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Synopsis

Genetic diversity is the frequency of genetically non-identical individuals in a population,
and is the raw material on which evolution acts. For this reason, it plays a key role in
understanding the evolutionary history and future evolutionary changes that may occur
in the population. For example, when there is a change in the environment, genetic
diversity helps the population to avoid the risk of extinction by providing opportunities for
adaptation to occur. However, a large body of work assumes that the environment remains
constant over evolutionary time scale, but since the natural environments continually
change with time (for example, due to seasonal variations), it is vital to understand the
effect of changing environment on genetic diversity and is the subject of this thesis.

An important statistic for measuring the within-population genetic diversity is the
site frequency spectrum, which gives unnormalised allele frequency distribution across
polymorphic sites in the genome, and is related to the heterozygosity, which is the
frequency of individuals carrying a different gene (relative to the reference) at the same
position in the chromosome. In this thesis we study these two quantities in detail when
the environment is changing in time. The thesis is divided into five chapters, and a brief
description of each chapter is given below.

Chapter 1 introduces the primary evolutionary forces, namely, natural selection,
mutation, and random genetic drift, that affect genetic diversity. We discuss three
theoretical models, i) birth-death process, ii) the infinite sites model, and iii) the Wright-
Fisher model, that are pertinent to the discussion in this thesis and are commonly used in
the population genetics literature to quantify the combined effects of evolutionary forces.
We also describe the mathematical framework of diffusion theory (Fokker-Planck equation)
which can be used for any type of mutation, and a semi-deterministic approximation for

the beneficial mutation. Besides numerical simulations, these mathematical frameworks



are used to obtain the fixation time, the site frequency spectrum, and heterozygosity in
the following chapters.

Chapter 2 deals primarily with the reduction in the genetic diversity at a linked
neutral locus due to the fixation of beneficial or deleterious mutant (selective sweep)
where the selection coefficient changes periodically with time. We consider a constant
size, randomly mating, diploid population in which one locus is under selection and
model its dynamics using a birth-death process. We study beneficial sweeps using semi-
deterministic approximation and deleterious sweeps using the diffusion theory framework.
It is known that in the static environment, the conditional mean fixation time for a
codominant mutant is identical for the beneficial and deleterious mutant (Maruyama-
Kimura symmetry). We find that the Maruyama-Kimura symmetry does not hold in
the changing selective environment, even when there the environment changes slowly.
For a meaningful comparison with the results in the static environment, we focus on the
slowly changing environment, and find that i) the conditional mean fixation time for the
beneficial mutant in changing environment is well approximated by the corresponding
result in the constant environment; ii) but for the recessive deleterious mutant, the
fixation time is substantially different from that in the static environment. Since the
diversity patterns are intimately related to the fixation times, the changing environment
strongly impacts the diversity patterns due to the deleterious sweeps.

In Chapter 3, we relax the constant population size assumption and the population is
modeled according to the infinite sites model. We study the joint effect of time-dependent
selection coefficient and demography on the site frequency spectrum (SFS) and mean
heterozygosity. We derive simple analytical expressions for the equilibrium SFS in the
static environment, and the time-averaged SF'S when the environment changes either
slowly or rapidly compared to the other time scales in the model. The main results are,

in the slowly changing environment, when selection strength is strong and the mutant
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experiences both positive and negative selection, i) the time-averaged SFS is significantly
different than the equilibrium SFS in the static environment with time-averaged selection
coefficient, and ii) the difference depends upon the amount of time spent by the population
in the deleterious part of the cycle, and the phase difference between the population size
and selection coefficient.

In Chapter 4, we relax the random mating assumption in previous chapters, and
discuss the reduction in genetic diversity at the linked neutral site due to the fixation
of the mutant at the selected locus when inbreeding occurs. We find that the effect of
slowly changing environment on the mean conditional fixation time due to deleterious
and beneficial sweeps is strongest for randomly mating populations. Furthermore, we
explore the effect of changing environment on strongly deleterious mutations. Due to
strong purifying selection, deleterious mutations are eliminated and result in a reduction
in linked neutral genetic diversity (background selection). We therefore study the effect
of recurrent deleterious mutations on the linked neutral sites in an asexual population
which is described by a Wright Fisher model. We find that for the slowly changing
environment, i) when the population fluctuates between zero and negative selection
coefficient, the time-averaged SFS and mean heterozygosity are always larger than that
in the static environment with the time-averaged selection coefficient, and ii) when the
selection coefficient changes but is always negative, the time-averaged SF'S and mean
heterozygosity are larger (smaller) than that in the static environment with time-averaged
selection coefficient when the population is in slow (fast) Muller’s ratchet regime.

Chapter 5 concludes the thesis with a discussion of main results and some interesting

open questions related to our study.
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Chapter 1

Introduction

1.1 Introduction

Natural populations are typically subject to two opposing forces: on the one hand, the
population has a tendency to march towards specific types that are advantageous in the
given environment, and on the other hand, the population should have genetic diversity
in order to provide the potential to cope with changing environments. A classic example
where genetic diversity prevented the extinction of the population is observed in peppered
moths during the industrial revolution [1].

The causes and maintenance of genetic variation can be studied in the framework
of population genetics which involves modeling the temporal and spatial changes in
the allele frequencies over a period of time. A central goal of population genetics is to
examine the genetic make up of the population under the effect of selection, mutation,
recombination, random genetic drift and other evolutionary factors. The development of
mathematical models in population genetics has significantly refined our understanding
of how evolution works at the genetic level, and provided insights into the mechanisms of

the evolution which are sometimes very far from the intuitive expectations. One such



2 Introduction

@ @Q ® 6

L@ ® @ @ &
. =
5 B
i @ @) (o) (0 @
) HONORORORO
(a) Allele @ spreads (b) Allele @ gets extinct

Fig. 1.1 Random genetic drift: Either the allele A spreads into the entire population or
it gets extinct eventually due to stochastic fluctuations in the allele frequencies.

counterintuitive result related to the time taken by the mutations to spread in the entire

population is discussed in Chapter 2.

1.1.1 What shapes genetic diversity?

While mutations and genetic recombination increase the genetic variation within a
population, natural selection and genetic drift decrease the genetic diversity, as explained
below.

Mutation is the cause of new variation that can arise into the population, and considered
as the ultimate source of genetic variation. Mutations can arise due to occasional random
errors in DNA replication or due to the physical damage to the DNA. The mutational
effects on the fitness of an individual can be harmful (deleterious mutations), advantageous
(beneficial mutations), or null(neutral mutations).

Genetic recombination is the mixing of the maternal and paternal chromosomes
during meiosis, and introduces genetic variation in the population.

Natural selection is the difference in the reproductive output among the individuals.

The individuals which are fit in a particular environment are most likely to survive and
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Fig. 1.2 Selective sweep: When the mutation @ spreads in the population and the
recombination rate is small, the linked neutral mutants @ also get fixed, thereby reducing
the genetic variation in the population.

produce more offspring as compared to the individuals which are less fit. Thus natural
selection reduces the genetic diversity by favoring or disfavoring a specific allele.

Random genetic drift is the change in the allele frequencies due to random sampling
effects. The fact that the two equally fit individuals can have different number of offspring
makes the randomness an important component of the population genetics theory. The
consequence of random genetic drift is illustrated in Fig. 1.1. Consider a population
of constant size N with haploid individuals, and two segregating neutral alleles, a and
A. If there are no mutations, eventually either the neutral allele a spreads into the
entire population (fixation) and replaces the wild type allele A, or it is lost from the
population. Thus, random genetic drift results in the reduction of the genetic variation

initially present in the population.

1.1.2 Lewontin’s paradox

In the absence of selection, the new variation is introduced in a population through
mutations at rate p, and the random genetic drift eliminates the new mutations at a

rate 1/N in a population with size N. Under the action of these two opposite forces, the
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Fig. 1.3 Maruyama-Kimura symmetry: The conditional mean fixation times for a mutant
with selection coefficient —s (red) and s (green) are identical.

genetic diversity reaches an equilibrium and the pairwise neutral diversity at a locus is
given by m ~ 4Ny [2]. But empirical studies of over a thousand species show that the
genetic variability is much smaller than predicted by the neutral model. This observation
is known as Lewontin’s paradox [3-6].

Several explanations have been proposed to explain the observed narrow range of
neutral diversity. Selective sweep [7-11] and/or the background selection [12-14] at
selected sites are considered important mechanisms which can potentially reduce the
variation at linked neutral sites.

Selective Sweeps: When a new mutation arises in a population, either selection or
genetic drift can increase its frequency. In an asexual or weakly recombining population,
if the new mutation goes to the fixation, the linked neutral alleles hitchhike along
with it, thereby reducing the neutral genetic diversity. Furthermore, in regions of low

recombination, the reduction in neutral genetic diversity depends on the conditional
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Fig. 1.4 Background selection: The genetic sequences carrying strongly deleterious
mutation @ are eliminated from the population, thereby reducing the neutral (@) genetic
variation in the population.

mean fixation time which is defined as the mean fixation time divided by the probability
of fixation. The conditional mean fixation time for a codominant mutant is the same for
a beneficial mutation with selection coefficient +s, and deleterious mutant with selection
coefficient —s (Maruyama-Kimura symmetry) [15, 16] as depicted in Fig. 1.3. As a
consequence of this symmetry the variability at the linked neutral sites is the same due
to beneficial and deleterious sweeps.

Background selection: The genetic diversity at the linked neutral sites can also be
reduced due to selection against the recurrent deleterious mutations in the genomic
regions of low recombination as depicted in Fig. 1.4. This process is known as background

selection [12].

1.2 Models

In population genetics, the allele frequency dynamics are described by deterministic or
stochastic models. In deterministic models, the evolutionary dynamics are described

solely by mean allele frequencies and fluctuations in the allele frequencies are ignored,
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Fig. 1.5 Birth-Death Model: Birth-Death process is a continuous-time Markov process in
which an individual gives birth and another one dies. The birth (r,;) and death rates
(rq;) may depend on the population size and the number of individuals of type i.

whereas in the stochastic models, the fluctuations are considered which arise due to the
finite size of the population. In this thesis, we have used three stochastic models that

are described below.

1.2.1 Birth-Death process

A birth-death process is a class of continuous-time Markov process where the outcome at
the next step depends only upon the state at the previous step. In birth-death process
[17-19], the system makes a transition from state ¢ to ¢ + 1 (birth), or state ¢ to i — 1
(death) according to the birth rate r,;, and the death rate rq;, respectively, as depicted
in Fig. 1.5. Once the system enters the state with ¢ individuals, it stays in this state
for a time ¢ (sojourn time), which is distributed exponentially with rate ry; + r4;. The

probability, P;(t) that the system is in state ¢ at time ¢ satisfies the following differential

equations:
OPy(t
aOt() = ra1Pi() (1.1)
OP;(t
8t( ) = 1y Pio1(t) + rai1 P (t) — (1o +7a,) Py (1.2)
OPy(t
w () = Tyn—1Pn_1(t) — ranPrg(t) (1.3)

ot
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where 1 < i < N —1. We are interested in the special class of birth-death processes where
once the system reaches the states with ¢ = 0 or ¢« = N, it is trapped in them forever
(absorbing states). We have used this model in Chapter 2 to address a fundamental
question in population genetics regarding the time taken by a newly arisen mutation to

fix into the population when the environment is time-dependent.

1.2.2 Infinite sites model

In the infinite sites model, the genetic sequence is considered to be very long so that the
new mutation arises at a new site along the stretch of the DNA which has not mutated
before [20-22]. The second assumption is that the recombination is free, allowing allele
frequencies to evolve independently at each site. In the most basic case of neutral
mutations, genetic diversity is maintained in the population through the combined action
of genetic drift and recurrent mutations: the genetic drift removes variation from the
population, whereas mutations introduce variation at new sites. This model is used
in Chapter 3 to calculate important measures of the genetic diversity such as the site
frequency spectrum (described in Sec. 4.2) and heterozygosity, which is the frequency of

individuals carrying different alleles.

1.2.3 Wright-Fisher model

The Wright-Fisher model is a discrete time Markov chain that describes the evolution of
allele frequency under the influence of various evolutionary forces [23, 24]. In the neutral
Wright-Fisher model without mutations, as depicted in Fig. 1.6, the offspring generation is
obtained from the parent generation by the following steps: i) in the offspring generation,
each individual chooses a parent at random from the parent generation, and ii) the
previous step is repeated until the number of individuals in the offspring generation

equals the number of individuals in the parent generation. If selection is present, the
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Fig. 1.6 Wright-Fisher Model: Consider a population with constant size N where the
individuals are of two types, (@) and (O). Each individual in offspring generation picks a
parent with probability proportional to the parent’s fitness.

chance that offspring picks a particular parent is proportional to the parent’s fitness.
Here the time is measured in the units of lifetime of an individual. To illustrate this,
consider a small population of 5 haploid individuals (see Fig. 1.6) which are of two
types, represented by filled circles and open circles. For simplicity, we consider a neutral
population where the fitness of both types of individuals is the same, and there are
no further mutations. The offspring generation at time ¢ is generated from the given
parent generation at time ¢ — 1 according to the steps described above. FEach offspring is
connected to its parent through an arrow, which indicates the parent from which the
offspring inherited its genetic information. The probability that in generation t, m <5

open circle type individuals are present is given by

o= ()G () o

The m = 0 and m = 5 are the absorbing states; if the population becomes of one type
of individual, then it will remain so for the subsequent generations. If there are more
than two type of individuals, the above binomial sampling is replaced by the multinomial
sampling. The Wright-Fisher model is used in Chapter 4 to describe the change in the

neutral diversity due to background selection when selection coefficient is time-dependent.
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1.3 Mathematical frameworks

In this thesis, besides performing numerical simulations of the models described in the
last section, we also obtain simple, analytical results using a diffusion theory, and a

semi-deterministic theory.

1.3.1 Diffusion theory

As mentioned in Sec. 1.1, evolutionary processes are not deterministic, in general. If the
change in the allele frequency is regarded as a continuous-time stochastic process, then
the probability density of allele frequency x at time ¢, given that it starts with xq at time

to obeys the following equation [25]:

9¢(x, t|xo, o) 9 0

= —— (M(z)¢(x,t|z0, t0)) + 92

ot Oz (V(2)p(, t]zo, t0)) (1.5)

where M (z) is the average change in the allele frequency per generation due to selection
and mutation and V' (x) is the variance in the allele frequency change per generation due
to random genetic drift. The above equation is the Kolmogorov forward equation, and in
the physics literature, it is known as the forward Fokker-Planck equation and used to
study dynamics or non-trivial stationary states. When the population eventually reaches
an absorbing state, it is comparatively easier to calculate the quantities of interest using

the following Kolmogorov backward equation:

8¢>(x,t|x0,t0) (9 82
_8—750 = M(Io,to)ai%(b(x,ﬂxo,to) +V(I0,t0)aix(2)¢(x,t|x0,to) (16)

The above equations (1.5), and (1.6) assume that the mutation rate (1) and the selection
coefficient (s) are small, and that the population size N is large, but the scaled selection

coefficient (Ns), and scaled mutation rate (Npu) are finite.
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Fig. 1.7 Dynamical phases: The wild type frequency (red) and beneficial mutant allele
frequency (green) initially evolve stochastically (phase A), followed by deterministic
evolution (phase B), and again evolve stochastically when they are close to absorption
(phase C).

1.3.2 Semi-deterministic theory

Unfortunately, it is not possible to solve the diffusion equations (1.5) and (1.6) in a
closed form in the presence of selection. However, for beneficial mutations, we can use a
semi-deterministic theory [26, 27]. Given that the mutant allele fixes in the population,
the dynamics of its frequency can be divided into three phases as shown in Fig. 1.7: i)
initially, the mutant allele frequency is very low so that it evolves stochastically (phase
A), ii) once the mutant allele frequency becomes substantial, it evolves deterministically
(phase B), and iii) when the mutant allele is close to fixation, so that the wild type
frequency is very low, it again evolves stochastically once again (phase C).

In phase A, as the mutant allele frequency is low, the forward Fokker Planck equation

can be simplified to the Feller differential equation [28] in the limit x — 0. The Feller
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equation can be solved exactly for the allele frequency distribution, and conditioned
on fixation, the allele frequency distribution reaches a stationary state at long times.
In these conditional trajectories, the further evolution of the allele frequency is treated
deterministically (phase B). In phase C, the wild type frequency is low and a Feller
equation similar to that in phase A can be written for the wild type. The average allele
frequencies in the stochastic phases and the deterministic phase are matched at the
boundaries. These ideas are used in Chapter 2 to find the full fixation time distribution

of the mutant allele in time-dependent environment.

1.4 Quantities of Interest

In this thesis, we will primarily focus on fixation time and site frequency spectrum that

are described below in detail.

1.4.1 Conditional mean fixation time

We discussed in Sec. 1.3 that the reduction in the genetic diversity at the linked neutral
sites depends on the conditional mean fixation time which is the mean fixation time
calculated only from those allele trajectories that are destined to fix. The unconditional
mean fixation time for the mutant which starts with frequency zy can be calculated
using (1.5) as T = [3°dt tg(x — 1,t|z,0). The conditional mean fixation time is given

= T
by T, = where u(xg) is the eventual fixation probability and given by setting

u(o)
u(z) = ¢(x — 1,t — oo|zg,tp) in (1.5). In Chapter 2, we calculate the conditional

mean fixation time for the more complicated scenario where the selection coefficient is

time-dependent.
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Fig. 1.8 Site frequency spectrum: Consider the genomic data set of 6 individuals and 8
sites where 0 and 1, respectively, denote the wild type and mutant allele. The number
of observed polymorphic sites (5;) with allele frequency i are then represented by a
histogram which is generated by counting the number of mutant alleles present at each
site.

1.4.2 Site frequency spectrum

In order to make computational or analytical progress, we must reduce the big genomic
dataset using some summary statistics that can encapsulate the variation within the
population. One such powerful statistics is site frequency spectrum (S;), which is defined
as the number of sites at which exactly ¢ individuals carry the mutation.

Figure 1.8a illustrates a simple example to measure the site frequency spectrum from
the genomic data set. Consider a population of 6 individuals where each individual
DNA sequence has 8 sites. The mutant alleles are represented by 1, and wild types are
represented by 0. At each site, we count the total number of mutant alleles present
among all individuals and represent it by vector (1,2,3,1,1,2,5,1). The histogram of
this vector yields the site frequency spectrum as depicted in Fig. 1.8b.

The shape of the site frequency spectrum provides information about the evolutionary
forces under which a population may be evolving. In static environment, the site frequency
spectrum approaches a stationary distribution under the action of mutation, selection

and genetic drift [29], and is shown for neutral, deleterious and beneficial mutations
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Fig. 1.9 Site frequency spectrum: Under the infinite sites model, the equilibrium site
frequency spectrum decreases monotonically for neutral and deleterious mutations. For
beneficial mutations, the site frequency spectrum is U-shaped because the beneficial
mutation can rise to high frequency in the population due to their advantageous effect.

in Fig. 1.9. When the mutations are neutral, the equilibrium site frequency spectrum
decreases monotonically as i, where § = 2Ny is the scaled mutation rate. But it
decreases exponentially fast for deleterious mutations, and it is non-monotonic in the
case of beneficial mutations. In Chapters 3 and 4, we find the site frequency spectrum

when the population size and selection coefficient vary with time.

1.5 Overview of the thesis

In this thesis, we focus on how various measures of genetic diversity are shaped in

changing environments under the influence of various evolutionary forces described in
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section 1.1. We consider the change in environment i) due to time-varying selection
coefficient, and ii) time-varying population size.

In chapter 2, we study the reduction in the linked neutral variation due to the fixation
of mutation at the selected site in the changing environment when population size is
constant but selection coefficient varies periodically with time using a continuous-time
birth-death model. We find that the Maruyama-Kimura symmetry is not preserved in
the changing environment when selection coefficient varies with time resulting in different
neutral genetic diversity levels due to the beneficial and the deleterious sweep. Even
in the slowly changing environment, the conditional mean fixation time is found to
be significantly different than that in the static environment for recessive deleterious
mutations while the fixation time for beneficial mutation is hardly affected.

In chapter 3, we consider the joint effect of changing population size and changing
selection coefficient on the measures of genetic diversity using infinite sites model. Our
most interesting result is for on-average neutral mutations in slowly changing environment,
where the time-averaged site frequency spectrum is found to have a qualitative different
shape as compared to equilibrium site frequency spectrum in the static environment, and
mimics the site frequency spectrum for the beneficial mutations in the static environment.
As in chapter 2, the deleterious mutations are found to be the reason for this qualitatively
different behavior of the site frequency spectrum.

In chapter 4, we further explore the effect of changing selection on selective sweeps
in inbreeding population, and the changing environment effects are strongest for the
randomly mating population. We also study the effect of background selection on the
linked neutral variation in the changing environment using discrete time Wright-Fisher
model, and find our results to be significantly different than that in the static environment.

In chapter 5, we conclude the thesis with the main results and discuss some interesting

open questions.



1.5 Overview of the thesis

15

Glossary
Term Description
Allele variant forms of a gene.

Allele frequency

fraction of an allele.

Background selection

process of elimination of deleterious mutations due to selection bias

that reduces genetic diversity

Dominance one allele has a stronger effect on an individual’s traits than another
allele for the same gene.

Fitness refers to the relative ability of an individual to survive and reproduce

Fixation when the mutant allele frequency becomes 1

Heterozygosity frequency of different alleles at a particular locus.

Locus position on a chromosome where a particular gene is located.

Linkage tendency of closely positioned genes to be inherited together

Selective sweeps

process by which a mutant sweeps through the population reducing

the genetic variation at the linked neutral sites

Site frequency spectrum (SF'S)

distribution of allele frequencies across the polymorphic sites.
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Chapter 2

Time to fixation in changing

environments

2.1 Introduction

In this Chapter, we investigate the reduction in genetic diversity at a linked neutral
locus caused by the fixation of beneficial or deleterious mutants (selective sweep) in
the periodically changing selective environment. Here, we focus on conditional fixation
time because the reduction in linked genetic diversity in low recombination regimes is
proportional to it.

In a finite, recombining population where a selected locus is linked to neutral loci, if
a new advantageous mutation fixes faster than the time it takes for neutral loci to get
dissociated via recombination, the neutral genetic diversity in the neighborhood of the
selected locus is reduced (beneficial sweep) [1, 2]; a similar pattern arises when a mildly
deleterious mutation reaches fixation due to genetic drift (deleterious sweep). Thus, the
time of fixation is intimately related to the level and patterns of neutral diversity [3].
It is important to note that the fixation time under discussion here is obtained from a

stochastic process that is conditioned on fixation; this is because at the end of selective
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sweep, one is observing only those trajectories of the new allele in which fixation has
occurred and not all the trajectories in which it had appeared [4, 5].

Theoretical models of sweeps and their genomic applications assume the selective
environment to be constant in time; however, environmental variation is ubiquitous in
nature, and may potentially affect the fixation time. For example, suppose a mutant
arises while selection is positive and increasing. In this case, the mean fixation time,
conditional on fixation, is expected to be smaller than when the selection pressure remains
the same as that when the mutant arose, and can result in a larger reduction in the
neutral diversity. One may then ask: how much does the fixation time in a changing
environment (especially, if it varies slowly) differ from that in a static environment?

Furthermore, in static environments, the conditional mean fixation time has the
important property of being the same for a mutant with selection coefficient s and
dominance coefficient h and a mutant with respective parameters, —s and 1 — h [6, 7],
as a result of which it may be difficult to distinguish between the diversity patterns due
to positive and negative selection [8]. In a changing environment, on general grounds,
this symmetry can be expected to be absent, and one may delineate the parameter space
where the lack of this symmetry has a strong effect on variability patterns.

As a first step towards an understanding of selective sweeps in changing environments,
here we study the properties of the conditional fixation time of a mutant in a finite,
diploid population when the selection coefficient is time-dependent. To the best of our
knowledge, except for a preliminary study [9], the fixation time in a changing environment
has not been investigated in detail. We consider the evolution in an environment that
changes periodically due to, for example, seasonal cycles [10], and study how the fixation
time is affected by the rate of environmental change, the time of appearance of the
mutant, the strength of selection and the dominance coefficient. Throughout the Chapter,

we assume random mating and autosomal inheritance.
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Our results are obtained analytically using a diffusion theory for time-inhomogeneous
processes when selection of either sign is weak or moderate and a semi-deterministic
theory for strongly selected beneficial mutants, and are supplemented and checked
by numerical simulations. Our main finding is that in slowly changing environments,
the conditional mean fixation time of an initially beneficial mutant with intermediate
dominance is well-approximated by that in a static environment, and the same holds
true for an initially deleterious mutant under moderate selection. However, if an initially
deleterious mutant is recessive, its conditional mean fixation time is considerably longer
or shorter in a slowly changing environment than in a static environment. In other words,
the symmetry property for the conditional mean fixation time mentioned above [6, 7] does
not hold between recessive deleterious and dominant beneficial mutants. Since by virtue
of Haldane’s sieve, which operates in both static [11] and slowly varying environments
[12], most deleterious mutations are recessive and beneficial ones are dominant, the

results obtained here are relevant to an understanding of selective sweeps in changing

environments (see DISCUSSION for details).

2.2 Model

We consider the model in DEvVI and JAIN [12] that deals with a randomly mating
population of size N. We assume that a single biallelic locus is under selection and the
three genotypes, aa, Aa and AA have the fitness 1 + s(t), 1 + hs(t) and 1, respectively.
Here 0 < h < 1 is the dominance parameter and s(t) = s + osin(wt + 0),t > 0 is the
time-dependent selection coefficient that varies periodically with cycling frequency w.
Without loss of generality, we assume that the oscillation amplitude o > 0 but the
time-averaged selection coefficient s is arbitrary, and the initial phase 0 < 6 < 2.

For large population size and small selection coefficient, instead of genotypic frequen-

cies, we can work with the allelic frequencies [13]. We start with a single mutant allele in
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the population and ignore any further mutations. The evolution of the population under
selection and random genetic drift is modeled by a continuous time birth-death process
(Chapter 4, KARLIN and TAYLOR [14]) in which the number i of alleles a increase or

decrease by one at rate ry(t) or r4(t), respectively. These rates are given by

- 2 Niwg (1) ON — i
) = TN = Jua® < 2N (2.1)
ity — 2NN —iwa) i 2.9

iwa(t) + 2N — wa(t) 2N

where wy(t) = (14 s(t))i + (1 + hs(t))(2N — @) and wa(t) = (2N — i) + (1 + hs(t))i are,
respectively, the marginal fitness of allele a and A. The allele numbers at time t are
updated at time t + 0t where the interval dt is chosen from the probability distribution
p(ot) =r(t+ 5t)e_ftt+§t W) with r(t) = ry(t) +r4(t) being the total rate at which either
birth or death events occur.

For computational efficiency, numerical simulations of the above model were carried
out assuming that the birth and death rates remain constant at r(¢) during the interval ot.
Then it follows that dt obeys an exponential distribution with rate r(¢); however, we have
checked that our results do not change if we relax this assumption. In our simulations,
105 — 10® independent trajectories of the mutant allele were generated but the data for
the fixation time were averaged over only those trajectories that lead to the fixation of
the mutant. The conditional mean fixation time was thus obtained by averaging over
about 10® and 10* fixation events for deleterious and beneficial mutants, respectively.
The standard error on the conditional mean fixation time were also calculated for some

representative parameters and found to be at most 2% of the mean value.
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Fig. 2.1 Top panel: Conditional mean fixation time T of a dominant mutant (h = 0.7, A)
and a recessive mutant (h = 0.3, ¥) with selection coefficient s(t) = o sin(wt 4+ 7/4) and
—s(t), respectively (see inset for s(0)) to show that the symmetry between the conditional
mean fixation time for dominant beneficial and recessive deleterious mutant in static
environments is not preserved in changing environments. The data are obtained by
numerical simulations (closed symbols) and numerically integrating the diffusion theory
equations (2.4) and (2.5) (open symbols) for small cycling frequencies in a population of
size N. The conditional mean fixation time in the static environment with selection |s(0)]
(solid line) and in the neutral environment, given by 2N, (dashed line) are obtained from
diffusion theory and shown for comparison. Middle and Bottom panel: Mutant allele
trajectories for (b) the initially deleterious mutant (h = 0.3) and cycling frequencies,
w = 5x107*(black), 2 x 10~3(magenta), and 4 x 1073 (blue), and (c) the initially beneficial
mutant (h = 0.7) for w = 0(blue),5 x 10~*(black), and 2 x 10~3(magenta). The allele
trajectories in each panel are almost same at short times as they were started with the
same random seed in the computer simulation. The smooth curves show the selection
coefficient for the corresponding cycling frequency. In all the panels, ¢ = 0.01 and
N =500 so that o = N|s(0)| =~ 3.5.

2.3 Conditional fixation time in changing environ-
ments

In a constant environment, the expected fixation time of a new mutant that is destined to
fix decreases with the magnitude of its selection coefficient s since a strongly deleterious
mutant fixes soon to avoid extinction, whereas a strongly beneficial mutant that has a
low chance of extinction grows fast [15-17]. In a population of size N, this result holds
only for a strongly selected mutant (N|s| > 1) but for weak selection (N|s| < 1), the
conditional mean fixation time can vary nonmonotonically with s [18]. Interestingly, for
any selection strength, diffusion theory predicts that the conditional mean fixation time
of a single mutant has a remarkable property: it is the same for a beneficial mutant
with selective coefficient s and dominance coefficient h and a deleterious mutant with
respective parameters —s and 1 — h [6, 7]. For a codominant mutant (h = 1/2), this
symmetry is even stronger in that it holds for any initial mutant number 0 < ¢ < 2N (p.

170, EWENS [19]).
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Fig. 2.2 Conditional mean fixation time of an initially deleterious (V) and initially
beneficial (A) mutant with selection coefficient s(t) = 5+ o sin(wt + 37/4) and —s(t),
respectively, obtained by numerical simulations in a population of size N. The conditional
fixation time in static environment with selection |s(0)| (solid) and in the time-averaged
environment with selection [s| (dashed) are also shown for comparison, and obtained
using diffusion theory. In both cases, s = 0.01,0 = 0.007 and N = 500. The qualitative
behavior of these curves can be understood using the arguments given in the text.
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In order to test whether the Maruyama-Kimura symmetry mentioned above also
holds in a periodically changing environment, we need to compare the fixation time of
mutants whose selection coefficients are of opposite sign at all times. Figure 2.1a shows
the conditional mean fixation time 7', of mutants with dominance parameter A and 1 — h
and selection coefficient s(t) and —s(t), respectively, when they are under moderate
selection and on-average neutral (for nonzero average selection coefficient, see Fig. 2.2).
It is clear from these figures that the Maruyama-Kimura symmetry does not hold when
selection is time-dependent.

To understand the qualitative behavior of the conditional mean fixation time 7. in
Fig. 2.1a, we first consider the fixation time of the initially deleterious mutant in a slowly
deteriorating environment. If this mutant segregates in the population for too long, it is
at a risk of extinction even if it manages to reach a high allele frequency (see mutant allele
trajectory for cycling frequency w =5 x 107* in Fig. 2.1b). For this reason, in Fig. 2.1a,
below w ~ 7/(4 x 900) = 8 x 1074, the fixation time is smaller than the corresponding
result in the static environment. The fixation time of the initially beneficial mutant in
a slowly improving environment is also smaller than that in the constant environment
but for a different reason: here, as exemplified by the allele trajectories for w = 0 (static
environment) and 5 x 10™* in Fig. 2.1c, the mutant in the latter case, by virtue of its
larger selection coefficient, grows faster than the one in the static environment; therefore,
for frequencies below w =~ /(2 x 900) = 2 x 1073, the fixation time decreases.

However, if the environment changes fast enough (w > 8 x 1074 in Fig. 2.1a) so that an
initially deleterious mutant experiences a relatively better environment (|ds/dt| > 0) on
reaching a high frequency, fixation can occur at a later time than in a static environment
(see allele trajectory for w = 2 x 1073 in Fig. 2.1b). For a further increase in cycling
frequency (w > 2 x 1073 in Fig. 2.1a), the mutant can experience strong positive selection

at late times (refer allele trajectory for w = 4 x 1072 in Fig. 2.1b), which, as explained
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above, results in a faster growth and a decrease in the fixation time. For the initially
beneficial mutant, as the cycling frequency increases (w > 8 x 107%), the mutant allele
experiences decreasing selection and must fix soon to avoid extinction (see allele trajectory
for w, in Fig. 2.1¢). As the cycling frequency is further increased (w > 2 x 10—3), the
mutant population sees negative but improving selection at late time, and hence runs a
lower risk of extinction which results in an increase of the conditional mean fixation time.
At even higher frequencies, as selection changes sign and direction several times, the
fixation time during the fixation process, the fixation time for both mutants approaches
the value in the time-averaged environment.

We also note that in Fig. 2.1a, an extremum in the fixation time occurs at the
resonance frequency, w, = 2 x 1073 which is defined as the cycling frequency at which the
environment changes at a rate proportional to a frequency scale in the population when
the oscillation amplitude o = 0. In Fig. 2.1a, the resonance frequency w, is proportional
to the reciprocal of the fixation time 2V in the neutral environment [15]. Whether this
extremum in the fixation time is a maximum or a minimum is determined by the initial
phase 6 (for a discussion of the resonance frequency for fixation probability in changing

environments, refer to DEVI and JAIN [12]).

2.4 Diffusion theory in slowly changing environments

To explore and better understand the qualitative observations discussed above, we now
develop a diffusion theory for time-dependent selection coefficients. As explained in
Appendix A.1 the probability distribution ®y(x,t|p,ty) that the mutant frequency is x
at time t, given that it was p at time ¢ty < ¢ obeys the following backward Kolmogorov

equation [20]:

Oy (,t|p, to) Oy (x,tlp,to) | pq O*Pp(x,tp, to)

(2.3)
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where s(ty) = s+ o sin(wto+6) and g(p) = pg(p+h(1—2p)). Using (2.3), it can be shown
that the unconditional mean fixation time T (p, o) and the eventual fixation probability
u(p, to), respectively, obey (A.1.4) and (A.1.5). But, unfortunately, these equations do
not appear to be solvable for the full range of parameters. For slow and fast changing
environments, simple expressions for the eventual fixation probability have been obtained
in DEVI and JAIN [12] using a perturbation theory. Below, using the same method, we
find the mean fixation time in slowly changing environments.

In environments that change at a rate w < N1, s(0) with arbitrary Ns(0), the
unconditional mean fixation time T ~ Ty + NwT and the eventual fixation probability,
u ~ ug + Nwuy, where the subscript 0 and 1, respectively, denote quantities in a static
and slowly changing environment, respectively. As described in Appendix A.2, u; and

vy = T1/(2N) obey the following ordinary differential equations,

ou
p—;ul" +ag(pu) = —8—00 (2.4)
ov,
p—qul" +ag(p)vy’ = —Nuy — (9790 (2.5)

and the quantities vy and vy = Ty/(2N) in the static environment obey [15]

Pq

?uo” +ag(p)uy’ = 0 (2.6)
pg r
?UQ + ag(p)vy” = —Nuyg (2.7)

In the above equations, prime denotes the derivative with respect to p and a = Ns(0) is
the scaled selection strength. Equations (2.4)-(2.7) are subject to boundary conditions
uo(1,t0) = 1 and u;(0,t9) = v;(0,t9) = v;(1,t9) = 0,7 = 0,1. The conditional mean
fixation time 7, scaled by the mean fixation time 2N in the neutral environment is then

given by

T, T
N\ (Ul—uof“> (2.8)
0
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where vg . = vo/up (see Appendix A.2 for details).

Although a formal solution of (2.4)-(2.7) can be written down, it appears difficult to
obtain a simple analytical expression for the fixation time using these results in (2.8).
However, (2.4)-(2.7) can be easily integrated numerically, and as attested by Fig. 2.1a,
these numerical results are in good agreement with those obtained from the simulations

at small cycling frequencies.

2.4.1 Weak selection

In a static environment, the conditional mean fixation time of a beneficial mutant under
weak selection (N|s| < 1) and with dominance coefficient h > 1/2 increases with the
selection pressure and can be larger than the fixation time of a neutral mutant. This
may be understood by noting that although the mutant population is subject to strong
random fluctuations, the fixation probability of a beneficial mutant increases with the
level of dominance [21] and therefore a beneficial dominant mutant can counter the risk
of extinction at late times. By the Maruyama-Kimura symmetry, an analogous result is
obtained for a deleterious mutant with dominance coefficient h < 1/2 [18].

To see this result quantitatively, for small & = Ns, we expand the fixation probability
up and the fixation time v, in a power series about o = 0 up to order o2, and substitute
them in (2.6) and (2.7). Collecting terms with the same power of a on both sides of
these equations, we get a set of second order ordinary differential equations which can be

solved straightforwardly, and we finally obtain

Vo, =~ 1+ —— — (29)

where H = h — (1/2) is the deviation from codominance. The above result shows
that the conditional mean fixation time (relative to the neutral fixation time) is a non-

monotonic function of a with a maximum at o* = 4H and the value at the maximum,
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Fig. 2.3 Scaled conditional mean fixation time, v, = T./2N for a co-dominant mutant
under weak selection in slowly changing, on-average neutral environment in which the
selection coefficient s(t) = o sin(wt 4+ 6). The parameter a = N|s(0)| was varied with
selection amplitude o, keeping the population size N and the initial phase § = 7/4
(for positive «) and 57/4 (for negative «) fixed. The inset shows the variation of
the conditional mean fixation time with dominance in static environment (solid) and
slowly varying environment for initial phase § = 7/4 (dotted) and 57/4 (dashed), and
o = 0.000158. In both plots, N = 2 x 10®> and Nw = 0.08, and the lines show the
analytical expressions (2.9) and (2.10) and the points show the numerical solution of
(2.4)-(2.7).

vo(a*) =1+ (2H?/9). As H* < 1/4, the conditional mean fixation time of the selected
mutant can exceed that of the neutral mutant at most by ~ 5%, as observed numerically
in MAFESSONI and LACHMANN [18].

In a slowly changing environment, unlike in the last section where a@ > 1, the
fixation time of an initially beneficial (deleterious) mutant in an improving (deteriorating)

environment increases (decreases) with selection strength when o < 1; this is due to a

slight increase (decrease) in the fixation probability from the neutral value (see Fig. 2.3).
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But with increasing selection strength, the fixation time in either case eventually decreases.
Proceeding in a similar fashion as for the static environment, we expand u;(p) and v;(p)
in a power series in « to quadratic orders, and plug them in (2.4) and (2.5). We then

find the change in the fixation time due to slowly changing environment to be

Ve R % [(70 — 67T2) H+9 (7?2 - 9)} cot 0
+ 10628 (37?2 - 38) cot 0 (2.10)

for @ # 0, 7. Using this result, the maximum in the total conditional mean fixation time

is found to occur at
2
o m4H + ZNweotd (67> — 82)H + 97” — 81 (2.11)

Equations (2.9) and (2.10) and also Fig. 2.3 show that the conditional mean fixation
time continues to be a non-monotonic function of the selection coefficient in changing
environments. But, for a codominant mutant, while vy, is symmetric about a = 0 in
a constant environment (see (2.9)), due to the lack of Maruyama-Kimura symmetry in
the changing environment, the maximum in the fixation time occurs at a nonzero a*, as
predicted by (2.11). For small «, from (2.10), we have vy . = 0.2ha cot @ which shows
that the changing environment has the strongest effect when the mutant of either sign is

dominant; however, the magnitude of these effects is quite small, see inset of Fig. 2.3.

2.4.2 Moderate selection

We now consider the parameter regime where selection is moderately strong and the
deleterious mutant has a significant chance of fixation (1 < |a| < 20). As in the last
subsection, one would like to obtain simple analytical expressions for the time T, but,

unfortunately, it is generally not possible to develop consistent approximations when the
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Fig. 2.4 Conditional mean fixation time 7, for moderate selection in static (e) and slowly
changing environment with selection coefficient s(t) = o sin(wt 4+ ) (diamonds) and
—s(t) (squares) for different dominance coefficients and the initial phase § = 7/4 (open
symbols) and 37/4 (closed symbols) in a population of size N. The other parameters
are N = 2 x 10*>, Nw = 0.05 and o = 0.01. The inset depicts the arrival time of the
mutant in all the cases. The data are obtained within the framework of diffusion theory
by numerically solving (2.4)-(2.7).

parameters are of moderate size. Below, we therefore discuss the results obtained by
numerically integrating (2.4)-(2.7).

To understand the results shown in Fig. 2.4, we first consider the fixation time of the
initially deleterious mutant in a deteriorating environment and the initially beneficial
mutant in an improving environment (both denoted by open symbols) for a given
dominance coefficient. On account of larger scaled selection strength, the former has
a lower fixation probability than a deleterious mutant in the constant environment,

and therefore should fix sooner to avoid extinction; the initially beneficial mutant, on
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Fig. 2.5 Absolute value of the deviation between the conditional mean fixation times in
slowly changing environment with selection coefficient s(t) = osin(wt + ) and static
environment with selection coefficient s(0) for beneficial (0 = 7/4, ¢) and deleterious
mutants (§ = 57/4, M) as a function of |a| = N|s(0)| for fixed dominance coefficient
h =1/2 and o = 0.01 obtained within the framework of diffusion theory by numerically
solving (2.4)-(2.7).

the other hand, grows faster in an improving environment than in the corresponding
static environment. In either case, the fixation time is smaller than that in the static
environment. For similar reasons, the fixation time of the initially beneficial (deleterious)
mutant in a deteriorating (improving) environment is larger than that in the static
environment. Crucially, however, as Fig. 2.4 shows, the magnitude of the deviation
between the fixation time in the changing and the constant environment is larger for
the initially deleterious mutant than that for the initially beneficial mutant. The reason
underlying for this behavior is the strong asymmetry between the fixation probabilities
of beneficial and deleterious mutants. In a static environment, for moderate-to-strong
selection, a small change in the selection coefficient affects the chance of fixation of a

beneficial mutant only by a small amount, but the fixation probability of a deleterious

mutant changes by an exponential factor [21]. This strong asymmetry holds even in
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slowly changing environments (refer Fig. 2 for moderate selection and equation (11) for
strong selection of DEVI and JAIN [12]). As a result, the fixation time of an initially
deleterious mutant is more strongly affected by a changing environment. Although a
strongly deleterious mutation has a negligible chance of fixation, it is possible to obtain
some analytical understanding of its fixation time. In Appendix A.6, we find that v; .
which captures the effect of changing environment on the fixation time decays slowly, as
||~ for a deleterious mutant, while as shown in the following section for a mutant under
strong positive selection, vy, ~ a2 (see (2.20)). These results again emphasize that the
changing environment has a much more stronger impact on deleterious mutations (see
also Fig. 2.5).

To understand the dominance-dependence of the fixation time, we first recall that in
the static environment, the fixation probability increases (decreases) with the dominance
level for mutants under positive (negative) selection. This result known as the Haldane’s
sieve [11] operates in slowly changing environments also [12], and explains the increasing
(decreasing) fixation time of the initially beneficial (deleterious) mutant with increasing
h. For the initially deleterious mutant, since the recessive mutant (as compared to the
dominant mutant) spends more time in the varying environment, its trajectories are more
influenced by the changing selection coefficient and the fixation time differs considerably

from that in the static environment.

2.5 Semi-deterministic theory for on-average benefi-
cial mutants in a large population

In the preceding discussion, we assumed the mutant to be under weak-to-moderate
selection as strongly deleterious mutations are unlikely to fix [21]. Here we study the

conditional mean fixation time of a mutant that is under strong positive selection
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Fig. 2.6 Top panel: Conditional mean fixation time 7, for a mutant under strong positive
selection at all times with selection coefficient s(¢) = 5+ o sin(wt 4 6) when the mutant is
beneficial at all times to show that, except for strongly recessive or dominant mutations,
it depends weakly on the dominance coefficient h. The points are obtained by numerically
calculating (2.18) for dominance coefficient h = 0.1(¢),0.3(x), 0.5(M),0.7(c),0.9(e) in a
population of size N. The other parameters are N = 10°,5 = 0.01,0 = 0.007,0 = 7 /4.
The bottom panel shows the comparison between (2.18) (points) and (2.20) (line) for
the deviation in the conditional mean fixation time in a slowly changing environment
where w < s(0) =~ 0.014.
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(Ja| > 10?) at all times. Since the frequency of a mutant will rise faster (slower) if its
selection coefficient remains larger (smaller) than s(0) until it fixes, the fixation time
shown in Fig. 2.6a initially decreases, then increases and finally approaches the fixation
time in the time-averaged environment exhibiting oscillations with decreasing amplitude.
For nonzero s, the resonance frequency w, is inversely proportional to the fixation time
when the selection coefficient is |§| (which, for strong positive selection, is given by (2.19)
on replacing s(0) by 5), and we verify that the data in Fig. 2.6a is consistent with this
assertion.

Below we study the dependence of T, on the dominance coefficient and the rate
of environmental change within a semi-deterministic theory [22]. This approach has
been recently used to find the distribution of the conditional fixation time in a constant
environment [23]; here, we are interested in generalizing these results to time-dependent
environments.

Starting at a low initial frequency, if it escapes stochastic loss, the mutant population
evolves stochastically until a time ¢; when it reaches a finite frequency (phase A). For
such allele trajectories, it is a good approximation to treat the further evolution of the
mutant population deterministically (phase B). However, at a time ¢5(> ¢;), when the
mutant frequency is close to one, as the wildtypes are in low number, they are subject to
stochastic fluctuations and go extinct at a time T, (phase C'). The stochastic phases A

and C can be described by a Feller process, as discussed below.

2.5.1 Time-inhomogeneous Feller process

In a time-dependent environment, the allele frequency distribution ®¢(p, t|py,0) which

describes the probability that the mutant frequency is p given that its initial frequency



2.5 Semi-deterministic theory for on-average beneficial mutants in a large population37

is pg obeys the following forward Kolmogorov equation [20],

OP¢(p, tpo,0) d 9 pg®s(p, t[po,0)
o —3(t>a*[9(p)q)f(pat|l7070)] + 2l N

p 5 ] (2.12)

where, as before, g(p) = pq(p + h(1 — 2p)) and s(t) = s+ osin(wt + 6),t > 0. At short
times where the mutant frequency is low (p — 0), the frequency distribution & — F,
and (2.12) reduces to

AF (p, t|po,0) 0 1 02

o = —hs() 5 PF @ tlpo, )] + 55 5 5[ F (- tlpo, 0))] (2.13)

where F(p, t|po, 0) is the probability distribution of a Feller process [24, 25]. This process
describes the mutant frequency dynamics when the lineages can be assumed to grow
independently, and is a continuous analogue of classical branching process that is defined
in discrete time and deals with the number of individuals. The Feller diffusion equation
above can be easily generalized to include mutations and time-dependent population
size [26-29]. In the later discussion, we will use the Feller process to describe the
wildtype dynamics also at large times where the wildtype frequency is low. As detailed

in Appendix A.3, the exact solution of (2.13) is given by (A.3.4).

2.5.2 Fixation probability

Since the probability that the mutant dies out by time ¢ is equal to 1 — [5° dpF(p, t), its
eventual fixation probability, u = Lim;_, [~ dpF(p,t) (see also Appendix A.3); using
(A.3.4), we then obtain

(2.14)

2N
u(po,0) =1 —exp [— Po ]

fooo dte_h fot dt’s(t’)
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Equation (2.14) shows that w is nonzero provided the integral J = [5° dte"Jo 45t
is finite. We verify that for constant selection and single initial mutant, (2.14) gives
u=1-e"" ~ hs, h >0 for a beneficial mutant [11].

Before proceeding further, we compare the result (2.14) with that obtained using a
birth-death process in earlier studies [30, 9, 12]. While u(F*) = 1 — ¢~/ the probability
ubirth-death) — (1 4 Y=L (vefer to (4) of DEVI and JAIN [12]) for a single mutant. For
small selection coefficients, as the fixation probability is expected to be small, J must be
large. Then, it follows that to leading order in 1/J, both the processes yield the fixation

probability to be 1/.J.

2.5.3 Mean fixation time in slowly changing environments

As described in Appendix A.4, the distribution of the conditional fixation time for a

mutant with initial phase 0 is given by

B hY A dYq [o° fTAq_ﬁ

P(Ts0) = 3= 0 |, dgq ToRe Y% (2.15)
where

s foTCdte<12]hV>det's<t'> 210

Ty = 2Nemn n(t%)y(6) (2.17)

and the eventual fixation probability u is given by (2.14) for a single mutant. Figure 2.7
shows a comparison between the expression (2.15) and the results obtained using numerical
simulations when the cycling frequency is below, above and close to the resonance
frequency w,, and we find a good agreement in all the three cases. For constant selection,
we find that the generating function for the conditional fixation time obtained using

(2.15) reduces to (A.11) of MARTIN and LAMBERT [23].
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Fig. 2.7 Fixation time distribution, P(7.) in a finite population of size N when
the mutant is beneficial at all times and has a changing selection coefficient given
by s(t) = s+ o(wt + #). The points and the curves are obtained, respectively,
from numerical simulations and the semi-deterministic result (2.15) for cycling fre-
quency below, above and close to the resonance frequency w,, and given by w =
10~ (e, solid line), 0.1 (o, dashed line) and 0.002 (I, dotted line), respectively. The other
parameters are N = 10°,0 = 0,5 = 0.01,0 = 0.007, h = 0.5. Note that while the distri-
bution is bell-shaped away from the resonance frequency, it is bimodal close to w, which
results in a large variance in the conditional fixation time (see inset). For the cycling
frequency w,., the selection coefficient completes a full cycle and the mutant typically
fixes when selection is increasing resulting in the bimodal character of the distribution.
For the same reason, the distribution at high frequency also has multiple modes but with
very small amplitude.

Figure 2.6a shows that, except for strongly recessive or dominant mutants, the
conditional mean fixation time T, = [° dT.T.P(T,) depends weakly on dominance for
arbitrary rate of environmental change. Figure 2.6a also suggests that for small and

large cycling frequencies, the conditional mean fixation time T.(h,s) &~ T.(1 — h,s). To
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understand this result, using (2.15), we rewrite the time T, as

_ RYaA [ v T __n [ —
T, = : 1/ dge” 21 g Hw/ dYcT.(Yo)e "¢ (2.18)
—1Jo 0

and analyze it for slowly changing environments using a perturbation theory. As explained

in Appendix A.5, for w < s(0), we get T, ~ Ty . + (w/s(0))T;,. where,

To. _  In(2a) Y+ (2—=3h)Inh+ (3h —1)In(1 — h) (2.19)
ON 7 2h(1 —h)a 2h(1 — h)a '
Ti. _  ocosf(lna)
ON T 4h2(1—h)25(0)a

" 1+2(1n2—h+’y+(2—3h)lnh+(3h—1)ln(1—h)) (2.20)

In o

In the above equations, v ~ 0.577 is the Euler constant and, as before, « = Ns(0). Note
that while the fixation time T, was expanded in powers of Nw in the last section, here
the expansion parameter is w/s(0).

The semi-deterministic theory described in this section is not a systematic, controlled
approximation (unlike various perturbation theories) and it is not clear how good this
approximation is; however, here we find that (2.19) matches exactly with (4.2) of EwING
et al. [31] (on replacing N in the above expression by 2/N) which is obtained using a
diffusion theory, and shows that the conditional mean fixation time in a population with
dominance coefficient h is approximately equal to that in a population with corresponding
parameter 1 —h. Note that this result holds for large o (= 10%) while as shown in Fig. 2.4
for moderate selection, the dominant mutant takes longer than the recessive one to fix
(see also TESHIMA and PRZEWORSKI [16]).

Equation (2.20) captures the effect of a slowly changing environment on the conditional
mean fixation time and matches well with the data obtained by numerically integrating
(2.18) as shown in Fig. 2.6b. The leading term on the right-hand side (RHS) of (2.20) is

symmetric about h = 1/2 pointing to the approximate symmetry, T.(h,s) ~ T.(1 — h, s)
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Fig. 2.8 Distribution of the conditional fixation time 7T, in a finite population of size
N when the mutant is beneficial at all times and has a changing selection coefficient
given by s(t) = s + osin(wt + ¢). The data are obtained within a semi-deterministic
approximation and given by (2.15) when a mutant is beneficial at all times to show
that it does not have the h <+ 1 — h symmetry in fast changing environments. The
overlapping left curves for w = 107* show the distribution for & = 0.7 (solid blue) and
0.3 (dashed red), and the right curves are for w = 0.002 where h = 0.7 (dashdotted blue)
and 0.3 (dotted red). The other parameters are N = 10°, 60 = /4,5 = 0.01,0 = 0.007.
Inset: Distribution of the fixation time of an initially beneficial mutant when the time-
averaged selection is zero and the environment changes slowly. The solid curve is
obtained from (2.15) and the points are generated from simulations. The parameters are
N =10°,06 =0.007,w =105 h =0.3,0 = n/4.

discussed above. While the subleading correction does not have h <+ 1 — h symmetry but
its effect is small compared to the leading term for intermediate dominance. Figure 2.8
further suggests that the distribution of the fixation time has h <+ 1 — h approximate

symmetry for small cycling frequencies but not for frequencies close to the resonance

frequency, in accordance with the behavior of the mean fixation time shown in Fig. 2.6a.
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Equation (2.20) also shows that the mean fixation time decreases (increases) if the
beneficial allele arises when the selection gradient (in time) is positive (negative), as
intuitively expected; furthermore, both Ty, and T, decay with increasing selection.
Finally, we mention that at the beginning of this section, we had assumed that o < s.
But in a slowly changing environment, the semi-deterministic approximation may be

expected to work for ¢ > 5 and 0 < 6 < 7; this is indeed confirmed in Fig. 2.8.

2.6 Discussion

In this Chapter, we have studied how a selective environment that is varying periodically
and predictably in time affects the fixation time of a mutant in a finite, diploid population.
Effect of the environmental parameters: We find that if the environment changes
fast, the fixation time in the temporally varying environment differs considerably from
that in the static environment, as can be seen in Figs. 2.1a and 2.6a at intermediate
cycling frequencies. But for a meaningful comparison with the body of work on the
fixation time in constant environments [17], most of our analysis has focused on the effect
of slowly changing environments.

It should be noted that for time-dependent selection coefficients, the stochastic process
is time-inhomogeneous and therefore the fixation time depends on the time at which
the mutant arose and whether the environment is improving or deteriorating [9, 12].
If an initially deleterious mutant on the way to fixation experiences a more favorable
environment, its chance of extinction reduces and such a mutant can be expected to have
a larger time of fixation than in an environment that remained unfavorable. On the other
hand, if an initially deleterious (or beneficial) mutant faces an even more unfavorable
environment, due to the higher risk of extinction at late times, the mutant is likely to
fix sooner. The dynamics of an initially beneficial mutant that remains beneficial until

fixation are, however, less affected by the random genetic drift - if selection increases,
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due to the higher growth rate, the mutant fixes sooner than in an environment that had
remained constant.
Selection regimes: In static environments, the qualitative behavior of the conditional
mean fixation time of a mutant depends on the sign and strength of the scaled selection
coefficient, @« = N's. For a beneficial mutant, if selection is weak (0 < o < 1), the fixation
time increases with the dominance coefficient hA and selection strength «, and can even
exceed the fixation time of a neutral mutant [18]. But for moderately strong selection
(1 < o < 100), the conditional mean fixation time decreases with o and increases with
h [16, 17]. For stronger selection, it decreases with v and is approximately same for
two mutants with the same selection coefficient but dominance coefficients h and 1 — h
[32, 31]. The patterns for deleterious mutations follow on realizing that the conditional
fixation time for a beneficial mutant with dominance coefficient h and a deleterious
mutant with the same magnitude of selection but dominance level 1 — h are equal [6, 7].
Here, we find that all the qualitative patterns described above continue to hold when
the environment changes slowly but there are quantitative differences. While a slowly
changing environment has only a mild effect on the conditional mean fixation time if the
mutant is beneficial, its impact is much stronger for deleterious mutants. This asymmetry
can be traced back to the fact that the fixation probability of a deleterious mutant is
much more sensitive to a change in selection than the fixation probability of a beneficial
mutant. Furthermore, for an initially deleterious mutant, as the fixation probability of
the recessives is higher than the dominants, the former can segregate in the population
for a longer time and are therefore exposed to the changing environment for a longer
duration resulting in a fixation time which is substantially different from that in the
constant environment.
Implications: In a constant environment, due to the Maruyama-Kimura symmetry

for the conditional mean fixation time [6, 7], similar diversity patterns for beneficial
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and deleterious sweeps may be generated [8]. But in a changing environment, due to
the lack of the Maruyama-Kimura symmetry, a beneficial mutant in a slowly improving
(deteriorating) environment can generate a diversity pattern different from that due to
the fixation of a deleterious mutant under the same selection pressure but in a slowly
deteriorating (improving) environment.

To ascertain this effect, we have conducted a preliminary study of the effect of hard
sweep on linked neutral variation in a two-locus model of a finite, diploid population in
which the first locus is modeled as in the Model section but the second biallelic locus
is neutral. Recombination is assumed to occur with a probability ¢ < 1 but recurrent
mutations are not allowed. As a result of genetic hitchhiking, the heterozygosity Hg, at
the neutral locus following the fixation event (relative to the heterozygosity Hy before
the new mutant appeared) is expected to decrease [1]. Figure 2.9 shows the relative
heterozygosity as a function of the cycling frequency for the parameters in Fig. 2.1a, and
we find that its qualitative behavior is the same as that of the conditional mean fixation
time [3]. The inset of Fig. 2.9 emphasizes that the slowly changing selective environment
only mildly influences the heterozygosity of an initially beneficial dominant mutant but
it has a strong effect on the heterozygosity of an initially deleterious recessive mutant.
A more detailed study of the effect of environmental variation on various measures of
genetic diversity will be taken up in a future work.

As already mentioned, although the qualitative patterns for the fixation time in a
static environment are robust with respect to a slow change in the environment, there
are quantitative differences. As a consequence, the effect of varying environment may be
interpreted as an effective selection coefficient or dominance parameter. For example, in
Fig. 2.4, the fixation time in slowly changing environment, and for dominance coefficient

h = 1/2 and selection strength & = —14.14 (0 = 57 /4) is about 1691. But if one assumes
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Fig. 2.9 Reduction in the mean heterozygosity at the linked neutral locus due to the
fixation of dominant (h = 0.7, A) and recessive mutant (h = 0.3, ¥) with selection
coefficient s(t) = o sin (wt + 7/4) and —s(t), respectively, to show that the heterozygosity
following the fixation of deleterious and beneficial mutant is significantly different in the
changing environment, unlike in the static environment where they are identical. The
reduction in the mean heterozygosity in the static environment with selection (solid line)
and in the neutral environment (dashed line) are also shown for comparison. All the data
are obtained by numerical simulations. The inset shows the heterozygosity reduction due
to the fixation of dominant mutant (h = 0.9, A) and recessive mutant (h = 0.1, ¥) in the
slowly changing environment with selection coefficient s(t) = o sin (wt + 37 /4) and -s(¢),
respectively. The other parameters for both figures are o = 0.01, ¢ = s(0)/10, Qo = 0,
Ry = 0.2002 and py = 1/2N, where ¢ is the recombination probability, Qo and Ry are,
respectively, initial relative frequencies of a neutral allele in a chromosome with a and A
allele on the first locus, and the population size N = 500 (main) and 1000 (inset).

a constant environment, the same fixation time is obtained for a = —15.27 which implies
an 8% increase in the selection coefficient.
We therefore suggest to include the effect of changing environment in theoretical

models of selective sweeps as this can potentially allow one to distinguish between the
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sign of selection, detect deleterious sweeps and correctly estimate the model parameters.
Generalizing the above results to include the effect of inbreeding and sex-linked inheritance

(33, 34] could also help to assess the importance of changing environment in evolutionary

dynamics.
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Chapter 3

Joint effect of changing selection and
demography on the site frequency

spectrum

3.1 Introduction

In the previous chapter, we assumed that population size was constant; in this chapter,
we relax that assumption. Here, we will investigate the site frequency spectrum in a
randomly mating diploid population where both population size and selection coefficient
change periodically over time.

Despite several decades of intense research, the factors that determine the genetic
variation in a population are not completely understood [1, 2]. An important statistic for
measuring the within-population genetic diversity is the site frequency spectrum (SFS)
which gives the (unnormalized) distribution of allele frequency across polymorphic loci
in the genome. It is known that in a neutral population of constant size, the equilibrium
SF'S decreases with the allele frequency of the derived allele whereas it is a U-shaped

function when the mutant allele is under constant, positive selection [3, 4]. However, these
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classical results can change due to complex evolutionary processes such as hitchhiking of
neutral alleles with a beneficial mutant [5, 6], and in populations with high mutation
rate [7, 8], fat-tailed offspring distribution [9], seed bank [10], etc..

The above discussion assumes that the environment remains constant over evolutionary
time scales. But in a changing environment, in general, there is no stationary state and
the nonequilibrium SF'S can differ significantly from the equilibrium SF'S in a constant
environment. For example, in an expanding neutral population, there is an excess of rare
variants as compared to when the population size remains constant at its initial size,
while a population bottleneck leads to a deficit in the low-frequency alleles due to the
stronger effect of random genetic drift [11]. The SFS is also related to other measures of
genetic diversity such as mean heterozygosity and mean number of segregating sites which
have been extensively studied when the population size is variable and selection is absent
[12-14], and in recent years, there has been some progress in understanding the effect of
demography on SFS in a population under constant selection [15-18]. However, the impact
of temporally changing selection on the nonequilibrium SFS is little studied [19, 20]) and
to our knowledge, the joint effect of time-dependent selection and demography has not
been investigated so far.

Furthermore, most studies on the nonequilibrium SFS are concerned with historical
demography such as population expansion in the human population at the end of the last
ice age [17] or population bottleneck in the non-African population of D. melanogaster
around 6000 years ago [21]. However, variation in population size occurs over short
time scales also, for which different demographic models are needed. An example is
the oscillatory change in the prey and predator population size over the course of a few
generations (see, for e.g., Chapter 3 of MURRAY [22]).

To better understand the SFS in populations of varying size and in changing selective

environments, here we consider a randomly mating, diploid population in which either
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population size and/or the selection coefficient change with time in a periodic fashion.
We will explore the effect of selection strength, frequency of environmental variation, and
genetic dominance on the time-dependent SF'S, and focus on how the time-averaged SF'S

deviates from the equilibrium SFS in a constant environment.

3.2 Model

We consider a randomly mating, diploid population of size N(t) at time ¢ in which an
individual’s genome is described by an infinite-sites model [23] that makes the following
key assumptions: first, a large number of sites are available for mutation which occurs
with a small rate u per site so that every mutation occurs (irreversibly) at a new site,
and second, recombination is free so that at each site, allele frequency dynamics occur
independently.

Furthermore, at each site, the homozygotes AA and aa have fitness 1 and 1 + s(t),
respectively, and the fitness of the heterozygote aA is 1 + hs(t) where the dominance
coefficient 0 < h < 1. The frequency z of the mutant allele a increases or decreases at

rate 1, or 14 respectively, which are given by [24, 25]

(1 — z)w,(t)

ry(t) = 2N(t) ) (3.1)
B (1 — x)wa(t)
ra(t) = QN(t)@(t)A (3.2)

where w,(t) = (1+s(t))x+ (1+ hs(t))(1 —z) and wa(t) = (1 — ) + (1 + hs(t))z are the
marginal fitness of allele a and A, respectively, and w(t) = w,(t)z + wa(t)(1 — ) is the
average fitness. The population size and the selection coefficient are assumed to vary in

time in a periodic fashion. We therefore write the selection coefficient as

s(t) = 5 + o sin(wt) (3.3)
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where the average s is arbitrary but the amplitude ¢ > 0. The population size varies

deterministically as

N(t) = N(1 + vsin(Qt)) (3.4)

where 0 < v < 1 to ensure that the total population size remains strictly positive at
all times. In general, the variation in population size and selection can have a phase
difference also. But, unless specified otherwise, we will assume that these two parameters

vary in phase.

3.3 Site frequency spectrum: diffusion theory

To obtain an analytical understanding of the SFS and other measures of genetic diversity
such as the mean heterozygosity, we work in the framework of the diffusion theory. It
has been shown that in a large population, the average (unnormalized) density f(z,t) of

polymorphic sites with mutant allele frequency x at time t obeys the following partial

differential equation: aféf’t) = —Zla(z,t)f(z,t)] + aa—;[b(x,t)f(x,t)] where a(z,t) and
b(x,t) are, respectively, the mean and variance of the transition probability [26].
For the model detailed in Section 3.2, these coefficients have been derived in our

earlier work [25], from which we find that

afgﬂ;ﬁ _ _S(t)ai (1 — 2)(x + h(1 — 22)) f(z,1)]
0% [z(1—2x)
b | o 0] <3.5>

The above equation is subject to the initial condition f(z,0), and boundary conditions,
Lim, oz f(z,t) = 2N(t)p and f(1,t) finite [26]. The first and second term on the
RHS of (3.5) describe the effect of selection and random genetic drift, respectively, and
the boundary condition at low allele frequency models the balance between the loss of

polymorphism due to the absorption of the mutant allele by genetic drift alone and the
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gain by new mutations (for other modeling approaches, see ZIVKOVIC et al. [18], GRAVEL
[27]).
However, for both numerical and analytical purposes, it is easier to work with the

density g(z,t) = z(1 — ) f(x,t) which obeys [26],

0 0
ggi’ D w1 - 2) 5 @+ h(1 = 22))g(x,1)
x(1 — ) Pg(z, 1)

T OONG  oe (3.6)

with initial condition ¢g(z,0) = z(1 — ) f(z,0), and boundary conditions
9(0,2) = 0p(t), g(1,t)=0 (3.7)

where
- N

0=2Np, p(t) = ]\(ft) (3.8)

A standard approach to solve partial differential equations such as (3.6) is to carry out
an eigenfunction expansion of it’s solution; unfortunately, the required eigenfunctions are
not known in a closed form when selection is present [28]. However, as detailed in the
following section, it is possible to make analytical progress even when the mutant allele
is under selection in the limiting cases where the environment is changing either slowly
or rapidly [29].

In the following, we will also study the unfolded sample frequency spectrum defined as
the expected number of sites at which exactly 1 < i <n — 1 individuals in a population

sample of size n < N carry a mutation which is given by [30]

fni(t) = (?) /01 dra' (1 — )" " f(z,1) . (3.9)
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The sample SF'S is also related to the mean heterozygosity,

H(t) = fou(t) = 2/01 drz(1 — 2)f(z,1) . (3.10)

We will mainly focus on the time-averaged statistics obtained by averaging the time-
dependent quantity Q(t) over the slower cycle, that is,

Q= mi”;:’ ) /0 A dQ(t) (3.11)

and compare the results with those in the constant environment to ascertain the effect of

the changing environment.

3.4 Results

3.4.1 Static environment

We first consider the equilibrium SF'S which is obtained at large times when the selection
coefficient and population size are time-independent. Although an exact expression for it
has been known for a long time, simple analytical approximations have not been obtained
and therefore, below we proceed to derive them.

In a constant environment, polymorphic sites are lost due to absorption of the mutant
allele and created by new mutations thus resulting in a steady state. Therefore, for
s(t) = 5, N(t) = N, on setting the LHS of (3.5) equal to zero, the stationary state SFS is

found to be [3, 31, 4, 23, 16]

Qe N3l(1—2h)a>+2ha] fxl dyefNé[(lth)y2+2hy}

fx) = z(1—x) fol dye—Nsl(1=2h)y>+2hy] - (3.12)
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Equation 3.12 can also be derived by noting that as § mutations occur per unit time per
site in the population, f*(x)dx/6 is the mean sojourn time of the mutant allele between
frequency x and x + dx before absorption, when the mutant allele is initially present in a

single copy [32].

Weak selection

A power series expansion of (3.12) in scaled selection strength (N3) yields

f(x) ~ Z — ZNs[l — 2x + h(4x — 5)], N|5| < 1 (3.13)

which, as for a neutral population, decreases monotonically with the allele frequency.
This is because at most sites, single mutant will quickly get lost due to genetic drift, and
therefore the average number of loci with very low mutant frequency would be high, and

only a small number of loci will have intermediate to high allele frequency.

Strong selection

As explained in Appendix B.1, when selection is strong, the integrals in (3.12) can be

estimated using (B.1.2) for h # 0,1, and we obtain

0 h
. (1 —z)h+x(1 —2h)
P @)=\ o N

z(1—x)

, Ns> 1 (3.14a)

, Ns< —1 (3.14b)

where ((z) = (1 — z)[(1 — ) 4+ 22(1 — h)] (for completely dominant and recessive mutant
allele, see Appendix B.1). Figures 3.1a and 3.1b show that when selection is strong,
except for high allele frequencies, the exact equilibrium SFS given by (3.12) is in good

agreement with the approximate expressions (3.14a) and (3.14b).
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Fig. 3.1 Static environment: The top panel shows the site frequency spectrum of a
large population for selection strength (a) N5 = 30, and (b) N5 = —10. The solid
lines show the exact expression (3.12), while the dashed lines show the approximate
expression (3.14a) and (3.14b) for beneficial and deleterious mutations, respectively. The
bottom panel shows the mean heterozygosity calculated numerically using (3.12) for (c)
a positively selected mutant which approaches the asymptotic value (3.16b) depicted by
dashed lines, and (d) a negatively selected mutant that decreases towards zero as 1/N|s|
(black curve) for all h in accordance with (3.16¢). In all the plots, the scaled mutation
rate 0 = 1.

Equations (3.14a) and (3.14b) show that for < (N|5|)~!, f*(x) =~ 0/z so that at
low allele frequencies, the SF'S for strong selection behaves the same way as that for a
neutral population, and the effect of selection becomes apparent only at intermediate and
high allele frequencies. For negative selection, the SF'S decreases monotonically towards
zero with the mutant allele frequency for the same reason as for the neutral population.
But for positive selection, it has the characteristic U-shape reflecting the fact that the

mean sojourn time is long at high allele frequencies for beneficial mutations [32].
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From (3.14a) and (3.14b), we also find that for a given allele frequency, the SFS
increases with the dominance coefficient for beneficial mutations and decreases for delete-
rious ones; this is due to the longer sojourn time to fixation for dominant, advantageous
mutation and the fact that the deleterious recessives are more likely than the dominant

alleles to reach finite frequencies [16].

Sample SF'S

Using the approximate results (3.13), (3.14a) and (3.14b) for a large population in (3.9),

we find the sample SFS to be (see Appendix B.1 for details)

0  O[h(5n — 4i +6) + 2i — n|N5 -

? 1< Ni<1 3.15

i 3+ )(n+2) B (3.152)
ol g @_inﬂ——1> N5 1 (3.15b)
ni ™ Z(n _ Z)2 1 ) Uy 1y h ) .

n\ O0(7) =

)= N5 < —1 3.15

(2 s S (3:15)

where I'(7) is the gamma function and o', (a, b; ¢; 2) is the Gauss hypergeometric function
[33]. For i < n — 1, the contribution to the integral on the RHS of (3.9) comes from
small x, while for large 7, variants at high frequency matter; as a result, the sample SFS
behaves qualitatively in the same manner as the SFS for a large population discussed
above.

The neutral mean heterozygosity in a constant size population is given by 6. From
(3.15a)-(3.15¢), we find that when the mutant allele is under selection, the mean het-

erozygosity can be approximated by

Oh -

m+§N§ , - 1< Ns<1 (3.16a)
2h0 1—h o

H* =~ 1_2h1n< - ) , Ns>1 (3.16Db)
0 _

— , Ns< -1 . 3.16

N3] ° (3.16¢)
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As positive (negative) selection decreases (increases) the chance of loss of the new mutant
allele, one expects the heterozygosity to be enhanced (reduced) with increasing magnitude
of selection for beneficial (deleterious) mutants; indeed, (3.16a) and (3.16¢) are consistent
with this expectation. But, for strong positive selection, as Figure 3.1c shows, the mean
heterozygosity does not necessarily increase with selection. In fact, on equating the RHS
of (3.16b) to 6, we find that the mean heterozygosity saturates to a value smaller than
that for the neutral allele for h < ﬁ ~ 0.221589 where W_,(z) is the lower
Wil -3

branch of the Lambert W function [34]. We 2;;,L\Ifso note that with increasing magnitude of
selection, the mean heterozygosity approaches the asymptotic value, viz., (3.16b) for a
beneficial mutant and zero for a deleterious one, algebraically slowly (see (B.1.6a) and
(B.1.6b), and Fig. 3.1d).

For positively selected, codominant mutant, on taking the limit A — 1/2 in (3.16b),
we find that the mean heterozygosity is equal to 20. Equation (3.16b) also shows that
H* for a dominant (recessive) allele is larger (smaller) than that for the co-dominant
allele; the mean heterozygosity increases with the dominance level since the mutant’s
chance of escaping stochastic loss is enhanced with increasing h [35], and hence it can
contribute to the population diversity before eventually fixing. Similarly, one can argue
that for negative selection, H* will decrease with increasing h (see Figs. 3.1c and 3.1d).

In the following discussion, we will denote the equilibrium SFS (and, similarly,

heterozygosity) for positive and negative selection by f;(x) and f;(x), respectively.

3.4.2 Slowly changing environment

We now turn to the properties of the SFS in a slowly changing environment. If the
frequency with which the selective environment and population size change are much
smaller than the inverse average population size and average selection coefficient (that is,

w, < N7, 5), one can obtain the time-dependent SFS within an adiabatic approzima-



3.4 Results 61

tion [29]. For this purpose, we first rewrite (3.5) as

Nww = (W) o (1 =)o+ h(1 — 2)) 0]
1 02
W@[ﬂl—@f@ﬂm (3.17)

where 1) = wt, ¥ = Qt and the ratio 0 < 2/w < oo. For arbitrary scaled selection, on
expanding f(x,1)) as a power series in Nw and substituting it in the above equation, we
find that to leading order in Nw, the LHS of (3.17) is zero. It is easy to verify that this
result also holds when either the population size or the selection coefficient varies with
time. Thus in a slowly changing environment, the mean density f(x,t) of sites with allele
frequency 0 < x < 1 obeys the steady state equation at instantaneous N(t) and s(t),
and one can therefore obtain f(x,t) by simply letting N — N(t),5 — s(t),0 — 0p(t) in

(3.12) and arrive at

f(z,t) N ()s(t)[(1-2h)2?+2ha] f;vl dye—N(t)s(t)[(1—2h)y2+2hy]

0p(t) ~ (1 —x) f()l dye—ND)s()[(1-2h)y>+2hy] ~

(3.18)

Figure 3.2a shows that (3.18) is in good agreement with the results obtained by
numerically integrating (3.5) for small cycling frequencies. We find that for strong
positive selection, f(z,t) is nonzero and increases (decreases) with increasing (decreasing)
selection strength but it is close to zero when the selection strength is small or negative;
this behavior may be understood by appealing to the results (3.14a) and (3.14b) in static
environments. It is evident from (3.18) that when either N or s is time-dependent, f(x,t)
is a periodic function in time with the period of the varying parameter; if both N and s
vary such that w = (ng/ny)Q with ny, ny being integers and ny < ny (say), the period of

f(z,t) is given by 2mn, /.
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Fig. 3.2 Changing environment and on-average neutral selection: The time-dependent
site frequency spectrum (solid line) in a large population when the population size and
selection coefficient (dashed line) change periodically in time with equal cycling frequency
obtained by numerically solving (3.5) for (a) Nw = 0.01 and (b) Nw = 500. The result
(3.18) obtained within adiabatic approximation (dotted line) is also shown for comparison
in the slowly changing environment. The other parameters are x = 0.2, = 0.3, h = 1/2,

6 =1 and No = 100.

No selection

In the absence of selection, (3.18) gives f(xz,t) = Op(t)/z from which it immediately
follows that the time-averaged SFS, f(z) = % OQW/Q dt' f(x,t') is simply 6/x and the
time-averaged sample SFS is equal to 6/i. In Appendix B.3, these results are obtained
using an eigenfunction expansion of f(x,t) which furthermore shows that the correction
to the adiabatic approximation is of order (NQ)?, see (B.3.17). Figure 3.3 shows the

sample SFS for various 2’s, and we find that it is well approximated by 6/i when the

population size changes slowly.

Weak selection

When both population size and selection vary with the same frequency, using (3.11) and

(3.13), we find that the time-averaged SFS, f(x) differs from f*(z) by an amount

6f = f(z) — f*(z) = —zNg (”22 + ”;) [1— 22+ h(4x — 5)] . (3.19)
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Fig. 3.3 Changing population size and no selection: The time-averaged sample site
frequency spectrum when population size changes with time for sample size n = 20. The
bars are obtained by numerically solving (3.5) and (3.9) for different cycling frequencies

while the crosses and triangles show (B.3.17) and (B.3.24) for small and large cycling
frequencies, respectively.

Similarly, the change in the time-averaged mean heterozygosity 0H = H — H* due to

slowly changing environment is given by

B ~ 2
SH = ON3h (” + ”_") . (3.20)

2 S
The factor in the bracket on the RHS of the above equation captures the joint effect of
the change in the selection and population size, and shows that (to leading order in N 5),

changing selection but constant population size results in the same heterozygosity as in

the static environment and therefore the mean heterozygosity is affected mainly due to
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demography; however, as expected, the change 6 H is small for weak selection, as shown
in Fig. 3.4a and Fig. 3.5a.

The correction to the adiabatic approximation is obtained in Appendix B.4 when
selection is weak and constant but population size varies, and we find that the time-

averaged mean heterozygosity is given by (see (B.4.8) and (B.4.11)),

_ ONsh 6ONshi? B 02 N2()2

H~0 3.21
- 3 * 6 2 ( )

The first three terms on the RHS of the above equation match with the result from

adiabatic theory, and the last term can be ignored for NQ < V' N§.

Strong, on-average nonzero selection

On replacing the selection coefficient and population size by the corresponding time-
dependent quantities in (3.14a) and (3.14b), we obtain the time-dependent SFS for

on-average non-neutral mutants under strong selection to be

Op(t) h

e ECEDIEEIERD 55 >0 (3.220)
T 000 nemia—ewy
x(l—x)e : o ,s(t) <0 . (3.22D)

If both selection and population size change with the same frequency and selection is
strong enough so that the exponentially small contribution in selection strength from the

negative cycle of selection can be ignored, then the time-averaged SFS is given by

TR 2]\76,u h

I@ ~ g ei =2 (3:23)
where

N, =N /0 e dt’w (3.24)
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Fig. 3.4 Changing environment and positive selection at all times: The time-averaged
heterozygosity, H as a function of selection strength when either the selection coefficient
(indicated in the legend by N,s(t)) or population size (N(t),5) or both (N(t),s(t))
vary with time. The top panel shows the results in slowly changing environments
(w,Q < N71,5) for Nw = 0.01, and the bottom panel in rapidly changing environments
(w, 2> N~15) for Nw = 1400. The points are obtained by numerically solving (3.5)
and (3.10) for different scenarios as indicated in the legend for v = 0.7, 0 = 5/8, 0 = 1,
and h = 1/2. The broken line shows the results in the static environment that are
obtained using (3.12). The solid lines show the analytical approximation (3.21) and
(3.25) for weak and strong selection, respectively, in slowly changing environment, and
(3.35) for weak selection in rapidly changing environment.
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and ©(x) is the Heaviside step function. The effective population size N, defined above
states that the contribution to f(x) comes from the average population size during the
time selection is positive.

This shows that when both selection and population size are changing but selection
remains positive throughout the cycle, f (x) is well approximated by the static result
given by (3.14a). Figure 3.4a shows the time-averaged heterozygosity when the selection
is positive at all times, which, in the light of the above discussion, is given by

_ oh0  (1—h
H=H= 1 : 2
p 1—2hn< h ) (3.25)

However, for 5 > 0, if s(t) is negative for a part of the cycle, (3.23) shows that f(x)
is proportional to 0, = QNG[L which is smaller than #. Thus, in a slowly changing
environment, for strong selection, the time-averaged heterozygosity is smaller than H if
the mutant becomes deleterious during a part of the cycle. Similarly, for 5 < 0, H > H}

due to a nonzero contribution from the positive part of the selection cycle.

Strong, on-average zero selection

One can obtain explicit expressions for the time-averaged SF'S when the mutant spends
equal time in both the positive and negative part of the selection cycle (that is; s = 0).

For strong selection (No > 1) and equal cycling frequencies (w = Q), from (3.23), we get

- 0 h 1 v
L) = A S e — o) (2 + 77) (3.26)

for py(t) = 1 £ vsin(Qt). Thus we find that unlike in the static, neutral environment
where the SFS decays with allele frequency, the time-averaged SFS in an on-average
neutral environment is a non-monotonic function of the allele frequency as, up to a scale

factor, it is given by the equilibrium SF'S for positively selected mutant (see (3.14a)). The
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Fig. 3.5 Changing environment and on-average neutral selection: The time-averaged
mean heterozygosity, H as a function of selection strength when either only the selection
coefficient (indicated in the legend by N, s(t)) or both selection coefficient and population
size (N(t),s(t)) vary with time. The top panel shows the results in slowly changing
environments (w, 2 < N1, 5) for Nw = 0.01, and the bottom panel in rapidly changing
environments (w, Q> N~ 5) for Nw = 1400. The points are obtained by numerically
solving (3.5) and (3.10) for different scenarios as indicated in the legend for v = 0.7,
0 =1, h = 1/2 and no phase difference between selection and population size variation.
The broken line shows the results in the static environment that are obtained using (3.12).
The solid lines show the analytical approximation (3.21) for weak selection, and (3.28)
and (3.29) for strong selection in slowly changing environment.
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factor in the parentheses on the RHS of (3.26) shows that when the population size varies
in-phase with selection, as the population size is larger than the average N during the
positive cycle and stronger positive selection leads to larger heterozygosity, demography
ameliorates the effect of deleterious mutations. On the other hand, when selection and
population size change out-of-phase, the mean heterozygosity is smaller than in the
situation where only selective environment is varied. Quantitatively, from (3.26), we find
that the relative mean heterozygosity 0.5 < H+/H; < 0.81 and 0.18 < ﬁ,/H; < 0.5 for
0<v<l.

When the population size is constant (v = 0), selection is strong (No > 1) and
h =1/2, from (3.26), we find that the time-averaged mean heterozygosity is the same
as in the constant, neutral environment. In fact, as shown in Appendix B.5, this result
holds exactly for any cycling frequency and selection strength provided the population

size remains constant:
H(h=1/2)=6, for v =0, arbitrary Nw, No . (3.27)

However, for h # 1/2, from (3.16b) and (3.26), we find that H = H}/2 which is smaller
than 6 for h < 1/2 and larger for h > 1/2.

We now consider the general situation where the population size and selection
coefficient vary with different cycling frequencies and have a phase difference. For
simplicity, we assume that the ratio of the two frequencies is an integer and consider
the average over the smaller frequency (that is, larger time period) as defined in (3.11).
If selection changes slower than the population size (2 = Kw, K = 1,2,...), and s(t) =

osin(wt), p(t) = 1+ vsin(Qt + @), 0 < & < 27, averaging (3.22a) over the selection cycle
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and ignoring the contribution from (3.22b) for strong selection, we obtain

vcos®

1
f(2) 5t K K=odd (3.28a)
f3 (@) ; . K—even . (3.28h)

To understand the K-dependence, we consider the case when ® = 0. When an even
number of cycles of population size occur during one cycle of selection, K/2 complete
cycles of N(t) lie in the beneficial part of the selection cycle. But as the average population
size in each of the K /2 cycles is N, the final result (3.28b) is found to be independent of
K. In contrast, for odd K, the first one half of the (£1)th cycle of N(t) contributes
more than N but it’s duration shrinks with increasing K as captured by the second term
on the RHS of (3.28a). Similarly, when selection changes faster than the population size
(w=rQ, k=1,2,..),and s(t) = osin(wt), p(t) = 1 + vsin(Qt + ¢),0 < ¢ < 27, we

obtain

f(x)
fy(x)

+ k=1 (3.29a)

K> 2. (3.20b)

The above analysis thus demonstrates that unequal cycling frequencies and phase
difference can affect the time-averaged SFS. Figure 3.5a summarizes the results obtained
above when population size and selection change in phase, and shows that for strong
selection, the time-averaged mean heterozygosity in a slowly changing environment is
smaller than that in the constant environment with population size N and selection
coefficient ¢ > 0. But, due to (3.28b) and (3.29b) and recalling that the equilibrium
heterozygosity of a positively selected, co-dominant mutant is equal to 26, we find that
H is equal to the mean heterozygosity in the constant neutral environment for unequal
cycling frequencies. However, H can be smaller than @ if the population size and selection

coefficient variation have a phase difference.



70 Joint effect of changing selection and demography on the site frequency spectrum

From (3.15b) and (3.15¢), for in-phase variation in population size and selection

coefficient with equal cycling frequency, we find the time-averaged sample SFS to be

- w [T/ Op(t)noFy(1,in;2 — 3)
Jui %/o i(n — i) (3:30)
1 v\ OnoFy(1,i5n;2 — 1)
= (4= . 31
<2+7r) i(n—1) (3:31)

Figure 3.6a shows that in slowly changing environment, the sample SF'S obtained
by numerically integrating (3.5) and the above analytical approximation are in good
agreement except at ¢+ = 1,n — 1. Thus the sample SF'S in on-average neutral environment
is not a monotonically decreasing function unlike for equilibrium neutral SFS. In Fig. 3.6a,
the nonequilibrium SFS is also compared with the equilibrium SFS for mutant under
strong, positive selection with selection strength No, and we find that the sample SFS

in changing environment is consistently smaller than the equilibrium SFS.

3.4.3 Rapidly changing environment

We now consider the parameter regime where the rate of change of population size and
selection is much larger than the inverse population size and average selection coefficient
(w, 2> N1, 5). Figure 3.2b shows the periodic variation of the time-dependent SF'S
with changing environment for large frequencies. We note that, unlike in slowly changing
environment, there is a phase difference between the SFS and environment: the SF'S
increases while the selection is positive and decreases in the deleterious part of the cycle.

In rapidly changing environments, a general expectation is that the population is
sensitive only to the time-averaged environment [36]. If the population size remains
constant in time but selection varies rapidly, the boundary condition (3.7) for ¢(0,t)

is time-independent, and one can use a standard argument to find g(z) [37]. For this
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Fig. 3.6 Changing environment and on-average neutral selection: The time-averaged
sample site frequency spectrum represented by bar chart and obtained by numerically
solving (3.5) and (3.9). The top panel shows the results in slowly changing environment
for Nw = 0.01 that are compared with equilibrium SFS for neutral and positively selected
mutant in constant environment. The bottom panel shows the sample SES in rapidly
changing environments for two cycling frequencies which is compared with the equilibrium
neutral SF'S. The points in the top panel are obtained using (3.31). The other parameters
are v =0.7,w=0Q,0=1h=1/2, No =100, = 20 and no phase difference between
selection and population size variation.
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purpose, we first rewrite (3.6) as

dg(z,v)  s(¥) 0
z(1—x) 0Pg(z,v)
e o (3.32)

where 1) = wt, and expand g(z,1)) as a power series in (Nw)~!, that is, write g(z, ) =

go(x,9) + (Nw)~tgi(w,1) + ..., and substitute this expansion in the above equation.

. o . . 1 ag (ffﬂ/’) J—
Keeping terms to leading order in the expansion parameter, we obtain 0877/} = 0,

which implies that gy is a function of x alone and subject to boundary conditions

90(0) = 0,90(1) = 0. As a result, the next order term g; obeys the following partial

differential equation:

agl(x7¢) _ N d
~ = —Ns()z(1l — x)% [(z + h(1 —22))go(x)]
z(1—z) d®go(x) .

2 dz?

(3.33)

Integrating both sides of the above equation over the period 27 and using the periodicity
property of g(z,1), we find that the LHS of the above equation is zero, and fy(z) =
go(z)/(xz(1 — x)) is given by (3.12).

Therefore, when the population size is constant, the time-averaged SFS in a rapidly
varying environment is simply given by the equilibrium SFS in the time-averaged envi-
ronment. For this reason, the time-averaged mean heterozygosity shown in Fig. 3.4b and
Fig. 3.5b when only selection changes matches with the equilibrium mean heterozygosity
in the time-averaged environment for any (nonnegative) selection strength. But when
demographic changes also occur, as the boundary condition ¢(0,t) is time-dependent,
it is not clear how to generalize the above argument. As we will discuss below, the
time-averaged selective environment is the primary determinant of the behavior of the

time-averaged SFS: if the selective environment is neutral or weak on-average, the de-
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mography has a strong impact, but if selection is on-average strongly positive, changing

population size does not influence the genetic diversity.

No selection

Previous numerical studies [12, 13] with demography and no selection (s = o = 0) suggest
that for large N, the time-averaged mean heterozygosity is equal to 2N,u where N, is

the effective population size given by the harmonic mean over the period 27 /(2,
1 g qw ]t
N.=N [ / ] — NVI— 12 (3.34)
0

which decreases with increasing amplitude of the population size variation. In Ap-
pendix B.3, we show that at large cycling frequencies, indeed the effect of demography is
to replace N by N, in the static environment results. Thus the time-averaged sample
SFS is given by f.; = 2N /i (see (B.3.24)) from which it immediately follows that the

time-averaged mean heterozygosity, H = 2N .u = 6.. Figure 3.3 shows that the sample

SFS is well approximated by 6. /i when the population size changes rapidly.

Weak selection

In Appendix B.4, we develop a perturbation theory to understand the SFS in rapidly
changing environments. In particular, for weak constant selection (N|5| < 1,0 = 0),
from (B.4.8) and (B.4.12), we find that the time-averaged mean heterozygosity is given
by

N.5 (3.35)

which is simply the equilibrium result (3.16a) for a weakly selected mutant with population
size N, and matches with the numerical results shown in Fig. 3.4b. We have verified

analytically that for a weakly selected, on-average neutral mutant also, the effect of



74  Joint effect of changing selection and demography on the site frequency spectrum

changing selection and demography is to replace N by N, in the constant neutral
environment results, and which yields H = 6, (refer to Fig. 3.5b).

Thus the above discussion suggests that when the environment changes rapidly and
time-averaged selection is neutral or weak (while the population size may or may not

vary), the time-averaged sample SF'S is given by the expression (3.15a) in a constant

environment with selection coefficient s and population size N,,

0. Oc[h(5n —4i+6) + 2i — n|N.5

Joim 5t 3(n+ 1)(n +2) (3.36)
Strong, on-average positive selection
For strong and positive selection (N5 >> 1), from (3.6), we have
;agg, Ho_ (1 + Zsin(wt)) 2(1 - :1:);; [(z + h(1 — 22))g(z, )]
_ 2
~ —z(l— m)aax [(z+ h(1 —22))g(z,1)] (3.38)

where the last equation is obtained for large N5 and ¢ < 5. Then averaging both sides
of (3.38) over the slower cycle (as defined in (3.11) and for integer ratio of the two cycling

frequencies), and using the boundary condition g(0) = 6, we obtain

g(x) = x+h(01h—2x) (3.39)

which gives the time-averaged SFS to be the same as for the positively selected mutant
in constant environment with population size N (see (3.14a)). Note that the above

argument is valid for arbitrary scaled cycling frequency. Furthermore, due to (3.15b),
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the time-averaged sample SF'S is given by

= nt , 1
fni m2F1 <1,Z,n, 2 - h) . (3.40)

The above discussion shows that for a co-dominant mutant under strong selection,
the time-averaged mean heterozygosity is equal to 26 in both slowly and rapidly changing
environments in agreement with the data shown in Figs. 3.4a and 3.4b. Thus, when both
selection and population size vary rapidly, while the results for weak selection are given
by the equilibrium ones on replacing N by N, the equilibrium SFS for population size N
remains valid when selection is strong. This is because in the above deterministic analysis
for large N5, the genetic drift term on the RHS of (3.37) whose coefficient depends on
the inverse population size is neglected, and the population size enters the expression for

SE'S through the scaled mutation rate only.

Strong, on-average zero selection

When the selective environment is on-average neutral, the time-averaged mean het-
erozygosity displayed in Fig. 3.5b for large cycling frequencies is equal to 6 for constant
population size and changing selection as discussed at the beginning of Section 3.4.3.
When both population size and selection vary with equal frequencies, H again approaches
0; however, for unequal frequencies, the results obtained by numerically integrating (3.5)
suggest that H is independent of the selection strength and given by 6,. We do not have
an analytical understanding of these results; see, however, Appendix B.6. Thus, barring
the case when the cycling frequencies are equal, the time-averaged heterozygosity is given
by that in the time-averaged selective environment for both weak and strong selection

strength and hence the results obtained in Sec. 3.4.3 apply.



76  Joint effect of changing selection and demography on the site frequency spectrum

225F | i | A A | E

[ A ]

2.00f * 4 ]

: A :

1.75} :

1.50F ) ) m " A ]

| i A ]

1.25} a :

||
A
ol [ | .A A

1.001 v v v v w""“i

Laaaal L L a3l L L1 a3l L L1 a3l L L a sl YYY-----I L L sl
0.001 0.010 0.100 1 10 100 1000

N w

Fig. 3.7 Changing environment and on-average neutral selection: The time-averaged
mean heterozygosity as a function of scaled environmental frequency for the dominance
parameter h = 0.3(V¥),0.5(l) and 0.7(A) when both selection coefficient and population
size change in time with equal frequency. The points are obtained by numerically solving
(3.5) and (3.10), and the solid lines on the left show the analytical approximation (3.31)
for slowly changing environment while the dashed line on the right is the equilibrium
mean heterozygosity € in the time-averaged environment. The other parameters are
v=0.7,0 =1, and No = 100. For comparison, note that the mean heterozygosity in
neutral constant environment is equal to 6 = 1.

3.5 Discussion

In this chapter, we are interested in understanding how a changing environment, be it
due to demography and/or time-dependent selection, impacts genetic diversity within a
population. The importance of demography in understanding various measures of genetic
diversity has long been appreciated [12-14, 17, 18], but the effect of fluctuating selection

on genetic variation has been relatively less studied [19, 20]. Here we have considered the
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effect of periodic changes in selection coefficient and population size on the site frequency
spectrum and mean heterozygosity.

When selection is weak, as expected, the time-averaged mean heterozygosity is
essentially the same as for a neutral population with changing population size (see
Figs. 3.4 and 3.5). We find that the effect of demography is mainly seen when the
population size changes rapidly; in this case, the time-averaged statistical quantities
behave the same way as in the constant environment, but with reduced population size
N, given by the harmonic mean of the changing population size over a period (see (3.34)).
Although the effective population size has been derived when the population size has
random fluctuations, and verified numerically for other models of demographic change
[12-14], here we have analytically derived the effective population size for periodically
changing population size in Appendices B.3 and B.4. Our explicit expressions for the
time-averaged SFS are given by (B.3.17) and (B.3.24) for slowly and rapidly changing
environments, respectively, and shown graphically in Fig. 3.3 when selection is absent.

For strong selection, if time-averaged selection is positive, a deterministic argument,
given in Sec. 3.4.3, shows that the time-averaged SF'S is the same as for a positively
selected mutant in a constant environment for any cycling frequency. But the results
depend on the cycling frequency when the selection is zero on-average. For large cycling
frequencies, the time-averaged mean heterozygosity is found, in general, to behave as in
constant neutral environment with effective population size N, discussed above; however,
in a slowly changing environment, the time-averaged SF'S is the same as in the static
environment with an effective population size N, given by the average population size
over the time the selection is positive, see (3.24). For neutral populations, the census
population size in changing environment can be replaced by an appropriately defined
effective population size when the mutation rate is small relative to the frequency of

change in the population size [12] and stochastic changes in the population size are
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independent random variables [36, 38]. Here, in addition to the demographic N, in fast
changing environment discussed above, we find that the census population size in slowly

A

changing, selective environment can be replaced by an effective population size, N, (refer
to (3.24)).

Furthermore, in a slowly changing, on-average neutral environment, we find that the
time-averaged SF'S is a U-shaped function as one would expect for beneficial mutants
in a constant environment. However, as shown in Fig. 3.6, relative to the SFS in
constant environment, the time-averaged SF'S is reduced by a factor equal to the fraction
of the time the selection is negative in a seasonal cycle. Figure 3.6 also shows that
there are more high-frequency variants in the changing environment as compared to in
the constant, neutral environment; similar behavior has also been seen when there is
fluctuating selection (but no demography) [19, 20]. Taken together, these studies suggest
that varying selection, even if zero on-average, can produce an SFS similar to that in a
constant, positively selective environment. Fig. 3.7 further shows that the time-averaged
heterozygosity follows the same qualitative trend with dominance coefficient as for a
positively selected mutant in a constant environment (see Fig. 3.1c).

Figure 3.5 shows that the time-averaged heterozygosity for on-average neutral selection
and various environmental scenarios is smaller than for positively selected mutants in a
constant environment. This is simply because a newborn mutant is more likely to be
lost when selection is negative than when it is positive, and therefore the contribution
to polymorphism comes only from the part of the cycle when the selection is strongly
positive. In a recent study, we have also shown that while the neutral heterozygosity at
a linked site due to beneficial and deleterious sweeps is identical in a constant selective
environment, varying selection coefficient breaks the symmetry; in particular, it is found
that the neutral heterozygosity is strongly affected by the deleterious sweeps even when

selection is changing slowly while the footprint of beneficial sweeps is not much impacted
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[25]. These results suggest that in addition to demography, varying selective environment
(about zero mean) is a potentially important factor for explaining the lower levels of
neutral genetic diversity than predicted on the basis of constant neutral population
assumption (for a recent overview, see BUFFALO [39)]).

Throughout this chapter, we have assumed completely unlinked sites; a generalization
of the infinite sites model studied here to include finite recombination, and detailed
investigations of the joint effect of changing selective environment and demography in
more complex scenarios, such as when genetic hitchhiking occurs [40], remains a task for

the future.
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Chapter 4

Effect of beneficial sweeps and
background selection on genetic

diversity in changing environments

In this Chapter, we relax the assumption of randomly mating population and discuss the
reduction in the linked neutral genetic diversity due to fixation of mutant at the selected

site when inbreeding occurs within population.

4.1 Introduction

There has been much interest in understanding how the neutral genetic diversity patterns
are shaped for a long time. It has been observed that pairwise diversity in various natural
species is several orders of magnitude lower than predicted by the neutral theory [1],
and the neutral genetic diversity for various species varies in a narrow range for several
orders of magnitude change in the population sizes—this is known as Lewontin’s paradox
[2]. The indirect effects of selection on the linked neutral variation are one possible

contributor to resolving Lewontin’s paradox [3, 4].
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When a beneficial mutation spreads throughout an entire population, the linked
neutral variants can hitchhike along with it; this is referred to as selective sweep [5-
8]. Other variants not linked to the selected mutation are subsequently lost from the
population, reducing genetic diversity at the linked neutral sites. The genetic diversity
can also be reduced due to the elimination of the recurrent deleterious mutations from
the population, known as background selection [9] because the deleterious mutations are
selected against and subsequently eliminated from the population, which also eliminates
the linked neutral variants. Several analytical and simulation studies have been conducted
to investigate the effect of background selection [9-11] and selective sweeps [12, 8] on the
linked neutral genetic diversity considering environment to be selectively constant.

Natural environments, on the other hand, are not static and change over time. It is
therefore important to ask how the genetic diversity at the linked neutral sites is affected
by selective sweeps and background selection in the changing environment. We primarily
want to know how the levels of genetic variation change in the selectively changing
environment. As selective sweeps and background selection effects are strong when
recombination is low, we work in low recombination regimes throughout the Chapter.

In a recent study [13], the effect of a continually changing environment on the genetic
diversity in a randomly mating population was investigated using a two-locus model
with one neutral and one selected locus. It was discovered that the Maruyama-Kimura
symmetry [14, 15] for conditional mean fixation time in static environment does not
hold in a changing environment, and the deleterious sweeps are strongly affected due
to varying selection. The beneficial sweeps, on the other hand, are robust for slow or
moderate changes in the selective environment [13]. Here, we extend these results for
selective sweeps to a more general case of inbreeding population. We use diffusion theory
to calculate the conditional mean fixation time for the inbreeding population. When the

inbreeding coefficient is high, the deleterious and beneficial sweeps are weakly affected in
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the changing environment, and the changing environment effects are most significant in
a randomly mating population.

Because the deleterious mutations are more likely to be lost than fix in population,
we investigate the impact of background selection on the shape of the site frequency
spectrum (SFS) in changing selective environment. In a finite asexual population, fittest
class of individuals is eventually lost from the population [16, 17]. Previous research has
shown that in slow Muller’s ratchet regime and static environment, the reduction in the
genetic diversity caused by strong selection against the recurrent deleterious mutations
is equivalent to the neutral population with a reduced effective population size [9, 10]
in the absence of recombination. However, the effect of background selection in the
population where Muller’s ratchet clicks fast is much less studied [11]. In this Chapter,
we will investigate the effect of background selection for arbitrary selection strength
in slowly changing environment. We give simple analytical expression for change in
heterozygosity when Muller’s ratchet clicks slowly and study the fast Muller’s ratchet
regime numerically.

We find that, even in a slowly changing environment, genetic diversity at linked
neutral sites differs significantly from that in a static environment when the selected site
contains deleterious mutations; in particular when the population fluctuates between
zero and a negative selection coefficient, the shape of the time-averaged SFS is found to

differ from the shape of the SFS with a time-averaged selection coefficient.

4.2 Selective sweeps in changing environments

The reduction in genetic variation caused by selective sweeps is significant in regions
with low recombination and depends on the time it takes for the mutation to fix in the
population [5, 18]. In this section, we discuss the conditional mean fixation time, which

is calculated by averaging the time taken by the mutation to fix into the population only
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in the trajectories destined to fix, when the selective environment is time-dependent and

a single locus is under selection.

4.2.1 Diffusion theory

When the environment is selectively constant, the conditional mean fixation time for
beneficial mutation with selective advantage +s and dominance coefficient h is identical
to that of deleterious mutation with selective disadvantage —s and dominance 1 — h
[14, 15]. In the static environment, this symmetry also holds for the inbreeding population
[19]. It has recently been demonstrated that this symmetry breaks for randomly mating
populations in a changing environment [13]. In this section, we consider the case when
inbreeding occurs in the population.

Consider a diploid population of constant population size N. The biallelic locus
experiences time-dependent selection coefficient, s(t) = § + osin(wt + 6y) that varies
periodically with time, where 5 is the time-averaged selection coefficient, 0 < 6y < 27 is
the initial phase, o > 0 is the amplitude of the oscillation, and w is the rate of change of
environment. The three genotypes, AA, Aa and aa have frequencies p* + fpq, 2pq(1 — f)
and ¢*> + fpq, and fitnesses 1, 1 + hs(t), and 1 + s(¢) respectively [20, 21] where h is the
dominance coefficient (0 < h < 1), and f is the inbreeding coefficient (0 < f < 1). The p
and ¢ are the frequency of allele A and a, respectively.

The backward Fokker-Planck equation for the randomly mating population (Eqn. A4
in KAusHIK and JAIN [13]) for mean fixation time for a mutation with initial frequency

x at time ¢y, can be generalized for inbreeding population, which satisfies

OT (x, o) N x(1 —z) 0°T (x, to)
ox 2N, 02

_ aT(IE, to)
Oty

— Py(x, to) = s(to)g(x) (4.1)

where g(z) = (x + h(1 — 22) + f (1 — h — 2z (1 — 2h))), Py is the eventual fixation proba-

bility, and N, is the effective population size given by N/(1+f) [23].
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Fig. 4.1 The variation of conditional mean fixation time T, with dominance parameter
(h) for moderate selection in static () and slowly changing environment where selection
coefficient is on-average neutral (s = 0), and given by s(t) = osin(wt 4 0) (diamonds)
and —s(t) (squares) respectively. The other parameters are N, = 2 x 10®, N, w = 0.05,
0=0.01,0 =7/4, (a) f =0.2 and (b) f = 0.8. When inbreeding is high, the conditional
mean fixation time for both beneficial and deleterious is mildly affected in the slowly
changing environment.

The above equation does not appear to be exactly solvable, so we use first-order
perturbation theory for the approximate solution. Previous research [13] indicates that
the effects of a changing environment are significant when the mutation is on-average
neutral, so we focus on-average neutral mutation. In the slowly changing environment,
w < N1 5(0), for on-average neutral mutation (5 = 0) the mean fixation time and
eventual fixation probability are approximated as T ~ Ty + N.wTj, and P; ~ Py+ N.wP;.
Here, T, and P, are the mean fixation time and fixation probability in the static
environment; and T, and P, are the leading order deviation in w in the mean fixation
time and fixation probability, respectively. These are calculated in Appendix C.1.

The conditional mean fixation times for the slowly changing environment are shown
in Fig. 4.1, where the data is obtained by numerically solving (C.1.3), (C.1.9), and
(C.1.10). We find that the Maruyama-Kimura symmetry does not hold for the inbreeding
population, and deleterious mutations are more affected than the beneficial ones by

changing environment. Thus, in the case of an inbreeding population, the qualitative
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behavior of conditional mean fixation time is similar to that of a randomly mating
population in a slowly changing environment.

Whereas, unlike the randomly mating population where the recessive deleterious
mutations are strongly impacted, deleterious mutations, whether recessive or dominant,
are mildly affected due to the slowly changing environment when the inbreeding coefficient
is high, as shown in Fig. 4.1b. This can be understood qualitatively using the following
argument. In a randomly mating population, the recessive deleterious mutations are
strongly affected because they have a higher fixation probability than dominant mutations
[22] allowing recessive mutations to have a less strong tendency to fix quickly as compared
to the dominant deleterious mutation, and former mutations can continue to segregate
in the population for long periods of time, making them more sensitive to the changing
environment [13]. However, when the inbreeding coefficient is high, the fixation probability
for the deleterious mutations is weakly dependent on the dominance coefficient (see C.1.7,
C.1.8). The trajectories for recessive, as well as dominant deleterious mutations, are
then exposed to the changing environment for nearly the same amount of time and thus
affected in the similar manner. Thus, these results suggest that in the case of a highly
inbred population in a slowly changing environment, the deleterious and beneficial sweeps

produce similar genetic diversity patterns.

4.2.2 Semi-deterministic theory: strongly beneficial mutations

The solution of diffusion equation does not have a closed form in the presence of selection
and thus cannot be used to calculate the fixation time distribution. However, we can use
semi-deterministic theory for the beneficial mutations when the population size is large
(2Ns > 1), as recently used by MARTIN and LAMBERT [23], and KAUSHIK and JAIN
[13]. In a static environment, the conditional mean fixation time, T., for the mutation

with selection coefficient +s and dominance coefficient h is the same for the mutation
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Fig. 4.2 Strongly beneficial mutations: The deviation in the conditional mean fixa-
tion time, TLC, in the slowly changing environment with selection coefficient s(t) =
(54 osin (wt + 7/4)) when the mutation is beneficial at all times for f = 0 (black),
f = 0.2 (green), and f = 0.8 (magenta) to show that the deviation is maximum for
randomly mating population. The points are obtained by numerically solving (C.2.1).
The other parameters are N, = 10°, 5 = 0.01, ¢ = 0.007 and h = 0.5 respectively.

with selection coefficient +s, and dominance 1 — h for arbitrary inbreeding coefficient.
In other words, T (+s,h, f) ~ T (+s,1 — h, f) [24, 19]. This symmetry is preserved in
the changing environment for the panmictic population in the strong selection limit, as
recently demonstrated by KAUSHIK and JAIN [13]. Here, we will explore the h to 1 — h
symmetry when inbreeding occurs.

The allele frequency distribution, ®¢(p, t|po,0), that the mutation frequency is p at

time ¢, given that the initial mutation frequency is py at time ¢, obeys the following
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forward Kolmogorov equation [25],

O¢(p, t|po, 0) 9] o [pqq)f(p, t|po, 0)] (4.2)

. - —3(1%79 [9(p)@1(p, tpo, 0)] + o 2N,

where, g(p) = s.(1 —p) + spp, S = h+ (1 —h)f and s, = 1 — (1 — f)h, respectively. For
p — 0, the (4.2) reduces to a Feller diffusion equation [26] which can be solved exactly.
Conditional on fixation, ®¢(p, t|pg, 0) converges to a stationary distribution at large times,
which gives the eventual fixation for the beneficial mutation having frequency py at time

t=0 as

2Nep0 ]

Pi(po,0) =1 —exp |— :
J© dtee Js as(®)

Slowly changing environment

In a slowly changing environment, the fixation probability for an on-average neutral
mutation (5 = 0), when the mutation occurs in the positive cycle of the selection
coefficient with initial phase, 0y = wty (0 < 6y < m), is obtained by a Taylor series

expansion of (4.3) to the linear order in w. The fixation probability is then given as
Pi(py) = 2Nepo (840 sinby + w cot Oy) (4.4)

The deviation in the fixation probability is independent of the dominance parameter and
weakly dependent on the inbreeding coefficient. As previously discussed, the conditional
mean fixation time is closely related to the eventual fixation probability; thus (4.4)
suggests that a slowly changing environment is expected to affect conditional mean

fixation time mildly.
w

s(0)

The conditional mean fixation time is approximated as T. ~ Toﬂ + Tl,c when the

environment changes slowly.
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For a single mutation, and keeping terms up to the order , the first order

(In o)?

correction to the conditional mean fixation time is given by (see Appendix C.2 for details),

Ti.  ocosh(lna)? (1+ f)>
2N, 45(0)a s2st

(4.5)

For a randomly mating population, f = 0, the above expression reduces to Eqn. (20)
in KAUSHIK and JAIN [13]. In slowly changing environment, the leading order term
in TLC has h — 1 — h symmetry. In other words, like in randomly mating population,
T (4+s,h, f) = T (+s,1 — h, f) holds in the slowly changing environment for the inbreed-
ing population also. The deviation in the conditional mean fixation time, T}., due to
changing environment is maximum when f = 0, as depicted in Fig. 4.2.

Fig. 4.2 shows that the conditional fixation times are affected very mildly in the wide

range of environmental change. Thus, the results of the beneficial sweep in the changing

environment for a randomly mating population are robust in the inbreeding population.

4.3 Background selection in changing environment

In the previous section, we have shown that the effect of changing environment on
deleterious sweeps is strongest for the randomly mating population (f = 0). In this
section, we focus on haploid asexual populations (f = 0) to explore the effect of
background selection (BGS) on the linked neutral genetic variation in the changing
environment. In particular, we will study the neutral site frequency spectrum (SFS) and

neutral heterozygosity.
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4.3.1 Multilocus Wright-Fisher model

We use the multilocus Wright-Fisher model to study the effect of recurrent deleterious
mutations at the selected site in a haploid asexual population (f = 0) of size N. Consider
a large genome in which a single selected site is linked to infinite number of neutral
sites. At the linked neutral sites, the mutations occur according to an infinite-sites
model, meaning that each mutation occurs at a new site that does not have any mutation
before. The population evolves according to discrete-generation Wright-Fisher process
[27, 28], described in a following manner. At ¢t = 0, we start with a monomorphic
population, and subsequent generations are obtained by first reproduction and then
mutation. In reproduction, the offspring generation is generated by sampling individuals
from the parent generation with equal probabilities. The neutral mutations occur in
the population with a rate w, at a monomorphic site. After a drift-neutral mutation
equilibrium for the SFS has been reached, the deleterious mutations are introduced, and
the chosen individual acquires deleterious mutations according to the Poisson distribution
with mean Nuy. The offspring generation is then generated by picking individuals from
the parent’s generation with probabilities proportional to their relative fitnesses. The
absolute fitness for an individual with k deleterious mutations is given by (1 — s(¢))".

Unlike in the previous section, here we study the discrete-time model, and the selection

changes periodically in the square waveform given by

1
5+ 0, nTp§t<<n—|—)Tp
s(t) = 2 (4.6)
1
5—o0, (n+2>Tp§t<(n—|—1)Tp

where o(< 5) is the amplitude, 7}, is the time period of the oscillation and n is a positive
integer.
To quantify the effect of background selection on the linked neutral diversity, we

mainly focus on the two summary statistics, time-averaged site frequency spectrum (SFS),
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Fig. 4.3 Strictly deleterious mutations: The time-averaged site frequency spectrum for
the static environment (blue) and for the slowly changing environment (red) when the
selection coefficient is always negative and varies periodically with time period 7, between
5+ o in first half of the cycle and s — o in the second half of the cycle. The parameters are
N =1000, Nu, =1, uq = 0.08, 0 = 5/2, T,, = 12000, (a) 5 = 0.1 and (b) 5§ = 0.05. The
solid blue line is (2N Upe e/ g) /x . The inset shows the time-dependent heterozygosity
for the slowly changing environment (red) and static environment (blue), the solid lines
represent heterozygosity for the neutral population with the corresponding effective
population sizes. The population evolves under drift neutral mutations equilibrium for
SES till t = 3000, and after that, deleterious mutations are introduced.

_ 1
and time-averaged heterozygosity, H = T I H (t)dt. Tt has previously been shown [9]

that in static environment, for strongly leeterious mutations, the effect of the BGS on
SFS is same as the neutral expectation with an effective population size, N, = Ne™"¢/%,
where s is the magnitude of the selection strength for the deleterious mutation. But for
moderately strong selection, the background selection distorts the shape of the SFS from

the neutral expectation of monotonically decaying function to a U-shaped function [29].

Here we investigate these results in changing environment.

4.3.2 Fluctuating environment between deleterious mutations

We consider the case when the selection coefficient changes between two negative selection
coefficients so that the mutation always remains deleterious. We find that, in the slowly

changing environment, the time-averaged SFS f(x) and time-averaged heterozygosity
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H are significantly different compared to the corresponding quantities in the static
environment with the time-averaged selection coefficient as depicted in Fig. 4.3.

Figs. 4.3a, and 4.3b show respectively that when Muller’s ratchet clicks slowly and
rapidly, the time-averaged SFS is smaller and larger, respectively, in the slowly changing
environment than the SF'S with the time-averaged selection coefficient () in the static
environment. When the neutral allele frequency is very low, the effect of deleterious
mutations is negligible, and the time-averaged SFS in changing environment is the same
as the neutral SF'S, which is analogous to the effect of background selection on neutral
SFS in static environment at low frequency [29]. However, when the frequency of linked
neutral mutations is intermediate, the deleterious mutations are exposed to a changing
environment for a longer time, and the SF'S at linked neutral sites changes more as a result
(Figs. 4.3a, 4.3b). In a slowly changing environment, the time-dependent heterozygosity,
H(t), oscillates between the static heterozygosities, H(S + o) and H(S — o), reaching
equilibrium in both positive and negative cycles of selection coefficient (inset of Fig. 4.3).

The effect of changing environment on mean heterozygosity for slow and fast Muller’s
ratchet is the same as that on SF'S described above. For the slow Muller’s ratchet,
H < H(5), whereas when Muller’s ratchet clicks fast, H(5) < H. The effect of changing
environment is strong for the moderately strong selection (Ns < 100) as depicted by
Fig. 4.4, where even in the slowly changing environment, the mean heterozygosity has
deviated to 30 — 40% (inset of Fig. 4.4) from the corresponding heterozygosity in the
static environment.

When the selection strength is strong (Ns > 1), and Muller’s ratchet operates slowly,
the time-averaged heterozygosity in the changing environment can be approximated by

the mean of heterozygosity in the static environment with selection coefficient s+ o, and
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Ud Uq

2

u
where 6 is the scaled mutation rate, § = 2Nw,,. In the strong selection limit (Td < 1),
5

on expanding the R.H.S of above equation, we find

H(35) - i ~ (“d) (2 i ) (4.8)

5 52 — g2

which shows that mean heterozygosity (4.7) in changing environment is always smaller
than that in static environment (H (5) = feual 5), as shown in Fig. 4.4, and the deviation
is given by,

Using the same argument, the time-averaged SF'S in the slowly changing environment
is smaller than that in the static environment for strong selection, as depicted in Fig. 4.3a.

When the selection strength is moderately strong, and o is of the order s (but smaller
than s), the selection coefficient in the second half of the cycle becomes weak (5 — o),
where Muller’s ratchet operates fast, and the mutation classes other than the least loaded
class can contribute to the SFS. The mean heterozygosity in fast ratchet regime when
s — o becomes very weak can be approximated by the neutral heterozygosity 6 whereas
the selection in the first half of the cycle, 5+ o, is strong and only the least loaded class
contributes to the heterozygosity. The mean heterozygosity is then given by

Ug
l+e sto (4.9)

i
H~ -
2
which is greater than the static heterozygosity (H (s) = Ge—tal 5). The time-averaged
heterozygosity behaves non-monotonically with selection strength in the changing en-

vironment as observed in Fig. 4.4. The similar dependence is shown by GORDO et al.
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Fig. 4.4 Strictly deleterious mutations: The mean heterozygosity as a function of scaled
selection coefficient for static environment (circles) and slowly changing environment with
selection coefficient (triangles) varies between 5+ o and 5 — o with time period 7,,. The
other parameters are N = 1000 (open symbols), N = 2000 (closed symbols) , Nu,, = 1,
ug = 0.08, 0 = 5/2 and T, = 12000 respectively. The solid lines represent mean
heterozygosity for the neutral population with effective population size as 2Nu,e%/%,
The inset shows the relative change in the mean heterozygosity due to the changing
environment as compared to the static environment for N = 1000.

[11], and GOOD et al. [30] for the mean number of pairwise differences in the static
environment. Since the two regimes of Muller’s ratchet are separated by Nse "4/* > 1
[31, 32], the minimum of the mean heterozygosity scales linearly with N's for the fixed

uq/s as shown in Fig. 4.4
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Fig. 4.5 Deleterious and neutral mutations: The time-averaged SF'S, when the environment
is static (blue) with selection coefficient (5) and changes slowly (red) with selection
coefficient varies between 0 (neutral) and 2s (deleterious), and the Muller’s ratchet clicks
slowly in the deleterious cycle. The blue solid and blue dashed line represents SF'S for
the neutral mutation with population size N and Ny = N e "a/S respectively. The

0 _
red solid line represents the time-averaged SFS given as, o (1 + e ua/ 3). The other
x

parameters are N = 1000, uy = 0.08, u,, = 0.001, s = 0.06, and § = 2Nu,,. The inset
shows the time-dependent heterozygosity in the slowly changing environment (red) which
oscillates between the corresponding heterozygosity in the neutral population with size
N and N,y respectively. For the static environment (blue), the heterozygosity in the
equilibrium population is given by #e~"¢/*. The solid lines from top to bottom represents
6, e~ a/?5 and fe~"4/* respectively. The population evolves under drift neutral mutations
equilibrium for SF'S till ¢ = 3000, and after that, deleterious mutations are introduced.

4.3.3 Fluctuating environment between neutral and deleterious

mutations

Here, we examine the scenario where the environment changes in such a way that the
mutation is deleterious in the first half of the cycle where background selection operates,
but neutral in the second half of the cycle where the neutral mutation can get eliminated

or fixed due to genetic drift.
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Figure 4.5 shows that, for the moderate selection, the time-averaged SF'S in changing
environment at the low frequencies (0.01 — 0.05) has a different shape than that in the
static environment with a time-averaged selection coefficient, and it is more skewed in
the latter case. The contribution of the neutral cycle (6/z) to the SFS is larger than that
of the deleterious cycle (fe~"4/?* /), resulting in the time-averaged SFS in the changing
environment to have the similar shape to that in the neutral environment as depicted in
Fig. 4.5.

Fig. 4.6 shows that H in a slowly changing environment is significantly different from

heterozygosity in a static environment (H (5)) when the selection is moderately strong,
6 o
I:Iz§ (1+e 25) (4.10)

whereas in the static environment, H = fe~%4/5 where § = 2Nwu,,. The mean heterozy-
gosity in slowly changing environment, H, is always greater than that in the static
environment, H(5s), as depicted in Fig. 4.6. The deviation is approximately (3/4)(uq/5)
when (ug/5) < 1. In the slowly changing environment, 4 = 6 in limits N5 — 0
and Ns — oo as shown in Fig. 4.4. The time-averaged heterozygosity follows the
non-monotonic behavior with selection strength similar to the previous case where the
mutation is always deleterious, and here also, the minimum of the time-averaged het-
erozygosity scales linearly with Ns as shown in the inset of Fig. 4.6. Hence, these results
suggest that the levels of genetic variation at the linked neutral sites are significantly
different in the changing selective environment for the deleterious mutation than in the

static environment.
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Fig. 4.6 Deleterious and neutral mutations: The relative change in the mean heterozygosity

in the changing environment (H) from the static environment (H) when selection
coefficient varies periodically between zero (neutral) and 25 (deleterious) with time period
T,. The other parameters are N = 1000, Nu,, = 1,u4 = 0.8 and 7T, = 12000 respectively.
The inset shows that the time-averaged heterozygosity behaves non-monotonically with
the scaled selection coefficient and the minimum of the mean heterozygosity scales linearly
with N5. The other parameters are N = 1000 (o), N = 1500 (A) and N = 2000 (V)
respectively. The solid lines represents 2Nu,e~%/* for N = 1000, 1500, and 2000 from
top to bottom.

4.4 Discussion

In a recent study by KAuUsHIK and JAIN [13], it was found that the Maruyama-Kimura
symmetry [14, 15] for the conditional mean fixation time in constant environment does
not hold in changing environment. In this paper, we have explored this symmetry for the
more general case when inbreeding occurs in the population. We find that the deviation
in the conditional mean fixation time for both beneficial as well as deleterious sweeps is
maximum in the case of randomly mating population. When the inbreeding coefficient is

high, the symmetry between beneficial and deleterious conditional mean fixation time
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breaks very mildly, which makes it difficult to distinguish the diversity patterns generated
due to beneficial and deleterious sweeps.

Since the effects of changing environment are more significant in deleterious mutations
in the randomly mating population, we investigated the effect of changing environment
when recurrent deleterious mutations arise at the selected site and are eliminated from
the population [9]. When the selection strength is moderate, the effect of background
selection on time-averaged SFS is found to be qualitatively different from that in the
static environment [29].

When the population fluctuates between zero and a negative selection coefficient in
a slowly changing environment, the time-averaged SFS and mean heterozygosity are
larger than in a static environment with a time-averaged selection coefficient. Whereas,
when the selection coefficient fluctuates in such a way that it is always negative, the
time-averaged SFS and mean heterozygosity are smaller (larger) than that in the static
environment with a time-averaged selection coefficient when the Muller’s ratchet clicks
fast (slow). These findings imply that the recurrent deleterious mutations at the selected
site result in qualitatively different levels of genetic variation in the changing environment.

Here, we have studied the effect of changing environment on the SFS due to the
background selection using numerical simulations. However, there is a scope to develop
the analytical theory to study the behavior of non-equilibrium SFS in the changing
environment when Muller’s ratchet operates fast. Here, we have the selected site being
either deleterious or neutral; it will be interesting to look at the case where the selected
site is beneficial where selective sweeps also occur. Throughout this Chapter, we have
assumed that population size is constant, and it will be interesting to explore the effects
of demography. Studying the background selection in the changing environment for the
selfing population is also interesting because inbreeding is expected to reduce genetic

diversity significantly.
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This article has been submitted to bioRxiv. See the bioRxiv link below:
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Chapter 5

Summary and open questions

The primary focus of this thesis is to understand how the various evolutionary forces
shape the genetic diversity within a population. Since natural environments are not
static, we have considered the situation when the environment is continually changing.
In this thesis, we have studied the following three quantities in detail to quantify the
effect of changing environments on genetic variation: conditional mean fixation time, site
frequency spectrum (SFS), and heterozygosity. We have considered the environmental
change due to changing selection coefficient and changing population size, and their

effects on the genetic variations are summarised below.

Summary of results

Case 1: Changing selection coefficient and constant population
size

In Chapters 2 and 4, we have studied the effect of selective sweeps and background
selection on the linked neutral genetic variation when the selection coefficient is time-

dependent but population size is constant in time.
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Selective sweeps: The fixation of the mutant (selective sweep) at the selected site
reduces the genetic variation at the linked neutral sites, and the reduction in the diversity
is proportional to the conditional fixation time of the mutant. We find the following
main results in the case of selective sweeps.

i) The Maruyama-Kimura symmetry for the conditional mean fixation time in static
environment is not preserved in the changing environment, suggesting that the genetic
diversity patterns generated by deleterious and beneficial sweeps are no longer identical.

ii) The constant environment assumption holds for the beneficial mutations, whereas
the deleterious mutations are strongly impacted due to the changing environment. In
particular, the recessive deleterious mutations are strongly affected.

iii) Even the slowly changing environment produces qualitatively different genetic
diversity levels.

iv) The changing environment effect is most substantial for the randomly mating
population, and the constant environment assumption holds for beneficial and deleterious
sweeps when the inbreeding coefficient is high.

Background selection: The deleterious sweeps are very rare, and in most cases,
the deleterious mutations arise in the population and are eliminated from the population
due to their adverse effects on fitness (background selection). Hence, we have studied
the effect of background selection on genetic diversity in the changing environment and
found that:

i) When the population fluctuates between a neutral and negative selection coefficient,
the time-averaged heterozygosity and SE'S are always greater than that in the static
environment with a time-averaged selection coefficient.

ii) When the selection coefficient is changing but it is always negative, the time-

averaged heterozygosity and SFS are greater (smaller) than the corresponding heterozy-
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gosity and SF'S in the static environment with a time-averaged selection coefficient when

the population experience slow (fast) Muller’s ratchet.

Case 2: Combined effect of changing selection and changing

population size

In Chapter 3, we have studied the site frequency spectrum in a randomly mating diploid
population in which both population size and selection coefficient change periodically with
time. We find that the time-averaged SF'S for the changing environment is qualitatively
and quantitatively different compared to that in the static environment. The main
findings are:

i) The time-averaged SFS for an on-average neutral mutations mimics the shape of
the static SF'S for the beneficial mutations.

ii) The deleterious mutations are responsible for the deviation in the time-averaged
SF'S in the changing environment, and the extent of the deviation depends upon the

phase difference between the population size and selection coefficient.

Open questions

Finally, we discuss some open questions related to our study.

i) In Chapter 3, we have considered the infinite sites model where the sites are
completely unlinked. It will be interesting to generalize the infinite sites model to include
finite recombination and investigate the combined effect of changing population size and
selection.

ii) In Chapter 4, we have numerically studied the non-equilibrium SFS for the
deleterious mutations. Still, there is a scope to develop the analytical theory which can

potentially capture the effect of Muller’s ratchet on non-equilibrium SFS in the changing
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environment. The non-equilibrium SF'S will also be interesting to study for neutral and

beneficial mutations where selective sweeps also occurs.



Appendix A

A.1 Diffusion theory for time-inhomogeneous pro-
cess

For a large finite population with small selection coefficient, the average fixation time can,
in principle, be studied using the backward Fokker-Planck equation with time-dependent
selection coefficient. The probability distribution ®y,(z, t|p,tg) obeys the following partial

differential equation:

0Py (z,tp,to) 0Py (z,t|p, to)  pgq O*Py(x, tlp,to)
o s( o)g(p)a—p +on oy

(A.1.1)

where s(tg) = 5+ osin(wty+6) and g(p) = pg(p + h(1 —2p)). In the above equation, the
first term on the RHS is obtained on using that the deterministic rate of change of the
mutant allele frequency is given by dp/dt = s(t)g(p), and the second term is due to the
sampling noise in a finite population. In A.1.1, the probability distribution is assumed to
be a function of the initial time ¢y and the final time ¢. But one can also consider the
variables ¢y and the time interval ¢t — ¢, which leads to (S5) in UECKER and HERMISSON
[1]. However, as the formulation (A.1.1) is much easier to handle, we work with it in the

Chapter 2.
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The (unconditional) mean fixation time for a mutant arising at time ¢y can be written

as

T(p,to) = /°° di(t — to) Py (x — 1, |p, to) (A.1.2)

to

Using Leibniz integral rule,

00 0Py, (x, t|p, t 0 [® 0o
/ dit(t — to)b(atw = 5/ dt(t — to) Py (x, t|p, to) +/ dtdy(z, t)p, to),
to 0 0 Jto to

(A.1.3)
and (A.1.1), we then obtain
IT (p, to) N T (p,to) | pq T (p,to)
oty u(p, to) = S(to)g(p)Tp + IN o2 (A.1.4)

where the eventual fixation probability u(p,ty) = [ dt®y(x — 1,t|p, ty) obeys [1, 2]

_Ou(p, to) du(p, to) n pq 0%u(p, to)

or = slto)a(p) =+ PLEED (AL5)

We verify that (A.1.4) and (A.1.5) reduce to the corresponding equations for the time-
homogenous process where the fixation probability and the fixation time are independent
of the initial time [3]. The partial differential equations (A.1.4) and (A.1.5) along with

the boundary conditions
U(O,to) = 0, U,(l,to) =1 s T(O, to) = T(l,to) =0 (A16>

can, in principle, be used to find the mean fixation time for either sign of selection.
However, these equations do not appear to be solvable, even for the dominance parameter
h = 1/2, as the eigenfunction expansion method commonly employed for solving partial
differential equations with time-dependent coefficients requires the eigenfunctions of the

problem with constant selection that are, unfortunately, not known in a closed form [4].
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A.2 Mean fixation time in slowly changing environ-
ments

In slowly changing environments where w < N1, s(0) and Ns(0) is arbitrary, the eventual
fixation probability and the mean fixation time can be expanded in a power series in the
small, dimensionless parameter Nw, that is, u = >2°(Nw)'u;, T = >22,(Nw)'T;. But
for small enough Nw, it is a good approximation to terminate this series at ¢ = 1.

To find the equation satisfied by w;, it is useful to rewrite (A.1.5) for the fixation

probability as

au<p7 tD)

au(pv tO) + @62”&(]?, Z50)
00

—N
“ dp 2 Op?

= Ns(0)g(p)

(A2.1)

where © = wty + 0. Substituting the power series expansion for u on both sides of the
above equation, collecting terms with the same power of Nw and taking © — 6 (that
is, w — 0), we obtain (2.4) and (2.6) in the main text for u; and wyg, respectively. The
fixation probability in a static environment obeys the boundary conditions, (0, ty) =
0,uo(1,t9) = 1. Therefore, due to (A.1.6), u1(0,%y) = u1(1,%y) = 0. In a similar fashion,
the equations (2.5) and (2.7) for the mean fixation time and the corresponding boundary
conditions can be derived.

The conditional mean fixation time in slowly changing environment can be written as
T T, (1 +N w;ﬂ;)

T.=—~ A22
u ug \ 1+ NwZ—(l) ( )

from which (2.8) follows on using (1 +€;)/(1 + €2) = 1 4 € — €3 for small €, €.
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A.3 Feller process with time-dependent coefficients

Taking the Laplace transform on both sides of (2.13), we find that F (s, 7) = [5° dpe ™" F(p, T)

obeys a first order differential equation,
— = (k— k(7)) = (A.3.1)

where 7(t) = h [j dt's(t') and {(7) = (2Nhs(t))~'. The above differential equation can
be solved using the method of characteristics for the initial condition F(p,0) = 6(p — po),

and we obtain [5, 6]

poke”
— _ A.3.2
Fl,7) P [ 1+ ke [y dT/eTlf(Tl)] ( )
= 6_ foT dT/:ET/f(T’)
| Do " 1
- A.3.
x T;] n! <fOT dT’e_T/f(T/)> (14 & [y dr'em=""L(T"))™ (A.3.3)

Taking the inverse Laplace transform of the summand in the last expression and then

carrying out the sum over n, we get

2Npo(1+755)

1 @2Npoe_foT‘”'eql(hs(t/))*l 4N pg <%>
\ e ()

F(p,t) =

MV p  Jfgdre ™ (hs(t))?

(A.3.4)

where [,,(z) is modified Bessel function of the first kind. In (A.3.4), (p(t)) = 5~ dpF (p,t)p =
poe” is the expected mutant allele frequency at time ¢, as can also be checked using
(2.13); however, when conditioned on fixation, this frequency grows as ppe” /u which is
faster than (p) [1]. We also note that the eventual fixation probability (2.14) can also be

written as u = Lim, ;00 F (K, T).
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A.4 Distribution of the fixation time of on-average
beneficial mutant

In the stochastic phase A, although the expected mutant frequency grows exponentially
with time, (A.3.4) and (2.14) show that at large times (where 7 — oo, since s(t) > 0
at all times), the random variable y = p/(p), conditioned on fixation, has a stationary
distribution,

F (), )(P) roo

= — —uy
Fely,t) - F(0.1) — ue (A4.1)

(see also UECKER and HERMISSON [1]). Furthermore, in the vicinity of time ¢, the
mutant frequency in the stochastic phase A is given by p = (poy)eT(t),t < t; and in the
deterministic phase B, the average mutant frequency grows as p(t) ~ p(t;)e™ =7t + >
t1. Thus the initial mutant frequency in the deterministic phase is given by p(t;) =
poye™ ™) and from (A.4.1), it follows that the random variable p(t;)e~7(") is exponentially
distributed with mean (2Nu)~.

In the deterministic phase B that begins at time #; and ends at time t,, the average
mutant frequency obeys dp/dt = s(t)g(p); integrating this equation over time from ¢; to
to, we get 7(to) — 7(t1) = h[D(p(t2)) — D(p(t1))], where

D(p) = h;lp - 1hiqh + hQ(flL - flL) In(h + (1 — 2h)p). (A.4.2)

But as the frequency p(t;) — 0, q(t2) — 0, the initial frequency ¢(¢2) in phase C'is related

to p(t1) as

h—1

ln[q(tg)e%ﬂtz)] ~ In[p(t;)e "] — 11__2: In (1 f h) (A.4.3)

In the stochastic phase C', the wildtype population evolves stochastically from time t,

until it goes extinct at time 7T,.. The wildtype frequency can be described by a Feller process
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that obeys (2.12) for the distribution F(q,t) when p — ¢, s(t) — —s(t),h — 1 — h. For
constant selection, it has been claimed that looking backward in time (that is, t — T. —1),
the wildtype frequency obeys the same dynamics as the mutant frequency with h — 1—h
but s unchanged [7]; however, this prescription results in a forward Kolmogorov equation
with negative population size which is clearly absurd. Therefore, we will work always
looking forward in time.

Proceeding in a manner similar to that for stochastic phase A, the distribution F (q,1)
for the wildtype frequency subject to the initial condition ¢(¢5) can be found for ¢ > ¢,.
Then the probability that the wildtype goes extinct by time T, is given by (refer (2.14)

for a comparison)

o L 2Nq(t
1 —/ dqF(q,T.) = exp|— - (i( 22 —— (A.4.4)
’ tzc dte( - )ff2 s(¥)
: [ 2Ng(ty)e T )
g exp |— altz)e ht (A.4.5)
L foTC dte(=h Jo @t's@)

On taking the derivative of the above cumulative distribution with respect to 7T, and
averaging over the distribution of ¢(¢2) which can be found using (A.4.1) and (A.4.3),

we finally arrive at (2.15) in the main text.

A.5 Mean fixation time of on-average beneficial mu-
tant

To find the conditional mean fixation time given by (2.18), we need to express T, as a

function of Y¢ using (2.16) which is given by

?fNr _ /T dt/e(l—h)ét’e—%(cos(wt’+9)—cos(9)) (A51)
C 0
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For small w, we first expand the exponent of the integrand on the RHS to linear order in

cycling frequency to obtain

2N T / 2 T ! t/2
TC ~ /0 dt/esot 681w6059t7 ~ A dt/esot <]_ + Si1w cos 92> (A52)

where sg = (1 — h)s(0) and s; = (1 — h)o. On carrying out the integrals and taking the

logarithm on both sides, to order w, we get

2N 0 2
In < 30) = 5ol + Ty gy S (A.5.3)
which can be inverted to finally give
0 A?
sol = A+ 187 <A 1 2) (A.5.4)
S0

where A = In (24\7%) Using this expression in the inner integral of (2.18) and carrying
out the integrals, to leading and subleading orders in «, we obtain (2.19) and (2.20) in

the main text.

A.6 Mean fixation time of initially deleterious mu-
tant under strong selection

Below we consider the conditional mean fixation time of a co-dominant mutant in slowly

changing environment (w < N~' < &) which is neutral on average (5 = 0) and can be

ui
uo

written as v, = vo . + Nwvy with ULC:% — g2 (see (2.8)). In a static environment

with selection coefficient s(0) = osinf, the eventual fixation probability uy and the
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unconditional mean fixation time vy are given by [3]

1—eop
up(p, ) = 1 oo (A.6.1)
Uo(p7a) = UO(p>a)GO<1aa)_G0(paa) (A62)
where
1w 1— o)
=— — AL6.
Golp ) = [y ol (A6.3)

and a = Nosinf. In a slowly changing environment, due to (2.4) and (2.5) in the main

text, the corresponding quantities are given by

UQIS)‘L(Z?) = uo(p, ) Hi(1, ) — Hi(p, o) (A.6.4)

ulp,e) o Giea) o

wma) - GbAm Ly — Gille) (A.6.5)
where

1 — e =) Juy(y,
Hipa) = [yt R o) (A.6.6)
p 1—e a(p=y) U (ya a) 8UO(ya O[)

As discussed in the main text, for strong selection, the conditional mean fixation
time for a mutant that remains beneficial until it fixes can be found within a semi-
deterministic approximation and given by (2.20). Here, we therefore consider the

difference A(p, @) = v1.(p, @) — vy (p, —cv) which, for single initial mutant, is given by

A2 Gi(1,a) — Gi(L, —a) — voe(p, a) <“1(pa a)  w(p, —a)> (A.6.8)

Uo(p, Oé) UQ(p, _a)

p—0

To find A, we require the conditional mean fixation time vy, and the fixation probability

uy for arbitrary initial frequency. Although one can write exact expressions for them in
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terms of the exponential integrals, here we are interested in the strong selection regime
(la] > 1). Using (5.1.10) and (5.1.51) in ABRAMOWITZ and STEGUN (8], to leading order

in large «, we obtain

2(1
“"f"f”) -4 L 0<y <o (A.6.92)
o
Voely, @) ~ In(l—y) —Iny+Inl|al +~
||

Lot <y <1 A.6.9b
||

which decreases with the increasing frequency of initial mutants, as expected. For an
initially beneficial mutant (that is, s(0) > 0), the fixation probability can be approximated

by

U1 (yv Oé) ~
2 cot 0

—e“In(l—y), 0<y<1, (A.6.10)
while for a mutant with s(0) < 0, we have

u(y,a) e nlfaf(e® —1) | 0<y <ol (A.6.11a)

2cotf

ey +Inja)) , o/ t<y<1 (A.6.11b)

The above expressions (A.6.10) and (A.6.11a) reduce, respectively, to (11b) and (11c¢) of
DEvI and JAIN [2] when a single mutant is initially present.

Using (A.6.9a), (A.6.10) and (A.6.11a), we find that

w(eyp) pgo 20060 (A.6.12)
uo(x, p)
w(=lal,p) »

~ —2cotf(In|a|+7v), ak -1 A.6.13

P (i Jo] +) (4.6.13)

and therefore the last term on the RHS of (A.6.8) is given by 4‘|:2'|39(1n la] + )% To
estimate the difference, G1(1, ) — G1(1, —a), we first note that for a codominant mutant,

the conditional fixation time, vy(p, @) is symmetric about o = 0 for any initial frequency
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p (refer Sec. 5.4, [3]). From the definition (A.6.7), we then get

G0 -Gill—0) _ dy(l—e N3ET [ 1y>>*“;<3;:;">
2|a|~t cot @ —v)
2owoCy, ) (> . a(l—y>
+ / ysmh sinh 5 sinh 5 (A.6.14)

Using the results for vy, and u; found above in the last equation and carrying out
the integrals, we find that the first integral on the RHS is of order 1/|a|, the second
integral, to order one, is equal to 1(In|a|)? + vIn|a| and the last integral is given by
3(In|a])® + 3yIn|a] + O(1). Putting all these results together shows that A decays as
1/|a| or faster. As the order one terms in (A.6.14) seem rather hard to calculate, we also
studied these integrals numerically and find our numerical analyses to be consistent with
A ~ |a|7'. Thus, while v, ~ a™? for beneficial mutant under strong selection (refer
(2.20)), the change in the conditional mean fixation time for deleterious mutant decays

slowly as |a| ™.
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Appendix B

B.1 Equilibrium site frequency spectrum for strong
selection

In order to obtain an approximate expression for the SF'S when the environment is static

and selection is strong, we first note that

= 24+ B 2Ax+B
V/meia (erf( el ) —erf (W))
2v/A
|ALIB>1 B2 (G_A(x'*‘zi)Q e—A(1+2€1)2)
~ 1A

2Ar + B  2A+ B

1 2
/ dye= v —By (B.1.1)

(B.1.2)

where the last expression is obtained using the asymptotic expansion of the error function
for large argument (see (7.1.23) of ABRAMOWITZ and STEGUN [1]), and holds provided
2Ax + B and 2A + B are nonzero.

Using this result in (3.12), we find that in constant environment, when the population
is under strong selection (N|5| > 1) and h # 0,1, the stationary state SFS can be

approximated as

QeN3l(1=2h)a>+2ha] frl dye—zvg[(1—2h)y2+2hy}

S (5’7) - ac(l _ ac) fol dyeng[(172h)y2+2hy} (B-1-3)

0 - (h T — 1hhe—]\7§€(:v)

+x(1— -
~ — B.1.4
z(1—x) 1— e Ns ( )
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which further leads to

h he—Ngf(x) N— ! B.15
=) ) hre-m T o
9 D (1—h)e N _
NIt _ L TE T e B.1.5b
¢ hra(l—z2n 0 ( )

where ((x) =1 — 2% — 2h(z — 2*) = (1 — 2)[(1 — z) + 2x(1 — h)| lies between zero and
one. If = is not close to one, the subleading (second) term in the above equations can be
neglected, and we arrive at (3.14a) and (3.14b) in the main text.

Using (B.1.5a) and (B.1.5b) in (3.9) for the sample SFS, we obtain

OnoFi(1,45m;2 — & Oh I'(n—i y
na 1( ) 451 h) . <n> (TL Z) , Ns>1 (B16a)

o 1 —h(2N5(1 — h))n—

<7Z>(2]9Vr’(;|2) ,Ns< —1 (B.1.6b)

i(n — 1) i

where I'(7) is the gamma function and o F'; (a, b; ¢; 2) is the Gauss hypergeometric function

[1]. To obtain the above result for negative selection, we needed to evaluate [y dva’"(1 —

x)"*i*16*N‘§|(””2+2h(“”2”, which may be approximated by [5° drzi=le 2hNlle op noting
that the main contribution to the integrand comes from small x when N|3] is large. For
positive selection, the second term on the RHS of (B.1.6a) is obtained in a similar fashion,
and shows how the asymptotic result is approached.

We briefly discuss the equilibrium SFS for a completely recessive and dominant allele.
For h = 0, we can use (B.1.2) for the integral in the numerator of the RHS of (B.1.3).
But as 2Az + B = 0 for x = 0, we use the asymptotic expansion of the error function for

the integral in the denominator, and finally obtain

1
LCl THO R By =it
0 SR, _
e~ Nlsle , Ns< -1 . (B.1.7b)

— ze N0y N> 1 (B.1.7a)
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Similarly, for A = 1 and N|5|(1 — z)? > 1, we get

N5 >1 (B.1.8a)

~

ol — o))
9 _ _
e—N\s\(?x—mQ) N5 < —1 . (B18b)

SHN

B.2 Eigenfunction expansion of the site frequency
spectrum

The density g(z,t) obeys (3.6) with homogeneous boundary condition ¢(1,¢) = 0 and
inhomogeneous boundary condition ¢(0,t) = 6p(t). But one can shift g(z,t) using
a (non-unique) simple function that allows one to work with homogeneous boundary
conditions (see, for example, Chapter 8 of MATHEWS and WALKER [2]). We therefore

write

g(x,t) = 0(1 — x)p(t) + Ov(x,t) (B.2.1)
where v(x,t) satisfies an inhomogeneous partial differential equation,

ov(z,t)
ot

z(1 —z) 0%v(x,t)
2N(t)  Ox?

dp

dt

_ s(t)a(l— w)gc[(x + (1 = 20))o(w, B)] +

— pt)s(t)x(l —z)[1l — 2z + h(dx — 3)] — (1 — x) (B.2.2)

with homogeneous boundary conditions, v(0,t) = v(1,¢) = 0 and initial condition v(z,0)
defined through (B.2.1).

The homogeneous boundary conditions allow one to use the method of separation of
variables, and therefore one can expand v(z, t) as a linear combination of the eigenfunction
Y, () of the homogeneous operator on the RHS of (B.2.2) with constant selection and
fixed population size. Unfortunately, the eigenfunctions v, (x) are not known in a closed
form when selection is present [3], and we will therefore study (B.2.2) in Appendix B.3

in the absence of selection.
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B.3 Nonequilibrium site frequency spectrum for neu-
tral population

Although the moments of g(x,t) have been studied when selection is absent and the
population size is an arbitrary function of time [4, 5], an explicit expression for g(z,t) for
periodically changing population size has not been obtained. For s(t) = 0 at all times,

from (B.2.2), we have

ov(x,t)  x(l —x)d%v(x,t)

o T aNQ &UQ’ = r(z,t) (B.3.1)

where 7(z,t) = —(1 — 2)%. We first write
v(z,t) = D an(t)Ym(z) (B.3.2)
r(z,t) = ) bp(t)hm(z) (B.3.3)

where the eigenfunction ,, obeys the eigenvalue equation x(1 — x)! (z) + 2pAi),(z) =0
with boundary conditions v,,(0) = ¢,(1) = 0, and is orthonormal with respect to
the weight function w(x) = [z(1 — 2)]7", that is, [y dow(@)n(2)m(r) = Smp. It is
known that the eigenfunction ¢, (x) = C,x(1 — x)Pé&P(l — 2z) with the eigenvalue
A =n(n+1)/(2N),n = 1,2, ... [6] where P{@"(z) is the Jacobi polynomial and the

normalization constant C), is given by

c. \/(Zn +Dn+1) (B3.4)

n

on using (22.2.1) of ABRAMOWITZ and STEGUN [1].
Substituting (B.3.2) and (B.3.3) in (B.3.1) and using the orthonormality condition

for the eigenfunctions, we find that the time-dependent coefficient a,,(t) is the solution
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of the following first order ordinary differential equation,

dan,(t) N m(m + %)am(t) _ Gy dp(t)

dt IN 1P

p(t) (B.3.5)

Substituting the normalized eigenfunction v, (x) obtained above in (B.3.2), and using
the resulting expression for v(z,t) in (B.2.1), we find that the site frequency spectrum

for a large population is given by

fla,t) = xﬁxfl) - epf) 103 am(t)Cn PO (1 - 22) . (B.3.6)

Furthermore, using the above expression and (7.391.2) of GRADSHTEYN and RYZHIK [7],
the sample SFS is found to be
Op(t) 0 & .
[nilt) = =+ ] > an(t)CrmsFo(1 —m, 24+ m,i+1;2,n+2;1)  (B.3.7)
n

? m=1

where 3Fy(ay,ag,as; by, by;c) is the generalized hypergeometric function. Using the
moments of g(z,t), the above result has also been obtained by ZIvKovi¢ and STEPHAN
[5].

For the periodically varying population size, the homogeneous solution of (B.3.5)
decays to zero at large times and the inhomogeneous solution is a periodic function with
frequency Q2. Therefore, at large times, the time-dependent part a,,(t) can be expanded

in a Fourier series as

am(t) = 3 diMeh ot (B.3.8)

k=—o0

Substituting the above equation in (B.3.5), we find that the coefficients d,ﬁ’") obey the

following three-term recursion equation,

) (M k) 5 (- a7 - 0k 0a) =2 (B39
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with D" = DY) = — 28 DI — DG — 8200 and D™ = 0,k # +1, 42 where

the subscript * denotes the complex conjugate. It is clear from (B.3.9) that d(_nz,) = dz(m)
which ensures that a,,(t) is real. The above recursion equation does not seem to be
exactly solvable but we can obtain approximate expressions for the d,gm)’s when the
cycling frequency is small or large relative to the inverse average population size.
Small cycling frequencies: We first consider the parameter regime Q < 1/N. On adding
(B.3.9) for k = £1, we obtain

m+ 1)

—QIm(d™) + m o Re(d™) — vQRe(dS™) = Re(D{™) . (B.3.10)

Since a,,(t) and hence d,(j”) s must vanish with €2, it follows that the first and third term

on the LHS of the above equation are of order Q2 or higher. But since the RHS is of

order €, we have Re(d\™) ~ m(fn]zl)Re(DW)). Using this result in (B.3.9) for k = 0, we

find that
d(m) _ _21/2]\_[2920,”
O T T2 (m + 1)3

Q< 1/N. (B.3.11)

The higher coefficients can also be obtained, and to order N2Q?, we get

CrivNQ Cpr(2+ V2)N2Q?
qm o Em m B.3.12
! m(1+ m)? ! m?(1 4 m)3 ( )
3C,, V2 N?Q)? C*NQ
FICONS m . ~m B.3.13
2 m2(1 +m)3 22m(1 +m)? ( )
C, > N2Q?
A" o~ i B.3.14
3 Zm2(1 +m)3 ( )
d™ ~ 0,k>3. (B.3.15)
From (B.3.7), the time-averaged sample SFS can be written as
_ 0 g maFy(1 —m, 2 i+ 12,0+ 2;1
o = Dy B Cwmalolmm 24 m it LiZn +2:1) (B.3.16)
1 = n+1
0 0 & 202N2Q%(2m + 1)
- — Fy(1 —m,2 4+ 1:2 2,B.3.17
i n_i_lmZ:l m2<m+1)2 3 2( m, +m,z—|— ) N+ 7(3 )
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where the last expression is valid for small cycling frequencies. The time-averaged mean
heterozygosity can be obtained from the above equation using 3 Fo(1—m, 2+m, 2;2,4;1) =
Om.1, and is given by

_ 0 . _
Hrew — g — 5V2N2Q2 : (B.3.18)

Large cycling frequencies: For Q > 1/N, the recursion equation (B.3.9) for k # 0, 41, 2
can be approximated by 2ixy + v(xg_1 — zx11) = 0 where xp = kd,gm). The solution of

this equation is given by z), = A 2% + A_z* where

1+1—12
vy =iV (B.3.19)
1%

k—00
In order that the Fourier series (B.3.8) converges, for positive k, we demand d,(cm) —

which yields the coefficient A, = 0. Using the solution for d,(cm), k > 2 in (B.3.9) for

k =1,2, we can find A_ and d; to leading order in (NQ)~', and finally obtain

imC, xF
dm o PEm TS B.3.20
k ONQ k 7T ( )
vmC,, 1 vCy,

d(m) ~

N +i : B.3.21
! INQ 1+vI_22  2(m+1) ( )

Using the above result for dgm) in (B.3.9) for k = 0, we get

Cin

A~ —
0 m+1

(1-V1—2v2), Q> 1/N . (B.3.22)

Thus, for large cycling frequencies, the time-averaged sample SF'S is given by

Q

o 01 —V1I—12) &
o V) (2m + 1)3Fo(1 —m, 2 +m,i+ 1;2,n + 2,(B.3.23)
7

fn,i TL—|—1

m=1

= Qv 1—v? (B.3.24)

]
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where the last expression follows on using that the sum on the RHS of (B.3.23) equals

(n 4+ 1)/i, as can be verified numerically.

B.4 Nonequilibrium site frequency spectrum for weak
selection

Here we develop a perturbation theory for weak selection when both the selection
and population size oscillate with the same frequency. In the following discussion, we
will write s(t) = #¢(t) where § = 5,((t) = 1 + Zsin(wt) and § = 0,((t) = sin(wt)
when on-average selection is nonzero and zero, respectively. We begin by writing
v(z,t) = vo(x,t) + Ntvi(z,t) and substitute it in (B.2.2). Keeping terms up to linear

order in N, we find that vy obeys (B.3.1) and v, is a solution of the following equation,

Ovi(z,t)  x(1 —x) 0%vi(2,t)

e N 52 + ri(z,t) (B.4.1)
where,
0
n@t) = —C(t)e(l-2)5-[(z +h(l - 22))v(z, )]
— p(O)C)x(1 —2)[1 — 22 + h(dx — 3)] . (B.4.2)

As in Appendix B.3, we expand v; and r; as a linear combination of the eigenfunctions
VY (2),

vi(z,t) = ilAm(t)wm(:c) (B.4.3)

o0

ri(z,t) = z_:le(t)wm(x) (B.4.4)
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where A,,(t) obeys the following ordinary differential equation,

dA,,(t) N m(m:{— 1)

PO — o Am(t) = p(H)—¢ (B.4.5)

and its long time solution can be expanded in a Fourier series as A,,(t) = > 72 D,(cm) ethwt,
The coefficient B,,(t) = [y dzry(z, 1), (z)w(z) can be found using the orthonormality
condition for the eigenfunctions (see Appendix B.3). But as the integrals involved in
B (t) do not seem to be known for arbitrary m, here we will focus on Bj(t) which is
related to mean heterozygosity and given by
CCF(A =2h)C(Hai(t)  CiC3(1 — 2R)((t)as(t)

60 70

C1Cx((t)as(t) n Cih((t)p(t)
30 6

Bi(t) =

(B.4.6)

where a,,(t) is defined in (B.3.8). The sample SFS averaged over a period can be written

as

r r(neu N 9 = m .
Foig = flnew 4 El S DYV CmsFy(1—m, 2+ myi+1;2,n + 2;1) (B.4.7)
7 n m=1

where ffﬂeu) is given by (B.3.17). In particular, for the time-averaged heterozygosity, we

have
ON 1C

. DV (B.4.8)

H _ H(neu) +

where H(™ is given by (B.3.18) for small cycling frequencies and f,; in (B.3.24) for
large cycling frequencies.
To demonstrate the weak selection calculation, below we consider the case when

£ =5,((t) =1, that is, selection is constant. We find that the coefficients D,gl) obey the
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following recursion equation,

1 - NQ
D (5 +ikNQ) + 2= (k= D, - (k+ )DL, ) = DY (B.A.9)
where
Cih V2 . ‘ 2 2
D,(Cl) — % ((2 + 1) Ok,0 + 10k —1 — 101 — de7_2 — 45,672)

02 W w

=60 —~(1—2h) ( 5 dk-l—l + d(l) - Qd;(fl_)1>
0102 1w W

LT (2d’(“2+)1 - 2d§€2)1)
C,C

- ;0 “(1=2h) < 2 At +diY - zdk 1) : (B.4.10)

For small cycling frequencies, using an argument similar to that given in Appendix B.3
for d™, we get Re(D\") = Re(DM); on using d\™ given by (B.3.11)-(B.3.15), we find
that Re(Dgl)) ~ O(NQ). But as D is a constant in NS, we finally obtain

Clh(Q + V2)

= D + vRe(D\V)NQ ~ =

(B.4.11)

For large cycling frequencies, as in Appendix B.3, D = A_2* /k, k > 3. Then using

the properties of dkm for |k| < 3 described above, we find

(1) _ h(l — V2)

Dy 7 (B.4.12)

B.5 Mean heterozygosity for co-dominant, on-average
neutral mutant

For co-dominant allele in an on-average neutral environment with constant population

size, the time-averaged mean heterozygosity is equal to 6 for any cycling frequency and
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strength of selection. For h =1/2,5 = v = 0, (3.6) reduces to

dg(x,t)  osin(wt)z(l —x) dg(z,t) n z(1 - x) 0%g(w,t) .

= B.5.1
ot 2 Ox 2N 0x? ( )
We first note that the above equation has the following symmetry:
™
g(x,t)=0—g (1 —z,t+ ) (B.5.2)
w

where the boundary conditions, g(0,t) = 6,¢(1,t) = 0 have been used. Then using the
definition H(t) = 2 [, dzg(x,t) and on integrating by parts, (B.5.1) yields

dH 1 6 H(t

e Usin(wt)/o dr(l —2z)g(x,t) + oA ]\%) . (B.5.3)
Integrating both sides over the period 27/w, we find that the LHS vanishes since H ()
is a periodic function, and the first term on the RHS is also zero due to the symmetry

property (B.5.2); we thus finally arrive at H = 6.

B.6 Nonequilibrium site frequency spectrum for strong
selection

For on-average neutral selection and equal cycling frequencies for selection and population

size, we write (3.6) as

dg(z,v) _Nasinwx

0
B 7, 2 —a)o (@4 Al = 22))g(z, )]

z(1 — ) g(x,7))
2Nwp(t)  Ox?

(B.6.1)
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where ¢ = wt and expand g(z,t) in powers of (Nw)~'. If No < 1 and Nw >> 1, the first
term on the RHS must be neglected in comparison to the second term on the RHS, and
therefore the leading order result for g(x,t) is given by the neutral population already
discussed in Appendix B.3 and the subleading correction due to selection in Appendix B.4.
For strong selection, if the LHS is also ignored, we get g(z,t) is a constant in allele
frequency which is not true.

Here, we are therefore interested in the regime where No > 1, Nw > 1 with o/w
finite. Then for rapidly changing environment and strong selection, the second term on
the RHS can be ignored resulting in a first order partial differential equation for g(x,t). A
numerical analysis of the resulting approximate equation with boundary conditions (3.7)
is found to be in reasonable agreement with that for the exact equation. For simplicity,
we consider the case when h = 1/2 and solve the first order partial differential equation
by the method of characteristics.

For this purpose, we consider a change of variables as £ = £(z,v) and n = n(x, ),

and choose £ = ¢ and n = constant so that

@+asin¢ z(l—x)dn

5 o =0 (B.6.2)

which leads to the characteristic equation,

dr  osiny
W % (1 —x) (B.6.3)

and the characteristic curve to be,

nzln( z >+UCOS¢, (B.6.4)

11—z 2w
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We then obtain dg/0¢ = 0 which implies that g(£,7) = G(n) where G should be found
using the boundary conditions. We are, however, unable to implement the boundary
conditions (3.7) in this solution. If instead we determine G using the initial condition,
g(x,0) =0(1 — x), we get

0

g(w,t) = o (cos(wt)—1) (B.6.5)
Ly R

which shows that the g(z,t) has phase difference of 7 /2 from selection, but this result is

independent of v and 2 which is inconsistent with the numerical results for g(z,t).
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Appendix C

C.1 Diffusion Theory

The eventual fixation probability, P(x,to), that the mutation allele with initial frequency
x at time ¢ fixes in the population obeys the following backward Kolmogorov equation,
and depends upon on the arrival time of the mutation (¢) [1-3] as

_ an(l', to)
Oty

OP:(z,tg) N x(1 — ) ? Pz, to)

= s(to)g(x) o o 97 (C.1.1)

When the mutation is on-average neutral, and environmental change is slow, fixation
probability is approximated using perturbation theory as P ~ Py + N.wP;. The Py and
Py are, respectively, the eventual fixation probability in the static environment and the
leading order deviation in w in the fixation probability, which obey the following partial

differential equations [3],

IPy(z, 0o) n 2(1 — x) 0*Py(, b)

0 = s(b)g(x) e T 2 (C.1.2)
_6P0(a:,€0) o 8P1(x,80) lL‘(l —ZL') 82P1(l',00)
90, - NeS(eo)g<I> ox + 2 o2 (013)

with the boundary conditions as Py(0,600) = 0, Py(1,00) = 1, Pi(0,6y) = 0, and
Pi(1,60) = 0. The 6y = wtp is the initial phase at which mutation arises in the

population. Equation (C.1.3) is similar to Eqn. (B.3) in [3] and can be solved using the
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integrating factor method for the arbitrary inbreeding coefficient. Using (C.1.2), the

fixation probability in static environment is given by

ae—A(m2+2(zm>
1-=
P = T+a C.14
0 ae—A0+2a) ( )

1+a

A = |N.osinbo|(1—2h — f(1— 2h)) (C.1.5)
h+ f(1—h)

1—2h— f(1—2h) (C-16)

For strong selection |N.o| > 1, and the initial mutation frequency = — 0, the F,, and

Py are given as

Py = 2x|N,osinfy| (1 — h(l — f)) e Neosinbol(1+5) (C.1.7)
P - 2z|Neocosby|(1+ f)(1 —h+ fh)
fHhl=1)
x e NeosinbolU+N) 1y (|N o sin | (h + f (1 — h))) (C.1.8)

Unlike in a randomly mating population, the deviation in fixation probability is weakly
dependent on the dominance parameter when the inbreeding coefficient is high. Since
conditional mean fixation time depends upon the fixation probability as discussed in the
main text, the deleterious mutations, be it deleterious or recessive, are weakly affected in
the slowly changing environment for highly inbred individuals, which is not the same in
randomly mating population.

The time inhomogeneous Kolmogorov backward equation used for randomly mating
populations in KAUSHIK and JAIN [4] can be extended easily for inbreeding populations.
We use the same perturbation theory used in fixation probability for the conditional

mean fixation time when mutation is on-average neutral, by writing T. = To,c + N.w TLC
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in (4.1). The Ty, and T . follows [4]

8T07c($, 90) i $(1 — $) 02TO7C([L', 90)

—N.Py = N.s(0y)g(z) e 5 o2 (C.1.9)
aTQc(ﬁ, 90) . aTLc(ﬁ, 90) $(1 — $) 02T17C({L', 90)
8700 NePI = NeS(Qo)g(fL’) or + 9 2 (C]_].O)

C.2 Semi-deterministic approximation

We follow the same procedure as in MARTIN and LAMBERT [5], and KAUSHIK and JAIN
[4] to calculate the fixation time for the beneficial mutations in an inbreeding population.
Using (4.2), the fixation time distribution can be straightforwardly generalized for

inbreeding population as

—S, 0 quQG(Sb/Sa)T(Tc) exp (-Bq) s /S n o —sa/sp
P(T.) = / o 7P Taq 2.1
() < 5 ) 0 9N.I'n A (C-2.1)

where 7(T,) = [ s(t')dt', and

B - 2Ne (C.2.2)
[ dte o O
Yo = 2N.Pje* (C.2.3)

where Py = s,0sin6y/(1 + f) is the eventual fixation probability for a single mutation.

For the static environment the fixation time is given by [5]

((01 + 1)k — 1) (log[v2t (2Neso)®] + YErm (Sa + b)) — c1ksy o F1 (1 — Ky 1,2, —c1)

TO,c =
CkS0Sa

(C.2.4)
where sy = 5,5(0), k and n are the initial and the established copies of mutation allele

respectively. The oFy(a, b; c; z) is the Gauss hypergeometric function [6]. The ~v,, ¢1, and
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¢ are given by

P
o = 1_fPf (C.2.5)
— (1= Py)F
-y
Yo = 2N.Pje* (C.2.7)

A = (S“S_bsb>1n (Z’:) (C.2.8)

For a single mutation (k = 1), the (C.2.4) matches exactly with Eqn. (17) in GLEMIN [7]
where approximate expression of the conditional mean fixation time is obtained using
diffusion theory. The deviation in the conditional mean fixation time in the slowly

changing environment, TLC is then given by,

Tye=- UCOS&O Z( ) (1 (@Ness(0) ) 50 = 00(m))” = 0’ ()] (€29

anl

where, " (z) is the Polygamma function, given by the (n + 1)st derivative of the

logarithm of the gamma function (I'(z)) [6].
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