, a key parameter for the energy 

filtering mechanism that can be used to tune the Seebeck coefficient and optimize the power 

factor.
1,29

    Third, the proposed nitride metal/semiconductor superlattices should also act as phonon 

filters for reduction of lattice thermal conductivity, due to large gap in the phonon spectra of ZrN 

and HfN, mismatching with a high density of phonons of ScN in the same range of energy. We 

predict that HfN/ScN superlattices should have smaller lattice thermal conductivity compared to 

ScN/ZrN as the extent of the gap between acoustic and optical phonons is larger for HfN than ZrN. 

Surely; more work on superlattices of these nitrides is desirable to assess their effectiveness for 

thermoelectric applications. Our results here should form a starting point for development of models 

and further analysis of superlattices. 

 

 



           

Figure 7. Phonon contribution to thermal conductivity of (a) ScN, (b) ZrN, and (c) HfN, at various 

temperatures, as a function of phonon frequencies. 

 

2.5 Conclusions 



In conclusion, we have presented a comparative first-principles theoretical analysis of electronic 

structure, vibrational spectra and thermal properties of bulk ScN, ZrN, and HfN, with a motivation 

to assess their potential for thermoelectric applications. While ScN is a semiconductor with a small 

electronic band gap, ZrN and HfN are metals exhibiting a large gap in their phonon spectra. Thus, 

metal/semiconductor superlattices based on these nitrides can act as filters for both electrical charge 

and phonon thermal transport, with implications for enhancement in their thermoelectric properties. 

While typical DFT calculations fail to capture the semiconducting electronic gap of ScN, we 

demonstrate that inclusion of a relatively cost-effective Hubbard U-correction with an appropriate 

choice of U=3.5 eV can be used to obtain a reasonable description of the electronic structure of 

ScN. Anomalies in the phonon dispersion of metallic ZrN and HfN, manifested as dips in acoustic 

branches, can be understood through the nesting of the Fermi surface as determined from our 

calculations. To connect with transport properties, we have determined electronic effective masses 

of the conduction band in ScN and used Boltzmann transport theory to estimate the temperature 

dependence of the lattice thermal conductivity. Analysis of the temperature dependence and 

chemical trends in thermal transport properties of these nitrides should be useful in further work on 

nanoscale superlattices of these nitrides with enhanced thermoelectric properties. 
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Chapter 3 

 

Electronic structure, vibrational spectrum and thermal 

properties of YN: A first-principles study 

Abstract 

YN is a promising semiconductor for use in metal/semiconductor superlattices for thermoelectric 

applications. We present first-principles density functional theory based simulations to determine its 

electronic structure, vibrational spectra and thermal properties using a generalised gradient 

approximation of the exchange correlation energy. We employ a combination of GGA+U and GW 

approximation based techniques to (a) correctly estimate the band gaps and (b) determine specific 

features of its electronic structure relevant to transport properties, such as transverse (mt
*
) and 

longitudinal (ml
*
) conduction band effective mass. With a motivation of forming alloys of YN with 

other materials, we have determined the volume deformation potentials. Our results for phonons 

show, a large longitudinal optical (LO) and transverse optical (TO) splitting at the Γ point of the 

vibrational spectrum with a gap of 325 cm
−1

 arising due to long-range dipole-dipole interactions.  

An estimate of lattice specific heat and Boltzmann transport theory based calculations of lattice 

thermal conductivity and its variations with temperature are included to assess YN’s potential for 

thermoelectric applications. 

 

The content of this chapter will be submitted for publication soon. 

 

 

3.1 Introduction 



Early transition nitride materials are very hard, chemically stable and possess high corrosion 

resistance. They are also interesting from the fundamental point of view due to their unusual and 

diverse properties. They have a wide range of applications from cutting tools, protective coatings to 

hard coating for magnetic storage devices. Recently, a lot of research efforts are being invested in 

understanding their potential for energy and environment related applications. 

YN crystallizes in the rocksalt structure and is a promising material for thermoelectric and 

thermionic applications. It is of current interest and is being studied experimentally to tune thermal 

properties through the formation of alloys with other nitride materials. Though there are first-

principles based studies on the structure and the electronic properties of YN, the estimate of its band 

gap is multivalued and unclear. Moreover, the transport related properties like transverse and 

longitudinal band effective mass have not been estimated yet. It is also necessary to enumerate its 

different volume deformation potentials.  

 

We note a very nice work of Isaev et al
3
, where they determined vibrational spectra of YN. Here we 

benchmark our work through comparison with theirs, and take it forward to estimate thermal 

properties such as lattice specific heat and lattice thermal conductivity, and compare it with that of 

ScN and rationalize its suitability for technological applications. 

 

DFT calculations based on LDA & GGA are well known for underestimation of band gaps of 

semiconductors or insulators. In particular for transition nitride materials, their performance is even 

poor. Both in the case of YN and ScN, standard GGA based calculations show semi-metallic or 

semiconducting nature with the Γ-X band gap of 0.2-0.3 eV
1,14

. Several techniques have been 

developed over the years to correct this band gap problem of DFT, with examples like screened-

exchange LDA
2
, (LDA,GGA)+U

4
, GW

4,15
 approximation and others. While (LDA,GGA)+U 

technique takes into account the on-site Hubbard interaction correction, GW approximation works 

by taking into account the self energy correction and is by far the most reliable technique to 



correctly estimate band gaps of semiconductors. Rather than solving the Kohn-Sham equations, one 

solves the Dyson equations in GW approach taking into account the self energy corrections, 

although self-consistency in GW is still a matter of debate and tends to produce higher estimates of 

band gap. 

Here in this work, we present a combination of GGA+U and GW approach to correctly estimate the 

band gaps, volume deformation potential and transverse and longitudinal conduction band effective 

mass. A GGA method is used to correctly estimate the vibrational spectra, lattice specific heat, 

lattice thermal conductivity and it’s variation with temperature to understand YN’s suitability and 

potential for thermoelectric applications. 

 

3.2 Methods of calculation 

We use PWSCF implementation of density functional theory (DFT), with a generalized gradient 

approximation (GGA)
6,7

 to exchange correlation energy and ultrasoft pseudopotential
8
 to represent 

the interaction between ionic cores and valence electrons. Plane wave basis set (PWs) with an 

energy cut-off energy of 30 Ry was used to represent the electronic wave functions and PWs with 

an energy cutoff 180 Ry were included for the representation of charge density. Integration over the 

Brillouin zone is carried out using the Monkhorst-Pack
9
 scheme with a 10x10x10 mesh of k-points 

and occupation numbers are smeared according to the Methfessel-Paxton
10

 scheme with a 

broadening of 0.003 Ry. Hubbard U corrections was included along with GGA in determination of 

the electronic structure of YN. 

Lattice -dynamical calculations (the phonon spectrum, the density of states) are performed within 

the framework of the self consistent density functional perturbation theory
11

. Plane waves with cut 

off energy 40 Ry and 750 Ry were used to describe wave functions and charge density respectively. 

Such high energy cutoffs are necessary to keep the errors in vibrational frequencies of nitrides 

minimal
12

. Integration over the Brillouin zone is performed using 18 x 18 x 18 mesh of k-points. In 

order to understand detailed feature of phonon spectra, force constant (K) are obtained on a 4 x 4 x 



4 q-point mesh. The dynamical matrices at arbitrary wave vectors were obtained using Fourier 

transform based interpolations of force constant matrices. 

The specific heat Cp and thermal conductivity κ are given by  

  𝐶𝑝 =
1

𝑁𝑞
 [kB

λq

(
ℏωλq

kB T
)2  

e
ℏωλ q

kB T

(e
ℏωλ q

kB T − 1)2

  ]                                                                       1 

           𝜅𝛼𝛽 = ℏ  
𝑑3𝑞

 2𝜋 3
𝑣𝛼𝜆𝜆  𝑞 𝑣𝛽𝜆  𝑞 𝜔𝜆 𝑞 𝜏𝜆(𝑞)  

𝑑𝑛𝐵  [𝜔𝜆 (𝑞)  ]

𝑑𝑇
                                    2 

where 𝑣𝛽𝜆  𝑞  is the velocity of the phonon, 𝜏𝜆(𝑞 ) is the relaxation time, and 𝑛𝐵 [𝜔𝜆 𝑞 ]  is the 

Bose-Einstein distribution function. The relaxation time 𝜏𝜆(𝑞) is assumed to be constant and taken 

outside the integral. Eigen frequencies are obtained in a dense mesh of k-points over the entire 

Brillouin zone, which are subsequently used in determining 𝑣𝛼𝜆  𝑞  using finite difference formula. 

GW calculations are done using the VASP package
16

 of the density functional theory, with PAW-

GGA potentials to represent the interaction between ionic cores and valence electrons. Integration 

over the Brillouin zone is performed using 8 x 8 x 8 mesh of k-points and energy cutoff of 400 eV 

was used to represent the interaction between ionic cores and valence electrons. The GW self-

energy operator Ʃ = iGW, where G is the Greens function and W is the screened Coulomb 

interaction, is constructed using the GGA results.  

3.3 Results 

3.3.1 Crystal Structure 

Like most of the early transition nitride materials, YN crystallises in rocksalt structure under 

ambient conditions. Our estimates of lattice constant and bulk modulus (see Table I) are within 

typical DFT errors of experimental measurement.  Our estimates of lattice constant with PWSCF 

based GGA calculation yields slightly better accuracy than VASP based PAW-GGA calculations. 

Bulk modulus is in reasonable agreement with both the methods employed, and also compares well 

with an all-electron theoretical investigation
2
 giving us confidence in our calculation details.   



Table I: Calculated lattice constant a (Ǻ) and bulk modulus (B) of YN. Results of our calculations 

are presented in first two rows, followed by literature values. 

 

Methodology a (Ǻ) B (GPa) 

GGA 4.90 160 

PAW-GGA 4.93 163 

FLAPW-GGA
2
 4.85 163 

Expt.
13

 4.87 ----- 

 

3.3.2 Electronic structure 

To determine the electronic structure of YN relevant to thermoelectric applications, we have 

estimated direct and indirect band-gaps with GGA and GGA+U calculations, and projector 

augmented wave basis set for GW approximation calculations. Though there are certain first 

principles based reports on the band-gap of YN, there has been no consensus on its electronic 

structure. Our DFT calculations within GGA show that YN is an indirect band-gap semiconductor 

with the indirect Γ-X band gap of 0.21 eV, and direct gaps at the Γ and X point being 0.60 eV and 

3.14 eV  

TABLE II: Estimated direct and indirect band gaps at different regions of the dispersion spectrum 

using GGA coupled with a Hubbard U parameter, and increasing U values. 𝑚𝑙
∗ and 𝑚𝑡

∗ represents 

longitudinal and transverse conduction band effective mass at the X point of the dispersion 

spectrum. 

 

U (eV) EΓ-X (eV) EX (eV) EΓ (eV) 𝑚𝑙
∗(𝑚0) 𝑚𝑡

∗ (𝑚0) 

0.0 0.21 0.60 3.14 1.31 0.141 

0.5 0.37 0.77 3.20 1.37 0.162 

1.0 0.45 0.85 3.23 1.41 0.174 

1.5 0.54 0.94 3.27 1.47 0.186 

2.0 0.63 1.04 3.31 1.51 0.198 



2.5 0.73 1.14 3.35 1.56 0.212 

3.0 0.83 1.25 3.40 1.68 0.228 

3.5 0.94 1.36 3.45 1.73 0.244 

4.0 1.06 1.49 3.51 1.83 0.261 

4.5 1.19 1.62 3.57 1.97 0.280 

 

respectively. Similar result was also indicated by Mancera et al
1
 using all electron based FP-LAPW 

calculations. Their results suggest an indirect Γ-X band gap of 0.31 eV, while direct gaps at the Γ 

and X point being 0.62 eV and 3.10 eV respectively. Screened exchange LDA calculation of 

Freeman et al
2
 however suggested an indirect band gap of 0.85 eV. Using GGA coupled with a 

Hubbard U parameter, we estimate both the direct and indirect band-gaps of YN as a function of U 

parameter. Estimates of band-gap presented (see Table II); shows monotonic increase of the indirect 

and the direct band-gaps as a function of U parameter.  The indirect Γ-X band gap of 0.83 eV, and 

direct gap at Γ and X point of 3.4 eV and 1.36 eV respectively, estimated with U=3.0 eV, are in 

good agreement with Freeman et al’s 
2
 



 

 

Figure 1 Electronic structure of YN calculated using GGA+U, and G0W0 approach. (a) The band 

diagram along the high symmetry directions of the Brillouin zone. (b) Comparison of the band 

diagram along Γ-X direction using GGA, GGA+U with U=3.5 eV, and G0W0 approach. 

 

TABLE III: Calculated direct and indirect band-gaps of YN using GW approximation calculation 

with different self consistent steps. 

 

No. of self consistent steps EΓ-X (eV) EX (eV) EΓ (eV) 

1
st
 0.97 1.46 4.20 

2
nd

 1.14 1.66 4.50 

3
rd

 1.20 1.72 4.58 

4
th

 1.22 1.74 4.61 

 

 



 

Figure 2 Electronic densities of states of YN. (a) The total densities of states calculated using the 

GGA+U method with U=3.5 eV, and G0W0 approximation. (b) The partial densities of states i.e. the 

contribution of different atomic orbital’s on DOS of YN. 

 

calculation. The values compare well with another theoretical calculation by Zerroug et al
17

, where 

they have reported an indirect gap of 0.8 eV. 

 Our results with G0W0 approximation (see Table III) yield an indirect Γ-X band gap of 0.97 eV, 

and the direct gaps at Γ point of 4.2 eV and at the X point of 1.46 eV.  As the number of self 

consistent step in the calculation is increased, the band gaps increases (see Table III), and ultimately 

converges by the 4
th

 cycle. We have already pointed out that GW based estimations does over 

estimate the band gaps, and hence we will use only the results of zeroth order in the self-energy 

(G0W0) corrections in the rest of the work. 

The estimated electronic structure of YN along the high symmetry directions of the Brillouin zone a 

function of Hubbard U parameter [see Fig 1.] shows an increase in the indirect Γ-X band gap with 

increasing U parameter. Direct gaps at the Γ and the X point of the dispersion spectrum also 

increase in the same manner. The dispersion resembles that of other transition nitride 

semiconductors like ScN
12

 and LaN
2
. One obvious effect of Hubbard U parameter is that the band 

width of 4-d Sc orbital becomes lesser with increasing U values. The dispersion  

 

TABLE  IV: Theoretical estimates of different band-gap volume deformation potential ( 
𝑎𝑣

α) (in eV) for YN using different methods. 

 



Method Used 𝑎𝑣
Γ−𝑋  𝑎𝑣

Γ−Γ 𝑎𝑣
X−X  

G0W0 2.07 1.41 2.79 

GGA 1.68 1.57 2.47 

GGA+U with U=3.5 eV 2.60 1.20 3.45 

 

      

Figure 3 Changes in direct and indirect band gaps as a function of change in the volume of the unit 

cell, calculated using GGA, GGA+U, and G0W0 approach. 

 

spectra along Γ-X direction (see Fig. 1)  calculated  using GGA, GGA+U with U=3.5 eV, and G0W0 

approach compare well with each other, apart from the fact that introduction of Hubbard U 

parameter introduces a relatively larger gap along the Γ-X  direction which was  

 

absent in GGA calculation. The shapes of the valance and conduction bands estimated using G0W0 

approach are in good agreement with GGA, and GGA+U calculations.   



The total DOS (see Fig 2) calculated using GGA+U with U=3.5 eV, and G0W0 approach compare 

well with each other, albeit slight difference in the valance band N s-states. The valance band width 

of N p-states is relatively larger for G0W0 approach calculation compared to GGA+U method.  The 

partial DOS [see Fig. 2] indicate strong hybridization between the transition element and nitrogen 

states, with the energy position and width of bands in the partial DOS for N and Y atoms appearing 

very similar. 

To connect with the transport properties of YN relevant for thermoelectric applications, the 

longitudinal (ml
*
) and transverse (mt

*
) conduction band effective mass at the X point of the 

dispersion spectrum are calculated by fitting a quadratic function to the corresponding band 

energies along the (Γ-X) and the Z(X-W) directions respectively, and for different values of U 

parameters [see table II]. Monotonic increases in effective masses with increasing U parameter are 

observed consistent with reduction in the d-band width with increasing U parameter, (bands become 

more flat) resulting in the increase in effective mass found here. To the best of our knowledge the 

effective masses of YN has not been measured experimentally yet, neither there is any report of 

theoretical estimates of ml
* 
and mt

*
. 

With a motivation of forming alloys of YN with other nitrides, we have estimated the indirect and 

direct band-gaps as a function of its lattice constant using all the three approaches, namely G0W0 

approximation, GGA and GGA+U with U=3.5 eV. Results indicate increase in indirect Γ-X band 

gap, as well as direct gap at the X point of the dispersion curve, and decrease in direct gap at the Γ 

point, as we increase the lattice constant from -2% to 2% with respect to the equilibrium values [see 

Fig 3]. The volume deformation potentials 𝑎𝑣
𝛼  for the band gaps 𝐸𝑔

Γ−𝑋 , 𝐸𝑔
Γ−Γ  and 𝐸𝑔

𝑋−𝑋   are 

calculated using the formula 
𝑑𝐸𝑔

𝛼

𝑑𝑙𝑛 (𝑉/𝑉0)
 [see ref 13],  



 

              

Figure 4 Nature of electronic states (at the Γ point) of (a) the highest occupied valance band, and (b) 

lowest unoccupied conduction band (at the Γ point). (c) Charge density in a YN plane. 

 

where V0 denotes the volume of the unit cell at equilibrium lattice constant and V is the volume at a 

lattice constant slightly displaced from equilibrium value (see estimates in Table IV). We find that 

the volume deformation potentials do have dependence on the methodology employed. To the best 

of our knowledge no theoretical or experimental reports on the volume deformation potentials of 

YN are available in literature. But the results compare well with that of ScN estimated by Qteish et 

al
18

. Their estimates of 𝐸𝑔
Γ−𝑋 , 𝐸𝑔

Γ−Γ  and 𝐸𝑔
𝑋−𝑋  with OEPx(cLDA)-G0W0 are 2.02 eV, 1.54 eV, and 



2.04 eV respectively, whereas our estimates of the same with G0W0 approach are 2.07 eV, 1.41 eV, 

and 2.79 respectively for YN. 

 

To elucidate the nature of electronic states in valence and conduction bands, we visualize the 

electronic wave functions of the highest occupied (valence band) and lowest unoccupied 

(conduction) states at the Γ point (see Fig. 4), as well as charge density in an YN plane (see Fig. 5). 

The valence bands of YN comprise primarily of the p-states of nitrogen and the lowest conduction 

bands are made of xy - type (t
2
g) orbital of Y, as expected in octahedral coordination.  

 

3.3.3 Vibrational Spectra 

Vibrational spectrum of YN is essential to understand its potential for technological applications, 

particularly for developing thermoelectric and thermionic based solid state energy conversion 

devices. The phonon dispersion curve of YN (see in Fig 5) resembles that of ScN, and is typical to 

those of rocksalt structured materials with no anomaly. Long range dipole-dipole interaction has 

resulted in splitting of the longitudinal optical (LO) and transverse optical (TO) modes at the Γ 

point of the dispersion curve. Our estimates of the electronic dielectric constant ɛ(∞) and Born 

effective charge of YN are 13.1 and 4.5  

 



 

 

Figure 5. Calculated phonon dispersion curve and density of states of YN in rock salt structure. 

First columns has the phonon dispersion curves, while the right column has phonon DOS with same 

frequency scale. 

 

respectively, giving an LO-TO splitting of 335 cm
-1

. Our results of 
𝜔𝐿𝑂

2

𝜔𝑇𝑂
2 at the Γ point is about 

8.1, which is smaller than Isaev et al’s
3
 calculation of 10.1. The present estimation is also higher 

than that of ScN where a value of 5 is reported
12

.  To the best of our knowledge no experimental 

phonon dispersion curve of YN is available.  

Although there is a large difference between the masses of Y and N, the acoustic and optical modes 

of dispersion spectrum are not separated by a gap, unlike the transition metal nitride of Zr; situated 

in the same row of the periodic table. This is similar to the presence of no gap in ScN. The 

frequencies are however softer than ScN dispersion spectrum, owing to Y’s larger mass than Sc. 

 

 

3.3.4 Thermal Properties 



Thermal properties of YN are of great interest to understand its technological applications. Here, we 

present theoretical estimates of lattice specific heat, lattice thermal conductivity and it’s variation 

with temperature, to understand its suitability for thermoelectric applications. Our estimate of the 

specific heat as a function of temperature for YN is shown in Fig 5. The characteristic variation of 

Cp resembles with that of other transition nitride materials like ScN, ZrN, HfN and approaches 

classical Dulong Petit value at higher temperatures. The Debye temperature (TD) is also estimated 

using the acoustic branches of the dispersion curve; and results show TD is about 564 K for YN. 

The present estimation of TD is a little lower than that of ScN, which had TD about 711 K
12

. 

                          

Figure 6. Lattice specific heat as a function of temperature of YN. Horizontal line represents 

classical Dulong–Petit limit of Cp. 

 

We now analyze the lattice thermal conductivity using Boltzmann transport theory. Since, we have 

not determined anharmonic interactions between phonons, it is not possible to estimate scattering 

time. We assume that the scattering time is constant for all phonons and compare thermal 

conductivities of the three nitrides, which include only the effects of density of states  



 

Figure 7. (a) Estimated lattice thermal conductivity as a function of temperature of YN. (b) Change 

in lattice thermal conductivity as a function of phonon frequencies. 

 

and group velocity of phonons. Change in lattice thermal conductivity (see Fig. 7) as a function of 

temperature indicates convergence of κ at temperatures above 300 K. The contribution to lattice 

thermal conductivity as a function of phonon frequency [see Fig 7.] shows dominance of mid-

frequency range [200-400 cm
−1

] phonons in κ at high temperatures (above 100 K). At lower 

temperatures though, long wave-length acoustic phonons dominates in lattice thermal conductivity.  

 

3.4 Conclusions 

In conclusion, we have reported first-principles density functional theory based calculations of 

electronic structure, vibrational spectra and thermal properties of YN, with a motivation to 

understand its potential for thermoelectric applications. Our results suggest, YN is an indirect band-

gap semiconductor with the Γ-X band gap of 0.97 eV, suitable for applications in 

metal/semiconductor superlattices. To connect with transport properties, longitudinal and transverse 

conduction band effective mass at the X point of the dispersion spectrum is estimated as a function 

of Hubbard U-parameter. Band-gaps volume deformation potentials are calculated to determine 

YN’s relevance to use in alloys or superlattices. Phonon dispersion, phonon density states and 

thermal properties like lattice specific heat, lattice thermal conductivity (𝜅) and it’s with 



temperatures is reported suggesting YN’s suitability as semiconductor component in the 

metal/semiconductor based thermoelectric materials. 
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Chapter 4 

Thermoelectric properties of ZrN/ScN and HfN/ScN      

metal/semiconductor superlattices 

 

Abstract 

We present first-principles density functional theory based simulations to determine 

electronic structures, vibrational spectra and thermal properties of ZrN/ScN and HfN/ScN 

metal/semiconductor superlattices and solid solutions aiming at (a) understanding the role of 

interfaces and epitaxial strain in controlling the transport of electrons and phonons, (b) developing 

models that can be employed in determination of such properties of these superlattices with 

periodicities longer than those of the short-period superlattices modelled here, for potential 

applications in the thermoelectric and thermionic solid state energy conversion.  Our results show 

(a) large asymmetry of the electronic density of states and flattening of electronic bands along the 

cross-plane direction near the Fermi energy of these superlattices, (b) the presence of Schottky 

barriers essential for optimizing ZT in these material systems. Analysis of vibrational spectra and 

Boltzmann transport based calculations shows 10-100 fold reduction of lattice thermal 

conductivity along the growth direction of  

 

 

A part of this chapter is submitted for publication. The other portion is under preparation. 

 

 



 

these superlattices with respect to their individual bulk components due to phonon filtering at the 

interfaces resulting from the mismatch in bulk phonon density of states. HfN based superlattices 

have been proven to be better in reducing lattice thermal conductivity due to Hf’s larger mass 

than Zr. Temperature dependence of lattice thermal conductivity also suggests significant 

contribution of optical phonons on lattice thermal conductivity at room temperature, with effect 

most pronounced in case of HfN based superlattices. Our work uncovers important features of 

metal/semiconductor superlattices necessary to understand their suitability for thermoelectric 

and thermionic applications. 

 

4.1 Introduction 

Thermoelectric materials that convert heat flux directly into electrical power have enormous 

promise in dealing with the challenges of the growing demand for alternative clean energy, and are 

a subject of great scientific interest
1-2

. These materials are characterised by a dimensionless figure 

of merit 𝑍𝑇 =
𝑆2𝜎𝑇

𝜅
 , where S is the Seebeck coefficient, σ is the electrical conductivity,  𝜅 is the 

thermal conductivity and T is the absolute temperature.  To be competitive with conventional 

refrigerators and power generators, we must develop materials with ZT=3 to 4.  Research in the last 

few years with conventional bulk materials
3-4

 has yielded ZT of about 1.0 to 1.5. Achieving ZT > 2 

is challenging due to mutually conflicting design parameters (e.g. σ and κ) in ZT. Pioneering works 

of Dresselhaus et al
5-6

 and subsequent experiments of Harman et al
7
 and Venkatasubramanian et al

8
 

showed that nanostructured materials have the potential for higher ZT. 

Multilayers and superlattices
9-12

 grown by alternate deposition of metal and semiconductor 

materials with nanoscale periods are being explored as potential candidates with higher ZT. The 

central ideas are (1) to control the Schottky barrier height for efficient energy filtering of electrons 

during transport, thereby enhancing the Seebeck coefficient, while retaining a high electrical 



conductivity, and (2) to use the interface between the component materials as a phonon filter, 

thereby reducing the cross-plane lattice thermal conductivity. Understanding the nature of the 

metal/semiconductor interface
13

 is crucial to designing multilayers or superlattices with high ZT. 

In this chapter, we present first-principles density functional theory based simulations of electronic 

structure and vibrational spectra, as a foundation for developing an understanding the temperature-

dependent cross-plane transport properties of two promising metal/semiconductor superlattices: 

ZrN/ScN and HfN/ScN. We note that ScN is semiconducting in nature with an indirect Γ-X band 

gap of 0.89 eV, while ZrN and HfN are metallic in nature. Their multilayers (superlattices) have 

been investigated experimentally in earlier work by Rawat et al
14

. 

4.2 Methods of calculation 

We use the PWSCF implementation of the DFT with a generalised gradient approximation (GGA)
16

 

to the exchange correlation energy and ultrasoft pseudopotentials
17

 to represent the interaction 

between ionic cores and valence electrons.  Plane wave (PW) basis sets with energy cutoffs of 30 

Ry and 180 Ry were used to represent the electronic wave function and charge density respectively. 

Integration over the Brillouin zone is carried out using the Monkhorst-Pack
18

 scheme with a 

10x10x10/n mesh of k-points for n/n superlattice, and occupation numbers are smeared using the 

Methfessel-Paxton
19

 scheme with a broadening of 0.003 Ry. A Hubbard U correction
20

, with U=3.5 

eV was included along with GGA for Sc atoms to correctly describe the electronic bandwidth and 

gap. (See details and validity of our methods used in extensive analysis of bulk properties of ScN, 

ZrN and HfN in Ref. 15.)  

Phonon spectra and density of states are determined accurately within the framework of self-

consistent density functional perturbation theory
21

, with plane wave basis of energy cutoffs of 40 

Ry and 750 Ry to describe the wave function and charge density respectively. In order to 

understand the detailed features of phonon spectra, force constant matrices were obtained on a 



3x3x1 [for 2/2superlattice] q-point mesh. The dynamical matrices at arbitrary wave vectors were 

then obtained through Fourier transform based interpolation. 

The lattice thermal conductivity καβ (i.e along αβ direction) is obtained within Boltzmann theory 

                            𝜅𝛼𝛽 = ℏ  
𝑑3𝑞

 2𝜋 3
𝑣𝛼𝜆𝜆  𝑞 𝑣𝛽𝜆  𝑞 𝜔𝜆 𝑞 𝜏𝜆 𝑞  

𝑑𝑛𝐵   𝜔𝜆  𝑞   

𝑑𝑇
        (1) 

Where λ is the polarization vector of the normal mode, 𝑣𝛼𝜆  𝑞  and 𝑣𝛽𝜆  𝑞  are the group velocities 

of the phonon along α and β directions respectively, 𝜏𝜆(𝑞) is the relaxation time, and 𝑛𝐵 [𝜔𝜆 𝑞 ]  is 

the Bose-Einstein distribution function. The relaxation time 𝜏𝜆(𝑞) is assumed to be constant and 

kept outside the integral. Eigen frequencies were obtained on a dense mesh of 1000 k-points over 

the entire Brillouin zone, which were subsequently used in determination of  𝑣𝛼𝜆  𝑞  and 𝑣𝛽𝜆  𝑞 . 

The lattice specific heat is also given by the following expression 

𝐶𝑃 =
1

𝑁𝑑
   𝐾𝐵  

ℏ𝜔𝜆𝑞

𝐾𝐵𝑇
 

2

 
𝑒

ℏ𝜔𝜆𝑞

𝐾𝐵𝑇

(𝑒
ℏ𝜔𝜆𝑞

𝐾𝐵𝑇 − 1)2

                       (2)

𝜆𝑞

 

 

4.3 Results 

4.3.1 Crystal Structure 

Since the individual bulk nitride materials satisfy (a) similarity in crystal structure, (b) nearly equal 

lattice constants and other criterion for growing them epitaxially, they are perfectly suited to form 

superlattices and multilayers. In our computational study we have generated superlattice structures 

by periodically stacking m layers of metals, and n layers of semiconductors. Both the in-plane and 

cross-plane lattice constant is optimized, and structures are relaxed until force on each atom is less 

than 0.001 Ry/Bohr.  

The in-plane lattice constant for ZrN/ScN superlattice is 4.55 Ǻ (Note the lattice constant of ZrN 

and ScN are 4.59 Ǻ, and 4.52 Ǻ respectively), and for HfN/ScN superlattice it is 4.52 Ǻ (the lattice 



constant of HfN is 4.52 Ǻ). One key aspect of our calculation is that the interfaces in all the 

superlattices are perfectly epitaxial. Given below are some schematic diagrams of the superlattice 

under study. 

                                                     

                 2/2 ZrN/ScN superlattice                                            4/2 HfN/ScN superlattice  

Figure 1 Schematic diagram of 2/2 ZrN/ScN and 4/2 HfN/ScN metal/semiconductor superlattice. 

 

The cross-plane lattice constant (c) increases linearly with the increase in the number of 

metal/semiconductor layers with fig (2) shows the linear behaviour.  The 2/4 and 4/2 ZrN/ScN and 

HfN/ScN superlattices also have almost the same c value as that of 3/3 superlattices.  

The interface energy density calculated using the formula 

                              (E(bulk-ScN)+E(bulk-MN)-E(ScN/MN))                      (3) 

signifies the preference of the individual bulk materials to form interface with other nitride 

materials. Fig 2 also indicates the convergence of interface energy as we increase the thickness of 

superlattices.  



                              

  

Figure 2 Cross-plane lattice constant (c) for various superlattices. Linear increase in c with 

increasing number of period thickness is observed. 

  

Because of the perfect lattice constant matching between ScN and HfN, the interface energy density 

of HfN/ScN is higher relative to ZrN/ScN superlattices, where nearly 1.5% lattice mismatch 

between the components materials exist.   

We have also estimated the inter-planer distances for all the superlattices, and results suggest 

epitaxial interface with almost the same inter planer distances between ScN and metal nitride for 

both the superlattice system under consideration.    



                       

Figure  3. Interface energy density of superlattices calculated using the formula (E(bulk-ScN)+E(bulk-

MN)-E(ScN/MN)). Results suggest convergence to longer periodicity at 1.8 nm. 

                       



                      

                       Figure  4 Inter planer distances of ZrN/ScN and HfN/ScN superlattices.  

4.3.2 Electronic Structure 

Electronic structure of these metal/semiconductor superlattices is intriguing for the enhancement of 

ZT. While we have determined the electronic structure of m/n metal/ScN superlattices with m & n = 

1 to 4, here we present the results of 2/2 superlattices. The dispersion spectra [see Fig. 1(a)] show 

that the superlattices are metallic for the in-plane transport (i.e. Γ-X), while there are relatively flat 

bands (near the Fermi energy) along the cross-plane direction (i.e. Γ-Z). These nearly flat bands will 

increase the effective mass of electrons, thereby increasing the Seebeck coefficient along the cross-

plane direction. The normalised density of states exhibits a large asymmetry at the Fermi energy 

[see Fig. 1(b)], (much higher density of states at E≥EF than at E≤EF) which is necessary within the 

Mahan & Sofo
22

 theory for large thermopower.  Another notable feature of the DOS is that the ZrN 

(HfN) and ScN’s 2s valence band states of nitrogen are all aligned in the superlattices, while in bulk 

ZrN (HfN) they were shifted by 2.5 eV (2.8 eV) with respect to those in ScN. Thus these electronic 

superlattices should be effective in filtering out low energy electrons at the Schottky barriers, key to 

enhancement of the Seebeck coefficient as discussed by Shakouri et al
10

.  



 From the dispersion curves it is also clear that these superlattices are highly degenerate along the 

cross-plane growth directions with the bottom of Γ-Z valance band lying just below the Fermi 

energy.  

 

 

 

 

 

                     



                        

 

Figure 5(a) Electronic structure of 2/2-ZrN/ScN and (b) 2/2-HfN/ScN metal/semiconductor 

superlattice along the high symmetry directions of the tetragonal Brillouin Zone. The symmetry 

points are Γ (0, 0, 0), X (0,
1

2
, 0), M (

1

2
, 

1

2
, 0), Z (0,0,

1

2
), R(0, 

1

2
,

1

2
), A (

1

2
,

1

2
,

1

2
). Relatively flat band at 

the Fermi energy along the Γ – Z directions can be observed.



Figure 6(a) Electronic densities of states of the 2/2-ZrN/ScN and (b) 2/2-HfN/ScN 

metal/semiconductor superlattices. Asymmetric linearly increasing densities of states at the Fermi 

energy, necessary for increasing thermopower is observed. 

 

Table I.  Energy difference between the Fermi energy and the bottom of the Γ-Z-band of various 

superlattices showing their extent of degeneracy. 

 

m/n Metal/ScN superlattice EFermi-E Γ-Z-band  for 

ZrN/ScN (eV) 

EFermi-E Γ-Z-band  for 

HfN/ScN (eV) 

2/2-superlattice 0.169 0.360 

3/3-superlattice 0.231 0.342 

4/4-superlattice 0.334 0.388 

2/4-superlattice 0.301 0.481 

4/2-superlattice 0.095 0.250 

 

The extent of their degeneracy is enumerated in Table I. The energy difference between the Fermi 

energy and the bottom of the Γ-Z valance band suggests that ZrN based superlattices are more 

degenerate compared to its HfN based counterparts.  

 



To get an insight into the role of electronic structure on the electrical properties of these 

superlattices, we have visualised the electronic states at the Γ-point of the Brillouin zone for the 

highest occupied states and the lowest unoccupied states for the 4/4-ZrN/ScN superlattice. The 

highest occupied electronic states (at the Γ-point) are hybridised Sc d-orbital and are largely 

confined to the ScN layers, while the lowest unoccupied states (at the Γ-point) are localised at the 

interface between the metal and semiconductor layers. Electronic states between different layers are 

also weakly coupled to each other resulting lower electrical conductivity across the interface.  

 

The Fermi surface plots of these superlattices are intriguing [see Fig. 8]. Since the electric field 

driven currents always flow perpendicular to the Fermi surface, the curves indicate low electrical 

current along the z-direction of these superlattices [with contributions coming from the last 4 

surfaces of the Fig 8], while along the in-plane directions the current density should be higher [all 

the surfaces has contribution to the electric field driven current along the in-plane directions].  

 



                                        

 

Figure 7(a) Highest occupied and (b) Lowest unoccupied electronic states at the Γ point for 4/4-

ZrN/ScN metal/semiconductor superlattice.  

 

 

 

 

             

 

     



 

                           

Figure 8 Fermi surfaces of 3/3 ZrN/ScN metal/semiconductor superlattices. The first four surfaces 

contribute primarily to the electrical current along the in-plane directions, while the next four have 

contributions along the cross plane directions.    

                                      

4.3.3 Vibrational Spectra 

Vibrational spectra of 2/2 ZrN/ScN and HfN/ScN superlattices [see Fig. 2(a) and 2(b)] reveal a 

reduction in the velocities of transverse acoustic modes along the growth direction, with a more 

pronounced effect in the case of HfN/ScN superlattices. Due to the mismatch in the bulk phonon 

density of states of the component materials, the mid-frequency range optical phonon bands of ScN 

are flattened along the cross-plane directions (i.e. Γ-Z, R-X, M-A) of the superlattices, making weak 

contributions to the lattice thermal conductivity along the cross-plane direction. On the other hand, 

along the in-plane directions (i.e. Γ-X), vibrational  

 

 



 

 

Figure 9(a) Vibrational spectra and phonon density of states of 2/2 ZrN/ScN and (b) 2/2 HfN/ScN 

metal/semiconductor superlattices. Localised phonons, manifested as flat dispersion along the Γ – 

Z, R – X, and M - A directions are observed. 

 

 

modes disperse as steeply as expected from the phonon dispersion of bulk materials.  



We have also visualised the displacement patterns of atoms at the Γ-point of the Brillouin zone for 

various superlattices [see Fig. 10].  The pictures suggest that all the low frequency vibrations arise 

due to the movement of Sc, Zr, and Hf atoms, while the high frequency vibrations are from the N-

atom movement.  

 



 

Figure 10 Displacement patterns of different vibrating atoms for the 2/2-metal/semiconductor 

superlattices at the Γ-point.   

 

 

 

 

4.3.4 Thermal Properties 

We now analyze the lattice thermal conductivity using Boltzmann transport theory. Since we have 

not determined anharmonic interactions between phonons, it is not possible to estimate scattering 

times. We assume that scattering times are constant for all phonons and compare thermal 



conductivity of different superlattices with that of the bulk form of their components, which 

includes only the effects of densities of states and phonon group velocities. Our estimates of cross-

plane lattice thermal conductivity [see Fig 11 (a)]  𝜅 for 1/1 superlattices are comparable to the bulk 

lattice thermal conductivity; while there is almost a 10-fold reduction in  𝜅 for 2/2 superlattices 

compared to the 1/1 case, and to bulk ZrN and HfN values. The extent of reduction is found to be 

even larger (almost 100 times) with respect to the bulk ScN case, with HfN based superlattices 

showing overall lower 𝜅 than its ZrN-based counterparts due to Hf’s larger mass compared to Zr. 

This large reduction of lattice thermal conductivity can be understood in terms of the phonon 

filtering effect at the interface, where the mismatch in phonon density of states of the bulk materials 

prevents ScN mid-frequency range phonons from being propagated across the interface.  Smaller 𝜅 

for HfN based superlattices can also be explained through the comparisons of the bulk phonon 

density of states where the acoustic branches of HfN are in significantly different frequency range 

than those of ScN. This huge reduction in cross-plane lattice thermal conductivity makes these 

superlattices highly efficient for optimising ZT for thermoelectric energy conversion devices. Our 

estimates of κ are upper bound on κ as the scattering time 𝜏 is expected to be smaller for 

superlattices due to additional scattering at the interfaces, reducing κ even further. 

Examination of the temperature variation of cross-plane lattice thermal conductivity reveals the 

dominance of acoustic phonons at low temperatures [see Fig 11 (b) and 11(c)]; while even at room 

temperatures optical phonons contribute a significant amount to 𝜅 in the case of HfN/ScN 

superlattices. In ZrN/ScN-based superlattices, a relatively smaller contribution of optical phonons to 

𝜅 is observed resulting from the lower group velocity of the optical phonons, as many optical 

phonons of ZrN are located in the small gap of ScN optical phonons at around the 500 cm
-1

 

frequency range.  



 

    

 

Figure 11(a) Boltzmann transport based calculations of cross-plane lattice thermal conductivity for 

bulk materials and superlattices, representing reduction of κ along the cross-plane direction. (b) and 

(c) cross-plane lattice thermal conductivity as a function of phonon frequencies at different 

temperatures. 

 

 

4.4 Conclusions 



In summary, we have determined electronic structure, vibrational spectra and thermal properties of 

ZrN/ScN and HfN/ScN metal/semiconductor superlattices from first-principles calculations. Our 

results show presence of asymmetry in electronic DOS, and flattening of bands near the Fermi 

energy along the cross-plane direction of these superlattices, which is expected to result in 

enhancement of Seebeck coefficient along the growth direction. Analysis of vibrational spectra and 

Boltzmann transport theory based calculations show a large reduction in lattice thermal conductivity 

along the cross-plane direction of these superlattices with respect to their individual bulk 

components as the phonons are filtered at the interfaces due to mismatch in the bulk vibrational 

spectra. Understanding of the metal/semiconductor superlattices and their properties developed here 

should be useful in design of nano-structured superlattices with excellent thermoelectric 

performance. 
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