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Synopsis

PT-symmetric theories are an active area of research in studying open
quantum systems, alongside various stochastic field theories and nonequilib-
rium theories. In the realm of many-body problems, the challenge lies in
finding solutions that go beyond single-particle physics and approximate so-
lutions. Various techniques have been employed to address this, including
diagrammatic perturbation theory, Dynamical Mean Field theory, Renor-
malization techniques, conformal field theories, Bethe ansatz, and Slave-
Boson method. The Bethe ansatz and Slave-Boson methods are particularly
renowned in the field, providing closed-form solutions for various quantities.

In this thesis, we delve into the study of Open Quantum Systems from
a fundamental perspective. Our primary focus is on the development and
application of quantum many-body techniques for understanding the steady
state of non-equilibrium systems, aiming to avoid the complexities and am-
biguities associated with the Keldysh machinery. The reliance on Keldysh
machinery often involves choosing an initial state, making numerous approx-
imations, and computations, and can be numerically demanding.

Chapter 1 will present a literature survey of experimental realizations and
theoretical investigations of non-Hermitian systems. This chapter will also
present a brief, but self-contained background necessary for the consideration
of such non-Hermitian Hamiltonians(nHH).

Chapter 2 begins with the derivation of an effective nHH from the quan-
tum master equation which is then shown through simple transformations
to be a non-Hermitian STAM in chiral channels. We adapted standard tech-
niques such as exact diagonalization, Green functions, and Slave Boson tech-
niques with suitable modifications to explore this model. We have specif-
ically focused on the interplay between non-Hermiticity, Rashba spin-orbit
coupling, and strong correlations in a quantum dot connected to metallic
leads.

Chapter 3 will focus on incorporating electron-electron (e-e) interaction



in nHH using finite-U Slave Boson and renormalization methods. In par-
ticular, we derive the Callan Symanzik renormalization equations from the
impurity action in the Slave Boson representation. This approach was able
to recover strong coupling and local moment phases in the Kondo problem,
hence validating the method. We also show that these are general methods
that can be used for lattice models and should serve to yield an unbiased
simple description for incorporating e-e interactions in nHH. This is espe-
cially important since there are a limited number of analytical theories that
are nonperturbative in both, the electron-electron interaction as well as QD-
contacts coupling, and concomitantly have a straightforward generalization
scheme. Secondly, the approach discussed in this chapter is analytical and,
thus, will help to obtain closed-form expressions and reveal a physical picture
underlying new and more complicated physical systems. Chapters 3 and 4
focus on the physics of a quantum dot connected through a parity-time sym-
metric, but non-Hermitian hybridization, to two metallic leads having Rashba
spin-orbit coupling. The focus is on the interplay of non-Hermiticity, RSOC,
and strong correlations, and the influence of such an interplay on exceptional
and quantum critical points, as well as on new fixed points.

Chapter 4 of the thesis is dedicated to the investigation of the PT-
symmetric Dzyloashinki Moriya (DM) interaction in the Kondo Problem.
We employ the projection operator methods to derive a non-Hermitian Kondo
model with complex DM interaction. Subsequently, the model is investi-
gated through an appropriately modified poorman’s scaling formalism. The
resulting RG equations up to second order are solved with which we ob-
tain RG invariants, closed-form solutions, and critical points of the model.
The rich physics resulting from the effect of the complex DM interaction on
Kondo physics is discussed.

Chapter 5 focuses on the interplay between Dresselhaus Spin-Orbit (DSO)
and Rashba Spin-Orbit (RSO) coupling in the Hermitian and non-Hermitian
single-impurity Anderson model. We derive the PT-symmetric emergent
spin-orbit coupling channels through angular momentum expansion in three
dimensions. We utilize Kotliar and Ruckenstein Slave Boson’s representa-
tion to rewrite the impurity action to derive saddle point equations to get
the Kondo scale. RG calculations are performed in Kehrein’s Flow Equa-
tions formalism by deriving the flow equations with different generators. we
construct a comprehensive phase diagram that highlights the competition
or cooperation between spin-orbit interactions and correlation in the non-
Hermitian Kondo problem.

Chapter 6 explores the impact of non-linear dispersion in the conduc-
tion bath hosting topological states on the Kondo problem and its effect on
electronic transport. An effective non-Hermitian Kondo model is derived by



analyzing a specially designed bath with a three-fold symmetry rotation in
momentum. Combining anisotropic Dzyaloshinskii-Moriya (DM) interaction
and non-linear dispersion leads to the surprising emergence of exceptional
points in a Hermitian model. The chapter also investigates the effects of
potential scattering and extends the model to a two-impurity Kondo system.
Notably, our analysis reveals a ”Sign Reversion” regime and the presence of
out-of-phase RKKY oscillations.

A summary of the thesis along with a future outlook is provided in Chap-
ter 7.
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Chapter 1

Introduction



1.1 Early Development of Non-Hermitian The-
ories

The contemporary formulation of quantum mechanics in a closed system is
based on the axioms which can be traced back to the mathematical formu-
lation of quantum mechanics, proposed by Paul Dirac! in 1930 and John
von Neumann? in 1932. Below we present the axioms of quantum mechanics
generally found in standard quantum mechanics textbooks®™.

e State vector 1 is the element in infinite dimensional Hilbert space H.1
satisfies all the criteria of vector space.

Y =M1+ Aoty (1.1)

where \; and Ay are arbitrary complex numbers.i) can be shown it is
square integrable:

17 = Pl + Dol + A etiee + MAsen;

1.2
< PualPual (9 ]? + ]2 (12

1 spans vector space hence square-integrable and [¢|? is smaller than
a function whose integral converges.

e Scalar product is defined as (¢,v) = [ dr¢*y) and has following prop-
erties:

(0,9) = (¥, 0)"
(&, Mthy + Aathg) = Ai(@, 1) + A2, 102) (1.3)
(AM1@1 + A2, ¥) = A1(91,¥) + A5(d2, ¢)

The scalar product is linear and if (¢,1) = 0 then ¢ and v are or-
thogonal, and (¢, 1)) = [ dr]|? is a real positive number and it is only
zero when 1) is zero. All the vectors in Hilbert space obey the Schwartz
inequality:

(1, ¥2)| < (W1, ¥1) v/ (02, o) (1.4)

e Self-adjoint(A" = A) or Hermitian operators satisfies the relation (¢|Alt)) =
(| A]¢)* and action of operator " A” Aly) = |¢') and It is worth noting
that 1" is also a part of the Hilbert space.



e Completeness or closure relation can be defined as ) . P, = Z and pro-
jection operators are P; = |1;)(1;].

e When the physical quantity ()| A|¢)) on a normalized state ¥ the prob-
ability of obtaining non-degenerate eigenvalue a,, is P(a,) is given by
P(a,) = [{un|t))|* where |u,) is normalized and its eigenvalue is a,,.

e Time Evolution in the standard formulation is unitary and can be
stated as,

B[ = HOR()

These standard axioms will be modified in the case of Non-Hermitian quan-
tum theories; here, we present an overview of the early formulation and a
few pioneering works. Carl Bender’s article® in 1998 sheds light on a certain
class of Non-Hermitian Hamiltonians. Complex Hamiltonians were used in
dissipative systems as early as 1928, where an imaginary part of the model
was used to explain the lifetime of the resonance state. The fundamental dif-
ference between the various types of complex Hamiltonians lies in the inner
products of the states™®.

1.2 Non-Hermitian Quantum Theories

The theories involving Non-Hermitian Hamiltonians, which are not neces-
sarily self-adjoint and can lead to complex eigenvalues. The study of Non-
Hermitian quantum theories is motivated by the desire to understand the
properties of systems that standard Hermitian quantum mechanics does not
describe. Some research areas in this field include the study of Non-Hermitian
phase transitions, the behavior of Non-Hermitian systems in the presence of
dissipation, and the investigation of Non-Hermitian quantum gravity mod-
els?.

It is important to note that Non-Hermitian systems are still poorly un-
derstood, and many open questions in this field are ripe for investigation®.
The development of Non-Hermitian theories in the early stage was focused
on complex theories like the ¢ and i¢® and wrong sign ” — ¢*” models.
The nhQFT host-bound states were first shown by Carl M. Bender et al®.,
opening up new possibilities for studying bound states and resonances in
Non-Hermitian systems®. Since then, research in this area has grown, and



the exploration of NH theories has expanded to include a wide range of top-
ics?.

There have been several attempted extensions of well-known theories like
the Non-Hermitian Standard Model or Non-Hermitian extensions of other
gauge theories?. These extensions could involve studying the impact of non-
Hermitian terms on particle interactions, symmetries, and the dynamics of
the system. Additionally, it is worth investigating the implications of Non-
Hermitian quantum field theories in the context of quantum information the-
ory and quantum computing. Understanding the effects of Non-Hermitian
terms on quantum entanglement and quantum information processing could
have practical applications in quantum technologies.

1.3 Hermitianization and Metric Operators
in Non-Hermitian Quantum Systems

In the first formulation with an indefinite inner product!®, Mark S. Swanson
introduced a mapping known as the Dyson map, represented as n(z) Hn~(2),
which transforms a given non-Hermitian Hamiltonian H to that of a harmonic
oscillator, denoted as h = $(2)p* + 2v(2)z®. The Dyson map relies on the
concept of Hermitianization, expressed as n~1An = (n7tAn)! = An'n =
n'nAT = n'n = p. Swanson’s work has shown observable effects in various
regimes, revealing the connection between Non-Hermitian quantum systems
and Harmonic Oscillators'?. This mapping provides valuable insights into
the behavior of Non-Hermitian systems by relating them to well-understood
and tractable harmonic oscillators, facilitating their study and analysis in
different physical scenarios. The approach has implications in a wide range
of quantum systems, and its applications continue to be explored in the field
of theoretical physics.

In studies involving NHH, one typically seeks metric operators to map
models to Hermitian form or define meaningful inner products and averages.
The selection of metric operators can vary depending on the particular model
and the type of non-Hermiticity involved. For instance, in a generalized
Harmonic Oscillator model, Musumbu et al.'* demonstrated that there are
multiple options for choosing a metric operator.

In the conventional quantum formulation, it is a requirement that the
inner product must be bounded from below, meaning that (1,|t,,) should
be both finite and positive, with the added condition that (i,|,) < occ.
However, in the context of non-Hermitian systems, the inner product must

10
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Type-I  Type-II

E.F 9 — 1 EOF = -—--

H

Figure 1.1: A schematic diagram distinguishing between Type-I and Type-II
Exceptional Points (EPs) in various non-Hermitian models has been devel-
oped based on the discussions presented in Appendix B of Takanabu Taira’s
thesis!®. Dotted lines represent imaginary weights of eigenvalues.

be taken over an appropriate basis using metric operators. Several works%!2

have demonstrated that in these non-Hermitian scenarios, the probability
is not conserved, and it exhibits oscillatory behavior in regimes involving
imaginary eigenvalues.

1.4 Type I and Type II exceptional points

In non-Hermitian quantum mechanics, exceptional points (EPs) are singular
points in a system’s parameter space. Two types of EPs, Type-I and Type-II
as shown in figure 1.1, can occur. Takanobu and Andreas Fring’s work!?
offers insights into obtaining distinct solutions for different types of EPs.
The concept of complex scaling of an operator, originally introduced by
Dyson, has found practical use in nuclear reactions and can be adjusted for

use in complex scaling within the context of P7T-symmetric systems”.

1.4.1 Example

A three-site problem can be considered as a demonstration of the Dyson
Map. Let’s illustrate the concept of complex scaling of operators using this

11



example in second quantization.

H=c_ic e+ echco+ ercies +re (el jco + he) + re ™ (cleg + he)

(1.5)
We can write this in the following matrix form,
e, re 0 c_1
H=(c", o ) [re™ e re? Co (1.6)
0 re? ¢ 1

In order to find a metric operator that satisfies the quasi/pseudo-Hermitian
condition nHn~! = H', we can observe the following symmetry operations
on the Hamiltonian H:

,Plepil = C,j
TiT = —i (1.7)
chC’1 = ic}

We can construct a metric operator by using the symmetry operations out-
lined in Equation 1.7, which include P for parity, 7 for time reversal, and C
for charge conjugation. These operations were also discussed by Bender et
al.? in their work on a model in first quantization:

C_1 C1
PT.
Co — Co
C1 C_1
C_1 0 01 &1
Co = 010 Co
o 100/ \c, (1.8)
0 0 1 C1
" n:(ci cg cT_l) 010 Co
1 00 C_1

—

= cJ{c_l + ¢cpco + Cilcl

With the metric operator provided in Equation 4.20, it is possible to demon-
strate that nHn' = HT, which satisfies the condition for pseudohermiticity.
Subsequently, we can determine the left-right eigenstates of the model along
with their corresponding eigenvalues.

AV
Ao=¢€ A= + \/(60 1 2 + 2r2 cos 260 (1.9)
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We can verify the completeness with bi-vector formalism 46 that is
Za,a:O,:l:l |a>LR<O/| = 5&,0/7

—1i0

1 + V2 cos 20 1 —i6 i0
|j:>R - 1 ’ <j:|L - ( \/2600s29 1 i\/2i0520>
VN1 4 e VN1
V2 cos 260
o0
|0>R = 1 0 <()|L — 1 (ew 0 _e—w)
VNo \ _ o V' Ny
2+2 20
Ny = 2200820 N 9 N = 2c0s20
2 cos 20
where N =L <:|:,O‘:|:,O>R, Ni,O =R <j:,0]:|:,O)R
(1.10)
The completeness for this problem can be verified as the following,
[ e+ +10)Lr(O] + | =) rr{—| =1
6—21'9 e—iG 1
1 2 cos_%g V2 cos 26 2 COSi299
|:|:>R<:l:|L - N :l:\/2cos20 1 :l:\/2(:0520
1 4 210 (1.11)
2 cos 20 2 cos 20 2 cos 20
. e 20 0 -1
000l =51{ 0 0 0
_1 819 6216

2cos20  2cos26

complex scaled operators can map the PT-Hamiltonian as a Hermitian model,
which is a Dyson map in this case,

5_1 = f(@)e_wc_l, 51 = f(H)ewcl, f(@) = v 2cos 20
¢ — 1 -2 e = 1 e (1.12)
V2 cos 20 7 V2 cos 20
Using the above complex scaling for operators and parameters, we get a
mapped Hamiltonian having the same spectrum as the original one until we
reach the exceptional point,

H=e_ ¢4+ e +ehéo+rVecos20(¢ éo + éég+he)  (1.13)

The time evolution of the operators will follow the conventional equation of
motion,

l

LI, Ear] (1.14)

éﬂ,o@‘)

13



Green’s functions for the scaled operators and exceptional point analysis will
differ from conventional ones,

3 —1
G N r2 cos 20 r3 cosz 20

=t~ = |\W —€r — 2 - 2

Ciq1C+1 wt — €y — 72 cos 20 (w+ _ ei)(aﬁ — €y — r cosQG)

wt—et wt—eg
- N r2cos20\
Geer = | @ —eo—Zﬁ
- Ca

«

(1.15)

Substituting the e+ we can show these Green functions will not have causality
violation as follows,

3 -1
G ( N 2 cos 20 3 cos? 20
e, — |W T — 2 - 2
¢y 611 + __ 12%cos20 + + _ r?cos26
w €+ wt—et (w Ei) (UJ €+ wt—eq )
(1.16)

This demonstrates that the Dyson map produces all spectral functions that
adhere to the Lehmann representation, until the point where the Non-Hermitian
parameter changes the sign of the quantity cos26. This mapping can be
likened to a problem involving oscillators by Mark S. Swanson'” . Sub-
sequent chapters of the thesis will delve deeply into this issue, exploring it
through different renormalization techniques.

The article by Ashida et al?® in 2020 provides an overview of theoretical
investigations into various Non-Hermitian theories. Since these processes can
have diverse physical origins, they necessitate distinct theoretical approaches.

1.5 Exceptional Points In Condensed matter

In condensed matter physics, exceptional points (EPs) are singularities where

a system’s Hamiltonian eigenvalues and eigenvectors converge?!i?222°28  FPg

occur across electronic systems?' 23, photonic?* 26, and mechanical systems 222728,
In electronic systems, EPs alter energy spectra, impacting topological

properties crucial for understanding quantum phases and transport!23, Sim-

ilarly, in photonic systems, EPs affect eigenmodes, influencing phenomena

like lasing and emission suppression?426,
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1.5.1 Example Of Non-Hermitian Dispersion in 2 di-
mensions

In order to showcase exceptional points in Non-Hermitian dispersion, we
use a straightforward model with a specific type of spin-momentum coupled
interaction. We compare this model in both Hermitian and Non-Hermitian
problems, highlighting the importance of exploring Green’s functions in the
appropriate basis for Non-Hermitian problems. This topic is further discussed
in Chapter 2.

Hiterm = ) (008 by + cosky)clycro + 3 Ui(Ean, X @)t (1.17)
k

k,o

In the above model (1.17) index k = /k2 + k2, the eigenvector is represented
in spin-momentum coupled interaction as:

T . T
Yy = (Cm Cm)

where €, 1, = cos kyi + cos kyj and & = 0,0 + Oyj + UZ/;’ and &k =
/K2 + k2. The Green’s function for the model can be derived as follows:

2 2 -1
cos” k, + cos® k
G(w = (w' —cosk, — cosk, — a Y 1.18
( ){Cj”cﬂ} ( ¢ Y wt —cosk, — cosk, (1.18)
Now we consider a spin-dependent gauge that can be used to construct the
non-Hermitian model and show the differences between the Hermitian and
non-Hermitian cases particularly at band touching points.

Hﬁz;z—Herm = Z |a€a:7ky|€iaeclto-cka
he (1.19)
+ ((cos k. — cos k;y)c,tTcki + (cos ky + cos ky)CLCkT)

cosk

¥ and Green’s functions for the

where in the above model 1.19 § = tan™! .

above model can be derived as follows,

cos? k, — cos® k, -
wt —ocosk, —ocosk,
(1.20)

GPT(W){CT,,CU} = (w+ —ocosk, —ocosk, —

In the above equation, in the limit as w* = (w+in) — w, which is essentially
equivalent to taking n — 0, the roots of the denominator of the correspond-
ing Green’s function (denoted as G) are plotted in Figure 1.2. This figure
illustrates subtle differences between the symmetry-preserved regime of a
non-Hermitian model and a Hermitian model.
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poles of G 0

-2

Figure 1.2: Plots demonstrating band touching points calculated from poles
of G(w) in k-space in 2 dimensions where above top plot for the Hermitian
case(Hperm) and bottom one is for Non-Hermitian(H27 . ), Note that
the Dirac cones are rotated by 90 degrees and additional there is Dirac cone

at center in non-Hermitian case.
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1.6 Non-Hermitian Condensed Matter Sys-
tems

The study of open quantum systems often involves master equation tech-
niques with various noise terms?. Quantum criticality in P7-symmetric
effective field theories has been explored in the sine-Gordon model, describ-
ing the transition from a Mott insulator to a Tomonaga-Luttinger liquid3%3!.
Similar critical behavior has been observed in classical systems and in classi-
cal spin chains with imaginary fields'?32. Non-Hermitian Hamiltonians have
been studied in experiments with balanced gain and loss in open systems, as
observed in recent experiments with cold atoms3336.

Conventional Kondo-type systems, like impurities coupled to baths, have
been realized in controlled environments such as atoms in harmonic traps3” 2.
In experiments with synthetically generated Rashba-type spin-orbit coupling,
induced artificial magnetic fields break parity and time reversal symmetries.
Exceptional points may lead to sensitive sensors, where any perturbation of
strength ¢ leads to a splitting of the levels proportionate to the n'* root of
(43144

Achieving Exceptional Points (EPs) in physical systems is challenging
and can be engineered by manipulating dissipation, employing gain and loss
elements, or applying external fields. Different systems such as electronic,
photonic, mechanical, and microwave systems can be used to realize EPs. It
is essential to confirm the characteristics of EPs, such as the degeneracy of
eigenvalues and eigenvectors, and the appearance of new modes of vibration.

Recent discoveries include the creation of topologically protected lasers
through unique lattice constructions in geometrically designed lasing cavi-
ties*%6. The presence of nitrogen vacancies and carbon isotope substitution
can lead to intriguing non-Hermitian phenomena in these systems.

1.7 The Hatano-Nelson Model with Periodic
Potential

The Hatano-Nelson model is a well-studied quantum mechanical model in
second quantization that describes the motion of a quantum particle in a
disordered lattice with a periodic potential. Introduced in 1996 by Hatano
and Nelson as a simplified version of the Anderson model, it is widely used
to study quantum localization transitions. The Hamiltonian of the Hatano-
Nelson model is given by:
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Figure 1.3: Emergent exceptional points at Re(e;) = £1 in the Hatano-
Nelson Model with periodic perturbation, as discussed by Hebert et al.*7.

Hpy = Z [—t <€hcilcn+1 + e—thH_lcn) + MnCLCn} + Z V cosnr

n

where ¢ and ¢, are the creation and annihilation operators at site n, t
is the hopping amplitude between neighboring sites, A introduces anisotropy
in hopping probabilities, and u, is the on-site potential with site disorder
following a uniform distribution p,, € [-A/2, A/2]. Figure 1.3 illustrates the
emergent exceptional points (EPs) for a particular set of parameters, despite
the model not being inherently P7-symmetric.

The Hatano-Nelson model exhibits several key phenomena of interest in
quantum systems:

e Anderson Localization: The model captures Anderson localization,
where quantum particles become localized due to disorder, resulting in
the absence of diffusive transport4®.

e Quantum Phase Transition: It undergoes a quantum phase transi-
tion between localized and delocalized phases as disorder or the ratio
of hopping to potential strength is varied, characterized by a critical

point separating the phases®’.
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e Self-duality: The model exhibits self-duality, a property that links the

behavior in both phases, providing insights into its critical behavior®°.

1.8 Non-Hermiticity and Strong Correlation

Non-Hermitian systems exhibit unique behaviors, including exceptional points
(EPs) and novel phenomena when interactions are introduced. This interplay
is important in fields like quantum computing and topological phases of mat-
ter. Techniques like master equations and renormalization group calculations
are often used to study these effects?.

Quantum criticality in PT-symmetric field theories has been explored
in models like the sine-Gordon model, while classical systems have shown
similar transitions!?303251  Non-Hermitian effects in strongly correlated
systems lead to complex phenomena, including the emergence of EPs and
non-Hermitian topological phases?®??3.

Non-Hermiticity can also contribute to the formation of topological phases,
characterized by robust, quantized properties. This interplay adds complex-
ity to the study of quantum materials and their behavior in strongly corre-
lated systems.

1.9 Perturbation Theory for Non-Hermitian
Systems

Diagrammatic perturbation theory represents particle interactions through
diagrams, with vertex contraction techniques simplifying calculations. Bi-
linear operators in momentum enable these contractions, while Poorman’s
scaling reveals anomalous second-loop corrections. These methods extend to
time-dependent scenarios and spectral function computations.

In non-Hermitian systems, time-dependent perturbation theory shows
asymmetric corrections to ground states in two- and three-level systems®*.
The concepts of pseudo-Hermiticity and geometric dynamics emphasize the
topological nature of these systems!®. Symmetries and unitary evolution are
also explored®®, and Carlstrom introduces a diagram technique for correlation
effects in steady-state non-Hermitian systems®.

Pseudo-Hermitian (PHH) operators clarify claims about P7-symmetry
and observables in these systems, with time-independent PHH operators ad-
dressing spectral consequences of anti-linear symmetries. Time-dependent
PHH operators face challenges related to unitarity and observability, which
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Mostafazadeh addresses through a geometric interpretation of the energy
operator '6.

Longhi extends time-dependent perturbation theory to non-Hermitian
systems, revealing asymmetric transition probabilities under non-Hermitian
perturbations®. This theory predicts exact transition probabilities, even
in strong interactions, and explores phenomena like the breakdown of the

adiabatic theorem and exceptional point encircling.

1.10 Single and Two-Impurity Physics in the
Anderson Model

The Anderson model serves as a fundamental framework for studying single
impurity behavior, particularly regarding the Kondo effect. At low tem-
peratures, conduction electrons form spin-singlet states with the impurity,
effectively screening its magnetic moment. This screening phenomenon is
characterized by the Kondo temperature (Tx), below which a many-body
Kondo singlet emerges due to antiferromagnetic interactions between con-
duction electrons and the impurity. Physical properties such as magnetic
susceptibility and specific heat exhibit universal scaling behavior near Tk,
with impurity spin dynamics significantly influenced by conduction electrons,
resulting in non-Fermi liquid behavior.

In systems with multiple impurities, direct and indirect interactions medi-
ated by conduction electrons become prominent. Each impurity can individ-
ually exhibit the Kondo effect, leading to the formation of localized ” Kondo
clouds.” However, competition between Kondo screening processes introduces
complex phenomena, including magnetic phases and intricate ground state
configurations. Multi-impurity systems can undergo quantum phase transi-
tions, depending on impurity concentration, temperature, and external mag-
netic fields. Experimental techniques, such as scanning tunneling microscopy
(STM), provide valuable insights into these interactions and emergent behav-
iors.

Extending the framework, the non-Hermitian Anderson model incorpo-
rates complex potentials, resulting in non-unitary dynamics, exceptional
points, and non-reciprocal transport. These characteristics break symme-
tries and modify electronic and transport properties, offering a rich platform
to explore dissipation, topological phases, and non-equilibrium dynamics.
In this thesis, it is shown that the non-Hermitian Anderson model exhibits
many-body level crossings reminiscent of the quantum Zeno effect, with scal-
ing behavior disappearing at the exceptional point. In the two-impurity case,

20



the destruction of the Kondo effect leads to chaotic renormalization group
(RG) trajectories and limit cycles, underscoring the non-Hermitian nature of
the system.

1.11 Overview of the thesis

In Chapter 2, we derived an effective Non-Hermitian Anderson model us-
ing the quantum master equation and solved the model using Fock space
diagonalization, Green’s functions techniques, and Auxiliary Particle-Boson
methods. Our focus was on the two limits: noninteracting and infinite inter-
action in the thermodynamic limit. We also considered finite interaction in
Fock-Space diagonalization for finite systems.

In Chapter 3, we addressed the issue of incorporating interactions in
NHH models using Auxiliary Particle-Boson Methods and derived Callan-
Symmanzik Equations to perform RG.

Subsequently, in Chapter 4, we projected the model studied in the earlier
chapter 2 to obtain a low energy singly occupied sub-space by preserving
the symmetry. This resulted in the spin-spin interaction Hamiltonian. We
performed perturbative renormalization calculations on this model to obtain
the RG flows for couplings and critical points specific to this model. These
calculations were compared with the conformal field theory results.

In Chapter 5, we studied the Hermitian and Non-Hermitian models using
non-perturbative techniques, namely finite-U Auxiliary Particle Boson and
flow equation approaches. These complemented the perturbative ones to
investigate the exceptional points in strong and weak correlation. We derived
the scale and response in the new representation.

In Chapter 6, we studied the One and Two-Impurity problem in a topo-
logical system with nonlinear perturbation. We derived the Lie algebra for
computing RG equations from CFT and compared it with Poorman scaling
analysis. We also presented a transport study for these problems.
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Chapter 2

Kondo effect in P77 -symmetric
Anderson model with Rashba
SO coupling

The non-interacting and non-Hermitian, parity-time (P7T)-symmetric An-
derson model exhibits an exceptional point (EP) at a non-Hermitian cou-
pling ¢ = 1, which remains unrenormalized in the presence of interactions
(Lourenco et al, Phys. Rev. B 98, 085126 (2018)), where the EP was shown
to coincide with the quantum critical point (QCP) for Kondo destruction. In
this work, we consider a quantum dot hybridizing with metallic leads having
Rashba spin-orbit coupling (A). We show that for a non-Hermitian hybridiza-
tion, A\ can renormalize the exceptional point even in the non-interacting case,
stabilizing PT-symmetry beyond g = 1. Through exact diagonalization of a
zero-bandwidth, three-site model, we show that the quantum critical point
and the exceptional point bifurcate, with the critical point for Kondo de-
struction at g. = 1, and the exceptional coupling being gz, > 1 for all U # 0
and A > 0; A # U/2. On the line A\ = U/2, the critical point and the EP
again coincide at g. = ggp = 1. The full model with finite bandwidth leads
is investigated through the Auxiliary Particle-boson approach, using which
we show that, in the strong coupling regime, A and interactions co-operate
in strongly reducing the critical point associated with Kondo destruction,
below the A = 0 value.

This work has been published in PhysRevB.106.075113
Copyright (2022) by American Physical Society
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2.1 Introduction

Conventional quantum theory postulates that every physical observable may
be represented by a Hermitian operator since Hermiticity ensures that the
eigenvalues of the corresponding operators would be real. A generalization
to the existing quantum postulates can be made with consideration of PT-
symmetric orthonormal set of eigenstates!?. These states preserve the norm
and form a complete set which also allows for an unambiguous definition
of expectation of physical observables. Physically, non-Hermitian models
represent open quantum systems®®. These models can exhibit eigenvalue
degeneracies at certain values of non-Hermitian parameters, called excep-
tional points (EPs), which correspond to quantum phase transitions of the
level-crossing type. Concomitantly, these points also show a breakdown of
PT-symmetry. Beyond such exceptional points, the eigenvalues develop fi-
nite imaginary parts, and the norm of the corresponding eigenvector is not
conserved. Hence, probabilities of eigenstates oscillate with a decay factor
as a function of non-Hermitian strength. The emergence of imaginary eigen-
values may be associated with a loss of bound states and a crossover to
scattering states of open quantum systems® 3.

Many theoretical studies of non-Hermitian Hamiltonians have been moti-
vated by experiments that realize such models in open systems with balanced
gain and loss®% 12, Recent experiments in cold atoms have observed level
crossing-like transitions even though many-body interactions are present in
the system. The observations of gain and loss due to the depletion of atoms
have been attributed to the phenomenon of continuous quantum Zeno ef-
fect 13716, Conventional Kondo-type systems such as impurities coupled to
baths have been realized in controlled environments like atoms in harmonic
traps'” 22, where the small number of excited states mimic magnetic impu-
rities and the atoms in the ground state provide the bath. In experiments
where Rashba-type spin-orbit coupling is generated synthetically, induced
artificial magnetic fields break parity and time reversal symmetries. It is im-
portant to note that when both of these symmetries break, SU(2) symmetry
will also be violated. Exceptional points may also lead to exceptionally sen-
sitive sensors 2524 since for an EP of order n, any perturbation of strength e
leads to a splitting of the levels (Ay) that is proportional to the n'* root of
€, which is in contrast to that of a diabolic point where A ~ e.

Open quantum systems are generally investigated through master equa-
tion techniques with various kinds of noise terms as discussed by Plenio and
Knight?>. Quantum criticality in P7-symmetric effective field theories have
been studied in the sine-Gordon model?® which has been shown to describe
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the transition between a Mott-insulator to a Tomonaga-Luttinger liquid?’.
The PT-symmetry breaking transition has also been studied in a classical
system, where critical behavior, similar to that found in quantum systems,
has been observed through numerical calculations?®. Classical spin chains
with imaginary fields also exhibit similar phase transitions?. Another work
in interacting quantum many-body systems discusses a novel way of doing
path integrals for such systems to capture the Anderson localisation transi-
tion with non-Hermitian disorder®.

Lourenco et al3! considered a real-space parity-time symmetric model
comprising a correlated impurity connected to left and right leads through
a non-hermitian hybridization coupling. They have employed perturbative
renormalization group (RG) approach to investigate the exceptional points in
the strong coupling regime. The non-interacting exceptional point was shown
to coincide with the critical point for Kondo destruction and also found to
remain invariant under RG flow. Nakagawa et al? have considered a non-
Hermitian (NH) Kondo model that is not P7T-symmetric. It is an extension
of the standard Kondo model to one with complex spin exchange couplings
and the justification for these non-Hermitian terms is given through Lindbla-
dian dynamics. Standard two-loop poorman RG yields a phase transition, as
seen through RG reversion, which occurs at a very small value of the com-
plex coupling since there is no symmetry and there is a local-moment type
fixed point. These results have been further supported through Bethe ansatz
calculations.

Our interest is to explore exceptional and quantum critical points in a
non-hermitian quantum many-body system subjected to a decohering term
such as the Rashba spin-orbit coupling (RSOC). The interplay of RSOC and
interactions has been investigated extensively in the Hermitian case using RG
methods such as poorman scaling and numerical renormalization group?3??7.
Other special, but Hermitian, cases such as an impurity in graphene, nanorib-
bons, and an impurity in a topological insulator have been considered?”:38
and through a mapping onto the pseudogap Anderson model, a quantum
phase transition has been shown to occur. The SO coupling, particularly the
Rashba type, breaks parity symmetry in conventional models represented by
an angular momentum basis. Concomitantly, this also leads to the gener-
ation of PT symmetric channels and hence a Dzyaloshinskii-Moriya (DM)
interaction in the effective model of impurity subspace, which leads us to
consider interesting possibilities. If we consider NH coupling to these PT
channels, there is an emergent parity-time breaking DM interaction which
may modify the exceptional points of the NH model. In the conventional
Hermitian case, closed systems may exhibit phase transitions as a function
of SO interactions only for some special lattices like a honeycomb lattice as
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seen in e.g. BisSez and BisTes. However, in NH systems, one can expect
phase transitions driven by the imaginary interaction generically irrespective
of the lattice. With the prospect of the above possibilities, we ask the fol-
lowing questions: (a) Can RSOC renormalize the exceptional point in the
non-interacting case? (b) What is the combined effect of interactions and
RSOC on Kondo destruction and the exceptional points? For investigating
these, we have considered a single level quantum dot connected to a bath
which has RSOC (which is important for realizing P7 symmetry!™3%). The
model is also motivated by recent experiments!” where singlet and triplet
scales in open conditions have been measured.

We set up the full, non-Hermitian, single impurity Anderson model,
and establish PT —symmetry, first in a simplified zero-bandwidth, three-
site model, and subsequently in the full model. Using exact diagonalization,
we show the emergence of distinct quantum critical and exceptional points
in the three-site model. Subsequently, the full model in the non-interacting
case is solved through exact diagonalization, Green’s functions methods, and
total energy calculations. In order to understand the effect of interactions,
we utilise the Auxiliary Particle-boson method, and show the co-operative
interplay of non-Hermitian coupling and RSOC () in inducing Kondo de-
struction. We show that a finite A protects PT —symmetry by pushing the
exceptional point beyond the A = 0 value. In the strong coupling regime,
a quantum phase transition occurs between a Kondo screened phase and an
unscreened moment at a critical non-Hermitian coupling g. = 1 for A = 0.
With increasing A, the critical coupling decreases monotonically showing a
strong renormalization of the QCP due to RSOC.

The chapter is organized as follows: The following section introduces the
model and formalism. Section III introduces a simplified three-site, zero-
bandwidth model using which P7-symmetry is analyzed and exceptional
points are found in closed form. Through exact diagonalization of the in-
teracting three-site model in Fock space, we show the bifurcation of the
exceptional point and the quantum critical point. We present the results
and discussion for the full, finite bandwidth leads, model in section IV, and
conclude in the final section with a short discussion and open questions.

2.2 Model and formalism

As mentioned in the introduction, we have chosen to work with a single
impurity Anderson model (STAM) comprising a single non-degenerate level
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quantum dot system connected to an electron reservoir, for which the Hamil-
tonian, H, is given in standard notation as

Hsrapm = Ho + Hy + Hygy s (2.1)

where the two-dimensional conduction band reservoir may be represented
by Hy = > 4, EkCI(UCko' and the isolated quantum dot is given by Hy =
S eadbd, +Ungna;. The hybridization term is given by Hyyp = S, Vi (el d, +
h.c.).

The presence of spin-orbit coupling in a two-dimensional conduction elec-
tron bath has been considered previously by several groups®*37. In this work,
we have investigated the interplay of Rashba-type spin-orbit coupling (SOC)
with the presence of non-Hermitian, but PT-symmetric terms in the Hamil-
tonian. Defining ¢i = (ckt ck¢)T, the SOC term is given by:

Hgso = )\Z%T{(k X )ty
Kk
=\ Z k <€wkCTk¢Ck¢ + h.c.)
K

where k = |k| and 6 = tan~'(—k,/(—Fk,)). The action of the parity operator
is:

(2.2)

P O'mwk = Cgt — Ckl (23)

and using the above, we see that Hgrgo is not invariant under parity trans-
formation.

The conduction band terms, namely Hy, and Hrgo may be combined?3?,
which leads to the emergence of chiral conduction bands. This is accom-
plished using an angular momentum expansion for the conduction band op-
erators, followed by a unitary transformation as:

o0

Z Chkmo €Xp(—imby) , (2.4)

m=—0oQ

1
Cko = CkxkyO' - \/ﬂ
m

where k = |k|. The inverse transform is defined as cmo = 1/ 2= f027r Ay e €0
Substituting the above expansion®* (equation 2.4) into the Hamiltonian, and
assuming an isotropic dispersion, which depends only on k = |k|, such that

€x = €, the Hy becomes:

HO = Z ekcLackU = Z gkc;rcmackma (25)

ko kmo
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where €, = ¢,/k. Further, with the same transformation, the RSO term
transforms to:

HRSO = /\Z (CLmTckm—i-li + hC) (26)
km

In Appendix-C, we develop a non-Hermitian Anderson model Hamiltonian
by combining the above terms and a few extra terms invoking Lindladian
dynamics, and the resulting Hamiltonian has the following form:

H=enchucinm + > Ximn <anhdh + h.c.>
+ €4 Z Nap, + Ungying_
h

where h is a 'chiral” quantum number and can be thought of as a pseudospin
index, n € {L, R} is the channel index, which is, in fact, the j,, = m + o in-
dex in the angular momentum representation. The hybridization coefficients
are Xpzn = V2| Xi|e®* and Xpgy = —hX;;,. The model obtained in the ro-
tated basis above has the interpretation of a dot connected to two leads, and
appears very similar to the real-space model considered by Lourenco et al®!.
The main difference is that the real-space model had non-Hermitian coupling
to just two sites directly connected to the dot. In our case, the hybridization
elements, Xj,, being complex, render the Hamiltonian non-hermitian when
¢ # 0,7 and for all k.

Before we investigate the full model in equation 2.7, we have considered
a three-site, zero-bandwidth model with a very similar structure to equa-
tion 2.7. We will see that the symmetry class, exceptional points etc can
be obtained easily and exactly, and hence is very instructive. Furthermore,
generalizing the symmetry analysis to the full model will be straightforward.

2.3 Three-site, zero bandwidth model in the
chiral basis

Consider simplifying the above model (equation 2.7), where single sites re-
place the leads with two orbitals each.

i " (2.8)
+ €4 Z Nap + Ungying_
h

32



where €, = € + h\, X, = Ve'?, Xg, = —hX}, and V is a real number
(V € R). The exceptional points may be found in terms of ¢ or a coupling g
defined as the ratio of the imaginary part to the real part of the hybridization,
which is simply g = tan¢. Using v = (CL+ cpy dy d_ cp- cR,)T, we
can write the above Hamiltonian as

H = "Hy + Unging_ (2.9)

where
€4 0 XL+ 0 0
0 e Xge 0 0 0
XL+ XR+ €d 0 0
0 0 0 €q XL— XR_
0 0 0 Xro e 0
0 0 0 Xp- O €_

"= (2.10)

This matrix is block-diagonal, since the chiral channels do not mix in the
absence of interaction, i.e for U = 0. It is also non-Hermitian, but symmetric,
i.e H! # H, but HT = H. Now, we explore the non-interacting case first,
before moving on to U # 0.

2.3.1 Non-interacting case: U =0

Keeping X, general, we want to find conditions so that the eigenvalues are
real. The eigenvalues of the above Hamiltonian (A) (for the special case of
e =¢;=0and U =0), are given by:

A=+\ (2.11)
A — (ENA — (X7 + X3) =0 '
Thus the condition that determines real eigenvalues is
)\2
20 > ——— 2.12
cos 2¢ > 2 ( )

which reduces to ¢ < 7/4 in the absence of RSOC, while if A # 0, the
condition is as given above, so RSOC stabilizes P7T-symmetry by increasing
the range of ¢ to beyond 7/4. And if A > 2y/2V, PT-symmetry can not be
broken for any ¢. Thus, for A < 21/2V, the exceptional point is given by,
1., X2
QSEP:TF/4+§SIH 1@, (213)
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or equivalently in terms of g, the EP is given by

[1+ 22/81v2
9ep = tan ¢Ep = W . (214)

So, the minimal condition necessary for real eigenvalues is X%, + X7, € R
for h = +. From an inspection of the Hamiltonian, a mapping that yields

H — H is

CL+ —CR+
CR+ —CrL+
| dy dy
Y = d — d (2.15)
Cr— CR—
CR— Cr—

This implies that the matrix representation of the metric operator, n, that
should yield this transformation should be

0 -1 0000
1 0 0000
0 0 1000

"T10 0 0100 (2.16)
0 0 0001
0 0 0010

such that n?2 = I, and thus n' = n~! = 5, which is unitary. Indeed, we find
that
nHn ' =H! (2.17)

implying that H is pseudohermitian. Since H is also symmetric, i.c H! = H,
the pseudohermiticity is identical to P7T-symmetry?’. We can also make a
statement about the left (W) and right eigenvectors (Vg), as follows. Since
HU.r = E,V,r, where E, is the o' eigenvalue, and given the property
2.17, we can see that

HT(TZ\IIOZR) = E(U\IjaR) (218>

and hence the left eigenvector corresponding to the complex conjugate eigen-
value £ would be ¥, = n¥,r. We can also construct the metric operator
in the second quantized form, as

i =y ¢
—_ <C];%+CL+ + h.c) + (CE_CL_ + h.c) (2.19)
- (d1d+ - did,)
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For the Hamiltonian to be pseudoHermitian, it is easy to see from equa-
tion 2.17 that the condition to be satisfied is

[H+H' %] =0 (2.20)
and indeed we see that this condition is satisfied as shown below.

[Hﬂﬂ = (XL+ +XR+) ((CTL+ +Ck+)d+ —h.C)

(2.21)

+ (X, — Xg) ((CTL_ —ch )d_ — h.c)
With the above result, we see that the condition for pseudohermiticity (equa-
tion 2.20) is satisfied since

R€<2XLh + XR+ — XR,) =0 (222)

Thus, with the combination of pseudohermiticity and symmetric form, we
establish PT-symmetry.

2.3.2 Interacting case: U > 0

We perform exact diagonalization of the three-site model for U # 0 (equa-
tion 2.8) in the Fock space to get an insight into the combined effect of U, A
and non-hermiticity on the phase diagram. The exceptional point is found as
usual from the emergence of a non-zero imaginary part in the eigenvalues of
the Hamiltonian, while a quantum phase transition would be signaled by a
crossing of the real-valued ground state and the first excited state eigenvalues.
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Figure 2.1: The inverse exceptional coupling, g, = cot(¢zp) as a function
of (left panel) A for various U values and (right panel) U for various A values.
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We have seen in the non-interacting case (refer equation 2.12) that the
spin-orbit coupling stabilizes P7T-symmetry, in the sense that ¢, increases
from 7/4 at A = 0 to 7/2 at A\. = 2v/2V beyond which the exceptional
point does not arise, implying that the P7T-symmetry does not break. As
mentioned before, the non-Hermitian coupling at the exceptional point de-
fined as gzp = tan(¢yp) increases from 1 to co. Now, we can investigate the
exceptional points in the presence of U and .

The top panel of figure 2.1 shows the inverse exceptional coupling, i.e
gnr = cot(dpp) as a function of A for various U values, while the bottom
panel shows the same as a function of U for various A values. We see that
for U = 0, the exceptional points shift to higher values (¢pp > 7/4 or
g > 1) upon increasing A, which is consistent with that found in the non-
interacting case. The effect of finite interactions is to enhance the critical
A beyond which PT —symmetry is violated. Eventually for large U, the
PT —symmetry is unbroken upto a critical . Interestingly, we notice that
at A\ = U/2, the exceptional point reverts back to ¢z = 7/4, which is just
the same as the non-interacting value, thus negating the effect of A and U
completely. The implication is that, for a fixed U, if A\ = U/2, the exceptional
point is the same as that in the non-interacting, and zero SOC case, and is
hence unrenormalized. The bottom panel shows a similar behavior as the
top panel, with the roles of U and A reversed, and again the A = U/2 points
are seen to be special unrenormalized points.

-3

-

»
W
T
\
|

\
IS
T
|

S
W
T
—
|

Lowest Eight Eigenvalues

Crossing

0 0.2 0.4 0.8 1

0.6
40/m

Figure 2.2: The lowest eight eigenvalues as a function of the non-Hermiticity
parameter, ¢, for U = 4.0, A = 1.2, and ¢, = —U/2. The cyan dot shows
the first crossing of the ground state and the first excited state, and is thus
identified as the quantum critical point.
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In figure 2.2, we have shown the eight lowest eigenvalues as a function of
¢ for U =4.0, ¢, = —-U/2, A = 1.2, in the PT —symmetry unbroken regime.
The ground state, being adiabatically continuous with the hermitian case
(¢ = 0) is identified as the Kondo screened phase. This is also confirmed
by examining the ground state eigenvector in the Fock space. The first
crossing of the ground state and the first excited state eigenvalue, identified
as the quantum critical point of the many-body level crossing type, remains
at  =m/4or g=1for all U # 0 and any A. We have confirmed through an
eigenstate analysis also that the QCP represents a transition from a Kondo-
screened singlet phase to a local moment phase.

The exceptional point phase diagram in the U — A plane is shown in
figure 2.3. The colour represents inverse exceptional coupling, g;.. The
extent of renormalization of the exceptional point due to interactions and
SOC is indicated by the darkness of the colour. As mentioned above, the solid
circles represent the line A\ = U/2, where the exceptional point is completely
unrenormalized with respect to A = U = 0. Finally, in the U — A plane,

1.0

Inverse Exceptional Coupling

0.0

Interaction (U)

Figure 2.3: The exceptional point phase diagram for the three-site model in
the interacting regime is shown. The color bar shows the inverse exceptional
coupling. The solid circles represent the line A\ = U/2, on which the excep-
tional point remains at ¢ = /4 or g = 1. Everywhere else the exceptional
point is strongly renormalized by interactions and SOC. In the dark regions
(low U, high A and high U, low ), the inverse exceptional coupling vanishes,
implying gpp — 00, and hence PT-symmetry is never violated.

the Kondo destruction critical point for all U # 0 and any A coincides with
the exceptional point for A\ = U/2, while the exceptional point gets strongly
renormalized away from this line, and does not even exist for U/A > 1 and

37



U/XN< 1.

2.4 Full model: Results and discussion

Taking cues from the solution of the three-site model, we can now explore
the eigenvalues, and the symmetry of the full model, i.e equation 2.7. Again,
using the representation v, = (ckL+ Ckre dy d_ cpp— ckR,)T, we can
write the Hamiltonian of equation 2.7 as

H=> ¢[Hue+ea»_ nan+ Unapng- (2.23)
P I
where

€LL+ 0 XkL+ 0 0 0

0 €rr+ Xgkry O 0 0

| Xey Xirye O 0 0 0
We=1"0" 0 0 0 Xu X (2.24)

0 0 0 XkL— €LL— 0

O O 0 XkR, O €LR—

We observe from the form of the matrix above that the metric operator can
be generalized from the case of the three-site model as

0= Z MJZ Uy,
k
=3 [+ (dnees +0) + (chp-cp + )] (2.25)
k

+ (dldy +dld)
which will again yield
[H+H', 7] =0, (2.26)

thus showing that the Hamiltonian is pseudohermitian even for U # 0, and
since H = H”, we can identify the symmetry as being equivalent to PT
syminetry.

2.4.1 Exact Diagonalization of the non-interacting model

For U = 0, €y, = €rrn and the hybridization elements assumed to be
k-independent, the characteristic polynomial that yields the eigenvalues is
found to be:

X2, + X2
(ed—A)—Z(ZL;—_AW:o forh=+. (2.27)
k
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Thus the possibility of real eigenvalues exists if (X7, + X%,) € R. However,
equation 2.27 is not suitable (numerically) to find all the eigenvalues, espe-
cially if some of these are complex, hence we create the Hamiltonian matrix
for the two chiral channels seperately (since they do not mix for U = 0) using
equation 2.23 and the basis, ¥, = (Ck,Lh CkyRh - CknLh ChnRh dh)T. Using a
uniformly spread sequence of N ¢, values between —D to D, we get a Hamil-
tonian matrix of size N + 1. We then directly diagonalize the Hamiltonian
matrix using numerical diagonalization methods (HTDQLS? ) for general
complex symmetric, but non-Hermitian matrices. In practice, we have used
D =1 and have tested our results for various sizes of the Hamiltonian ma-
trices, and the results reported here (figure 2.4) are for N = 100 values of
€x. The phase diagram for U = 0 in the ¢ — A plane is shown in figure 2.4.

1.5
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“—
< 1
—
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Eigenvalues
0.5 B
0 Y R B S N H—
0 0.1 0.2 0.3 04 0.5
o/n

Figure 2.4: Phase diagram in the ¢ — X\ plane is shown for the non-interacting
case (U = 0). The solid circles represent exceptional points, where certain
real eigenvalues coalesce and complex conjugate eigenvalues emerge.

The solid curve is the line of exceptional points, which shows that increasing
spin-orbit coupling enhances the range of ¢ within which real eigenvalues are
obtained, and hence SOC stabilizes PT symmetry. The exceptional point
for A =01is at ¢ = w/4. It is interesting to see that for even an infinitesimal
¢ > m/4, the SOC needed to restore PT symmetry is A ~ O(1). This is
in contrast to the three site model where the line of exceptional points was
given by ¢ — /4 o< A2 for A — 0. The reason for the discrepancy is that the
full model has a conduction band, and we find that the minimum spin-orbit
coupling needed to restore P7 symmetry is of the order of bandwidth, which
is O(1) in the present case, and was zero in the three-site model.
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2.4.2 Spectral sum rule in the U = 0, non-interacting
case

Since the model is PT-symmetric, and the eigenvalues of the Hamiltonian are
real in a finite range of the parameter space, the time evolution of operators
will be unitary, for ¢ < ¢zp, where the latter represents the exceptional
point. Hence, we can use the equation of motion (EoM) method to find the
retarded Green’s functions (G4 (t,t") = —i(WE|{Ag (1), Bl (") ¥EO(t — t'))
in the unbroken P7 —symmetry regime*!. The Green’s function is defined
with respect to the left and right (L/R) eigenstates of the full Hamiltonian.
The equations of motion are given by

W GAW) = ({A, B}) + G5 (w)

(2.28)

= ({A,B}) + Gliyp_(w)
In order to gain insight into the interplay of PT-symmetry and SOC, we in-
vestigate the non-interacting case (U = 0). We first find the retarded Green’s
function for the dot operators in the chiral basis, i.e G4 . The following equa-
tion is obtained for the dot Green’s functions,

Gl = [wh — e —Th(w)] ™ (2.29)
where the hybridization function is given as
XPn+ X3

r — kLh kRh 2.30
n(w) ; Tt —a Een ( )
USng XLk-Jr = Xka = |Xk’€i¢k, so that XkRJr = —]Xk\e_i‘f’k = _Xkay the

diagonal dot Green’s functions are obtained as (for U = 0):
Gli(w) = S (231)

wt — €d — 2 Zk | kl;f;ifk)

The Green’s function is causal, as long as either (i) ¢, < 7/4, Vk or (ii) if the
imaginary part of hybridization is zero. The spectral density is guaranteed to
be positive definite in this regime. Interestingly, although the Hamiltonian
is non-Hermitian for ¢, # 0, the Green’s function, being exactly the same
as for a single impurity Anderson model with a renormalized hybridization
(V2 — 2| Xg|?* cos(2¢y,)), is fully causal, and has the same analytic structure of
the usual Green’s functions. We also see that the eigenvalue equation (2.27)
is identical to the equation obtained for the zeroes of the denominator of
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the Green’s function (2.31). This is not surprising, since the non-interacting
. 11
Green’s function is given by G = [w*l —H }
Taking X, = Xy and ¢, = ¢ to be independent of k, the k-sum in the
hybridization can be converted to a density of states integral, which is then

given by

[n(w) = Tocos(2¢) Hrlw™ — hA], (2.32)
where Ty = 2X? and Hr|[z] is the Hilbert transform defined by
Hylz] = / de 50—@ . (2.33)
—o —€

The exact diagonalization calculation required us to choose energy values,
€k, distributed in a certain way, and for convenience, we chose a uniform
distribution. The density of states accordingly for the Green’s function cal-
culation has been chosen to be a flat band, namely po(e) = >, d(e — €) =
O0(D — |exn|)/(2D), for which the Hilbert transform may be obtained in a
straightforward way as:

1
oD

w—h\N+ D
w—hA—D

Hpplw'] = ‘ — i%@ (D — |w — hA|) (2.34)

The spectral function is given by

1 1 _
Dp(w) = —%ImeLﬁé = —%Im (wh —eg — Th(w)) '

(2.35)
For a representative set of parameters I'g = 1/4, we show the spectral func-
tion of the chiral index summed Green’s function (Gg = 0.5, G¥) in
figure 2.5. The numbers mentioned in the legends are values of the SOC(\).
Both panels show the dot density of states (DoS) in the non-Hermitian case
of  =0.27r < /4 (top) and ¢ = 7/3 > w/4 (bottom). The top panel shows
that for A = 0, the DoS is a Lorentzian, as expected, while for higher A, the
DoS splits into two peaks. These peaks grow in intensity, while becoming
narrower as A > 1. In fact, in the latter limit, it is easy to show that the DoS
reduces to just two poles at w = £2I'g cos 2¢/|\|. We see that for any value
of X in the top panel, the DoS preserves the spectral sum rule, and is hence
causal. The bottom panel shows the DoS for ¢ = 7/3, which is greater than
7/4, so for A = 0, the DoS should be expected to be acausal. Indeed, we see
that for A = 1.4 (and all lower values), the DOS is negative and acausal, but
for all A > 1.5, we recover causality, in the sense that the integrated spectral
weight or the spectral norm is one. But as the figure shows, the DoS does
become negative over a finite frequency range, albeit, the negative weight is
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Figure 2.5: Dot density of states (DoS) as a function of frequency for various
values of SOC (legends are the values of A\) and ¢ = 7/5 (left panel) and
¢ = 7/3 (right panel). In the top panel, the system does not violate PT-
symmetry for ¢ = 7/5 for any A. The bottom panel is for ¢ = w/3, for which
A = 1.5 represents the SOC value beyond which P7T-symmetry is restored.

compensated by the positive part, preserving the total spectral norm. The
density of states being negative is of course not physical in a conventional
Hermitian picture; but for a non-Hermitian system considered here, such a
result can be speculated to imply states that are not stationary and are either
lossy or amplifying. We note that further studies are required to find the cor-
rect interpretation of the negative density of states. The inference from the
above investigation is that higher A values restore PT-symmetry that was
broken spontaneously at lower A, and hence SOC protects P7T -symmetry.

In the hermitian case, the spectral function is positive-definite and causal,
L.e., normalized to one ([ dwDp(w) = 1). We will explore the violation of
causality by computing the deviation of the norm from unity as a function of
¢ and A. The most interesting feature about the phase diagram, computed
through the violation of spectrum sum rule condition, and shown in figure 2.6,
is that although the hybridization, being proportional to cos(2¢) has an
acausal imaginary part beyond ¢ > m/4, the spectral function sum rule is
not violated above a certain value of the spin-orbit coupling, A\. The critical A
for ¢ = 7/4 is found to be equal to the effective bandwidth of the conduction
band. Since A shifts the center of the conduction band away from w = 0 for
each ’chiral’” index, this implies that if the imaginary part of hybridization is
either vanishingly small or negative definite (causal) at w = 0, the spectral
function norm is preserved. Thus, the inference is, as found through exact
diagonalization in Sec.IVA, spin-orbit coupling stabilizes PT —symmetry.

We note that such a conclusion is sensitive to the choice of the conduction

42



Spectral Sum Rule Preserved M
«— o

2.5 Coad
..

]
O
< | o Spectral Sum Rule Violated |

02 025 03 035 04 045 05
o/

Figure 2.6: The U = 0 Phase diagram in the ¢ — A plane found through the
norm violation condition of the Green’s function. The solid symbols represent
the line of exceptional points, where the spectral sum rule gets violated and
the norm deviates from unity.

band density of states. For example, the choice of an infinitely wide flat band
will result in the exceptional point being ¢pgp = 7/4 or ggp = 1 for any value
of the spin-orbit coupling, A\. We will find the trace of the Hamiltonian in the
next section, and identify the violation of PT-symmetry from the dependence
of total energy on ¢ and A.

2.4.3 Total energy of the causal states (U = 0)

A violation of PT-symmetry introduces complex conjugate eigenvalues into
the eigenspectrum. Thus, if we measure the energy of the system as the
trace over the occupied states of the real part of the eigen-spectrum, we
should observe some form of singular behavior such as discontinuity or non-
differentiability, when one or more pairs of real eigenvalues become complex.
From the exact diagonalization done in section IV.A, we have the eigenvalues
of the Hamiltonian. Now, we consider a sum of all the real eigenvalues that
are below the chemical potential (which is zero in our case), and denote that
as Eio. As shown in figure 2.7, the quantity (Fi¢(¢) — Eior(0)), where Eyy(0)
is the corresponding quantity for ¢ = 0, is discontinuous at specific ¢ values,
that depend on the value of the SOC, and the discontinuities are marked by
arrows. Such a discontinuity provides an alternate measure of the exceptional
point. It is also interesting to see that the total energy is conserved below
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Figure 2.7: The sum of energies of all occupied causal states at a given ¢
measured from a reference value of ¢ = 0 for various values of SOC. The ¢
value at which the discontinuity in total energy occurs is marked by arrows.

the exceptional point, while for ¢ > ¢gp, since some of the states develop
imaginary eigenvalues, they would be excluded from (FE(¢) — Ei(0)), and
this quantity, which is a fictitous energy in the PT-symmetry broken regime,
then appears to increase with increasing ¢. Figure 2.8 shows the phase
diagram computed through the energy discontinuity superimposed on the
phase diagrams obtained through exact diagonalization and the spectrum
sum rule violation. The three criteria for finding the exceptional points
match reasonably well. Thus, we establish that the PT -violation as seen by
the exact diagonalization of the Hamiltonian is also indicated to a good extent
by causality violation of the Green’s function, and by the energy discontinuity
condition.

Until now, we have restricted ourselves to the non-interacting case (U =
0). In the following subsection, we will investigate the other extreme, i.e the
U — oo limit using the Auxiliary Particle boson formalism.

2.4.4 Auxiliary Particle boson mean-field solution

The Hamiltonian in equation 2.7 may be rewritten in the U — 0o case using
Coleman bosons*? as

H = Ho+ > Xign (clynbydy +bec.)
knh

—|—ed2ndh—i—c (Zb;r]bn—l-edzndh—l)
h n h
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Figure 2.8: The phase diagram in the ¢ — A plane, computed through an
identification of the energy discontinuity (see text for details) showing the
line of exceptional points (triangles). The shaded region represents the spon-
taneously broken PT-symmetry broken regime, and the unshaded region
represents the P7T-symmetry protected regime. The circles and squares rep-
resent the exceptional points derived through exact diagonalization and the
spectral sum rule violation respectively. All the three conditions for deter-
mining exceptional points agree reasonably well.

where Hy = > K Ekhczhnckhn, and ( is the Lagrange multipler which enforces
the constraint that the total filling (fermions + bosons) is one. Note that
the two channels, namely L and R have been associated with two different
bosons as a general possibility. Hence, with the mean-field approximation,
(1) = (by) = re® and (bl,) = (bg) = re~* implying that the total mean
boson number will be (b} b, +bhbg) = 212 cos(26), the mean-field Hamiltonian
becomes

HMF = Ho + Z anh [Clt;nhdh + hC]
ol (2.37)

+ €4 Z Ngn + ¢ (2r2 cos(260) — 1)
h

where XkLh = reieXkLh = \/§T’|Xk|€i(¢+0),

Xern = hre ™ Xppn = V2hr| Xy,|e "¢+ and &; = eq + ¢. The parameters
r,¢ and # may be found self-consistently by minimizing (Hysr). Since the
Auxiliary Particle boson mean-field Hamiltonian has exactly the same form
as the non-interacting Hamiltonian, equation 2.7, we will find the expression
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for the total energy in the U = 0 case, and generalize it to the Auxiliary
Particle-boson case.

For finding the expectation value of the Hamiltonian in equation 2.7, we
need Green’s functions other than the one computed before (equation 2.31).
These are listed below:

Gknh 1 Xlznh Gdh 2.38

knh — wt — Ern <w+ _ gkh)Q dh ( : )
Xnh

Gt = Gal = = _"gkh Gh (2.39)

Using these to find the expectation value of the Hamiltonian, equation 2.7,
we get

Eior = / dw f(w)f)(w) (2.40)
where
D(w) = —;Im Eh: Gr(w)
1 (2.41)
— ——Imlz (ethZZZ + 2th,7GZ’}]h) +eay Gﬁﬁ]
Q khn h
and,

AL

kn

2
th'r]

X2
wt khn

(2.42)

which when simplified yields

Dh(w) = cho(OJ — h)\) + edDdOh(w)

1 dr (2.43)
G (rh _ wd_wh) ]

— —Im
s
The first term contributes to the conduction electron energy, and depends
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on A as follows:

0
Ep=>_ / wDg(w — hA) dw
h —00

" / " D) du 12 / 0 = N Do) do (2.44)

—00

Byt 2/:(@0 — A) Duo(w) duw

where Fj is independent of \, and we have assumed that D (w) is symmetric
about w = 0. The second term yields a contribution proportional to the dot
occupancy. Thus

A
B — Ey= 2/ (W= A)De(w) dw + €4 anho
0 h

0 1 dl'y

A Gaussian conduction band is chosen for convenience for bath dos as
pole) = 3, 8(e — &) = exp(—€?/2t2)/\/(n)t. (with ¢, = 1 as the unit of
energy), for which the Hilbert transform may be written in terms of the
Faddeeva function, w(z) as Hr[z] = (—iy/7/t.)w(z/v/2t,) if Im(z) > 0. With
a Gaussian DoS, the hybridization function, I',(w) is given by (equation 2.32)

(2.45)

I'y(w) = Lo cos(2¢) Hr[2]
= Ty cos(2¢) (—isy/mexp(—z; )erfe(—isz,))

where z, = wt — h\, s = sgn(Imz,) = +1, and erfc(z) is the complementary
error function. The derivative of the hybridization function is given by

dn _ [y cos(2¢) deTZ(z) (2.47)

dw
= 2Tg cos(2¢) (1 — zpHrlzp))

(2.46)

The total energy expression 2.45 shows that the first term is the conduction
electron contribution, and the second and third terms are the contributions
due to the dot and the hybridization respectively. If A = 0, and ¢ = 7/4,
then for ¢; = 0, the total energy is just zero. In fact, the third term, being
proportional to cos(2¢) will yield zero for any A and €¢; at ¢ = 7/4.

The Auxiliary Particle-boson mean-field Hamiltonian may be treated ex-
actly as the non-interacting limit, and the average energy Eio; = (Hyp) is
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obtained as

A
By —FEy=2 / (w = A)Deg(w) dew + €1 Y _ Fiano
0 h

0 1 [ = dr}, (2.48)

+ ¢ (2r® cos(20) — 1)

where the renormalized dot Green’s functions and hybridizations are given
by

Cih(w) = [ — e~ Tu(w)] - (2.49)
Th(w) = 412 Xo|? cos(2¢ + 20)Hr[z] (2.50)

and the Hilbert transform is defined by the Faddeeva function given above
equation 2.46. We observe that the first term in equation 2.48 does not
depend on r,{ or ¢, and hence will not affect the minimization.

In order to investigate the effect of finite bandwidth and SOC in the strong
coupling limit, we go back to equation 2.48, and minimize the total energy
for a Gaussian band and for finite SOC. We will find the equations for the
determination of 12, €; and @, and solve them numerically. The derivatives of
the total energy are

aEtot

- A(Eg,7%,0) + 2r% cos 20 — 1 (2.51)
8Etot 1 ~

or? = ﬁB(ed, r2,6) + 2¢ cos 20 (2.52)
OB _ 0))B(ez, 12,0 25in 20

50— [tan(2(¢ + 0))B(éq, r*, 0) + 2¢r’sin 26] | (2.53)

where

0
A(Eg,r2,0) = — lIm/ Z]—"h(w) dw
o 4

™

X (2.54)

0
B(ég,1*,0) = — —Im/ Zgh(w) dw
—0 5

™
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and

N2 - dl’ .
Filw) = (Ga) <ed + T - wd—;> + G
a2 [~ w  dl
Qh(w) = <G§Z> Fh (‘Ed + Fh - wd_(j> (255)

- - dl
+G§Z <Fh —wd—wh)

Using the above expressions, and the definitions we get the following self-
consistent nonlinear equations:

A(Eg,1%,0) =1 — 2r% cos(26) (2.56)
B(&g,7%,0) = —2(r?* cos(20) (2.57)
tan(2¢ + 20)B(&z, 7%, 0) = —2(r? sin(26) . (2.58)

Since equations 2.57 and 2.58 yield the result that 6 # 0 only if ¢ = 0, we
conclude that the Auxiliary Particle-boson equations do not renormalize the
non-Hermitian coupling strength, which is non-zero only if ¢ # 0. Thus, we
restrict ourselves to # = 0, and solve equations 2.56 and 2.57 to determine
€4 = €4+ ¢ and r?2. Again, we choose a Gaussian density of states for the
bare conduction band. The numerical solution proceeds with the choice of a
parameter, a = 72 /¢4, and using this, the equation 2.56 can be transformed to
a single variable non-linear equation, and hence can be solved easily. Given
both 7% and €;, we can substitute in equation 2.57 and get ¢, and hence
€q4. For vanishing SOC (A — 0), we expect to find a Kondo scale that has
a dependence similar to the conventional Hermitian case. Defining A, =
7XZ2po(0) which is equal to /7 XZ/t, for the Gaussian DoS, figure 2.9 shows
that the Kondo scale, Tx/D = r*\/A%+ €2/D, found with the Gaussian
density of states, is indeed exponentially dependent on 7mey/Aq, but with
an exponent, that is slightly different than the one obtained for the flat
band case. With increasing SOC, since the hybridization value at w = 0
decreases, we may expect the Kondo scale to decrease. A countereffect is
provided by a concomitant increase in the total bandwidth. However, since
A affects I'y,(w = 0) exponentially (Gaussian DoS), the Kondo scale decreases
exponentially with an increase in SOC as shown in figure 2.10. This finding
must be contrasted with that of the flat band case****, where, since the
I (w = 0) does not change with varying A, the bandwidth becomes the only
controlling parameter, and the scale increases linearly with increasing SOC
in the flat band case.
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Figure 2.9: Tk (black, solid) and the exponential fit(red-dashed) as a function
of scaled dot-orbital energy, mey/4A for A =0 and ¢ = 0.
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Figure 2.10: Tk (black, solid) and the exponential fit(red-dashed) as a func-
tion of spin-orbit coupling ().

Now, we investigate the variation of the scale with increasing non-hermitian
strength for fixed SOC and ¢4 in the strong coupling regime. To recapitulate
the results from the non-interacting case, we had found that for A = 0, the
exceptional point was at ¢pp = 7/4. And increasing A, increased the ¢gp
to beyond 7/4, showing that SOC stabilized PT-symmetry for U = 0. In
the zero bandwidth, three-site model, we found that the exceptional point
(9zr > 1) and the quantum critical point (g. = 1) become distinct in the
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U — X plane except on the A\ = U/2 line, where gz» = g. = 1. With the Aux-
iliary Particle-boson calculation, we will be able to extract the Kondo scale,
Tk, and hence the quantum critical point will be identified through the van-
ishing of T . However, we may not be able to identify the exceptional point
since the zero bandwidth case indicates that P7T-symmetry breaks sponta-
neously at a non-hermitian coupling, g > 1, which is always greater than
or equal to the QCP (¢ = 1); while the Auxiliary Particle boson mean-field
vanishes at the QCP, and the theory may not even be valid beyond the QCP.
Now, we discuss the Auxiliary Particle-boson results.
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Figure 2.11: Tk /Tko for A = 0 (black circles) and A = 1.5 (red squares) and
the respective fits (green-dashed and blue-dashed) for ¢; = —1.75.

Defining T as the Kondo scale for ¢ = 0, in figure 2.11, we show T /Tkq
vs. ¢ for ¢g = —1.75 and A = 0,1.2 and 1.5. The scale decreases sharply
with increasing ¢, and is seen to vanish at a critical ¢ (as seen by the power
law fits). The critical values of ¢ and the non-Hermitian coupling g = tan(¢)
for various A are given in table 2.1. It is observed that the critical coupling
decreases sharply with increasing A\, and at some value of A = \., the critical
¢ will vanish, which implies that the model will not have a Kondo screened
state for any finite value of the non-Hermitian coupling if A > A.. The
results shown in table 2.1 also consolidate the inference that interactions and
SOC cooperate in reducing the value of the quantum critical non-Hermitian
strength.

Using the above results in figure 2.11, we can draw a phase diagram in
the ¢ — X\ plane. The shaded region in figure 2.12 represents the parameter
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A E | g = tan(¢.) H

0.0 0.236m 0.916
1.2 0.2097 0.771
1.5 0177 0.591

Table 2.1: Table showing the results of the fits of Tx vs. ¢ of figure 2.11,
from which the critical ¢ has been obtained.

—- Fit: 2.96(0.236-x)
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AL

Figure 2.12: The shaded region represents a parameter regime, where a finite
Kondo scale is found. The Auxiliary Particle-boson results for the vanishing
of Tk are shown by red crosses (¢-scan), and blue stars (A-scan) and the
dashed line represents a fit, and is a guide to the eye.

regime where the Kondo scale is finite, while the dashed line is where the
scale vanishes. The red crosses are the actual Auxiliary Particle-boson results
found through the analysis shown in figure 2.11, where for a fixed \, we have
found the Tk vs ¢. This will be called ¢-scan. In order to validate the phase
diagram, we have carried out A-scans for fixed ¢, and the blue stars shown in
figure 2.12 are found to lie on the same curve as the red crosses. The fit shows
that the critical \. discussed above is given by \. = 2.96(0.236)'/* = 2.06,
beyond which the model does not support the Kondo screened state for any
finite ¢.
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2.5 Discussion and Conclusions

In this work, we have considered the interplay of interactions, Rashba spin-
orbit coupling and non-Hermitian coupling to the baths on the Kondo effect
and preservation or violation of PT-symmetry. We begin with a derivation of
the model of an interacting quantum dot hybridizing through non-Hermitian
couplings with non-interacting leads having Rashba spin-orbit coupling us-
ing Lindbladian dynamics. A simplification of the full model in terms of
a zero bandwidth, three-site model is considered, which yields a wealth of
information including the demonstration of PT-symmetry, the dependence
of quantum critical points and exceptional points on Rashba spin-orbit cou-
pling and interactions etc. Our analysis shows that the exceptional point at
gegp = 1 in the non-interacting case coincides with the Kondo destruction
critical point, g, for all A = U/2,U # 0, but the two bifurcate significantly
everywhere else in the U — A\ phase diagram. The quantum critical point
remains at g. = 1 for all U # 0 and A\. The phase diagram of this simple,
three-site system shows that U and A protect P7 symmetry in the U/A > 1
and U/\ < 1 regime for any strength of the non-Hermitian coupling, but
in the neighborhood of A\ = U/2, the exceptional point occurs at a finite
coupling strength.

A detailed analysis of the full, finite bandwidth model, in the non-interacting
case using exact diagonalization (ED), Green’s functions and Hamiltonian
trace calculation is used to establish that exceptional points may be deduced
from the ED calculations, or equivalently from the violation of the spec-
tral sum rule of the Green’s functions or the energy discontinuity condition.
Finally, the strong coupling regime is investigated using a Auxiliary Particle-
boson approach, which, by construction is valid for U — oo. The mean-field
equations were derived through Green’s function approach. We have shown
earlier (in section IV-A) that the spectral function is positive definite and
norm preserving for all ¢ < /4, while only beyond 7 /4, the spectral function
became negative over certain frequency regions. Since the Kondo destruction
critical point has been found for all A to lie at ¢. < m/4, the derived mean-
field equations are valid. The exceptional points could not be found within
this approach since the solution to the Auxiliary Particle-boson mean-field
equations yields a vanishing boson mean field implying a Kondo destruction
quantum critical point before the P7T-symmetry is violated. The quantum
critical points for the finite bandwidth case get significantly renormalized
below the A = 0 value of g. = 1 by the SOC. A critical value of A is also
found beyond which the model does not support the Kondo-screened singlet
state for any finite value of the non-hermitian coupling. Lourenco et al!
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had considered a real-space non-hermitian model that was similar to what
we have considered, and through RG, the authors had found that the excep-
tional point and the critical point coincide at g. = 1, and the RG flow does
not renormalize the critical point. This is of course, contrary to our findings,
and the discrepancy could be due to the subtle differences between their
model and our model. We are working on trying to understand the origin of
these discrepancies through RG-based approaches. Further, the solution of
the Auxiliary Particle boson equations beyond the Kondo destruction critical
point is being attempted. We believe that the Auxiliary Particle boson mean
field could take on negative or complex values implying complex values of
the boson mean fields.
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Chapter 3

Auxiliary Particle-Boson
Methods for Non-Hermitian
Models: Callan Symanzik
Renormalization

In this chapter, we will discuss techniques for analyzing EPs in both equilib-
rium and non-equilibrium settings, focusing on non-Hermitian models. We
will introduce an analytical method that involves deriving Callan-Symanzik
equations as a simple approach for integrating interactions into the study
of non-Hermitian systems. Additionally, we will provide a brief overview of
modified Auxiliary Particle Boson methods tailored constraints and Lagrange
multipliers to incorporate interactions in non-Hermitian systems.

57



3.1 Introduction

The Callan-Symanzik equation is a differential equation primarily used to
study the renormalization of correlation functions and describe physical ob-
servables’ scale dependence. Deriving the Callan-Symanzik equation'™ in
the context of non-Hermitian or non-equilibrium systems involves adapting
this equation with modifications to boson-fermion fields, incorporating suit-
able constraints to account for interactions. Generally, the complexity of
incorporating interactions involves perturbation expansion. However, as dis-
cussed earlier, the ambiguity in the choice of the basis in Green’s functions to
evaluate the perturbation series makes this problem challenging. We bypass
this task using mean-field Green’s functions with the flow of boson-fermion
weights with scale.

Now, we briefly introduce these mean-field methods, which can be used
to derive the Callan-Symanzik form of equations to trace the quasiparticle
weights as a function of momentum. These methods are very similar to min-
imization techniques used in variational problems or self-consistent solutions
in the auxiliary particle method. In such problems, the initial condition is
crucial to achieving the convergence.

3.2 Auxiliary Particles-Boson Approaches in
Non-Hermitian Systems

Extending auxiliary particle-boson theories to non-Hermitian systems intro-
duces significant challenges, not only due to gain and loss terms in the Hamil-
tonian but also because of convergence issues arising from the presence of
complex terms. These complexities disrupt conventional perturbation the-
ory, requiring the development of new techniques like the renormalization
group (RG) to study novel phase transitions, including exceptional points
and spontaneous symmetry breaking. Despite these difficulties, the auxiliary
particle-boson method remains valuable for representing impurity actions and
enforcing charge conservation, while simplifying the system by eliminating
high-energy degrees of freedom. This approach facilitates the study of how
coupling constants evolve with energy scale, providing insights into the sys-
tem’s parameter flow and convergence behavior in non-Hermitian contexts.

In the large interaction limit, impurity operators are expressed as fermions
and bosons as following,

d" = fTb (3.1)
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A total number conservation constraint is used as following,
> njatm=1 (3.2)
g

We use this representation to derive the effective model and identify the
fixed points from the CS-RG analysis.These will serve as initial conditions
for boson and fermion weights to achieve minimization.

3.3 Renormalization and the CS Equation

The Callan-Symanzik(CS) equation serves as a tool for analyzing the inter-
actions of a theory and RG flows across the phases with energy scale. Here
we use the Auxiliary Particle-Boson theory, for mean field Green functions
and analogous analysis will be done by separating the beta functions.

The analysis only includes the impurity Green’s function, which depends
on the re-normalized parameters. The impurity Green functions are eval-
uated by integrating out the bath degrees of freedom using the mean field
decomposition, this serves as a starting point of RG.

Using Auxiliary Particle-Boson RG methods combined with the CS equa-
tion provides a framework for understanding the flow of coupling constants in
the system. This approach allows us to explore the system’s critical behavior
and properties as the energy scale changes, shedding light on the underlying
physics. We particularly focus on the derivation by Parameshwaran et al.®
of RG beta functions.It involves renormalized Green function G by setting
its derivative with respect to the scale cutoff parameter A to zero, denoted
as % = 0.

This analysis focuses on the renormalized Green function G, transforming
it into a function G that depends on parameters such as r? (boson weight),
0 (non-Hermitian parameter), and é; (the renormalized site energy). The
expression for G is given by:

G = ({df,d,}) (3.3)

We express this equation in terms of the renormalized parameters, re-
ferring to the earlier chapter where d,, operators are transformed into chiral
ones with left-right bosons. Consequently, the trace of G' can be written as:

G = ({bfl,bofr}) + ({brfh brfr}) (3.4)

By scaling the operators, this equation can be reformulated as:
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G = ({re_w\/ZdI,, re d,}) + <{rei9\/2dz,rew\/2d0}) (3.5)

This yields the renormalized impurity Green function:

G =12 cos(20)C({d}, d,})

= 77 cos(20)( Gy (3:6)

The constraints for the Lagrange multipliers ¢, 6, and 72 are given by:

(bbr) + (DRbr) + (fifr) + (fhfr) =1 (3.7)

This can be modified to:

r?cos(20) + ¢ =1 (3.8)

The site energy is then modified as €; = €; + i¢(. We can now write the
Callan-Symanzik (CS) equation for the above Green function as follows:

24_%&4_0_7“234_%2 é—o
ON  OANOé;  OANOr2  OAOO n
O or »

an Pr=Agp Pe=Agy

(3.9)
foy = A

The effective action, a functional that describes the dynamics of a system
in terms of its degrees of freedom, can be written for the impurity action in
the auxiliary particle-Boson representation as follows:

Seff = /dT( Z dp G dy + C(r* cos(20) — 1)) (3.10)

h=L,R

In earlier chapter we studied with spin-orbit interactions ,here we set the
Spin-Orbit (SO) interaction to zero and it consist of the NH interaction with
PT symmetry. By integrating out the Fermionic degrees of freedom, we
are obtaining a saddle point (SP) solution for effective action.This involves
taking derivatives with the Lagrange multipliers in average action.

It is to note that PT symmetry (Parity-time) can be present in the both
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Hermitian as well as the non-Hermitian systems.

Sepr = /dTln(é_l(C(’r‘Q cos(20) — 1)))

0S8’ os 10G 1

- 4+
Coc 1= Tgacte -
OS'csr, 1 oG cos(26) '

< or? )= G Or? - r2cos(20) — 1
08'csr, 100G 2r'sin(26)

o0 '~ G (r2cos(20) — 1)

Now using above functional derivatives to zero will give one set of equations.
Form the cs equation 3.9 we can arrive at the following by considering the ,

dG

I

We can expand the complete derivative as partial ones for the above partic-
ularly the left-hand side as following,

dG 0G ~9¢C90G 900G  or’0G

d\ 0N " OADC 0A D8 " OA o2

0 (3.12)

(3.13)

Now above equation can further expanded by substituting G = 2 cos 20¢ Gy
as the following,

a 2
G _ —r?2sin 29§—iCG0 +r? cos 29%&) + cos aniggo

dA ) ) oA oA
0, 0G 000G or? oG
+ et et
ONOé;  OAN OO ON Or?
In above equation we can express all Gy terms to G particularly in first 3
terms,

(3.14)

dG 90 ~ 19¢ - 10r* -
— = —2tan20— - ——
A mW oGttt Ean
0e,0G 000G 0r? 0G
‘et et
ON0é;  OAN OO OA Or?
Left-hand side of the above is basically zero since it is an invariance condition.
So, if we divide throughout by G, we get the following.

o0 19¢ 10r?
10¢,0G 1000G 100G

T EONDe, T GoAND0 TGN o

(3.15)

(3.16)
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From equation 3.11 the derivatives of effective action averages can be equated
to zero as a saddle-point(SP) or minimization procedure,

90  10r* 19¢ 9¢ (1
— 2tan(249)a—A + 2N + ZO_A + 8_/\(5)

+ % (%) -5 ((Tfij;;@(f ’ 1>) -

(3.17)

It is convenient to use variable separable method for deriving the flow equa-
tions for the above,

0N OA
19¢  10¢
Con + CoN Acutof
Lo CoR( st \_,
29N OA \r2cos(20) —1) cutolJ

Now with the above flow equations, we can work out the ratio of the one
another to get how they flow with each other as follows,

Ctan(29)d0 gc(rQSi—M’)ﬂ

a6 06 2r% sin(20)
2tan(29)— + = ((7’2 COS(29) — 1)) - AcutOff

(3.18)

d¢ r2cos26 — 1
(3.19)
¢ dr? N Cdr? cos 20 _1
2r2 d¢  2d¢ \r2cos20—1)
Deviding above equations we get the following,
de 212 cos 20 — 1
S Lo (3.20)
dr?  2r2?(2r2?sin 20 — tan 20)
This will yield a solution as 6 = il arccos “—— this implies 72 cos 20 —

invariant, using this solution we ﬁnd the ¢ and 0 renormalization.We get
-1
another solution as r2 = ¢ 2T now using these solution we can rewrite the

renormalized Green functions to solve for Kondo scale,

G w) = (wh —& —T(w))
o) = Z 42| Xo|? cos 260 (3.21)

wt — e

k

. . . s D 4r2|X 20
Using the invariance condition 4% = 0 we get & La 4 [T Md =0

Now we can solve for the above equations for dlfferent cases imaginary and
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real (r?,0) values to get the scales as the following,
¢
492 0
Vcos 20e (*-1°*/?
2
¢ ot
1—g?
(e

__49° g
ea?+13%2" 5 nh-scale for -im 6
V1+g?

In — invariant

— nh-scale for real 6 (3.22)

In above equation depending on 6 real for PT-symmetric case.lt can be cho-
sen as imaginary € correspond to exponentially decaying Boson weight. We
can see scale either vanishes or diverges depending on the choice of Lagrange
multipliers.For g = r? cos 260, we used the previous solution, which is invari-
ant.

3.3.1 Exceptional Points in Non-Interacting Problem

We are considering the problem of a single impurity connected to a parity
symmetric bath which is flip terms

Z = /Dg/pg/DA/DAe—S, (3.23)

where the total action can be written as a sum of the actions corresponding
to the left lead, right lead, dot and the hybridization terms, i.e. S = Sp +
Sk + Saot + Shyy and the individual terms are given by

Sp = Z Ainrn(—iw, + €1n) Arnin

nkh
Sk = Z Agrrn(—iwn + €xn) Ajnin
nkh
o U - _

Saor =D _ Eno(—itn + €a)no & 5 D EmtnatEnsionasnrns ot
no {ni}

Shyb = Z X (Mt 2ot + Moepnar + g0) + Z X5 (Mt 1oy + Mmooy + gc)
nk nk

Z Xy (At rnny — M pnny + gc) + Z X5 (Mesrnént — Mo—pnat + g0)
nk nk
(3.24)

We first integrate out the Grassmann variables corresponding to the leads
({A}), Grassmann variables in impurities ({{}) and obtain an effective dot
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action as

Serd = Z Eno <Azwn + Aﬂw Z Min Z Mk/h/) &no

k'h!

+ = Z §"1T£R2T£n3¢€n4¢5n1+n3 na+ng

{”z}
hXy 2X,2cos (29)
h My, = —————, A, = n
where My, Cion + 6kh)2’ = —iwy + €q + Z ER—
(3.25)

We found EP’s from the zeros of the denominators of the retarded G as
the following for zero bandwidth, we show the eigenvalues are real from
discriminant properties of the cubic equation of inverse G.

2
G (w e 4w X§ cos(29)

W2 — N2
4 AX7 cos(20) x— AXF cos(29) ) -
G'=A, — A Z My, ZMk'h’ =0
—n g k'n!

we rewrite the above equation in real frequency as the following;

B 3 Mo 3 Mo = 0 (3.27)
“ h h!

Where in the above G we have restricted ourselves to analyzing local EP’s
4wXZ cos(2¢)
—rw  and

>on Mon = % substituting these in the above gives polynomial in
w:

and summing over chiral channels yield terms A, = w — €5 —

(W? = M) (w — €q) — 4wX? cos(2¢))? — 16X, cos?(20)A\* =0 (3.28)

We get roots of w for the above equations from Cardono’s method of cubic
equation solution as the following,

w1 = -
L A —/16X72 2 A2 4 €2 —2A

we =g <€+ Vv cos(2¢) + A2 + €2 — e) (3.29)
1

Wy =5 (e + A4 /16X2cos(20) + X2 + €2 — 2)\e>
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Roots

Figure 3.1: We have plotted w roots given in equation 3.29 by varying Non-
Hermitian strength (¢) for A =0

There will be another set of roots which are obtained simply by replacing
in above by A — —A\. These 6 roots will be doubly degenerate 3 roots
for ¢ = 0 which is ph symmetry case, and A = 0. We expect peaks in
spectral functions for these points of w = —4X/cos(2¢),0,4X /cos(2¢) as
we tune the nh-strength these will coalesce to zero i.e., non-interacting limit,
we observed this feature in impurity DOS. Also, the spectral function peaks
correspondence with the eigenvalues. The above retarded Green’s function
in effective action 3.25 captures the physics of the exceptional points and
PT-transition in the non-interacting limit for U = 0.

3.4 Exceptional Points in Strong Correlation

Strong correlation effects on the exceptional points can be investigated from
Auxiliary Particle-Boson calculations. We have seen in earlier section P7T-
nh model retarded Green’s function can be derived from the equation of
motion or the path integral approach corresponding diagonal G~! for the
impurity states in the P7T-channels. We use the following representation for
dot operators &,, as auxiliary particles Fermion f, and Boson b with a charge
() conservation constraint.

& =1b, Q=bb+> flif, =1 (3.30)
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Figure 3.2: We have plotted w roots given in equation 3.29 by varying Non-
Hermitian strength (¢) A = 1.5
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Figure 3.3: Density of states from the Callan-Symmanzik Green’s function
by varying the bare NH hybridization and for A = 0.

We will use the representation given equation 3.30 for the action 3.25 and
without decoupling the interaction term.Th we find the following renormal-
ized action

SB - Z fna —iwy, + €4 + Fl(lwn))fno

—+ Z <§n0 an gno +9. C) - ’i(s(’f’2 B 1) (331)
3 Xt (X 1 3~ Ko = (X

where I'y = . -
Wy — €kh Wy — €kh

kh kh



The representation and constraints of the Auxiliary Particle-Boson can be
applied to the actions derived in equations 3.25 and 3.31. Once all dot op-
erators are integrated out, both actions result in the same free energy, as
the flip contributions disappear. Since we are dealing with a non-Hermitian
system, we separate the real and imaginary components of the Boson field
to analyze their effects on the ground state, which provides valuable infor-
mation at the EP for interacting cases. We derive the saddle point equations
from the action to find a consistent solution for the Boson field. The role of
the Lagrange multiplier () in the path integral is extensively discussed in
references® 8. It has been demonstrated that the Fermionic degrees of free-
dom can be integrated out in the Auxiliary Particle-Boson method due to
the bilinear nature of the action in Fermion numbers, simplifying the calcula-
tions. However, treating the Lagrange multipliers as dynamical variables in
this method is impractical, as it would introduce additional diagrams in the
perturbation theory, making the calculations more complex. By performing
unitary operations, we can demonstrate that the action is diagonal and use
the Fermionic action to integrate out the emergent pseudo-Fermion variables
to obtain the scale. This results in the following free energy from the path
integral.

(F) = —% _[; In((wh —e—T1)? = T3)dw +i5(r* — 1) (3.32)

Due to the meromorphic property of Green functions, we can readily see the
real part of the integral vanishes in any symmetric limits integral, since it is
anti-symmetric. This reduces to the following,

__t Y an-1 Im((w" — & —T1)* = T%) iS(r2 —
(F) = N _Dt (Re((w* T f‘%)) + 0 1) (3.33)

where in equation 3.33 wt = w + in, for simplicity we can drop 7 in the w™
but we retain it in hybridization. Following saddle point equations can be
derived.

DOAAL— NA! 9

AT AT dw+|r|=0
b Ar(w - gd) ~

/;D de — 2€dri =0 (334)
b Az(w — gd) ~

/D de + 2€d7”7~ =0
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The above equation 3.34 contains terms A’ = %ﬁi, and A;, representing
imaginary and real parts. To gain qualitative understanding from the Auxil-
iary Particle-Boson perspective, we need to solve the above equations exactly,
but for simplicity, we use some approximations to obtain a closed-form solu-

tion. Deriving RG equations from eq 3.34 gives the following:

oA, (1 —gé;—2A, A,
= Z h = — 3.35
e, Az, where ¢ A ( )

Figure 3.4 shows that a diverging Auxiliary Particle field implies that the
system flows towards the non-interacting fixed point. Additionally, for g > 1,
the diverging Boson field is purely due to an imaginary interaction. The
red and blue curves in the figure represent the critical trajectories from the
analytic solution of the Auxiliary Particle-Boson method, the red curve is for
A,,éd < 0 and the blue curve is for A,,&; > 0. Figure 3.5 shows the flow
towards the strong coupling (SC) fixed point for values of g less than 1. This
is an indication that the system is in the Kondo phase. The g parameter can
be tuned to move across the NKK regime. This will serve as an additional
handle to move across the conventional Kondo-NKK regime by tuning the g
parameter providing important information about the behavior of the system
and the nature of the phase transitions.

Conventional perturbation theories, in conjunction with the Callan-Symanzik
equation, can be employed to investigate the renormalization group (RG)
flows of the system by introducing corrections to the system’s effective action
as a response to variations in the scale parameter.

In the Kondo model, the parameter €4 scales as 1/J. A diverging Auxil-
iary Particlefield corresponds to the non-interacting fixed point. If the Aux-
iliary Particlefield flows to zero, as shown in figure 3.5, it indicates a strong
coupling fixed point corresponding to the Kondo state.

3.5 Finite U-Auxiliary ParticleBoson Analy-
sis

We use the rotational invariant Auxiliary Particle-Boson (SB) representation
to derive the mean-field Hamiltonian for the non-Hermitian single impurity
model. This involves expressing the Hamiltonian in terms of the Auxiliary
ParticleBosonic fields and their conjugate momenta and applying a mean
field approximation to decouple the interactions between the fields. The
resulting mean-field Hamiltonian, which is a quadratic form in the Auxiliary
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Figure 3.4: We are plotting the computed form of flow equations S, and [,
given in equation 3.35 for g < 1

ParticleBosonic fields and their conjugate momenta, also includes a term
that enforces the constraint that the Auxiliary ParticleBosons represent the
sites either empty or doubly occupied states. This Hamiltonian can be used
to study the non-Hermitian single impurity model’s behavior and calculate
various physical properties.

Heatn = Z GTithJ;khcnkh Hicad—dot = Z Xokh (ZTdLanh + hc)
" v (3.36)
Hgo = Z ERNgn + Ude + >\(1)P + A%)Qh
h

where the constraints are given by the following with a modification for chiral
Bosons,

_ (e'p + pld)
(V1 —dfd —pfp) (/1 — ete — pfp)
P=cle+> plpn+d'd—1=0 (3.37)
h

Qn = Nan —pILPh —dld=0
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Figure 3.5: We are plotting the computed form of flow equations 8, and /3,
given in equation 3.35 for g > 1

Using the constraints above we write the following action,

0
S = /dT {(E — €n) ChnCas + %}; X (2 d} o+ hic)

(3.38)
0
+37 (= —a)ldfdns + Udld+ AP+ 2P,
h

After integrating out bath operators we get the following effective action,

0 X2
Slyp = / dr <5 —en A+ #’Z’Lkh) Adfdyz + Udid+ AV P+ 2P,
nk OT n

(3.39)

The chiral channel-dependent Green’s function and the Boson will introduce
the effective action as follows,

Sefs = / drInGoy Gy + Ud'd + \VP + AP Q, (3.40)

Free energy of the system can be written as the following,

o= in([[Gat) + U + ADP 4+ X2, a1
h
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The saddle point solution with A o

%:/ ZGOhlngthP—o
%—/ Zeogaa(j;h U+ AU %+A(Q)%§;—O
T = [ o Y Gl S A

0 (2) Xk 2
where Goh—<a—€h+)\ (1+Qn) —i—Z—)z
€Enkh

'r’k; 8T
(3.42)

For flat band the d? equation given in 3.42 can be solved and we get the
following,

Ap \0Q
O—U+Z/ dw f (w) arctan (ef—w) BYz (3.43)
integrating by parts we have the following,
oQn, b d%"j?
= I— — 1—d,
0=U+ o2 / T w

( ZAh+6fZarctan_+Z_ln @)>

(3.44)
ZhAh
= — Ay, 4 e arctan
( ; P e(1—A_AY)
G+ AN A [eF+ AT A
an(S) (Ye) )
D? D?

Main contribution of the above integral will be at w™ — 0 and ¢ — D
(bandwidth) hence this will reduce to the following,

2DX§ cos 2¢(
2D X2 cos 2¢g L 2D ( €\ DN

= — tan"~
0 D2—jr M SRS T Xicos2p |\ D?

(3.45)
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The analysis of the RG equations leads to the conclusion that the arctan
function at the lowest w point is significant and the scaling behavior can be
derived from it.,

1+X) 2D X2 cos 2¢

D, :D< , where A="2207700

1 D2 — X2 (3.46)
Y (U - ZX([)]COS(Q%))”?

3.6 Auxiliary Particle Method in Keldysh Field
Theory

Consider the Grassmann variables &, &, for the dot degrees of freedom and
Apyhs Aggr for the conduction electron degrees of freedom. The partition
function Z for the Hamiltonian is given by

Z= / DE, / D¢, / DAgop, / DA e, (3.47)

where the total action S is decomposed as S = Sp, + Sk + Sdot + Shyb With

S = / (ﬁL + Lg+ Lot + Lhyb) dt, (3.48)
and

L = Z/_\khL(iﬁt — €xn) Nknr, (3.49)

kh
Lr= Z Aenr (10 — €xn) Arnr, (3.50)

kh
Edot = Z EU (Zat - 6d)fU + UgTéJ,éJ,éT? (351>
Lyt = Z Vi (Aknr&t + hAgnré, + gc) . (3.52)

kh

In the auxiliary particle-boson representation, the complex fermionic field
is expressed as &, = bf,. To enforce total charge conservation on the Keldysh
contour, a Lagrange multiplier field is introduced, leading to the partition
function evaluation by path integration over all fields.
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Applying the Keldysh rotation transforms the bosonic and fermionic fields
into real fields:

b+ by by — by
bc_ \/5 ) bq_ \/5 ) (353)
At S h— [
fC_ \/§ ) fq_ \/§ 9 (354)

where by, by and f;, fo are the bosonic and fermionic fields on the forward
and backward branches of the Keldysh contour, respectively.
Rewriting the action in terms of the rotated fields:

S = Spatn + S¢ + Sp 4 Suygp + V202,

B o0 + f z@t — €kh — 6:“ 0 Al
Sbath = /0 dtz (Al A2) ( 0 10y — €k — 5:“) (A2 ’

khn

s = [ arS (s, i) GG (fw)
= ; fla f20 —% i@t—ﬁf—(s—l Joo )’

o V2

o= [TarS @ oy (L D) (0
b_/o Z(l ) i0, — L % by )’

khn V2 V2
Shyb = Z Vi (flTT(blAlLkh + boAorkn) + ngT(blAQLkh + boA1rkn) + QC)
kh

+Y hv <f1T¢(blA1Rkh + balorin) + f1, (01Aoren + boAirn) + QC> -
kh

(3.55)

By integrating out the bath and impurity operators (A, f), the partition
function simplifies to Zez = [[b,d]e ™. The saddle point equations are
derived by setting (0Seq/0b12) = 0 and (0.Se/d6;12) = 0:

o (T

a=1,2

1 ~
_E %; Vien <<ALLkhfaT> + <A:riLk:hf@T> - h<ALRkhfa¢> - h<ALRkhfd¢>>] )

> ((flafio) + (Fofoo) ) + (b2} + () = 0,

[

S (e faod + (o fio}) + (lbn) + (o) —2 =0,

o

(3.56)
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In the steady state, setting by = d2 = 0, we obtain:

01 -
b+ Vi (Al =0,
Nk ; k(Ao pn f11)

(3.57)

> (Ao f10) +blbr —2=0.

The Kondo scale T is expressed as:
(D2 =22)(eg—p)
T =cn(D — 4+ NYN(D +p— NV anev® (3.58)
and in the large-N limit:

(D2-2%)(eqg—p)

T =~ (D+p—Ne 2PAneoV? (3.59)

3.6.1 Current Calculation Within Mean Field Theory

In the Keldysh field theory framework, the current J;, through the system is
derived from the lesser Green’s function G{<01 Oa}> using the relation between
the retarded and lesser Green’s functions:

2 A , A ,
Jo = /dwﬁe > FT <“khUth(Ekh+)€_ZEkh+(t_t) — v f (B e~ Frn=(71 )> )
kh

(3.60)
with the final expression:

Jp = Zj{—“%_%z_p(e)d : (3.61)

3.7 Discussion and Conclusion

We have come-up with a technique which serves as a initial conditions for self-
consistency or convergence in complex valued coupled equation minimization
by identifying the fixed points of the Callan-Symmanzik equation. Exploring
non-Hermitian systems often leads discrepancies between methods due to the
presence different type of dissipation. These differences often arise from the
inherent model properties or method’s assumptions in each approach, leading
to qualitative variations in the outcomes.

For instance, the Auxiliary Particle-Boson Renormalization Group (RG)
method is effective in capturing the local moment and Kondo regimes in non-
Hermitian settings. However, it may fail to detect phenomena such as RG
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reversion, where the system reverts towards the non-interacting fixed point
after initially deviating from it. This observation contrasts with findings
from other perturbative RG methods, which report a complete reversal in RG
behavior, often referred to as a ” Violation of the g-theorem.” Such outcomes
are consistent with results from Poorman scaling methods, as noted in several
references® 2. Despite its limitations, particularly in fully capturing the
system’s behavior, the Auxiliary Particle-Boson RG method remains valuable
as a low-energy effective field theory. This necessitates the more advanced
techniques such as the NRG to understand phenomena like RG reversion,
ground state properties and the steady states of a non-equilibrium/driven
system.

20 I I I o I I I I ol I I I

18 - —

o
o

16 |- —
m"" 14 3 b ]
12 — —

10 - \\&,:%// -

8
-300 -200 -100 0 100 200 300
A(w)

Figure 3.6: Ground State computed from impurity action as a function of
NH-Hybridization in the non-interacting case. Different colors represent com-
puted ground state energy for different bare values of hybridization. Effective
impurity action and Eq. 3.26 are utilized to compute free energy/E,.
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Chapter 4

RG Analysis Of Complex DM
interaction in Kondo problem

The chapter focuses on the study of PT-transitions in a many-body Hamil-
tonian with finite interactions. It investigates the complex physics arising
from the interplay between correlation, parity-breaking interactions, and non-
Hermiticity. Specifically, renormalization calculations are performed on the
projected low-energy, singly-occupied subspace, revealing the diverse physics
and the emergence of a Kondo-non-Kondo phase diagram. The competition
between correlations and non-Hermitian interactions leads to the formation
of many-body singlets and unique phenomena, such as the decoupling of the
impurity in the Kondo problem. The chapter sheds light on the intricate be-
havior of systems with finite interactions, providing insights into the scaling
properties and the transition between different magnetic phases.

Manuscript under preparation
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4.1 Introduction

The investigation of non-Hermitian (NH) interactions in cold atom systems
has gained significant attention in recent years. These NH interactions arise
from the continuous Zeno effect, which occurs due to the depletion of atoms in
a subsystem. We propose to study the NonKondo-Kondo(NKK) transition in
11Yb and '™Yb atoms ™ to investigate NH interactions, specifically focusing
on the internal degrees of freedom caused by spin-orbit interactions in a
system with a balance of loss and gain.

Experimental observations have shown that transitions between different
atomic states, such as 'sy — 3P, and 3Py — 3s;, are allowed in these cold
atom systems. In a balanced gain-loss scenario, the stable state is found to
be 3P, and there is a possibility of Kondo cloud formation in the strong
coupling, anti-ferromagnetic regime. Our study aims to trace the origin of
NH interactions to the bath channels and develop an effective impurity model
that incorporates an imaginary DM interaction. This interaction plays a
stabilizing role in the triplet ground state within the symmetry-preserved
regime. Recent experimental findings have observed a stable triplet ground
state in a pumping-repumping situation, and our explanation involves the

imaginary DM interaction and potential scattering terms?.

Spin-orbit (SO) interactions are known to play a crucial role in vari-
ous lattice problems, such as impurities in graphene and nanoribbons® .
In these systems, SO interactions, particularly of the Rashba type, break
parity symmetry. However, despite this symmetry breaking, it is still pos-
sible to have PT-symmetric channels and DM interaction in the effective
impurity model through the influence of SO interactions. Renormalization
group (RG) methods, including Numerical Renormalization Group (NRG),
Poorman scaling, and Dynamical Mean Field Theory (DMFT), have been
successfully employed to study the effects of SO interactions in conventional
problems. Additionally, Anderson impurities in topological insulators, such
as honeycomb lattices, BisSes, and BisTes, have shown phase transitions
with strong SO interactions.

However, in the context of non-Hermitian (NH) systems, the physics and
role of SO interactions may differ from conventional systems. In NH sys-
tems, phase transitions can be driven by imaginary interactions that are
independent of the lattice structure. It becomes important to investigate the
interplay between SO interactions and NH effects. While the conventional
closed systems exhibit phase transitions with strong SO interactions in cer-
tain lattice structures, in NH systems, phase transitions can occur even in
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the absence of a specific lattice structure, solely driven by imaginary inter-
actions 112,

Therefore, our proposed study aims to explore the role of SO interactions
in the presence of NH effects, specifically in the context of the NKK transition
in 1"'YDb and '™Yb atoms. By studying these NH systems with a balance
of loss and gain, we aim to understand how the internal degrees of freedom,
influenced by spin-orbit interactions, contribute to the NH interactions and
the formation of stable ground states. The investigation of the interplay
between SO interactions and NH effects will provide valuable insights into
the unique physics of NH systems and contribute to our understanding of
the broader field of condensed matter physics.

In the context of our study, we place particular emphasis on the per-
turbative renormalization group (RG) approach. As a result, we refer to
the literature that discusses perturbation theory applied to non-Hermitian
systems.

4.2 Projection Operator Method

The projection operator method divides the Hilbert space into subspaces:
one containing the relevant states and another with irrelevant states. By pro-
jecting onto these subspaces, we obtain a reduced Hamiltonian that captures
the essential physics of the system. Several works address non-Hermitian
projection in first-quantization 316,

For the Kondo problem, this method allows us to focus on the rele-
vant singly occupied states while excluding doubly occupied and unoccupied
states, simplifying the system for renormalization.

However, in cases such as non-number conserving models or systems with
PT-symmetry breaking, the completeness of the projected subspace may be
violated. This issue will be further explored in subsequent sections.

The completeness relation » . P, = > |¢;)(¢;| = I allows the construc-
tion of projection operators. Inserting identity operators into the Schrodinger
equation Hiy = E1, we have:

(Z |wi><wz-\> H (Z |wi><wz-\> V=E (Z |wi><wz-|> v

The identity operators can be written as projectors for the unoccupied, singly
occupied, and doubly occupied subspaces, which are orthogonal.
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(Z |¢i><¢i|)H<i§; e (Z 06 ) = E(Z e o
(4.1)

These identity operators can be written as the projectors for (0, 1,2), which
correspond to not occupied, singly occupied, and doubly occupied subspaces,
and are orthogonal.

Hy Ho Hp o o
Hy Hy Hyp Y| =E [ 12)
Hyy Hy Hy Py (1 ( ’

where P, P, = 6, Pnen and P* =P

An effective Hamiltonian can be derived from the above for different sub-
spaces by eliminating the respective wave function in favor of the other.

1
eff — Y — /
H! = Hoo + ) Hoor 5 o Hara (4.3)
o' #a
The Hermitian problem will have the H(La, = H,; However for preserving

pseudoHermiticity we need to have PTHPT' = H', where the PT operator
is the metric operator, denoted as 7 in the previous chapter. Additionally,
excitations from the unoccupied to the doubly occupied sector and vice-versa
are absent (due to the structure of the Hamiltonian), hence Hypo = Hyy = 0.
We use Projection operators for the SOC coupled non-Hermitian Anderson
model studied in our previous work!”. In this work, we start with the model
in the spin basis of impurity operators and project it onto the low-energy
subspace.

_ § i
H = Eknhckhnckhn + €Ndos + UndTnCu
knh

+) X [CLLth + hefppd, + h.c} (4.4)
kh

+) X [CLLhdi + he puds + h.c}
kh

This model in the eqn 6.1 is borrowed from appendix eqn (B9) of the earlier
work 7, and it is shown to be Anderson Model in chiral basis as the following,

H = Z gkhclhnckhn + Z anh <Cthdh + hC) + €4 Z Ngp + Und+nd_
khn knh h

(4.5)
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In the model, the parameters Xyg, and Xy, are given by Xgr, = —h(V +
we?) and Xy, = —hX5,, respectively. The projection operators in the
chiral basis are defined as Py = (1 — ny)(1 — n_) for unoccupied states,
P =n;(1—n_)+n_(1—ny) for singly occupied states, and P, = n,n_ for
doubly occupied states. For the Projection operator method (POM) to apply
to non-Hermitian systems, it must satisfy the pseudo-Hermiticity condition,
which is discussed in Appendix A. The model expressed in chiral operators
can be transformed back to the original operators using an inverse mapping
given by {Okha Oh} — {Okmg, OU} that is nothing but Okh = %(Ok’p + h’Oki)
similarly for impurity operators O = %(OT + hOy;), where Oy, and Oy,
represent the bath and impurity operators, respectively.

4.3 Projection in the Chiral Basis

The SOC-coupled model can now be written as the new Anderson model in
chiral operators. We show here projection on the same basis to compare with
the earlier results.

Hyo = Z Xigndh (1 = n3)cgn, His = ZXk”hdIlnﬁck”h (4.6)
ey kh

Remaining components are Hpp =, , ekaczackapo + >, €anePo and Hyy =
Zka EkaclaCkaPQ + Za €ane Py + Unyn P,. Now we have all the components
to calculate the effective models in various sub-spaces (0, 1, 2) as in equation
4.3. The effective model in singly occupied subspace can largely be divided
into n = 1’ and n # 1’ Hamiltonian where n here refers to left or right lead.
We detail the derivation as follows,

[H};] = [Rh, RR') + [Lh, LK) + [Lh, RK'] + [Rh, L}]
- Z X X raew MyS.siy) + Z Xpon X pwn MiS.sip

kk'hh! kk' hh! (4.7)
Xpin X e My S.sEL X ien X rirn My S.sEE
+ RkhN LR VRS .Sy + LkhX REh/ VRS .Sy
k' hh! kk'hh!

where in above equation 4.7 Xy, = \/§\Xk|ei¢k and Xypn, = —hXj,. It
is important to note that when A = 0, the M) elements are the same for
all, but they become M), = M (1 + hAMyy) and the matrix elements are
My = ekll—ed + ek,+id+U can be approximated to M = _%d + Ed}rU at Fermi-
level (e = € = €5 = 0). Model in equation 4.7 exhibits pseudo-Hermiticity,

81



with non-Hermitian terms appearing only in the RR and LL Kondo models,
while the LR and RL blocks are real.

Hyp = 3 (X2 @0 M, S B 13| X 2@t o) My S sl

kk'h W h
Z ’Xk|2 Z(¢k+¢k/)M S. Si[f’ + Z |Xk|2 z(¢k+¢k,)M S Sﬁ,f/
= g (48)
_Z|X|21(¢k ¢k,MSS§,€L/+Z|X‘2 i(pp— ¢k,MSSkk,
kk'h kk'h
_ XQZ(d)kd)k/MSS/—‘— X21¢k¢k,MSS/
kk Kk
kk'h o

In the above equation 4.8, the model is expanded over chiral index h.
This can be simplified and can be written as follows,

Hlp= Y X Xy MS syl + Y X, X, MS*.s7l)

kk'nn’ kk'nm’
+ D Xpu Xy M8t 4+ 3 Xy X Ml ™ (4.9)
kk'mm’ kk'mm’
FAM? Y X Xy (=St + s S
kk'nn’

In the above equation 4.9 we can notice the term (— S*skk," + S*S;,T,) =
i(STsYM — P Gw) — 2i(S x M), which is the DM-interaction in chiral
operators. We can write the above model as the following using Lie matrices
which are written with SU(2) matrices which are also given in works!® 20,
These matrices were employed to do diagonalization in parallel to the CF'T

work 20,

Hepp = Ho+ M(TS0.S + X0t .S — X,p'Ty.9)

+ 20AM” (w*zw + XFT O — X29TTep) x S) + Hyy (4.10)

z

Using the Spinor ¢ = (C;LRJr cJ,LR_ cJ,LLJr ckL ) We drop potential scat-
tering terms to diagonalize later these terms will be considered in Poorman
scaling,

H.pp = Ho+ M(|X*YTS0.8 + i X215 — X21T.9)

#2002 (X015 + XE0 00— XS,
— Se(¥'Sy + XPi Q) — X?MW))
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We diagonalize the above model in equation 4.11 by rewriting couplings as
Jo = M|X|?, J. = Re(X?M), J; = X}!M, and the ratio g = J’ and the
results are shown in figure 4.1, As the strength of the SOC 1ncreases the
exceptional point of the eigenvalues in the (1,1) sector of the Kondo model
continues to decrease. We have a good comparison to CFT work? for A = 0.0
and in intermediate A we have coalescence in imaginary eigenvalues as well,
for example, see plot A = 0.4. For higher A we have nontrivial topology in
complex eigenvalues see A = 0.99.

A=0.0 A=0.4
2 2
.1 |
3 0 J — 3 0 //\J —
ul < | W < :
-1 ’,' \‘ E, -1¢f “‘ E,
“32-101 2 3 “32-101 2 3
g g
A=0.7 A=.99
2 2
1t 1k
) N\ )
i 0 — i 0 —
u < W
-1t v . E, -1t = o E,
“32-101 2 3 “32-101 2 3
g g

Figure 4.1: In equation 4.11, we demonstrate the fluctuations in the low-
est eigenvalues Fy of the Kondo model by adjusting the strength of SOC
(A\). The plots display thick lines for real eigenvalues and dotted lines for
imaginary eigenvalues. The y-axis 1ndlcates — J,, which represents shifted
eigenvalues.

Now we show that the projected model is consistent with the zarea” et al.
by transforming back to the spin operators, The key difference between the
above chiral model to the spin basis one is a different form of the potential
scattering. we get the following effective model after inverting relations in
terms of spin operators.

Hepp = Hg + ZU?" + UéJi)Schzcga + Hpnm + Z S8} + Hpot

Wk’ , k! (4.12)
+ Z A (e¥Prsh, xS + e Mg, x S)
kk’
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Where in the above equation the couplings J, and J; correspond to real
and imaginary parts originating from NH hybridization.These couplings in
the above model may be explicitly written as J, = Re(X; Xy M), Ji =
Im(X,’;Xk/Mkk/),A = ’X;;Xk’l)\SOMkk’ and Y= ‘X;Xk/‘Mkk/ The Kondo
model in a rotated bath is described by the Hamiltonian:

HK = Z gkocltmgckmcr + Z J()S * Skk! (413)

k,m,o kK’

Here, €., = €, + h\ represents the energy dispersion in the rotated bath,
where € is the dispersion of the original bath and h\ is a Zeeman-like term.
The Hamiltonian also includes a Hermitian Dzyaloshinskii-Moriya (DM)

term given by:
Hpp =Y A(spy x S) (4.14)

kK

In addition, there is a non-Hermitian DM term denoted as HJ,, which
is expressed as:

HPT =Y A(esf, x S+ e s, x 8) (4.15)
kK

These spinors, denoted by spi, represent Abrikosov’s conduction electron

spin®'.The term H, = 3~ ., 78], -S arises from the projection to an effective

model, which involves scattering between the m = 1 to m = —1 bath states.
The expressions for the spinors are as follows:

Sk = 2 Towr Y (4.16)
vy o —1f 1

Skk/ — C]CS Tsslcklis/ (417)
— ot -1, —1f 0

Spry = Ch—sTss'Cgr T Cpg Tss/Cp g (4.18)

Finally, the term H,o = >, ,/ k,S - s}, represents potential scattering
terms in the Hamiltonian, and ~ denotes the scattering channel. The presence
of potential scattering terms contributes in a non-trivial way to the overall
dynamics and behavior of the system.

4.4 Poorman Scaling With Metric Operators

In earlier work by Kulkarni et al.'”, the concept of Pseudo Hermiticity of
the Hamiltonian (PHH) was discussed, primarily using metric operators in
the spin basis to confirm the condition (PT)H(PT)" = H'. To ensure
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PHH is maintained consistently across every perturbation order, we have
extended this operation to each vertex. This guarantees that PHH is satisfied
at all levels of the perturbation theory. This operation is executed with the
operator PT = —etfc! Ly e =0t Ll + hc + >, n,. Alternatively, we

have used 7 in the chiral basis, in contrast to Chapter 2.

Using canonical relations O, = %(Oi%T +hO.1 1) where O can be ei-
ther bath operators or impurity operators, and generic phase factors to avoid
ambiguity from angular momentum channel states, we get the PT opera-
tor.These obey the algebra with impurity operators and bath operators(here,
phase factors are dropped for notational convenience for details, refer to Ap-
pendix A) as the following,

[S.,PT] =0, [S+,PT]=—S+

[Cka'ckcﬂ Pﬂ = 0 [szckcﬂ Pﬂ _Cka'ckcr (419)
[CZ?CZ; ’Pﬂ = (1 = dm,m' 000’ )CZ?CZS

The metric operator(PT) in the (nh) — (mo) basis can be written as the
following,

{PAT7 Ng + Cllacﬂ:%g} - 2(7571 - na) + 2757,”0

R R (4.20)
PT,ne + ¢y cii,| = —2(PT —n,)

The method involving the insertion of metric operators at each vertex, cou-
pled with the algebra elucidated in equations 4.19 and 4.20, plays a crucial
role in maintaining the global number, particularly when dealing with the
emergence of flip terms during the evaluation of Feynman diagrams for one-
and two-spin flip processes. This approach effectively ensures the preserva-
tion of symmetry throughout the calculation. Electron-hole scattering can
introduce symmetry-breaking corrections to the unperturbed propagators.
The perturbation theory for non-Hermitian problems often poses challenges
in getting the corrections hence we argue that it is crucial to preserve the
symmetry at every vertex by inserting the metric operators!”. We show at
the one-loop level, the clear comparison with the earlier works™?° (for limits
A — 0 and ¢ — 0 respectively) can be made and discussed in later sections.
At higher loops, the particle number conserving diagrams are essential for
the flow and renormalization of the non-Hermitian phase within Poorman
scaling. A natural extension of the usual formalism?? can be represented as
follows,

; ot
Ty = Vi + Ve PT Gow, Q) PT Ty

' o » (4.21)
+ Vg PTGo(w, )PT TyyPTGo(w,dYPT Ty s + .
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A comprehensive proof of the aforementioned statement can be exceedingly
intricate for a general case. Instead, we offer a demonstration by considering
a select number of vertices, thereby affirming the validity of the Pseudo-
Hermiticity condition. To show the algebra we consider all bath states are in
angular momentum basis i.e. n = L/R, j,,, = j:%a the 1) represents emergent
parity. We show the PHH condition at a vertex V satisfying the operation
PTVPT' =V as follows.

(PT) <€i¢CL%Tdid¢C+%¢ + e*i“bci%idIchf%T)(PAT)T

_ ig gt —ip gt
= e’¢c_%Tde¢c_%¢ +e Z¢C+%¢d¢d¢c+%T

(4.22)

The following RG equations can be derived from the algebra after ex-
panding over the vertices of the impurity and various AM channels. Apart
from the topologically distinct contributions remaining, all other contribu-
tions vanish; these are also discussed in various articles®*26. After com-
puting diagrams, it is common to apply Poorman’s approximation?’, which
involves setting k = k&’ and modifying the bandwidth D to D’ = D(1+\/D).
This approximation simplifies the calculations and allows us to capture the
renormalization effects effectively. However, in certain cases where specific
symmetries are being broken, such as in the current context, it is neces-
sary to consider the potential scattering terms. These terms, which may
be irrelevant in particle-hole symmetry, become relevant in the presence of
symmetry-breaking interactions and need to be taken into account for a com-
prehensive analysis.

dJ

Jog D~ J(J = J)+ AN+ P+ J2T + J2T + A2J (4.23a)
dA 2 2 2 2

dIOgD,:A (J—=J)+ry+ .+ T+ Iy+v"+A (4.23b)
d‘]l 2 2 2 2 2
dJ,

Jog D~ JP— PPN+ N = TP+ T2+ v+ A) (4.23d)
d

dlo; = =72+ A= Ty SRy T+ Ay (4.23¢)

In the equations presented above, the subscripts ¢ and r serve to distinguish
between the real and imaginary components of the bare couplings. These
Renormalization Group (RG) equations stand as the central outcome of our
novel perturbation theory, and we proceed to analyze and delve deeper into
these equations in subsequent sections of this work.
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4.4.1 RG Invariants Identification

To determine the invariants, we can perform algebraic operations on the
equations. For example, subtracting equation 4.23e from equation 4.23a and
taking the ratio of equation 4.23c, we obtain the invariant g. Similarly, sub-
tracting equation 4.23e from equation 4.23a and taking the ratio of equation
4.23b, we obtain the invariant s. The explicit expressions for these invariants
can be derived, and presented as follows:

any ST =LAyt PR+ Iy 9P+ P4 A
S e (J—)(J = Sy + 2+ TR+ Iy 2+ TR+ A?)
(4.24a)
dJ; /d(J_”Y)
" = | 55— 4.24b
/ Ji (J =) ( )
J.
log ' _ = constant 4.24c
7= 2l
J.
(J =) (4:24d)
b AJ = Je+y+ T2+ TP+ Iy +97+A%) (4.240)
dl(flJD’_dlnD’ (J - 7)(‘] oty P+ Iy+97 +A2) .
A
/ d / (4.24)
log = constant 4.24¢
(J -7) (4:248)
A
(/=) (4240

From equations 4.24a and 4.24e, we can identify certain RG invariants that
capture the underlying symmetries of the system. For PT-symmetry, the
parameter g serves as the invariant, while for parity (P)-symmetry, the in-
variant is given by the parameter s. Additionally, the potential scattering
coupling v acts as an asymmetry parameter that can be used to tune the
system across different symmetry-breaking regimes.

4.4.2 Comparison With earlier works

Zarea’s work " investigated the behavior of a Kondo impurity within a Hermi-
tian context, utilizing the Schrieffer Wolff Transformation (SWT) and Poor-
man scaling method. An important outcome of their study was the identi-
fication of a crossover from a two-channel Kondo (2CK) to a single-channel
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Kondo (1CK) behavior in an isotropic dispersion regime. The presence of
potential scattering shows the existence of two channels however these will
flow to a single channel at a strong coupling fixed point.

Lourenco’s work?’, on the other hand, delved into the non-Hermitian An-
derson problem using the framework of conformal field theory (CFT). Their
study derived scaling equations at the one-loop level. In the context of our
analysis, we demonstrate the comprehensiveness of our approach by encom-
passing both of these distinct scenarios. Precisely, our analysis captures
the essence of both RG equations, effectively accounting for the absence of
spin-orbit interaction in comparison to Lourenco’s work?® and the absence
of non-Hermiticity in comparison to Zarea’s work”.

4.4.3 CFT scaling laws at two loops

In parallel to the work by Lourenco et al.?® we derive the scaling laws at
two loops to make clear algebraic comparison with the perturbative scaling
equations derived in our work.

The current-current correlators in conformal field theory (CFT) algebra
for the Kondo problem and two impurity problems were originally done in
the work by I. Affleck?®.

Along with the general Pauli-matrix algebra, a third-order perturbation
theory was employed in the study using the SU(2) commutation relations
are worked out below. These commutation relations provide the necessary
algebraic structure to investigate the scaling behavior of the model.

A pivotal distinction in Conformal Field Theory (CFT) lies in the fact
that perturbations carried out within the Kondo coupling framework are
inherently local field-theoretic expansions. Consequently, this local nature of
the perturbation ensures the preservation of symmetry, a characteristic that
is intrinsic to the matrix algebra outlined above.

In the context of our analysis, it’s worth noting that a diagrammatic
expansion of third-order perturbation theory has been elaborated upon in the
works of I. Affleck®1%28 " Furthermore, natural extensions of these diagrams
for Bose-Fermi Kondo models have been extensively detailed in subsequent
works 237252829 At the third order of perturbation theory, we derive the
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following Renormalization Group (RG) equations.

dJ— _ 3 2 2
dlogD—J(J Jo) + I J2T 4 J2T
i _ (J—J)+ P+ J2+ J? (4.25)
dlog D ‘ " T '
dJ; 72 2 3 2
TogD =~ H ST

Poorman scaling equations in 4.23 derived from our perturbation theory re-
duces to these equations in 4.23 in the limits of v — 0, A — 0 validating our
method.

4.4.4 Kondo Scale in one loop Poorman scaling

We initially focus on one-loop contributions without considering scattering
effects to derive the Kondo scale. The inclusion of potential scattering terms
will be addressed in a comprehensive analysis.

dJ dA\
=J(J =), —==AJ—J;
dJ; dJ,. 9 9 9 '
= Jj —Jr) =4dJi = A i A
T D Ji(J = J.) D Ji—=J;+ AT+
We analytically solve the equations in 4.26 by introducing substitutions,
specifically g = j—é and s = JAO This simplifies the problem to a single
differential equation: %L = II—Jr) which possesses the following

) - dJ, g2 J2—J2+sgJ%+s2J?)
analytic solution.

a—1 —a
o —atan) ()

J T
where C:T:—HJK, a=(g*+ s>+ gs)
Jr " (4.27)
J? I
T = expl — o e 7

a—1 —a
(~ote1) (#)

A plot of the Kondo Scale (Tk) for equation 4.27 is shown in figure 4.2
for varying NH invariants and a fixed Rashba Spin-Orbit Coupling (RSO)
strength. The interchangeability of g and s in equation 4.27 implies that
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Kondo destruction is always present, and a small increase in the Kondo scale
can be observed over a range of g or s values while fixing the other invariant.
At one loop level, two phases can be qualitatively observed, where a small in-
crease in scale corresponds to the Kondo phase and the scale vanishing point
corresponds to QCP. Zarea et al.” also found that the Kondo scale increases
with RSO while NH interaction is absent.

s=0.1 s=0.9
6 6
Xsﬁ JO 08 xs\ JO 08
~ ~
4 ko 4\ — ko
1C—> Jo 1 vc—> Jo 1
® Loqp O L=12
2 o 2 Jo
00 02 04 06 08 1.0 05 10 15 20
g 10+g

Figure 4.2: Variation of Kondo scale with Non-Hermitian strength (g) and

RSO (s) for the fixed bare value of the ratio J% in equation 4.27.

We solve the RG equations in 4.23 which are the central results of the
work highlighting the validity of the perturbation theory employed in paral-
lel to the earlier results and establishing the existence of new fixed points.
The figures in 4.3 show the existence of a new stable critical point in the
non-Hermitian case, which is denoted by the color green, and for vanishing
nh coupling, we have conventional 1CK Kondo problem which is consistent
with Zarea et al”., The separatrix line corresponds to diagonalization line
where local moment survive and in regimes where J and v diverge we have
Kondo effect. We emphasize that the new fixed point will only be stabilized
with the non-zero PT - symmetric coupling and NH strength g¢.

4.4.5 CFT scaling laws with finite v and D.M-interactions

We established the algebraic consistency between our employed perturbation
theory and the algebraic framework of Conformal Field Theory and eluci-
dated through third-order perturbation diagrams. Our findings align with
prior research by Lourenco et al.?’, showcasing the RG flow’s congruence,
particularly in scenarios devoid of potential scattering and DM interactions.
Furthermore, our results are in accordance with the observations made by
Sandler et al.” when considering the presence of DM interactions.
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Figure 4.3: Flow diagrams illustrating the emergence of a new fixed point in
the non-Hermitian (NH) case for g # 0 and J, # 0. As the strength of the
spin-orbit coupling (SOC) increases, the fixed point transitions from a stable
state to a marginally stable state, ultimately vanishing when J, = 0.

Remarkably, we have observed the emergence of a fixed point in the PT-
symmetry preserved regime. Notably, a complete reversion of the RG flow
occurs at higher invariant strengths, as illustrated in Figure 4.4. This re-
sult carries significant implications, indicating that both v and DM interac-
tions exert substantial influence on the Kondo problem. Importantly, we've
demonstrated that this fixed point can manifest prior to the breaking of PT-
symmetry, offering an avenue for more efficient tuning of the NKK phases by
increasing the invariant strengths.
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It is worth highlighting that one of the primary motivations behind our
work was to establish a sound perturbation theory for the P7T-symmetric
non-Hermitian problem, and this objective has been met. Furthermore, we
have provided insights into the renormalization of Exceptional Points (EPs),
contrasting with the Slave-Boson solution presented in Chapter 2.

In our study, we have made an intriguing observation: the inclusion of
higher-order corrections beyond the one-loop level has led to the emergence of
a spiral fixed point while retaining the parameter ’g’ in its original form. This
finding stands in contrast to the outcomes of previous work on Conformal
Field Theory (CFT) in parity channels?.

We have found the existence of a stable fixed point that appears prior to
the breaking of PT-symmetry. The phenomenon of Renormalization Group
(RG) reversion, observed in both ferromagnetic (FM) and antiferromagnetic
(AFM) scenarios, is shifted to higher coupling strengths. It’s worth noting
that when the NH strength 'g’ reaches 1.0, the black dot and red dot coincide,
aligning with earlier results from Auxiliary-Particle(SB) theory where the
Kondo scale vanishes before reaching an exceptional point (EP).

The red dot represents a trivial fixed point within the model, while the
green dot corresponds to the regime where the Kondo scale diverges, accom-
panied by the breaking of PT-symmetry.

4.4.6 Non-Hermitian Phase renormalization

Another significant motivation for this work was to explore the impact of in-
teractions on Exceptional Points (EPs). Earlier research in Chapter 2 demon-
strated that the interaction effect on EPs from Slave-Boson calculation was
inconclusive. Therefore, our goal was to investigate how interactions might
influence EPs and, in doing so, illustrate the renormalization process of the
non-Hermitian (NH) phase. In Appendix A, we provide the analytical so-
lution at the one-loop level. Here, we present the closed forms ’soll’ and
’Sol2’ in terms of w = Z we have obtained and derive the expression for the
renormalization of non-Hermitian phase ¢ in terms of the model parameters
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Figure 4.4: Flow diagrams illustrate the evolution of a new spiral fixed point
(black) to an unstable state (green) with P7T-symmetric coupling, along with
the usual Kondo coupling J.

as follows:

Jr 2
El 5 5 (4.28)
v 1 flw)F WMy, 1 — f(w)
- = , 1+ cot? =2 !
J; G (0k,) v G
WMy, 1— f(w)
cot? = |2 ! —1
(D) 5 &
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The exceptional inverse coupling parameter, denoted as cot(¢), can be de-
termined through a self-consistent calculation that considers finite U and ~,
effectively renormalizing the exceptional point (EP). The RG procedure out-
lined above provides the matrix elements for the Spin-Orbit Coupling (SOC),
given by A = AM €' +)  In the Poorman scaling approach, when we set
k = k' = ky, this expression simplifies to A ~ AMj, fem)’“f . Further details of
this calculation can be found in Appendix A.As found in equation 4.28 NH
phase renormalization with J, v can be worked out as following,

1 (1= fw)*N J
o~ e (1)

) = (wtw - % - o<w+n? .

4 4\?
= (5-5) o= (-

w

! b - = (P + s+
0= —5—, b= —r—, a® = (¢* + 5>+ gs)
20+ 2E-9)
The EP 0, = 7 correspond to g = 5 in the RG context as ¢; — 0 we have

the separatrix wh1ch coincides with our Exact diagonalization calculation in
the work!”.

s X2 M, A Mg
5 T Tx2 ~ 9 x2

XE, A1 1
|X|3 _2 U—|—6d—€kf Ekf—Ed

At particle-hole symmetry and for zero bandwidth case €;, = 0 we have the
following,

g =
(4.30)

XPo A4 _UIXE,
X2 2U 2 | X3 (4.31)

|X|2.,,|X|s magnitude of bare coupling

im?

We captured the critical line from ED calculations for zero bandwidth through
the full analytic solution of nonlinear RG-equations. We also diagonalized the
effective model in equation 4.12 to explore the nontrivial topology which is
also found in CFT model diagonalization. The figures 7?7 show the existence
of exceptional points from exact diagonalization at particle-hole symmetry
and the left panel(a and c) is for the small U limit and the right panel(b,d)
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is for the large U limit. Each of the eigenenergies is for the non-Hermitian
Kondo model with Rashba coupling A = 0.5. The plots ¢ and d correspond
to particle-hole symmetry, similarly, a and b correspond to away from PH
symmetrye; < —%. Where the parameter ¢ is in the units of .

4.5 RG Flows And Critical Points

To address the topological aspect and further validate the results of the spin
Hamiltonian using the ED method, we take the approach of separating the
two channels of the Kondo model. We then explore the various fixed points
within these parameter planes, specifically the J + v versus J — 7 plane.
Our goal is to construct an RG flow diagram similar to the one presented in
the work of Gil Young Cho et al.?°. The emergent coupling v in the Kondo
model will separate the two channels as J; = J — v and J, = J + 7, if v
does not renormalize to zero then we don’t have a conventional 1CK fixed
point. However, this is unique to the non-Hermitian model, particularly the
considered model. Transforming the system of equations given in 4.23 into
the context of two channels, we observe that out of the five interconnected
nonlinear equations, Two invariants lead to a reduction of two equations,
leaving us with three remaining differential equations. The remaining equa-
tions involving parameters such as J, Jo, and v can be expressed as follows.

d.Jy
dlog D/ — J1J2 - JrJl + J3J1+

3

g+ KL= 775)
4.32)
d.J J2— J2 (

legQD, = J} - % — Ty + 2Ty + 2527

3

+g*J5 + J5 — ZJ2(<]12 — J3)

The coupled nonlinear equations presented in 4.32 possess analytic solutions

in various limits, particularly when f—] — o0 or ¢ — o0. These analytic

solutions are then compared with the computed flow diagrams. Using a
3
method of variable separation and a substitution k& = 3‘% we solve the above
1
set of equations and analyze the solution in the following limits.
2
gk o Fy <§,1;§;—3§SQ’“> 3

452 4 (4.33)

where k = —=
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Where in the above equation 4.33 5F7 is Gauss Hypergeometric function.
The above regime clearly shows that these two channels do not mix in the
symmetry-preserved regime as shown in figures 4.5. Particularly in the figure
showing the channels are asymptotically stable along the separatrix which
indicates J; = Jy showing the irrelevance of vy-potential scattering terms in
the limit s > g.

22 t, f — 4.34
= const, for 00 :
VR ord (4.34)

This shows the Kondo problem in the inverse couplings of the channels which
clearly indicate symmetry breaking.
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Figure 4.5: The left flow diagram shows the absence of fixed points signaling
there is no phase transition and the Kondo effect persists for s > ¢g. The
right flow diagram consists of 3 stable fixed points s = g/2 clear indication
of phase transition. The red dot corresponds to the regime of irrelevant
scattering, the grey dot corresponds to gamma diverging and the blue is the
decoupled impurity.

In Appendix A, we have provided specific details for a comparison with
the RG flows discussed in Loure’s CFT paper?® and Zarea’s presentation of
the Hermitian case”. These fixed points correspond to three distinct regimes.
For instance, the red dot corresponds to the scenario where v renormalizes to
zero. The brown point represents the situation where v diverges in ferromag-
netic coupling. The blue dot corresponds to the case where J = J,., signifying
symmetry breaking and the emergence of unconventional RG behavior. The
other two points are associated with symmetry-preserved transitions. The
RG flow diagram reveals three stable fixed points, including a non-interacting
marginally relevant fixed point and two stable single-channel fixed points, as
illustrated in Figure 4.5.
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Mapping to Anisotropic Hermitian Models and Quantum Phase Transi-
tions

Of notable importance is the realization that the PT-symmetric Kondo
model can be elegantly mapped to an anisotropic Hermitian model. This
mapping enables the resolution of physical theories within open conditions
and unveils the enhanced Kondo scale, as demonstrated in Zarea et al.’s
work” for the Poorman scaling method. In contrast, the PartonBoson (SB)
method yields a linear enhancement. Furthermore, our exploration uncovers
a quantum phase transition point denoted as (E,). Below this threshold,
the system assumes the typical behavior associated with Kondo interactions.
Beyond the exceptional point, a phase emerges, akin to the local moment
phase, as the P7 coupling diminishes. In this post-exceptional point phase,
partially imaginary eigenvalues make an appearance, indicating unique quan-
tum dynamics3!. This transition, signifying the K-NK phase, can be likened
to a quantum Zeno effect, with SO interactions contributing to decoherence.
The interaction dynamics exhibit a delicate balance, where dissipation often
prevails, providing a means to exert control over decoherence stemming from
dissipative environments?32:33,

4.6 Discussion

Our study has unveiled intriguing insights into the behavior of non-Hermitian
systems, shedding light on several crucial aspects that have broad implica-
tions for the understanding of quantum phases and transport phenomena.

Impact of Higher-Order Corrections and Our Perturbation Theory

First and foremost, our investigation underscores the significance of con-
sidering higher-order corrections beyond the one-loop level in non-Hermitian
systems. By doing so, we have successfully introduced a novel perturbation
theory that has allowed us to uncover the emergence of a spiral fixed point, a
phenomenon not previously observed in this context. This finding stands in
contrast to conventional Conformal Field Theory (CFT) work, where parity
channels have dominated the discussions. Importantly, the inclusion of these
higher-order corrections enables us to retain the parameter ”g” in its original
form, emphasizing its pivotal role in the system’s dynamics.

Furthermore, we verified the algebraic consistency between our newly de-
veloped perturbation theory and the algebra of CFT. This provides a strong
foundation for our analytical framework and enhances our confidence in the
results obtained.

Role of Interactions in Exceptional Points (EPs)

One of our key motivations was to investigate the influence of interactions
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on Exceptional Points (EPs). Prior research in Chapter 2 had demonstrated
that EPs remained unaffected in the presence of a strong correlation. Our
study, however, revealed that interactions can significantly impact the Kondo
problem, manifesting in a fixed point that emerges before the breaking of PT -
symmetry. This phenomenon opens up intriguing avenues for more efficient
tuning of the NKK phases by increasing the invariant strengths.

Conclusion

In conclusion, the study presented in the chapter advances our under-
standing of non-Hermitian systems by introducing a novel perturbation the-
ory and uncovering new fixed points. It also demonstrates the influence of in-
teractions on Exceptional Points, providing a comprehensive framework that
harmonizes with existing works. These findings open up exciting prospects
for further exploration in the dynamic field of non-Hermitian quantum me-
chanics and condensed matter physics.

4.7 Open Questions

Within the realm of open quantum systems lie several intriguing avenues
for exploration. One such path involves extending the T formalism into
the g > 1 regime, embarking on a comprehensive journey through general
diagrammatic perturbation theory®! within the domain of non-Hermitian
strength. While the mapping of P7 models to PHH and anti-symmetric real
models presents a tantalizing possibility for a broad range of many-body sys-
tems, it’s imperative to acknowledge that the conventional equation of motion
faces serious issues with non-Hermiticity, particularly at E,. The quest for
achieving two-channel behavior, reminiscent of Luttinger liquids3%3¢, opens
up exciting prospects, particularly in the context of cold atom experiments.

In our pursuit of unraveling the subtleties of P7T transitions within the
intricate landscape of many-body systems, the development of a novel for-
malism emerges as an imperative task. This formalism should serve as a guid-
ing light for precise analytic solutions., serving as benchmarks for numerical
methodologies like Numerical Renormalization Group (NRG) techniques37:38.
NRG has earned its stripes as a potent tool for scrutinizing quantum impu-
rity and correlated systems. By juxtaposing the outcomes of our proposed
formalism with NRG results, especially in the domain of real eigenvalues,
we can validate its precision and reliability. This symbiotic relationship be-
tween theoretical innovation and rigorous numerical validation propels our
comprehension of P7T transitions in many-body systems, ushering in an era
of enriched understanding in this captivating domain.

Upcoming Chapter: Avenues of Exploration
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The next chapter explores how to couple to the environment, including
incorporating full momentum space and using Finite-U Auxiliary-Particle
methods.
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Chapter 5

Flow Equation and Finite-U
Parton Boson Analysis of

PT-SIAM with RSO and DSO

interactions

This chapter investigates Anderson’s models, both Hermitian and non-Hermitian,
uncovering interaction-induced exceptional points in Hermitian models. We
propose a novel generator for the flow equation method to address the con-
vergence issues around the exceptional points. Furthermore, we bridge non-
Hermitian and isospectral Hermitian models to compare the conventional
flow equation method and later one. Our study illuminates the intriguing
interplay of interactions and exceptional points, with physical implications
beyond Anderson models.

Manuscript under preparation.
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5.1 Introduction

In this chapter, we will explore the impact of Hermitian and non-Hermitian
perturbations on breaking parity and time-reversal symmetries, focusing on
the Dresselhaus and Rashba spin-orbit interactions. We’ll use examples to
illustrate how these interactions disrupt symmetries and relate to excep-
tional points. Additionally, we’ll investigate the repercussions of these in-
teractions and exceptional points in interacting many-body systems using a
three-dimensional angular momentum basis and the path integral Grassmann
formalism.

Recent experiments® have observed oscillations in the expectation values
of specific non-Hermitian operators, and we will explore their relation to the
theoretical framework.

5.2 Derivation of the Angular Momentum Ba-
sis Model

In spherically symmetric systems, the field operator can be expanded using
spherical harmonics. Consider a system with a Fermi momentum vector, k, in
three dimensions and an impurity at the origin. Here, the quantum number
[ represents the orbital angular momentum, and m takes values from —I[ to
l.

Expanding the field operator in terms of spherical harmonics allows us to
express the system’s wave function spatially and describe the orbital angular
momentum of particles. This method is a powerful tool for analyzing particle
behavior, providing insights into the system’s spatial distribution, orbital
structure, and angular momentum properties. The interplay between the
Fermi vector, impurity, and quantum numbers [ and m can thus be effectively
explored, aiding in the study of spherically symmetric systems.

cp = Z "™ Py(cos 0)é; (5.1)
Im

In Equation 5.1, P, are associated Legendre polynomials the variables [ and m
represent the angular and azimuthal quantum numbers, respectively. These
quantum numbers arise from the momentum vector IZ, which takes values
from zero to the magnitude of the Fermi vector, denoted as k; and ¢, 0 cor-
respond to azimuthal and polar angles respectively.

104



The tilde notation on the expanded operators in Equation 5.1 is redun-
dant and can be dropped for notational simplicity. To show there exist excep-
tional points in certain transformed Angular Momentum basis we consider
the following Hamiltonian.

H = Z EkO'C.I];;a—Ck’U + Z Eddida + Z Vk)U(CLO-dO' + hC)
ko o ko

k k (5.2)
+ UndTnCu
where CL = (CLT c,l) , Xg = 0i + Oj + )\21%

In Equation 5.2, upon expanding the bath operators and substituting Equa-
tion 5.1, a noteworthy observation emerges: P7T-symmetric bands manifest
following a unitary rotation within the model. This finding underscores the
role of unitary transformations in elucidating the emergence of P7T-symmetry
in the system.

In Appendix E, we present an alternative derivation by considering the
full range of quantum numbers, from —m to m, and general 6 values for
the associated Legendre polynomials. It is important to note that, for the
Kondo problem, focusing on the lowest quantum number, specifically [ = 0,
is sufficient to capture essential aspects of the physics.

In the comprehensive expansion, we encounter trigonometric functions
as hybridization coefficients. It is worth mentioning that the resulting ex-
ceptional points (EPs) are influenced by the sign-reversion of these P(cos )
polynomials. To address this intricacy and emphasize the interaction-induced
emergence of EPs, we opt not to incorporate these polynomials, allowing for
a clearer examination of the phenomenon.

5.3 Emergence of PT-bands in DSO case

In a three-dimensional model, the Rashba spin-orbit (RSO) and Dresselhaus
spin-orbit (DSO) interactions drive a coupled system, involving mode cou-
pling where the number of coupled modes depends on the specific interaction.
The RSO interaction couples m+1 modes, while the DSO interaction couples
m — 1 modes. This mode coupling significantly influences the behavior and
properties of the system, leading to phenomena such as mode hybridization,
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spin-momentum correlations, and the emergence of topological effects and
EPs.

)\1 )\2
k,m

1 )

In above equation 5.3 parameters A; and Ay are RSO and DSO interactions
respectively. It is possible to absorb the off-diagonal terms introduced by
spin-orbit interactions in the kinetic energy of the bath by unitary operation
in the following basis, i.e. H = Hy;;, + Hso, where Hy;, =3 ekcjn,wcmka
can be written as follows,

€k /\1 0 Clem+1,]
Z%Tcm Al €k =iy | Ypm, where Yp, = | Crmp | s
km 0 X €k Cem—1,1 (54>

Eigenvalues of Hy;, are e, €, = 1/ A2 + \2

A unitary operator that diagonalizes the kinetic part with the SO interactions
can be found as follows,

ie%/\z 0 e%/\l
pis i mA
_ ie 3 \1 ie 3 e3 Ao h A = 2 2
= | - wher = .
U A 5 A | where \/ AT+ A5 (5.5)
_ie%)\l ie% e%)q

V2A V2 V24

After finding this unitary, we can find the following transformed operators
in terms of the original ones,

~ ie'3 Ao 0 e
Clkm+1,0 Aﬂ Cin MA Clkm+1,)
_ G _ _ _ie3 M e 3 e 3 )Xo c .
wk’m ~ km, \/éA \/5 \/§A km,T (5 6)
Ckm—1,+ _ie%)\l ie%r 3 A2 Ckm—1,1

V2A V2 V24

Now we write explicitly these operators in emergent angular momentum
quantum numbers and 3-chiral bands,

i in U ir
Cot = —EE 3 Cjp— + Ee 3 Cj+
i)\g _%r~ +)\1 7 _%~ +)\1 1 _%~ (5 7)

Col = ———€ 3¢C; ——=€ Ci _ ——=€ C;

04 A Jm0 A \/5 Jm A \/5 Jm+

i)\]_ s + )\2 1 _ir + )\2 1 _ir
C_ —€ C —=€ C —— e C
17 A Jm0 A \/§ Jm A \/_ Jm~+



In the above equations 5.7 k is implicit and is considered later. Since the
dot only couples to the m = 0 subspace, we only need cy and cyy for the
hybridization, which splits into three channels as follows:

A . _dm g
Hgyb = Z ka(—ze 3 dIckij + h.c)
kjm
1
V2
1

V2

B Al T _im g _im g
H,,, = Z kal(ﬁe 3 dIijm— + h.c) + Vi(—=e 3 d}ckjm_ + h.c) (5.8)

kjm

AL, 4 im o
H,;Lyb = Z szl(ﬁe 3 dIckjer + h.c) + Vi(

e_%rd}ékjw + h.c)
Kjim

Where j,, is the angular quantum number that takes values of j,, = m + o,
and we absorb the bare hybridization in Spin-Orbit (SO) couplings as A, Vj, —
Ar and AV — Ao, After all the above expansion transformations full model
will appear as follows,

— T . 0 + _
H = E , €kChj, b Chjmh + Hy,, + thb + thb
Kjomh=0,+

Z EddeJ + U?’LdTTLdi

[

(5.9)

5.4 Derivation of spectral function

The equation of motion for the model is laborious to close in this problem.
However, the Grassmann action provides a powerful method to handle the
Fermionic degrees of freedom by formulating a path-integral description.

Using the Grassmann action, we describe the impurity dynamics through
functional integrals over Grassmann variables. This allows us to get spectral
functions.

While deriving spectral functions involves complex calculations, the Grass-
mann approach offers a systematic framework to analyze impurity dynamics.
This method reveals the interaction between impurities, non-Hermitian ef-
fects, and the system’s underlying physics.

We begin by considering the transformed model in equation 5.9. To obtain
the spectral functions in the non-interacting case, we express the action as
follows:
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So :/clrcfr (8 —ed)d +ch] ( Ekh)ijmh

kjm

+ Z —ie_%diékjmo + h.c)

kjm
#3024 )+ Vil e Tl b

. 2 " 2 :

= (5.10)

3 ﬁ(i ~F ek, 4 + o)

o 2 V2

7

+ Z %(—ei%d;[ékjm+ + h.c) + Sim

kjm

where Sy = / drUdld|dd,

After integrating out the bath operators Z = [ D[ccdd]e™ — Z = fD[Jd]e*S
we get the impurity effective action as the following,

SQZ/dT

2
+ _ Vi Vo
d'l' (w €d Zkh wt—exn kh A AwT—exn) > d
_ Vorm +
kh A w*—ekh) W Zk’h A w+—ekh Zk‘ A w+—5k0

+ Sint
where Sy = / arUd}did;d, and d' = (d} d})
(5.11)

After integrating all the bath operators and performing an analytic continu-
ation by substituting 0, with w™, the path integral yields the Green function
matrix. This matrix encapsulates the system’s propagator and provides valu-
able information about its dynamics and properties.

gdq _ < — €= D w+ e — > kh A w‘{EAlekh) )
Zkh A(w‘f‘j’\lekh) wt — Zkh m Zk Al w+ %0)
where €, = €, + hA and h = +
(5.12)
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To investigate the existence of exceptional points, we have introduced ex-
plicit parity and time reversal symmetry-breaking interactions, which make
the above gd—l matrix non-Hermitian. To diagonalize this matrix, we can
express it as Q~d_1 =U Qd_lU T where U is a unitary matrix.As we discuss in
the section ”Mathematical Digression” in Appendix E, in Schur’s triangular-
ization theorem it is justified for such unitary operation to diagonalize the
Green function matrix while 7 is chosen as a small number. This diagonal-
ization process allows us to analyze the eigenvalues and eigenvectors of Qd_l
in a more convenient form.

- (T )

1
-1 1
where G7" = w €d 9 § w+ _ Ekh E : A (.U+ _ €kh) (513)

kh=+
1 A2
2 Zk: Alw — exo)

In the equation presented above (Equation 5.13), it’s important to note that
the determinant is given by (G7!)? — (A(w))?. This determinant can become
zero under certain parameter sets, indicating what we refer to as the Hermi-
tian defectiveness of spectral functions, where the matrix becomes singular
due to the determinant crossing zero. To investigate this singular point more
closely, we conduct a detailed analysis of the function A(w) in Equation 5.13
to demonstrate the presence of Exceptional Points (EPs).

(ZA prc—— ) +4(ZA wYoA_l% )2 (5.14)

We get the 4 roots of the function A(w) = 0 while w™ — w as the following,

w—+ \/Aw + 4\/A4 (—Vi2) (A2 — 4V2) — 8A2V2, (5.15)

As mentioned earlier, exceptional points, which occur when two or more
eigenvalues coalesce in the parameter space, are a crucial aspect of our inves-
tigation. Upon a more detailed examination of A(w), it becomes apparent
that it will vanish as A\; tends towards zero, and any changes in Ay will not
lead to the emergence of fixed points. It becomes evident that achieving
exceptional points requires the participation of both A\; and \s.

In light of this prior explanation, we can now delve into the presence of
these exceptional points in figure 5.1 within the framework of a Hermitian
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Figure 5.1: The plot illustrates the roots of A(w), which encompass both
real and imaginary components, showcasing Exceptional Points (EPs). Solid
lines in different colors represent real parts of the roots, while dotted lines
depict the imaginary roots as functions of V5. Throughout these computa-
tions, we maintain a constant value of Ay = 1.0, and A\; can be adjusted. A
higher A\; value signifies increased strength of V;, and a greater likelihood of
encountering EPs.

problem. To do so, we derive the exact Green function from a quadratic
action. Exceptional points, specific to situations where eigenvalues converge,
can profoundly impact the system’s behavior. By individually setting w* —
w in the Green functions, we can observe the convergence of points in the w
roots and gain deeper insights into the existence and characteristics of these
exceptional points in the considered Hermitian problem. It’s important to
note that these exceptional points will no longer be present once we take the
trace over T' r(gd_l). It is important to note that this analysis focuses solely
on the sums in A at k = 0, and aims to introduce a more complex set of
exceptional points.

5.4.1 Finite-U Auxiliary Particle -Boson Analysis

In Chapter 2, we introduced the finite-U Slave-Boson method as a versatile
tool for analyzing various systems. We first applied it to investigate excep-
tional points in Hermitian models with onsite interactions, then extended it
to explore their effects in non-Hermitian systems.

By using this approach, we examined the interplay between onsite interac-
tions and exceptional points, enhancing our understanding of non-Hermitian
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systems. Our research aims to uncover new phenomena arising from the co-
existence of interactions and exceptional points, particularly in the context
of chiral Green functions.

We also adapted the Slave-Boson operators to account for chiral opera-
tors, ensuring an accurate treatment of probability non-conservation. This
allowed for a more comprehensive analysis of the non-Hermitian Anderson
model. Although our current analysis focuses on a Hermitian problem that
explicitly breaks PT symmetry, we still maintain the general applicability of
our method.

The effective action is given by:

Sepp = / drIn GoyGo_ + Udld + XV P + AP Q,, (5.16)
where the inverse Green’s functions are:
Gol = (G 1+ A2 (5.17)
The RISB constraints are:
_ (e'p +p'd)
V(1 —dfd = pTp)(1 = efe — pfp)’
P =cle+ szph +dld—1=0, (5.18)
h

Qn = Nan — phpn — d'd = 0.

Here, z is the Boson weight, and P and () are constraints for filling and
charge, respectively. e, p, and d are spinless pseudo-Bosons, with p;, as the
chiral Boson.

The corresponding free energy functional is:

fo=1In (H (;0,}> + U+ AVP+2PQ,. (5.19)
h

We can derive saddle-point equations by taking derivatives with respect
to the Lagrange multipliers:

Ofo _ o 9 _ 9 _, 9

I Y O

— 0. (5.20)

These calculations allow us to determine the Auxiliary Particle-Boson
scale, which we later compare with results from the Flow equation method.
We now turn our attention to the Flow equation method and discuss the
need for a new generator.
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5.5 Illustration of Proposed Flow Generator
for Diagonal Non-Hermiticity in a Simple
Model

One of our motivations in doing flow equations with the modified generator is
the breakdown of Poorman’s scaling when there is diagonal non-Hermiticity.
This becomes evident when we compute Poorman’s corrections encounter
with complex poles and, consequently, an unconventional breakdown of uni-
tarity. We initiate our study with a fundamental single-particle Hamiltonian
and then proceed to derive flow equations for our model. In our research, we
illustrate that when the generator used in these flow equations belongs to a
specific category of pseudo-Hermitian Hamiltonians (PHH), our model yields
the correct and expected outcomes. This highlights the significance of using
such pseudo-Hermitian Hamiltonian in our work to obtain accurate results.

0= Z <(€ + i“)CLTCkT + (e — W)iﬁm + V(CLTCM + h.c))
2

: f
Y ) () ()
A Y € @Y Cki

In above equation 5.21 will have eigenvalues € + /7% — p?. Building upon
our previous proof through conjugate eigenvalues and the trace flow, we se-
lect a generator with the property of pseudo-Hermitian Hamiltonian (PHH),
defined as PTnPT' = nf. Consequently, we express 1 as n = [H, H;rnt] +
[HT, Hy,]. This will give us the following form of the generator,

(5.21)

_ Tt T
n= ; (6 n mcmcm - m%ﬁm) (5.22)

Where in the equation 5.22 «; corresponds to a reference value of hybridiza-
tion which is a free parameter. Continuing with the previously mentioned
generator in equation 5.22, we derive the following flow equations.

dH
= [H
o = [H)
N Yk WV i r(d L
et mcmcm + ; c_ mckicki + ;%(CMCM + h.c) (5.23)
VeV &t Wkt
+ ’;k/ (6 — Z,MCkTCk/iC]ka/T + mck%ckickwcm....)
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At the one-loop level, we compare the operator structures, resulting in the
following RG equations.

dy _ o,
dl Tk
dlex +ip) Wk
ad  etip (5-24)
dler —ip) _ Wy
dl € — it

The solution for the above set of equations 5.24 will be found out as follows
which we call flow equation invariant,

€& = 1/ 7; — 12 4 constant (5.25)

By utilizing Equation 5.25, we were able to restore the initial model’s eigen-
values, which validates our suggestion. Moving forward, we’ll adopt our
proposed generator’s structure in a non-Hermitian STAM. It’s worth noting
that we have off-diagonal non-Hermiticity in non-Hermitian STAM, which is
distinct from this section.

5.5.1 Deriving Flow Equations for Non-Hermitian Sin-
gle Impurity Anderson Models using a Novel Gen-
erator

As discussed in Appendix E; the theorems on continuous unitary transforma-
tions (CUT) provide us with a bound on imaginary weight until we reach a
defective point or encounter the non-diagonalizability of a generic square ma-
trix. This guidance helps us in selecting a generator with specific properties.
Additionally, it’s important to note that the negative trace flow is a crucial
criterion for the flow equations to diagonalize the effective model. There-
fore, we need to select pseudo antihermitian generators to perform unitary
operations.

Now, let’s shift our focus to the consideration of the following non-
Hermitian model as we proceed with the derivation of the flow equations:

H= Z eakgclgckg + Z edgd:',da + Z Vakei§“¢(clkod0 + h.c)

ako o ako
+ Udld!dd,
where a = R, L &, = =+ for L/R

(5.26)
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The chosen generator should possess the symmetry PTnPT T = n and also
exhibit anti-Pseudo Hermitian behavior, expressed as PTnPT = —PTniPT
or in other terms it is equivalent of 7 = [Ho, H ,] + [Hy, Hine)-

n= Z(ek —e)Vie?(ch_dy + he) — (e, — ea) Ve ?(ch, dy + he)

ko
+ Y ViV ettt (el e — he)

kgoaa! (527)
+ Y Vet O (el gy — he)

kqoao!

+n2( kao‘did dU)

In the previously mentioned Equation 5.27, the term n? takes on the form of a
quartic operator and it will have coefficient UV, e®~?. This quartic operator
is integrated into the subsequent loop, where it contributes to more complex
calculations involving combinations of six and four-operator commutators
within the context of normal ordering.

The flow will be generated by calculating the commutators % = [H,n).
We will compare the bare Hamiltonian with the flowed one, and for the
one-loop case, we have the following results.

dEk r i .
_ § ' _ , Ead i€y b
dl = o~ (Gk Gd)Va kVa,ke (&
AVai, .
e = Ve o — )
+ Vakeiém § VapV;/p€i£a¢€i£“/¢

paa’

- Vr ia Z V2 2iad

(5.28)
dea _ Zkaa/(ed )2 (R Vi Vi et eibard
! (1-U%)
US o fR)Via Vi eiaeiéard (ny — ny,)
L-Ug)
il[l] = Ug; Vi Vi ei€adibar®

Next, we proceed to take the analytic limits of the equations 5.28 mentioned
above and derive the Kondo scale for the problem. We will then compare this
result with the solution obtained from the Slave-Boson approach. Firstly we
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will solve €¢; and U equations by doing k-sum to integral and replacing the
A2 — Zkaa’ (ed76&)2f(k)‘/ka‘/I:‘O/‘?isoz(ﬁe“’co‘,q5 and A — Zk:oaoe’ f(k‘)VkaVkTal6i§a¢815é¢/¢(nd—nk)
1 Via VI ettade a 1 Vea VT eibade’sa
kaa Vi VI:a Eadeal® kao Vi V]:a fadeltal?

2
with such substitutions we get €;, U equations as ‘fl—i}l = # + A which has
following closed form solution.

o VU U (5.29)

UVED (_01J1(2\/ATA\W) B 2\/ATAY1(2W)>
T (1o (2VERBVT) + 2% (2vEBVT) )

In the equation, 5.29, the functions J and Y represent Bessel functions of
the first and second kind, respectively, and the constant c¢; is an integral
constant.

Now, let’s discuss the limit of single occupancy and a large impurity
site energy. In this limit basically A — 0 and RG equation will reduce to
deg FTAY)

T = ~&—, which have solution as follows:

U= erfAz/(edﬁoz)

We can use this expression for U in the flow equation, replacing the
effective bandwidth with the Kondo Temperature Tx%. This allows us to
demonstrate that the Kondo scale follows the form:

Ty = TKOG—AQ/(€dA02)

This scaling relationship can also be compared with the work of F. D. M.
Haldane? on the asymmetric Anderson model in the limit as ¢ — 0.

5.6 Mapping of non-Hermitian model to isospec-
tral Hermitian models

The process of mapping non-Hermitian models to equivalent isospectral Her-
mitian models presents a notable complexity, as exemplified in Swanson’s
oscillator problems®®. Our objective here is to derive a comprehensive set of
eigenvectors while preserving their normalization. From this, we gain insights
into the scaling behavior of different operators and fundamental parameters
within the non-Hermitian model. Remarkably, this transformation leads us
to an equivalent Hermitian model with real eigenvalues, a characteristic that
persists until we reach an exceptional point.
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We introduce a scaling procedure to transform the non-Hermitian model
into an equivalent Hermitian model. For such a case, we can use the method
since one can show the flow of the trace is negative. This procedure allows
us to map the non-Hermitian Hamiltonian to a Hermitian form by redefining
the energy parameter and the hybridization term.

—1i0

For the energy parameter, we use the scaled value ¢, = —& where 0 =
\/cos(26)’

%) . This scaling factor modifies the original energy parameter

to preserve certain system properties while ensuring Hermiticity.

arctan (

Similarly, the hybridization term X which was originally X, = Vi +
wer?® can be written as
X}, = /Vi2 + w?y/cos(20). This modification considers the scaling transfor-
mation’s effects on the hybridization strength, ensuring that the transformed
Hamiltonian remains Hermitian.

By applying these scaling transformations, we can establish an equivalent
Hermitian model that captures similar physics as the original non-Hermitian
model. This allows us to analyze the system using established techniques
and concepts from Hermitian quantum mechanics.

We have derived the flow equations by Wegner’s generator with appropri-
ate modifications as discussed in section 5.6. The flow trace is well-defined
even at the spectral singularity,

ﬁ - [H07 Hznt] (530)

To compute the generator 7, we reexpress the off-diagonal hybridization
terms, which can be regarded as H;,;, and employ them to evaluate com-
mutators.

H , = —(—= _*chm +h.e)+ > Vo( —e Schm + h.c)
hyb ;A /2 7 Z V2 ! (5.31)
A, ot x
hyb fr— Z _I(Leiﬁdiéjm‘i’ + h C + Z ‘/(]k _eiid ij+ + h C)

H,, = Hyy+ Hyyy + Hif

Now we can calculate the commutators for the generator using the unitary
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transformed Hy = 3, Ekhc};hjmckhjm

il = [Ho, Hind]
= Z EkhélhjmékhjmvZ)‘g(_iei%diékjmo)]
Kjmh—0,+ K
. . T _im
+1 ) EthIehijkhjmﬁzwﬁe )
Kjmh—0,+ %
_ _ U _im g
RSN SIVERE
kjumh—0,+ K
+[ Z Ethth Ckh]m,Z/\r E€_7d¢0k/]/ +)]
kjmh—0,+
S D Y Ckh]m7z)\r Ee_?chk”J’ +)] (5.32)
kjmh—0,+

+ Uldld]dydy, Hin)
n= Z(Gkg — €q) X\ (—ie” 5 dickj 0 —ies CL ody)

kjm

im

) T 7;
+) (e Y “SdlEy 4+ ——e3d,, d
%; k1 — <\/§ LK G, \/5 K5+ i)
Z’ i Z T
+ o — €)Vor Vi (—e 3 di G _ + ——e3 6, .d
%;( ok — €a)Vox Ok(\/E 1k 50 G +)
3wl dreys)..

qh

With the above-derived generator, we can derive the flow equations as
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4 — [H,n) for the effective model after the unitary transformations.
dAkn ; . , .
dr — A (€xn — €4)” 4 Akn Ep: Aph Appr = A Z A = UPna(1 = na) Ay,
d%k r r r
g = Vor(eor — €a)” + Vor Y VopApn — Z — U?na(1 —na)Ay,
ph
de
ﬁ = Q(Gkh — Ed))\kh)\Zh/ —+ Q(Gkh — Ed)‘/()k)\ql;h
dEd 2 Zk;h(gd — Ek)z/\khA};h/ + 2U Zkhh’ )‘kh/\};h’ (nd - nk)
d (1-Ug)
2 D€ — &) Vor gy +2U 3 VorNy (na — 1)
(1-Ug)

dU T T T
—r =4U Xk: At Ny, + AU Zk: AkoAby + 4U Xk: An_ i

+AU Y Ve,
kh

(5.33)

In the context of the equations provided in 5.33, it’s essential to recognize
that the coupling parameters A represent distinct channel hybridizations.

To observe Exceptional Points (EPs) within the framework of equations
5.33, we embark on solving the hybridization flow equations. This investi-
gation leads to a remarkable finding: the parameter A\, remains invariant.
Furthermore, in equations 5.34 and 5.35, we highlight the presence of singular
points in the effective hybridization as a consequence of the renormalization
process.

It’s important to emphasize that all possible permutations of h and A’
must be taken into account when expanding the succinctly expressed equa-
tions mentioned above. This comprehensive approach necessitates solving
seven matrix differential equations, which will subsequently be compared
with appropriately scaled model equations in the subsequent section.

lOg()\LQ) _ lOg()\LQ — EdA) _ 1
€2A? e2A? €A (A1 2 — €4A)

= Invariant (5.34)

With the incorporation of interaction terms, we can find renormalization of
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the above couplings as,

M2
9 2¢q tan—! <d2A>
— ng(l—m
log <<ed — %) — U?ny(1 — nd)> + VA § P (—%)

\/—U2n4(1—ng)

= Invariant

(5.35)

Usual hybridization will also show invariance as % In V4 which remain con-
stant under flow.The exact solution of parity and time symmetry breaking
in some chiral channels can be seen as follows,

2¢q (463 (k* + 4k — 4) — k (k? + 2k — 8)) tan™! ( (k-2)8—coh )

1 ( V/ (E—2)k—42 (k—1)
2(k — 2)3 V(E—2)k —43(k — 1)
—k (=8¢ + k —2) log (e3(k — 2) — 24k A + kA” + k — 2A?)
2
+8e4(k —2)A + (k — 2)2A2) = % + constant

where k = U?ng(1 — ng) and A = /A2 + N2

In order to check the exact diagonalization results obtained earlier we can
take the limit & — 0 this can happen in two limits one is single occupancy
(na) = (ngr) + (nq;) = 1 or non-interacting limit, we take finite U limit and

set €4 = —%.

(5.36)

A A? A2
tan™' [ = ) —esA + — ) = =2 + constant (5.37)
€q 4 2

In the above equation 5.37 contains invariant which is nothing but the renor-

malized hybridization function Vor. Now we can analyze the zeros of this

function and identify the EPs, particularly in the limit of large U in equation
A% N

5.37. one can show RG invariant along %A + 5 — % = 0 implying vanishing

of effective interaction and formation of free local moment when A; = \,.

5.6.1 Unitary Operator for PT7-SIAM

Through the utilization of operator transformations, we have exhibited the
representation of eigenvectors as novel operators that uphold commutation
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relations, as also expounded® across diverse problem sets. Scaling both left
and right operators, and employing a simplified model for the density of
states, enables the identification of eigenvalue degeneracies by locating the
zeros of these functions. This analytical approach provides invaluable insights
into the system’s behavior, contributing significantly to our comprehension
of non-Hermitian models within the realm of condensed matter physics.

The exploration of these mapping techniques and the recognition of cru-
cial features, such as eigenvalue degeneracies, unveils the fundamental physics
underlying non-Hermitian systems. To demonstrate how the mapping works
we will consider resonant level non-Hermitian Anderson Model (NHAM) as
follows,

HNHAM = Z Clkacako + Z Eddzdg + Z |Xk‘€i§“¢(cj)kadg + hC)7
o ako (538)

ako

where | Xj| =/ V2 4+ w?

The above model in equation 5.38 can be written in matrix for for 3-site
problem similar to the zero bandwidth problem of appendix C in Hewson
textbook”.

Hiiiithy = OTHY

€Lk | Xle™" 0 CLko ) (5.39)
:(CTLk dl, c%k) | Xy |e €d | X|e?® dyo
0 | Xkl emk CRko

For the above form of the model in equation 5.39 we can find the following
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PT-Unitary operator § which satisfies the relation (P76)'0 = Z.

. €Lk ' ‘Xk|€_i¢ 0 '
UHU =0 | | Xile™® e | Xyle | (PTO)

O |)(;€|€iqs €EREK
L1 L (e
0) = 0 |+) = o9 + VA
\/No —\Xk]e_id’ \/Ni |Xk|ei¢
[Xkle™®  ((c0—€)/2+VA) | X e
0. — | X g |e? 0 _ [ Xglem®®
k VNo. VNo
|Xkle™"®  (c0—€)/2—VA | X5 |e*®

A (€0 — €)% + 8| X1|?cos(20)

Nio = <:|:,O’(,PT|:|:, 0>)7

: 4
CLk Cht
d — d
CRE 61@—
. 1 i i
Gt = (IXkle ek + (0 — €) /2 + \/K)d + | Xpleers)
VINE
1

(|Xk|€i¢CLk — |Xk|6_i¢CRk)

VNo

When we compare the unitary obtained in equation 5.5 to equation 5.40,
we can see that the normalization factors Ny o of the P7T vectors help us cre-
ate a new basis for the transformed operators. This results in an effective Her-
mitian model that has the same eigenvalues as the original P7-AM. In this
new basis, the effective hybridization is represented by X = | X|+/cos(26),
_ X;f

In the scaled model with the transformed Hamiltonian H , one can con-
veniently apply the Heisenberg equation of motion, even without the need
to determine the left-right states in advance. This allows us to establish
the Green functions and subsequently derive their corresponding Lehmann
representation. The scaled model is given by H = an enkégkénk + Hy +

Enkf((éj]kd + h.c.). In the scaled model, the H; part remains unaffected
since the PT-symmetric hybridization arises from the bath itself. This al-
lows for an open condition where the number of bath electrons can vary.
However, a unitary transformation is performed at the impurity site, pre-
serving the original information. The eigenvalues of the Resonant Anderson
Model (AM) for a system with Xy = X and n bands can be determined. In

which is equal to /X?

kreal im*
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b) E, real

— E real

g=Y_ /I, g=Y/v;

Figure 5.2: The figure displays a comparison between the original non-
Hermitian resonant level Anderson model (NHAM) and the Anderson model
after mapping. In plot (a), you can observe the eigenvalues of NHAM, while
plot (b) showcases the eigenvalues of the mapped Anderson model.

this case, the eigenvalues are given by Ay 3, = €x2, €k3...€kpn, While \; takes
the form of (le + Gd) + \/(Ekl — Ed)2 + 4Vv2,
Similarly, for the P7T-AM with wy = w and €px, = €pkn, the eigen-

values are \y3 ., = €k,, €ks---€k,, and the eigenvalue € is given by (ca— Ekh) +
3V (e — aa)? +8(X2y — X7)-
Incorporating spin-orbit coupling (SO) modifies the energy levels E,, ex-

Xim M
pressed as T = £y /1 - 57

values become complex. Flgure 5 2 below illustrates the PT transition for
ex # €q with different values of g. The PT -unitary operation we identified
serves the purpose of determining the phase factors associated with bath oper-
ators, enabling their scaling to transform the system into a Hermitian model.
It’s important to note that this mapping operation is not actually unitary in
nature. Despite this, it achieves the remarkable result of preserving the same
spectrum in the real regime of eigenvalues in the mapped model. This ap-
proach can be interpreted as a form of scaling the gauge operators, allowing
us to reformulate conventional quantum mechanical problems in the frame-
work of first quantization®. Transformed Hamiltonian will be of the in the
scaled operators and can be written as follows,

f{AM = Z Eakacakgcaka + Z Edde + Z ’Xk’| V COS Zfa akad + hC)

ako ako

. During the transition, a pair of eigen-

(5.41)
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Below, we illustrate how the transformation operates on the model for dis-
crete k-points, as presented. It’s important to note that in this particular
case, we have assumed that ¢ remains independent of k. Nevertheless, it’s
worth mentioning that the concept can be readily extended to more general
scenarios.

€Lk, ' |XLk1 |6_i¢ 0 '
| Xy e e | Xgrle®?
0 | X ke, e €Rk1
I
Transformation

€Lk, |XLk1|\/COS e~ 0
| X 1k, |v/cos get® €d | X ri, [\/cos pe =
0 | X i, [/cos ge'? €Rky

The plot in figure 5.2 illustrates the comparison between the original
non-Hermitian resonant level Anderson model in the equation 5.41 and the
mapped Anderson model. The PT Resonant Anderson model can be repre-
sented in matrix form. Spin-orbit coupling introduces time-reversal-invariant
chiral channels, resulting in spin-dependent hybridization and modified dis-
persion. In the first case, these modifications arise from the k-dependence
of the energy levels F,. By performing a unitary transformation, such as
cy = (crp £cpr)/ V2, the scaled Hamiltonian transforms into a single impu-
rity Anderson model (SIAM) with two flavors. This transformation enables
the calculation of spectral functions. The retarded Green’s function for the
scaled Hamiltonian can be determined from these calculations.

~ 2

- 1 v,
G, :F(“ﬁ_e_z . v2>
n=n n

n
A D Ve

(72
dtd NO OJ+ — Ekr]:i

nk

(5.42)

123



5.6.2 Flow equations For Scaled PTSIAM

An essential benefit demonstrated in the previous section regarding mapping
or complex scaling 1is its capability to transform a problem into a Hermi-
tian one. This proves especially advantageous because it simplifies the in-
tricate task of normal ordering in non-Hermitian systems, particularly when
handling left-right states. Normal ordering can be quite challenging in such
scenarios; however, by employing mapping, we can apply conventional nor-
mal ordering techniques to derive the flow equations, making the calculation
process more straightforward and efficient. In the equation 5.30, the Hamil-
tonian Hy represents the kinetic component in a new basis, which is param-
eterized by scaled parameters derived from the bare model:

e~k Wi sin(¢y,) ) N
€, = ——— 0, = arctan Vi =1/ V?2+ w?y/cos(260
‘ cos(20) : (Uk + w, cos(¢r,) : g (20%)

For the derivatives, we calculate:

deve 7% die e P 000 T
Al cos(260) di cos?(20;) Mdl
ngk €2i0k dgk . €2i0k d@k

— LYY S
dl cos(20) di * ZCos2(29;.c)

The derivative for the scaling angle 6y is given by:

@: dej—l’“ B wk%
dl - VEi+w: VZ2+uwi

Substituting these derivatives into the flow equations, we obtain:

dVi V3= Viw? — 2Viw? dVi, —wj + wi Vi + 2w Vi duwy

= +
di VViE =i (V2 +wp) dl VVE —wi(V2+wp) dl
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dVe VP = Viw? — 2Viw? dVi

da VVE —wi(V2 4+ w2?) d

N —wd 4+ wip V2 + 2w Vi dwy,
AT ) d

= — V7 (e(k) — e(d)? + Vi D _VVr =Wy V2
p p

— U2nd(1 — nd)V,:

ng — kag — 2ka,% de

VVE —wi(V2+w?) dl

—wi + wp V2 + 2w V2 dwy,

— —wi(e(k) — €(d 2tw Wpw! — Wi, w2
B )~ ) T~ T

— Ung(1 — ng)wy,

de ~ -
d_lk = 2(e(k) — e(d))Vi Vi + 2(e(k) — €(d))wrwy
déq 2304 (6a— en)?ViVil + 237, (éa — ) wrwy
dl (1-U%)
2U Zk Vkvkr(nd — nk)
(1-U%)
2U >, wrwi(ng — nk)
+ d?’Ld
(1-U%2)
dU

= 4U;Vkv,§ + 4U;wkw,’;

(5.43)

The condition for PT-symmetry holds true only when ¢, = ¢;. Further-
more, we establish the conditions for explicit Parity-time reversal breaking
in the Hermitian model and derive the flow equations for the non-Hermitian
model. To effectively implement the Runge-Kutta method and capture the
PT -transition in the equations where V; = wy, we commence by formulat-
ing the scaled PTSIAM (Parity-Time Symmetric Impurity Anderson Model)
equations. These equations characterize the system and must be appropri-
ately structured for numerical integration.

Once we have derived the equations, we proceed to implement the Runge-
Kutta method. This numerical integration technique enables us to approxi-
mate the solutions of the equations over time. It entails breaking down the
time interval into smaller steps and successively updating the system’s vari-
ables based on the derivatives of the equations.

In addition to the scaled PTSIAM equations, it is imperative to verify the
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PT -transition equation for the scenario when Vj, = wy. This equation encap-
sulates the transition between PT-preserved and P7T-broken states of the
system. By tracing this condition, we ensure that the flow of V}, is accurately
represented in the simulation.

5.6.3 Conventional Flow Equations For Non-Hermitian
SIAM

We derive conventional flow equations for the symmetry-preserved model.
We expect the failure of conventional flow equations at the spectral singular-

1ty.

V3 — Vew? — 2Vjw? —w + wp V2 + 2w V2
V=RVt ) IRVt u?)

dU

=W Zk: f(R)ViV, +4U Zk:g(k)wsz

f(k) =

g(k) =

dwk

g(k)= = ~wi(e(k) = (d)* +wi D g(p)wpey — wi Y F()e;

— U2nd(1 — nd)w,:
@ _ 2> (€ — &) f(R)ViVi 42 G er)?g(k)wrw?,
dl (1-U%2)
+2U Y, f(K)VEVI (ng — nk)
(1— U%)
N 20 >, g(k)wrwy (ng — nk)

(1— Ufl—’gg)

(5.44)

P T = (k) — @) + Vi X PV Ve Y F0V;

— Uznd(l — nd)V,:

% = 2(e(k) — e(d))ViVi + 2(e(k) — €(d))wyw)

We can use the Runge-Kutta method and schematics shown in figures
5.5 and 5.6 to solve these differential equations in 5.43 and 5.44 respectively.
After numerical solutions, We found the P7T transition for V;, = wy as shown
in figure 5.4. All three regimes unitary, Exceptional Point, and non-unitary
regimes are shown with labels as V, > Wy, V., = Wy, and W, > V. re-
spectively. We successfully achieved convergence in all the regimes from the
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complex scaling and new generator calculations for non-Hermitian problems.
While the quantitative comparison needs further investigations however we
did necessary comparisons with Kehrein’s work? as shown in figure 5.3 at
particle-hole symmetry (e, = —%) and away from it ie., (¢4 # —%)

In a recent paper by Budich et al.!?, the flow equation method has under-
gone significant advancements. These developments include a new generator
suggestion and an efficient algorithm, which have greatly improved the field
of dissipative flow equations. The improvements made by Budich et al. have
surpassed those made by Kehrein!!, especially in examining time-dependent
scenarios, as shown by Thomson et al.!2.

Moreover, the flow equation method has been successfully applied to var-
ious specific systems, such as impurities in Bose gases!?, periodically driven
systems'?, the sine-Gordon model!®, and interaction quenches in the Hub-
bard model!S. These applications demonstrate the versatility and broad
applicability of the flow equation approach in investigating diverse physical
systems and phenomena.

The recent advancements in the flow equation method!® have brought
about a revolutionary breakthrough in the field of dissipative flow equations.
With its efficient algorithm, it provides a powerful tool for studying the
dynamics and properties of complex systems.

A significant improvement in the flow equation method has been made
with the introduction of a new generator!”. This innovation has greatly
enhanced the accuracy and efficacy of the flow equation method, particularly
in exploring non-Hermitian spin-Boson models and conducting more precise
calculations for quantum systems.

The flow equation method builds upon Kehrein’s original framework!!,
which has proven to be especially adept at handling time-dependent scenar-
ios!2. This approach has provided us with valuable insights into the dynamics
and behavior of quantum systems when subjected to time-dependent pertur-
bations.

Moreover, the flow equation method has demonstrated its versatility and
applicability to various systems. Its successful use in exploring periodically
driven systems!4, impurities in Bose gases!3, the sine-Gordon model'®, and
interaction quenches in the Hubbard model!® illustrates the broad range of
phenomena that can be explored using this method. The growing significance
of the flow equation method in the field of quantum physics is evident.

The recent developments in the flow equation method, including the new
generator suggestion and efficient algorithm, hold much promise for deeper
insights and exciting advancements in the study of dissipative flow equations
and quantum systems.
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5.7 Discussion and Conclusion

In the first part of our work, we explored the intriguing emergence of ex-
ceptional points in the impurity subspace when the bath features explicit
parity-time-breaking interactions. Leveraging the analytical scale provided
by the Finite U Slave-Bosonmethod, we conducted a comprehensive com-
parison with the Flow equations method. This analysis allowed us to delve
deeply into the potential interplay between perturbations and strong inter-
action effects on subsystems.

One of the pivotal accomplishments of this project is the development
of an efficient generator tailored for the non-Hermitian model, seamlessly
integrated into the standard flow equations method. Successfully achieving
numerical convergence with non-Hermitian terms, our results proved highly
satisfactory. Figures 5.3 and 5.5 represent the crowning achievement of our
research, vividly illustrating the convergence of nonlinear flow equations in
the presence of non-Hermiticity. This outcome underscores the robustness
and reliability of our approach in elucidating the behavior of the system,
even under the influence of non-Hermitian effects.

The presence of interaction-induced exceptional points within Hermitian
models stands as a noteworthy highlight of our study. Our investigation has
unraveled these exceptional points, shedding light on the intricate interplay
between interactions and system behavior.

Additionally, we introduced an innovative generator within the context
of the flow equation method, offering fresh insights into the dynamics of the
model and the genesis of exceptional points.

Moreover, our work extends to the mapping of non-Hermitian models to
isospectral Hermitian models. This mapping technique constitutes a pivotal
stride in expanding our comprehension of these intricate systems, serving as
a bridge between two seemingly disparate domains. It empowers us to har-
ness the analytical tools of Hermitian models for the study of non-Hermitian
systems, enriching our understanding of their underlying principles.
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New Generator Il:> Flow Equations

Figure 5.5: To compare the flow equation results we derive flow equations
from the new generator and then implement them in the standard algorithm
as shown above.

Figure 5.6: Conventional flow equations are derived and implemented as
shown in the above protocol.
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Chapter 6

Anderson Impurities In Edge
States with Nonlinear
Dispersion

In this chapter, we explore how the Kondo problem can be affected by a non-
linear dispersion, resulting in anomalous effects on electronic transport. By
analyzing a specific bath with a 3-fold symmetry in momentum or a 6 = %
symmetry rotation in the Brillouin zone(BZ), we derive an effective spin-spin
interacting model. When combining the anisotropic Dzyaloshinskii-Moriya
(DM) interaction with non-linear dispersion, exceptional points (E,) can
occur in a Hermitian model. Our renormalization group (RG) analysis shows
that the spin relaxation time has the signature of coalescence in momentum-
resolved couplings and an ideal logarithmic divergence in resistivity over a
range of nonlinearity (). The effective model at the impurity subspace has
a Lie group structure of Dirac matrices. We show nontrivial renormalization
within a Poorman approximation with the inclusion of potential scattering,
and the invariant obtained will not be altered by potential scattering. We
then expand the model to a two-impurity Kondo model and investigate the
Kondo destruction and anomalous spin transport signature by calculating
the spin-relaxation time (7). Analysis of RG equation zeros and poles shows
that a ”Sign Reversion” (SR) regime exists for a Hermitian problem with
a critical value of nonlinear coupling Jis. Our results show the existence
of an out-of-phase RKKY oscillation above and below the critical value of
the chemical potential. The interplay of the interaction and emergence of
exceptional points is the key ingredient of the chapter.

Manuscript under Review.
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6.1 Introduction

Recent studies have explored non-Hermiticity in open quantum systems ',

but its implications in condensed matter systems are less well understood.
In this work, we investigate how anisotropy can induce exceptional points
under perturbative renormalization. Rather than introducing ad hoc non-
Hermitian terms based solely on symmetry considerations, we incorporate
nonlinear corrections that lead to emergent anisotropic interactions.

We examine anisotropic interactions analogous to those found in quan-
tum Hall states with C; symmetry3™®, which demonstrate strong interaction-
induced anisotropy and support non-equilibrium states. Building on these
insights, we investigate C's symmetric bath scatterings with impurities, which
exhibit intriguing non-equilibrium steady states. Poddubny’s analysis® high-
lights interaction-induced non-Hermiticity(NH), revealing phenomena such
as bound states, edge states, and flat bands.

Experimentally observed third-order exceptional points in PC symmetric
systems” underscore the necessity of additional degrees of freedom(DoF) to
achieve higher-order exceptional points. Recent research also suggests that
boundary conditions can induce openness, similar to potential scattering
terms in impurity-bath interactions. Moreover, nonlinear eigenvalue prob-
lems have shown the emergence of auxiliary eigenvalues for small nonlinear
interactions®. Analogous exceptional points have been considered in real ma-
terials and tunable calculations%!°, indicating that finite nonlinear dispersion
can lead to complex solutions. A recent study demonstrated the formation of
exceptional points in the presence of Hermiticity-breaking terms due to per-
turbation!!. It was also shown that non-Hermitian terms vanish in the strong
coupling limit. In this work, we show that certain non-Hermitian scatterings
are relevant for weak to intermediate interaction regime in a model having
anisotropic DM interactions. We find novel fixed points in this regime with
various supporting analyses of the effective model from perturbative Poorman
scaling with potential scattering, Fock-space diagonalization, and transport
calculations.

We begin with a generic model > for a topological bath with nonlinear dis-
persion coupled to interacting impurity(dot). Projecting onto the singly oc-
cupied subspace of the dot results in an effective Hamiltonian with anisotropic
interactions. The analysis reveals emergent pseudo-chiral symmetry through
anisotropy and additional DoF, and the model displays topological features
in its spectrum near the critical points of the RG treatment, including ex-
ceptional points.Incorporating pseudo-chiral symmetric scattering terms lead
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to the Lie algebra structure and its connection to the conformal field the-
ory (CFT) results by Pereira et al.'®, emphasizing the model’s topological
properties. Then the model extended to a two-impurity case, resulting in a
two-impurity Kondo (TIK) model. By perturbative RG calculations reveal
the novel fixed points through analytical and numerical solutions of the RG
equations. We explore the scaling nature of the impurity spin relaxation time
and its relation to RG invariants.

6.2 Model and Formalism

We begin with a bath model considered in the context of topological insula-
tors!?, and the Hamiltonian reads as:

H = akfl + Bk cos(30)a. + i\ - (k x &), (6.1)

where k = kpi + l{:y} + k”/% and & = 0,1 + ayf + azl%, with 0, , . being Pauli
matrices. The parameters «, 3, and A correspond to quadratic, cubic, and
linear couplings in the topological system, respectively. The second quantized
form of the Hamiltonian for spinful fermions is:

H =7 oHy, (6.2)
k

Where the basis vector is 1/1;2 = (c,tT cL i)' Introducing an impurity with

on-site interaction generally regarded as the single impurity Anderson model
(SIAM) and hybridization with the edge states leads to the Hamiltonian:

Hgianm = OVHY + Hy+ Y Vilcl,dy +hec), (6.3)
ko
where H, is defined as:
H; = Z Eddi,dg + UndTndi.
To simplify the bath Hamiltonian, we use the parametrization k, £+ ik, =
k”eﬂ@ and apply a k-dependent unitary operation on the bath operators,

preserving canonical relations. This results in a nonlinear k-dependent coef-
ficient as shown below,

U — 1 ( eigakl —ieigam) (64)

—i8 )
e zayy e 2o
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In above equation 6.4 coeflicients ay; = \/A + Bk3 cos 30 and oy = \/A — Bk3 cos 30.And
the normalization constant is N = |ag [*+|ape|? = A, where A = /52kS cos? 30 + \2k2 =

Bk~ cos 30, with v = ~/1+62,€+ng39. In the limit A - 0 or § — oo, v — 1.

In equation 6.4 choice for ayy can be \/ﬁk3 cos 30 — A or i\/A — k3 cos 36.
Both forms diagonalize the bath Hamiltonian having two chiral bands with
the eigenenergies e, = ak? + (A and it’s eigenvalues are shown in figure
6.1.This non-interacting spectrum is similar to Rashba study!® except from
nonlinear term which serves as additional parameter to tune band touching
to gapped phase in the bath.

This unitary transformation rotates the bath operators as @k = Uy
Such k-dependent operations are used in the case of Weyl multiplicity'7:'8
having different nonlinear dispersion as (k, + ik,)* Basis after rotation ) =

<0k+) = U1) can be shown as,

Cl—

1

-9 -9
Chp = —F————=| € "2kt + €220 )
\/ Byk? cos 30 ( f i

1 ( P4 . ;0 )
Clpe = —F——————————— | 1€ 2(V}9Ckt+ — 1€ 2V 1C,
\/ Byk? cos 30 ' !

Using ¢ = u—% to express the original spin basis in terms of these new
chiral basis,

(6.5)

1 P4 . 40
Ckr = W (6 201 Cy — 1€ 204k2ck)
(6.6)
L (e o3
Crl = Bk cos 30 (6 Qp2Cly 1 1€ 0%1%)
In new basis the hybridization transforms as follows:
]:I;'yb = Z V,f (e‘igakchdT + h.C.)
ko
+ Z V,f <eigak202+d¢ + h.c.)
o (6.7)

]:Ih_yb = Z f/,f (ie_igakchdT + h.c.)
k6

+ Z ‘Zf( — ieigaklcz_di + h.c.>
k0
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Figure 6.1: The eigenvalues of the diagonalized model in equation 6.2 around
the low k points represent the emergent chiral bands. In this case, we set
=03, A=10, and 0 = 7. We observed that larger 3 values flatten the
bands.

In above equation 6.7 f/,f = —Y%___ has k,0 dependence. A square
\/ Bvk3 cos 30 ’

root momentum dependent hybridization found in Rashba coupling stud-

ies19722 After the unitary rotation, we obtain the renormalized SIAM as fol-
lows:

H = Z ekgc,icckg + Hy+ Hyfy + Hyy (6.8)
k¢

The above equation 6.8 satisfies the pseudo-chirality, as nf[ n~t= —H . when
the couplings are complex-valued. This symmetry for Hermitian problem
can be written as {H,n} = 0 the 7 is constructed as o, ® o, for U = 0
in matrix form we can also construct in operator form' as 1Tny where
Pf = (clLF o di dI).Generally the PT - symmetry is associated with
the NH transitions but in presence of topology and non-Hermiticity lead to
additional symmetry classes?® as follows,
nHn™' = H' for PT symmetry (6.9)
nHn™' = —H' for PC symmetry '
These above symmetries parity-time(P7) and PC will be written as [H,n] =
0 and {H,n} = 0, when H = H'. These observations will guide us on how
the formation of exceptional points occurs when couplings are complex-valued
without altering the symmetry.
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6.3 Effective Model Derivation And Poorman
Scaling

To project this model in equation 6.8 onto the impurity subspace, we use
projection operator method?*. The projection operators are defined as Py =
(1—=n4)(1—ny), P =n4(1—ny)+n,(1—ny), andPo = nyn, for unoccupied,
singly occupied, and doubly occupied states, respectively. Using these pro-
jections, we derive the components of the effective model as H,,, = P,HP,,
which is detailed in Appendix A.The emergent quantum numbers ( = +
represent chiral bands in the effective model.

1 :
H'. = H,, + H ———H,
Ir m 77,7&%7172 g — Hn/n/ mn (610)

¢¢'==%

The singly occupied subspace Hamiltonian is the low-energy effective model
for the Kondo regime. We show here for such a topological bath one gets an
effective model which has emergent anisotropic DM interactions.We adopt a
specific convention for representing couplings. We utilize vector notation to
denote couplings, while pseudo-spin of bath operators are represented using
bold symbols. This notation allows us to distinguish between different types
of operators.

kk' kk'

—f-ZZJ_];(SXSkk/)

kk'

(6.11)

In equation 6.11,Hy = Zkg‘ ekgczgckc and the operator Sy represents the
Abrikosov pseudo-spin for conduction electrons, while s corresponds to the
impurity spin.The couplings are denoted as Jy = (agiaxr + CYkQOék/Q)Mg;gC,
7 0,0" 4 7 0,0 1~ ~ '

Jks = (ozkloqu —akgakq)Mkk,Cz and Jk = aklak/QMkk,C(x—i—y). Here, Mgg'C =
ey (2

1
ek/cfed €d+U*Ek(

=0/ V. . .
and V) = ——=— The matrix elements in
Bv(k')3 cos 3¢’

this problem in general depend on polar angles and momenta are derived in
Appendix A. The nonlinear dispersion introduces cross-product terms in z
component and linear term will introduce x,y components of DM .Poorman
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RG will yield following equations,

dJ,
d_lo = J3+Jk3(]k+<]]33 + J,g
dJy:
Wk‘*’ = J2+ JoJis (6.12)
dJy
— = JoJ
di 0k

The appendix B contains a detailed derivation and the complete solution
to the RG equations 6.12. One of the solutions, obtained by eliminating
Jo, is given by the equation J? — J; = mJys, where m can be a positive
or negative value. The roots of this solution are expressed as J;, = % +
%\/ 1+ 4mJys. In the low-energy effective model, it plays a significant role in
causing exceptional points, which will be discussed in detail in the subsequent
section, along with the diagonalization.

6.4 Emergence Of Complex Solution

We performed poorman RG on Hamiltonian as in the equation 6.12 and
found the invariants Jy, J, as shown in Appendix C.Here we analyse the
local Hamiltonian symmetry properties and its eigenvalue spectrum using
the RG invariants for couplings and varying the Jys.

ﬁ:Zj08'Skk/+iij3 '(S X Skk’)

kk’ B} kk' (6.13)
+i ) e (s X Spw)
kk'

In order to show the effective model above exhibits pseudo-chiral symmetry,
we can write the local Hamiltonian at & = 0 as follows:

H = Jo(o. R0, +0" @0 +0 @0ot)
+ids(0, @ 0, — 0y @ 0,)
+ ijk(ay ®o,—0,R0,)
+idy(o, @0, —0,® 0x)

(6.14)

We can construct the ket vector for the above Hamiltonian as (| 11),| 1)
314, 1)), For such a state, we can show the metric operator as the
following:
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(6.15)

_— o O O
o = O O
o O = O
S O O

In the above equation 6.14 the block symbol is for the bath spin and rest are
impurity spin operators to distinguish between the two.The chiral symmetry
operator can be generalized to n-dimensional matrices?®, is n = o, ® 0,.
This metric satisfies nHn~! = —HT, indicating pseudo-chiral symmetry2? this
inherent property become very crucial after adding the potential scattering
terms which is eloborated in section V. For Hermitian matrix this symmetry
will be {H,n} = 0. This symmetry also exists when Jy — 0 and even if all
couplings are real-valued. Each of the states can be represented as follows:

(M=(1 0 1 0)
(thl=(1 0 0 1)
W= 11 0 (6.16)
(Wi=(0 10 1)

So it can be readily seen the operations as n| 11) — | 14), n| T4) — | 1),
nl ) = [ 31) and g LL) = [ 11).

Jo —Jpe 't Jee 'a 0

F | e —Jo  2iJw+Jy —Jweid

=1 5ot 2iat b —do Jeeit (6.17)
0 —Jpe't Jpe Vi Jo

The above matrix has some specific properties due to the anisotropic DM
interaction,

o azﬁgngHforJ — —J
No-® 77Az®ilz k k (6.18)
770'y®0'yH770y®0y = H fOI’ Jk3 — O

In our analysis, we examine the eigenvalues of the spin Hamiltonian defined
in equation 6.17 within the (1, 1) occupancy sector. This is represented in
figures 6.2 and 6.3. We observe the emergence of complex eigenvalues and the
formation of exceptional points due to perturbative RG. This phenomenon
is also evident in the one-loop and Poorman equations in non-Hermitian
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scenarios 2. Here, we present numerical evidence of the spectral properties
at these fixed points.

Using Fock-space diagonalization with J;, = %i%\/ 1+ 4mJ;s in the single
occupancy sector(SS), we find that for Jis < |0.5], the eigenvalues follow
hyperbolic trajectories typical of the conventional Kondo regime. However,
for values greater than the critical value, topological transitions occur in the
spectrum. In the resonant level scenario depicted in figure 6.3, exceptional
points emerge for large m values.

As Jy increases, the disappearance of the Dirac cone indicates the emer-
gence of a spectral gap. This observation underscores the role of the RG
invariant J, = % + %\/1 + 4mJys in shaping the impurity spectrum. This
invariant is crucial for the appearance of coalescing points in the spectrum,
revealing the complex interplay between coupling parameters and their renor-
malization under RG flow. These coalescing points vanish as J; — o0.

6.4.1 Condition Number In Fock Space

The condition number?” x(A) of matrix A is defined as k(A) = ||im71||, where
Amaz and A, correspond to the highest and lowest eigenvalues. This num-
ber is associated with error in measurement, sensitivity, and the singular
spectrum of real and complex-valued matrices. We illustrate this number
in plots 6.4 and 6.5 for one and two impurities for local Hamiltonian in
spin Fock space. The sensitivity of the models with Js versus K type of
DM interactions is also depicted. The defectiveness in diagonalization is at-
tributed to eigenvector becoming parallel and loss of orthogonality indicating
exceptional points. However, the conclusion made here is based on the local
Hamiltonian in sector one fock space, hence this is relevant to the dissipation
in this subsystem and does not translate to full many-body systems. Note
that dissipation in large N systems generally shown to be relevant for local
system, since larger systems always tend to equilibrate.

6.5 Renormalization With Potential Scatter-
ing

We analyze the coefficients of effective model and construct the regular hexag-
onal boundaries of the bath as shown in figure 6.6.The spin-spin interaction
model resembles the structure in work!® after including potential scatter-
ing terms. Our goal is to examine whether the invariant responsible for
coalescence (Exceptional Point, EP) undergoes renormalization or remains
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Eigenvalues
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Figure 6.2: The eigenvalues of the model (equation 6.17) with Jy, = —2.0
(above) and Jy = 1.0 (below), along with the RG invariant m = £+0.01. For
small values of m and two roots denoted as Jy < 0, Jy > 0, the eigenvalues are
denoted from F; to Ej for corresponding RG root. Topological transitions
occur at Jiz = £0.5 and around Jiz = 0.75. At smaller values of m, there
will be small imaginary weights in the eigenvalues, but no exceptional points.
These topological points remain at higher values of m, but the spectrum will
be gapped due to higher Jy values.

unrenormalized with the inclusion of non-Hermitian terms, particularly at
third-order RG corrections. Complex-valued potential scattering is essential
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Real Eigenvalues

Imaginary Eigenvalues

=
n
o

0.5

Real Eigenvalues

E, for J,>0
o—o E, for J >0
E, for J >0
E, for J,>0
E, for J,<0
=—a E,for J <0
E, for J, <0
E, for J, <0

Imaginary Eigenvalues

Figure 6.3: Eigenvalues of the equation 6.17 for resonant level cases(small
Jo).For Jy = £0.1 and the RG invariant m = +4.0. The labels E; to E,
denote four different eigenvalues for positive and negative RG invariants,
respectively. A Dirac cone appears in the impurity spectrum due to the
topological properties of the local Hamiltonian. Larger values of m are re-
quired to observe exceptional points, and the gap in the spectrum widens
with increasing Jj.

for obtaining fixed points in the flow, corresponding to ground state topolog-
ical transitions in the eigenvalue spectrum of the model. The effective model
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Figure 6.4: Variation of the condition number with anisotropic DM coupling
Jis in the model in equation 6.14, using Fock-space diagonalization in the
SS of the one-impurity problem. Diverging cusp-like points indicate high
condition numbers denoted in graph implies defects in diagonalization found
figure6.2.

with scattering terms can be expressed as follows:

H;r = Ho + Z Jos - T (Z)y

kk’
i) T (s x U1 (D)) (6.19)
kK’
+i Y I (s x U (D)0) + Hy
kk’
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Figure 6.5: Variation of condition numbers in Fock space of the two-impurity
model given in equation 6.24,and they show that the model is well conditioned
for most values of K, except when K is 0. However, high condition numbers
occur when the anisotropic coupling is non-zero, indicating that the model
is not defective when Jis and J; couplings are absent.

Where we add the PC-symmetric potential scattering terms as shown in the
figure 6.6 and represented as H,, can be written as following,

Hyp =3 ( %Ry f) (s x D))

i e e e (6.20)
-2 (JksB’ T 3) (s x P1(2)y)
kk!
Essentially, added degrees of freedom are ¢ = (CZ A CL%_, CT_ he2m CT_;C_%_>

needed to achieve the generalized Pauli matrices or the block structure of
the Kondo problem and it is detailed in Appendix B3 we have shown by ex-
panding the above model in detail to derive the RG equations and those are
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(G
i3

Figure 6.6: Left schematic representing two Anderson impurities in the edge
states of the bath. Right one is regular hexagonal cell of bath to incorporate
PC symmetric potential scattering terms. The left and right scatterers are de-
picted with green and blue arrows, respectively. Here, ky — k, \/k2 + k2 — k

and 0 — tan~! Z—y For derivations, see equations from 6.4 to 6.6. Electron
and hole scatterings for (k,6) to (—k,#') are represented around the Dirac
cone.Note that k is modulus of the vector and only its direction will decide
the sign of momenta of hole or electron.

plotted in the figure 6.7. We used the simplified notations for the couplings as
+ 2

Ja. Jo0 g R J%ﬂ7_§ 700 Ji%ﬂ’i% J%ﬂ’_g ; T T J
(07 k3 0 Yk3 ) J L3 Y Yk » Yk )mto( 05 JE35 91k3 5 92K3, kaglk7g2k)-

6.6 Generalization to Two Impurities

We extend this model to a two-impurity Kondo model with a direct spin-
spin coupling and isotropic DM interaction between the impurities. Similar
interactions have been studied in two dots with spin-orbit coupling?®, which
demonstrated that the DM term exists only for the Y-component when
there is linear dispersion in the bath. In this instance, we focus on the
renormalization of anisotropic versus isotropic interactions.

Heff = Ho+ Z JoSa-Skr + 1 Z J_];3.(Sa X Skk’)
kK’ kk'¢

+1 Z fk.(sa X Sgrr) + Jy s1.82 + i[?.(sl X $3)
KK/

(6.21)

where in above equation 6.21 kinetic energy Hy = ch ekchCckC, Jy is direct
coupling between impurities, K is impurity DM interaction and the bold
operators represent spinor vectors as defined earlier.Since the generalized
problem has many coupling, we restrict our-self to analyzing the one-loop
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Figure 6.7: In these figures, we show the RG flow using the fixed values
g1k = g3 = 1, which is invariant derived in the appendix B. Throughout
our calculations, we use Ji = % + %\/1 + 4m.Jys alongside setting m = —4.
The top row of the plots represents potential scattering, and the second
row shows the real and imaginary parts of (Jix) in both RG equations in x
and y axes, where the notation (R*, Rt) and (R*I") denotes the real and
imaginary parts on the x and y axes, respectively. Similarly, the third row

is (I7,R7) and (I~,I7).

and one marginal point.

We obsedvt at least two fixed points (FP) and
two spiral points(SP) in the second row, while the third row shows one SP
The dotted lines in the second plot of the first
row represent a family of FPs. The EP signatures figure 6.3 in RG flow can
be observed here as parallel arrows at small Jy and Jys values, representing
unstable solutions.At these SP we found topological transitions in figures6.2
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RG equations.,

dJ

d_lo = J§+Jk3Jk+J;§3 +J;§+JYJO+KJ0
dJ,

d?:” = Jp + JoJis + Jy Jes + Sy Ji + K Jps

dJy

ar JodJk + Jy s + Iy Jp + K Jg, (6.22)
dJ

d_;:J§+K2+J§+JksJk+J§+J;?3

dK

Solutions to the above equations are detailed in an appendix in various lim-
its. The beta function zeros for Kondo destruction can be seen in the odd-
even couplings are studied?%?°. Since we focus on the nonlinear couplings
Ji, Ji3, We look at the solutions around the anomalous contributions to Spin-
relaxation time and the FPs in these couplings.

6.6.1 Eigenspectrum connection to fixed points

Now, we will construct the 3-spin Fock space for the two-impurity problem,
investigate the spectrum, and show the connection with the RG FP’s and
Condition Numbers.

}N[%mp = Z jOSa : Skk’ +ZZ J_I;3 : (Sa X Skk’)

Kk’ ) kK o ) . (6.23)
+iZJk (So X Sgrr) + Jy sy - So+iK - (81 X S9)
kk'o

In above equation 6.23 « takes values 1,2 correspond to two impurities. We use
the Fock space for the above problem in the 3-spin (impurity-bath-impurity)

systemin the SSas ¢ = (| 111) [T [ 1) [411) [1) [ 41) |4

For this state vector we can write the following Hamiltonian as Hgl'mp =
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Iflgimp:Joaz®0'z®|+J00+®0'_®|—|—J00_®0'+®|
+hl®o. @0, + ot @ +hl®o @t
tidp(o, R0, @ —0,20, 1)
tidi(o,@0. @1 -0, @0,]1)
+idi(0, Q0. —0, R0, @)
tiJs(l®o, @0, - 1R0,®0,)
+i(l®o, Q0. - 1®0.Q0,)
+ih(l®o, @0, - 100, ®0,)
+Jyo. Q@0+ Jyom @lQ@o_+ Jyo @ l@c"
+iK(o,®l®0,—0,01®0,)
+iK(o,®1®0,—0,01®0,)
+iK(o, ®l®o, —0, 1R 0,).

(6.24)

This results in the following matrix. We analyze the symmetry properties
of this matrix as we did in the single impurity case. By constructing the
metric operator as ) = 0, ® 0, ® 0, as chosen in the article?®, we verify
that it possesses PC symmetry, expressed as 77[:_7 Ht = — HT.We demonstrate
that anisotropic D.M-interaction is necessary to satisfy this condition that
is Jys # 0, and this Hamiltonian is not PC symmetric when this is zero.

2J0 + Jy —61%1][(17 0 0 €i%JKp 0
—e % JKp —Jy 4J0p —2¢'% Ji 4Jyp et Jrem
0 4lom  —2Jo+J,  €TJIgm 4.Jo, 0
A 0 —2e7 %)y e T Tk —J, 0 4.Jop
e ' JKp 4Jy 4Jom 0 —Jy —e's Jim
0 e Jkm 0 4Jom  —e i gm —2Jo+ J,
0 0 —e i g Adym =27, 4don
0 0 0 —e 5 Jk, 0 0

In above matrix we used the reduced notations which are related to
original model as Jiy = Ji & Koliem = Ji = K Jop = Jo + 28 Jom =

Jo—l = yp = J—i—z =, and Jy,, = Jy—@"gﬁ
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6.7 Solutions for RG ODE

We calculated numerical solutions for the set of equations 6.22 and plotted
them around the fixed points as initial conditions for RG ODE. The results
are shown in figure 6.8. These solutions only restricted to real values, and
we can observe the renormalization of Jis and Jj in line with our analyt-
ical findings. In next section we analyze the general solutions around the
dissipative FP’s.

6.7.1 RG Equations Zeros and Poles Analysis

The RG ODE’s are analyzed by allowing the complex solution which then will
be treated as RG beta functions®!. It is known that these beta functions show
single peak structure at FP’s. As we have seen from various results %2631 the
complex FP’s will show unique features as RG reversion.As a generalization
of this reversion we see that peak structure in the imaginary part of beta
function should reverse sign. This has been shown in figure 6.9 specifically
the SP can be identified with these feature and these are unique to such type
of dissipation.

Rest of the features in RG-beta functions such as zero crossings, or no
single peak structure can be attributed to unstable points. Quantitative
analysis is required to classify all different type of fixed points.The analysis
presented here remain unaffected with choice of method.

Consistent results from both the algebra of conformal field theory (CFT)
and the renormalization group (RG) equations suggest that both approaches
capture the essential physics of the problem and provide complementary
insights.

6.8 Impurity Transport Calculation

We have calculated the anomalous contributions to the relaxation time in

the presence of a nonlinear dispersive bath using the 74 formalism?*, and
the details can be found in Appendix E.
1
— 1 —=2JG0 — 2J1300k3 — 2J3Ga )
(k) o g k3 Jak3 kJok) (6.25)

In above equation 6.25 all couplings Jy, Ji, JP relates to bare model and
Joa, Jars and gok are the integrals originate from second order perturbation
theory are detailed in appendix E. Here we investigate the criticality as-
sociated with such dissipative fixed points obtained from the perturbative
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Figure 6.8: We plot numerical solutions of the RG equations (6.22) at the
fixed points in the flow diagrams. The x-axis corresponds to the flow pa-
rameter, and each plot is labeled at the top with the initial conditions for
evolving RG ODE. Diverging solutions correspond to the strong coupling
regimes, while cusp-like features changing sign abruptly correspond to dis-
sipative regimes. The inset graph corresponds to a large negative RKKY,
while the rest are set to small values as initial conditions. The plot depicts
in order to renormalize RKKY all other coupling originating from bath are
necessary, hence all flows to zero.
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Figure 6.9: In all plots above Dotted and thick lines correspond to real
and imaginary coupling values. Sign reversion occurs in all couplings for
imaginary weights at Jis = —2.0 in bottom plot. Between two sign-reversing
phases top to bottom, various 2-pole and 3-pole regimes are observed. We
verified that SR in imaginary weights in both one and two impurities occur
at these dissipative fixed points.
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RG.We find the two scale collapse regimes as discussed in next section with
a emergent invariant structure which we found in the RG.

6.8.1 Scaling Collapse In %

In a previous section, we discussed emergent coalescing points, which occur
when the integrand vanishes in equation B.31 or when ¢ — 0. These points
are represented by (k% — u)? — A?k? = 0, resulting in the momentum roots
L =14 1,/T+45 and this we compare to the RG invariant J, = § +
2\/m since in small £ limit J; o %,Jks x % and p can be compared
to invariant m, this analysis is similar to laser induced Kondo-effect study?2.
Exceptional points exist only when the chemical potential 1 # 0, indicating
a critical region where null momentum points arise. Beyond a certain critical
value of the chemical potential, complex momentum is encountered, reflecting
a complex gauge choice for momentum. These null momentum points are also
evidenced through the diagonalization of the effective spin-spin Hamiltonian.

After the previous discussion, we plotted the computed functions in figure
6.10 while keeping the values of p = —1.0 and A = 1.0 fixed and varying e. We
then scaled the functions and the argument of functions with the bandwidth
in the momentum roots fashion, as discussed earlier, to show scaling collapse.
The scaling we discussed here could also be extended to strong dissipation
with complex-valued couplings, which we did not consider in this work, as we
only aimed to establish that such an invariant structure emerges with these
perturbations in the bath.

In the anisotropic model, scattering elements with PC symmetry form a
non-Hermitian Kondo problem. Under renormalization, SP’s emerge, these
may show complex critical phenomena. This would require further analysis
may even need special treatments depending on type of dissipation.Note that
the added scattering terms are not included in the transport calculations, and
they can be analyzed in a separate study to better understand their impact
on the transport.

I=>

6.9 Results and Discussion

The nontrivial renormalization of the impurity problem shown by revealing
the dissipative fixed points of the model through perturbative RG incorporat-
ing PC symmetric potential scattering. The PC terms are found to be relevant
in the weak and intermediate interaction regimes in contrast to the particle-
hole symmetry, where it was known that these are irrelevant.Regardless of
the PC terms the common invariant structure is found which is responsible
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Figure 6.10: Plot (a) shows the relaxation time for different values of the
nonlinear parameter (), which is proportional to resistivity. Plot (b) is
scaled from the first point of each curve shows a kink in the relaxation time
(7). We show scaling collapse, and the kink dissapear in plots (e) and (d)
when those are scaled from two different roots respectively for both axes as

T =7 X (1 \/4Desp +1) and D}y = Degp x (14 /4Dy + 1),

for dissipative(SP’s) in two distinct calculations namely RG and relaxation
time.The local effective Hamiltonian in single impurity shows topological
transition at the FP’s observed in RG flow implying the PC terms are im-
portant for the problem. We show that high condition number in fock space
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Figure 6.11: We plot RKKY interaction as function of bandwidth e, for a
critical value of the chemical potential (u = +0.25), J4 changes sign and
goes out of phase as shown in the figure above. The RKKY interaction is
amplified for a range of 0 < # < 1.0 and approaches the ideal flat band limit

for g > 1.0.
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Figure 6.12: We plot the elliptic functions written in solution B.33. For
negative chemical potential u, there is discontinuity when bandwidth € =
—u = 0.25 this correspond ¢ — 0 limit; elsewhere, we see exceptional points.
The EPs start shifting for increasing positive p, but there is no SR in the real
part of these special functions. This odd channel shows EP or SR behavior,
which is relevant in RG when dominant odd channel scattering emerges as
complex FPs in such models.
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local Hamiltonian for all real-valued couplings show defectiveness due to pres-
ence of anisotropy.

We analyzed RG equations for single and two impurity problems in a
homogeneous bath, observing the competition between RKKY and Kondo
interactions when the impurity D.M-interaction is absent. We found that
anisotropic DM interactions contribute as Hermiticity breaking terms with
PC Symmetry to obtain coalescing points in such Kondo models. The dis-
tinctive transport signature results from residue contributions from such a
specific bath when ¢ # 0. The numerical diagnosis showed sign reversion
regimes at the fixed points obtained in flow diagrams from the perturba-
tive analysis; however, we have shown that the added potential scattering
brings openness to the problem; hence these fixed points are specific to this
type of dissipation. Existence of nonlinear perturbation leads to out-of-phase
oscillations in the RKKY and Exceptional point in elliptic functions.The dis-
sipation induced by such non linearity counter intuitively enhance the RKKY
oscillations but for asymptotically large nonlinearity will reach the flatt band
limit.

The study opens up possibility new experiments to realise the higher or-
der exceptional points and their topology with PC interactions in anisotropic
vacancy-spin systems’. Additionally exceptional points may be realized in
systems like cavity-bath and vacancy centres in diamond with a control
of cubic perturbation.The study motivates to conduct advanced Numerical
Renormalization Group (NRG) calculations involving complex-valued and
anisotropic D.M-interactions to investigate critical phenomena correspond-
ing to dissipative problems.
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Chapter 7

Conclusions and Future
perspectives

In conclusion, this journey through the realm of non-Hermitian systems has
revealed a rich tapestry of extraordinary phenomena and intriguing insights.
These systems, characterized by Hamiltonians featuring gain and loss terms,
have demonstrated a capacity for exceptional points, spontaneous symme-
try breaking, and unconventional modes of behavior. The diverse array
of methodologies, encompassing analytical techniques and numerical meth-
ods, has allowed us to dissect and understand the unique attributes of non-
Hermitian systems. Throughout this exploration, we’ve uncovered the crit-
ical roles of symmetry, interactions, and disorder in shaping their behavior.
Moreover, we've gained valuable perspectives on the potential applications
of these findings in various scientific and technological domains. As we con-
clude this chapter, we anticipate continued exploration and innovation in the
field of non-Hermitian systems, promising exciting discoveries and practical
advancements in the years to come.
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7.1 Summary of the Thesis

We present here a concise summary and results of all work chapters from two
to six.

Chapter 2 In this chapter, we delved into the complex interplay between
interactions, Rashba spin-orbit coupling, and non-Hermitian coupling in the
context of the Kondo effect and PT-symmetry. We found that exceptional
points and Kondo destruction critical points coincide under certain condi-
tions. Moreover, our study explored the interplay of Coulomb interaction
and spin-orbit interaction in preserving P7 symmetry. We employed exact
diagonalization, Green’s functions, and a slave-boson method to unravel the
complex interplay. Our work raises questions about the relationship between
these models and the nature of complex boson mean fields beyond the Kondo
destruction critical point.

Chapter 3 In this chapter we used slave-boson methods in the Callan-
Symmanzik equation serves as a valuable tool for studying strong correla-
tions in the non-Hermitian system, each offering unique insights into different
phases and phenomena. However, they come with inherent limitations and
approximations. Non-equilibrium methods, particularly the Keldysh field
theory, are crucial for investigating non-Hermitian systems, allowing us to
delve into dynamic and non-equilibrium properties. These methods shed
light on complex interactions, such as the laser-induced Kondo effect and
the multichannel Anderson problem, offering a deeper understanding of the
behavior of strongly correlated systems with rich phase transitions.

Chapter 4 In summary, this study offers valuable insights into non-
Hermitian systems, unveiling a novel perturbation theory and shedding light
on the influence of interactions on Exceptional Points (EPs). The research
advances our understanding of perturbative RG and its link to P7T -symmetry,
promising exciting avenues for future exploration in non-Hermitian quantum
mechanics and condensed matter physics. The introduced method for RG
with metric operators, as demonstrated in our benchmarks, presents a novel
approach to studying finite interaction effects in the thermodynamic limit,
adding a significant contribution to the field.

Chapter 5 The study explored the emergence of exceptional points in the
impurity subsystem with parity-time-breaking interactions. We introduced
an efficient generator for non-Hermitian models within the Flow Equations
method, demonstrating robust numerical convergence in the presence of non-
Hermiticity. This work also uncovered interaction-induced exceptional points
in Hermitian models, highlighting the intricate interplay between interac-
tions and system behavior. Moreover, our research extended to mapping
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non-Hermitian models to isospectral Hermitian models, providing a bridge
between these domains and enhancing our understanding of these complex
systems.

Chapter 6 This Chapter delves into the coalescence of points in a bulk
system with magnetic impurities, focusing on spin relaxation time calcula-
tions in different momentum directions. Key findings include the common in-
variant in RG solutions and the transition from Kondo to non-Kondo regimes
with log divergence. The study also explores RG calculations on single and
two impurity problems and the interplay between RKKY and Kondo in-
teractions, emphasizing the significance of anisotropic DM interactions for
coalescing points in Hermitian Kondo models. This research offers a valuable
transport signature and opens avenues for further investigations, including
charge and thermal transport, impurity effects, and unitarity in different
subspaces.
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7.2 Future Perspectives

The study of non-Hermitian quantum many-body systems is an emerging
field with several key challenges that require deeper exploration:

e Non-Hermitian Systems with Interactions and Disorder: A major chal-
lenge lies in understanding the behavior of non-Hermitian systems un-
der interactions and disorder. Such systems often exhibit open dynam-
ics, exchanging energy and particles with their environment, leading
to phenomena like eigenstate localization, enhanced energy transport,
and reduced dissipation.

e Generalization of Fzxceptional Points to Many-Body Systems: Excep-
tional points, where both eigenvalues and eigenvectors of a Hamiltonian
coalesce, are pivotal in non-Hermitian physics. Extending this concept
to many-body systems is complex, as interactions, disorder, and envi-
ronmental noise can significantly affect the behavior of these points.

o Advancement of Hermitianization Techniques: Hermitianization meth-
ods!, which map non-Hermitian Hamiltonians to Hermitian ones by
introducing suitable Hermitian operators, need further development
for many-body systems. The complexity of many-body interactions
poses significant difficulties in designing appropriate Hermitianization
schemes.

o Impact of Non-Hermitian Hamiltonians: Non-Hermitian Hamiltonians
can give rise to unique effects, such as enhanced energy transfer, di-
minished dissipation, and unconventional vibrational modes. Under-
standing the implications of these effects in the context of many-body
systems is crucial for a more complete picture of their behavior.

Addressing these challenges will advance the theoretical framework of
non-Hermitian quantum many-body physics and expand its potential appli-
cations in diverse areas of physics.

7.3 Time Evolution of Non-Hermitian Sys-
tems

Krein, 3-Hilbert, or rigged Hilbert spaces are instrumental in the analysis of
non-Hermitian operators, which frequently arise in open quantum systems in-

teracting with their environments. In such systems, the Hamiltonian deviates
from Hermiticity, and the corresponding inner product becomes indefinite.
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A key concept in Krein space theory is the notion of self-adjoint operators.
In a Krein space, a self-adjoint operator is defined as one that is equal to its
Krein space adjoint. This adjoint extends the notion of the Hermitian adjoint
to indefinite inner products, requiring the reversal of the inner product’s order
and multiplication by a fundamental symmetry operator. This operator,
fundamental in Krein space theory, preserves the indefinite inner product
while maintaining isometric properties, ensuring that vector norms remain
conserved.

7.3.1 Lie Algebra and Renormalization Group (RG)
Invariants

Lie algebras are central to many areas of physics, including non-Hermitian
systems. In these systems, symmetry and its associated Lie algebra be-
come more complex than in Hermitian systems due to the underlying non-
Hermitian structure.

A useful approach to studying Lie algebra in non-Hermitian systems is
through pseudo-Hermiticity, which generalizes Hermiticity via a similarity
transformation. This transformation relates the non-Hermitian operator to
its Hermitian counterpart, allowing the derivation of the non-Hermitian op-
erator’s Lie algebra.

In non-Hermitian quantum mechanics, Lie algebra plays an essential role
in understanding symmetry breaking and phase transitions, particularly in
PT-symmetric systems. This concept is widely applied in fields such as
optics, condensed matter physics, and quantum field theory.

In the context of the Kondo problem, Lie algebras encode the symmetries
of the system, providing a framework for addressing its complexities. For
example, the XXZ Kondo model is governed by a U(1) x SU(2) symmetry
group, reflecting the conservation of charge and spin. The corresponding Lie
algebra comprises operators that commute with the Hamiltonian, preserving
these symmetries.

Lie algebraic techniques are especially useful for solving the Kondo prob-
lem, where they facilitate the expression of renormalized couplings through
flow equations. These equations describe how the couplings evolve with the
energy scale, which is crucial for understanding the low-energy behavior of
the system. This is particularly important when studying magnetic impu-
rities in metals, where Lie algebra helps simplify RG flow calculations and
elucidate the system’s behavior under various conditions.
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7.4 Exploration of DM interaction forms And
their Group structures

According to Kogan’s research? on the XXZ Kondo model, any interaction
with a U(1) symmetry can be expressed as a linear combination of three
invariants. These invariants include the U(1)-symmetric interactions S* ®
0”4+ 8Y ® oY and S* ® 0%, which involve the spin operators S*, SY, and S*”
of the Kondo model and the Pauli matrices ¢*, ¢¥, and o of bath operators
in Abrikosov’s notation.

Using these invariants, it becomes straightforward to write down the gen-
eral interaction with arbitrary couplings. However, an additional invariant
is generated in this case, which changes the Lie algebra. Specifically, the
invariant S* ® 0% + SY ® 0* is generated.

Thus, the most general P7T-symmetric interaction for the XX7 Kondo
model can be expressed as a linear combination of these four invariants,
including the new invariant generated by the arbitrary couplings.,

V=JS"®c"+5®0%)+ J2(S*®c*+5Y®0%)

7.1
+J(S7 ® 07) + Jpm(S® @ 0¥ — S @ o) (7.1)

7.5 DMFT for non-Hermitian systems

e DMFT is widely used to study the electronic properties of materials,
mapping the lattice problem to an effective quantum impurity model
coupled to a self-consistently determined bath.

e In non-Hermitian systems, e.g., with gain and loss, mapping to an
effective impurity model becomes complex due to non-Hermitian terms
in the Hamiltonian.

e Extending DMFT to non-Hermitian systems requires developing new
formalisms and techniques to handle the non-Hermitian nature of the
quantum impurity model and associated bath.

7.6 NRG for non-Hermitian systems

Robert Peters’s work?® addresses the emergence of non-Hermitian phenomena
in open quantum systems with gain and loss and equilibrium single-particle
properties of strongly correlated systems. It distinguishes the distinct condi-
tions required for non-Hermitian behavior in each field, notably the need for

166



postselection in open quantum systems but not in strongly correlated sys-
tems. The study establishes a connection between these two descriptions of
non-Hermitian phenomena, demonstrating the identity of the non-Hermitian
Hamiltonians involved. Furthermore, it outlines a novel method for analyzing
non-Hermitian properties that obviates the necessity of postselection. While
several studies have delved into this area, a number of open questions still
remain.

e NRG is a numerical method used to study low-energy properties of
quantum impurity models and strongly correlated many-body systems.

e In non-Hermitian systems, NRG faces challenges due to the complex
energy spectrum and presence of exceptional points.

e (Calculating the density of states and spectral functions in non-Hermitian
NRG requires modifications to accommodate non-Hermitian operators
and analysis of spectral singularities.

7.7 Self-consistency and Green’s functions

e Both DMFT and NRG rely heavily on self-consistency?, where the
impurity problem and bath are iteratively solved.

e In non-Hermitian systems, self-consistency becomes intricate due to the
non-unitary nature of the non-Hermitian Hamiltonian, necessitating
adapted self-consistency schemes.

e Computing Green’s functions in non-Hermitian systems is challenging,

as traditional definitions may not hold, requiring new methods for an
accurate description of system dynamics.

7.8 Real-time dynamics

e Investigating real-time dynamics in non-Hermitian quantum many-body
systems is a challenging problem.

e Non-Hermitian systems can lead to non-unitary dynamics with ampli-
fication and decay, unlike Hermitian systems where time evolution is

unitary.
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e Developing efficient and accurate numerical techniques for simulating
real-time dynamics in non-Hermitian systems is an ongoing research
direction.

Addressing these challenges and extending DMFT and NRG to non-
Hermitian quantum many-body problems will significantly advance our un-
derstanding of open quantum systems and their applications in various fields,
including the study of non-Hermitian topological phases, quantum dissipative
systems, and open quantum dots.
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Appendix A

Derivation Of Metric Operator
and RG Equations

A.1 Metric Operator in spin basis

~ ~ -1 ~
We rewrite the P7T operator where it satisfies PT = PTT hence it is
unitary and also it is in (m, o) basis as the following,

PT =3 i +n-chy s + ]
kn

1 1, _ .
-y ( = ek + heg) (cly + hey) + S (e + hey) (e + hf&)*)
kh

i _ 0t 0 1t 1 -1 -1 00
k

(A.1)

We insert the operator at each vertex in order to preserve symmetry at each
scattering process. This will involve calculating the following,

[527757—] = 07 [Siv,PAIT] = _S¥
[622020,757—] =0, [022025, ,PAT] = —622020 (A'Q)

[CZ?C%/, PAT} = (1 — 6m,m’5aa’)cgczla/
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The above commutators are derived by expanding them in operator basis
and all the operators are in spin basis ie,

; 0 1
[S., PT| = [ny — ny, Z —c,chg,T — cklc}w

k’

+Ck/TCk/ + Ck/ick’ d dT + didT] O

) 0 — 0

k!

—dld; + ddf] = —dld, + dyd} = —25*

- P ot

[S™,PT] = [d] d]dy, — ch’Tck’ Ck’ick’i + Ck’TCk’T + Ck’ick’i

i R T -

_deT + didi] = _didT +did; = —-25

0t 0 17 1
[Skk’ Pﬂ [CkaCka C-";/_WL\LC]{W,LL7 Z _Ck‘.'ilTCk’T - ijickli (A?))

k‘/
Feprcpn + et — didy + dydl] =0
0
[S]:}{:” Pﬂ [Ck‘/ ’Tckan Z _ij-TCk/T Ck;’ll/ck/i + Ck'TCk’ + C]f/ick:;l-i
1%
—dld + dydf] = —cggckmﬁm, 0 = ChysChy O 1
-1 -1
[Skk” Pﬂ [Ck/ licka’ Z ck/TCk‘/T ij—¢ckl¢ + Ck/TCk/ T
1%

+Ck/ick‘/ deT + d\LdT] — _CgTLCkadm/’O - C'i];:m/\l,cllc'rém/ 1

[ Kk Pﬂ Slfk'o» [Skk'vpﬂ }3;3, [Slzgtk”sljk’] :Si:etk/(sm,O

The above commutators A.2 will be used in calculating the following respec-
tively,

S, :=PT S.PT =8.,:S.:=PT Su.PT = —
Sl = PT (M Saclt YPT, = =i Sc, for a =z (Ad4)

= MSey, for a =+
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We can expand the above diagram as the following,
Sda
e mT -
Cko E HO k PTT

T 0t 0 1t 0
[Ck/0'7 7)7_] — [Ck/mo-, Z _ijTck/T - Ckl»l/ck/i + Ck/Tck/T + Ck/J,Ck/\L - d:'[id*r + d\Ld:U
k!
o(chedmo + Chudma)

PT PT Z Nhkmo + Z Nge = 1 for half filling

kmo
(A.5)
The Ty matrix calculation can be done as following,
T = Vi + ViroGo(w, )T,
kk kk k'q o(w Q) qk (A.G)

+ Vi Go(w, )Ty, Go(w, q/>Tq’,k + ..

The perturbative expansion described above applies to specific Left-Right
states. Since our propagator is already symmetric, we must maintain this
symmetry in the operator Tjy .. Therefore, it must satisfy the condition

[Tyqmm, PT] = 0.
: ViedGo(w, 0) Ty Go(w, )Ty g :=
1 > . (A.7)

1
. SQCL/m/U/Cqu—c:;m/glcq’mo C‘i’;,/m/o./cq’m’o'
w— €, — Hp W — €,y — Hy

As we can see from [Tj,, Tyi] = Ty, one can show the contribution from the
third order correction as crossing and non-crossing diagrams (topologically
equivalent or equivalent) as following.

. ‘/k’qGO(wa Q)Tq,q’GO(wa q/)Tq’,k = V;c’qGO(wv Q) (qu + Tq’,kTq,q’)GO(w7 k) :
= —VigGo(w, )Go(w, ¢ ) Ty + Viw Go(w, ) Tye Go(w, ¢')
(A.8)

Apart from the above topologically distinct contributions remaing all other

contributions vanish these are also discussed in '™
1 1
AT(?)? — S .cle Sy S.che,
Kk CE Yy ey —Hy “w—ey—Hy ©F
1 1

.|.

C1.Clr Sy
kCk «

w—¢€q— Hy w—¢ey — Hy

(A.9)

+ SQCLCk/ So

Where «, o, a” correspond to all values + and z components of impurity
spin.We had dropped the m and spin index while deriving distinct diagrams.
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Now we can retain and take various combinations of vertices and calculate
the contributions. For example, let’s calculate the one non-Hermitian con-
tribution for third order Ty as the following,

3) ot 0 1 , 1 - of o0 .
AT, =: ZJ,;Sacchqu - HOZJZ»SQIW — - HOlJiSO‘”Cq’TCkT :
1 1
=iJ?
W — €q0 — €0 — How — €40 — €0 — Hp (A.10)

7

1
= U?’WPE)MD,\&C%CQT
1
- z‘Jfﬁpg](S In D’|5202102T

In this analysis, we are investigating the scaling properties of a third-order
correction term, denoted as p’. This correction is closely related to the energy
scale and is connected to the parameter D through the relationship D’ =
D 4+ X. We are also examining the P7T operation and its impact on non-
flip processes. Additionally, we are studying the emergence of PT — DM
interactions and their implications for the Kondo model. Our goal is to gain
insights into the non-Hermitian behavior and the physics of the model.

57 =y A +VQ+@\'—

Figure A.1: 0J represents couplings’ RG equations and diagrams show 1-
loop and 2-loop spin-flip possibilities.

1-loop

In the conventional case, single vertex correction terms vanish for P7T-operations,
but non-zero contributions emerge at the 2-vertex level. These contributions,
expressed as Ae?¢ : o)l dld cl, =+ Ae?c;ldldyc, correspond to Kondo cou-
pling.

For the 2-vertex level, we find contributions in the form of \2e*? :
C%ﬁchgT and \2e~%¢ . cgididicgi, representing diagonal coupling contri-
butions for m = 0 particles.

For m = 1 to m = 0 scattering, the v term is affected, primarily con-
tributing to dJ in the non-Hermitian spin-orbit coupling scenario.

Regarding non-Hermitian couplings J, and J;, J, influences 9.J,, while J;
does not affect 6J due to PT-symmetry.
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The remaining calculations extend these observations to the two-loop
level.

In summary, 2-loop corrections become significant in the strong coupling
regime for non-Hermitian systems, particularly the DM term, which transi-
tions between m = 0 and m = +£1.

dJ s 2, .2 2
o =Y T I ) (T =)
ar
-T _ 24+ A2 2 A1l
o =T+ = T+ 249+ T7) (A.11)
dy 2 2 2 3
T =) tred)ytreI) +
Expanding the compactly written RG equations we get the following,
dJ
=JJ = J)+ N+ P+ JT+ JET + %A
Jlog D ( )N+ T+ T+ Tty
dA =AN(J =) +v+ P+ T+ Iy +77)
dlog D' " r
dJ; 2 2 2 2
— J((J - : A12
Jlog D Ji(J=J)+y+ P+ T+ Iy +97+ J}) (A.12)
dJ. 2 2 3 2
legD,_Ji JPH AN+ N =T+ T+ v+ A)
dy =V + AN —Jy+ v+ + Ty
dlog D’ " ’

A.1.1 Poorman scaling

Now we know the model and can proceed to calculate RG equations from
1-loop and 2-loop according to the fig A.1:

0 _

Ck162/1\82<]622¢ Mk;k/ Je 2’L¢Szck/\LCg¢PT !

= — c%cg, - §7 T My Je*?S* - ck,Tch = J264Z¢Mkk/C$TC$SZ
(A.13)

We can identify the S* vertex goes to S under symmetry operations, but
each dot : consists of PT 'PT indicating that this: ”ordering” does not
break symmetry hence it goes back to S* with - sign. We calculate the

2-loop in a similar way as follows;
c,cT cdp J e My d cg, C%C%SZJ@ZW My« Je~ 2’¢Szck,¢cgi777'_l
= 02202/ SzJeQ“]5 My : Je??S7 . CMCM = J264Z¢Mkk/C$TC$SZ
(A.14)
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We can find the analytic solutions using Abel’s substitution® for second-order
nonlinearity as the following,

A.1.2 One loop solution with ~
We have the following RG equations after bit of algebra,

1dJ 1dy J— S2 J?

Jda T dl T Ty
2dy 572 dJy 2.2 27 752 J? (A'15)
g~ Ta ooyt

In order to solve the above we substitute £ = w and rewriting the above
differential equations using sepration of variables followed by partial fraction
and integrating gives the two solutions,

4a

2 4a 2 ab
Sol; : log (w(w e ()2 (w— = + C):g) = log~*,

I 2
N
5012:7:<7JT >

L 47 ) (A.16)
2 o
whereg“:(g—§> 7C1:<—2—1),
1 —1
a= =—— a=(g*+ s>+ gs)

1
J(J s J 2 =
’Y:CI_<_+1__(_)2) 7-77:02{ 52 782 }40‘752
TN\Y Y o ~

h {g%_2_21+g3 .01, Cy integral tant
where T = 42 (Y, integral — constants
52%—2+2\/1+52 b g
(A.17)
2 2
C (1 + J/’y) s2/(g°+gs)
2 2 2 -
S (Jr/ly) + ((82 + 012)‘]2/72 (JT/’Y) - (A.18)

forg=s, J* = constant/.J

A.1.3 Analytical Solution at third order non-linearity

The surprising fact of the PT symmetry is that even at the 2 - loop invariants

g = JL—’Y 5 = J%Y It seems we can solve them analytically as follows we got
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2 invariants but we still have the 3 ODE’s we separate the two channels as
follows,

d(J —v) _dJy
d(J+7)  dJy
J1J2 — JTJ1 + J3J1 +92J13 + J1(J12 — %JQQ)
T2 =D g g SR 4 26202 + g2 I3 4 I3 — BJy(J2 — J2)
(A.19)

In the equation referred to as A.19, we can begin by examining the different
phases by considering several asymptotic limits.

A.1.4 Regime s/g — ¢

dJy 2521 J3
e _ 7 - 422 A.20
dJl 92 J1 + J% ( )

3
substituting % = ?’,—? and separating we get the following,
1

a3, F, (2 1.5. _@)

30307 252 3 4 A21
1 = _Zjl * + const ( )
A.1.5 Regime g — o0
This will give the Kondo problem for the inverse couplings J%’ JLQ
dJ J} 2 2
L — = const (A.22)

—_— = : -
dJy  J3 22

which basically shows that the J; — Jo plane does have the separatrix and
both the couplings are relevant.

A.2 Resistivity Calculation

While our RG calculations initially focused on flat bands, we extended our
analysis to account for the square root divergence introduced by spin-orbit
coupling (SOC). Specifically, we calculated the non-Hermitian and SOC con-
tributions to resistivity using the scattering process described in®, which
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involves evaluating (k', o|T(€)|k, 7).

ky d
- qgaq
Joo = / € € B

2k5/% log (\/C_I - \/E>
Re(v)y = [ - 2k3/2)\ + ¢
(K3/2eX — k3A? + €2) log (ﬁ)‘q +kAVa+ 6) -
+ VEN2 (232 + €)
) 2k (=3k32eX + kPN — €) tan~! (%)] o k "
X3/2/de — R2A (k32X + ) o

These above integrals can be used to explore the contribution to resistivity
as follows,

1 i - .
pm;@SKQ—Q%%@@—2%%&Q—2L%%> (A24)
=217 () — 2 an(€r) — 2TV (€x))
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Appendix B

Derivations for The Chapter 6

B.1 Projection details for deriving effective
sd model

The projection operator method is a versatile technique used in single-particle
quantum mechanics? and many-body physics® , particularly in the study of
Kondo problems. It allows for the description of many-body wavefunctions
in distinct sectors based on the occupancy of the impurity subspace, such
as unoccupied (1), singly occupied (¢1), and doubly occupied (1)) sectors.
The method provides a formalism for projecting the total many-body wave-
function onto these sectors, facilitating a systematic analysis of the Kondo
problem.

(S oo )Lt ) (S wl)o
= =0 =0 B.1)
= E(X; |wi><wz-|)¢ |

The identity operators can be represented as projectors onto the (0, 1, 2) sub-
spaces, corresponding to unoccupied, singly occupied, and doubly occupied
states. These projectors are orthogonal.

Hoo Hoi Ho2\ [vo Yo
Hy Hiy Hp | (v =E |
Hyy Hxn Hy) \t2 (> (B.2)

where PyPy = 0y Pyeyy and P =P, 1€ Z*

Hy 012 = PyHPy

=N
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We can define the projection operators using impurity number operators
satisfying the completness relation ), P, =T as Py = (1 —n)(1 —ny),P =
ny(1—n4)+n4(1—ny), and P, = nyn,. The effective Hamiltonian for different
subspaces can be obtained by eliminating the corresponding wave function
in favor of the others.
1 /
no_ ¢ ¢
Heff = Hy, + Z Hnn’mHn’n (B.3)
n'#1=0,1,2 " '
C¢'=%
In the equation B.3, the index n and ' = 0,1,2 corresponds to the unoc-
cupied, singly occupied, and doubly occupied states, respectively.Computing
the P, H P, we get the following,

r ~ _ ;0 -0 ~
H1+2 = Z ‘/keakle ZZCL+n¢dT + Z e'2 ngakgclt+an¢
k6

k6
> - _i 0
Hypy = E iViapse Z2CL_n¢dT— E 2622V,faklcl_an¢ (B.4)
k6 kO

= (Hj, + Hy) = (Hfy + Hp)'

Similarly for the Py H P, again only hybridization terms contribute can be
shown as the following,

Hy = 3 Viawe 5 e (1—n)d;
0
L0 ~
+ Z €Z§Vk9()4k262+(1 —ny)d,
k6
Hyy = Zivkeame*igcz_(l —ny)dy (B.5)
k6
— Zieigvkeaklclf(l —ny)d,
k0
= (Hgy + Hyy) = (Hyy + Hyp)'

The components Hyy and Hyy will vanish since Fy commutes and also using
the orthogonality FPyP, = 0. The remaining components can be computed as
follows:

Hyo = Z excchecnc Po + Z €ano o,

k¢

Hi = ) excelgencP + 3 eana P, (B.6)
k¢ o

Ha =Y enccfccncPa+ ) €ang Py + Unyn Py,
k¢ o
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We will derive the components of the Hamiltonian to obtain the effective
Hamiltonian can be expressed as:

1 /
Heff_H11+C<Z: < 2 H2H21+H10E i, Hgl)

The derivation proceeds as follows:

/ 1
ZHuE H2H2C1 HEE H22H21+H 7 Hu + Hy,

1
275 g
E - H.
= 22

~ .0 -0 ~
= ( E %ak16_1502+n¢d¢ + E e’2Vkak202+an¢)
k k
1 Z ¥ ~i% Z Ly f T
X ﬁ Vk/akqe 2 ck/+n¢dT + e 2 Vk/OzkIQCk/JrTLTCQ
— 1122
154 154

~ .0 .0 ~
+ < E Vkakleﬂ?c};rde + E 612Vkakgc,t+n¢d¢>
k k

1
25,

1 ~ -0’ 0 f
X — in/ak/ge_ZTCT,_n dr — 2 k’ak’lc N d )
E — H22 (zk; k ) Z k=110

+ (Z inakge_ich_nﬂT — Z e 2Vkozklck an¢>

k k

1 T
E—j_{22 (Z Vk/akqe 2 Ck’ nidT + Z e’ 2 Vk/ak/QCk/ ani)

iag _;0 L0~
+ (Z iViauae 2¢)_nydy — Z ie'? Vkakchani)

k k

T
1 ~ 9’ 9’ ~
X —— E iViawse “zel, nydy — 5 ie'T Ve, nad
E—H22< k' k2 k=00 k' k1 Cpr Tt

k' k'
(B.7)

In equation B.7, we simplify using commutation algebra for operators
of the form E+0102, where [O1,0] = ¢O,. This allows us to rewrite the
expression as a power series and show explicit calculations for a specific
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component in Heyy.

Z HIOE H Hgl

¢.¢'=
+ 1 B B 1 1 )
HIOE Hyg Hm + HlOE Hyo Hoy+ HIOE — Hy HOI + HIOE Hyo Hpy,
- (Z Vk&kleiifcmr(l —ny)dy + Z €i%‘7koékzc,t+(1 — ”T)di)
k %
1 f
o OLCYIE AIEERTED SEL AR NI

k./

+ (Z %akle_iacz_;'_(l - N¢)dT + Z eiivkakchJr(l — nT)cQ)
k k

1 - o o i
“E~ Hyp (Z iViawse 2 cf,_(1—my)d; - ;ielng'amCL_(l - ”T)di)

k/

+ (Z Z’VkakQ(e_ich(l —ny)dy — Z ieingakch(l — nT)d¢)

k k
1 T
E—]‘IOO ( Z Vkrakqe 'y C]];/+< dT + Z e 2 Vk/amck, ( - nT)di)
+ (Z Z"N/kOékgeiiEC;L_(l — ni)dT — Z i€i§ f/kOéleL_(l — TM)di)
k k

T
1 ~ vy o~

k! k!
(B.8)

We consider § = ' k = k’ for now, potential scattering will be included
later. From equations B.7 and B.8, we derive the following component of the
effective Hamiltonian.
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H.pp = Hyy

00’
T ZM'fg’C (eiéaklak'chdekk% + e_iéak20‘k’2cl+d¢dickf+
kk'¢
+ eid’akgakqcLJralial}ck,+ + e_i(ﬁaklakchdeIck%)
00’
+/L ZMI?]?/C (aklaklle_z¢cl+d»rdick/_ - 6_25ak2ak/102+d»rdick/_
kk'¢
+ ei‘sakgakflcl+d¢dick,_ — akgamei‘z’chdid%k,_) (B.9)
00’
—1 ZM,?,@C (amakqewcz,dﬂ%kq - 6Z6ak2achlded$ck,+
kk'¢
+ e*iéaklak/gcz_didickur — e’i‘bakgak/gcz_deIckur)
00’
+ ZMI?J?’C (e’éaklakzlczfdidlck,_ — e_wakgak/lczdedIck,_
kk'¢
— ewaklamc,t_didick,, + eiiéakQOék/QC]z_de,Fck/7>
where in above § = g — %/ and ¢ = g + %/. It can be seen in above

equation B.9 H.¢r = Hlff since the k,k’ summations interchangeable.In
vevy vovy and 179 — Vi

—eqtere  Uteg—epe /Bvk3 cos 39'We

demonstrate how anisotropy arises in a Hermitian problem and its associated
symmetry, leading to exceptional points. It’s important to note that not all
perturbative methods lead to exceptional points unless there are symmetries
present even in the original model. In the current scenario, we have two
crucial tuning parameters, denoted as k and €, which significantly influence
the local Hamiltonian properties. Additionally, the 5 parameter term plays
a role similar to a magnetic field coupled system, such as B S, except it is
associated with dispersion in this particular problem.

Note that the edge contribution, which solely emerges in the cross-terms,
particularly § x gkk/, does not contribute to s,57.,. That is why the spin
Hamultonian in equation 6.17 show topological properties.

We simplify the above and use the Abrikosov representation® for spin
for impurity as s = w:;awd and S = wlaz/}k for bath operators. In this

representation, o is the Pauli matrix, ijl = <d$ dD and 1/),1 = (CLT CL i)‘

equation B.9 the elements M ,f,f,/c =
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Collecting all terms in equation B.9,

Hlff = Hy+

€
§ 00’ 0 —id z
Mkklc <<Oék1ak/1€ +e ozkgozkfg)sszk/
kk'¢C
+ (aklak/l + OékQOékIQ) <6Z¢S_S;_k/ + 6_Z¢S];k/8+>

+ Q102 (ei(ﬁsfszk/ + eii¢Szk/3+) (Blo)

. ‘ + —3 —
+ i — Qpaur2) (6 ¢8—Skk/ —€ ¢5kk/3+)

+ o1 Qo ( — ie”sssz_k/ + ie_“SS,jk/sz))

A simplification in doubly underlined terms leads to anisotropic D M-interaction.
For symmetry properties, refer to the section III in the main article.Substituting
pl = \/A + Bk3 cos 30, aye = \/A — B(k")? cos 30" and in limit & — k' we
get simplifications as a2, + a2 = A, where the A = \//sz‘G cos? 30 + A\2k2,

a? — a3 = Bk3 cos 30 and ajas = kX.This model is then rewritten in the form

of anisotropic DM interaction model as equation 6.11.

Vi Vi
\/nyk3 cos 360 \/ﬁ'y(k’)3 cos 30"’
we can consider the scatterings by constructing a regular hexagon, as the

cos 36 takes maximum values at the points of this hexagonal cell. For any
given k point at band edges, these scatterings will be high-energy states and

need to be integrated out. As we discussed in the main article, we proceed

by constructing the new spinor as ! = CTzl CLE_ CT_ 2x CL_E_ ; in
kI ChE— Ck-Zmy 5

this basis, the Hamiltonian may be written in a more general form discussed

in the next section.

Analyzing the prefactors of MP?,, which scale as

B.2 Including the potential scattering

In the main article we discussed about the incorporated potential scattering
terms, Here we expand model and detail how we can use the lie matrices
algebra to compute RG equations. We can expand the above equation by
expressing it in terms of magnitudes and operators in vector form, where the
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spin operator components are denoted with a hat symbol.

Hlp = Ho+ Z Jo (Sxix +5,%, + Sziz>

kk’
iy | Tel(S.2y, — 2aS,)
kk’
- Z |§1k3|(53&9y - Qmsy)
kK’
Gors| (S, T — T8
+iy |l ((syiz —%,8,) + (8,2, — S@))
kK’
- Z ’§1k| <(Ssz - QySZ> + (SxQz - Q{L‘SZ>>
kk’

A

+i ) |l ((syfz —1,5.) 4 (S,I, — rxsz))

kE’

We use the diagrams? ? ? 7 with all permutations of vertices using the fol-
lowing algebra for third order perturbation theory,

(203, Be] = Xa[Zs, Xe] + [Xa, Xe]Xp =0
[Xa2i, Xa] = Xa[Xp, Xe] + [Xa, X)X = 8i%s
[Lal's, Ta] = Ta[ly, Te] + [T, Ta] Ty = 8iT,
(2., Qa] = Qa[, Q] + [Qa, Qa2 = 82
(a2, Ba] = Qa[Xp, Xe] + [Qa, L] X = 8i%s
[Eaf%, Ta] = o[, Te] + [Za, Ta] Q2 = 8T

(B.12)

Where in above equation B.12 ¥; = (Ui Ui), Q, = (Ui 0 ), r, =

o; 0 0 —o;

o 0 and T = Loxz 0 these conventions used earlier’ . The
0 ag; 0 IQ><2
subscript ¢ refers a,b and ¢ which are Pauli matrices.Using the algebra we

derive RG equations as follows,
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dJ
0 R JE 4+ 2+ Jede+ JE Do+ Ty + T2

dl
— 3G — JrsGors — JrGok + GorJis + Gops i
- Jl?.g2k3
dJys 72 2 2 3
= Ji + Jodgs + g Jks + Jy s + Jis
dJy, 2 2 3
— =JoJpy + S5 + T s+ J
i~ 07ROk IRk T (B.13)
dglk3 S s
dl 9113 — J1k91k
dgi
“dl = g?k - 9%k291k
dg 3
2 _ _gng + 9%1&921@3
dl
dgar
d_i = — ok T GikGon

From above, we identify various RG invariants as 242 = m,, and we can

notice that after adding the potential scattering terms, we still have the
951, (gak+v/m2) g§k3(92k3+\/m2/m1)

(92k—v/m2) (gops —/m2/m1)

invariant J? 4+ J; = mJys and

B.3 Analytic Solution of RG Equations

A straightforward simplification of the equations 6.12 for .J;s and Jj by elim-
inating Jy yields the following expressions:
A o Jidly
dl PO dl
A Ld),

Jis dl Js  Jp dl

(B.14)

dx

. s J? . . J, dJ,  JE dJys
By performing a substitution 7= =u, which results in &7 = 2

. T dl T dl
and subsequently rearranging the equation, we obtain the solution .J, =
%j: %\/1 + 4m.Jis.We can derive the complete solution by variable separation

as follows:

dJ,
Jo—t — J8=mn
dl (B.15)
J2 4 J, Jp +1)2 dJ, '
m m2 dl
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The resulting solution will be in terms of two invariantg, n and m. ﬂWhen
we allow for complex solutions, we find that J; — \/3513, s %, and
m = €'s, with J; having a tan~! quantity that vanishes for J; = +1 in both
ferromagnetic and antiferromagnetic cases as n — 1. Please see equations in
B.16. Additionally, the logarithmic contribution to the scale vanishes when
J§ = —2. These fixed points(complex) are obtained by incorporating the

potential scattering terms.

o (12 = 1) + (= 1)
og ng
(m —2) 1 <m+2Jk—2)
+ tan —— | =nlog D,
V3(m2 —m+1) V3m & Hers

Solving first equation in B.15 for Jy as following,

log (n*? + /n(=Jo) + J5) — 2log (/n + Jo)
6/n

e (B.17)
-1 ¥n
—2v/3tan (\/g)
6% _logDeff

In above equation v = G e and gamma diverges when m = e™3 As a
result we expect complex fixed points and as exponent 7y diverge.

A noteworthy similarity exists between the RG equations for a single im-
purity in edge states and that of two impurities having DM interactions. To
explore this connection, we address the two-impurity problem by simplify-
ing the RG equations. We consider setting all couplings to zero, except for

Jo# Jy £ K #0.

(B.16)

dJ,
E£:ﬁ+h%+Kh

d.J

E%:ﬁ+ﬁ+ﬁ, (B.18)
dK

— = K>+ KJy.

di Ay

By solving the equations for Jy and K, we obtain the solution Jy = %,

where R is a constant or an invariant under renormalization. Using this
solution, we proceed to solve for Jy and K as follows:

dJy 3 dK 5 Ry
Jy——Jy =R, — - K" = —J—— (B.19)
dl dl % + K
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Solution to the Jy equation can be written as follows:

1
1 YR |
VB (= Jy) + T+ Ry 2V ( 7 )_ s
(JY+ 3/R1)2 € T Teff

(B.20)

For K-equation has higher order nonlinearity so we have solutions in two

limits,

<\3/R_1 (_K) + KQ —+ R?/:i) +2v3tan~! (lelgl>
e
(K + ¥Ry)’

3
:Dgf‘;ﬁl, for K — oo

— B R?log(K — 1)+ (K 12+ K
Ry
=log Deyy, for K — 0

(B.21)

In a similar fashion, we will work on solving the Jy equation with Jy in
order to separate the solutions. For R = Ry = 1.0, we will illustrate the RG
flow in figure B.1. We anticipate fixed points in different quadrants based on

the sign chosen for these constants.

= 1SN

3! :WHEW\\\ 3 0..ﬁm AN ./fr.m.\x..

RN N7 N ﬂ//////"w\\& 1))

%/]//Jt l}f/x&\% '%// » /// il /:Q\\\\f/%

MR Z | AN

S AMNANIZZ | | 22N
b K

Figure B.1: RG flow of two impurity show the FP can be in different quad-
rants with Ry = —1 and R = 1.0. We get around the SP((Jy = 1.0, Jy =

3.0)) existing SR regime in couplings.
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B.4 RKKY Interaction

The RKKY interaction in the edge states can be expressed by expanding it
in the Fourier series for the spins.

Jy (Ti . 'rj) . Z V;j eik(ri—rj)‘/ije—ik’(ri—rj)
ki Sk T ERIH
/27r / /’ff k2sinfe* R dkdfde (B.22)
/K632 cos? 30 + \2k?2

(k£ K h="h") terms

We solve the above integral using the same method as in the impurity trans-
port sections. We find that the leading contribution for Jy can be expressed
as the sum of special functions, given by E(€)+ Es(e). With the substitution
cos = t, we obtain the following expression.We don’t set ¢, = € as in the
Poorman limit. Instead, we consider a chemical potential so that the integral
does not diverge in this limit.

Jocﬁ/sz]{ th
v q* — (4% — 3t)?

|‘/l.7 ’ zkr —ik'r
+D e e e (B.23)
kk!
2 — )2 — k2
where ¢ = \/( 5:3)

The distinct contribution from the conventional flat band occurs when ¢ # 0.
Vanishing points for momentum or bandwidth occur at two limits: as § — co
or f — % + % 1 +445, with g = —0.25 as a critical value for RKKY.
The second term is a standard component in various studies and can be
expressed using Bessel functions? or elliptic functions® . The first term
can be expressed as a sum of odd and even parts; all the odd terms can
be represented using elliptic functions and the even terms are composed of

transcendental functions.

B.5 Impurity Transport Calculation

We follow the Ty, formalism for the effective Kondo model in equation 6.11
to compute the relaxation time as follows,

1
— X (1 - 2J§]< - 2Jk3§<k3 - 2Jk§§k) (B24)
T
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Where the ¢ correspond to chiral index and takes vales ( = + for each bands
in effective model bands.

/ / /’ff k2sinfdkdfdo (B.25)
9¢ = k2 + (/K532 cos? 30 + \2k2 — 1 '

where Solving the 6 integral first, we get two pieces as follows,

gc = 27r/k2j{ at
k k2 4+ (\/KSB2(413 — 3t)2 + A2k —

(B.26)

we rationalize the above integral and write as the following by introducing

N =

- ﬁkS ?

/ j{q+c\/ 4t3 — 3t)? +ﬂ2k4dt

/kq(zftq +th_q)

res Tes

For finding these residues, we will use the roots of the cubic equations 3(4t3 —
3t) £ ¢ = 0. We collect positive q roots and negative as follows for doing
contour integrals,

l(\/m+CQ+—ﬁ>,
—1(1=/3) {/ Vi - 1 +Cq—% (B.28)

(14 v3) {/ V@ =1+ Ca - 1M1+<
q

Where in above we have ( = +, Similarly, the other contributions are as
follows,

(

[\

|
4>I»—'

»l>|i—‘

\

(483 — 3t))(q + ()
—9 2
Geks Wﬂ/k 7{ 4153—315) dt

q+<?”
ggk—/j{q = (315 = 31)2 dt (B.29)

2

where r = \/(4t3 —3t)2 + ﬁi\k‘l
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after summing over the ( = 4+ bands we get following simplifications,

. / % qdt
g=2 q% — (43 — 3t)2

(4¢3 — 3t)%qdt
G = 27f3 / k? f R 30 (B.30)

/j{ qdt
Ik = q — 4t3 )

After contour integrals each contributes as ¢ % = ¢ hence sum of all
g¢ contribution as following,

- 4q

du= [ (a* = path+ £~ )ak (B.31)

We set € &~ k% and the density of states in 3D as p(€) ~ /e then above
integral yields,

. (e—p)?=Ne  ((e—p)?—Ne)?
S / ( \/E ﬁ366*§ (B.32)
RN
/662 Beg

Where in above p is the chemical potential can take any values around Fermi
energy. We perform this above integral exactly in terms of special functions

to extract contribution to %, which indeed scales with RG invariant in the
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elliptic functions.

Py(e) + Ps(€) + Ti(€) + Ex(e) + Ea(e) + log(e)
33
Pi(e) = — 3ut — 163 + 4;&12266(36 —2) + 262K (e)

K= (26 <52 (1 —€)? — e (2ve(B — Be +3) + 3) —6) +3)
e (25363/2W — 6e + 3)

P§€
2

12¢4
2 —1 [ 24/ (p—€)*—¢
) o —2ut2e—1 (2u + 1)5% coth (—2u(u—e)—e )
Ti(e) =% tanh
20/ (1 —€)? — e 2p

( ) 7:/826\/—2”+@+26—1 \/_ 2u+\/4T;i-l—26+1 F(G)
Ei(e) =
' 3vVo/— 20— A+ 1 — 1/ — € — ¢

[(e) = <AE (isinh_l <\/_2“_ VA +1 - 1) 21— VA FT + 1))
V2ve 2u+ Vi +1+1
A= (2 VAT T41) 2uB + B+ 6)
B(AFT+2p (VI HT+2) +1) 5+ 6VA+1) 2()
_ 3\/5\/—2,u —VAp 1 - 1\/(,u —€)?—¢
Z(e) =F (z’sinh—l <\/_2M— VAp+T - 1) 2= VAT 1)

Es(e) =

V2+/€ 2u+Ap+1+1
B:Z,62€\/—2[L+\/74,u—|—1+26—1\/_2M+\/4—[L+1—26+1
€ €
(B.33)

In the above solution, F is an incomplete elliptic function of the first kind,
and E is an elliptic function of the second kind. P and T are polynomial and
transcendental functions, respectively.
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Appendix C

Derivation Of Effective Model
From Lindbladian

C.1 Appendix-Development of a non-Hermitian
Hamiltonian

In order to incorporate dissipation in a conventional Hermitian model, one
can start with the quantum master equation!3, thereby arriving at an ef-
fective model in terms of a Lindbladian which is non-Hermitian. For spin-
Hamiltonians, the Lindbladians have been constructed by Prosen and oth-
ers*®. For a Hermitian Kondo model, Kawakami and co-workers® utilized a
similar Lindbladian approach to justify a non-Hermitian Kondo model. Lind-
bladians for the dissipative Bose-Hubbard model have also been considered”.
A unique gauge transformed hamiltonian® also gives rise to a PT-symmetric,
non-Hermitian 1-d Hubbard model.
The quantum master equation is given by the following:
P it )+ Lot - i, ) (1)
d ) P / Pk s o o o' P .

where L, is the PT-symmetric Lindbladian obeying?,
PT(L,) = L, (C.2)

and p = PT|¢)(¢| is the PT-symmetric non-Hermitian density matrix. The
above master equation can also be written in terms of diagonal generators of
dynamical quantum groups by a unitary transformation which is discussed
in the quantum master equation approach to many body systems!®. The last
term in eq C.1 is the recycling term, which can be absorbed in the unitary
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part of the single particle effective evolution!!, using an effective Hamiltonian
as

dp
dff) Heyy, 7] +Z£ pLo (C.3)

where the effective Hamiltonian is given by

1
— z T
Hepp = H + 5 E , LIL,, (C4)

and eq C.3 obeys PT-symmetric Liouvillian dynamics as % ,Cp as shown
in Ref.?, in terms of an effective Hamiltonian given by equation C.4!'. In
the next subsection, we present a possible way of deriving a non-Hermitian

Hamiltonian through this formalism.

C.2 Lindbladian Derivation

The construction of the Lindbladian is based on the angular quantum num-
ber j, = m + % For simplifying notation, we drop the k(momentum)
index for now, but one can also define a local operator by summing over
the momentum copme = Y, ViCimo. The Lindbladians below are in the
(m, o) basis, but they can be written equally in the (j,,,0) basis. For
these local Lindbladians, we can use the angular momentum expansion £, =

\/%7 Yo o Lo exp(—imb), and so:

LIL, = Z Ll exp(imb) g Lo exp(—im'6)
1 -

- —i(m/—m)0 p7 .

o 2 . le_O " € £mg£m’o" + hlgher m...

1 . .
~ o (%ﬁoaf e Ll Lo+ e L L,

+ LY L+ LY Lo 4L Ly
+ LY Log €L Loy + ewcgg,c_lg,...)

From the above, we can see multiplicative phase factors for m # m’, and it is
enough to proceed with retaining only the operator structures. However, one
can also start with generic expansionC.5 and start eliminating interactions
that do not preserve the global number to get gain-loss terms.
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We choose Lindbladian for ground state and excited states as Ly, =
lm = 0,0)k + |m = £1,0); + (0,0)4, Leo = |m = 0,0), or |m = +1,05),
Lf =|m =0,]) and Ly = |m = —1,1). Here k is the bath index, and d
represents impurity states. This choice is based on the low-energy physical
picture of the Anderson model, where the ground state can be composed of
the bath and dot states. Excited states are only bath states with lifted degen-
eracy due to spin-orbit interaction. Also, all Lindbladians satisfy symmetry
operations PT L,y — —L,,,, and we consider only single fermion states. To
incorporate dissipation with varying number scenarios with essential inclu-
sion of the excited states and out of them, only certain kinds of electron
scattering to these states will be gain-loss balancing. There is definitely an
ambiguity in choosing these states, but we can derive various Hamiltonians
and show that gauge transformation connects these various choices.

ﬁgT = C%¢ + C—%T + dT
Ly, = —CL—C 1 dy

£€T = C1
2! (C.6)
£8J/ - _C%\L
Ly =c_y
Ly =-cyy
We rewrite the sum in equation C.5 as LI L, = > mi—g.e fﬁimﬁm/g/. A

similar convention has also been used in the supplementary information of
Nakagawa et al® for two body losses. This deviates from earlier approaches®
like forward and backward hopping having opposite phases of each other with
finite real parts in 1D tight-binding models.

The above LindbladiansC.6 give a total of 36 terms (which can be identi-
fied in C.5; each of the 9 terms will have implicit 4 terms with ¢ = :l:%, o' =
j:%) which are represented below pictorially. We can see several ways to
derive minimal terms that preserve symmetry. We also verified, in general,
that there is a possibility to derive P7T-symmetric representations if we find
coefficients those commute with the total number operator (at a single parti-
cle level). Here we see it is not easy due to the angular momentum and spin
indices, but this method works nicely when only the spin index is present.
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Green lines = LTeTﬁgT + ﬁTﬁﬁgT + LTQE% + £TfT£g¢ + £T9T£6T + ETgTEfJ,
+ L Loy + LT Loy
Blue lines = _2‘CT€T£ET — ,CTJ%ﬁeT - »CTf¢£eT - 2£Te¢£e¢ - ﬁTfT‘C&L - ETfi‘Cei
— LN Lpp = LY Ly = 2L Lo — LT L) — LT Ly — 2011 L,

(C.7)
) f, g = —%
i
¥ o=}

Scatterings in I method

This choice of interactions also yields us the only hybridization terms we
considered in our model.

dTTC%T—l—dTic%i—dTic%T—dTchéi ©8)
+CT%TdT+cT%¢d¢—cT_%Tdi—cT_%idT .
Green lines = LT Loy + LT Loy + LT L4
ALY Loy + LML + LT Loy
+L Lo + L0 Lyy
Blue lines = —£T6T£e¢ — ET@E@T — ,CTN[,% (C.9)
—Ll Ly = 2L Loy — 2L 1 L1y
—LN Loy — L1 Ly — 2L 1 Loy
LYy Lpy — Ly Ly — 2L L
The above Lindbladian construction may be seen graphically as the follow-

ing,

194



Scatterings in II method

The above preserves the total number in Kondo-relevant angular momen-
tum channels since we find the coefficients by calculating the commuta-
tors as [(Green lines 4+ Blue lines)no— fiip, (,.0 + Ndo)] = 0 and since the flip
terms are odd under parity, their coefficients are evaluated as {(Green lines +
Blue lines) f1ip, (1j,,0 + Ndo)} = 0. All blue lines correspond to the negative
sign scattering terms, and green corresponds to positive scattering terms.
Red dots are the terms left out because we preserve number in j,, = :I:%.
On the dot, dissipation is absent. Hence we did not consider the onsite
dissipation for the dot operators and non-flip terms, which will introduce
non-Hermitian spin-orbit interaction on the dot, which is out of the scope of
the current work. These terms may arise in controlled dissipation, and these
signs by this way of calculation also tell us about even and odd under parity,
which also ensures commutation with the metric operator.

Green lines + Blue lines = —dTTC_%i + dTTc_%¢ + dTTC%T — duC%T ( )
C.10

Following a slightly laborious but straightforward calculation of commutators
and anticommutators, this hybridization can be written as the following:
multiplying a prefactor as (iV +w) to get the following terms. We also bring
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back the k-index for bath operators and coefficients.

H"Wb — ka d¢+c d, + he)

k-1
: i Vi @ i i ; i
oo’ k

> thb + Z ETﬁ hyb _|_ thb

ﬁlp nflip

(C.11)

Out of the two possibilities C.8 and C.10, although we have chosen the first
one in this work on the lines of the real space non-Hermitian Anderson
model'?, nevertheless, we have considered both these hybridization terms
below, which are PT-symmetric and also yield the same eigenvalues.

I Method

hyb
Hn‘?]illp Z Xk < L+ TdT + 027%¢d¢ + hC)
M — i (C.12)
flzp Z X (c ( %Tdi + Ck,—%J,dT -+ h.c)

IT method

HT}LL]Z{Zp = Z Xk (CL,—F%TdT + C;_%idi + hC)

s e [ 4 (C.13)

Hfll;p ZX; (Ck% d¢+C . 2¢dT—|—h.c>
k

So, we can see that the method-I compares well with Lourenco et al'?, while
method-II is indeed consistent with the work of Zarea et al'®. However,
the additional terms brought through Lindbladian dynamics are to explore
the interplay between dissipation and parity-breaking interactions. Only in
bath this parity breaking can be verified with commutation of only bath S,
operator [(nyiy — nyiy), HZJZ{ZP H}Zﬁ;’)] # 0.This condition is satisfied by
both hybridization terms, and they yield the same eigenvalues since there
is no angular momentum-dependent coefficient for hybridization. However,
from I method, it is convenient to find simpler metric operators(no-phase
attached to d operators in eigenvector) to map to the non-Hermitian studied

version of the model and to compare the results. Here we show from the

196



following gauge choices that the C.12 and C.11 are equivalent:

for no-flip : Cpiy = ewckm
Cpo1p =€ Ycpry

' e (C.14)

for flip : Cplp = —¢€ “ckry

From this choice, we get the following unitary which shows that both the
hybridization terms yield equivalent models which we used for various calcu-

lations.
1 6—1‘0 ez‘e
U= 7 (e—ie _eie)
dy\  (d4
(i) = ()

Thus, the full non-Hermitian Hamiltonian in the angular momentum basis
then becomes

(C.15)

HY = H, +thb +thb + Hrso + Hy . (016)

SIAM flip nflip

Equation 2.6 is off-diagonal in the 'm’ basis, but a simple transformation to
the total angular momentum basis, namely j,, = m + o gives the following:

Hpso = A Z (Czjmrckjm + h.c.) (C.17)
kjm

which is diagonal in the j,, basis. The kinetic energy term and the hybridiza-
tion terms may also be rewritten in the same way, and we get the following:

Hy =Y &cl; oChino (C.18)

kjmo

hyb i i
HY =3 X, (cm% i el dy+ h.c) (C.19)
k
hyb *

H = 3" x; (c;_% il dit he) (C.20)

k

where X, = (Vi +iwg)/2vk. Note that the Lindbladian formalism allows us
to choose coefficients of the hybridization in a specific way, that maintains
the PT-symmetry of the Hamiltonian. The RSOC term (equation C.17)
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is off-diagonal in the spin-index, so we can combine it with equation C.18
through a unitary rotation of the o, basis into a ‘chiral’ basis, namely,

1
Chjmh = E(%’"T + heg,, 1) (C.21)

where h = %, to a form that is diagonal in the chiral quantum number (h).
So, we get

Hy+ Hyso = Y &nChy nCrjn (C.22)

kjmh

where €., = €, + hA. The coupling of only the m = 0 lead states in hy-
bridization follows in a straightforward way by combining the Fourier trans-
form, and the angular momentum expansion, and is a consequence of the dot
states being independent of k3. In this rotated basis (j,,0 — jmh), and
with the identification of j,, = +1/2 as the left (L) and right (R) channels
respectively, the model may be interpreted as a system with one interact-
ing quantum dot hybridizing with two conduction electron baths. The full
Hamiltonian written below reflects such an interpretation.

_ ~ 7
H = E :Ekhckhnckhn
khn

(o (et ]
k

=3 Xt [(chns +hn )y + (e — el ) dy + e
k

+ Z €iNds T+ UndTn(u

g

(C.23)

where 7 = L, R is the channel index. Defining a rotation of the spin basis
on the dot (d; d,)T = U (dy dL)T, where the unitary rotation is given by
U = (0.+0,)/v?2, the model Hamiltonian may be condensed into a form that
appears very similar to a conventional Anderson impurity model connected
to two baths, namely:

— =T T
khn knh

+ €4 Z Ngn + Und+nd_
h

where Xyrn = V2| Xp|e? and Xypgn = —h X[,

(C.24)
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