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Synopsis

Materials modelling involves the use of ideas and techniques from quantum mechanics and
statistical mechanics to simulate and predict the structure and properties of materials at the
atomic, molecular, and macroscopic scales. It plays a crucial role in accelerating materials
discovery and optimization, reducing the need for time-consuming and expensive experimental
trials. Machine learning and first-principles modelling are two powerful computational schemes

widely used to understand challenging and complex phenomena in materials science.

Machine learning (ML) algorithms analyze the available datasets of material properties and
identify patterns and correlations within data. ML-extracted insights from data help predict new
materials with specific properties and identify promising candidates for experimental validation.
On the other hand, first-principles calculations solve the Schrédinger equation to accurately
describe the interactions between electrons and nuclei in a material. These calculations provide
atomistic insights into the electronic structure, bonding, thermal, and mechanical properties of
materials. By integrating machine learning and first-principles modeling, this thesis aims to

contribute to the advancement of materials science and engineering, focusing on a few systems.

The first part of the thesis focuses on a machine learning approach to understand multi-scale
phenomena such as dielectric breakdown in solids (Chapter 2) and proton conduction in
perovskite oxides (Chapter 3). Generally, ML models such as neural networks are complicated
and hard to interpret. In Chapter 2, we present work on constraining the ML model with
dimensional analysis and known physical laws and arrive at a simple, interpretable, and
transferable model from a small dataset of dielectric breakdown (a phenomenon relevant to
failures in electronic devices and energy storage systems). In Chapter 3, we present an ML
framework to model the proton conduction in cubic ABO3. Relevant descriptors of proton

conductivity have been proposed and energy barriers for proton transfer in a few perovskite



oxides have been estimated through first-principles calculations.

The second part of the thesis (Chapters 4-5) shifts the focus to multicomponent alloys within
which equiatomic configurations are termed high-entropy alloys (HEAs). An HEA consists of
multiple metallic elements in nearly equal atomic concentrations. The core features of HEAs
are high configurational entropy, severe internal lattice distortions (ILDs), sluggish diffusion,
and cocktail effect. We simulate here special quasirandom structures of HEAs through
first-principles calculations. In Chapter 4, we present an analysis of the role of entropy on the
phase stability of refractory HEAs and also highlight the origin of internal lattice distortions. In
HEAs Nb,HfZrTi, using Voronoi analysis and bond-orientational order parameters as structural
descriptors, we identified HCP-BCC transition with increasing Nb-concentration and
demonstrated a peak in ILDs at the transition. In Chapter 5, we study the impact of Nb on the
mechanical behavior of Nb,HfZrTi high-entropy alloys. We find a switching of failure mode
from tetragonal shear to mixed to a pure shear with increasing Nb-concentration. The alloys in
this family display an anomalous variation in elastic anisotropy and also exhibit a
strength-ductility trade-off as a function of Nb-concentration. We also simulate other

quaternary HEAs to juxtapose the results with those of Nb,HfZrTi.

vi
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Chapter 1

Introduction

1.1 Challenges in condensed matter physics

In 1929, P. A. M. Dirac [1] famously said that

“The underlying physical laws necessary for the mathematical theory of a large part of physics
and the whole of chemistry are thus completely known, and the difficulty is only that the exact
application of these laws leads to equations much too complicated to be soluble. It, therefore,
becomes desirable that approximate practical methods of applying quantum mechanics should
be developed, which can lead to an explanation of the main features of complex atomic systems
without too much computation.”

Dirac’s statement necessitates the development of tools and methods to tackle the mathematical
challenges that arise when applying those fundamental laws to real-world problems. Density
functional theory (DFT) [2, 3] based quantum calculation is one such predictive method widely
used today in condensed matter physics, especially for solid-state systems. The properties of
crystalline materials are routinely estimated using DFT calculations and that compare quite well
with the experiment [4, 5, 6]. However, a high computational cost associated with DFT restricts
to simulation of only systems containing a few hundred atoms. The disordered solids lack the
symmetries and require a large supercell in their computational modelling and that makes the

calculation formidable.

If we were provided unlimited computational resources, we could solve the Schrodinger

equation for solids to understand the popular problems in condensed matter physics such as the



quantum phase transitions, dielectric breakdown, proton conduction, and mechanical failure in
materials. Generally, we lack the microscopic theories of these phenomena and depend on the
phenomenological models to understand them, for example, Ginzburg-Landau theory of phase
transitions [7, 8, 9], Frolich-von Hippel criterion of dielectric breakdown [10, 11, 12],
Grotthuss mechanism of proton conduction [13], and Griffith criterion of mechanical failure for
a specimen containing crack [14] and Born criterion for the mechanical instability of a

single-crystal material [15].

In structural materials, understanding of mechanisms of failure is of utmost importance in any
application due to long-term performance and safety [16]. Most elemental metals are soft and
ductile due to intrinsic non-localized metallic bonding [17, 18]. Single crystals of metals often
fail by shear through the movement of dislocations on the slip planes along the closed-packed
directions [19, 17]. To enhance their strength (by sacrificing ductility), researchers employ
alloying, heat processing, and defect engineering such as altering grain size and introducing
secondary phases called precipitates which impede the movement of dislocations [20, 21, 22].
The trade-off between strength and toughness has been a long-standing issue in materials

science [23, 24].

High-entropy alloys (HEAs) [25, 26], the equiatomic configurations among multi-elemental
mixtures of metals, exhibit superior strength [27, 28, 29, 30, 31, 32, 33, 34] compared to the
conventional alloys and also evade the strength-ductility trade-off [35, 36, 37, 38, 39]. The
multicomponent nature and intrinsic chemical disorder in HEAs pose several challenges in
their computational modelling [40, 41]. The characteristic features of HEAs [42, 43, 21] are (1)
high configurational entropy of mixing attributed to stabilizing solid solution phase, (2) severe
lattice distortions due to mismatch in the chemistry of alloying elements, (3) sluggish diffusion
kinetics, and (4) emergence of exceptional mechanical properties due to mutual interactions
among randomly distributed atoms. These four core aspects of HEAs are under extensive
research to understand the emergence of structural order and exceptional mechanical behavior.
Under external loading, an HEA can show a cascade of events comprising stacking fault,

twinning, structural transformation, and under the extreme load, amorphization [44, 45, 46, 47].



1.2 First-principles modelling

First-principles modelling of materials refers to the solution of quantum mechanical equations
without considering any empirical parameter. Density functional theory (DFT) [2, 3] is one of
the most widely used methods in first-principles modeling and simulations. DFT requires only
an initial guess of spatial electron density n(r) instead of a many-electron wave function to
determine the ground-state properties of a given system after solving Kohn-Sham (KS)
equations self-consistently [2, 48]. Therefore, the computational complexity associated with
KS-DFT energy calculations is & (N 3) where N is the number of (valence) electrons present in
the system. Although the KS-DFT is effectively a single electron Schrodinger equation, the
computational cost of & (N 3) makes simulations of large-scale systems formidable.
Machine-learned interatomic potentials developed by training on DFT configurational energies
can be efficiently employed in molecular dynamics simulation of large system size (say um) of

a given material.

1.3 Machine-learning models

Machine learning, a discipline of artificial intelligence, does not need any introduction to the
current generation of people. Everyone experiences it through spam filtering of emails,
automatic recommendations of things and places, and ChatGPT [49] which is an Al language
model being used for various tasks. Researchers use machine-learning models to understand
complex phenomena across various disciplines such as drug discovery [50], cancer
prediction [51], image analysis [52], image recognition [53] and reconstruction [54, 55],
remote sensing [56, 57], climate change [58], machine fault diagnosis [59], and materials

discovery [60, 61, 62] to name a few.

Many-body interactions within a material are approximately but accurately captured in
quantum calculations such as in DFT methods but at high computational cost. This prompts
researchers to use simple classical interatomic potentials such as Lennard-Jones potential
(which was designed for noble gases [63]) in molecular simulation of large-scale systems and
that yields unrealistic results [64]. In the latest development of interatomic potentials, the

DFT-based ground state energies of many configurations are used for energy-structure mapping



via machine-learning algorithms.  Such an ML functional map between energy and
corresponding structure is called machine-learning interatomic potential [65, 66]. 1 was also
involved in the development of CGCNN-based MLIP [67] for different polymorphs of
alumina [68] and noted that a huge configurational dataset was required to construct an

accurate potential energy surface.

With development of advanced and accurate computational modelling of materials and
resources, a huge data are available in various databases such as Materials Project [69],
AFLOW [70] NOMAD [71], Khazana [72], and OQMD [73]. In addition to computational
databases, there are also multiple experimental databases such as ICSD [74], HTEM [75], and
NIST [76]. Since the last decade, availability of enormous data has enabled researchers to learn
from the data. Various machine learning algorithms depending on the size of data are being
used to develop predictive models of the properties of interest [77, 61]. For a smaller dataset,
we rely on classical machine learning algorithms such as linear regression [78] and support
vector machine [79]. Neural network-inspired ML algorithms [80, 81] outperform the classical
ones but they need large data and lack physical interpretation because those predictive models
are complex and not in closed forms [82]. On the other hand, linear regression models contain
closed form expressions [83, 84, 85] and we can interpret them by correlation analysis [86]
between input and output variables. In some cases, researchers have used empirical
relationships based on observed data [87, 88, 89]. Such empirical relations may not have a
rigorous theoretical foundation but can provide useful predictions and insights within an ML
model. Dimensional analysis [90] can also assist in identifying the right expression by
analyzing the units and dimensions of the involved physical quantities [85]. The dimensional
analysis approach makes the ML model physically meaningful by interpreting the dimension of

each variable participating in regression analysis [85].



1.4 Complex phenomena

There are several phenomena in physical sciences and materials science which lack
fundamental understanding. For instance, dielectric breakdown in solids, proton conduction in
solids, phase transition, and mechanical failure of solids are technologically relevant but they
lack microscopic theories. We rely on phenomenological or mean field theories to understand
them. The complexity arises due to their highly nonlinear behavior and spanning across
multiple scales. The availability of enormous data due to advancement in computational
resources and techniques led one to predict complex phenomena through ML modelling. The

complexity and multiscale nature of the studied phenomena is the linking thread of this thesis.

1.4.1 Dielectric breakdown

Dielectric breakdown is the electric field driven failure of dielectric insulators. Under an
electric field, a dielectric gets polarized and reduces the internal field. When the electric field
strength exceeds a critical value, the dielectric gets ionized or becomes conductive and allows a
sudden surge in electric current to pass through it leading to dielectric breakdown. In a
defect-free specimen of dielectric, the electric field required to cause dielectric breakdown is
maximum and termed as the intrinsic dielectric breakdown field (Fp,). Therefore, the value of
intrinsic F;, depends only on the nature of chemical bonding within a dielectric. According to
the Frohlich-von Hippel dielectric breakdown criterion [10, 11, 12], the breakdown occurs
when the energy gain by electrons from the electric field exceeds the energy loss due to

electron-phonon scatterings for all electrons occupied closer to the conduction band.

Dielectrics are technologically important due to their application in insulation and capacitors.
For safety and long-term performance, electronic/electrical equipment is insulated with a good
dielectric to avoid short circuits or electrocution. In capacitors, the stored energy is proportional
to the square of applied voltage (U = %CVZ). Therefore, a high-energy density capacitor should
contain a high electric breakdown strength dielectric [91]. The necessity of high F;, dielectrics
demands the phenomenological models of dielectric breakdown [83, 92, 85] which can easily
predict new dielectrics without any explicit computation [85]. Researchers have resorted to
machine-learning modelling for such a complex phenomenon to develop predictive models of

dielectric breakdown field which can screen or discover a better dielectric if the right input



descriptors are fed to the models [83, 92, 85].

1.4.2 Proton conduction

Fuel cell technology holds significant potential for converting the chemical energy of
hydrocarbon fuels into electricity without emitting air pollutants. Similar to a battery, the fuel
cell consists of a cathode and an anode separated by an electrolyte. However, unlike batteries,
fuel cells do not require recharging; instead, they rely on a continuous supply of specific fuel
for sustained electricity generation. For instance, hydrogen (Hj) is supplied to the anode,
where it undergoes oxidation to form H* ions, releasing electrons into the external circuit and
generating a direct current. The released H ions travel through the proton-conducting
electrolyte to the cathode, where they recombine with oxygen and electrons from the external
circuit, producing water as a byproduct [93]. In solid oxide fuel cells [94, 95], a solid
electrolyte comprises proton- or oxide-ion-conducting ceramics, ensuring compact size, safety,

and thermal stability.

The phenomenon of proton conduction in perovskite oxides is intricate, involving the diffusion
of protons (H™) through a hopping process between lattice sites, regulated by the Grotthuss
mechanism in solid-state materials [13]. Constructing a machine learning (ML) model to
predict proton conductivity in perovskite oxides holds promise for identifying crucial
descriptors pertinent to proton conduction. This, in turn, facilitates the expedited discovery and

synthesis of superior proton conductors.

1.4.3 Structural phase transition in HEAs

Structural phase transition refers to the change of crystal symmetry due to external perturbation
such as stress, temperature, or internal chemical pressure caused by alloying within the
solid-state phase. The thermal- and pressure-induced structural transformations are seen in
pure chemical elements as allotropy (for example, graphite and diamond are allotropes of
carbon) and in compounds as polymorphism (such as alumina exists in different structures
depending on the temperature). Reversible austenite-martensite phase transformation with
stress or heat in stainless steel and shape memory alloys (for example, NiTi) is a typical

example of structural phase transition in materials science.



Phase transitions are often studied using phenomenological models such as Ginzburg-Landau
theory [7, 8] which include an order parameter having symmetry-dependent distinct values.
The microscopic origin of structural transformation is the emergence of soft phonons which
make the lattice unstable and, therefore, atomic displacements cause structural
change [96, 97, 98]. In internally distorted crystals which arise in multicomponent alloys (say
HEAs), the identification of average lattice becomes challenging [99, 100, 101, 102]. In such a
noisy crystal, local structure analysis [102] using Voronoi cell partitioning [103] and

bond-orientational order parameters help identify the average lattice structure [104, 99].

1.4.4 Mechanical failure

The lattice of crystal structure evolves in response to applied load. For example, a
body-centered cubic structural material under tensile load along a [100] direction will cause a
phase transformation into a face-centered cubic structure (see Figure 5.5) [105, 97]. In practice,
a material fails at a much lower strain [106, 107]. The strength of a material is the value of
maximum stress sustained before undergoing failure. For a defect-free single-crystal material,
the strength is ultimate. Born’s stability criteria [15, 108] in terms of eigenvalues or principal
values of elastic constants matrix (C) marks the onset of failure.  The eigenvector

corresponding to the negative eigenvalue of C determines the failure mode of a material.

1.5 Overview of the thesis

In this thesis comprised of two parts, we employed machine-learning and first-principles
modelling to understand phenomena involving processes at many scales in materials science.
Dielectric breakdown in solids, proton conduction in cubic perovskite oxides, and structural
stability & mechanical behavior of high-entropy alloys are the topics I have worked on during
my Ph.D. tenure. Multi-scale phenomenon is the linking thread among the studied problems

here.

Part 1T of the thesis is dedicated to employing a machine learning (ML) approach for
comprehending intricate phenomena, specifically dielectric breakdown in solids (Chapter 2)
and proton conduction in perovskite oxides (Chapter 3). Typically, ML models, such as neural

networks, pose challenges in terms of complexity and interpretability. In Chapter 3, we



introduce a method to constrain the ML model by incorporating dimensional analysis and
established physical laws. This results in a simplified, interpretable, and transferable model
derived from a limited dataset of dielectric breakdown—a phenomenon relevant to the
malfunctioning of electronic devices and energy storage systems. Chapter 4 delves into an ML
framework designed to model proton conduction in cubic ABO3, where pertinent descriptors of

proton conductivity are proposed and estimated through first-principles calculations.

Part Il of the thesis (chapters 4-5) shifts the focus to the exploration of complex
multicomponent materials known as high-entropy alloys (HEAs). HEAs consist of multiple
metallic elements in nearly equal atomic concentrations and are characterized by high
configurational entropy, severe internal lattice distortions (ILDs), sluggish diffusion, and the
cocktail effect. Special quasirandom structures of HEAs are simulated through first-principles
calculations. In Chapter 4, an analysis is presented regarding the impact of entropy on the
phase stability of refractory HEAs, along with an exploration of the origin of internal lattice
distortions. For HEAs Nb,(HfZrTi), employing Voronoi analysis and bond-orientational order
parameters as structural descriptors, we identify an HCP-BCC transition with increasing
Nb-concentration and demonstrate a peak in ILDs at the transition. Chapter 5 delves into an
investigation of the elastic and mechanical behavior of HEAs Nb,HfZrTi. We find a switching
of failure mode from tetragonal shear to mixed to a pure shear with increasing
Nb-concentration. The alloys of this family display an anomalous variation in elastic
anisotropy and also exhibit a strength-ductility trade-off as a function of Nb-concentration. We
also simulate a few binary alloys and other quaternary HEAs to compare the results with those

obtained for Nb, HfZrTi.

Note: We have used DFT-based calculations under standard settings. Each work Chapter con-
tains sufficient computational details. Appendix of Chapter 4 contains a detailed discussion on
special quasirandom structures, Voronoi cell construction, and bond-orientational order param-

eters.



Part 1

Machine Learning



Chapter 2

Machine Learning Constrained with
Dimensional Analysis and Scaling Laws:
Simple, Transferable, and Interpretable

Models of Materials from Small Datasets

2.1 Introduction

Discovery and design of novel materials with desired properties underpin the development of
next-generation energy, mobility, and electronics technologies. At the moment, it takes more
than two decades from discovery of a material to development and deployment in a
product [109]. The goal of data-driven approaches is to create a new paradigm that can
accelerate the materials development lifecycle. One of the challenges in use of data-driven
approaches for materials discovery is the lack of large experimental datasets, especially in the
space of inorganic materials. This problem can be mitigated through augmentation of the
experimental data with data generated from computational models based on ab initio theories.
Various projects such as Materials Project [69], AFLOW [70] NOMAD [71], Khazana [72],
and OQMD [73] have enabled public sharing of computational datasets that predict materials
properties for a wide range of applications such as CO, capture [110], piezoelectrics [111],

dielectrics [112], photovoltaics [113], thermoelectrics [114], and others.
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In spite of the rapid growth in computational resources and data storage capabilities, analysis
based on these ab initio models is able to tackle only a small subspace of search space [115].
The large unexplored material search space can be rapidly screened to identify the most
promising material candidates for a given application if one develops accurate, computationally
inexpensive, interpretable, and transferable data-driven models. Such models can be derived by
employing statistical and machine learning (ML) approaches to learn from available materials

datasets.

The process of developing data-driven models for materials discovery and the associated
challenges are shown schematically in Figure 2.1. A crucial challenge in developing these
models is the selection of input features aka descriptors [116, 117, 118]. To represent a
material in a concise way to the learning algorithm, it is necessary to extract the right minimal
set of features (aka descriptors or fingerprints) that capture the property of interest. The
features/descriptors are the columns of the input information in the matrix form shown in
Figure 2.1. The features chosen should not be too sparse which leads to loss of information
(high bias). On the other hand, employing too many features could lead to overfitting (high
variance) and nonunique models. Furthermore, the features must be easily
measurable/calculable to ensure that the model can be used efficiently to predict properties in

screening of large unexplored materials search spaces.

A major challenge in developing ML models for materials discovery that is well acknowledged
in the community [119] involves the limited availability of materials data. In certain instances,
such limited data can create challenges pertaining to interpretability and transferability when
explored with conventional ML algorithms. In materials science and chemistry, it is
particularly important to reconcile such data-driven models with known physics and chemistry
to build confidence in these models. Hence, data-driven models should possess physical
interpretability. Many ML algorithms such as neural networks, random forests, and kernel
regression result in nonlinear models that perform well with respect to the training and test
datasets. However, these models do not provide an explicit functional relationship between

input descriptors and the target property [119].

Even in case of algorithms such as LASSO [120] and Bootstrapped Projected Gradient Descent

(BoPGD) [84] that provide explicit functional relationships, the models are typically very
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Figure 2.1: Schematic figure that illustrates the process of developing data-driven models for
predicting material properties from small datasets through down-selection of a small set of

fingerprint descriptors.
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complex making the interpretation hard. Moreover, correlations among the descriptors,
especially in small materials datasets, can lead to instability, resulting in nonunique fingerprints

that are sensitive to the choice of training data.

Further, there is also the risk of high variance (overfitting), where the performance is linked to
specific inputs. This in turn limits the transferability of the models. We discuss this aspect in
greater detail in Section 2.4, where we analyze the change in model accuracy when the value of

one input material (LiF) is changed.

In this article, we address these challenges by developing a hybrid scheme by constraining the
data-driven ML (BoPGD) with the Buckingham Pi theorem (BPT)-based dimensional analysis
and known empirical scaling relations between descriptors. We demonstrate this approach by
developing a stable, accurate, transferable, and physically insightful model to predict the

intrinsic dielectric breakdown of inorganic materials.

2.2 Case of dielectric breakdown

Dielectric breakdown is a primary mode of failure of an insulator subjected to high electric fields.
When the applied electric field exceeds a critical value, the dielectric becomes a conductor and
suddenly allows a large current to flow through it [121]. This phenomenon, called dielectric
breakdown, is the electrical analogue of mechanical failure, in which a material loses its load-

carrying capacity when subjected to a stress above a critical value.

The phenomenon of dielectric breakdown is influenced by several factors such as defects, grain
boundaries, temperature, and pressure. A defect-free dielectric has the highest breakdown field
that depends only on its bonding and electronic structure. This maximum theoretical breakdown

field is known as intrinsic breakdown field F;, .

In this article, we consider the problem of predicting intrinsic dielectric breakdown (Fy,) in
elemental and binary dielectric compounds. This dataset comprising target property F, and
eight different primary descriptors that describe different material properties as listed in

Table 2.1 was generated by Kim et al. [83].

There are in total 82 materials in the dataset, which can further be classified into three different

crystal structures, namely, 36 zinc blende (ZB), 40 rock-salt (RS), and 6 cesium chloride (CC)
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compounds (Figure 2.2). The target property of interest (intrinsic breakdown field F,) spans

three orders of magnitude.

Figure 2.2: Distribution of crystal structures of the 82 dielectric materials [83] explored in this
work. Each material in the dataset has one of the three crystal structures: ZB (36), RS (40), and
CC (0).

2.3 Principal component analysis and correlation analysis

We first apply some of the basic statistical tools such as principal component analysis (PCA)
and pairwise correlations to explore the relationship between descriptors and target property
and among descriptors themselves. PCA was applied on the dataset by including the eight
input descriptors and the target property of interest (/). As shown in Figure 2.3, the first two
PCA components account for 72.81% variance in the data and enable us to identify the outlier
compounds LiF, BN, and C. Analyzing the coefficient matrix of PCA, we identify that the major
contribution to the first two principal components (PC1 and PC2) comes from F,. Thus, the
materials with a very high value of F, (LiF = 4829.6 MV/m, C = 2624.0 MV/m, and BN =
2062.1 MV/m) demonstrate a clear separation from the rest of the samples when projected into

the (PC1, PC2) subspace. Further, we see a clear separation of the materials with RS and ZS
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Table 2.1: Descriptors considered in analysis of F, their notations and value ranges.

Descriptor Notation (unit) | Value Range
1 Band Gap E, (eV) 0.20-13.60
2 Phonon cutoff frequency Omax (THz) 2.91-40.51
3 Average Phonon Frequency Wmean (THZ) 1.42-29.67
4 | Electronic part of the dielectric constant & 1.82-26.29
5 Total dielectric constant Eiot 4.17-57.21
6 Nearest-neighbor distance dnn (A) 1.52-3.60
7 Mass Density p (g/cm?) 2.32-10.25
8 Bulk Modulus B (GPa) 18.32-460.52
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Figure 2.3: Scatter plot of the first and second principal components with outliers on the
materials. The compounds LiF, BN, and C, with a very high value of F, , are separated from the

group. We can see a clear separation of the three different crystal structures: ZB, RS, and CC.

To understand the correlations between the descriptors and the target property, we calculate the
pairwise correlations (P (X (p),y)) visualized as a heat map in Figure 2.4 and as a schemaball
diagram in the Appendix (Figure A2.5). Here, we observe that F;, correlates positively with E,
and @nax as expected from the models of Kim et al,, and Yuan and Mueller [83, 92].
Calculating the pairwise correlations between descriptors (P (X (P x (‘1))), we note that phonon
frequencies (@Wmax, ®mean) are positively correlated to the bulk modulus (B), consistent with
previous experiments [122]. They are also inversely correlated with the nearest-neighbor

distance (dnn). Likewise, the electronic dielectric constant (&) and the band gap (E) exhibit a
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strong inverse correlation consistent with earlier work [123]. Understanding these correlations
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Figure 2.4: Heat map of pairwise correlation between descriptors and target property
(p(X?).y)) and among descriptors (p(X(P) X(9))). Bright green denotes a strong positive

correlation, whereas bright red indicates a strong negative correlation between descriptors.

between descriptors is critical in employing our ML scheme that involves clustering of

descriptors and down-selecting from those clusters, as described in detail in the next section.

2.4 BoPGD method

In case large-dimensional datasets (X;,y;), where i is the number of samples, X; € R?, and
vi € R, the goal of sparse estimation methods is to calculate a sparse coefficient vector 6 that

minimizes the error as

0 = min ||[y—Xf]||, subjectto |[|B|lo<s
BeRr?

where s < d is the support of the sparse vector. The motivation to perform sparse estimation is
to down-select the most important descriptors that are needed to describe the target property.
This in turn decreases the model variance (reduces overfitting probability), while
simultaneously improving the interpretability of the model [120]. However, the problem in this

form cannot be solved optimally because of its NP-hardness. This problem is overcome
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through a class of iterative shrinkage thresholding algorithms [124], of which the most
commonly used is LASSO [120] that performs this sparse regression with regularization by the
[{ norm.

6 = min ||y — X B[+ A[|B]]s
Ber?

where A > 0 is the regularization parameter. Although LASSO has been extensively used in
training from various datasets, instability can arise in the LASSO estimate (variables that the
algorithm selects), when there are strong correlations between the feature variables (close to

multicollinearity) [124].

To overcome these limitations, we employ the BoOPGD method. A detailed explanation of this
algorithm is provided elsewhere [84, 124]. Here, we summarize the major steps involved in
this algorithm. As shown in the green boxes in Figure 2.5, the key ingredients in BoPGD are (i)
clustering of descriptors, (i1) bootstrapping the samples, (ii1) sparse estimation through Projected
Gradient Descent to down-select the dominant cluster for every bootstrap, and (iv) identification

of the dominant clusters.

The clustering of descriptors is performed to ensure that strongly correlated descriptors (by
magnitude) are grouped into the same cluster, whereas the weakly correlated descriptors end
up in different clusters. This in turn enables us to handle the root cause of inconsistency in
feature selection — strong correlations among input features that cause the issues in sparse
estimation approaches such as LASSO. Here, we employ agglomerative hierarchical clustering
(AHC) to cluster the descriptors. Typically, hierarchical clustering is either top-down or bottom-
up. AHC is a bottom-up clustering approach in which each descriptor is treated as a cluster
and then successively merged until all the descriptors are merged into a single cluster. The
distance metric used for clustering is the dissimilarity matrix D(p,q) = 1 — ‘ P (X (r) x (q)) ‘
A small value of D between two descriptors indicates a strong pairwise correlation and hence
they are clustered together, whereas a large value of D suggests that they are not correlated and
hence will be classified into different clusters. We can visualize AHC through a dendrogram
as shown in Figure A2.6 of the Appendix, where each merge is represented by a horizontal
line. The strongly correlated descriptors are merged first for small D values. In this work,
we use a cutoff, where the magnitude of pairwise correlation within a cluster is higher than

0.6 (p(XO XU) >0.6). Alternatively, the dissimilarity matrix has a value lower than 0.4
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Figure 2.5: Workflow of constraining the BoPGD ML algorithm (in green boxes) with dimen-

sional analysis and known scaling or physical laws (in purple).

(D(i, j) < 0.4). Employing this cutoff, we obtain four clusters. The first cluster comprises
phonon frequencies (@max, @mean ), bulk modulus (B), and nearest-neighbor distance (dyy). The
second cluster comprises the electronic part of dielectric constant (&) and band gap (E,). The

mass density (p) and total dielectric constant (&) are treated as separate clusters.

Bootstrapping is a resampling method [125] that is used to mimic the availability of several
datasets. The goal of bootstrapping is to create m replicas of the n datapoints (samples), that is,
(X (¢)i,y(c)i), where ¢ =1,2,--- mand i = 1,2,--- ,n. These n datapoints for every replica
(or bootstrap) is obtained by sampling the original dataset uniformly at random and with
replacement. Here, we create 128 bootstraps (m = 128) from the original dataset. Bootstrapping
increases the sample size and mitigates the stability issues associated with down-selection of
the dominant clusters that is discussed in the next paragraph. These down-selection (or sparse

estimation) approaches are typically sensitive to specific inputs for small datasets.

The third step is to down-select the most important clusters for every bootstrap through sparse
estimation. Here, we employ PGD because PGD scales better compared to other sparse

estimation algorithms [126]. Finally, we identify the most frequently down-selected descriptor
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clusters from all the bootstraps and select these to be the most important descriptor clusters for

the entire dataset.

In this particular dataset when no outliers were ignored, regardless of the way the data were
split into training and test sets or any other parameter value, this approach consistently deemed
two feature clusters as being the most important for prediction of the intrinsic breakdown field
Fy : (i) the first cluster containing bulk modulus (B), nearest-neighbor distance (dyy), and the
phonon frequencies (@Wmax, ®mean) and (ii) the second cluster containing band gap (E) and the

electronic part of the dielectric constant (&).

One descriptor (B, E;) was picked from each down-selected cluster at random. Various linear
and nonlinear functions (see Figure A2.4 in the Appendix) were now applied on these two
primary descriptors to generate a large number of secondary (compound) descriptors. We again
apply the BoPGD algorithm on these compound descriptors and down-select the cluster that
possesses the most important compound descriptors. We pick a compound descriptor from the
cluster at random. We obtain the coefficients for the model through linear regression on 84% of

the complete dataset chosen at random. The final BoPGD model obtained was
Fo = 11.48E}0217VE 2.1)

The model described above has a complex form and has limited accuracy, with a coefficient of

determination (R?) of 0.648 as shown in Figure 2.6.

The BoPGD approach used in this work is consistent until the down-selection of primary
descriptor clusters. However, instability in the algorithm arises during the creation and
down-selection of compound descriptors. This is likely because the input matrix containing
compound descriptors has high rank deficiency because of strong correlations among the

descriptors and availability of very few samples.

In order to resolve this issue, we apply the BoPGD algorithm only until the down-selection
of primary descriptors and then use dimensional analysis along with empirical relationships to

obtain a simple, robust, and transferable model.
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Figure 2.6: Comparison between intrinsic breakdown strength values estimated by eq 2.1 and

the original values obtained using density functional theory (DFT) for 78 dielectrics.
2.5 Dimensional analysis with BPT

The Buckingham-Pi Theorem (BPT) is a fundamental theorem in dimensional analysis [90]: if
an equation of a physical law in n arguments is dimensionally homogeneous with respect to m
fundamental units, it can be expressed as a relation between n — m independent dimensionless

arguments. If a physical law is expressed with an equation

f(q1,92,+ ,qn) =0

where ¢;’s are the n physical variables, which are expressible in terms of m basic physical

dimensions, then the physical law can be rewritten as
f(ﬂ'l,ﬂ:z,"' an'nfm) =0

where the 7;’s are dimensionless variables constructed from ¢g;’s with a form

<n

mi=11a,"

We have four fundamental units [mass (M), length (L), time (T) and charge (Q)] in the current

dataset that results in m = 4. Hence, we need at least five physical variables (n = 5) to obtain
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one dimensionless variable (). Here, we pick the target property F;, along with four input
descriptors namely {Eg, ®max, B, &} from the two down-selected clusters obtained from
BoPGD. Inclusion of the electronic dielectric constant(€.) is important because it is the only
variable that contains the dimension of charge (Q) essential to the physical expression of the
target property Fy,. Further, we also pick E; and @max, that are the descriptors of a previous

model developed for the same dataset [83].

Form = FbO‘1 sngg3 O B% to be dimensionless, we get 03 = ag =0, 0 = @1 /2, &5 = — 01 /2.

Substituting this result in the previous equation, we find that the dimensionless variable 7 is

B
n:Fb,/%:Fb:aq/g—er’ 2.2)
(o}

The correlation Fy, ~ €, 03 has also been reported by McPherson et al. [127] which is established

here using dimensional analysis.

2.6 Empirical relations

The functional form described in eq 2.2 relates the intrinsic breakdown field (F,) to bulk
modulus (B) and electronic dielectric constant (€.). We obtain the linear coefficients of the
model (a’ = 152.15,b' = —277.37) by fitting the data against the 79 compounds. However,
this model exhibits limited accuracy (R? = 0.593 as shown in Figure A2.1 in the Supplementary
Information). The negative intercept of the model is of concern because the model would
predict an unphysical negative value of F, for materials with small B or high &. Furthermore,
as these descriptors are relatively expensive, the resulting ML model cannot be easily

employed to search across a large materials search space.

To improve this model obtained from BPT, we note that the band gap (E,) is inversely
correlated with the electronic part of dielectric constant (&) (see Figures 2.4 and 2.7) and both
are present in the same down-selected cluster (obtained from BoPGD). Similarly, the
nearest-neighbor distance (dy,), which is computationally trivial, is inversely correlated with

bulk modulus (B) (see Figures 2.4 and 2.8), and both are present in the same cluster.

We exploit the knowledge of existing scaling relations in the literature to obtain a functional

form of the correlation between (i) E; versus & and (ii) dp, versus B. It has been proposed in the

21



literature [87] that the bulk modulus scales in a crystal through a power-law relation: B == d 3.
Although Cohen [87] established this relation empirically only for diamond and ZB solids, we
find it to be valid here for a wider range of crystal structures (RS, ZB, and CC) as shown in

Figure 2.8.

— E,=22.77/¢,

—
o
I

Figure 2.7: Band gap vs electronic dielectric constant for the 82 dielectrics in the dataset. The

line represents the inverse law fit to the data points (black dots), confirming the relation E; ~
/€.

The band gap varying inversely with the electronic part of dielectric constant of dielectrics (Eq ~
1/&.) was reported earlier in the literature [123, 88] for oxide dielectrics. The data of Kim et al.
also validate this relation (see Figure 2.7). Additionally, we also demonstrate the universality of
this behavior by testing it on a large dataset of dielectrics (see Figure A2.3 in the Appendix). We
emphasize that even if such empirical correlations were not previously known in the literature, it
would have been possible to identify and quantify these correlations, thanks to the cluster-based

descriptor down-selection employed by BoPGD (Figure 2.9).

2.7 Simple predictive model

Using the two scaling relations B ~ d.>*> and E;, ~1/€ ineq 2.2, we get
E
Fo= /%,
P\ @
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Figure 2.8: Bulk modulus vs the nearest-neighbor distance for the 82 dielectrics in the dataset.

The line represents a power-law fit, and the black dots are data points, confirming the relation
B~d>?.

With a suitable reference, Taylor’s series expansion of F, = {/Eg/d3; about Eg /a’g'5 to the
first-order term gives
K

Fbng°+i(§—F}? xFS) S s
2RO \d3p 2RV A5 2

where Fbo =4 /Eg / dg'S. Thus, the breakdown field takes a simple form

Eg
diy?

Fb:a< >+b.

As done earlier for the BPT model, we fit the linear coefficients (a and b) to the data. Fitting
it to whole data including compounds with a high breakdown field (such as C, BN, MgO, and
LiF) results in an unphysical negative intercept (for Eg — 0, F;, — b < 0). Hence, we fit the
coefficients to only 78 compounds, ignoring the four mentioned compounds that possess high
values of Fy, that skew the model (see Figure A2.2 in the Appendix). The final model we obtain

18 of the form

o E
Fy = 1323(A°” Je) (dfs) 41625 2.3)
nn

where Ej is in electronvolt, dy, is in angstrom, F;, is in megavolt/meter, and e is the electronic

charge.
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Table 2.2: Comparison of the coefficients of determination (R?) of our models (eqs 2.1 and 2.3)

with previous models for original data and dataset with corrected LiF.

Model 8(20Tiagt$?)l S (gozrrr:;t:;ifism
BoPGD (eq 2.1) 0.499 0.874
BoPGD+ (eq 2.3) 0.803 0.853
24.442exp{ (0.315\/Eg0max) } [83]  0.908 0.740
E; Omax [92] 0.789 0.525
Eg (Omax — 1.17) [92] 0.811 0.543
Treog 192] 0.869 0.339
25 — 101 [92] 0.901 0.436

The model described in eq 2.3 has a simple form and comprises descriptors that can be easily
computed for a wide range of materials (as shown in Figure 2.9). To test the robustness of our
model, we compare the coefficient of determination (R?), which is a measure of the closeness
of predicted data to the actual data from our models BoPGD (eq 2.1) and BoPGD with
constraints and empirical laws, henceforth called BoPGD+ (eq 2.3) against the prior work by
Kim et al. [83] and Yuan et al. [92] as shown in Table 2.2. Kim et al.’s model has the highest
accuracy (R% = 0.907), whereas the BoPGD+ model has a lower accuracy (R? = 0.803) for the
original dataset with all the 82 materials. However, in the original dataset, the F, was
calculated for LiF using the band gap criterion, with its experimental band gap (E;) of around
14.2 eV, and the predicted value of Fy, is 4829.6 MV/m. On the other hand, the enthalpy of
formation of LiF is only 6.39 eV per formula unit, which is much lower than its band gap.
Under high electric field, LiF bond will break, leading to decomposition before reaching the
impact ionization in which carriers get populated in their conduction band. Following this bond
enthalpy criterion, the Fy, of LiF is predicted to be 1290 MV/m [128], much lower than the
earlier estimate of 4830 MV/ m [83]. Using this corrected F, of LiF, we observe that the
accuracy of all other models significantly drops (see Table 2.2), whereas the accuracy of the
BoPGD+ model slightly improves to R? = 0.853. This suggests that our BOPGD+ model has a
very low variance indicative of the absence of overfitting. This also suggests that the accuracy

and performance of the model are less dependent on the specific inputs to the model.
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Table 2.3: Comparison of the coefficients of determination (R?) of our models (eqs 2.1 and 2.3)

with Kim model for different subsets of the materials dataset.

BoPGD  BoPGD+

No. of dielectrics eq2.1)  (eq2.3)

Kim et al. [83]

81 (except LiF) 0.879 0.891 0.880

80 (except LiF, MgO) 0.905 0.907 0.888

78 (except C, BN, MgO and LiF)  0.648 0.807 0.754
40 rock-salt (RS) 0.459 0.865 0.978

38 RS (except LiF and MgO) 0.494 0.861 0.864
36 zinc blende (ZB) 0.970 0.925 0.894

34 ZB (except C and BN) 0.851 0.776 0.635

We further analyze our model output with the Kim et al. model with datasets obtained by
removing outliers and applying on subgroups of the dataset as shown in Table 2.3. On removal
of four compounds having a higher breakdown field (C, BN, LiF, and MgO), the BoPGD+ model
(eq2.3) (R? = 0.807) performs more efficiently than the BoPGD model (eq 2.1) (R* = 0.648) and
Kim et al. model (R? = 0.754). For the subgroup analysis, we analyze the model performance on
different crystal structures. We find that Kim et al.’s model has a higher prediction accuracy for
dielectrics with RS structure, whereas BoPGD and BoPGD+ models (eq 2.1) perform efficiently
for ZB structured compounds. Because of the small number of CC structured dielectrics in the
present data, we do not make any comments on the working performance of these models on
them. From this comparative analysis, it can be observed that compared to the other two models,
the R? value of the BoPGD+ model is robust against the removal of outliers and on testing on

limited subsets in the data.

In order to demonstrate greater transferability of our model to new material compounds with
different crystal structures, we need to have a precise and consistent approach to define the
nearest-neighbor distance (dy,). The BoPGD algorithm had previously identified that the first
cluster of significance comprises the descriptors: B, dnn, Omax, @mean- Here, the descriptors
B, Wmax, and dp, are all measures of maximum bond stiffness that represent the dielectric
breakdown in a material because of bond breaking and decomposition. For example, phonon

cutoff frequency (@max) corresponds to the vibrational frequency of the strongest bond in a
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Figure 2.9: DFT estimates of Fy, vs F;, obtained with our model from eq 2.3 by fitting against 78
dielectrics.

given material. Such a bond is expected to be the bond between the most electropositive and
the most electronegative element in a complex material, and this bond length should be taken
as dy, 1n estimation of the dielectric breakdown field. For elemental compounds, dy, is the
same as the nearest-neighbor distance. Following this generalized definition of d,,, we chose
10 crystalline materials [83, 92, 129] from different space groups (Pm3m, Fm3m, P1, Cm) that
were not part of the training/validation process. We note that our model (BoPGD+) consistently
provides better prediction of Fy, as shown in Figure 2.10. The numerical values are provided for
comparison in Table A2.1 in the Appendix. In particular, we find a significantly better accuracy

of our model in predicting F;, of fluorides such as BaBO;F, StBO,F, and BSiO,F.

As described earlier, dp, represents the dielectric breakdown of a material because of bond
breaking and decomposition. The other phenomena that can lead to dielectric breakdown is the
impact ionization that can populate the conduction band with carriers. This electronic
phenomenon of dielectric breakdown in turn depends on the band gap (E) of the material. The
influence of band gap on the dielectric breakdown in presented as a schematic in Figure 2.11.
In case of ionic materials, the valence band is dominated by electronic states originating from
the anions, whereas the conduction band is dominated by electronic states of the cations. The
work done by an electron for displacement d under an external field E is —eEd. This in turn
distorts the electronic bands and results in an electron jump from valence band to conduction

band. A large band gap requires a high dielectric breakdown field because the energy required
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Figure 2.10: Comparison of BoPGD+ and Kim models for 10 other crystalline materials
including perovskites and Pm3m space group compounds. We note that the BoPGD+ model
works relatively better even for other materials. Refer to Table A2.1 in the Appendix for

numerical values.

to make an electron jump from valence band to conduction band is higher.

2.8 Conclusions

We have demonstrated a novel hybrid approach in which the ML algorithm (BoPGD) is
constrained by the BPT-based dimensional analysis and other known empirical scaling laws
that relate the input descriptors. This approach enables the development of simple, transferable,
easily calculable, and physically interpretable models to predict functional material properties
from small datasets. As a demonstration, we employ this approach to create a model to predict
intrinsic dielectric breakdown field. The model is based on readily calculable descriptors (band
gap E,; and nearest-neighbor distance dy,) and is trained from only 82 data points. The simple
descriptors in our model can be calculated more easily than the phonon cutoff frequency (®Wmnax)

in the ML model of Kim et al. [83].

Our results underline the importance of enforcing physical constraints and augmenting ML
with pre-existing knowledge of property relationships to develop simple, transferable models
for predicting material properties such as dielectric breakdown from sparse datasets. Our
approach is generic in nature and can be modified or generalized to study other functional

properties with limited data. A few examples from recent literature of such sparse materials
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Figure 2.11: Schematic picture representing the band gap of the materials and how it is related
to the dielectric breakdown field.

datasets that might be amenable to such hybrid approaches are (i) hybrid organic-inorganic
perovskites for photovoltaics [130] (about 212 input materials), (ii) lattice thermal conductivity
of inorganic materials [131] (about 93 input materials), (iii) thermal hysteresis of Ni-Ti-based
shape memory alloys [132] (about 60 input materials), and (iv) mechanical properties of

zeolites [133] (about 121 input materials).
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2.9 Appendix

Dimensional Analysis and Scaling Relations

In the manuscript, we have derived a breakdown field expression (eq 2.2 in main manuscript)
using Buckingham Pi theorem. To fix the proportionality constant, we plotted breakdown field
(Fy) vs. \/B/¢€. and performed straight-line fitting (see Figure A2.1) for the dataset excluding

the three outliers (LiF, BN, C). So the proposed breakdown field model can be written as

B
F, = 152.15, /8— —277.37 (SI-1)
e

From Figure A2.1, we can observe that the model based only on Buckingham Pi theorem

L : : : : : T T T T
— Linear fitting: y = 152.15 sqrt(B/e ) - 277.37 . 1500

._.

W

(=)

(=]
I

— y=x line; R> = 0.5929
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Figure A2.1: Left: F, vs. /B/¢€, plot: Linear regression performed to obtain the slope and
intercept. The negative intercept (-277.37) can result in unphysical negative values of F, for
small values of \/B/€g,. Right: DFT estimates of F, vs. F, obtained using equation SI-1,

indicates limited predictive accuracy of the model (R? = 0.5929 for 79 compounds).

constrain has limited predictive accuracy. Thus, incorporating scaling laws enables us to arrive at

eq 2.3 in the paper which improves not only the accuracy, but also the computational simplicity.

Machine Learning

The process of obtaining eq 2.1 in the main manuscript is described here and shown
schematically in Figure A2.4. BoPGD algorithm [84] was used to down-select from the
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