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Synopsis

Materials modelling involves the use of ideas and techniques from quantum mechanics and

statistical mechanics to simulate and predict the structure and properties of materials at the

atomic, molecular, and macroscopic scales. It plays a crucial role in accelerating materials

discovery and optimization, reducing the need for time-consuming and expensive experimental

trials. Machine learning and first-principles modelling are two powerful computational schemes

widely used to understand challenging and complex phenomena in materials science.

Machine learning (ML) algorithms analyze the available datasets of material properties and

identify patterns and correlations within data. ML-extracted insights from data help predict new

materials with specific properties and identify promising candidates for experimental validation.

On the other hand, first-principles calculations solve the Schrödinger equation to accurately

describe the interactions between electrons and nuclei in a material. These calculations provide

atomistic insights into the electronic structure, bonding, thermal, and mechanical properties of

materials. By integrating machine learning and first-principles modeling, this thesis aims to

contribute to the advancement of materials science and engineering, focusing on a few systems.

The first part of the thesis focuses on a machine learning approach to understand multi-scale

phenomena such as dielectric breakdown in solids (Chapter 2) and proton conduction in

perovskite oxides (Chapter 3). Generally, ML models such as neural networks are complicated

and hard to interpret. In Chapter 2, we present work on constraining the ML model with

dimensional analysis and known physical laws and arrive at a simple, interpretable, and

transferable model from a small dataset of dielectric breakdown (a phenomenon relevant to

failures in electronic devices and energy storage systems). In Chapter 3, we present an ML

framework to model the proton conduction in cubic ABO3. Relevant descriptors of proton

conductivity have been proposed and energy barriers for proton transfer in a few perovskite
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oxides have been estimated through first-principles calculations.

The second part of the thesis (Chapters 4-5) shifts the focus to multicomponent alloys within

which equiatomic configurations are termed high-entropy alloys (HEAs). An HEA consists of

multiple metallic elements in nearly equal atomic concentrations. The core features of HEAs

are high configurational entropy, severe internal lattice distortions (ILDs), sluggish diffusion,

and cocktail effect. We simulate here special quasirandom structures of HEAs through

first-principles calculations. In Chapter 4, we present an analysis of the role of entropy on the

phase stability of refractory HEAs and also highlight the origin of internal lattice distortions. In

HEAs NbxHfZrTi, using Voronoi analysis and bond-orientational order parameters as structural

descriptors, we identified HCP-BCC transition with increasing Nb-concentration and

demonstrated a peak in ILDs at the transition. In Chapter 5, we study the impact of Nb on the

mechanical behavior of NbxHfZrTi high-entropy alloys. We find a switching of failure mode

from tetragonal shear to mixed to a pure shear with increasing Nb-concentration. The alloys in

this family display an anomalous variation in elastic anisotropy and also exhibit a

strength-ductility trade-off as a function of Nb-concentration. We also simulate other

quaternary HEAs to juxtapose the results with those of NbxHfZrTi.
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Chapter 1

Introduction

1.1 Challenges in condensed matter physics

In 1929, P. A. M. Dirac [1] famously said that

“The underlying physical laws necessary for the mathematical theory of a large part of physics

and the whole of chemistry are thus completely known, and the difficulty is only that the exact

application of these laws leads to equations much too complicated to be soluble. It, therefore,

becomes desirable that approximate practical methods of applying quantum mechanics should

be developed, which can lead to an explanation of the main features of complex atomic systems

without too much computation.”

Dirac’s statement necessitates the development of tools and methods to tackle the mathematical

challenges that arise when applying those fundamental laws to real-world problems. Density

functional theory (DFT) [2, 3] based quantum calculation is one such predictive method widely

used today in condensed matter physics, especially for solid-state systems. The properties of

crystalline materials are routinely estimated using DFT calculations and that compare quite well

with the experiment [4, 5, 6]. However, a high computational cost associated with DFT restricts

to simulation of only systems containing a few hundred atoms. The disordered solids lack the

symmetries and require a large supercell in their computational modelling and that makes the

calculation formidable.

If we were provided unlimited computational resources, we could solve the Schrödinger

equation for solids to understand the popular problems in condensed matter physics such as the

1



quantum phase transitions, dielectric breakdown, proton conduction, and mechanical failure in

materials. Generally, we lack the microscopic theories of these phenomena and depend on the

phenomenological models to understand them, for example, Ginzburg-Landau theory of phase

transitions [7, 8, 9], Frölich-von Hippel criterion of dielectric breakdown [10, 11, 12],

Grotthuss mechanism of proton conduction [13], and Griffith criterion of mechanical failure for

a specimen containing crack [14] and Born criterion for the mechanical instability of a

single-crystal material [15].

In structural materials, understanding of mechanisms of failure is of utmost importance in any

application due to long-term performance and safety [16]. Most elemental metals are soft and

ductile due to intrinsic non-localized metallic bonding [17, 18]. Single crystals of metals often

fail by shear through the movement of dislocations on the slip planes along the closed-packed

directions [19, 17]. To enhance their strength (by sacrificing ductility), researchers employ

alloying, heat processing, and defect engineering such as altering grain size and introducing

secondary phases called precipitates which impede the movement of dislocations [20, 21, 22].

The trade-off between strength and toughness has been a long-standing issue in materials

science [23, 24].

High-entropy alloys (HEAs) [25, 26], the equiatomic configurations among multi-elemental

mixtures of metals, exhibit superior strength [27, 28, 29, 30, 31, 32, 33, 34] compared to the

conventional alloys and also evade the strength-ductility trade-off [35, 36, 37, 38, 39]. The

multicomponent nature and intrinsic chemical disorder in HEAs pose several challenges in

their computational modelling [40, 41]. The characteristic features of HEAs [42, 43, 21] are (1)

high configurational entropy of mixing attributed to stabilizing solid solution phase, (2) severe

lattice distortions due to mismatch in the chemistry of alloying elements, (3) sluggish diffusion

kinetics, and (4) emergence of exceptional mechanical properties due to mutual interactions

among randomly distributed atoms. These four core aspects of HEAs are under extensive

research to understand the emergence of structural order and exceptional mechanical behavior.

Under external loading, an HEA can show a cascade of events comprising stacking fault,

twinning, structural transformation, and under the extreme load, amorphization [44, 45, 46, 47].
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1.2 First-principles modelling

First-principles modelling of materials refers to the solution of quantum mechanical equations

without considering any empirical parameter. Density functional theory (DFT) [2, 3] is one of

the most widely used methods in first-principles modeling and simulations. DFT requires only

an initial guess of spatial electron density n(r) instead of a many-electron wave function to

determine the ground-state properties of a given system after solving Kohn-Sham (KS)

equations self-consistently [2, 48]. Therefore, the computational complexity associated with

KS-DFT energy calculations is O
(
N3) where N is the number of (valence) electrons present in

the system. Although the KS-DFT is effectively a single electron Schrödinger equation, the

computational cost of O
(
N3) makes simulations of large-scale systems formidable.

Machine-learned interatomic potentials developed by training on DFT configurational energies

can be efficiently employed in molecular dynamics simulation of large system size (say µm) of

a given material.

1.3 Machine-learning models

Machine learning, a discipline of artificial intelligence, does not need any introduction to the

current generation of people. Everyone experiences it through spam filtering of emails,

automatic recommendations of things and places, and ChatGPT [49] which is an AI language

model being used for various tasks. Researchers use machine-learning models to understand

complex phenomena across various disciplines such as drug discovery [50], cancer

prediction [51], image analysis [52], image recognition [53] and reconstruction [54, 55],

remote sensing [56, 57], climate change [58], machine fault diagnosis [59], and materials

discovery [60, 61, 62] to name a few.

Many-body interactions within a material are approximately but accurately captured in

quantum calculations such as in DFT methods but at high computational cost. This prompts

researchers to use simple classical interatomic potentials such as Lennard-Jones potential

(which was designed for noble gases [63]) in molecular simulation of large-scale systems and

that yields unrealistic results [64]. In the latest development of interatomic potentials, the

DFT-based ground state energies of many configurations are used for energy-structure mapping

3



via machine-learning algorithms. Such an ML functional map between energy and

corresponding structure is called machine-learning interatomic potential [65, 66]. I was also

involved in the development of CGCNN-based MLIP [67] for different polymorphs of

alumina [68] and noted that a huge configurational dataset was required to construct an

accurate potential energy surface.

With development of advanced and accurate computational modelling of materials and

resources, a huge data are available in various databases such as Materials Project [69],

AFLOW [70] NOMAD [71], Khazana [72], and OQMD [73]. In addition to computational

databases, there are also multiple experimental databases such as ICSD [74], HTEM [75], and

NIST [76]. Since the last decade, availability of enormous data has enabled researchers to learn

from the data. Various machine learning algorithms depending on the size of data are being

used to develop predictive models of the properties of interest [77, 61]. For a smaller dataset,

we rely on classical machine learning algorithms such as linear regression [78] and support

vector machine [79]. Neural network-inspired ML algorithms [80, 81] outperform the classical

ones but they need large data and lack physical interpretation because those predictive models

are complex and not in closed forms [82]. On the other hand, linear regression models contain

closed form expressions [83, 84, 85] and we can interpret them by correlation analysis [86]

between input and output variables. In some cases, researchers have used empirical

relationships based on observed data [87, 88, 89]. Such empirical relations may not have a

rigorous theoretical foundation but can provide useful predictions and insights within an ML

model. Dimensional analysis [90] can also assist in identifying the right expression by

analyzing the units and dimensions of the involved physical quantities [85]. The dimensional

analysis approach makes the ML model physically meaningful by interpreting the dimension of

each variable participating in regression analysis [85].
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1.4 Complex phenomena

There are several phenomena in physical sciences and materials science which lack

fundamental understanding. For instance, dielectric breakdown in solids, proton conduction in

solids, phase transition, and mechanical failure of solids are technologically relevant but they

lack microscopic theories. We rely on phenomenological or mean field theories to understand

them. The complexity arises due to their highly nonlinear behavior and spanning across

multiple scales. The availability of enormous data due to advancement in computational

resources and techniques led one to predict complex phenomena through ML modelling. The

complexity and multiscale nature of the studied phenomena is the linking thread of this thesis.

1.4.1 Dielectric breakdown

Dielectric breakdown is the electric field driven failure of dielectric insulators. Under an

electric field, a dielectric gets polarized and reduces the internal field. When the electric field

strength exceeds a critical value, the dielectric gets ionized or becomes conductive and allows a

sudden surge in electric current to pass through it leading to dielectric breakdown. In a

defect-free specimen of dielectric, the electric field required to cause dielectric breakdown is

maximum and termed as the intrinsic dielectric breakdown field (Fb). Therefore, the value of

intrinsic Fb depends only on the nature of chemical bonding within a dielectric. According to

the Fröhlich-von Hippel dielectric breakdown criterion [10, 11, 12], the breakdown occurs

when the energy gain by electrons from the electric field exceeds the energy loss due to

electron-phonon scatterings for all electrons occupied closer to the conduction band.

Dielectrics are technologically important due to their application in insulation and capacitors.

For safety and long-term performance, electronic/electrical equipment is insulated with a good

dielectric to avoid short circuits or electrocution. In capacitors, the stored energy is proportional

to the square of applied voltage (U = 1
2CV 2). Therefore, a high-energy density capacitor should

contain a high electric breakdown strength dielectric [91]. The necessity of high Fb dielectrics

demands the phenomenological models of dielectric breakdown [83, 92, 85] which can easily

predict new dielectrics without any explicit computation [85]. Researchers have resorted to

machine-learning modelling for such a complex phenomenon to develop predictive models of

dielectric breakdown field which can screen or discover a better dielectric if the right input
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descriptors are fed to the models [83, 92, 85].

1.4.2 Proton conduction

Fuel cell technology holds significant potential for converting the chemical energy of

hydrocarbon fuels into electricity without emitting air pollutants. Similar to a battery, the fuel

cell consists of a cathode and an anode separated by an electrolyte. However, unlike batteries,

fuel cells do not require recharging; instead, they rely on a continuous supply of specific fuel

for sustained electricity generation. For instance, hydrogen (H2) is supplied to the anode,

where it undergoes oxidation to form H+ ions, releasing electrons into the external circuit and

generating a direct current. The released H+ ions travel through the proton-conducting

electrolyte to the cathode, where they recombine with oxygen and electrons from the external

circuit, producing water as a byproduct [93]. In solid oxide fuel cells [94, 95], a solid

electrolyte comprises proton- or oxide-ion-conducting ceramics, ensuring compact size, safety,

and thermal stability.

The phenomenon of proton conduction in perovskite oxides is intricate, involving the diffusion

of protons (H+) through a hopping process between lattice sites, regulated by the Grotthuss

mechanism in solid-state materials [13]. Constructing a machine learning (ML) model to

predict proton conductivity in perovskite oxides holds promise for identifying crucial

descriptors pertinent to proton conduction. This, in turn, facilitates the expedited discovery and

synthesis of superior proton conductors.

1.4.3 Structural phase transition in HEAs

Structural phase transition refers to the change of crystal symmetry due to external perturbation

such as stress, temperature, or internal chemical pressure caused by alloying within the

solid-state phase. The thermal- and pressure-induced structural transformations are seen in

pure chemical elements as allotropy (for example, graphite and diamond are allotropes of

carbon) and in compounds as polymorphism (such as alumina exists in different structures

depending on the temperature). Reversible austenite-martensite phase transformation with

stress or heat in stainless steel and shape memory alloys (for example, NiTi) is a typical

example of structural phase transition in materials science.

6



Phase transitions are often studied using phenomenological models such as Ginzburg-Landau

theory [7, 8] which include an order parameter having symmetry-dependent distinct values.

The microscopic origin of structural transformation is the emergence of soft phonons which

make the lattice unstable and, therefore, atomic displacements cause structural

change [96, 97, 98]. In internally distorted crystals which arise in multicomponent alloys (say

HEAs), the identification of average lattice becomes challenging [99, 100, 101, 102]. In such a

noisy crystal, local structure analysis [102] using Voronoi cell partitioning [103] and

bond-orientational order parameters help identify the average lattice structure [104, 99].

1.4.4 Mechanical failure

The lattice of crystal structure evolves in response to applied load. For example, a

body-centered cubic structural material under tensile load along a [100] direction will cause a

phase transformation into a face-centered cubic structure (see Figure 5.5) [105, 97]. In practice,

a material fails at a much lower strain [106, 107]. The strength of a material is the value of

maximum stress sustained before undergoing failure. For a defect-free single-crystal material,

the strength is ultimate. Born’s stability criteria [15, 108] in terms of eigenvalues or principal

values of elastic constants matrix (C) marks the onset of failure. The eigenvector

corresponding to the negative eigenvalue of C determines the failure mode of a material.

1.5 Overview of the thesis

In this thesis comprised of two parts, we employed machine-learning and first-principles

modelling to understand phenomena involving processes at many scales in materials science.

Dielectric breakdown in solids, proton conduction in cubic perovskite oxides, and structural

stability & mechanical behavior of high-entropy alloys are the topics I have worked on during

my Ph.D. tenure. Multi-scale phenomenon is the linking thread among the studied problems

here.

Part I of the thesis is dedicated to employing a machine learning (ML) approach for

comprehending intricate phenomena, specifically dielectric breakdown in solids (Chapter 2)

and proton conduction in perovskite oxides (Chapter 3). Typically, ML models, such as neural

networks, pose challenges in terms of complexity and interpretability. In Chapter 3, we
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introduce a method to constrain the ML model by incorporating dimensional analysis and

established physical laws. This results in a simplified, interpretable, and transferable model

derived from a limited dataset of dielectric breakdown–a phenomenon relevant to the

malfunctioning of electronic devices and energy storage systems. Chapter 4 delves into an ML

framework designed to model proton conduction in cubic ABO3, where pertinent descriptors of

proton conductivity are proposed and estimated through first-principles calculations.

Part II of the thesis (chapters 4-5) shifts the focus to the exploration of complex

multicomponent materials known as high-entropy alloys (HEAs). HEAs consist of multiple

metallic elements in nearly equal atomic concentrations and are characterized by high

configurational entropy, severe internal lattice distortions (ILDs), sluggish diffusion, and the

cocktail effect. Special quasirandom structures of HEAs are simulated through first-principles

calculations. In Chapter 4, an analysis is presented regarding the impact of entropy on the

phase stability of refractory HEAs, along with an exploration of the origin of internal lattice

distortions. For HEAs Nbx(HfZrTi), employing Voronoi analysis and bond-orientational order

parameters as structural descriptors, we identify an HCP-BCC transition with increasing

Nb-concentration and demonstrate a peak in ILDs at the transition. Chapter 5 delves into an

investigation of the elastic and mechanical behavior of HEAs NbxHfZrTi. We find a switching

of failure mode from tetragonal shear to mixed to a pure shear with increasing

Nb-concentration. The alloys of this family display an anomalous variation in elastic

anisotropy and also exhibit a strength-ductility trade-off as a function of Nb-concentration. We

also simulate a few binary alloys and other quaternary HEAs to compare the results with those

obtained for NbxHfZrTi.

Note: We have used DFT-based calculations under standard settings. Each work Chapter con-

tains sufficient computational details. Appendix of Chapter 4 contains a detailed discussion on

special quasirandom structures, Voronoi cell construction, and bond-orientational order param-

eters.

8



Part I

Machine Learning
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Chapter 2

Machine Learning Constrained with

Dimensional Analysis and Scaling Laws:

Simple, Transferable, and Interpretable

Models of Materials from Small Datasets

2.1 Introduction

Discovery and design of novel materials with desired properties underpin the development of

next-generation energy, mobility, and electronics technologies. At the moment, it takes more

than two decades from discovery of a material to development and deployment in a

product [109]. The goal of data-driven approaches is to create a new paradigm that can

accelerate the materials development lifecycle. One of the challenges in use of data-driven

approaches for materials discovery is the lack of large experimental datasets, especially in the

space of inorganic materials. This problem can be mitigated through augmentation of the

experimental data with data generated from computational models based on ab initio theories.

Various projects such as Materials Project [69], AFLOW [70] NOMAD [71], Khazana [72],

and OQMD [73] have enabled public sharing of computational datasets that predict materials

properties for a wide range of applications such as CO2 capture [110], piezoelectrics [111],

dielectrics [112], photovoltaics [113], thermoelectrics [114], and others.
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In spite of the rapid growth in computational resources and data storage capabilities, analysis

based on these ab initio models is able to tackle only a small subspace of search space [115].

The large unexplored material search space can be rapidly screened to identify the most

promising material candidates for a given application if one develops accurate, computationally

inexpensive, interpretable, and transferable data-driven models. Such models can be derived by

employing statistical and machine learning (ML) approaches to learn from available materials

datasets.

The process of developing data-driven models for materials discovery and the associated

challenges are shown schematically in Figure 2.1. A crucial challenge in developing these

models is the selection of input features aka descriptors [116, 117, 118]. To represent a

material in a concise way to the learning algorithm, it is necessary to extract the right minimal

set of features (aka descriptors or fingerprints) that capture the property of interest. The

features/descriptors are the columns of the input information in the matrix form shown in

Figure 2.1. The features chosen should not be too sparse which leads to loss of information

(high bias). On the other hand, employing too many features could lead to overfitting (high

variance) and nonunique models. Furthermore, the features must be easily

measurable/calculable to ensure that the model can be used efficiently to predict properties in

screening of large unexplored materials search spaces.

A major challenge in developing ML models for materials discovery that is well acknowledged

in the community [119] involves the limited availability of materials data. In certain instances,

such limited data can create challenges pertaining to interpretability and transferability when

explored with conventional ML algorithms. In materials science and chemistry, it is

particularly important to reconcile such data-driven models with known physics and chemistry

to build confidence in these models. Hence, data-driven models should possess physical

interpretability. Many ML algorithms such as neural networks, random forests, and kernel

regression result in nonlinear models that perform well with respect to the training and test

datasets. However, these models do not provide an explicit functional relationship between

input descriptors and the target property [119].

Even in case of algorithms such as LASSO [120] and Bootstrapped Projected Gradient Descent

(BoPGD) [84] that provide explicit functional relationships, the models are typically very
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Figure 2.1: Schematic figure that illustrates the process of developing data-driven models for
predicting material properties from small datasets through down-selection of a small set of
fingerprint descriptors.
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complex making the interpretation hard. Moreover, correlations among the descriptors,

especially in small materials datasets, can lead to instability, resulting in nonunique fingerprints

that are sensitive to the choice of training data.

Further, there is also the risk of high variance (overfitting), where the performance is linked to

specific inputs. This in turn limits the transferability of the models. We discuss this aspect in

greater detail in Section 2.4, where we analyze the change in model accuracy when the value of

one input material (LiF) is changed.

In this article, we address these challenges by developing a hybrid scheme by constraining the

data-driven ML (BoPGD) with the Buckingham Pi theorem (BPT)-based dimensional analysis

and known empirical scaling relations between descriptors. We demonstrate this approach by

developing a stable, accurate, transferable, and physically insightful model to predict the

intrinsic dielectric breakdown of inorganic materials.

2.2 Case of dielectric breakdown

Dielectric breakdown is a primary mode of failure of an insulator subjected to high electric fields.

When the applied electric field exceeds a critical value, the dielectric becomes a conductor and

suddenly allows a large current to flow through it [121]. This phenomenon, called dielectric

breakdown, is the electrical analogue of mechanical failure, in which a material loses its load-

carrying capacity when subjected to a stress above a critical value.

The phenomenon of dielectric breakdown is influenced by several factors such as defects, grain

boundaries, temperature, and pressure. A defect-free dielectric has the highest breakdown field

that depends only on its bonding and electronic structure. This maximum theoretical breakdown

field is known as intrinsic breakdown field Fb .

In this article, we consider the problem of predicting intrinsic dielectric breakdown (Fb) in

elemental and binary dielectric compounds. This dataset comprising target property Fb and

eight different primary descriptors that describe different material properties as listed in

Table 2.1 was generated by Kim et al. [83].

There are in total 82 materials in the dataset, which can further be classified into three different

crystal structures, namely, 36 zinc blende (ZB), 40 rock-salt (RS), and 6 cesium chloride (CC)
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compounds (Figure 2.2). The target property of interest (intrinsic breakdown field Fb) spans

three orders of magnitude.

Figure 2.2: Distribution of crystal structures of the 82 dielectric materials [83] explored in this
work. Each material in the dataset has one of the three crystal structures: ZB (36), RS (40), and
CC (6).

2.3 Principal component analysis and correlation analysis

We first apply some of the basic statistical tools such as principal component analysis (PCA)

and pairwise correlations to explore the relationship between descriptors and target property

and among descriptors themselves. PCA was applied on the dataset by including the eight

input descriptors and the target property of interest (Fb). As shown in Figure 2.3, the first two

PCA components account for 72.81% variance in the data and enable us to identify the outlier

compounds LiF, BN, and C. Analyzing the coefficient matrix of PCA, we identify that the major

contribution to the first two principal components (PC1 and PC2) comes from Fb. Thus, the

materials with a very high value of Fb (LiF = 4829.6 MV/m, C = 2624.0 MV/m, and BN =

2062.1 MV/m) demonstrate a clear separation from the rest of the samples when projected into

the (PC1, PC2) subspace. Further, we see a clear separation of the materials with RS and ZS
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Table 2.1: Descriptors considered in analysis of Fb, their notations and value ranges.

Descriptor Notation (unit) Value Range

1 Band Gap Eg (eV) 0.20–13.60

2 Phonon cutoff frequency ωmax (THz) 2.91–40.51

3 Average Phonon Frequency ωmean (THz) 1.42–29.67

4 Electronic part of the dielectric constant εe 1.82–26.29

5 Total dielectric constant εtot 4.17–57.21

6 Nearest-neighbor distance dnn (Å) 1.52–3.60

7 Mass Density ρ (g/cm3) 2.32–10.25

8 Bulk Modulus B (GPa) 18.32–460.52

crystal structures.

Figure 2.3: Scatter plot of the first and second principal components with outliers on the
materials. The compounds LiF, BN, and C, with a very high value of Fb , are separated from the
group. We can see a clear separation of the three different crystal structures: ZB, RS, and CC.

To understand the correlations between the descriptors and the target property, we calculate the

pairwise correlations (ρ̂(X (p),y)) visualized as a heat map in Figure 2.4 and as a schemaball

diagram in the Appendix (Figure A2.5). Here, we observe that Fb correlates positively with Eg

and ωmax as expected from the models of Kim et al., and Yuan and Mueller [83, 92].

Calculating the pairwise correlations between descriptors (ρ̂(X (p),X (q))), we note that phonon

frequencies (ωmax,ωmean) are positively correlated to the bulk modulus (B), consistent with

previous experiments [122]. They are also inversely correlated with the nearest-neighbor

distance (dnn). Likewise, the electronic dielectric constant (εe) and the band gap (Eg) exhibit a
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strong inverse correlation consistent with earlier work [123]. Understanding these correlations

Figure 2.4: Heat map of pairwise correlation between descriptors and target property
(ρ̂(X (p),y)) and among descriptors (ρ̂(X (p),X (q))). Bright green denotes a strong positive
correlation, whereas bright red indicates a strong negative correlation between descriptors.

between descriptors is critical in employing our ML scheme that involves clustering of

descriptors and down-selecting from those clusters, as described in detail in the next section.

2.4 BoPGD method

In case large-dimensional datasets (Xi,yi), where i is the number of samples, Xi ∈ Rd , and

yi ∈ R, the goal of sparse estimation methods is to calculate a sparse coefficient vector θ that

minimizes the error as

θ = min
β∈Rd
||y−Xβ ||, subject to ||β ||0 ≤ s

where s ≤ d is the support of the sparse vector. The motivation to perform sparse estimation is

to down-select the most important descriptors that are needed to describe the target property.

This in turn decreases the model variance (reduces overfitting probability), while

simultaneously improving the interpretability of the model [120]. However, the problem in this

form cannot be solved optimally because of its NP-hardness. This problem is overcome
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through a class of iterative shrinkage thresholding algorithms [124], of which the most

commonly used is LASSO [120] that performs this sparse regression with regularization by the

l1 norm.

θ = min
β∈Rd
||y−Xβ ||+λ ||β ||1

where λ ≥ 0 is the regularization parameter. Although LASSO has been extensively used in

training from various datasets, instability can arise in the LASSO estimate (variables that the

algorithm selects), when there are strong correlations between the feature variables (close to

multicollinearity) [124].

To overcome these limitations, we employ the BoPGD method. A detailed explanation of this

algorithm is provided elsewhere [84, 124]. Here, we summarize the major steps involved in

this algorithm. As shown in the green boxes in Figure 2.5, the key ingredients in BoPGD are (i)

clustering of descriptors, (ii) bootstrapping the samples, (iii) sparse estimation through Projected

Gradient Descent to down-select the dominant cluster for every bootstrap, and (iv) identification

of the dominant clusters.

The clustering of descriptors is performed to ensure that strongly correlated descriptors (by

magnitude) are grouped into the same cluster, whereas the weakly correlated descriptors end

up in different clusters. This in turn enables us to handle the root cause of inconsistency in

feature selection — strong correlations among input features that cause the issues in sparse

estimation approaches such as LASSO. Here, we employ agglomerative hierarchical clustering

(AHC) to cluster the descriptors. Typically, hierarchical clustering is either top-down or bottom-

up. AHC is a bottom-up clustering approach in which each descriptor is treated as a cluster

and then successively merged until all the descriptors are merged into a single cluster. The

distance metric used for clustering is the dissimilarity matrix D(p,q) = 1−
∣∣∣ρ̂ (X (p),X (q)

)∣∣∣.
A small value of D between two descriptors indicates a strong pairwise correlation and hence

they are clustered together, whereas a large value of D suggests that they are not correlated and

hence will be classified into different clusters. We can visualize AHC through a dendrogram

as shown in Figure A2.6 of the Appendix, where each merge is represented by a horizontal

line. The strongly correlated descriptors are merged first for small D values. In this work,

we use a cutoff, where the magnitude of pairwise correlation within a cluster is higher than

0.6 (ρ̂(X(i),X( j) ≥ 0.6). Alternatively, the dissimilarity matrix has a value lower than 0.4
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Figure 2.5: Workflow of constraining the BoPGD ML algorithm (in green boxes) with dimen-
sional analysis and known scaling or physical laws (in purple).

(D(i, j) ≤ 0.4). Employing this cutoff, we obtain four clusters. The first cluster comprises

phonon frequencies (ωmax,ωmean), bulk modulus (B), and nearest-neighbor distance (dnn). The

second cluster comprises the electronic part of dielectric constant (εe) and band gap (Eg). The

mass density (ρ) and total dielectric constant (εtot) are treated as separate clusters.

Bootstrapping is a resampling method [125] that is used to mimic the availability of several

datasets. The goal of bootstrapping is to create m replicas of the n datapoints (samples), that is,

(X(c)i,y(c)i), where c = 1,2, · · · ,m and i = 1,2, · · · ,n. These n datapoints for every replica

(or bootstrap) is obtained by sampling the original dataset uniformly at random and with

replacement. Here, we create 128 bootstraps (m = 128) from the original dataset. Bootstrapping

increases the sample size and mitigates the stability issues associated with down-selection of

the dominant clusters that is discussed in the next paragraph. These down-selection (or sparse

estimation) approaches are typically sensitive to specific inputs for small datasets.

The third step is to down-select the most important clusters for every bootstrap through sparse

estimation. Here, we employ PGD because PGD scales better compared to other sparse

estimation algorithms [126]. Finally, we identify the most frequently down-selected descriptor
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clusters from all the bootstraps and select these to be the most important descriptor clusters for

the entire dataset.

In this particular dataset when no outliers were ignored, regardless of the way the data were

split into training and test sets or any other parameter value, this approach consistently deemed

two feature clusters as being the most important for prediction of the intrinsic breakdown field

Fb : (i) the first cluster containing bulk modulus (B), nearest-neighbor distance (dnn), and the

phonon frequencies (ωmax,ωmean) and (ii) the second cluster containing band gap (Eg) and the

electronic part of the dielectric constant (εe).

One descriptor (B,Eg) was picked from each down-selected cluster at random. Various linear

and nonlinear functions (see Figure A2.4 in the Appendix) were now applied on these two

primary descriptors to generate a large number of secondary (compound) descriptors. We again

apply the BoPGD algorithm on these compound descriptors and down-select the cluster that

possesses the most important compound descriptors. We pick a compound descriptor from the

cluster at random. We obtain the coefficients for the model through linear regression on 84% of

the complete dataset chosen at random. The final BoPGD model obtained was

Fb = 11.48E1.02
g e0.17

√
B (2.1)

The model described above has a complex form and has limited accuracy, with a coefficient of

determination (R2) of 0.648 as shown in Figure 2.6.

The BoPGD approach used in this work is consistent until the down-selection of primary

descriptor clusters. However, instability in the algorithm arises during the creation and

down-selection of compound descriptors. This is likely because the input matrix containing

compound descriptors has high rank deficiency because of strong correlations among the

descriptors and availability of very few samples.

In order to resolve this issue, we apply the BoPGD algorithm only until the down-selection

of primary descriptors and then use dimensional analysis along with empirical relationships to

obtain a simple, robust, and transferable model.
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Figure 2.6: Comparison between intrinsic breakdown strength values estimated by eq 2.1 and
the original values obtained using density functional theory (DFT) for 78 dielectrics.

2.5 Dimensional analysis with BPT

The Buckingham-Pi Theorem (BPT) is a fundamental theorem in dimensional analysis [90]: if

an equation of a physical law in n arguments is dimensionally homogeneous with respect to m

fundamental units, it can be expressed as a relation between n−m independent dimensionless

arguments. If a physical law is expressed with an equation

f (q1,q2, · · · ,qn) = 0

where qi’s are the n physical variables, which are expressible in terms of m basic physical

dimensions, then the physical law can be rewritten as

f (π1,π2, · · · ,πn−m) = 0

where the πi’s are dimensionless variables constructed from qi’s with a form

πi =
≤n

∏
j=1

q α j
j

We have four fundamental units [mass (M), length (L), time (T) and charge (Q)] in the current

dataset that results in m = 4. Hence, we need at least five physical variables (n = 5) to obtain
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one dimensionless variable (π). Here, we pick the target property Fb along with four input

descriptors namely {Eg, ωmax, B, εe} from the two down-selected clusters obtained from

BoPGD. Inclusion of the electronic dielectric constant(εe) is important because it is the only

variable that contains the dimension of charge (Q) essential to the physical expression of the

target property Fb. Further, we also pick Eg and ωmax, that are the descriptors of a previous

model developed for the same dataset [83].

For π =F α1
b ε

α2
e Eα3

g ω
α4

maxBα5 to be dimensionless, we get α3 =α4 = 0, α2 =α1/2, α5 =−α1/2.

Substituting this result in the previous equation, we find that the dimensionless variable π is

π = Fb

√
εe

B
⇒ Fb = a′

√
B
εe

+b′ (2.2)

The correlation Fb≈ ε−0.5
e has also been reported by McPherson et al. [127] which is established

here using dimensional analysis.

2.6 Empirical relations

The functional form described in eq 2.2 relates the intrinsic breakdown field (Fb) to bulk

modulus (B) and electronic dielectric constant (εe). We obtain the linear coefficients of the

model (a′ = 152.15, b′ = −277.37) by fitting the data against the 79 compounds. However,

this model exhibits limited accuracy (R2 = 0.593 as shown in Figure A2.1 in the Supplementary

Information). The negative intercept of the model is of concern because the model would

predict an unphysical negative value of Fb for materials with small B or high εe. Furthermore,

as these descriptors are relatively expensive, the resulting ML model cannot be easily

employed to search across a large materials search space.

To improve this model obtained from BPT, we note that the band gap (Eg) is inversely

correlated with the electronic part of dielectric constant (εe) (see Figures 2.4 and 2.7) and both

are present in the same down-selected cluster (obtained from BoPGD). Similarly, the

nearest-neighbor distance (dnn), which is computationally trivial, is inversely correlated with

bulk modulus (B) (see Figures 2.4 and 2.8), and both are present in the same cluster.

We exploit the knowledge of existing scaling relations in the literature to obtain a functional

form of the correlation between (i) Eg versus εe and (ii) dnn versus B. It has been proposed in the
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literature [87] that the bulk modulus scales in a crystal through a power-law relation: B≈ d−3.5
nn .

Although Cohen [87] established this relation empirically only for diamond and ZB solids, we

find it to be valid here for a wider range of crystal structures (RS, ZB, and CC) as shown in

Figure 2.8.

Figure 2.7: Band gap vs electronic dielectric constant for the 82 dielectrics in the dataset. The
line represents the inverse law fit to the data points (black dots), confirming the relation Eg ≈
1/εe.

The band gap varying inversely with the electronic part of dielectric constant of dielectrics (Eg≈

1/εe) was reported earlier in the literature [123, 88] for oxide dielectrics. The data of Kim et al.

also validate this relation (see Figure 2.7). Additionally, we also demonstrate the universality of

this behavior by testing it on a large dataset of dielectrics (see Figure A2.3 in the Appendix). We

emphasize that even if such empirical correlations were not previously known in the literature, it

would have been possible to identify and quantify these correlations, thanks to the cluster-based

descriptor down-selection employed by BoPGD (Figure 2.9).

2.7 Simple predictive model

Using the two scaling relations B≈ d−3.5
nn and Eg ≈ 1/εe in eq 2.2, we get

Fb =

√
Eg

d3.5
nn

.
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Figure 2.8: Bulk modulus vs the nearest-neighbor distance for the 82 dielectrics in the dataset.
The line represents a power-law fit, and the black dots are data points, confirming the relation
B≈ d−3.5

nn .

With a suitable reference, Taylor’s series expansion of Fb =
√

Eg/d3.5
nn about E0

g/d3.5
0 to the

first-order term gives

Fb ' F0
b +

1
2F0

b

( Eg

d3.5
nn
−F0

b ×F0
b

)
=

1
2F0

b

Eg

d3.5
nn

+
F0

b
2

where F0
b =

√
E0

g/d3.5
0 . Thus, the breakdown field takes a simple form

Fb = a
( Eg

d3.5
nn

)
+b.

As done earlier for the BPT model, we fit the linear coefficients (a and b) to the data. Fitting

it to whole data including compounds with a high breakdown field (such as C, BN, MgO, and

LiF) results in an unphysical negative intercept (for Eg → 0, Fb → b < 0). Hence, we fit the

coefficients to only 78 compounds, ignoring the four mentioned compounds that possess high

values of Fb that skew the model (see Figure A2.2 in the Appendix). The final model we obtain

is of the form

Fb = 1323(Å
3.5
/e)
( Eg

d3.5
nn

)
+16.25 (2.3)

where Eg is in electronvolt, dnn is in angstrom, Fb is in megavolt/meter, and e is the electronic

charge.
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Table 2.2: Comparison of the coefficients of determination (R2) of our models (eqs 2.1 and 2.3)
with previous models for original data and dataset with corrected LiF.

Model 82 materials
(Original)

82 materials
(Corrected LiF)

BoPGD (eq 2.1) 0.499 0.874

BoPGD+ (eq 2.3) 0.803 0.853

24.442exp
{
(0.315

√
Egωmax)

}
[83] 0.908 0.740

E2
g ωmax [92] 0.789 0.525

E2
g (ωmax−1.17) [92] 0.811 0.543

262ωmax
14.6−Eg

[92] 0.869 0.339

348ωmax
15−Eg

−101 [92] 0.901 0.436

The model described in eq 2.3 has a simple form and comprises descriptors that can be easily

computed for a wide range of materials (as shown in Figure 2.9). To test the robustness of our

model, we compare the coefficient of determination (R2), which is a measure of the closeness

of predicted data to the actual data from our models BoPGD (eq 2.1) and BoPGD with

constraints and empirical laws, henceforth called BoPGD+ (eq 2.3) against the prior work by

Kim et al. [83] and Yuan et al. [92] as shown in Table 2.2. Kim et al.’s model has the highest

accuracy (R2 = 0.907), whereas the BoPGD+ model has a lower accuracy (R2 = 0.803) for the

original dataset with all the 82 materials. However, in the original dataset, the Fb was

calculated for LiF using the band gap criterion, with its experimental band gap (Eg) of around

14.2 eV, and the predicted value of Fb is 4829.6 MV/m. On the other hand, the enthalpy of

formation of LiF is only 6.39 eV per formula unit, which is much lower than its band gap.

Under high electric field, LiF bond will break, leading to decomposition before reaching the

impact ionization in which carriers get populated in their conduction band. Following this bond

enthalpy criterion, the Fb of LiF is predicted to be 1290 MV/m [128], much lower than the

earlier estimate of 4830 MV/ m [83]. Using this corrected Fb of LiF, we observe that the

accuracy of all other models significantly drops (see Table 2.2), whereas the accuracy of the

BoPGD+ model slightly improves to R2 = 0.853. This suggests that our BoPGD+ model has a

very low variance indicative of the absence of overfitting. This also suggests that the accuracy

and performance of the model are less dependent on the specific inputs to the model.
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Table 2.3: Comparison of the coefficients of determination (R2) of our models (eqs 2.1 and 2.3)
with Kim model for different subsets of the materials dataset.

No. of dielectrics BoPGD
(eq 2.1)

BoPGD+
(eq 2.3) Kim et al. [83]

81 (except LiF) 0.879 0.891 0.880

80 (except LiF, MgO) 0.905 0.907 0.888

78 (except C, BN, MgO and LiF) 0.648 0.807 0.754

40 rock-salt (RS) 0.459 0.865 0.978

38 RS (except LiF and MgO) 0.494 0.861 0.864

36 zinc blende (ZB) 0.970 0.925 0.894

34 ZB (except C and BN) 0.851 0.776 0.635

We further analyze our model output with the Kim et al. model with datasets obtained by

removing outliers and applying on subgroups of the dataset as shown in Table 2.3. On removal

of four compounds having a higher breakdown field (C, BN, LiF, and MgO), the BoPGD+ model

(eq 2.3) (R2 = 0.807) performs more efficiently than the BoPGD model (eq 2.1) (R2 = 0.648) and

Kim et al. model (R2 = 0.754). For the subgroup analysis, we analyze the model performance on

different crystal structures. We find that Kim et al.’s model has a higher prediction accuracy for

dielectrics with RS structure, whereas BoPGD and BoPGD+ models (eq 2.1) perform efficiently

for ZB structured compounds. Because of the small number of CC structured dielectrics in the

present data, we do not make any comments on the working performance of these models on

them. From this comparative analysis, it can be observed that compared to the other two models,

the R2 value of the BoPGD+ model is robust against the removal of outliers and on testing on

limited subsets in the data.

In order to demonstrate greater transferability of our model to new material compounds with

different crystal structures, we need to have a precise and consistent approach to define the

nearest-neighbor distance (dnn). The BoPGD algorithm had previously identified that the first

cluster of significance comprises the descriptors: B, dnn, ωmax, ωmean. Here, the descriptors

B,ωmax, and dnn are all measures of maximum bond stiffness that represent the dielectric

breakdown in a material because of bond breaking and decomposition. For example, phonon

cutoff frequency (ωmax) corresponds to the vibrational frequency of the strongest bond in a
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Figure 2.9: DFT estimates of Fb vs Fb obtained with our model from eq 2.3 by fitting against 78
dielectrics.

given material. Such a bond is expected to be the bond between the most electropositive and

the most electronegative element in a complex material, and this bond length should be taken

as dnn in estimation of the dielectric breakdown field. For elemental compounds, dnn is the

same as the nearest-neighbor distance. Following this generalized definition of dnn, we chose

10 crystalline materials [83, 92, 129] from different space groups (Pm3̄m, Fm3̄m, P1,Cm) that

were not part of the training/validation process. We note that our model (BoPGD+) consistently

provides better prediction of Fb as shown in Figure 2.10. The numerical values are provided for

comparison in Table A2.1 in the Appendix. In particular, we find a significantly better accuracy

of our model in predicting Fb of fluorides such as BaBO2F, SrBO2F, and BSiO2F.

As described earlier, dnn represents the dielectric breakdown of a material because of bond

breaking and decomposition. The other phenomena that can lead to dielectric breakdown is the

impact ionization that can populate the conduction band with carriers. This electronic

phenomenon of dielectric breakdown in turn depends on the band gap (Eg) of the material. The

influence of band gap on the dielectric breakdown in presented as a schematic in Figure 2.11.

In case of ionic materials, the valence band is dominated by electronic states originating from

the anions, whereas the conduction band is dominated by electronic states of the cations. The

work done by an electron for displacement d under an external field E is −eEd. This in turn

distorts the electronic bands and results in an electron jump from valence band to conduction

band. A large band gap requires a high dielectric breakdown field because the energy required
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Figure 2.10: Comparison of BoPGD+ and Kim models for 10 other crystalline materials
including perovskites and Pm3̄m space group compounds. We note that the BoPGD+ model
works relatively better even for other materials. Refer to Table A2.1 in the Appendix for
numerical values.

to make an electron jump from valence band to conduction band is higher.

2.8 Conclusions

We have demonstrated a novel hybrid approach in which the ML algorithm (BoPGD) is

constrained by the BPT-based dimensional analysis and other known empirical scaling laws

that relate the input descriptors. This approach enables the development of simple, transferable,

easily calculable, and physically interpretable models to predict functional material properties

from small datasets. As a demonstration, we employ this approach to create a model to predict

intrinsic dielectric breakdown field. The model is based on readily calculable descriptors (band

gap Eg and nearest-neighbor distance dnn) and is trained from only 82 data points. The simple

descriptors in our model can be calculated more easily than the phonon cutoff frequency (ωmax)

in the ML model of Kim et al. [83].

Our results underline the importance of enforcing physical constraints and augmenting ML

with pre-existing knowledge of property relationships to develop simple, transferable models

for predicting material properties such as dielectric breakdown from sparse datasets. Our

approach is generic in nature and can be modified or generalized to study other functional

properties with limited data. A few examples from recent literature of such sparse materials
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Figure 2.11: Schematic picture representing the band gap of the materials and how it is related
to the dielectric breakdown field.

datasets that might be amenable to such hybrid approaches are (i) hybrid organic-inorganic

perovskites for photovoltaics [130] (about 212 input materials), (ii) lattice thermal conductivity

of inorganic materials [131] (about 93 input materials), (iii) thermal hysteresis of Ni-Ti-based

shape memory alloys [132] (about 60 input materials), and (iv) mechanical properties of

zeolites [133] (about 121 input materials).
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2.9 Appendix

Dimensional Analysis and Scaling Relations

In the manuscript, we have derived a breakdown field expression (eq 2.2 in main manuscript)

using Buckingham Pi theorem. To fix the proportionality constant, we plotted breakdown field

(Fb) vs.
√

B/εe and performed straight-line fitting (see Figure A2.1) for the dataset excluding

the three outliers (LiF, BN, C). So the proposed breakdown field model can be written as

Fb = 152.15
√

B
εe
−277.37 (SI-1)

From Figure A2.1, we can observe that the model based only on Buckingham Pi theorem
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Figure A2.1: Left: Fb vs.
√

B/εe plot: Linear regression performed to obtain the slope and
intercept. The negative intercept (-277.37) can result in unphysical negative values of Fb for
small values of

√
B/εe. Right: DFT estimates of Fb vs. Fb obtained using equation SI-1,

indicates limited predictive accuracy of the model (R2 = 0.5929 for 79 compounds).

constrain has limited predictive accuracy. Thus, incorporating scaling laws enables us to arrive at

eq 2.3 in the paper which improves not only the accuracy, but also the computational simplicity.

Machine Learning

The process of obtaining eq 2.1 in the main manuscript is described here and shown

schematically in Figure A2.4. BoPGD algorithm [84] was used to down-select from the

strongly correlated primary descriptors. This resulted into two highly correlated clusters of
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Figure A2.2: Fb vs. Eg/d3.5
nn plot. Linear regression is performed to obtain the parameters a

and b in Equation 3.3 of the main manuscript. For 78 compounds (ignoring outliers LiF, MgO,
BN and C) we obtain a model with R2 = 0.807. The positive intercept of the model, makes the
model physically consistent (Fb ≥ 0).

Figure A2.3: Eg vs. εe plot for 3277 dielectrics. The inverse relationship between Eg and εe

looks general after testing this relation for such a large number of dielectrics. The data have
been taken from data repository [72] http://khazana.uconn.edu.
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Figure A2.4: Schematics of the BoPGD workflow employed to downselect primary descriptors,
create compound descriptors from the downselected primary descriptors to obtain eq 2.1 in main
manuscript.

descriptors– (i) {B, dnn, ωmax, ωmean} and (ii) {εe, Eg}. We, then select one descriptor at

random from these clusters
(
B, Eg

)
to create the compound descriptors employing various

polynomial, rational and exponential functions (see Figure A2.4). These compound descriptors

were then reclustered and down-selected. A linear relationship between the down-selected

compound descriptors and the KPI was derived and this model could explain about 87.2% of

the variance in the value of breakdown strength (see eq 2.1 in the manuscript).
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Figure A2.5: Schemaball diagram showing pairwise descriptor correlations. Green lines denote
positive correlations between descriptors and red lines denote negative correlations. Brighter
the line, stronger the correlation.
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Figure A2.6: Dendrogram that visualizes the agglomerative hierarchical clustering (AHC) of
the eight descriptors employed in this work. A cutofff value of ρ̂

(
X(p),X(q)

)
≥ 0.6 (or

alternatively(D(p,q)≤ 0.4)) is employed. This results in four clusters. The first cluster com-
prising of phonon frequencies (ωmax, ωmean), bulk modulus (B) and nearest-neighbor distance
(dnn). The second cluster comprises of electronic part of dielectric constant (εe) and bandgap
(Eg). The mass density (ρ) and total dielectric constant (εtot))are treated as separate clusters.
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Table A2.1: Comparison of the ML predicted dielecteric breakdown fields with DFT computed
breakdown field for 10 new materials which were not the part of the dataset on which model
was developed.

Dielectric DFT computed [129, 83, 92]
Fb (MV/m)

BoPGD+ (eq 2.3)
predicted Fb (MV/m)

Kim model [83]
predicted Fb (MV/m)

BaSnO3 259.7 302.6 231.6

CaGeO3 401.3 444.4 303.3

CaSiO3 833.9 1131.7 1062.7

BSiO2F 1507.0 1325.5 2497.3

BaBO2F 623.6 2360.8 5038.9

SrBO2F 1491.4 2611.7 5977.2

Li2S 462.5 232.0 260.9

Na2S 132.7 91.2 89.8

SrCl2 293.4 216.3 195.9

ZrO2 1253.0 612.5 874.1
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Chapter 3

Towards Machine Learning Model of

Proton Conductivity in Perovskite Oxides

3.1 Introduction

Fuel cell technology shows great promise in converting the chemical energy of hydrocarbon

fuels into electricity without generating air pollutants [93]. Similar to a battery, a fuel cell

comprises of cathode and anode separated by an electrolyte. However, unlike a battery, it

doesn’t require recharging and instead relies on a continuous supply of a specific fuel for

ongoing electrical generation. The fuel such as H2 is fed to the anode and gets oxidized to H+,

releasing electrons to the external circuit and producing a direct current. The H+ species

produced at the anode traverse through the proton conducting electrolyte to recombine at the

cathode with oxygen and electrons (came through the external circuit) to release water as a

byproduct [93], see Figure 3.1. In solid oxide fuel cell [94], the solid electrolyte is a proton (or

oxide ion) conducting ceramics that are compact in size, safe, and thermally stable [95].

Proton conduction in perovskite oxides is a complex phenomenon. In solid-state materials,

protons (H+) diffuse through a hopping process from one lattice site to another governed by

Grotthuss mechanism [13]. Developing a machine learning (ML) model for predicting proton

conductivity in perovskite oxides can identify important descriptors relevant to proton

conduction which in turn will help us to accelerate the discovery/synthesis of a better proton

conductor. Machine learning techniques leverage patterns and relationships within data to
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make predictions. For example, Liu Xu et al. [134] find that the ratio of O–O charge population

to their separation distance shows a quadratic relationship with the logarithm of oxide-ion

conductivity in ABO3 perovskites.

To create such a model for proton conductivity, we do an extensive literature survey to collect a

comprehensive list of ABO3 perovskites that exhibit proton conductivity. Then, we compute the

proton diffusion energy barriers in them and look for the Nernst-Einstein equation [93] to

estimate proton diffusivity. We also list the important descriptors encompassing structural,

chemical, and thermodynamic properties relevant to influence proton

conduction [135, 134, 136, 137]. Based on the size of the dataset, a suitable ML algorithm can

be chosen to train a model that establishes the relationship between the input features and the

(target property) proton conductivity. We have outlined our ML framework in Figure 3.6.

Figure 3.1: Workflow of proton conducting perovskite oxide-based electrolyte containing fuel
cell (the right figure has been adapted from ref [93]). The input fuel at anode is pure H2 gas and
the byproduct of full cell reaction is water.

3.2 Computational details

We insert one H-atom near an oxygen site within 2× 2× 2-size supercell of cubic perovskite

unit cell (hence total 41 atoms) and perform ionic relaxation within the density functional

theory (DFT) method using the Quantum ESPRESSO computational package [138]. We used a

generalized gradient approximation (GGA) [139] within Perdew-Burke-Ernzerhof [140]

parameterization of electronic exchange-correlation energy functional. The interaction between
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ionic core and valence electrons is modelled using ultrasoft pseudopotentials [141]. The energy

cut-offs of 40 Ry for wave functions and 320 Ry for charge density were taken to truncate the

plane wave basis sets used to represent Kohn-Sham (KS) wave functions. Uniform meshes of

3× 3× 3 k-points were used in sampling integrations over the Brillouin zone of the supercell.

Using Hellmann-Feynman forces and Broyden Fletcher Goldfarb Shanno (BFGS) scheme, the

supercell is relaxed till the force components on each atom ~F become less than 10−3 Ry/Bohr.

Total energy was converged within 10−8 Ry to achieve electronic self-consistency. Fermi-Dirac

distribution with a width of kBT = 0.002 Ry is used for smoothening the discontinuity in

occupation numbers of electronic states.

We follow the Grotthuss mechanism [13] of proton transfer in which the hydrogen bond O· · ·H

reorients itself to get closer to the nearest oxygen atom and then H diffuses by hopping to

that oxygen atom. We estimate the associated barrier and transition pathway of proton transfer

through the climbing image nudged elastic band (CI-NEB) method [142]. Seven or more images

(intermediate configurations) have been considered to trace the transition pathway between two

chosen equilibrium configurations in the CI-NEB calculations. All the transition states were

fully relaxed until the Hellmann–Feynman forces acting on the atoms were within 0.05 eV/Å.

We apply the Arrhenius equation (k(T ) = Aexp(−Ea/kBT )) to estimate the proton transfer rate

k(T ) within perovskite oxide lattice. Transition state theory [143] determines the Arrhenius

factor (A) as the ratio of the product of phonon frequencies at transition state (TS) to that of

equilibrium (reactant) state configuration excluding one imaginary frequency at TS. For 2×2×

2-size supercell of ABO3 containing one H-atom, we have to estimate phonon calculation of 41

atoms which is computationally very expensive due to O(N4) scaling. Following the work of

N. Bork et al. [136], we have frozen some atoms which are far from H-atom. Only atoms in the

vicinity of the H-atom have been allowed to move in the phonon calculation. Out of 41 atoms,

only 23 atoms were allowed to move and hence 23×3 = 69 representations were considered in

the phonon calculation at Γ-point of the Brillouin zone of the supercell. We employ density

functional perturbation theory (DFPT) scheme [144] to estimate the phonon frequencies and

encounter several imaginary frequencies due to cubic configurations of ABO3 which are often

metastable at T = 0 K.
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3.3 Results & Discussions

3.3.1 Proton conducting perovskite oxides

Perovskite oxides are high-temperature proton conductors at which their structures are cubic of

spacegroup Pm3̄m. In Table 3.1, we list a few proton-conducting perovskite oxides through an

extensive literature survey and following the book written by T. Ishihara [94]. Typical proton-

conducting perovskites are yttrium-doped BaCeO3, SrCeO3, and BaZrO3 [145].

Here, we study cubic perovskite oxides (listed in Table 3.1) with 2.43% H-atom concentration

(one H-atom in 2× 2× 2-size supercell of ABO3) to understand the diffusion mechanism and

relevant descriptors of proton conductivity. We idealize the H-atom as a proton or H+ which

weakly binds with oxygen-atom through a hydrogen bond. Although quantum diffusion of H-

atom occurs predominantly due to tunnelling motion [146, 147], we restrict our analysis to

classical diffusion through a thermally activated Arrhenius-type form [93] which parameters (A

and Ea) have been evaluated by quantum mechanical calculations [136]. The transition state

theory [143] needs phonon calculation to estimate the Arrhenius factor (A), and the climbing

image nudged elastic band method gives the activation energy barrier (Ea).

Table 3.1: Proton conducting perovskite oxides listed from the book “Perovskite oxides for
solid oxide fuel cells” written by T. Ishihara [94] and the references therein.

BaCeO3 CaTiO3 KTaO3

BaZrO3 CaMnO3 PbTiO3

BaTbO3 LaAlO3 PbZrO3

BaThO3 LaBO3 SmNiO3

BaTiO3 LaGaO3 SrCeO3

BaNbO3 LaScO3 SrTiO3

BaSnO3 LaErO3 SrZrO3

BaHfO3 LaYO3 SrNbO3

CaZrO3 LiNbO3 —–
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3.3.2 Activation energy barrier of proton transfer in perovskite oxides

Proton transfer is a thermally activated process that occurs at a high temperature. In a solid, the

proton conducts fast due to the Grotthuss process which involves H-hopping through hydrogen

bond network [13, 148]. The Grotthuss mechanism of proton transfer constitutes two activation

energy barriers. In the first step, the hydrogen bond O· · ·H rotates to get closer to another oxygen

in which a rate-determining barrier of EOH
rot has to be crossed. In the second step, when the H-

atom gets aligned with another oxygen atom it hops by breaking the earlier hydrogen bond and

creates a new one. The second step often requires a larger activation energy EH
hop than EOH

rot as it

follows by bond-breaking phenomenon.

(a)

A

B

O

H

(b)

Figure 3.2: Proton (blue) transfer pathways in ABO3 compounds through Grotthuss process. (a)
First, OH orients itself (shown here only the H-atom of several images of NEB calculation) to
get closer to another oxygen atom, and then (b) H hops to the nearest O-atom. This completes
the one instance of proton diffusion and it continues to traverse a proton from one electrode to
another through an electrolyte ABO3 within the fuel cell.

We use the Nudged Elastic Band [142] method to estimate proton hopping and OH rotation

barrier in a few perovskite oxides (see Table 3.2). We introduce one hydrogen atom (idealized

as a proton) near an oxygen site and rotate the OH-bond to get closer to another nearest oxygen

site for hopping. These two configurations are regarded as reactant and product states for the

OH-rotation process. Next, we determine the binding site for H-atom around the nearest oxygen

atom at which the jump is to be completed to trace an H-hopping pathway. In Figure 3.2, we

show one such instance of proton transfer in ABO3 compound (shown for BaTiO3) from one
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Figure 3.3: Activation energy barriers of OH-rotation (EOH
rot ) and H-hopping (EH

hop) in cubic
BaTiO3 estimated through CI-NEB method. The relative energy of the saddle point configura-
tion (i.e. the highest energy one) to the initial (reactant) configuration gives the activation energy
barrier. The corresponding configurational pathways have been presented in Figure 3.2.

oxygen site to the nearest one. The corresponding energy barrier profiles of OH-rotation and

H-hopping in BaTiO3 have been presented in Figure 3.3. Both barrier profiles in BaTiO3 are

Gaussian-like curves, but the OH-rotation energy landscape within CaTiO3 draws a double-

well potential curve (see Figure 3.4). The activation energy barrier (the difference in energies

between transition and equilibrium reactant state) in the double-well potential is measured from

the well to the top of the energy surface. In both BaTiO3 and CaTiO3, we note that EOH
rot < EH

hop

as expected. We list OH-rotation and H-hop energy barriers in Table 3.2 for a few perovskite

oxides. We observe that the H-hop barrier profile is always a Gaussian curve but the OH-rotation

energy landscape contains multiple valleys in a few cases. The appearance of multi-valleys in

the OH-rotation energy landscape refers to the presence of several binding sites around a given

oxygen atom within ABO3 perovskites.

3.3.3 Transition state theory

As we have estimated the activation energy barriers of proton transport within ABO3 compounds,

we now turn to determine the proton transfer rate at temperature T . According to the famous
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Table 3.2: We estimated OH-rotation (EOH
rot ) and H-hopping barrier (EH

hop) in a few cubic
perovskite oxides. As expected, EH

hop is greater than EOH
rot .

Perovskite EOH
rot (eV) EH

hop (eV)

BaTiO3 0.16 0.19

BaNbO3 0.12 0.25

BaSnO3 0.16 0.35

BaHfO3 0.15 0.28

CaTiO3 0.15 1.77

CaMnO3 0.23 1.58

KTaO3 0.21 0.35

LaGaO3 0.19 · · ·

PbTiO3 0.09 0.28

PbZrO3 0.13 · · ·

SrTiO3 0.16 0.33

SrNbO3 0.10 0.41
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Figure 3.4: Activation energy barriers of (top) H-hopping (EH
hop) and (bottom) OH-rotation

(EOH
rot ) in cubic CaTiO3. Configurational energies in H-hop trace a Gaussian profile with the

progress of the reaction (reaction coordinate), while OH-rotation traces a double-well potential.
The double-well barrier profile means that our initial configuration itself is at the saddle point
or transition state and the valleys represent reactant and product states.
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Arrhenius equation, the rate constant (k(T )) of a reaction reactant→product is given by

k(T ) = Aexp
(
− Ea

kBT

)

Where A is a proportionality constant (known as Arrhenius factor or pre-exponential factor) and

Ea is the activation energy barrier to overcome to finish the reaction. In Figure 3.5, we show

the typical energy barrier of a reaction (for example, OH-rotation in ABO3) in which the peak

energy (i.e. transition state) configuration is of great interest because its energy controls the rate

of a reaction.

Figure 3.5: A typical energy barrier profile of a reaction reactant→product. In the proton
transfer mechanism, the configurational change of hydrogen (or proton) creates two such states
(reactant and product) after overcoming an activation energy barrier (Ea).

Transition state theory [143] estimates the pre-exponential factor within the harmonic approxi-

mation as follows:

A =
∏νinitial

∏ν†
TS
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i.e. the ratio between the product of vibrational frequencies of the initial state (should be a local

minimum), νinitial, and the vibrational frequencies of the transient state, νTS. Here, † indicates

that one imaginary phonon frequency that will appear at the transition state has been dropped

in the equation. Therefore, under harmonic approximation transition state theory (TST), the

Arrhenius equation gets modified to

k(T ) =
∏νinitial

∏ν†
T S

exp
(
− Ea

kBT

)
(3.1)

We have considered 2×2×2 supercell of perovskite structure unit cell and one hydrogen atom

has been introduced into the supercell to study the proton transport behavior. We expect (see

Figure 3.5)

• at local minimum, all the phonon frequencies be real and positive since ∂ 2V/∂xα∂xβ > 0

and

• at a local maximum, only one of the phonon frequencies be imaginary along a particular

vibrational eigenmode since ∂ 2V/∂x2
α < 0.

Instead of only one imaginary phonon frequency, we are encountering multiple imaginary

frequencies at the transition state. Phonon instabilities are present even in the equilibrium

(reactant or product state) configuration because these cubic perovskites are high-temperature

structures that undergo a structural transition to a lower symmetry configuration at a lower

temperature. The consideration of cubic perovskites in our study is relevant as the fuel cell

technology operates at high temperatures where thermally activated proton transfer becomes

feasible.

3.3.4 ML framework and descriptors of proton conductivity

In machine-learning (ML) modelling, we require a set of descriptors or features that influences

a target property. The pairwise correlation estimation gives the strength of the influence of a

quantity on another. Among the chosen descriptors, a pair of descriptors may display a strong

correlation which should be taken care of by dropping one as one may find the functional

dependence such as a power law relationship between the two [85]. Dimensional analysis can

also help in identifying physically meaningful features consistent with the target property [85].
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To enhance the list of descriptors, we can apply simple mathematical operations (which might

be nonlinear too) on the primary descriptors to generate additional descriptors (see refs [83]

and [85]). Now, to downselect the fingerprint descriptors, we can use a feature reduction

algorithm such as BoPGD [120, 124] described in chapter 3 of this thesis.

In this study, we aim for an ML model of proton diffusivity which can be further used to

explore/predict an excellent proton conductor. The proposed ML framework and the relevant

descriptors of proton diffusion have been charted in Figure 3.6. We discuss below briefly about

these descriptors and their relevance to proton conduction in ABO3 perovskites.

• Hydration enthalpy: For proton transport, the electrolyte ABO3 should be hydrated. The

hydration enthalpy measures the extent of solvation of H+ ions in the electrolyte [148,

135, 137]. It also shows the bond strength between oxygen and H-atom.

• Tolerance factor: It is a structural descriptor whose value determines the crystal structure

of a perovskite oxide. It follows from the geometrical packing of metallic elements A, B,

and oxygen atoms. Mathematically, Goldschmidt tolerance factor is given as

t =
rA + rO√
2(rB + rO)

,

where rα is the radius of atom α . For ideal cubic perovskite oxide, the tolerance factor is

1. The deviation of t from 1 marks the structural distortions that impact the pathways and

energetics of proton transport.

• Lattice energy: It is the energy released when the individual atoms assemble to form the

lattice. It has been observed that the lower lattice energy perovskite oxides are superior

proton conductors (see Table 1 of ref [135]).

• O-H binding energy: It should be moderate to allow sufficient H+ concentration [136,

149]. O-H binding energy negatively correlates with activation energy barriers of proton

transfer in ABO3 perovskites [136].

• O-O neighbor distance: A shorter O-O distance enhances the proton transfer rate as it

decreases the activation energy barrier of H-hopping [134].

• χB − χA: T Norby et al. [150] noted the correlation between hydration enthalpy and
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electronegativity difference between atoms A and B, i.e. ∆H ∝ χB− χA. This correlation

makes one of these two redundant from an ML perspective. The estimation of ∆H is

difficult, while the electronegativity values are trivial and often tabulated in a textbook.

• Unit cell free volume: A larger unit cell volume favors a higher hydrogen content in

ABO3[151].

• Ionic radii of A and B: These control the tolerance factor (t) and electronegativity differ-

ence χB−χA.

We can create additional descriptors by applying various mathematical transformations to the

above-listed ones.

3.4 Conclusions and future directions

In summary, we have proposed an ML framework with relevant descriptors of proton

conductivity. We listed 26 proton-conducting perovskite oxides in Table 3.1, and estimated

proton migration activation energy barriers in a few of them. In the future, we want to enhance

the sample space of perovskite oxides to make ML modelling meaningful.

To resolve the appearance of imaginary phonon frequencies (which are not an error of density

functional theory as we are simulating cubic perovskites at zero temperature), we can look

for machine-learning interatomic potential to run molecular dynamics simulations at elevated

temperatures. We can also include zero-point energy and quantum tunneling effect if ab initio

path-integral-based molecular-dynamics simulation [147, 149] is set up.

A machine learning algorithm for a small dataset is often regression-based such as

LASSO [120] (least absolute shrinkage selection operator) and GPR [152] (Gaussian process

regression) models. The advantage of regression-type modelling is that we get a closed-form

predictive model which is easy to interpret. Such a model will help us identify the crucial

descriptor of proton conductivity which can be used for the discovery of a better proton

conductor.
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Figure 3.6: Proposed machine learning framework and list of relevant descriptors to proton
conductivity in perovskite oxides.
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Part II

High-Entropy Alloys
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Chapter 4

Entropic Stabilization and Descriptors of

Structural Transformation in

High-Entropy Alloys

4.1 Introduction

Alloying has been central to the progress of human civilization since the Bronze age. In

conventional alloys, small amounts of secondary elements are mixed with primary ones. The

resulting alloy is named based on the primary element like ferrous, aluminum, copper, and

nickel alloys. The last two decades [25, 26, 153, 43, 29, 30, 154] have witnessed an

unconventional method of alloy design with equiatomic mixing of four or more elements.

Stability of such alloy is assumed to be dominated by configurational entropic contributions,

and hence they are named high-entropy alloys (HEAs). Beginning with the work of Yeh et

al. [25] and Cantor et al. [26], HEAs have stimulated intense research to develop understanding

of their phase stability and superb mechanical behavior [153, 43, 29, 30, 32].

Four core effects [42] govern the stability and behavior of HEAs: (1) high configurational

entropy of mixing attributed to stabilizing solid solution phase, (2) severe lattice distortions due

to mismatch in the chemistry of alloying elements, (3) sluggish diffusion kinetics, and (4)

emergence of exceptional properties due to mutual interactions among randomly distributed

atoms (known as cocktail effect). While the enhanced configurational entropy lowers the Gibbs
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free energy, it is not the sole factor responsible for forming a single-phase (if at all)

solid-solution [155, 156, 157] in preference to competing phases such as intermetallics,

precipitates, multiphase, and amorphous structures [158, 159, 40]. It is implicitly evident from

the existence of limited single-phase solid-solution HEAs.

According to Hume-Rothery rules [160], a substitutional solid-solution forms if the constituent

mixing elements have similar atomic sizes (radii difference ≤ 15%), electronegativities,

valencies, and the same crystal structure. These empirical rules are the design principle of

binary alloys, but their applications to HEAs encounter some complications and exceptions.

For example, the formation of single-phase (FCC) Cantor alloy [26] with constituent elements

of different crystal structures is against one of these rules. Researchers still use the size and

electronegativity difference rules to design single-phase solid solution HEAs [156, 161, 162],

with marked deviations from the ideal lattice structure [163]. These structural deviations,

termed internal lattice distortions (ILDs), are the combined effect of the size mismatch,

differences in constituent elemental crystal structures and their valencies, and

bond-heterogeneities among mixing elements.

In this work, we demonstrate that the BCC structure of Nbx(HfZrTi)y gets stabilized with

increasing Nb-concentration, marking an HCP→BCC transition. We show that the associated

structural changes and variation in average number of valence electrons with the addition of Nb

result in large fluctuations in ILDs. Through comparative analysis of Gibbs free energy of

quaternary HEAs Nbx(HfZrTi)y and NbaMobWcTad , we find that the entropy stabilizes the

former while the enthalpy of formation ensures the stability of the latter.

4.2 Computational details

We use special quasirandom structures (SQS) [164, 165, 166] of HEAs to approximately model

their chemical disorder. For each alloy, we generate SQS with 3×3×2 periodic supercell (36

atoms) of the conventional unit cells of BCC or HCP structures (see Appendix for SQS details).

We considered BCC and HCP host lattices of Nbx(HfZrTi)y alloys and only the BCC lattice of

NbaMobWcTad . As the reference ideal solid solution for comparison, we chose SQS of

completely miscible BCC MopWq alloys for which the heat of mixing at any composition

vanishes [167, 168]. Lattice parameters of SQS configurations were estimated using Vegard’s
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law [169], which were optimized through structural relaxation to an energy minimum.

We perform full structural relaxation of these model SQS within the density functional theory

(DFT) methods incorporated in the Quantum ESPRESSO package [138]. We used a

generalized gradient approximation (GGA) [139] and Perdew-Burke-Ernzerhof [140]

functional of electronic exchange-correlation energy. We preferred GGA over local density

approximation (LDA) due to its closer estimate of lattice parameter (3.428 Å, this work) of

BCC NbHfZrTi to the experimental one (3.444 Å) [170, 171, 35], in contrast with LDA

estimated 3.345 Å (this work). We employ projector augmented wave potentials [172] and

represent the electronic wave functions and charge density with plane wave basis sets truncated

at energy cutoffs of 60 Ry and 500 Ry respectively. Uniform meshes of 3× 3× 4 and

3 × 3 × 3 k-points were used in sampling integrations over Brillouin zones of BCC and

HCP-based supercells respectively. Using Hellmann-Feynman forces and Broyden Fletcher

Goldfarb Shanno (BFGS) scheme, each alloy SQS is relaxed till the force components on each

atom ~F becomes less than 10−3 Ry/Bohr. Total energy was converged within 10−8 Ry to

achieve electronic self-consistency. Fermi-Dirac distribution with a width of kBT = 0.002 Ry is

used for smoothening the discontinuity in occupation numbers of electronic states.

We use the Debye model to estimate vibrational entropy. The Debye temperature (θD) of each

alloy SQS was extracted from their elastic moduli matrix obtained from the thermo_pw

package [173]. θD is used as a single parameter within Debye model to estimate the vibrational

entropy of each alloy.

To analyze the local structure of relaxed SQS lattices of HEAs, we investigate (a) the nearest-

neighbor bond alignments of each atom through bond-orientational order parameters using a

recently developed python library pyscal [174], and (b) geometric features of the Voronoi cell

constructed around each atom using Voro++ library [175] for Voronoi analysis.

4.3 Results and Discussion

Our motivation for analysis of the relative stability of BCC and HCP structures of Nbx(HfZrTi)y

comes from the distinct crystal structures taken by its constituent elements at ambient conditions:

Nb occurs in BCC structure, and Hf, Zr, and Ti occur in HCP structure. Secondly, Hf, Zr, and Ti
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undergo structural transformation to BCC structure at high temperature from their stable low-

temperature HCP structure [176].

In the periodic table, elements {Hf, Zr, Ti} belong to group 4, and Nb belongs to group 5. A. R.

Natarajan et al. [177] studied 36 refractory binary alloys formed by elements of groups 4, 5, and

6 and classified their phase diagrams into six distinct types (see Figure 14 of [177]). They show

that group 4 elements respond very differently from groups 5 and 6 under tetragonal distortion.

The strain energy surface peaks at the BCC phase for group 4 elements, while for group 5 and

6 elements dip at the BCC phase (see Figure 4 and 5 of [177]). When elements of groups 4 and

5 are mixed together, the resulting alloy will have a narrow region of HCP, and the remaining

region is BCC solid solution on the binary phase diagram. These observations from refractory

binary phase diagrams help understand the phase stability in HEAs.

Experimentally, the equiatomic NbHfZrTi alloy occurs in the BCC structure [170, 171, 35].

Our calculations (Figure 4.1(a)) also support this as we find that at equiatomic and higher Nb-

concentrations, SQS of Nbx(HfZrTi)y of BCC lattice is more stable than that of HCP lattice.

We find this structural preference in randomized structural models as well. With increasing

Nb-concentration, Zhang et al. [178] report ω (P6/mmm)→ BCC transformation rather than

HCP (P63/mmc)→ BCC, which poses the question of the structure of low Nb-concentration

Nbx(HfZrTi)y alloys. To address this, we simulated a few SQS models of (HfZrTi)12 considering

HCP and ω lattices, and found that SQS on the HCP lattices were more stable than those on the

ω ones (see Appendix Table A4.1 and Appendix Figure A4.2) by more than 15 meV/atom.

Thus, we analyze here HCP to BCC transformation.

In Figure 4.1(a), we report a structural transformation equiatomic composition of Nbx(HfZrTi)y

based on the relative DFT energies of SQS corresponding to HCP and BCC lattices. We find

significant changes in the atomic positions of relaxed SQS from their ideal lattice structure;

thus, ILDs help lower the energy. As these atomic displacements developed during relaxation

severely distort the ideal lattice, we require local structural descriptors to ascertain the true

phase of relaxed HEAs. At nonzero temperature, any crystalline material exhibits dynamic

ILDs due to thermal vibrations. However, heterogeneous static displacements (i.e. ILDs) are

present in HEAs even at T = 0 K due to differences among their atomic constituents. In a recent

study [179], root mean squared displacement of atoms in BCC structure of NbHfZrTi at T = 0 K
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was estimated at 9% of its lattice parameter. Such large ILDs make identification of the lattice

structure challenging. X-ray diffraction (XRD) measurement averages out these displacements

and does not show any significant peak broadening, but the intensity of Bragg peaks reduces due

to diffused scattering by off-lattice atoms [163, 180]. The atom-resolved imaging techniques like

transmission electron microscopy (TEM) facilitate observing the chemical ordering and ILDs in

a medium-entropy alloy [181].

4.3.1 Local structure and identification of the underlying lattice

(a) Voronoi analysis To examine the local structure at the atomic scale, we first use Voronoi

decomposition involving the construction of a polyhedron around each lattice point (atomic

site) known as Voronoi cell (or Wigner-Seitz cell in crystallography). Here, we construct

Voronoi cells within 3×3×2-size supercell considering periodic boundary conditions. ILDs

differ from one supercell to another, but their distribution converges with large-size cells. This

may result in a slight variation between the geometries of Voronoi cells drawn around each

atom in two different-sized supercells of a given HEA. Since the atomic radii of constituent

atoms in HEAs are similar, we treated each atom as a point particle in Voronoi decomposition.

The Voronoi cell of a BCC lattice point is a truncated octahedron (see Figure 4.1(d)) that has 6

square and 8 hexagonal faces. The Voronoi cell of an HCP lattice point is a trapezo-rhombic

dodecahedron (see Figure 4.1(e)) that has 6 trapezium- and 6 rhombus-shaped faces. The order

of a vertex in a graph is the number of edges incident into it. Each Voronoi vertex of a BCC

lattice is of order 3, which is topologically stable (type-A). In contrast, some Voronoi vertices

of the HCP lattice are of order 4, which are topologically unstable (type-B). With a slight

perturbation, topologically unstable vertices modify the Voronoi cell characteristics by creating

new faces [103]. We demonstrate this for supercell of BCC and HCP lattices by adding random

displacements to the positions of their lattice points. While the Voronoi cells of the BCC lattice

does not evolve to have any new polygonal face, pentagonal and hexagonal faces appear in the

Voronoi polyhedra of randomly perturbed HCP lattice originating at the unstable vertices of

order 4 (see Appendix Figure A4.1(b)).

We use this feature of geometric instability of Voronoi vertices to identify BCC and HCP

lattices of minimum energy SQS of Nbx(HfZrTi)y alloys (see Table contained in Figure 4.1),
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which exhibit significant ILDs. Voronoi cells with only quadrilaterals and hexagonal faces

reveal that alloys with significant Nb-concentration (x≥ 6) optimize to a BCC lattice structure.

We claim that at low Nb-concentration (x = 0 and 3), SQS optimize to HCP-based structures

where pentagonal and hexagonal Voronoi faces originate at type-B Voronoi vertices due to

ILDs.

(b) Bond-orientational order parameters We chose another class of structural descriptors

called bond-orientational order parameters to confirm our claim of structural transition. The

local bond-orientational order parameters (ql) proposed by Steinhardt [104] reflect the symmetry

of the local structure; and coordination number reveals packing within the lattice. For each atom,

ql is written in terms of spherical harmonics of θi j and φi j of orientational unit bond vectors

joining neighboring sites i and j:

qlm(i) =
1

n(i)

n(i)

∑
j=1

Ylm(θi j,φi j) ⇒ ql(i) =

√√√√ 4π

2l +1

l

∑
m=−l

|qlm(i)|2, (4.1)

where n(i) is the number of neighbor atoms around ith atom.

These local bond-orientational parameters are sensitive to the symmetry of the crystal and help

identify simple phases such as BCC, FCC, and HCP. For different ideal crystals, ql values are

distinct except for ql of odd l (see Appendix Table A4.2). ILDs or thermal noise disturb the

crystal’s local structure symmetry, and result in changes in ql values and complicate the

identification of the average lattice structure. Lechner and Dellago [99] showed that locally

averaged q̄ls:

q̄lm(i) =
1

n(i)

n(i)

∑
k=0

qlm(k) ⇒ q̄l(i) =

√√√√ 4π

2l +1

l

∑
m=−l

|q̄lm(i)|2, (4.2)

work better in identifying the Bravais lattice of distorted crystals (see Supplementary Figure

A4.3). For an ideal lattice, q̄l coincides with ql , and the separation between the two measures

the loss of structural order. In resolution of the lattice structure, here, we use (q̄8, q̄12) plane

in which ideal BCC and HCP lattices are well separated at points (0.429, 0.405) and (0.317,

0.565), respectively.
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In (q̄8, q̄12) plane (Figure 4.1(c)), relaxed SQS of NbaMobWcTad and MopWq alloys always fall

on to the point representing BCC lattice structure. In Nbx(HfZrTi)y alloys, SQS of HCP lattices

with low Nb-concentration (x = 0 and 3) optimize to a structure that is close to the perfect HCP

structure (here c/a = 1.60) with moderate distribution in q̄l , confirming that their relaxed lattices

are distorted HCP structure. On the other hand, alloys with high Nb-concentration (x ≥ 9)

represented with SQS of BCC or HCP lattices converge upon relaxation to the same domain

in (q̄8, q̄12) plane (see also Appendix Figure A4.4), and exhibit distorted BCC structures as

revealed earlier here in the Voronoi analysis in Figure 4.1(b).

Thus, we have explicitly shown with local structural analysis that Nbx(HfZrTi)y alloys undergo

a structural change from distorted HCP lattices (for x = 0, and 3) to distorted BCC lattices (for

x ≥ 6) at 16% Nb-concentration (since 100× 6/36 ' 16). Our work reveals an Nb-driven

phase transformation in SQS-modeled configurations, consistent with the experimental

observations [178, 182]. It is interesting that HCP lattice spontaneously transforms to BCC

lattice through structural relaxation without having to cross any energy barrier. Secondly, this

transformation has a signature in the electronic structures (see Appendix Figure A4.5). At high

Nb-concentration (x ≥ 9), d-orbitals of Nb dominate the electronic states near the Fermi

energy, explaining how Nb is a BCC-stabilizer.

In this work, we showed that Nb plays the role of β -stabilizer of Nbx(HfZrTi)y. It is interesting

to note that if Nb is replaced by another BCC element like Ta, the structural effect remains

qualitatively similar. Experiments of Huang et al [183] show that the decreasing content of

Ta leads the destabilization of BCC phase of TaxHfZrTi and promotes the formation of HCP

phase. The onset of HCP phase is detected at 16.7% atomic concentration of Ta (at the same

concentration we report BCC→HCP transformation in NbxHfZrTi) and the fractional share of

HCP phase enhances with further reduction in Ta content (see XRD patterns and EBSD images

in Figure 1 of ref. [183]). In an another report by Wang et al. [184], Ta0.5HfZrTi exhibits

a martensitic transformation from BCC→HCP beyond 6% tensile strain (see Figure 6 of ref.

[184]).
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Figure 4.1: Structural transition in Nbx(HfZrTi)y with x+ 3y = 36 and analysis with Voronoi
tessellation (b) and bond-orientational order parameters (c). In (a), relative energies of relaxed
special quasirandom and randomized HCP and BCC structures of Nbx(HfZrTi)y reveal stabiliza-
tion of the BCC phase beyond 25% Nb concentration (i.e; x ≥ 9), corresponding to equiatomic
composition. Unrelaxed SQS with ideal lattice (inset) also reveals the same. In (b), nk is the
the number of k-sided Voronoi faces. Voronoi cell of an ideal BCC lattice point has squares
and hexagons (d), while that of an HCP lattice point has only quadrilaterals (e). Voronoi vertex
of order 3 (type-A) is stable and robust against internal lattice distortions (ILDs), while of the
higher order (type-B) is unstable as new polygons appear there under distortion (see Appendix
Figure A4.1). From the Voronoi faces analysis (b) of energetically favorable SQS configurations
as seen in (a), we find that a distorted BCC structure of Nbx(HfZrTi)y is stabilized for x ≥ 6,
corresponding to 16% Nb-concentration rather than equiatomic concentration (c). The plane of
bond orientational parameters (q̄8, q̄12) facilitates identification of the lattice structure having
low ILDs. It is clear that structures of NbaMobWcTad and MopWq optimize to perfect BCC
lattice with not much ILDs while Nbx(HfZrTi)y exhibit severe ILDs as evident in a wide spread
in their q̄l values. The HCP SQS of low Nb-concentration (x = 0 and 3) alloys optimize to points
rather close to that of perfect HCP lattice on (q̄8, q̄12) plane. Thus we identify HCP→BCC
transition in Nbx(HfZrTi)y at 16% Nb-concentration.
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4.3.2 ILDs peak at the HCP to BCC transition

Wide distribution of q̄l (Figure 4.1(c)) reflects on the presence of significant ILDs in HEAs

Nbx(HfZrTi)y. For a quantitative measure of ILDs, we use [185]

ILD =
1
N

N

∑
i=1

√
(xi− x′i)2 +(yi− y′i)2 +(zi− z′i)2 (4.3)

where (xi,yi,zi) and (x′i,y
′
i,z
′
i) are reduced coordinates of unrelaxed sites (ideal/reference lattice

points) and relaxed atomic positions of the ith atom, respectively and N is the total number

of atoms. We note that ILDs in binary MopWq, quaternary NbaMobWcTad , and Nbx(HfZrTi)y

alloys are of order of 10−4,10−3,and10−2, respectively (see Figure 4.2(a) and Appendix Table

A4.4). In contrast to BCC (MoW)18 (Figure 4.2(c)), a sideview of the relaxed SQS lattice of

BCC (NbHfZrTi)9 (Figure 4.2(d)) shows significant atomic perturbations from their ideal lattice

sites. On increasing x in Nbx(HfZrTi)y, ILDs of their energetically favorable SQS first increase,

reach a maximum at x = 6 where HCP→BCC transformation is marked, and then decrease

subsequently (see Figure 4.2(b)).

To understand the severe lattice distortions for the configuration at structural transformation

(Figure 4.2(b)), we highlight the role of phonons. For the dynamical stability of a crystalline

material, the frequencies of all the phonons must be real. We confirm the dynamical stability of

the fully relaxed BCC NbHfZrTi and NbMoWTa at Γ-point of Brillouin zone of 3×3×2 sized

supercell, as all phonons calculated using density functional perturbation theory are real (see

Appendix Figure A4.6). G. D. Samolyuk et al. [179] showed that the ideal BCC configuration

of NbHfZrTi is unstable, but static displacements introduced upon full relaxation stabilize the

lattice; i.e., ILDs stabilize this alloy. Therefore, a maximum in ILDs at the HCP→BCC

transition (Figure 4.2(b)) correlates with softening of phonons because large atomic

displacements are associated with soft phonons. On either side of the transition (Figure 4.2(b)),

continuous decline in ILDs weakens the softening of modes, in principle.

ILDs in HEAs originate from various factors such as atomic size mismatch, dissimilar crystal

structures, and difference in valence electrons of their constituent elements. Multi-elemental
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Figure 4.2: Factors of ILDs: (a) In binary MopWq (four different compositions), quaternary
NbaMobWcTad (six different compositions), and Nbx(HfZrTi)y (x is written near the symbols)
alloys, internal lattice distortions (ILDs) are of the order of 10−4,10−3,and10−2 respectively.
The z-axis view of relaxed SQS of MoW (c) and NbHfZrTi (d) show significant presence of
ILDs in the latter. Although atomic size mismatch (δ ) is a primary factor of ILDs, the significant
variation in ILDs across different compositions of Nbx(HfZrTi)y without any remarkable change
in their δ values asks for another possible factor. In contrast to HEAs NbaMobWcTad , the struc-
tural differences among the constituent elements of Nbx(HfZrTi)y and associated HCP→BCC
transition at x = 6 where ILDs also peak (b) explains for the variation in their ILDs. For BCC
lattice SQS, ILDs decrease with increase in average valency (< Z >) and that occurs when
Nb-concentration (x) increases.

mixing always suffer from atomic size mismatch (δ ) which is quantified as [155]

δ
2 =

n

∑
i=1

ci(1− ri/r̄)2 with r̄ =
n

∑
i=1

ciri, (4.4)

where n is the number of types of elements being mixed, ci and ri are the atomic concentration

and radius of ith element, and r̄ is the average radius. δ is considered the primary factor relevant

to ILDs [185, 186]. Figure 4.2(a) depicts this for BCC MopWq, NbaMobWcTad , and HCP

(HfZrTi)12 alloys as their ILDs linearly increase with δ . However, taking Nbx(HfZrTi)y alloys

as an example, we demonstrate that rather than δ , the elemental structural differences among

their constituents and their average valence electrons (Figure 4.2(b)) strongly influence ILDs.

An increase in the number of average valence electrons < Z > within BCC Nbx(HfZrTi)y —

achieved by the gradual rise of Nb-concentration — lowers ILDs. This mechanism of control

over ILDs by tuning < Z > is consistent with a recent work reported only for BCC HEAs [179].

Therefore, ILDs of Nbx(HfZrTi)y alloys peak at the HCP→BCC transition (see Figure 4.2(b)),

and thus, ILDs in these alloys exhibit a dual effect of valency and crystal structures of constituent
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elements. The role of crystal structures of constituents on ILDs is further highlighted by another

set of quaternary HEAs, NbaMobWcTad (composed of only BCC structural elements), which

does not show noticeable variation in ILDs with compositions.

The impact of valency on ILDs is simple to understand because change in valence state affects

electronegativity (χ) of an element [187]. Transition metals often exhibit multiple valencies,

and a higher valency state of a given element will have a larger electronegativity than its lower

valency state [187]. The valency state of Nb is 5 while that of {Hf, Zr, Ti} is 4, hence the

continuous rise of Nb-concentration increases the average valency of atoms in Nbx(HfZrTi)y.

As expected, ILDs decrease with rise in < Z > or χ as it strengthens the intermetallic formation

tendency. Monte Carlo simulations reveal chemical short-range order (SRO) in NbHfZrTi [188],

where Nb-Hf and Zr-Ti prefer to form nearest-neighbor pairs. While some degree of chemical

SRO features in most of the HEAs [189], the present alloy configurations lack any kind of

ordering since the generation of SQS aims for true disordered state [166]. A large ∆χ between

pair of constituent atoms causes charge transfer too, which in turn, alters their atomic sizes

slightly [190, 191]. The atoms donating electrons shrink in size while the acceptors enlarge

in their sizes. Thus, the charge transfer has marginal effect on the atomic size mismatch and

ILDs [190, 191].

4.3.3 ILDs and configurational entropy

For a qualitative measure of ILDs, we generated and relaxed 50 distinct SQS configurations

for each equiatomic BCC NbHfZrTi, NbMoWTa, and MoW alloys and analyzed them with

histograms of their q̄8 values and Voronoi volumes (see Figure 4.3(a)). For NbHfZrTi, the

distribution exhibits a very broad peak, while it is quite narrow for NbMoWTa, and MoW has

a single sharp peak. The width of these peaks in distributions, similar to Bragg peak width in

XRD, serves as a measure of ILDs. Thus, ILDs are negligible in MoW and notably significant in

NbHfZrTi. Here, q̄8 of MoW corresponds to that of an ideal BCC structure (q̄8 = q8 = 0.429).

To analyze the effects of ILDs on configurational energy of HEAs, we consider these

equiatomic SQS configurations, each with a different chemical arrangement. We find that SQS

configurations of HEAs span a range of energy while the configurations of a solid-solution

(MoW) have almost the same energy (Figure 4.3(b) inset). Lower energy SQS configurations
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of HEAs are more favorable, and hence this energy fluctuation signifies a departure from the

ideal mixing condition that requires each configuration to have the same energy [156]. Clearly,

HEAs with higher ILDs display large fluctuations in their configurational energies.

From the distribution of energy of these SQS configurations, we estimate configurational

entropy. If energy of ith configuration be Ei among chosen Ωconfig configurations, then at

temperature T its probability will be

pi =
exp(−βEi)

∑
Ωconfig
1 exp(−βEi)

(4.5)

where β = 1/(kBT ). Configurational entropy is deduced as

Sconfig =−kB

Ωconfig

∑
i=1

pi ln pi. (4.6)

We note that Sconfig of NbMoWTa and NbHfZrTi rises with temperature (see Figure 4.3(b)) and

saturates to the Boltzmann entropy kB lnΩconfig (here, kB ln50 = 3.912kB which corresponds to

MoW). In the ideal mixing of n types of elements,

Sconfig = Smix
ideal =−NatomkB

n

∑
i=1

ci lnci, (4.7)

where ci is the atomic concentration of ith element, and it becomes Sconfig = NatomkB lnn for the

equiatomic case. The computed configurational entropy for a finite number of SQS

configurations will be lower than their ideal mixing entropy (for equiatomic quaternary

systems, NatomkB lnn = 36kB ln4 = 49.90kB >> kB ln50), but it captures the thermal effect that

the configurational entropy approaches the Boltzmann entropy as the temperature rises. It is

noteworthy that before saturation, the increase in Sconfig with temperature is slower in HEAs

exhibiting stronger ILDs (see Figure 4.3(b)). Thus, we demonstrate that it is reasonable to

approximate the configurational entropy of HEAs as the entropy of ideal mixing since each

configuration becomes equiprobable even at a fairly low T (such as 300 K).

Some degree of chemical short-range order (CSRO) exists in most of the high-entropy

alloys [189]. In the presence of CSRO, the configurational entropy must be lower than Smix
ideal

(since configurations with CSRO will have much lower energies than SQS ones). CSRO means
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Figure 4.3: Internal Lattice Distortions, energetics and configurational entropy. Histograms (a)
of bond orientational parameter q̄8 and Voronoi cell volumes (inset) obtained from the relaxed
structures of 50 SQS configurations of each of the equiatomic BCC alloys. A sharp peak in q̄8 of
MoW marks the ideal BCC structure, a slight deviation for NbMoWTa reveals relatively weak
ILDs. In contrast, notably broad and shifted peak in q̄8 of NbHfZrTi reveals its severe ILDs,
and distributions of Voronoi volumes confirms this trend in ILDs and the local structure. (b)
Configurational entropy approaches the entropy of ideal mixing, (Boltzmann entropy kB ln50)
at fairly low temperatures, though slower in NbHfZrTi due to larger fluctuations in the energy
of their distinct SQS configurations (shown in inset) than of NbMoWTa and MoW.

preferential configurations of HEA. This reduces the number of possible configurations and

hence lowers configurational entropy i.e. Sconfig < Smix
ideal. At high temperature, Sconfig

approaches Smix
ideal (see Figure 4.3(b)) as expected, and approximating configurational entropy by

Smix
ideal is justified. Simulations with SQS configurations of an HEA prevent the formation of

CSRO on its lattice, and hence, the estimated configurational entropy should be Smix
ideal. In

Chapter 5 (subsection 5.3.5), we reveal CSRO in NbMoWTa HEA using DFT-based Swap

Monte Carlo simulation. There, we find that atomic pairs Ta-Ta and Mo-Mo avoid bonding,

while Mo-Ta, Nb-W, Nb-Mo, and W-Ta prefer bonding. Appearance of such preferential

bondings termed CSRO decrease the configuration entropy of an HEA.

4.3.4 Estimation of vibrational entropy

A chemical disorder associated with site occupation requires large system sizes in high-entropy

alloys making phonon calculations challenging. Chemical disorder underpinned by random

distributions of atoms introduces glassy behavior like local fluctuations in masses, force

constants, and atomic displacements. In disordered systems, Brillouin zone folding causes

extra modes of vibration, which constitute a peak (called “Boson peak”) in the phonon density
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of states g(ω)/ω2 profile at low frequency. Boson peak is the universal feature of disordered

systems, and it arises in HEAs, owing to chemical disorder and ILDs [192]. In HEAs, ILDs

disrupt the symmetry of the local structure, but the long-range lattice is consistent with either

BCC, HCP, or FCC structures. The presence of chemical disorder and ILDs make HEAs

intermediate between crystalline and amorphous materials [193]. In Debye theory, g(ω)/ω2 is

constant, but having a Boson peak thus raises a concern in the use of the Debye model for

disordered systems [194, 195].

We still resorted to the Debye model because of the challenges posed by chemical disorder

modeled with special quasirandom structures (supercells) and computational cost of phonon

calculations scaling as the fourth power of the number of atoms in the supercell. The appearance

of the Boson peak is a low-temperature phenomenon, and our analysis with the Debye model to

determine thermal properties at high temperatures is reasonable because the overall number of

modes is correctly accounted for. To estimate vibrational entropy under Debye model [173, 196],

we used

Svib(V,T ) = NkB

[
4D
(

θD

T

)
−3ln

(
1− exp

(
θD

T

))]
(4.8)

and

θD =
h
kB

( 3N
4πV

)1/3
vm, (4.9)

where the supercell of volume V contains N atoms. D(x) is the third-order Debye function and

θD is the Debye temperature. To determine θD of material, we extracted average sound velocity

(vm) from the DFT-calculated elastic constants tensor. Thus, we estimate the vibrational entropy

of each alloy configuration of Nbx(HfZrTi)y (see Appendix Table A4.5) at T = 300 K by inserting

θD in eq 4.8.

4.3.5 Entropic stabilization

Entropic stabilization is long-standing concept used in a wide class of

materials [197, 198, 199]. Binary alloys with a positive but small enthalpy of mixing, which

causes a miscibility gap in the phase diagram, also get stabilized if sufficient thermal entropy is

acquired [200]. The configurational entropy per atom in equiatomic binary, ternary, and

quaternary alloys are 0.69 kB, 1.09 kB and 1.38 kB, respectively. But in multicomponent

systems such as HEAs, the postulate that high configurational entropy alone stabilizes the
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single-phase solid-solution [25] has been a topic of controversy [157, 196]. Other kinds such as

vibrational, electronic, and magnetic entropies can also be important to the stability of HEAs,

while major contributions come from vibrational and configurational ones [196]. In HEAs

Nbx(HfZrTi)y, we find that vibrational entropy contributes more than the configurational one

(see Appendix Table A4.5) to the total entropy. We take the total entropy comprised of

vibrational entropy estimated within Debye approximation and configurational entropy

approximated as the entropy of ideal solid-solution mixing. In Figure 4.4(top), we show that

the total entropy of non equiatomic Nb6(HfZrTi)10 is greater than that of equiatomic

(NbHfZrTi)9 peaking at x = 6. It is interesting to note that x = 6 marks the structural

transformation from HCP to BCC too, where ILDs and total entropy reach their maxima.
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Figure 4.4: Entropic stabilization of favorable phase Nbx(HfZrTi)y where x+3y = 36. The total
entropy comprised of Debye vibrational entropy and ideal mixing entropy reaches a maximum
for BCC Nb6(HfZrTi)10 in contrast to configurational entropy (Smix

ideal) that peaks at equiatomic
(NbHfZrTi)9 (top). Here, entropies have been scaled and shifted to facilitate comparison
(see Appendix Table A4.5 for actual values). Entropic stabilization of Nbx(HfZrTi)y HEAs
(bottom) is clear from the fact that their formation energies (H f ) are positive and entropic term,
particularly with dominance of vibrational contribution (top), is needed to have favorable free
energy of formation (bottom).

We estimate Gibbs free energy to assess the competition between formation energy (i.e., the

heat of mixing) and entropy. For the formation energy (H f ) of alloys Nbx(HfZrTi)y, we

subtract its concentration-weighted elemental energies in their most stable bulk crystalline

phase from the energy of the alloy. The formation energy of Nbx(HfZrTi)y is positive (sign of
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instability) while for NbaMobWcTad it is negative (see Appendix Table A4.4 and A4.5). It

means that the former is unfavorable, and the latter is favorable energetically. However,

inclusion of entropy makes Gibbs free energy of formation (H f −T Stot) negative and stabilizes

Nbx(HfZrTi)y (see Figure 4.4(bottom)). For instance, H f of (NbHfZrTi)9 is 0.074 eV/atom and

at T = 300 K, alone T Sconfig = kBT ln4 = 0.036 eV/atom is insufficient to stabilize and needed a

major contribution from vibration as T Stot is 0.158 eV/atom to achieve the overall stability (see

Appendix Table A4.5). Hence, with precise quantification, we reinforce the fundamental

assumption that entropy stabilizes HEAs. The impact of temperature rise on the structural

transformation in Nbx(HfZrTi)y has been given at the end of Appendix (see Figure A4.7).

4.4 Conclusions

In conclusion, we have shown that Nbx(HfZrTi)y undergoes a structural transformation from

HCP to BCC at 16% Nb-concentration. Voronoi analysis and bond-orientational order

parameters are tools to help identify the average lattice structure of HEAs exhibiting large ILDs

and mark this transformation. The structural differences across constituent elements and their

low numbers of valence electrons are dominant factors that cause ILDs in addition to atomic

size mismatch in BCC HEAs. At an HCP→BCC transition, ILDs peak and maximize the total

entropy. We showed that entropy stabilizes Nbx(HfZrTi)y, but with a larger share of the

vibrational entropy than of the configurational entropy. Taking BCC NbHfZrTi as an example,

we highlighted that ILDs ensure the local or dynamical stability of the lattice (Appendix Figure

A4.6). However, the overall thermodynamic stability (in terms of free energy) is accomplished

by the vibrational entropy.
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4.5 Appendix

Special Quasirandom Structures (SQS)

Using mcsqs code implemented in Alloy Theoretic Automated Toolkit (ATAT) [165, 166], we

generated special quasirandom structures (SQS) of various compositions of alloys MopWq,

NbaMobWcTad , and Nbx(HfZrTi)y. We kept supercell size and shape fixed at 3× 3× 2 of

conventional BCC and HCP unit cells. The steps we used to generate SQS strctures are

1. To generate clusters within a given range, we use the following command

corrdump -l=rndstr.in -ro -noe -nop -clus -2=6.0 -3=5.0 -4=5.0.

It means that pair, triplet, and quadruplet clusters were made upto 6 Å, 5 Å, and 5

Å respectively. File rndstr.in contains the information of unit cell. For instance, for BCC

NbHfZrTi it will have

a a a 90 90 90→ Cell parameters

-0.5 0.5 0.5

0.5 -0.5 0.5→ These three lines are BCC primitive lattice vectors

0.5 0.5 -0.5

0.0 0.0 0.0 Nb=0.25, Hf=0.25, Zr=0.25, Ti=0.25 → Atoms with their

concentrations.

2. Then we ran the command

mcsqs -n 36.

It generates 36-atomic SQS structures of automatically chosen supercell shape. We inter-

rupt this command and specify the fixed supercell shape in file sqscell.out as below

1

3 0 0

0 3 0

0 0 2

3. Finally, we run the command

mcsqs -rc

and let it running for long time (we ran for 72 hours) to get SQS structures having suffi-

ciently weak site-site correlation.
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HCP versusω phase stability of HfZrTi: We generated three SQS of (HfZrTi)12 considering

HCP (spacegroup P63/mmc) and ω (spacegroup P6/mmm) lattices. The size of supercell of

HCP and ω phases were taken 3× 3× 2 and 2× 2× 3 respectively of their conventional unit

cells. After structural relaxation of these SQS, we find that HCP initialized lattices were more

stable than the ω ones (see Table A4.1) by ∆E > 16 meV/atom.

The conventional unit cell of the ω structure has three lattice points, and ql values of the two

lattice points are degenerate (see Figure A4.2). Below I have given the details of conventional

unit cells of HCP and ω phases of Ti:

HCP Ti: cell parameters (Å)


2.934 0 0

−1.467 2.541 0

0 0 4.657


Atomic positions (reduced coords.)

Ti 2/3 1/3 3/4

Ti 1/3 2/3 1/4

ω Ti: cell parameters (Å)


4.577 0 0

−2.288 3.964 0

0 0 2.829


Atomic positions (reduced coords.)

Ti1 0 0 0

Ti2 1/3 2/3 1/2

Ti2 2/3 1/3 1/2

Voronoi Analysis

The geometry of the Voronoi cell provides structural insights into particle arrangement on a

plane or in space. For particles in space, the Voronoi cell is constructed around each particle
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Table A4.1: Energy of HCP and ω lattice SQS configurations of (HfZrTi)12. We note that SQS
with HCP lattice is more stable than SQS with ω lattice.

EDFT
HCP

(eV/atom)
EDFT

ω

(eV/atom)
EDFT

ω −EDFT
HCP

(meV/atom)

SQS-1 -5383.865 -5383.849 16

SQS-2 -5383.866 -5383.847 19

SQS-3 -5383.866 -5383.846 20

such that its all faces are closer to the particle within it than any other particle. The Voronoi

cell of BCC lattice point is truncated octahedron having 24 vertices, 36 edges, and 6 square and

8 hexagonal faces. The Voronoi cell of a HCP lattice point is trapezo-rhombic dodecahedron

having 14 vertices, 24 edges, and 6 trapezoidal and 6 rhombic faces (see Figure A4.1(a)).

Stability of Voronoi vertex: The order of a vertex in a graph is the number of edges incident

into that vertex. Each Voronoi vertex of the BCC lattice is of order 3, which is topologically

stable, while some Voronoi vertices of the HCP lattice are of order 4, which are topologically

unstable [103] (see Figure A4.1(a)). To test this, we created 3× 3× 2 size supercells of

conventional unit cells of BCC (Nb) and HCP (Hf) lattices. Then, we added random

perturbation/noise to each lattice point (~r0) using ~r = ~r0 + ∆~R, where ~R is a vector which

components are of random value in (-1,1). We kept lattice vectors of supercell fixed and did not

perform any kind of structural optimization. After executing Voronoi construction of these

distorted lattices (see Figure A4.1(b)), we note that Voronoi cells of BCC supercell do not yield

any new polygonal face. In contrast, cells corresponding to HCP supercell have triangular,

pentagonal, and hexagonal faces. The appearance of new polygonal faces in addition to

quadrilaterals is attributed to order 4 unstable vertices.

Bond-orientational Order Parameters

c/a ratio dependence of ql for HCP elements: ql also varies with c/a ratio of HCP lattice.

In ideal HCP lattice this ratio equals to
√

8/3' 1.633 but c/a of HCP structural elements varies

from 1.58-1.65. Mg is nearest to the ideal HCP with c/a = 1.62. In Table A4.3, we show the

variation in q8 and q12 with c/a ratio.
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Figure A4.1: (a) The Voronoi cell of perfect BCC lattice point has six squares and eight hexag-
onal faces, and the Voronoi cell of HCP lattice point has six trapeziums and six rhombuses. (b)
Voronoi faces of slightly perturbed HCP lattice (here ∆ is the strength of random perturbation)
can have 4, 5, or 6 sides since some of its Voronoi vertices are of order 4 (marked B, which
are topologically unstable). However, Voronoi faces of BCC lattice do not yield new faces
under slight perturbation since its all Voronoi vertices are of order 3 (marked A, which are
topologically stable).
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Table A4.2: Values of ql of ideal crystals: n is the number of nearest neighbors. In BCC
structure, 8 nearest neighbors are at distance

√
3a
2 = 0.866a and 6 next nearest neighbors are at

distance a, where a is its lattice parameter. In distorted BCC, a clear distinction between nearest
and next nearest neighbors is difficult and hence we search bonds upto next nearest neighbors
(n = 14) for ql estimation. To differentiate between BCC and HCP lattices of HEAs, we choose
(q̄8, q̄12) plane.

ql BCC BCC HCP FCC

(c/a = 1.633)

Im3̄m Im3̄m P63/mmc Fm3̄m

n = 8 n = 14 n = 12 n = 12

q2 0 0 0 0

q3 0 0 0.076 0

q4 0.509 0.036 0.097 0.190

q5 0 0 0.252 0

q6 0.629 0.511 0.484 0.575

q7 0 0 0.311 0

q8 0.213 0.429 0.317 0.404

q9 0 0 0.138 0

q10 0.650 0.195 0.010 0.013

q11 0 0 0.123 0

q12 0.415 0.405 0.565 0.600

Table A4.3: Variation of q8 and q12 with c/a ratio of HCP lattice.

c/a 1.633 1.62 1.61 1.60 1.59 1.58

q8 0.317 0.320 0.323 0.326 0.329 0.332

q12 0.565 0.563 0.562 0.561 0.560 0.558
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Figure A4.2: On (q̄8, q̄12) plane, optimized SQS of ω lattice (HfZrTi)12 and of HCP lattice
(HfZrTi)12 stand apart.

Variation of q̄l with ILDs: To see the variation of q̄l with ILDs, we considered elements

BCC Nb, HCP Hf, and FCC Al. We took 3 × 3 × 2 size supercell of BCC and HCP

conventional unit cells 2× 2× 2 size supercell of FCC conventional unit cell. Then, we added

random perturbation/noise to each lattice point (~r0) using ~r = ~r0 + ∆~R, where ~R is a vector

which components are of random value in (-1,1). We kept lattice vectors of supercell fixed and

did not perform any kind of structural optimization. In Figure A4.3, we show the trend of q̄l

and ql with noise in such distorted lattices and find that these values decrease with increase in

noise (∆ or ILDs). We note that (q̄8, q̄12) points get grouped into distinct clusters according to

the strength of noise while points (q8,q12) of different noise values get mixed. For the better

resolution, we chose (q̄8, q̄12) plane instead of (q̄4, q̄6) plane (see Table A4.2).
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Figure A4.3: Variation of q̄l with random noise (∆) in simple crystals. (a) We note that q̄l

decreases from its ideal crystalline value with increase in noise. These (q̄8, q̄12) points group
together in different clusters depending on the strength of noise. (b) But points (q8,q12) do not
form such distinct clusters with varying degree of noise. Hence, we prefer q̄l values rather than
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fact distorted BCC structures.
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Formation Energy

We estimate the formation energy (or, enthalpy of formation) of MopWq as follows

H f =
EMopWq− pEMo−qEW

p+q

where EMo and EW are the energies of the constituent elements in their most stable phase, and

EMopWq is the DFT optimized energy of the alloy. The same expression has been extended to

the quaternary alloys to estimate their formation energies (see Table A4.4).
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NbMoWTa, and appearance of two imaginary but fairly weak phonon frequencies can be under
DFT error bar.
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Table A4.4: The formation energies (H f ) of any composition of MopWq alloys stand at 0
eV/atom, a criterion needed to hold to form the ideal solid solution. Negative H f makes
NbaMobWcTad alloys favorable to form while positive H f makes Nbx(HfZrTi)y enthalpically
unfavorable but entropy stabilize them (see Table A4.5). Across the three sets of alloys, internal
lattice distortions (ILDs) increase with rise in their atomic size mismatch (δ ) as we go from
simple (binary) to complex ones (one quaternary is composed of only BCC elements while
another exhibits HCP to BCC transition and contain three HCP elements). In these alloys, the
average number of valence electrons per atom < Z > is estimated by taking Z = 6 (Mo, W), 5
(Nb, Ta), and 4 (Hf, Zr, Ti) of their constituent elements. We note a decrease in ILDs with rising
< Z > in BCC structured alloys.

Alloys Structure Hf

(eV/atom) δ (10−2) ILD
(10−4) <Z >

Mo4W32 BCC 0 0.223 1.6 6

Mo10W26 " 0 0.318 2.3 6

(MoW18 " 0 0.356 3.1 6

Mo24W12 " 0 0.336 2.7 6

(NbMoWTa)9 BCC -0.068 2.267 31.3 5.50

(NbMoW)10Ta6 " -0.078 2.196 32.6 5.55

(NbWTa)8Mo12 " -0.078 2.302 33 5.55

Nb8Mo11W12Ta5 " -0.075 2.274 36 5.64

Nb10Mo13W7Ta6 " -0.081 2.319 40 5.55

Nb12Mo8W9Ta7 " -0.079 2.257 43 5.47

(HfZrTi)12 HCP 0.036 3.802 77 4.0

Nb3(HfZrTi)11 HCP 0.066 3.949 153 4.08

Nb6(HfZrTi)10 BCC 0.066 4.042 285 4.16

(NbHfZrTi)9 " 0.074 4.085 236 4.25

Nb12(HfZrTi)8 " 0.066 4.077 215 4.33

Nb15(HfZrTi)7 " 0.070 4.018 204 4.41

Nb18(HfZrTi)6 " 0.069 3.903 150 4.50

Nb21(HfZrTi)5 " 0.061 3.725 140 4.58
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Table A4.5: Formation energies (H f ), Debye temperature (θD), Debye vibrational entropy at
T = 300 K (S300K

vib ), ideal mixing entropy (Sconfig = −kB ∑
n
i=1 ci lnci, ci is the concentration of

ith component), total entropy (Stot = S300K
vib +Sconfig), and free energy (H f −T Stot) of favorable

SQS of Nbx(HfZrTi)y alloys (x+3y = 36).

x Hf θD S300K
vib Sconfig TStot H f −T Stot

(eV/atom) (K) (kB/atom) (kB/atom) (eV/atom) (eV/atom)

0 0.036 289.3 4.191 1.098 0.137 -0.100

3 0.066 246.7 4.662 1.294 0.154 -0.088

6 0.066 234.0 4.802 1.366 0.160 -0.094

9 0.074 241.3 4.715 1.386 0.158 -0.084

12 0.066 247.3 4.644 1.369 0.155 -0.090

15 0.070 243.3 4.691 1.320 0.155 -0.085

18 0.069 236.0 4.780 1.242 0.156 -0.087

21 0.061 243.0 4.690 1.137 0.150 -0.090

Impact of Temperature on the Structural Transformation in

Nbx(HfZrTi)y HEAs

Here all the DFT calculations have been run at T = 0 K temperature. I have studied here the

effect of Nb-concentration on the lattice structure of alloys within family Nbx(HfZrTi)y. We

observe a phase transformation from HCP to BCC as the Nb-concentration is raised.

Elements {Hf, Zr, Ti} exist in HCP phase at low temperatures but they transform to BCC at

high temperature [176], while Nb maintains BCC phase until it melts. Therefore, the ternary

alloy HCP HfZrTi should also transform into BCC phase with increase in temperature (see

Figure A4.7). The addition of Nb (x) should expedite the process of structural transformation

by reducing the HCP→BCC transition temperature (TC) of Nbx(HfZrTi)y. An increase in the

concentration of Nb (x) should lower the transition temperature (TC). We marked an

HCP→BCC structural transformation in Nbx(HfZrTi)y at 16.7% Nb-concentration at T = 0 K.

But with increase in temperature, the required concentration of Nb (x) should decrease for an

HCP→BCC transition to occur. Structural evolution of equiatomic NbHfZrTi with

temperature [201] demonstrates its thermal stability in single phase BCC solid solution upto

673 K and then multiple structural transitions into different cubic symmetries are noted. Under
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the extreme conditions, in-situ high-temperature and high-pressure synchrotron radiation X-ray

diffraction measurements by Ahmad et al. [202] showed that NbHfZrTi HEA remains stable in

a single BCC phase upto 1100 K and 80 GPa.
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Figure A4.7: Helmholtz free energy (F(T )=H f −T Stot(T )) profiles of HCP and BCC structural
special quasirandom configurations of HEAs. (a,b) (HfZrTi)12 and Nb3(HfZrTi)11 are stable
in HCP phase at low temperatures but eventually transform into BCC phase at particular
temperatures. (c) Nb6(HfZrTi)10 is stable in BCC phase at T = 0 K and BCC structure is
recovered on full ionic relaxation even if the host lattice of SQS is HCP (see Figure 4.1). (d)
The relative Helmholtz free energies of BCC and HCP initialized SQS configurations of HEAs
estimate their transition temperatures. HCP HfZrTi transforms into a BCC structure above 505
K.
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Chapter 5

Anomalous Elastic Anisotropy and

Mechanical Behavior of Nbx(HfZrTi)y

High-Entropy Alloys

5.1 Introduction

Alloys, the remarkable fusion of metals, have played an indispensable role in shaping the

modern world, revolutionizing industries, and advancing technology. High-entropy alloys

(HEAs) are a recent discovery that has stunned the materials science community. Comprising

multiple principal elements in near equimolar proportions, HEAs possess an atomic-level

complex environment that gives rise to their exceptional mechanical behavior [33, 34, 30].

HEAs have emerged as a remarkable class of materials that challenge traditional alloy design

principles and offer an alternate route of materials design wherein stability is ensured by the

high entropy of mixing [25]. The high-entropy design approach behind HEAs has also led the

materials discovery in other fields such as ceramics[203, 204, 205, 206, 207, 208],

metal-organic frameworks[209, 210], composites[211, 212], energy storage

materials[213, 214], and others.

HEAs exhibit exceptional mechanical properties that distinguish them from conventional

alloys [215, 28, 29, 30, 31, 32, 33, 34]. The inherent chemical complexity within HEAs causes

solute-solution strengthening. The presence of complex, multi-component compositions, and
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their structural diversity, which can include various crystal structures and phases, complicates

the accurate modelling of HEAs [153]. Additionally, a large number of possible phases due to

the Gibbs phase rule makes it computationally intensive to explore the entire composition

space comprehensively [25, 26, 30]. Chemical disorder introduces computational challenges in

the modelling of HEAs [216, 41]. Mechanical strength is the response of multi-scale

effects [44, 45]. In this, crystal structure is the most essential criterion in determining the

strength of a material. For example, BCC HEAs display higher yields but fail in a brittle

manner, while FCC HEAs are ductile. The brittleness in BCC structural materials is caused by

high energy slip planes which activate at high temperatures and ductile to brittle transition

occurs. Then comes the kind of defects such as precipitate hardening, twinning, and ultimately

phase transformation. The multicomponent nature of HEAs adds substitutional defects

naturally in the lattice which causes internal lattice distortions and an inhomogeneous

environment makes the atomic diffusion sluggish and dislocation dynamics wavy to strengthen

the HEAs [41]. Under external loading, an HEA can show a cascade of events comprising

stacking fault, twinning, structural transformation, and under the extreme load,

amorphization [44, 45, 46, 47]. In the single-crystal HEAs, the primary mode of deformation

which is marked first is through slip planes which can be analyzed theoretically using

mechanical stability analysis given by Max Born [15, 108, 217].

In this work, we study the impact of Nb-concentration on the mechanical behavior of HEAs

Nbx(HfZrTi)y using first-principles theoretical analysis. We show that a continuous rise in Nb-

concentration causes anomalous variation in elastic anisotropy and changes the failure mode

from tetragonal shear to mixed to pure shear. We find a strength-ductility trade-off in single-

crystals of Nbx(HfZrTi)y as a function of Nb-concentration. We apply the mechanical stability

analysis to estimate the actual tensile strengths of these HEAs and others. We trace a BCC to

FCC Bain transformation path on the bond-orientational order parameters (q̄8, q̄12) plane.

5.2 Computational details

We simulate special quasirandom structures (SQS) [164, 165] of a few quaternary HEAs of

3×3×2-size supercell of the conventional unit cell of BCC. The host lattice of only two alloys

(HfZrTi)12 and Nb3(HfZrTi)11 is chosen to be HCP due to their stability preference over the
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BCC structure. We perform full structural relaxation of these model SQS alloys within the

density functional theory (DFT) methods as implemented in the Quantum ESPRESSO

software[138]. We used a generalized gradient approximation [139] and

Perdew-Burke-Ernzerhof [140] functional of electronic exchange-correlation energy. We

employ projector augmented wave potentials [172] and represent the electronic wave functions

and charge density with plane wave basis sets truncated at energy cutoffs of 60 Ry and 500 Ry

respectively. Uniform meshes of 3× 3× 4 k -points and 3× 3× 3 k-points were used in

sampling integrations over Brillouin zones of BCC- and HCP-based supercells respectively.

We relax each structure using Hellman-Feynman forces and the Broyden Fletcher Goldfarb

Shenno (BFGS) scheme till the force on each atom ~F is less than 10−3 Ry/Bohr. The energy

convergence criterion for the electronic self-consistency was chosen as 10−8 Ry. Fermi-Dirac

distribution with a width of kBT = 0.002 Ry is used for smearing the discontinuity in

occupation of numbers of electronic states near Fermi energy.

Elastic properties of each alloy were extracted from their elastic constants matrix (C) obtained

from the thermo_pw package [173]. Symmetry reduces the number of independent elastic

constants [218] but intrinsic ILDs in HEAs [163] break the underlying symmetries and hence

we assumed the lattice to be triclinic for elastic constants calculation. We strain the lattice by

∓1.5 % and ∓0.5 % for each six independent strain components (ε11,ε22,ε33,ε23,ε13 and ε12)

and relax the atomic positions to get the optimized stress. The independent elastic constants are

then estimated as the least-squares solution to a linear system of equations σ = Cε. Since ILDs

break the local symmetry of HEAs, we obtained 21 elastic constants (Ci j corresponding to a

triclinic crystal [218]) which were further used for elastic moduli estimation following the

Voigt-Reuss-Hill scheme [219] (see also Table 1 of reference [220]).

We used the universal elastic anisotropy index (AU ) [221] which is applicable for each crystal

class to quantify anisotropy in a given alloy. AU [221] requires the Voigt and Reuss estimates of

shear (GV,GR) and bulk moduli (BV,BR) which are extracted from the elastic constants matrix

(C) [219].

AU = 5
GV

GR +
BV

BR −6≥ 0. (5.1)

The departure of AU from zero marks the degree of anisotropy in the material. An alternative

way of qualitative understanding of elastic anisotropy is to determine the direction-dependent
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sound speeds. We solve the Christoffel equation [222, 223] to get the group velocity of sound

along a given direction.

We performed first-principles calculations to understand the mechanical behavior of HEAs. To

estimate the tensile strength, we strained the BCC lattice kept in [100][010][001] coordinate

frame along < 100 > direction and relaxed the lattice along directions orthogonal to the strained

axis to account for the Poisson effect. The strain is gradually increased and the optimized stress

is noted to draw a stress-strain curve whose maximum stress is the tensile strength of a material.

BCC crystals display minimum tensile strength along < 100> direction and their cleavage plane

is {100} [224].

To analyze the local structural evolution under uniaxial strain (ε11), we characterize the

geometries using the Voronoi cell construction around each atom and also examine the

nearest-neighbor bonds alignment. For Voronoi analysis, we used the well-known Voro++

library [175]. The Voronoi cell constructed around an ideal BCC lattice point has 8 hexagons

and 6 squares. We have unfolded a few Voronoi cells using JavaView visualization

software [225] for better presentation. To examine the packing symmetry within the strained

lattice, we calculated bond-orientational order parameters (ql) for each atom using a recently

developed Python library [174]. An ideal BCC lattice subjected to uniaxial strain transforms

into a body-centered tetragonal and eventually into a face-centered cubic (FCC) lattice at a

critical strain. The corresponding transformation path of BCC-BCT-FCC is known as the Bain

path often represented with an energy landacape with varying strain [97]. Here, We trace the

Bain transformation path in the bond-orientational order parameters (q̄8, q̄12) plane.

Some degree of chemical short-range ordering (CSRO) does exist in most of the high-entropy

alloys [189]. By construction, the special quasirandom structures should have the least

CSRO [164, 166]. We employ a swap Monte-Carlo (SwapMC) simulation to explore CSRO

within a given HEA. The steps followed in this approach are: (i) start from a special

quasirandom configuration, (ii) pick two distinct atoms at random and swap their positions, (ii)

now relax the lattice to get the optimized energy, and (iv) if the swapping of the atoms lowers

the energy then update the configuration else recover previous configuration and go to step (ii).

We continue the swapping until the energy saturates at the ultrastable configuration. The

degree of CSRO is determined by counting the first nearest-neighbor bonds formed between
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various pairs of constituents within an HEA.

5.3 Results & Discussions

5.3.1 Elastic anisotropy

In general, crystalline materials exhibit anisotropy in a given property, in contrast, liquids and

amorphous materials are isotropic. The lowering of continuous symmetry of liquids to discrete

one of crystals leads to anisotropy. Although monatomic crystals are anisotropic, the chemical

disorder present in the crystalline phase of HEA may induce isotropy due to random scattering

sites. Thus knowledge of elastic anisotropy i.e. the direction-dependent mechanical response of

HEAs is fundamentally interesting and essential for their optimal performance in application.

(1) Elastic anisotropy index

Elastic anisotropy can be quantified by measuring and characterizing the material’s elastic

constants along different directions, which have a tensorial form. The symmetries of a given

crystal constrain the number of independent elastic constants [218, 226]. For example, at the

extreme ends of symmetry classes, isotropic material has only two independent elastic

constants µ and λ (known as Laḿe coefficients), and triclinic material requires full 21

componenets of elastic constants [218, 226]. Zener anisotropy index [227], a single-valued

quantity defined only for cubic crystals with three elastic constants {C11,C12,C44}, is not

applicable to measure anisotropy of HEAs. Most of the existing HEAs are of either cubic

(requiring 3 elastic constants) or hexagonal symmetry (requiring 5 elastic constants). Still, the

intrinsic “internal lattice distortions” (ILDs) in HEAs [163] break the symmetry and make the

underlying lattice triclinic (but close to cubic) on the finer atomic-level resolution. Thus, a

singular measure of anisotropy applicable to each symmetry class is desired, and the “universal

elastic anisotropy index” (AU ) [221] being one such measure. The definition of AU [221] (see

eq 5.1) considers the ratio of the upper (Voigt) and lower (Reuss) bounds on the shear (GV,GR)

and bulk modulus (BV,BR) to infer anisotropy as both bounds converge for an isotropic

material [219]. The degree of anisotropy depends on the extent of departure of AU from zero.

Interestingly, BCC Nb is elastically quite anisotropic (see Figure 5.1(a)). Anomalous elastic

anisotropy of Nb is caused by softening of C44 [228]. Ternary alloy HfZrTi of HCP structure is
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nearly isotropic with its AU = 0.05. We already know that NbxHfZrTi HEAs exhibit a structural

transformation from HCP to BCC phase with increase in Nb-concentration [178]. With the

gradual increment in Nb-concentration (x), we expect a monotonic rise in elastic anisotropy of

NbxHfZrTi due to the high anisotropic nature of Nb. On the contrary, we observe a continuous

decline of AU with x after the structural transition till Nb21(HfZrTi)5 configuration, and then

it rises again (see Figure 5.1(a)). The structural transition from HCP→BCC first controls this

anomalous variation in anisotropy, and then the expected rise in AU is observed once the atomic

concentration of Nb exceeds 60% (i.e x > 21). Thus, the elastic anisotropy in Nbx(HfZrTi)y is

an entangled effect of structural transition and anomalous elastic behavior of Nb.
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Figure 5.1: Effect of Nb-concentration (x) on the elastic properties of Nbx(HfZrTi)y: (a)
Universal elastic anisotropy index decreases (AU = 0 means isotropy) on either side of HCP
(filled symbol)→BCC (open symbol) transition at x = 6, but it increases again at higher Nb-
concentration (x > 21). This anomalous variation in anisotropy is also seen through (b) the
Zener ratio, AZ = 2C44/(C11 −C12)), which is defined only for cubic crystals (here, x ≥ 6
configurations are BCC). Similar to AU , AZ also grows on the either side of Nb18(HfZrTi)6

as it deviates from 1 (isotropic). Increasing Nb-concentration softens C44 which makes the
system prone to a pure shear failure. (c) Young’s modulus (E) and shear modulus (G) decrease
drastically before saturating in the BCC phase while bulk modulus (B) displays a monotonic
rise with x.

(2) Direction dependent sound velocity

Another measure of elastic anisotropy is the directional sound velocities. In experiments, elastic

anisotropy is measured using ultrasonic methods which involve the propagation of ultrasonic

sound waves through a material to determine its elastic properties. By measuring the velocity

of ultrasonic waves along different directions within the material, one derives elastic constants.

Here, with the knowledge of elastic constants (calculated using first-principles calculations) of

a material, we estimate directional sound velocities. In a solid, there exist two types of elastic

waves. The primary wave tends the particle to vibrate in the direction along the wavevector, and
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the secondary wave causes the particle to vibrate perpendicular to the wavevector. In general,

the primary wave travels faster than the secondary wave. For instance, in an isotropic medium,

the group velocities of primary and secondary waves are

vp
iso =

√
(B+4G/3)/ρ and vs

iso =
√

G/ρ (5.2)

respectively. Here, B is the bulk modulus, G is the shear modulus, and ρ is the density of

isotropic material. In an anisotropic material, group velocities of sound in each direction are

determined after solving the Christoffel equation [223, 222] for dispersion relation as given

below

∑
i j

[
Mi j−ρω

2
δi j
]
αi = 0 where Mi j = ∑

mn
qmCimn jqn (5.3)

and q is wavevector of elastic wave having frequency ω and polarization α̂ in a material with

density ρ . It is routine to write elasticity tensor C in Voigt notation of 6×6 matrix, but here C

is the 4th rank tensor wherein each index runs from 1 to 3. The solution of eq 5.3 gives three

frequencies and polarizations (one belongs to the primary wave while the other two belong to

secondary waves) for each q. Taking the derivative of the dispersion relation ω(q) with respect

to the wavevector fetches the group velocity of sound (vg).

In Figure 5.2, we show the deviation of calculated directional sound velocities in alloys

Nbx(HfZrTi)y from their corresponding isotropic sound velocities (∆v = vg − viso) which

highlights the elastic anisotropy qualitatively. We find that Nb-free configuration i.e. HCP

(HfZrTi)12 alloy which is composed of only HCP elements is close to an isotropic alloy as ∆v

stands within ±4% for primary and ±7% for secondary waves. The addition of Nb brings the

anisotropy (AU ) in Nb3(HfZrTi)11 (Figure 5.1(a)), and develops maximum anisotropy for

Nb6(HfZrTi)10 (∆v lies within ±7% for primary and ±20% for secondary waves).

Interestingly, it has been shown that Nb6(HfZrTi)10 also marks the juncture of an HCP→BCC

transition accompanying a severely distorted lattice characterized by a large ILDs. Post

transition, the anisotropy declines with growing Nb-concentration till the configuration

Nb21(HfZrTi)5 whose anisotropy is similar to (HfZrTi)12 (see Figures 5.1(a) and 5.2). When

the Nb-concentration exceeds 60%, sound velocity becomes direction-dependent and for the

case of bulk Nb (i.e x = 36) which is elastically anomalous [228], ∆v varies within ±7% for
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primary and ±50% for secondary waves. We notice that a large anisotropy in Nbx(HfZrTi)y

arises when the speed of secondary waves significantly deviates from that in an isotropic

medium. A crude way to represent this may be AU ∝ vs− vs
iso. This anomalous variation in

anisotropy is linked to two factors: i) HCP→BCC transition at 16% Nb-concentration (i.e.

x = 6), and ii) the anomalous elastic feature of bulk Nb. In general, the addition of Nb with

highly anisotropic behavior should have increased the anisotropy of the alloy monotonically

but the structural transition intercepts this trend as large ILDs in the vicinity of structural

transition scatter the sound in random directions, making the alloy isotropic. Once the lattice

distortions reduce significantly at higher Nb concentration, the role of Nb becomes apparent in

causing enhancement in the overall anisotropy.
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Figure 5.2: Anomalous variation of elastic anisotropy in Nb-Hf-Zr-Ti: Projection of longitudinal
(primary) and two transverse (secondary) group velocities of sound on a sphere relative to their
velocities in an isotropic same density solid characterizes anisotropy in alloys. Nb is elasti-
cally very anisotropic due to soft C44, which addition to nearly isotropic (HfZrTi)12 develops
anisotropy in Nb6(HfZrTi)10. Then surprisingly, anisotropy decreases with increasing Nb-
concentration and makes Nb21(HfZrTi)7 again nearly isotropic (see also Figure 5.1). Anisotropy
increases monotonically beyond Nb21(HfZrTi)5 owing to anomalous elastic behavior of Nb.

(3) Elastic Property

In cubic materials, C11,C12, and C44 are the 3 independent components of their elastic

constants matrix C. With loss of materials symmetries, the number of independent elastic
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constants increases [218] up to 21 for the extreme case of a triclinic crystal. The elastic

constants matrix C contains all the linear elastic properties of a material [220] as I discussed

above the elastic anisotropy index and sound velocities derived from C. Although the average

structure of most of the HEAs is either BCC, FCC, or HCP, their intrinsic internal lattice

distortions (ILDs) break the symmetry at the atomic scale and make the underlying lattice

locally triclinic. The slight deviation in the internal from the reference ideal lattice (here BCC)

modifies each element Ci j by a small amount from the elastic constants matrix of an ideal

lattice giving a total of 21 independent terms. For example, we have given below the elastic

constants matrix of BCC (NbHfZrTi)9 modelled with 3×3×2-size periodic supercell of BCC

unit cell,

C =



144 91 96 0 0 0

91 143 92 0 0 −2

96 92 140 0 0 0

0 0 0 37 0 0

0 0 0 0 41 1

0 −2 0 0 1 40


Sometimes, to mimic the elastic constants matrix of an ideal cubic material, we take the

arithmetic mean of degenerate Ci js.

Now, we investigate the effect of Nb-concentration on the elastic properties of HEAs

Nbx(HfZrTi)y (see Figure 5.1(b) and (c)). To estimate the Zener anisotropy ratio (AZ) [227],

which is the fractional difference between the two shear moduli C′ and C44 of a cubic material,

we write the averaged version of the three elastic constants of the BCC configurations (x ≥ 6)

of Nbx(HfZrTi)y as follows

C̄11 =
C11 +C22 +C33

3
, C̄12 =

C12 +C13 +C23

3
, and C̄44 =

C44 +C55 +C66

3
.

In Figure 5.1(b), we note that C′ = (C11−C12)/2 increases steadily while C44 reduces with

increasing concentration of Nb. C′(x) and C44(x) intersect each-other near x = 18 and the

resultant alloy becomes isotropic with the ratio AZ = 1. The switching of shear moduli from

C′ < C44 to C44 < C′ should inflict a switching of their failure mechanisms too. At a lower

concentration of Nb, the BCC phase of Nbx(HfZrTi)y has a poor stability marked by a low
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value of C′ (< C44). In a very recent study [229], the HCP to BCC phase transformation in

Nbx(HfZrTi)y as a function of increasing Nb-concentration has been discussed based on the

Born’s elastic stability analysis [15]. The crossover between C′ and C44 has been found in

several binary alloys as a function of the concentration of the alloying element. For example,

the authors of ref. [97] present a similar trend in C′ and C44 in BCC Zr-Nb-Mo binary solid

solution series (Figure 34 of ref. [97]). Such a contrary variation in these two shear moduli

causes the Zener ratio (AZ) to have values AZ > 1 and AZ < 1. The extent of deviation of AZ

from 1 on either side represents the degree of anisotropy. Thus, AZ quantitatively (but not as

precise as AU which is defined for any crystal class) shows the anomalous variation in elastic

anisotropy within the BCC configurations of Nbx(HfZrTi)y HEAs.

In Figure 5.1(c), we show that Young’s modulus (E) and shear modulus (G) drops drastically

near the HCP→BCC transition (i.e. x = 6) and thereafter decrease slowly with rising

Nb-concentration. On the other hand, bulk modulus (B) continues to rise without showing any

abrupt behavior across the structural transition. Pugh ratio (G/B) predicts the possible failure

mode of a material [230, 231]. A high value of G/B implies brittle failure, while a low value

(i.e. high B/G) implies the ductile failure associated with plastic deformation [230, 231].

Continuous rise in the bulk modulus and reduction in shear modulus with increasing

Nb-concentration improves the ductility of Nbx(HfZrTi)y (see Table 5.3). Such a strong

dependence of elastic properties on the composition has not been seen in another set of

quaternary HEAs Nb-Mo-W-Ta and binary alloys Mo-W which are composed of only the

elements occuring in the BCC structure (see Table 5.3).

5.3.2 Tensile strength

Mechanical properties comprise both small and large strain responses of a given material.

Elastic moduli are derived for responses at small strains, while mechanical strength is

associated with a large strain, given by the extreme load a material can sustain before

undergoing failure. Mechanical strength depends on the mode of deformation. Ultimate tensile

strength is the stress needed to break a single-crystal material under uniaxial deformation and

shear strength is the stress at which a material fails under shear deformation. Here, we present

first-principles calculations to estimate the tensile strengths of a few BCC high-entropy alloys
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mostly of the Nb-Hf-Zr-Ti family. The configurations under study are defect-free

single-crystals and hence their strengths are expected to be much higher in comparison to the

experimentally measured strengths.

We apply uniaxial tensile strain on an SQS configurations of BCC HEAs along < 100 > in a

quasi-static manner and relax the lattice orthogonal to < 100 > to include Poisson’s contraction.

Figure 5.3 shows that the strained geometries of HEAs Nb-Hf-Zr-Ti can be easily optimized up

to 20% strain, but those of Nb-Mo-W-Ta are hard to optimize for strains beyond 14%. From the

Figure 5.3(a), we observe an improvement in the tensile strength (which is the peak engineering

stress σmax
11 ) of Nbx(HfZrTi)y with increase in the Nb-concentration (x). On the contrary, HEAs

Nb-Mo-W-Ta and binary alloys Mo-W whose constituents are pure BCC elements exhibit a

weak dependence of tensile strength on their composition (see Figure 5.3(b)).
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Figure 5.3: First-principles uniaxial deformation along < 100 > of BCC (a) Nbx(HfZrTi)y,
(b) other quaternary and binary alloys. These single-crystal BCC alloys exhibit peak stress
(called tensile strength) somewhere between (10-14)% strain (ε11). The tensile strength of
Nbx(HfZrTi)y strongly correlates with Nb-concentration, in contrast to HEAs Nb-Mo-W-Ta
(composed of BCC elements) which trace identical stress-strain curves. Although we can
elongate the lattice of these alloys theoretically up to a large strain, the elastic stability analysis
needs to be done to reveal their actual pre-failure elongation and tensile strength.

To explain the strong dependency of Nb-content on the mechanical strength of Nbx(HfZrTi)y,

we calculate the internal lattice distortions (ILDs) present in their stress-free configurations

using equation (4.3) of Chapter 4. In Figure 5.4(a), we demonstrate that increase in

Nb-concentration (i.e. x) causes a gradual reduction of ILDs within the resultant HEA (see

inset) which in turn enhances their tensile strength. Thus, there exists a trade-off between the

intrinsic ILDs and the strength of a material: an alloy with higher ILDs displays poor strength.

It is further supported by the theories of melting such as Lindemann [232, 233] and the Born
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Figure 5.4: Impact of intrinsic lattice distortions on the tensile strength of BCC high-entropy
alloys. The magnitude of ILDs can be regarded as an amorphization parameter that reduces
the material’s ideal strength. ILDs in BCC Nbx(HfZrTi)y HEAs decrease with an increase in
Nb-concentration(see inset) meaning the lattice is restoring to an ideal BCC structure, which in
turn enhances their ideal tensile strengths.

criteria [15] of melting. According to the Lindemann criterion, a material melts when the

average amplitude of atomic vibration around its equilibrium reaches about 10% of their

interatomic separation, while the Born criterion states the vanishing of shear modulus

(primarily C′) near melting. The former theory refers to thermodynamical melting while the

latter one is shear-induced, so termed mechanical, melting [234]. ILDs are similar to the

thermally induced off-lattice displacements of atoms but are static in nature [163]. We should

caution that ILDs are static displacements present in HEAs even at T = 0 K and these can

approach to Lindemann limit while maintaining a solid phase [179].

ILDs can be regarded as the dilute limit of amorphization of a material. In high-entropy alloys,

the multicomponent mixture of atoms of different radii and chemical properties cause

off-lattice (nonaffine) displacements to bring the lattice in equilibrium by canceling out the

internal forces [234, 235]. When the average displacement of such nonaffine perturbations of

atoms reaches the Lindemann criterion, the materials become too soft and melt. In Figure 5.4,

we show that with the rise in Nb-concentration in Nbx(HfZrTi)y, ILDs get gradually weaker

due to restoration of underlying lattice towards an ideal BCC. Therefore, we see an

improvement in the (tensile) strength with decreasing ILDs. Born’s criterion of melting also

explains why a rise in Nb-concentration improves the strength of Nbx(HfZrTi)y. As we see in
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Figure 5.1(b), tetragonal shear modulus C′ =
C11−C12

2
(which vanishes near melting)

continuously increases with Nb-concentration and makes those HEAs stronger. At the same

time, the rhombohedral shear modulus C44 declines with x but slower than the increase in C′.

The lower value of C′ correlates with large ILDs within a given system as this shear modulus

softens and is more relevant to melting in Born’s criterion.

In Table 5.1, we compare the DFT estimated strength of BCC NbHfZrTi with a few

experimentally measured strengths. We find that the computationally estimated failure strain

(ε∗f ) is close to the experimental values, while calculated peak stress (UTS) is about four times

higher than the experimental ones. The inclusion of crystallographic defects for disordered

alloys such as HEAs will enormously enlarge the system size needed and will make the

computation infeasible. Hence, the computed strength here will be a theoretical maximum of

the strength exhibited by a defect-free specimen of a given material. The nanoscale specimen

of materials which contain very few defects can achieve these thoretical strengths. For

instance, nanoscale single-crystalline diamond deforms elastically upto 9% strain and

corresponding ultimate tensile strength (UTS) reaches 95 GPa [236] which is the theoretical

(ideal) tensile strength of diamond [237]. Our computed strengths of HEAs are thus the

maximum limit of strength and become relevant to the HEAs designed on nanoscale.

Table 5.1: Comparison of computational mechanical properties of NbHfZrTi with experiments.

Method a (Å) E (GPa) B (GPa) G (GPa) UTS (GPa) ε∗f (%)

DFT 3.428 89 109 32.6 3.3 14

(This work)

Expt. [238] 3.444 69.7 105.7 25.1 — —

Expt. [239] — — — — 0.8 14

Expt. [240] — — — — 0.97 14.9

Expt. [35] 3.444 — — — 0.82 14.2

5.3.3 Bain path: Mechanisms of Deformation

If the cubic unit cell of the BCC lattice is stretched by factors of
√

2, 1, 1 along crystallographic

directions then the lattice transforms into a face-centered cubic (FCC) structure. It was first
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pointed out by Bain around a hundred years ago [105]. Under the uniaxial deformation of BCC

lattice, the orthogonal directions contract due to the Poisson effect, and the resultant structure

becomes body-centered tetragonal and ultimately goes into an FCC lattice as illustrated in

Figure 5.5(a). This geometrical constraint of Bain transformation is hardly achieved in practice

due to the material’s failure at a much lower strain. The corresponding strain energy landscape

of BCC-BCT-FCC is called the Bain transformation path.

In Figure 5.5(b), we draw the Bain paths of a few BCC structured alloys for tensile strain along

< 100 >-direction. In principle, the gradual rise in tensile strain should drive these BCC

configurations toward FCC. As the FCC phase achieved by straining a stable BCC

configuration is metastable, the strain energy will keep increasing. From Figure 5.5(b), we

identify that HEA NbHfZrTi – composed of BCC (Nb) and HCP (Hf, Zr, Ti) elements –

requires less energy than NbMoWTa whose each constituent is BCC element. It is the common

routine in the synthesis of high-strength materials to mix BCC and HCP elements. Such a cross

mixing overcomes the strength-ductility trade-off in HEAs too [27, 39, 241]. Therefore, a low

Bain barrier caused by HCP elements in NbHfZrTi makes it prone to transformation-induced

plasticity (TRIP), while NbMoWTa fails in a brittle manner marked by a sudden loss of stress

(see Figure 5.3). The Bain barrier also decreases due to the amplification of ILDs within

HEAs. For example, pure Nb has an ideal BCC lattice but the substitutional addition of HCP

elements distorts the internal lattice (see inset of Figure 5.4). In Figure 5.5(b), niobium which

has no ILDs requires a large energy barrier to adopt an FCC lattice, while HEAs Nbx(HfZrTi)y

with severe ILDs such as NbHfZrTi requires a much lower strain energy to transform into an

FCC structure. In addition, the volume of an alloy constituted of only BCC structural elements

increases with tensile strain (except Nb-Mo-W-Ta beyond 14% strain), but several strained

configurations with volume drop than preceding configuration are noted for BCC and HCP

mixed elements HEAs (see Figure 5.5(c)). To understand, the origin of volume drop at a few

strained configurations, we characterize the underlying lattice using two structural descriptors –

(1) face analysis of Voronoi cells and (2) bond-orientational order parameters (see appendix of

Chapter 4 for a detailed description of these two descriptors).

We performed Voronoi partitioning of strained lattice configuration and analyzed the geometry

of Voronoi cells around each atom. The face analysis is a strong identifier among different
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Figure 5.5: (a) The schematic of FCC→BCC (or vice-versa) Bain transformation under
uniaxial compression (tension) via body-centered tetragonal structures (shown with filled sphere
sublattice). The Bain transformation from BCC to FCC is complete once the geometrical
constraint c(ε) =

√
2a(ε) is satisfied at a tensile strain ε which depends on the Poisson’s

ratio of the material. (b) Bain path (energy versus strain curve) approaching an FCC lattice
under uniaxial deformation of 3×3×2-size supercell of BCC along < 100 > direction. A low
Bain energy barrier makes an alloy ductile possibly by transformation-induced plasticity (TRIP)
effect evident by the appearance of Voronoi pentagons in Figure 5.6(b) for strained Nb-Hf-Zr-Ti.
This explains the origin of a large failure strain of 14% in NbHfZrTi while pure Nb fails at 6%
strain only (see Figure 5.8) as it has a large Bain barrier and no pentagonal Voronoi faces. (c)
The emergence of pentagonal Voronoi faces makes the system densely packed [242]. Therefore,
we note a volume drop once Voronoi pentagons appear in the strained configurations of HEAs.
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crystal classes (see Figure 5.6(a)), for example, the Voronoi cell constructed around a BCC

lattice point has 6 square and 8 hexagonal faces, that around an HCP lattice point has 6

trapeziums and 6 rhombic faces, and that of an FCC lattice point has 12 rhombic faces. The

order of each Voronoi vertex in BCC is 3 (type-A) which is robust against any lattice

perturbation and as a consequence of this, no new polygonal face emerges (only quadrilaterals

and hexagons are present). While the Voronoi cells of strained HCP and FCC lattices yield

pentagonal faces at the order 4 (type-B) Voronoi vertices [103]. Geometrically, it is obvious

that the BCC lattice under uniaxial strain will be converted into an FCC lattice at a particular

Bain strain. In terms of Voronoi face analysis, this BCC→FCC transformation corresponds to

converting a truncated octahedron into a rhombic dodecahedron. For an ideal BCC lattice, the

two faces of each Voronoi (octahedron) cell will be annihilated by shrinking their areas and

hexagons will be converted into rhombuses with increasing strain to restore the Voronoi

(dodecahedron) cell of an HCP lattice point (see the unfolded Voronoi cells in Figure 5.6(c)).

In this BCC →FCC transformation, the Voronoi cell will evolve with strain but the face

characteristics should remain invariant when the lattice is in the BCC regime, and intrinsic

ILDs will produce pentagons at type-B Voronoi vertices once the FCC regime is close. On the

contrary, we mark the onset of Voronoi pentagons near 12% strain for BCC Nbx(HfZrTi)y

HEAs and they grow in number with further strains, see Figure 5.6(b). Voronoi pentagons

predominantly appear in those HEAs that comprise at least one HCP element (e.g. BCC

NbVTaTi). Therefore, an HCP-like local rearrangement (HCP has type-B Voronoi vertices too)

under strain can also cause the origins of pentagonal Voronoi faces.

We draw the Bain transformation path of BCC to FCC under uniaxial deformation on the

(q̄8, q̄12) plane, see Figure 5.7. The negligible ILDs within a BCC system draw a smooth C-like

Bain curve on the (q̄8, q̄12) plane. We see that binary MoW alloy (which have negligible ILDs

and hence no pentagons) follows the expected BCC→FCC transformation path but

high-entropy alloys deviate from this due to the appearance of pentagonal Voronoi faces (see

Figure 5.7(b)). This deviation caused by ILDs which led to the origin of pentagons in near FCC

regime (or in locally rearranged HCP region) highlights the TRIP effect in Nbx(HfZrTi)y

high-entropy alloys. On the other hand, Nb-Mo-W-Ta-based BCC HEAs have relatively lower

ILDs and hence they follow the ideal Bain path up to 14% strain and suddenly distance away

for 16% strain due to the appearance of pentagons in a huge number (see Figure 5.7(a)).
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Figure 5.6: (a) Voronoi cells around an ideal BCC, FCC, and HCP lattice point. (b) Voronoi
cell analysis of uniaxially strained structures of BCC high-entropy alloys. The Voronoi cell
constructed around an ideal BCC lattice point has only regular squares and hexagons. The
emergence of pentagonal Voronoi faces in uniaxially strained configurations of BCC lattice is
unusual as their presence is not expected for the Voronoi cell of order 3 (type-A) vertices [103].
Even the presence of internal lattice distortions (ILDs) in BCC HEAs only makes the Voronoi
faces irregular but does not produce any pentagon (see Figure A4.1). Under uniaxial deforma-
tion, a BCC lattice transforms to an FCC lattice which has order 4 (type-B) Voronoi vertices
too. Order 4 Voronoi vertices are topologically unstable and pentagons emerge there in the
presence of notable ILDs [103]. Therefore, (b) Pentagons emerge at lower strains in Voronoi
cells of Nbx(HfZrTi)y, and their share rises while diminishing the shares of quadrilaterals and
hexagons as we move towards FCC with increasing strain. Voronoi cells of HEAs (Nb-Mo-W-
Ta) composed of only BCC elements do not have pentagons up to maximum stress configuration
because of low ILDs in them (true for MoW and Nb too). (c) We unfolded a single Voronoi cell
to see the effect of uniaxial strain on its face characteristics. The Voronoi cell around an ideal
BCC lattice point has only regular squares and hexagons which eventually transform into regular
rhombuses corresponding to the FCC phase [103] at the Bain strain. For instance, each Voronoi
cell of BCC MoW (14 faces) smoothly progresses towards the Voronoi cell of an FCC lattice
(12 faces) by shrinking two squares to annihilation and converting others into rhombuses.
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Figure 5.7: (a) Bain transformation path of an ideal BCC lattice to an FCC lattice via body-
centered tetragonal structures traces a C-curve on the bond-orientational order parameters
(q̄8, q̄12) plane. HEA Nb10Mo13W7Ta6, composed of only BCC elements, follow the Bain
path up to the maximum stress configuration corresponding to ε11 = 14% (see Figure 5.3(b))
and then branches away due to an unprecedented emergence of pentagonal Voronoi faces in
an enormous number (see Figure 5.6). On the other hand, (b) BCC configurations of HEAs
Nbx(HfZrTi)y (shown here for equiatomic configuration) which are composed of BCC and HCP
elements distance away from the ideal C-type Bain path due to relatively larger intrinsic ILDs
and the appearance of Voronoi pentagons at lower strains (Figure 5.6).

5.3.4 Mechanical stability test and failure mode analysis

To check whether the material is mechanically stable, we apply the well-known Born’s

criteria [15] which require each eigenvalue (λi) of the elastic constants matrix C to be positive

and det|C| > 0. For example, the mechanical stability of a cubic crystal which has 3

independent elastic constants C11,C12, and C44, requires the positive definiteness of each

eigenvalue of C i.e. λ1→C11 +2C12 > 0, λ2→C11 >C12, and λ3→C44 > 0. The associated

eigenvectors with these three eigenvalues are (1,1,1,0,0,0)δη , (δηxx,δηyy,δηzz,0,0,0), and

(0,0,0,δηyz,0,0) respectively, where δηxx +δηyy +δηzz = 0 if the volume remains conserved

under deformation. Therefore, the vanishing of C44 causes pure shear instability, while the

vanishing of tetragonal shear modulus C′ = (C11−C12)/2 is termed Born’s instability due to its

disappearance near mechanical melting as defined by Max Born [108, 15].

Under external stress (σ), the Born’s criteria get modified slightly to det|C+∆| > 0 where

∆(σ) is the linear function of stress tensor components [243, 108],

∆i jkl =
1
2
(δikσ jl +δ jkσil +δilσ jk +δ jlσik−2δklσi j).
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In general, B = C + ∆(σ) will not have the symmetry of C. If we adopt Voigt notation for C,

then the matrix B is



C11 +σ11 C12−σ11 C13−σ11 C14 C15 +σ13 C16 +σ12

C12−σ22 C22 +σ22 C23−σ22 C24 +σ23 C25 C26 +σ12

C13−σ33 C23−σ33 C33 +σ33 C34 +σ23 C35 +σ13 C36

C14−σ23 C24 C34 C44 +
σ22 +σ33

2
C45 +

σ12

2
C46 +

σ13

2
C15 C25−σ13 C35 C45 +

σ12

2
C55 +

σ11 +σ33

2
C56 +

σ23

2
C16 C26 C36−σ12 C46 +

σ13

2
C56 +

σ23

2
C66 +

σ11 +σ22

2


Sometimes, to mimic C, a symmetric matrix A = (B + BT)/2 is defined and then det|A| > 0

ensures mechanical stability. Under uniaxial strain and relaxation of the lattice perpendicular

to the strained axis, only uniaxial stress (σ ) remains in the lattice which will be added to write

the modified elasticity matrix B. For BCC lattice under tension along < 100 >, most of the

components of B and C are same except B12 =C12−σ , B13 =C13−σ , B55 =C55+σ/2, B66 =

C66 +σ/2.

We apply the mechanical stability test on the uniaxially strained configurations to mark the

actual theoretical strength of an alloy. In tensile test, the theoretical tensile strength

corresponds to the peak engineering stress but the mechanical instability may arise earlier than

that stress [244, 245, 246]. The theoretical strength of a material is the critical value of stress

beyond which the mechanical instability arises. Even under uniaxial loading, a material may

fail through a shear mode of deformation before reaching the peak tensile stress [106]. Then

the corresponding pre-failure uniaxial stress is the actual tensile strength of that material.

Following Schmid’s law which refers to the projection of tensile strength along the slip

direction, we can estimate the corresponding shear strength (τcrss) too [107].

We identify shear instabilities in BCC HEAs under tension by applying mechanical stability

analysis through (modified) Born’s criteria, see Tables 5.4 and 5.5. We note that the extent of

Nb-concentration in BCC Nbx(HfZrTi)y determines the failure mode of their deformation. For

equiatomic NbHfZrTi, the failure strain (where instability arises) is ε11 = 14%. With the rise

in Nb-concentration, the failure strain decreases (see Tables 5.4, 5.5, and 5.6) but the strength

(pre-failure stress) enhances, see Figure 5.8. In other words, the increase of Nb-concentration
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causes ductility loss but strengthens the resultant alloy. This is an open issue in materials science

to simultaneously optimize both strength and ductility and known as strength-ductility trade-

off [35, 36, 37, 38, 39]. Therefore, for the practical application, a single crystal of Nb21(HfZrTi)5

should be preferred over other configurations of Nbx(HfZrTi)y (see Figure 5.8).
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Figure 5.8: (a) Elastic stability test of Nbx(HfZrTi)y and (b) their strength-ductility trade-
off. Born’s criteria of elastic stability are the positive definiteness of each eigenvalue of the
elastic constants matrix C. (a) We show that the continuous increase of Nb-concentration in
Nbx(HfZrTi)y elastically destabilizes the resultant alloy at a lower strain (see also Table 5.4). (b)
As seen in Figure 5.3, the failure stress corresponding to the (failure) strain where instability
first arises improves with the rise in Nb-concentration but at the cost of losing ductility.
This phenomenon so-called strength-ductility trade-off is observed in HEAs Nbx(HfZrTi)y as
a function of Nb-concentration. Therefore, for the practical application, a single-crystal of
Nb21(HfZrTi)5 should be preferred among the other compositions of Nbx(HfZrTi)y due to an
optimal strength-ductility trade-off.

To determine the failure mode of a material, we evaluate the eigenvector corresponding to the

first appeared negative eigenvalue of elastic constants matrix C. The failure mode is evident

by the eigenvector of C associated with a negative eigenvalue of C (see Table 5.6). We note

from Table 5.6 that HEAs Nbx(HfZrTi)y (x+ 3y = 36) for x = 9 and 12 fail due to vanishing

of tetragonal shear modulus, C′ =C11−C12 < 0, along {ηxx,ηyy,ηzz,0,0,0} where ηxx +ηyy +

ηzz = 0. This is called Born’s instability which is the case near melting where C′ → 0 faster

than C44. With further increment in Nb-concentration, the failure occurs through a mixed mode

which combines normal strain and predominant shear strain. This is the case for x = 15, 18,

and 21 where C′ and C44 disappear together near the failure strain, see Table 5.6. While other

compositions with higher Nb-concentrations (x > 21) fail through a pure shear instability as

C44 < 0 along the eigenvector {0,0,0,±1,0,0}. Instability arises at lower strains as the Nb-
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concentration rises (see Figure 5.8) which also switches the failure mode of deformation from

tetragonal shear to mixed to pure shear. This switching of the deformation pathway is in sync

with the observation of a crossover from C′ < C44 to C44 < C′ at x = 18 with a continuous

increase in Nb-concentration (x) (see Figure 5.1(b)).

5.3.5 Effect of CSRO on the mechanical behavior of HEAs

Short-range order (SRO) refers to the regular appearance of a particular arrangement of atoms

(or molecules) in solids and liquids over distances comparable to interatomic (intermolecular)

distances. The strength of pairwise interaction between atoms dictates the kind of range order,

either short or long, within a given material. In case of solids, at one extreme, a very strong

interaction energy between specific pairs of atoms tends to form a fixed stochiometry ordered-

structure compound or intermetallic compound. On the other extreme, the vanishing limit of

interaction strength between each pair of constituent atoms produces an ideal solid solution.

In the Table A4.4 of Chapter 4, we have estimated the formation energies of several alloys. We

note that binary alloys MopWq are ideal as their formation energies (H f ) vanishes, and HEAs

Nbx(HfZrTi)y are enthalpically unstable as their H f > 0. In contrast, the HEAs NbaMobWcTad

are enthalpically stable with H f < 0. When the electronegativity differences among the elements

being mixed are large, a large negative value of H f is seen suggesting that strong preferential

bonds within a material gives rise to short-range ordering. This should give rise to a stronger

chemical short-range order (CSRO) in NbMoWTa (H f < 0) and weaker in NbHfZrTi (H f > 0).

Chemical short range ordering (CSRO) is not uncommon in high-entropy alloys (HEAs) [189].

S. D. Wang et al. [247] have given a detailed account of CSRO in refractory HEAs and its impact

on their strength. Here, we reveal the CSRO in BCC NbMoWTa and NbHfZrTi based on the

SwapMC simulation method. The steps involved in this setup are as follows

1. We start from a special quasirandom configuration (by construction, the SQS

configuration should have the least CSRO).

2. In the MC loop, we pick two distinct atoms at random and swap their positions.

3. Now relax the lattice to get the energy.

4. If the lattice energy drops then allow the swapping to update the configuration else go to
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step 2.

5. We keep swapping atoms until the energy saturates and the configuration converges to the

right local chemical environment.
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Figure 5.9: (a) SwapMC simulation of NbHfZrTi with frozen ionic sites (unrelaxed and unre-
alistic) sequentially lowers the energy but on full relaxation of the corresponding configuration
which takes ILDs into account increases the energy than that of SQS configuration. This finding
highlights the significance of ILDs on the lattice energy of HEAs in addition to the right internal
chemical environment. In contrary to NbHfZrTi, a relatively weaker ILDs in NbMoWTa allowed
us to run SwapMC on a fixed lattice structure with only chemical tuning at each MC step. Rise
in energy than that of SQS configuration with swap of constituent elements demonstrates HEA
NbHfZrTi to be close to an ideal solid solution. An ab initio simulation [201] reveals weak
chemical ineraction within NbHfZrTi and confirms its robustness to maintain single-phase solid
solutions at various temperatures and pressures [202]. But DFT-based MC simulation by Zhang
et al. [248] discover CSRO in this alloy as Nb-Hf and Zr-Ti favored to be nearest-neighbor pairs.
(b) SwapMC simulation of NbMoWTa with frozen ionic sites lowers the energy and the same
trend is seen on the full relaxation of the corresponding configuration too.

We should note that the last configuration fetched by SwapMC will depend on the considered

supercell size, but the chemical ordering will be qualitatively the same even for a modest size

supercell we have chosen.

In Figure 5.10(a), we demonstrate an increase of CSRO in NbMoWTa with each SwapMC

step. More precisely, the shares of Mo-Ta, Nb-W, Nb-Mo, and W-Ta bonds grow while the

share of Ta-Ta and Mo-Mo bonds diminishes with the progress of the SwapMC loop which

began from an SQS configuration. Increased CSRO brings lattice stability as we note a 40

meV/atom energy drop from the initial SQS configuration. In the case of BCC NbHfZrTi,

we noted a energy variation of only 20 meV/atom among 50 sets of SQS configurations (see

Figure 4.3(b)) which indicates the presence of a weak CSRO. Monte Carlo simulations of Zhang
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et al. [248] reveal CSRO in NbHfZrTi with Nb-Hf and Zr-Ti favored to be nearest-neighbor

atomic pairs. Later, the research of Ryltsev et al. [201], based on AIMD simulations reveal

weak chemical interactions within NbHfZrTi which tends this alloy to form single-phase solid

solutions at varied temperatures and pressures [202]. Therefore, BCC NbHfZrTi is close to

being an ideal solid solution, consistent with that our SwapMC simulation did not reveal any

conclusive evidence of ordering in this alloy (see Figure 5.9(a)). On the other hand, NbMoWTa

comprising elements with large electronegativity differences (see Table 5.2) shows strong CSRO

since enegy decreases and preferential bonds grow with each MC step (see Figures 5.9(b) and

5.10(a)). The observed CSRO in NbMoWTa is consistent with the reported negative cohesive

energy profiles of a few binay refractory alloys (see Figure 2 of ref. [249]).

Table 5.2: Pauling electronegativities (χ) of a few refractory elements.

Element Nb Hf Zr Ti Mo W Ta
χ 1.60 1.30 1.33 1.54 2.16 2.36 1.50
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Figure 5.10: Swap Monte-Carlo study to reveal (a) chemical short-range order (CSRO) in HEA
NbMoWTa and (b) their impact on the elastic anisotropy and tensile behavior. By construction,
the special quasirandom structures (SQS) have low CSRO and hence physically meaningful only
at high temperatures. SwapMC gives ultrastable configurations of HEAs by converging to the
right local chemical order through multiple swaps of atomic sites. (a) In NbMoWTa, CSRO
is marked by increased Mo-Ta, Nb-W, Nb-Mo, and W-Ta preferential bondings while avoiding
Ta-Ta and Mo-Mo pairs. (b) An increased degree of CSRO magnifies elastic anisotropy (AU )
and strengthens NbMoWTa (see inset).

It is well known that the properties especially the mechanical properties of an annealed (slow-

cooled) sample and a quenched (fast-cooled) sample of a given material differ significantly. This

thermal effect is widely used in the steel industry and has keywords such as ‘hot working and
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cold working’. Such heat treatment processes control (promote) the dynamics of dislocation to

enhance (soften) the strength. It is reported that an increased degree of CSRO in HEAs promotes

strengthening effect [247, 189, 39, 250]. We also observe an enhanced strength and ductility in

the single-crystal NbMoWTa (see inset of Figure 5.10(b)). The SQS configuration of NbMoWTa

could not have been stretched beyond 14% in computation, but the end configuration obtained

by SwapMC setup (which is lower in energy by 40 meV/atom) was easily stretched by 16% (see

inset of Figure 5.10(b)). It shows the improvement of ductility and strength with an increasing

degree of CSRO. At the same time, the elastic anisotropy also enhances with an increase in

CSRO. Figure 5.10(b) shows that the elastic anisotropy index AU of NbMoWTa increases from

0.25 to 0.42 as we go from an SQS configuration to the end SwapMC configuration.

5.4 Conclusions

In summary, we studied the impact of Nb-concentration on the mechanical behavior of HEAs

Nbx(HfZrTi)y using first-principles calculations. We show that a continuous rise in

Nb-concentration causes anomalous variation in elastic anisotropy and switches the failure

mode from tetragonal shear to mixed to pure shear. We find a strength-ductility trade-off in

single-crystals of Nbx(HfZrTi)y as a function of Nb-concentration. Based on this, we

recommend using single-crystal Nb21(HfZrTi)5 for the practical applications. We apply

mechanical stability analysis to estimate the actual tensile strengths and failure mechanisms of

these HEAs and others. We trace a BCC to FCC Bain transformation path in the plane of

bond-orientational order parameters (q̄8, q̄12) which looks like a C-curve for an ideal lattice.

Intrinsic ILDs and the emergence of Voronoi pentagons within strained configurations of BCC

HEAs cause deviation from the ideal Bain path. In the end, we discuss the impact of chemical

short-range order (CSRO) on the mechanical behavior of BCC NbMoWTa high-entropy alloy.
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Table 5.3: Elastic properties data: We list below Young’s modulus (E), bulk modulus (B), and
shear modulus (G), Poisson’s ratio (ν), Debye sound speed (cs), universal elastic anisotropy
index (AU ), and inverse of Pugh ratio (B/G) of Nb-Hf-Zr-Ti, Nb-Mo-W-Ta, and Mo-W alloys
of different compositions. Interestingly, Nb-concentration dictates the elastic properties of
Nbx(HfZrTi)y as increase in x raises the bulk modulus (B), Poisson’s ratio (ν) and ductility
(B/G), and brings anomalous variation in anisotropy (AU ) (see Figure 5.1). On the contrary,
varying composition does not display such a significant trend in Nb-Mo-W-Ta, and Mo-W
alloys.

BCC alloys E B G ν cs AU B/G

(GPa) (GPa) (GPa) (km/s)

HCP (HfZrTi)12 125 103 48.2 0.297 2.68 0.05 2.13

HCP Nb3(HfZrTi)11 93 106 34.3 0.353 2.20 0.20 3.08

Nb6(HfZrTi)10 85 107 31.0 0.368 2.15 0.43 3.46

(NbHfZrTi)9 89 109 32.6 0.364 2.20 0.29 3.36

Nb12(HfZrTi)8 93 115 34.0 0.366 2.25 0.19 3.40

Nb15(HfZrTi)7 90 121 32.5 0.376 2.20 0.08 3.72

Nb18(HfZrTi)6 84 124 30.3 0.387 2.13 0.10 4.10

Nb21(HfZrTi)5 89 132 32.0 0.388 2.18 0.08 4.14

Nb24(HfZrTi)4 89 139 32.0 0.393 2.17 0.43 4.34

Nb27(HfZrTi)3 74 147 26.0 0.415 1.98 1.10 5.65

Nb30(HfZrTi)2 75 156 26.4 0.420 1.96 1.48 5.91

Nb33(HfZrTi)1 83 166 29.3 0.415 2.05 1.70 5.66

Nb36 90 176 31.7 0.413 2.11 1.93 5.56

Unit cell of Nb2 69 168 24.0 0.430 1.86 1.75 7.02

(NbMoWTa)9 210 232 78.0 0.349 2.68 0.25 2.97

(NbMoWTa)10Ta6 237 236 88.8 0.332 2.88 0.32 2.65

(NbWTa)8Mo12 229 235 85.7 0.337 2.84 0.28 2.74

Nb8Mo11W12Ta8 271 246 103.0 0.316 3.06 0.20 2.38

Nb10Mo13W7Ta6 243 233 91.6 0.326 3.01 0.27 2.54

Nb12Mo8W9Ta7 201 226 74.5 0.351 2.67 0.32 3.02

Mo4W32 347 297 133.0 0.305 3.03 0.003 2.23

Mo10W26 346 294 132.6 0.304 3.16 0.05 2.22

Mo18W18 322 282 123.0 0.310 3.23 0.15 2.29

Mo24W12 311 276 118.7 0.310 3.35 0.18 2.32
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Table 5.4: Born’s elastic stability test of uniaxially strained Nbx(HfZrTi)y where x+3y=

36 and others: Born’s criteria state that a specimen of material is elastically stable if each
eigenvalue (e1,e2, · · · ,e6) of its elastic matrix (C) is positive [15]. We compute the eigenvalues
of C at stress-free, pre-failure, and failure strain configurations of several alloys. We note
that alloys Nbx(HfZrTi)y become unstable (as e1 < 0) at lower strains with increasing Nb-
concentration. For instance, 3× 3× 2-size supercell of Nb becomes elastically unstable only
at ε11 = 6% while (NbHfZrTi)9 high-entropy alloy becomes unstable at ε11 = 14%. Equiatomic
HEAs exhibit superior ductility over an elemental metal as they fail at ε11 = 14%.

BCC alloys ε11 (%) e1 e2 e3 e4 e5 e6

0 37 39 42 45 53 328
(NbHfZrTi)9 12 3.7 15 35 49 42 313

14 -5.1 20 35 37 40 320
0 36 37 43 49 65 346

Nb12(HfZrTi)8 12 5.6 12 31 33 38 322
13 -4.2 9.2 32 33 38 326
0 31 37 38 57 59 363

Nb15(HfZrTi)7 16 0.1 0.8 32 38 49 345
16.5 -9.1 -1.1 32 37 43 345

0 25 28 31 61 76 373
Nb18(HfZrTi)6 10 3.6 6.4 25 31 33 359

12 -1.4 0.1 27 28 39 360
0 27 30 34 66 75 398

Nb21(HfZrTi)5 11 1.9 7.7 24 27 33 370
11.5 -7.4 5.5 23 26 31 368

0 20 29 31 78 94 416
Nb24(HfZrTi)4 10 0.2 21 26 31 45 390

10.5 -1.6 19 24 28 42 391
0 13 21 23 78 92 441

Nb27(HfZrTi)3 9 0.1 21 24 44 62 412
9.5 -1.8 21 24 40 58 411
0 13 18 22 94 96 470

Nb30(HfZrTi)2 6 2.1 21 28 78 88 447
7 -1.9 22 27 78 85 442
0 15 15 15 93 93 506

Nb36 5 4.1 12 30 68 118 502
6 -4.9 11 23 63 98 497
0 36 37 40 92 104 482

(NbVTaTi)9 12 5.8 20 34 36 59 450
14 -3.0 2.6 32 38 55 445
0 62 66 68 183 222 695

(NbMoWTa)9 13 24 25 37 42 218 600
14 -40 16 21 36 209 597
0 98 118 118 247 331 845

(MoW)18 12 0.3 58 67 67 270 736
13 -15 52 56 60 257 726
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Table 5.5: Modified Born’s elastic stability test of a uniaxially strained specimen: A material
under finite strain is elastically stable if each eigenvalue (e1,e2, · · · ,e6) of its modified elastic
matrix (A = (B + BT)/2 where B = C + ∆(σ)) be positive [243, 108]. For tensile stress σ11 = σ ,
most of the components of B and C are same except B11 = C11 + σ , B12 = C12− σ , B13 =

C13−σ , B55 =C55+σ/2, and B66 =C66+σ/2. We note that the modified stability criteria fail
to identify a few unstable configurations (gray colored rows) which instabilities also marked by
negative elastic moduli (C′,C44,E,G are in GPa) were successfully detected by Born’s criteria
(Table 5.4).

BCC alloys ε11 (%) e1 e2 e3 e4 e5 e6 C′ C44 E G

0 37 39 42 45 53 328 26 37 89 32.6
(NbHfZrTi)9 12 8.0 15 36 43 44 311 5.2 15 43 15.2

14 -2.8 20 36 38 41 319 -0.04 20 -3.0 0.4
0 36 37 43 49 65 346 31 41 93 34

Nb12(HfZrTi)8 12 11 13 32 34 40 320 1.4 12 41 14.4
13 1.7 9.2 33 34 40 325 -5 9.2 -5.1 -0.64
0 31 37 38 57 59 363 29 37 90 32.5

Nb15(HfZrTi)7 14 5.9 11 35 41 49 339 2.2 7.0 38 14.0
16 0.3 6.8 34 40 46 343 0.8 0.3 27 9.5
0 25 28 31 61 76 373 32 27 84 30.3

Nb18(HfZrTi)6 10 5.2 11 28 32 34 357 -0.14 6.1 33 11.3
12 -1.1 6.1 29 31 40 358 -0.5 -1.0 22 7.5
0 27 30 34 66 75 398 38 31 89 32

Nb21(HfZrTi)5 11 5.9 12 27 31 34 367 -2.4 6.8 28 9.65
11.5 0.6 6.3 25 29 33 366 -5.6 5.2 103 39

0 20 28 31 78 94 416 39 27 89 32
Nb24(HfZrTi)4 10 0.3 24 31 39 47 387 8.0 0.7 27 9.3

10.5 -1.5 23 30 36 44 388 6 -1.0 4.4 2.0
0 13 21 23 78 92 441 41 18 74 26

Nb27(HfZrTi)3 9 0.2 25 29 51 66 409 13 0.6 30 10.4
9.5 -1.7 26 28 49 58 411 10 -1 7.2 3
0 13 18 22 94 96 470 49 15 75 26.3

Nb30(HfZrTi)2 6 2.1 25 31 79 98 444 38 2.2 50 17.6
7 -1.9 26 31 79 95 439 35 -1.8 17 6.6
0 15 15 15 93 93 506 50 19 90 31.7

Nb36 5 4.1 16 34 72 125 499 32 4.1 58 20
6 -4.9 16 27 68 106 493 26 -5.0 -690 -109

14 -38 12 21 32 110 459 20 -38 7.0 2.4
0 36 37 40 92 104 482 45 40 116 42

(NbVTaTi)9 12 5.9 31 39 41 59 446 -1.0 6.0 53 18.6
14 -3.0 15 36 42 56 442 -9.0 -3.0 42 14.5
0 62 66 68 183 222 695 110 68 210 78

(NbMoWTa)9 13 24 37 52 71 218 592 -8 24 104 37
14 -8.9 17 33 48 210 589 -54 16 120 42
0 98 118 118 247 331 845 165 118 322 123

(MoW)18 13 23 52 70 73 257 716 -29 52 -32 -6
14 -8.3 50 58 59 232 724 -49 50 278 109
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Table 5.6: Eigenmode of failure deformation in Nbx(HfZrTi)y where x+ 3y = 36 and
others: The eigenvector corresponding to the negative eigenvalue of elastic constants matrix C
determines the failure mode of a material. In a material with cubic symmetry, the eigenmode
of deformation for vanishing tetragonal shear modulus (i.e. C′ = (C11 −C12)/2 < 0) is
(δηxx,δηyy,δηzz,0,0,0) and the eigenmode of deformation for pure shear failure (C44 < 0)
is (0,0,0,δηyz,0,0). Therefore, we see in the table below that a continuous rise in Nb-
concentration in Nbx(HfZrTi)y changes the failure mode from tetragonal shear to mixed to pure
shear. This variation in failure mode is consistent with the observation made in Figure 5.1(b)
where we noted a crossover between C′ and C44 as a function of Nb-concentration.

BCC alloys ε11 (%) e1 C′ C44 ηxx ηyy ηzz ηyz ηzx ηxy Failure mode

Nb6(HfZrTi)10 16 -4.9 3.5 19 0.77 -0.10 -0.63 0 0 0 Tetragonal shear

(NbHfZrTi)9 14 -5.1 -0.04 20 -0.80 0.18 0.57 0 0 0 Tetragonal shear

Nb12(HfZrTi)8 13 -4.2 -5 9 -0.83 0.37 0.40 0 0 0 Tetragonal shear

Nb15(HfZrTi)7 16.5 -9.1 -1.4 -1.7 0.24 0 -0.15 -0.95 0 0 Mixed

Nb18(HfZrTi)6 12 -1.4 -0.5 -1 -0.4 0 0.3 0.9 0 0 Mixed

Nb21(HfZrTi)5 11.5 -7.4 -5.5 5 0.8 -0.2 -0.5 0.2 0 0 Mixed

Nb24(HfZrTi)4 10.5 -1.6 6 -1 0 0 0 -1 0 0 Shear

Nb27(HfZrTi)3 9.5 -1.8 10 -1 0 0 0 1 0 0 Shear

Nb30(HfZrTi)2 7 -1.9 35 -2 0 0 0 1 0 0 Shear

Nb36 6 -4.9 26 -5 0 0 0 1 0 0 Shear

(NbVTaTi)9 14 -3.0 -9 -3 0 0 0 -1 0 0 Shear

(NbMoWTa)9 14 -40 -54 16 -0.9 0.4 0.2 0 0 0 Tetragonal shear

(MoW)18 13 -15 -29 52 -0.8 0.4 0.3 0 0 0 Tetragonal shear

104



Chapter 6

Summary & Future Outlook

Summary

In this thesis, we employed machine-learning and first-principles modelling to understand

complex phenomena involving processes at multiple scales in materials science. Dielectric

breakdown in solids, proton conduction in cubic perovskite oxides, and structural stability &

mechanical behavior of high-entropy alloys are the topics I have worked on during my Ph.D.

tenure. These phenomena are complex as they lack microscopic theories. We rely on

phenomenological or mean field theories to understand dielectric breakdown, phase transition,

proton conduction and mechanical failure in materials. The complexity arises due to their

highly nonlinear behavior and spanning multiple scales. The complexity and multiscale nature

of the studied phenomena is the linking thread of this thesis.

In Chapter 2, we presented an integrated framework of machine learning (ML), scaling laws,

and dimensional analysis to get a simple interpretable model and illustrated it in the analysis

of dielectric breakdown in solids. Our model needs two material descriptors bandgap (Eg) and

nearest-neighbor distance (dnn) which are easily accessible. The predictive ability of our model,

particularly for new materials (which are distinct from those used in ML training) is superior

to the other existing models of the dielectric breakdown field. In Chapter 3, we aimed at an

ML model of proton conductivity in perovskite oxides which could later be used to discover

a better proton conductor for an electrolyte within fuel cell application. We have listed out

the descriptors relevant to proton conduction in cubic ABO3 perovskite oxides. We estimated
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energy barriers for proton transfer in a few perovskite oxides too, which can be modeled with

the proposed ML framework.

In Chapters 4 and 5, we studied multi-elemental metallic alloys. An equiatomic configuration

of such an alloy called high-entropy alloy (HEA) has high configurational entropy due to

inherent chemical substitutional disorder. Despite the mixture of multiple (≥ 4) elements, the

lattice structures of most of the HEAs are still BCC, FCC, or HCP. In Chapter 4, we reported

an HCP→BCC phase transition in Nbx(HfZrTi)36−x at x = 6 composition with increasing

Nb-concentration (x). Local structure was analyzed through the construction of Voronoi cells

and bond-orientational order parameters to mark the structural transformation. Internal lattice

distortions peak at the transition and can be regarded as an indicator of the first-order transition.

We also demonstrated that alloys in this family are enthalpically unfavorable, and the entropy

stabilizes them.

In the final work Chapter (5), we computed the mechanical properties of BCC-structured

high-entropy alloys. We noted an anomalous variation in elastic anisotropy as a function of

Nb-concentration in Nbx(HfZrTi)36−x. Bulk Nb is elastically anomalous due to soft C44 which

causes a large anisotropy (AZ = C′/C44). The anomalous variation in anisotropy with x is first

controlled by the HCP→BCC transition and then by the effects of Nb. Next, we estimated the

ideal tensile strength of Nbx(HfZrTi)36−x by uniaxially deforming the lattice along the < 100 >

direction. Mechanical stability analysis revealed that the failure mode switches from tetragonal

shear to mixed to pure shear with increasing Nb-concentration. The alloys in this family exhibit

a strength-ductility trade-off as a function of Nb-concentration (x). We also simulated a few

binary alloys and other quaternary HEAs to juxtapose the results with those obtained for

NbxHfZrTi36−x.

Future outlook

In Chapter 2, we presented a simple and interpretable ML model from a small dataset of

dielectric breakdown – a multi-scale process. Dimensional analysis and existing scaling laws

made the model physically interpretable. This kind of ML model development is generic in

nature and can be applied to predict other material properties too, for example, proton

conductivity in fuel cells (ongoing work in Chapter 3).
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Prediction of mechanical failure is given high importance in structural engineering

applications. A computational guideline for the synthesis of high-strength materials is the core

of part II of my thesis. I am sure that my thesis will help other researchers in the materials

science community to check the structural stability and mechanical behavior of high-entropy

alloys. We have used a robust set of descriptors for local structural analysis to infer the phase

transformation in internally distorted lattices of HEAs. These descriptors can be used in

identifying the local crystalline phases within any distorted structures. For example, the

presence of multiphases within HEAs (in accordance with Gibbs phase rule) can be detected

using our proposed set of descriptors.

We simulated single-crystalline bulk phases of HEAs using DFT at 0 K. To study the effect of

temperature, system size, and crystallographic defects on the mechanical strength of an HEA,

one should run ab-initio or molecular dynamics simulations (MD). AIMD is accurate but

computationally expensive and limited to system-size having a few thousands of atoms. On the

other hand, classical potentials used in MD are inaccurate and empirical in nature. Therefore,

one can learn DFT-based interatomic potential energy through machine learning. Such ML

trained interatomic potential (MLIP) is accurate and fast for MD simulations and often used to

study the properties of systems at a large scale. Finite element method is an another way to

look at the mechanical behavior of HEAs at microscale.

There are many open questions in high-entropy alloys. I am listing a few of them which we are

currently studying.

1. Single-phase HEAs are limited. How to predict the composition of a single-phase HEA?

This question is also rephrased as the structural stability of HEAs.

2. What is the origin of ILDs in HEAs and how does ILDs affect their mechanical strength?

We answered it to some extent in Chapters 4 and 5 but a complete understanding is miss-

ing.

3. What are the mechanical failure mechanisms of HEAs? We noted a switching of failure

mechanism from Born’s instability to shear instability in NbxHfZrTi with increasing Nb-

content. What causes this switching is not yet understood.
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