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Abstract

When a laminar vertical liquid jet hits a horizontal surface, the fluid spreads out radially on
the surface. Initially, the spreading film is thin, however as this film spreads radially, at a
particular radius (known as the jump-radius) the film thickness abruptly increases, resulting
in a phenomenon known as the circular hydraulic jump. There are extensive analytical,
numerical, and experimental studies which have explored how various factors, such as flow
rate, gravity, viscosity, and surface tension, control the jump-radius. Most earlier studies
have indicated a weak dependence of the nozzle radius and the distance from the nozzle to
the disk (impinging height; both factors determine the initial momentum flux) on the jump
radius.

Vishwanath et al. (2015) specifically conducted experiments and simulations to examine
the influence of initial momentum flux on the jump radius. They demonstrated dependence of
the jump-radius on the initial momentum-flux through jet nozzle diameter and the impinging
height. Here in the present work, building further on this research, we use grid-converged
numerical simulations over a broader range of parameters to further investigate the effects of
initial momentum flux and the inclination of the impingement surface to the horizontal. Our
simulations reveal that increasing the nozzle radius significantly decreases the jump-radius,
aligning with the experimental results of Vishwanath et al. (2015). Additionally, inclining
the impinging surface affects the flow by providing additional momentum (conversion of
potential energy into kinetic energy along the inclined surface) in the spreading direction
and reducing the back pressure (due to jump), both of which increase the jump-radius.
We conducted numerical simulations with inclinations from 0°to 10°(inclination from O to
0.174 radians) to the horizontal. Results indicate that the jump-radius systemically increases
with the inclination. Moreover, the jump becomes weaker, as indicated by a lower ratio of
pre-jump to post-jump film thickness compared to the horizontal case (0°inclination).

We also performed scaling analysis using a generalized scaling function proposed by
Vishwanath et al. (2015), which satisfactorily matched various past experimental results.
Although surface tension and disk radius have a weak influence on the jump-radius, they
may become significant for smaller jumps, suggesting that our current scaling may need

adjustments to account for these effects.
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In addition to detailed numerical simulations, we conducted experiments to reconstruct
the film thickness variation with radius using a non-invasive, optical technique. For this, we
employed the Free-Surface Synthetic Schlieren method developed by Moisy et al. (2009).
This technique relies on the apparent displacement of a doted pattern caused by changes
in the refractive index at the interface between two fluids. To validate this method, we
reconstructed the profile of a plano-convex lens with known dimensions. We identified a set
of optimized parameters that minimized the error based on the absolute difference between
the actual and reconstructed profiles. Using these parameters, we successfully reconstructed
the free surface profile of a circular hydraulic jump, demonstrating the method as proof of
concept.
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Chapter 1

Introduction

1.1 Circular Hydrualic Jump

When a laminar liquid jet impinges on a horizontal surface, the liquid initially spreads out
as a thin film. At a specific radial distance (the jump-radius), the film-thickness suddenly
increases, creating a phenomenon called the circular hydraulic jump. This effect is commonly
seen in kitchen sinks when the faucet is turned on: the water jet from the faucet strikes the
sink surface, and at a certain distance from the impact point, a circular pattern is observed

(see fig 1.1), indicating formation of circular hydraulic jump.

Fig. 1.1 Image of circular hydrualic jump in a water dispenser. Water jet hits the solid surface
and a sudden increase in film thickness is observed at a fixed radial distance.



2 Introduction

The flow field in this phenomenon consists of two distinct regions: the inertial-dominated
region (thin film flow, before the jump) and the gravity-dominated region (after the jump; see
fig 1.2).

—_—

inertial dominated region gravity dominated region

Fig. 1.2 Schematic diagram of the hydraulic jump indicating two regions of the flow. Green
line demarcates the boundary between inertia dominated region and gravity dominated region,
arrows indicate the flow direction.

The inertia-dominated region consists of a thin, fast-moving liquid layer where the liquid
speed exceeds the shallow water wave speed. As a result, disturbances or waves in this region
cannot propagate upstream and are carried only downstream. This condition is known as
supercritical flow (Froude number greater than one). The second key region is the gravity-
dominated region downstream of the jump. In this area, flow velocities are lower, and the
film thickness is significantly higher. Due to these factors, the flow speed is slower than the
shallow water wave speed, resulting in subcritical flow. In subcritical flow, perturbations can
travel in both directions (upstream and downstream), with the Froude number being less than
one. Both regions are connected by a sudden increase in film thickness at a specific radial
distance from the point of impingement, known as the jump-radius. This hydraulic jump

feature resembles a shock in compressible gas flow (see fig 1.3 and 1.4).

* Region A : This region comprises of the stagnation zone which scales with size of
impinging jet diameter. In this region, axial velocity of jet changes to radial velocity of

the thin film with a constant boundary layer thickness.

* Region B : Outsize the stagnation zone, growing boundary layer and inviscid flow
coexists together. The velocity profile in this region can be approximated as to be
Blasius type boundary layer.

* Region C : The growing boundary layer get connected to the free surface of thin film.
In this region, viscous effects are felt in the complete thin film. Moreover, velocity

profile changes from the Blasius boundary layer to the self-similar velocity profile.
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Fig. 1.3 Analogy between circular hydraulic jump and shock in compressible gases.
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Fig. 1.4 Various region in the circular hydraulic jump based on various flow field.

* Region D : In this region, thin film experiences a sudden increase in the film thickness.
This transition lead to a circular hydraulic jump.

* Region E : After the jump, the flow becomes thick and slow making it subcritical. The
flow in this region is driven due to the hydrostatic pressure, this is generated due to the
sudden increase in film thickness at the location of jump.

Due to the complex flow physics in each region of the circular hydraulic jump, achieving a
complete theoretical description is challenging. Additionally, the finite size of the impinging
surface makes the problem ill-posed at the edge of the plate, however, the edge condition

significantly influence the jump location. The dynamic interplay of various forces is crucial
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in determining the origin of the circular hydraulic jump, making its study particularly
interesting.

In industrial settings, applications such as jet impingement cooling are widely used due
to their high heat transfer efficiency (Liu et al., 1991). Furthermore, the inertial thin film flow
generates high shear stress at the walls, which effectively removes viscous layers and scaling
from substrates (Yeckel and Middleman, 1987). However, both heat transfer and wall shear
stress are significantly impacted by the formation of circular hydraulic jumps.

The next section presents a brief literature survey on circular hydraulic jumps.

1.2 Literature Survey

There have been several attempts to understand the factors affecting the jump radius as well
as the origin of the circular hydraulic jump.

* The earliest observation by Rayleigh (1914) identified a circular standing wave when a
free jet of water fell on a Petri dish.

* Tani (1949) suggested that flow separation causes the sudden increase in film thickness,
leading to the hydraulic jump. They performed a theoretical analysis of the boundary
layer equation, including gravity effects, and used a velocity profile ansatz to derive an

ordinary differential equation relating film thickness growth to radial spread.

* Watson (1964) solved the laminar and turbulent circular hydraulic jump by analyzing
the boundary layer equation without gravity effects. He derived self-similar velocity
profiles for radial distances much greater than the jet radius and applied the principle
of momentum to determine the jump-radius, assuming a discontinuous height profile
without considering the jump width. His analysis works well for larger jumps but not

for smaller ones (3 to 4 times the jet radius).

* Craik et al. (1981) conducted experiments and found flow separation as the cause of
the hydraulic jump. He noted that instability at the circular jump front increases with
downstream film thickness, which he attributed to the reduction in the recirculatory
eddy size. These undulations dissipate excess energy at the circular front as gravity
waves.

* Bohr et al. (1993) derived a scaling relation for jump-radius by connecting inner
and outer solutions of the shallow water equation, including viscosity, as R; ~

Q3/8y—3/ 8g_1/ 8. This analysis was limited to laminar flow states with low flow
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rates and stationary circular hydraulic jumps. The detailed jump structure, such as
flow separation, is not captured, and the lack of an asymptotic solution for large radial

distances is noted.

* Bush and Aristoff (2003) performed a theoretical analysis to understand the role of
surface tension in laminar circular hydraulic jumps. They found surface tension effects
to be small in laboratory settings but crucial for smaller jumps (3 to 4 times the jet
radius), microgravity conditions, and internal hydraulic jumps between immiscible
liquids of comparable density. They provided corrections to Watson’s expressions for

jump radius, resulting in better scaling for smaller jumps.

* Bush et al. (2006) experimentally observed the emergence of steady polygonal jumps,
including patterns like cat’s eyes, three- or four-leaf clovers, bowties, and butterflies,

attributing these shapes to capillary instability.

» Kasimov (2008) theoretically analyzed shallow water equations obtained by depth-
averaging the Navier-Stokes equations on a finite-sized disk. Surface tension effects
were included, highlighting their importance in incorporating unsteadiness at the jump
front. An increase in surface tension can transition a circular front to non-circular

(polygonal) shapes.

* Duchesne et al. (2014) experimentally showed a constant Froude number post-jump,
independent of flow rate, viscosity, and surface tension. They proposed a logarithmic
correction to Bohr et al.’s (1993) scaling relation, incorporating the finite disk radius
effect. Surface tension effects were found negligible for the experimental parameters.

* Experimental and numerical simulations by Vishwanath et al. (2015) established
the role of initial momentum flux on jump-radius. By varying nozzle diameter and
impingement height, they developed a scaling based on momentum flux and energy
dissipation, collapsing a large set of experimental and numerical data. Surface tension

effects were not included in the simulation or scaling for jump radius.

* Bhagat et al. (2018) attributed the origin of the circular hydraulic jump to energy
losses due to surface tension forces in the expanding liquid sheet. They argued that
momentum in the thin liquid film at the jump location is balanced by surface tension
and viscous forces alone. Experiments on flat surfaces with various orientations
showed no change in jump radius, suggesting gravity is not prominent in selecting
the jump radius for expanding hydraulic jumps. They proposed We ™! 4+ Fr—2 =1 as
the condition for determining the jump location. However, they mention that once the
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liquid film reaches the edge of the finite disk, a different set of boundary conditions is

imposed on the flow, this weakens the role of surface tension on jump-radius.

Wang and Khayat (2019) developed a theoretical model to predict the height and
location of circular hydraulic jumps for high-viscosity liquids, finding gravity crucial
in determining jump-radius. Including gravity in the thin-film equation aligned the
jump location with singularity, enabling jump-radius determination without prior

knowledge of downstream boundary conditions.

Fernandez-Feria et al. (2019) used three mathematical frameworks—shallow water
equation without surface tension, a depth-average model for the shallow water equation
with a parabolic velocity profile, and solutions of the full Navier-Stokes equations
considering surface tension. The radius of the jump and upstream flow structure
from Navier-Stokes simulations matched shallow water equation results for various
flow rates, liquid properties, and downstream boundary conditions, showing practical
independence from surface tension effects. The downstream flow structure varied due
to surface tension effects, identifying a critical surface tension value above which no

axisymmetric jump occurred.

Bhagat and Linden (2020) theoretically analyzed circular hydraulic jumps based on
momentum conservation for the radial and wall-normal flow directions on an infinite
surface (expanding hydraulic jumps). Applying momentum conservation in the wall-
normal direction at a finite radius revealed a singular film curvature, coinciding with

the hydraulic jump location determined by a critical Weber number.

Wang and Khayat (2021) numerically established the roles of surface tension and
gravity for water (low viscosity, high surface tension) and silicone oil (high viscosity,
low surface tension). Simulations without surface tension and gravity showed that
for water, jJumps do not occur without surface tension, whereas for silicone oil, jumps

occur with either surface tension or gravity activated.

Ipatova et al. (2021) theoretically studied axisymmetric viscous flow on a rotating disk,
analyzing the viscous shallow water equation with inertia, gravity, centrifugal, Coriolis,
and surface tension forces. They found that increasing angular velocity causes the

jump to vanish in the absence of surface tension effects.

Zhou and Prosperetti (2022) developed a scaling correlation for the circular hydraulic
jump radius on a cone surface based on flow rate, viscosity, gravity, and inclination

angle. They created a reduced-order time-dependent hyperbolic model, predicting
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the weakening and disappearance of the circular hydraulic jump on a cone’s surface.
Surface tension dependence was found to be weak in determining the jump radius.
Simulations included pulsating jets hitting a flat surface and steady jets on the underside
of a cone.

* Wang et al. (2023) divided thin film domains based on the relative strength of gravity
and used a composite mean-field approach to understand the circular hydraulic jump.
They found that flow in the supercritical region was unaffected by gravity changes but
was greatly influenced by viscosity. They also noted that the presence of recirculation

does not necessitate a jump.

Thus the set of study presented reflects various attempts to understand the factors affecting
the jump radius and the origin of the circular hydraulic jump. Early studies, like those by
Rayleigh (1914) reported the phenomenon and Tani (1949), identified key elements such as
flow separation as the cause. Subsequent research by Watson (1964) and others provided
theoretical and experimental insights, highlighting the roles of surface tension, gravity,
and viscosity in shaping the hydraulic jump. Recent studies have further refined these
models, examining the effects of momentum flux, high viscosity of liquids, and complex
flow dynamics using advanced simulations. Collectively, these efforts have advanced our
understanding of the circular hydraulic jump, revealing it to be a phenomenon influenced by

a delicate interplay of multiple conditions and parameters.

1.3 Objective of this thesis

Based on the literature mentioned above, we seek to answer some of the relevant fundamental
questions :

* What is the role of initial momentum flux in determining the jump radius?

* What is the role of inclination on the location of the circular hydraulic jump?

* How can we reconstruct the free surface profile of the circular hydraulic jump using an

non-invasive technique?

1.4 Structure of Thesis

» Chapter 1 provides a basic introduction to the phenomena of circular hydraulic jump.

In this chapter, various important regions in the flow field are described along with a
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brief literature survey. Some important questions have been stated as the objective of

the thesis in this section.

Chapter 2 contains a comprehensive numerical study of various important factors that
are crucial in determining the location of the circular hydraulic jump. A parametric
study has been carried out for important non-dimensional parameters. These non-
dimensional parameters are derived by the Buckingham-Pi theorem. Along with this,
a scaling analysis has been performed to understand the dependence of fluid and

geometrical parameters on the jump-radius.

Chapter 3 comprises the reconstruction of film thickness profile for circular hydraulic
Jump using free-surface synthetic Schlieren method developed by Moisy et al. (2009).
Validation of the method was performed by reconstructing the free surface profile of
a plano-convex lens of known dimensions. The validation step provides us with an
optimized set of parameters, which was utilized to reconstruct the free surface profile

of the circular hydraulic jump.



Chapter 2

Numerical Simulation of Circular
Hydraulic Jump

When a laminar liquid jet strikes a horizontal solid surface, it forms a thin film that spreads
radially from the point of impact. At a certain radial distance, the film height suddenly
increases, creating a phenomenon known as a circular hydraulic jump. This phenomenon
was first observed experimentally by Rayleigh (1914), followed by numerous theoretical,
numerical, and experimental studies to understand it. Tani (1949) used boundary layer
equations to analyze the system, identifying the jump location near the flow separation
point. Later, Watson (1964) analytically solved boundary layer equations without gravity,
deriving a self-similar velocity profile for both laminar and turbulent flows. Craik et al.
(1981) conducted experiments in a closed container, showing a decrease in jump radius with
increasing post-jump liquid levels, eventually leading to the jump’s disappearance.

In this chapter, we present results from numerical simulations of the circular hydraulic
jump, illustrating the variation of film thickness along the radial direction by varying key
non-dimensional numbers that influence the jump location and radius. We also investigate
the effect of initial momentum flux on the jump radius, as demonstrated experimentally
by Vishwanath et al. (2015), and explore the impact of inclination to the horizontal on the
jump-radius. The chapter begins with the Navier-Stokes equation, the governing equation for
fluid flow, along with the appropriate boundary conditions. A method to track the liquid-gas
interface is described, followed by a section on non-dimensionalization based on Buckingham
Pi theorem to assist in parametric studies. Grid convergence and validation with previous
numerical and experimental results are reported.

A criterion for determining the jump radius, based on the analogy of the circular hydraulic
jump to shocks in compressible gases, is presented. A systematic study of various non-

dimensional parameters, including Reynolds number, Froude number, and Weber number, is
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conducted. We also report results from varying geometrical parameters such as jet nozzle
radius, disk size, and inclination while keeping other parameters constant. To understand
the influence of various non-dimensional and geometrical parameters on the jump radius, a

scaling analysis is performed.

2.1 Governing equation

Simulations has been performed for axisymmetric domain.The equations for mass and

momentum conservation are given by

ap_ dpv)  dpv) _pv

3t+ ox + or + r =0 2.1

vy dvy vy
(9PVx)+13(erxvx) 19(rpv,vy) :_3_p+13[w(2 o >]+18[m(7)+x)]+&.
ot r ox r ar ox r ox r or 8
2.2)

v, dvy vy
(3PVr)+19(erxvr) 19(rpv,vy) :_3_p+13[w(2w)]+13[w(7)+x)]+Fb
ot r ox r or ar r ox r ox @ 3’)

Fy,. and Fp,, are body forces in x and r direction respectively. In our numerical simulation
F,, = —pg since we have acceleration due to gravity in the negative x direction and F;, =0 .
These equations are solved using finite volume formulation for two-phase flow and surface
has been tracked by Volume of fluid method ( Hirt and Nichols (1981)), presented in the next
section.

2.1.1 VOF description

Since the problem of circular hydraulic jump is a multiphase flow problem hence one has to
keep track of the interface. There are several approaches in computation fluid dynamics to
reconstruct interface and one of the is the Volume of Fluid method(VOF) by Hirt and Nichols
(1981) which is based on one fluid model i.e. phases will have the same governing equation
and will be identified by an indicator function (volume fraction in our case). The VOF
formulation is based on the fact that we have two or more immisible or non-interpenetrating
phases, and a phase indicator is introduced which keeps track of the phases present in a

computation cell called volume fraction(). For a computational cell, the sum of volume
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fraction of all the phases should sum up to unity.

0, empty cell
a=1{1, full cell 2.4)

O0<a< 1, interface

ololo]lo]o]o
04103l 0|0 |O0]o0
1j098lo4]o |0]O
1] 1]08J01|o0]oO
1| 1|1 lo4|o0]O
111]1 |oz|O0]o0
1|1 |1 |1 o150

Fig. 2.1 Schematic representation of Volume of Fluid method adopted from Haider (2013)

The flow field variable and properties of the participating phase are shared and represent
a volume-averaged value if the value of volume fraction(o) is known at each computational
cell. The interface between phases is tracked by solving continuity type equation for the
volume fraction of participation phases. For ¢ phase, the equation of continuity reads as
1 0 . < .
p—q[E(O‘qPq) +V.(0gpg7g) = Sa, ‘f'pz,l (mpg — map)] (2.5)

In the case of two phases say p and q, the volume fraction will only be solved for one of
them, and the volume fraction for the other phase will be calculated based on the fact that the

sum of volume fraction of phases in a computational cell is unity.
op+o0y =1 (2.6)

The transport properties(density and viscosity in our simulation) are computed based on
the amount of component phases in each control volume. Say ¢ is calculated then

p=0aupr+(1—ay)p 2.7)
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B =gy + (1 — o)y 2.8)

We are using algebraic VOF formulation namely Compressive Interface Capturing
Scheme for Arbitrary Meshes (CICSAM) introduced by Ubbink and Issa (1999). This
method is capable of reconstructing arbitrarily shaped interfaces on complex computational
meshes. Furthermore, this method can deal with large deformation including interface rupture
and coalescence. The scheme is derived in a way that there could be no diffusion of interface
and is only suitable for sharp fluid interfaces. The formulation requires implicit second-order

time stepping.

2.1.2 Surface Tension model

For numerical simulations, we have used the Continuum Surface Force model(CSF) proposed
by Brackbill et al. (1992). Modeling of surface tension forces by the CSF method brings
an additional source term in the momentum equation. To understand the formulation, let us
consider a simplified case of an interface having a constant surface tension (Marangoni effects
are neglected) in which case only forces normal to interface are important. The pressure drop
across the interface can be formulated in terms of the surface tension coefficient and the radii

of curvature in the orthogonal direction to the surface given by the famous ‘‘Young-Laplace’

equation.

1 1
Vp = S 2.
p G<&+R) (2.9)

For our simulations, surface curvature is computed using the local gradient of the scalar

field ;. Say n to be the normal to interface then

ii=Vay, (2.10)

|=

one could define the curvature as the divergence of the unit vector 71 as k = V.71 where 71 =

The surface tension force is as acted on the surface having a pressure difference across them

1

but this has to be formulated as a body force to incorporate in the momentum equation. Using
the divergence theorem, surface force is converted to a body force with the following form

pkiVa,-

Foor = 0jj
= 200500+ pj)

(2.11)
Resulting set of equations are solved using the student version of a commercial solver. Details
of the boundary conditions and grids used for obtaining solution are presenting in following

sections.
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2.2 Fluid properties

Silicon oil (Working fluid)
Density(kg/m?) 950
Dynamic viscosity(Pa-s) 0.019
Air (Ambient fluid)
Density(kg/m?) 1.25
Dynamic viscosity(Pa-s) 1.81%¥107°
Inlet
0vy _

-l S

Axis of symmetry

Fig. 2.2 A schematic representation of the physical domain ands boundary conditions used
for solving the problem.

2.3 Non-dimensionalization

Among the various techniques for finding non-dimensional parameters for a physical fluid
dynamics problem, we choose Buckingham pi theorem due to its simplicity. For a physical
problem where one dependent parameter is a function of (n-1) independent parameters, a

functional dependence can be established of form

q1 :f(q27q37q47"'7qn—1) (212)
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or

8(6117612761376147---»‘111):0 (213)

where the form for f and g is unspecified and they are different from each other. Various
non-dimensional 7 groups can be formed by grouping parameters into a particular form. The
number of non-dimensional groups is decided based on the minimum number of dimensions
required for characterizing physical parameters involved in experiments(say m).

Note:- for an isothermal fluid flow we require Mass[M], Length[L] and Time[T]. The

parameter can be grouped into (n-m) independent 7 groups which can be expressed as
G(my, mp, M3, ..., y—y) =0 (2.14)

or
T =G(M, M3, 4., Ty ) (2.15)

To determine the exact functional relation between various 7 groups one has to perform
experiments. Application of the Buckingham-Pi theorem leads us to three non-dimensional
quantities. Reynolds number(Re), Froude number(F#7) and non-dimensional jump radius.
Length and velocity scales are chosen to be jet inlet radius (r;,) and inlet velocity(u;,)
respectively.

__ Uintin Uin rj

Re = ; Fr=————; —
v (grin)l/z Yin

2.4 Normalization of scales

Variation of the film thickness along the radial direction is depicted in a normalized sense.
The scale to normalize the radial coordinates is the jet inlet radius (r;,). However, for the
simulation in which there is a change in the radius of the jet, we have presented our results in
dimensional form. To normalize the film thickness we have used the nozzle to disk distance

or the jet impinging height (4 pingemenr) Which is fixed for all the simulations.

Radius(R
r  Radius(R) (2.16)
Tin
- Filmthickness(H ) (2.17)

himpingemenl
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2.5 Grid Convergence

For grid convergence studies, we performed simulations using three different grid sizes
(Table 2.1). Local Froud number (Frj,cq = Q/(2TRH 15 go's) ) variation along the radius (R)
was monitored, the radial location of the jump is where local Frj,.,; falls to unity. In this set
of simulations, the properties of the working fluid in the simulation correspond to silicone oil
with a density p = 950 kg/m?, dynamic viscosity i = 19 mPa-s and surface tension ¢ = 0.02
N/m. Ambient fluid was considered to be air with the density p = 1.225 kg/m?, and dynamic
viscosity i = 0.0178 mPa-s. Nozzle to disk distance was fixed at 8 mm, the disk on which the
jet impinges has a radius of 12 cm, and the jet-nozzle radius is fixed at 1.6 mm. Body-fitted
square grids were used to discretize the computational domain. As the variation in the jump
radius is small (~ 3 %), when the grid size is halved (table 2.1), we have used 1 x 10~ size
grids in our simulations resulting in 1200 grid points in the radial direction. Moreover, we
have compared our results to the relevant experimental and numerical results (Wang and
Khayat, 2021, Duchesne et al., 2014) for similar parameters. We also have introduced a
small ( 5 % of disk size) chamfer at the edge of the disk which increases the jump radius by
less than 2%. Introducing a chamfer helps the flow to gradually change its flow direction,
resulting in the suppression of waves, which were prominent for the sharp edge boundary.
With this simple introduction of chamfer at the edge we were able to reduce computational
time by 60%.

Table 2.1 Grid convergence results

Grid size(m) | Jump radius(m) | Variation(%)
4% 107 14.7 x 1073 11.36
2x 1074 13.6 x 1073 3.03
1x1074 13.2x 1073 base case

The final set of results is presented with a grid size of 1 x 10~ (refer Table 2.1).
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Fig. 2.3 Variation of film thickness, &, along the radial direction; Numerical simulation has
been performed for Re = 169.1 and Fr = 16.81
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Fig. 2.4 Variation of film thickness, H, along the radial direction; Numerical simulation has

been performed for Re = 169.1 and Fr = 16.81; Compared with available experimental and
numerical study
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2.6 Criteria for determining jump radius

We have adopted the location of the jump to be the point where the local Froude number
(Friocqr) approaches unity. This criterion is based on the analogy between the flow behavior
of thin inertial liquid film and shocks in compressible gases. Discontinuity in the height
profile across the jump could be understood as shocks in liquids(see fig 2.5), which draws its
similarity to a discontinuous density field across shocks in gases.The discontinuity divides
the flow field into two distinct regions, supersonic and sub-sonic for gases and supercritical
and sub-critical for the case of liquid film. In case of gases, this transition occurs at a location
where Mach number(Ma) approaches to unity. Similarly we have adopted Fry,.q =1 as a

criterion for transition from supercritical flow to sub-critical flow.

Q = 27RHUqyg (2.18)
U,
Friocal = o (2.19)
0
Friocal = S TRHI5g03 (2.20)

Here, Q is the flow rate, H is the local film thickness at the radius, R, from the impinging
point.

2.7 Results

2.7.1 Effect of Reynolds number

After the jet fluid hits the horizontal surface, it spreads out as a thin film. Initially, the film’s
free surface is not affected by the no-slip condition at the solid surface below. The viscous
boundary layer grows from the point of impingement as the liquid layer continues to spread
radially. Eventually, this boundary layer reaches the air-liquid interface at a certain radial
distance. Beyond this point, the entire liquid layer experiences viscous effects (Watson
(1964)), causing the average velocity in the film to decrease. In the radially spreading film, if
the deceleration due to viscosity outweighs the effect of the increased area due to the larger
radius, the film thickness starts increasing to maintain mass balance.

The Reynolds number (Re) measures the relative strength of inertia forces compared to
viscous forces. By varying Re, we can understand the growth of the boundary layer and the
retardation of flow in the thin film. In inviscid fluid flow, a hydraulic jump is impossible

without specifying an outer fluid film thickness. Higher Re indicates higher average film
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Fig. 2.5 Variation of Fry,.,; based on eq 2.20 along the radial direction; Numerical simulation
has been performed for Re = 169.1 and Fr = 16.81; Black dashed line corresponds to location
of Fripear = 1

velocity and a thinner viscous boundary layer, slowing the growth of film thickness. In our
study, we varied Re by changing the liquid viscosity while keeping other parameters constant.
Our results show that increased liquid viscosity leads to a lower jump radius but higher
post-jump film thickness for a given flow rate.

As the jump radius decreases, a larger sub-critical region forms for the same disk radius,
resulting in a larger volume of fluid to be driven (see fig. 2.6 ). To support the continuous
flow of liquid after the jump, an increase in post-jump film thickness is needed to raise the
hydrostatic pressure driving the fluid volume post-jump. Additionally, an increase in film
thickness at the disk’s edge is observed. These factors contribute to the increase in post-jump
film thickness and will be discussed separately in the forthcoming section.
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Fig. 2.6 Variation of film thickness and radius of jump corresponding to different Reynolds
number; Re has been varied in the range of 338.2 to 84.5 by keeping Fr to be 33.74. Nozzle
radius of 1.6mm and,height of nozzle (hjmpingemens) 18 8mm. Red diamond corresponds to the
location of Fry,.,; = 1 based on eq. 2.20

Table 2.2 Simulation parameter for flow rate variation; viscosity has been varied from 19mPa-
s to 76mPa-s, flow rate is fixed at 34ml/s,nozzle radius is 1.6 mm, and nozzle to disc distance
is 8 mm

Re Fr R(mm) r

338.20 | 33.74 21.5 13.43
169.10 | 33.74 16.3 10.18
11273 | 33.74 14.0 8.75
84.55 33.74 12.7 7.93

2.7.2 Effect of Froude number

The hydraulic jump can be understood as a transition from a supercritical flow to a sub-
critical flow. In this section, we monitored the Froude number(Fr) by other parameters
fixed, to understand its effect on the film thickness and jump-radius. As reported in figure
2.7, we observe an increase in the jump-radius as well as an increase in post-jump film
thickness as we increase the Froude number (Fr). For higher Fr, the fluid flow becomes
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more supercritical, as a result, the flow takes a larger radial distance to undergo a transition
from supercritical to sub-critical . The delay in the decay of Frj,., can be observed in fig

2.9 which is a signature of higher initial Fr, which results in a larger jump radius.

1 1 1
Fr =16.87
= = =Fr=33.74
0.8 - Fr = 50.61 oo ——. I
————— Fr = 67.48 '/' TSt—————
‘ Frlocal =1 !

Re =169.10
0 . .
5 10 15 20

r

Fig. 2.7 Variation of film thickness and jump radius by varying initial Fr; Fr has been varied
in the range of 16.87 to 67.48 by keeping Re at 169.10. The nozzle radius was fixed at
1.6 mm and nozzle to disc distance was fixed at 8mm with a disk size of 120mm for all
simulations. Red diamond corresponds to the location of Fry,.,; = 1 based on eq. 2.20

The increase in the post-film thickness can be explained using inviscid arguments as
follows. We could obtain a relation between pre-jump and post-jump height by combining

continuity of mass and momentum balance (Belanger condition) across the jump.

H\U, = HU, = 0 2.21)
27'L'l’j
pQ(Ui —Us) =2xrjHy(pgH>) — 27rjHy (pgH) ) (2.22)
Hy\? 2 U>
(E) —1=Fri(- ) (2.23)

(2.24)
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Fig. 2.8 Schematic of an inviscid flow with a hydraulic jump along with the pressure profile
before and after the circular hydraulic jump.

since fluid loses most of its momentum after the jump, post-jump velocity is considerably
lower than pre-jump velocity. Hence U, << U therefore % <<1

H
FZ o< /14 Fr (2.25)

1

where Frp is defined as #. From eq.2.25 we can infer that higher Froude based
on pre-jump velocity and film thickness corresponds to higher post-jump film thickness
which can explain the variation in fig. 2.7. A similar argument has been earlier presented by

Dasgupta (2010).
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Fig. 2.9 Variation of Fry,.,;; Fr has been varied in the range of 16.87 to 67.48 by keeping Re
at 169.10. The nozzle radius was fixed at 1.6 mm and the impingement height was fixed at
8mm with a disk size of 120mm for all simulations. Red diamond corresponds to the location
of Friocqr = 1 based on eq. 2.20

2.7.3 Effect of Weber number

The role of surface tension in the frontal stability of circular hydraulic jump has been
highlighted by various theoretical, numerical, and experimental studies (Kasimov, 2008,
Fernandez-Feria et al., 2019, Craik et al., 1981, Bush et al., 2006). In our numerical
simulations, we found a stable axisymmetric jump front for the range of parameters mentioned
in table2.8. Weber number (We) accounts for the relative strength of inertia and surface

tension forces. We have defined We based on jet inlet velocity and jet inlet radius as:

2
_ PVinTin
o

We (2.26)

In figure 2.10 we could observe a transition from shock-like jump to a more gentle smooth
hump-like jump. Surface tension can become important for the determination of jump
radius in cases of developing circular hydraulic jump (Bhagat et al. (2018), Bhagat and
Linden (2020) ) where the subcritical developing region after the jump ceases to contribute.

However, for the cases of developing jumps, assigning a single value for the jump radius
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seems infeasible as it continuously changes with the subsequent development of a gravity-
dominated region. Our numerical simulations have been performed till a steady state is
reached, this ensures the complete development of both upstream and downstream flow
field. Using three different surface tension values (0.01 N/m, 0.02 N/m, and, 0.04 N/m)
for our numerical simulations, we found the difference in the jump-radius to be within 2%
variation for the case of developed circular hydraulic jump. . As highlighted earlier, one
could obtain a steady non-circular hydraulic jump as observed in experiments by Bush et al.
(2006). However, in the current thesis, we have considered steady axisymmetrical hydraulic
jumps only, and 3-D simulations are kept for future investigations.
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Fig. 2.10 Effect of Weber Number; Numerical simulations has been performed for surface
tension values 0f0.01 N/m ,0.02 N/m and 0.04 N/m.

2.7.4 Effect of disk size
Experiments performed by Craik et al. (1981) and Ellegaard et al. (1996) showed the effect

of an increase in post-jump film thickness on the frontal stability of jump. A transition from
type I(single vortex toroidal core) to type II(double vortex toroidal core) jump is observed in
their experiments. In our simulation, an increase in the post-jump film thickness is observed
for the larger radius of the disk which agrees with the experimental observation mentioned

above. This increase can be associated with an increase in the available fluid after the jump
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Table 2.3 Effect of We on radius of jump; Surface tension values has been taken as 0.01
N/m,0.02 N/m and 0.04N/m, nozzle radius is 1.6 mm and nozzle to disc distance is 8 mm,Re
=169.1 Fr=16.87

o(N/m) We r change(%)
0.01 679.14 8.3125 (+)0.757
0.02 339.57 8.25 base case(—)
0.04 169.76 8.125 (-)1.515

which needs to be pushed from the edge of the disk. Since the flow after the hydraulic jump
is driven predominately by the hydrostatic pressure, a higher amount of pressure is required
to drive the flow for a larger radius of disk with a fixed flow rate. Our numerical simulations
are performed for the free fall of liquid film at the edge boundary. However, it is observed
in experiments by Craik et al. (1981) that post-film thickness continues to increase as they
perform the circular hydraulic jump in a closed container. Since there was no way for the
liquid to escape from the container, post-jump film thickness kept increasing due to the
accumulation of excess liquid after the jump. This resulted in the subsequent decrease in
the jump-radius and finally disappearance of the hydraulic jump. Numerical simulations
have been performed to understand to effect of disk size on jump radius and film thickness
after the jump. Size of the disk is chosen to be 70mm, 120mm(base case geometry), 150mm,
and 200mm. Variation in post-jump film thickness was found in the range of 13% and jump
radius to be within 7%. The effect of the disk radius on the jump height can be understood by
assuming flow after the jump to be within lubrication limits. One could obtain a logarithmic
dependence of disk radius on jump height (Bohr et al., 1993, Duchesne et al., 2014, Bhagat
and Linden, 2022) as follows

VQ Tedge
Hj = Hedge + 67[_gln(r_J>

(2.27)
where H; is the film thickness at the jump location, r,g. is the distance between jump
location and edge of the plate and H,,q, is the film thickness at the edge of the plate (for
derivation see appendix). From the equation 2.27 we can deduce that, an increase in the
radius of the disk corresponds to an increase in the film thickness at the jump location. This
analysis brings in a new length scale that could be important for the determination of the
jump-radius however, for our parametric space we have reported a weak dependence. Note
that for the case of variation of Re in section 1.6.1, as we reduce the Re we observe a lower
jump-radius but a higher film thickness at jump location. This increase in the post-jump film

thickness can be understood as an effective increase in the r.4g.. Since the jump radius is
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small the distance from the location of the jump to the edge of the plate increases for a fixed

plate size.
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Fig. 2.11 Effect of disk size; Radius of disk has been varied in the range of 70 mm to 200
mm; Re, Fr, and nozzle to disk distance has been kept fixed at 169.10, 16.87, and 8mm
respectively. Location the the jump has been marked with red diamond.
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Fig. 2.12 Effect of disk size; Radius of disk has been varied in the range of 70 mm to 200
mm; Re, Fr, and nozzle to disk distance has been kept fixed at 169.10, 16.87, and 8mm
respectively.
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Table 2.4 Effect of disk size on jump radius; Radius of disk has been varied in the range of
70 mm to 200 mm. Jump radius was found to be decreasing with an increase in disk size. Re
=169.10 ,Fr = 16.81 ,Nozzle radius is 1.6 mm and nozzle to disc distance is 8 mm is kept
constant for all simulations

Disk size (mm) r Change(%)
70 8.8125 (+)6.8182
120 8.250 base case
150 8.125 (-)1.5152
200 7.8125 (-)5.3030

Table 2.5 Effect of disk size on post jump film thickness; Radius of disk has been varied in
the range of 70 mm to 200 mm.Jump radius was found to be decreasing with increase in disk
size. Re = 169.10 ,Fr = 16.81 ,Nozzle radius is 1.6 mm and nozzle to disc distance is 8 mm
is kept constant for all simulations

Disk size (mm) h Change(%)
70 0.3437 (-)12.86
120 0.3945 base case
150 0.4085 (+)3.56
200 0.4379 (+)11.01

2.7.5 Effect of initial momentum flux

Momentum flux is the rate of transport of the momentum per unit time from a fixed region
in space. In simplified words, we could understand it as a mechanical quantity that is
proportional to the product of the flow rate and velocity normal to the direction of flow across
a fixed region in space. As instructive from the definition above, if we want to alter the
momentum flux we need to vary the fixed region in space through which the flow is occurring.
This idea is pictorially demonstrated by a simplified schematic of a constant head setup with
two different-sized nozzles at the bottom. The tank with the smaller nozzle shoots the jet
to a larger distance as compared to the other setup with a larger nozzle diameter for a fixed
head. In the case of a circular hydraulic jump, this dependence on the nozzle diameter and
jet impingement height was systematically explored by Vishwanath et al. (2015). They have
numerically and experimentally established the dependence of initial momentum flux. A
similar comparision with the scaling of Bohr et al. (1993) has been performed. A non-zero
exponential power on the jet inlet radius was found which was in agreement with Vishwanath

et al. (2015) which proves the dependence of jet radius on jump-radius (see tab2.6). However,
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numerical simulation by Vishwanath et al. (2015) have shown the dependence of initial
momentum flux on a smaller parameter range. In continuation, we tried exploring the initial
momentum flux effect for a larger parametric space using numerical simulations. We kept the
impinging height fixed and adjusted momentum flux by suitably choosing different nozzle
radii for a fixed flow rate. Furthermore, to understand the dependence of initial momentum
flux on the jump-radius, we have monitored the variation of the Froude number (based on
film thickness). A lower nozzle radius corresponds to a higher initial momentum flux for
a fixed flow rate which results in a higher jump-radius. This observation in our numerical
simulation agrees with the experimental finding of Vishwanath et al. (2015).To understand
the effect of the nozzle radii on the initial film thickness, an understanding of the stagnation
zone is essential. The spread of the stagnation zone is of the same order as the radius of
the jet which was reported previously in several studies (Watson (1964), Wang and Khayat
(2019)). Most of the theories that are developed to predict the jump do not consider the
effect of the stagnation zone. The initial film thickness after the impingement is a crucial
initial condition for determining the jump-radius as the local Froude number at the radial
location is solely determined by it. We already have discussed the importance of the local
Froude number in selecting the location of the jump (at r = 7jyup Fripca = 1). Near the solid
wall, the jet turns and forms a thin liquid sheet, while this turning an initial film thickness
by the flow is selected. This selection is predominately decided by the jet inlet radius. Jet
while turning experiences the surface tension effect (due to curvature) and the effect of the
boundary layer in the stagnation zone.Liu and Lienhard (1993) has proved that if We number
based on the jet inlet diameter is large, one could expect an free surface profile corresponding
to a stagnation point flow. For all of our simulations, We based on inlet jet diameter is O(100)
making the surface tension effects weak at the point of impingement.Wang et al. (1989) has

analysed the thickness boundary layer in the stagnation zone and found

hys = din (2.28)
0.5
5—=1098 <3> (2.29)
a
004420 (2.30)
Fin

where hy, is the estimate of the free surface height, Uy is the average velocity from the
jet inlet, and 9§ is the boundary layer thickness in the stagnation zone. For our numerical
simulations, we have considered the mean value of the ratio of the boundary layer and the
free surface height. We found the ratio to be 10.46% with a standard variation of 4.55 %.
With this, the effect of surface tension and stagnation boundary layer were found to be weak
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and one could consider the initial film thickness to be predominately dependent on the jet
nozzle radius. Most of the previous experiments have shown a maximum of 10% change
in the jump-radius by changing the size of the nozzle (Duchesne et al. (2014)). In contrast,
experimental findings by Vishwanath et al. (2015) have shown that in some cases by suitably
increasing momentum flux one could almost double the jump-radius. For our numerical
simulations, we have found that the jump-radius can have an increase of almost 27% which

agree with arguments of Vishwanath et al. (2015).

Exponents (Vishwanath et al., 2015) (Bohr et al., 1993) Present study
a 0.440 0.47076 0.4363
b 0414 0.375, 0.4078
c 0.322 0.25, 0.3112
1-b-2.5¢ -0.219 0 -0.1858

Table 2.6 A Comparison between exponent of jet inlet radius for various studies; A non-zero
exponent of jet radius proves the dependence of initial momentum flux on the jump-radius

wall

Fig. 2.13 Stagnation flow (Schematic representation) ; Free surface of the jet can be one of
the streamlines; Free surface profile is selected based on the jet inlet radius
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Fig. 2.14 Effect of initial momentum flux on jump radius; radius of inlet has been varied
from 1.6mm to 4.6mm to alter the momentum flux.Flow rate, viscosity, and nozzle to disk
distance has been kept fixed to 17ml/s 19mPa-s and 8mm respectively

Table 2.7 Comparison of jump radius for various nozzle radii for flow rate of 17 ml/s, dynamic
viscosity of 19 mPa-s, nozzle to disk distance is 8 mm and disc radius is 120 mm.

Nozzle radius(m) Jump radius(m) Increase(%)
4.6x 1073 10.4x 1073 base case
32x1073 11.1x 1073 6.73
2.5%x 1073 122x 1073 16.35
1.6 x 1073 13.2x 1073 26.92

As depicted by the fig2.14 we can see that initial film thickness is strongly dependent on
the selection of the jet inlet radius. As we decrease the nozzle radius we observe a reduction
in the initial film thickness. This reduction in film thickness is responsible to increase the
initial Froude number (see fig 2.15) which delays the jump and hence we get an increased

jump-radius.



30 Numerical Simulation of Circular Hydraulic Jump

5 1 1
r, =1.6mm
m
. =2.5
5 4 r. mm |
) r. =3.2mm
'Q m
g r. =4.6mm
= in
= 3 ¢ Fr=1 .
=]
=
e
B 2 .
E
o
S
1 _
0 1 1 1 1 1 1 1 1 1
0.008 0.009 0.01 0.011 0.012 0.013 0.014 0.015 0.016 0.017 0.018

Radius (m)

Fig. 2.15 Effect of initial momentum flux on jump radius.Local Froude number has been
monitored by changing the nozzle radii from 1.6mm to 4.6mm.Flow rate, viscosity, and
nozzle to disk distance has been kept fixed to 17ml/s 19mPa-s and 8mm respectively

2.7.6 Effect of inclination

Understanding effect of body forces such as gravity on the hydraulic jump front is a question
of fundamental importance as also point by Duchesne and Limat (2022) in their recent paper.
To study this problem we have performed numerical simulations for inclination of 1°, 5°, and
10°from the horizontal. Simulation results shows an increase in jump radius with a decrease
in film thickness. This trend is common for both upstream and downstream of hydraulic jump
in comparison with the base case of 0°inclination. Due to the inclination, the surface gets
converted from a plate to a cone. This change in geometry bring an addition increase in the
area for fluid to spread. This feature brings and advantage to both the regimes of flow. For the
supercritical regime, an increase surface area caused fluid to flow faster as it spread quicker
that the base case of 0°inclination. Moreover, the subcritical region which is predominantly
driven by the back pressure caused due to a sudden increase in the film thickness after the
jump. This region gains an additional acceleration (a component of gravity) due to the
inclination. This surplus acceleration acts as an additional driving mechanism, making the
flow faster and reducing the pressure after the hydraulic jump. Combining both the effects
in the flow regime due to inclination makes the jump move outward (see fig 2.16). We
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have observed that with an increase in the angle of inclination, the jump becomes weak
i.e. the ratio of film thickness before and after the jump reduces as compared to the case
with no inclination, by keeping other parameters fixed. This also suggests that the effect
of downstream boundary conditions on the selection of the jump radius becomes weaker
as we increase the angle of inclination. We know that determining the film thickness at the
edge of the plate is an ill-posed problem, which for some flow becomes crucial to determine
(see Mohajer and Li (2015)), this factor plays a substantial role in determining the jump
radius. Inclination in the surface could also help to mitigate the cavity mode oscillation as
described by Goerlinger et al. (2023) that occurs for sub-millimeter liquid jets at low flow
rates. Our study has been limited to lower value of inclination from the horizontal however,
if one increase the value of inclination beyond a critical value, there exist a possibility of no
hydraulic jump i.e. flow could remain supercritical to the edge of the plate.

0.5 : :
Re =169.10, Fr =16.87

0.4 1

-—em = o o mm o=
-— - = e am e omm

0.3 1

0.2 1

0.1

0 1 1
5 10 15 20
r

Fig. 2.16 Effect of inclination; Angle of inclination has been varied in the range of 1°to 10°.
Numerical simulation has been performed for Re = 169.10 and Fr = 16.87
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2.7.7 Scaling plots

Scaling relation has been developed based on Buckingham-Pi theorem (see sec 2.3) which
gives us three different non-dimensional parameters, impingement Reynolds number(Re),

impingement Froude number(Fr) and ratio of jump radius to jet radius i [refer Tabel

Yi
2.8].

Table 2.8 Definition and ranges for various simulation parameter.

Dimensionless Minimum Maximum
parameter value value
Re=PVinfin | 399 2164
U
Fr=—tn__ | 12 84.35
(g T in) 1/ 2
0 (degrees) 0° 10°

Assuming the dependence to have a power law nature, we can construct a simple relation

between non-dimensional parameters as

Y~ arePFr 2.31)
ri
To incorporate the effect of finite size of the disk on the jump-radius Duchesne and Limat

(2022) proposed a logarithmic correction. This correction modifies the scaling as follows

Y aRebFrein(ledse)=1/8 (2.32)
ri rj

where ln((redge) (rj)) /8

corresponds to the logarithmic correction proposed by Duchesne
and Limat (2022), r,4g,. is the radius of the disk, and r; is the jump-radius. Moreover, to
incorporate the effect of the inclination, a factor corresponding to the angle of inclination

from the horizontal is proposed.This correction modifies the scaling as follows
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N aRebFrcln(rei)_l/s(l —|—Sil’l(9))d (2.33)
Ti rj

To determine the exponents of eq. 2.33 nlinfit fitting function by MATLAB® which
provides a least square estimation via an iterative scheme. To estimate the exponent for
nonlinear regression an initial value is required which is set to be unity. We estimated the
exponent for the scaling using our numerical simulation data and plotted experimental data
by Hansen et al. (1997) and found to have a collapse. Moreover, by introducing a logarithmic
correction (due to Duchesne and Limat (2022)) we see a better collapse of simulation data
even for higher jump-radius as it accounts for the role of finite disk size on jump-radius.
However, when we plot the experimental data by Vishwanath et al. (2015) (see Fig 2.20)
we obtain very similar slope for both but, there is a systematic offset in the plot. This trend
could be due to variations in the film thickness at the edge of the disk as the balance between
various forces at the edge will be unique for each liquid. This difference has already been
pointed out by Duchesne et al. (2014). They have incorporated and adhoc argument for the
film thickness at the edge of the disk corresponding to the capillary-gravity length scale.
As already mentioned, the determination of film thickness is an ill-posed problem hence
resolving this issue has been kept for future considerations. For the case of circular hydraulic
jump on the surface of a cone with mild inclination from the horizontal, we have observed
an increase in jump-radius with increasing inclination angle. Fig 2.21 shows a systematic
shift in the data for flat and inclined hydraulic jump cases. This trend helped us deduce a
generalized scaling relation based on the avialable energy at the jump-radius which includes
the effect of inclination. This excess available energy bring a pre-factor of 1+ sin(6) to the
excess potential energy for case due inclination. By introducing an additional inclination

factor we obtain a collapse for mild range of inclination ( 0°to 10 °).

2.7.8 Conclusion

Numerical simulations were conducted over an expanded parameter range for circular
hydraulic jumps to explore the influence of momentum flux on jump radius (see Table
2.8). The variation in momentum flux was achieved by adjusting the nozzle jet radius
while maintaining constant flow rate and impinging height (see Figure 2.13). Additionally,
simulations were performed to examine the impact of surface tension on jump radius,
revealing its negligible effect under typical terrestrial gravity conditions. However, surface
tension may play a crucial role in low-gravity environments (Bhagat and Linden, 2020,
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Fig. 2.17 Comparision of numerical simulation and experiments by Hansen et al. (1997);
Numerical simulations were performed for dimensionless parameter as presented in Table2.8

Avedisian and Zhao, 2000). To investigate the effect of inclination of impacting surface to
the horizontal (see Figure 2.2), numerical simulations were carried out varying inclination
angle from 0°to 10°. Increasing the inclination resulted in an increase of jump radius and a
reduction in post-jump film thickness due to decreased back pressure at the jump location (see
Figure 2.16). Simulations by varying the disk size indicated a decrease in jump radius and an
increase in post-jump film thickness with larger disk radii. A scaling function, derived from
Buckingham-Pi analysis and adjusted for finite disk size and inclination, was proposed. This
scaling function aligned well with previous experimental findings and successfully accounted
for variations even with slight inclinations from the horizontal. Further investigation into
the control volume is recommended for future studies to precisely characterize the jump
structure.
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Chapter 3

Optical reconstruction of free surface
profile for circular hydraulic jump

3.1 Introduction

Hydraulic jump involves a free surface flow where precise measurement of film thickness
is critical for industrial processes like film coating and heat transfer assessment. Previous
studies, such as those by Vishwanath et al. (2015), have used intrusive methods to estimate
film thickness. In this chapter, we present an optical approach for obtaining instantaneous,
non-intrusive measurements of film thickness. Specifically, promising techniques include
Digital Fringe Projection (DFP) and Free Surface Synthetic Schlieren (FS-SS) techniques.
Optical methods for this application can be classified into three main categories (van Meerkerk
et al. (2020) and Gomit et al. (2022)):

» Techniques based on stereo-correlation and key factors at the interface.
* Techniques using fringe projection or patterned projections.

» Techniques that leverage the optical properties (refraction, reflection, and absorption)
of light at the gas-liquid interface.

In our experiments, we employed a method based on the apparent displacement of a
random dot pattern placed beneath the glass plate over which the hydraulic jump occurs.
This technique, initially introduced by Kurata et al. (1990), utilizes the refraction of a
grating pattern. Subsequent developments by Tanaka et al. (2000) and Moisy et al. (2009)
incorporated random patterns and image correlation methods to estimate the displacement
field by comparing images of the distorted and undistorted states, formed with and without

film flow respectively.
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We specifically adopted the method proposed by Moisy et al. (2009). Our experimental
setup was designed to minimize paraxial effects and maintain a weak slope and amplitude
approximation. These conditions are crucial for deriving a simplified relationship between
the displacement field and the surface gradient, as given by:

—or

Vh= ——— 3.1
(I=nr)hy GD

where Vh represent the gradient of the film thickness, 6 is the displacement of the random
dot pattern, 7, is refractive index of air-water interface, and ), is the distance between
liquid-gas interface and random dot pattern.

The method enables the optical reconstruction of the variation of thin film profile for a
circular hydraulic jump, a capability not used earlier for this flow. This technique results
in reconstruction of the variation of the film thickness along the radial direction of the
flow. The experimental procedure requires capturing a set of images of random dot-pattern
placed below the glass plate: one with the film flow (distorted) and one without (reference,
undistorted). A Digital Image Correlation (DIC) algorithm is then applied to these images to
determine the displacement field (6,). The approach developed by Moisy et al. (2009) links
this displacement field to the gradient of the film thickness.

With the gradient of the height field determined, an integration scheme is used to recon-
struct the height profile by estimating the film thickness at a single radial location. This
estimate, based on the theory by Watson (1964), serves as the initial condition for the

integration, leading to the unique determination of the thickness profile.

3.2 DIC Algorithm

Digital Image Correlation (DIC) is a versatile technique widely employed across various
fields, including pattern recognition and fluid mechanics, where it is central to Particle Image
Velocimetry (PIV) and particle tracking methods for measuring instantaneous velocity fields.
DIC is also a trusted experimental approach for examining the behavior and mechanics of
both rigid and deformable bodies under different loading conditions (Peters et al. (1983),
Chu et al. (1985), Sutton et al. (1992)). As previously mentioned, DIC involves comparing
a set of undistorted (reference, without flow) and distorted (with film flow) image frames.
The dot patterns in these images are divided into subdomains, or interrogation windows,
and analyzed using cross-correlation algorithms to determine the local displacement of the
dot-pattern. In our experiments for extracting displacement fields, we utilize the MATLAB®
Basic DIC/PIV toolkit developed by Wildeman (2018).
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Fig. 3.1 Various types of pattern based on density of random dots;(a) low density random
dot pattern; (b) just right density of random dot pattern(~ 50% filled area); (c) high density
random dot pattern
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Fig. 3.2 Flow chart for cross-correlation algorithm.

3.2.1 Problems in DIC

* Aperture problem; In practice, it is not possible to map the correspondence of a single
pixel in the reference image to the current image, in principle the gray value of a single
pixel in the reference image can be found at several different locations in the current

image.
* Correspondence problem

* To solve the aperture and correspondence problem surface texture should be isotropic(no
preferred orientation) and non-periodic. Speckle patterns can serve as a solution for the
non-uniqueness in image matching. Speckle patterns come with additional advantages
such as high information content, and also permit us to use smaller aperture(commonly

known as subset or window) for pattern matching.
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Fig. 3.3 Flow chart for optical reconstruction.

3.2.2 Correlation criteria
Normalized cross-correlation is used

Coc = Z(i,jes) (f(irefvyref) — fn) (& Feurr Yeurr) — &m)
\/Z(i,jes) (f()zref?yref) - fm)2 Z(i,jes) (g(fcurraycurr) - gm)2

(3.2)

where f and g are gray scale intensity of reference and current images. f;, and g, are the

mean of gray scale intensity defines as

Z(z}jés) (f(irefayref)
n(S)

Jm = (3.3)

Z(i,jes) (g(jcurra fcurr)
n(S)

Jm = (3.4)



3.3 Error quantifiaction 45

(b)

®
W

Enlarging aperture to include
the end points of line ®

W
O------0------{)

L _
W

Fig. 3.4 Aperture problem in image matching; (a) A point on a line can be arbitrarily matched
to non-unique points on the displaced line. (b) When the aperture is enlarged to include the
endpoints of a line, one could achieve a unique matching.

where n(S) is number of points in subset S

3.3 Error quantifiaction

There are various kinds of error (see fig.3.5) that are encountered while performing digital
image correlation based on the subset size. Correlation error reduces as we increase the
subset size, as the algorithm has now a bigger area for template matching, this increases
the chance of finding an appropriate match even for large displacements. On the other hand
increase in subset size increases the error because numerical operations are prone to larger
and larger discritisation errors. Due to these complications, one has to cautiously decide the
right size of subset for DIC based on the lowest amount to total error to generate a faithful

displacement field (see fig.3.6).
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Fig. 3.5 Various types of error in DIC; (a) Uncertainty in measurement; (b) Discritization
error; (c) Total error

3.4 Experimental Procedure

3.4.1 Reconstruction of plano-convex lens

Experiments were performed on a glass plate of 300mm diameter and 12.5mm thickness
which is subject to a random dot pattern of 0.6mm dot size. The random dot pattern was
printed on the Overhead transparency sheet(OHP) covering approximately 50% of the total
imaged area. Random dot pattern is illuminated by a non-fluctuating diffuse light source
from the bottom. Image is captured from NIKON D5200 camera equipped with a telephoto
zoom lens ( Nikon AF Nikkor ED 80-200 F2.8). For validation of FS-SS scheme, we
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Fig. 3.6 Error in the measurement of profile of plano-convex lens as a function of subset size.
Three subset size has been chosen and comparison with the actual profile is depicted

initiated an experiment to determine the free surface profile of a plano-convex lens which
is provided by Edmund Optics® (75.0 mm Dia x 200.0 mm FL, Uncoated, Plano-Convex
Lens). A set of images were captured to obtain the apparent displacement of the random
dot pattern due to the presence of differences in the refractive index (air-glass interface) and
curvature of the lens. To reduce the paraxial angle, camera has been placed at a height of
1700 mm above the random dot pattern. The imaged area is 75 mm x 75 mm which covers
the entire area of apparent displacement due to the lens. Images captured for the Digital
image correlation had a resolution of 2552px x 2552px, and a final subset size of 15 px was
selected corresponding to a minimum total error(see fig3.11). Images were processed using
BASIC PIV/DIC toolkit provided by MATLAB® which was developed by Wildeman (2018).
The maximum paraxial angle [, = ﬁ — 1.83 x 1073 is within the approximations of
the method used for reconstruction. Once the final displacement field is obtained via DIC, a
numerical integration needs to be performed. The intgration requires computation of inverse
gradient, V™! which is performed using invgrad MATLAB® function which is developed by
D’Errico (2013). Profile reconstruction is also sensitive to the vibration present in the system,

to overcome this issue experimental setup is supported by rubberized support/legs.
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Fig. 3.7 Schematic representation of experimental setup

To validate the method, we performed experiments to obtain a reconstruction of plano-
convex lens by Edmund Optics® (75.0 mm Dia x 200.0 mm FL, Uncoated, Plano-Convex
Lens). To obtain the exact profile of the lens a CAD file is downloaded form offical Edmund
Optics® website and is compared against the optically reconstructed profile. Error for the

system is defined as

Read — hrs—
error(%) = rcad — hrs—ss| x 100 (3.5)

hcad

and found to be within 5% error in the profile (see fig 3.9).
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Fig. 3.9 Error obtained in the reconstructed profile of plano-convex lens according to eq 3.5.
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Fig. 3.10 Comparison of gradient obtained by optical reconstruction to the CAD profile

3.4.2 Reconstruction of CHJ

Experiments were conducted using a 300 mm diameter glass plate with a 12.5 mm thickness
and chamfered edges. The nozzle diameter was set at 9 mm, and the jet impingement height
was fixed at 50 mm. Flow rates tested were 45, 60, and 90 LPH. A flow meter, attached

to a constant head setup with a valve, controlled the flow rates. The constant head tank
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Fig. 3.11 Free surface error in the estimation of reconstructed height profile compared with

the actual profile obtained by CAD file.
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was positioned 1700 mm above the glass plate to ensure a sufficient head to maintain the
desired flow rates. Water runoff from the glass plate’s edges was collected in a primary water
collector, then transferred to a secondary water collector through a passage (see fig 3.7). A
pump in the secondary collector recirculated the water back to the constant head setup.

Images were captured using a NIKON D5200 camera equipped with a Nikon AF Nikkor
ED 80-200 F2.8 telephoto lens. A random dot pattern with a 0.6 mm dot size was created
using the PIVmat toolbox in MATLAB® via the makebospattern.m function. This pattern was
printed on an Overhead Projector (OHP) sheet and placed below the glass plate, illuminated
from below with diffuse light. Images were taken from a height of 1700 mm to reduce parallax
errors. Digital image correlation was performed on pairs of reference and deformed images
to obtain the displacement field using the MATLAB® Basic PIV/DIC toolkit developed by S.
Wildemann.

We applied the Free Surface Synthetic Schlieren (FS-SS) framework from Moisy et al.
(2009), which connects the apparent displacement of the random dot pattern to the gradient of
liquid film thickness as described by equation 3.1. To obtain the exact height field, numerical
integration was carried out using the scheme provided by D’Errico (2013). To determine
the constant of integration, the height of the liquid film at a specific point in the flow field
was needed. This was estimated using the boundary layer theory before the hydraulic jump,
as originally developed by Watson (1964) (see eq.24, eq.37, and eq.39 in the paper). Upon
jet impingement on the solid surface, an initial inviscid spread is observed, followed by the
development of the boundary layer from the center of impingement (see fig3.12). Initially,
the film thickness decreases due to the inviscid spread, but as the boundary layer reaches
the free surface, viscosity causes the film thickness to increase. Watson (1964) provided an
expression to estimate the radial distance from the center of impingement where the boundary
layer meets the free surface and the film thickness is minimized, based on flow rate, liquid
viscosity, and jet radius at the point of impingement. This estimated height at that radius was

used as the initial condition for integration.

ro=2"13p (3.6)
1322 1,2
9\/§c(3\/§c — ) or3 "
3 _ Je
b = e v (3.8)

where ¢ = 1.402 is a known constant in the Watson’s formulation, v is kinematic viscosity,

Q is the flow rate, and rj,, is the radius of the liquid jet at the point of impingement.
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viscous region

» wall

Fig. 3.12 Schematic of various region in liquid film; Growth of the viscous boundary layer
begin at the center of impingement and touches the free surface at the radius rg

3.5 Conclusion and Future direction

In this chapter, we employed the Free Surface Synthetic Schlieren (FS-SS) optical technique
to reconstruct the radial variation of film thickness in a circular hydraulic jump. For calibra-
tion, we first conducted experiments to reconstruct the profile of a plano-convex lens. With
an optimized configuration, we achieved a maximum profile estimation error of less than 5%.
After validating the methodology with the plano-convex lens, we use calibrated parameters
to estimate the film thickness in the circular hydraulic jump.

We used the Digital Image Correlation (DIC) algorithm to compute the apparent displace-
ment field of a random dot pattern. This displacement field, which correlates with the gradient
of the height profile (see Eq.: 3.1), was numerically integrated to determine the film thickness
profile. Initial conditions for integrating the gradient field were established using theoretical
insights from Watson (1964). The integration, performed using a least-squares formulation,
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(a) Reference image for DIC application (b) Current image for DIC application

Fig. 3.13 Set of images for performing Digital image correlation of circular hydraulic jump;
Experiment was performed at a flow rate of 60 LPH with nozzle diameter of 10 mm and
height of impingement to be 100 mm
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Fig. 3.14 Optically reconstructed free surface profile for circular hydraulic jump. Flow rate of
45,60, and 90 LPH was maintained with a nozzle radius of 9 mm and disk to nozzle distance
of 50 mm.

proved to be both accurate and computationally efficient. To minimize parallax error, we
positioned the camera at a considerable distance from the dot pattern, and a rubberized base
was used to isolate the system from vibrations, further reducing errors. We successfully
reconstructed the free surface profiles of circular hydraulic jumps at flow rates of 30 LPH,
45 LPH, and 60 LPH. Future work will explore hydraulic jumps on conical surfaces and
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circular hydraulic jumps with non-Newtonian fluids. The current method, which relies on the
apparent displacement of a random dot pattern, is limited to transparent liquids. For opaque
liquids such as paints, techniques like digital fringe projection (see Zhang (2010)) could be
employed.
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Appendix A

Derivation of viscous axisymmetric
spread for subcritical region in the
circular hydrualic jump

Assuming the flow after the jump to be unidirection and steady with lubrication apporximation.
The pressure in the direction of spread is only function of film thickness, and is constant in
direction perpendicular to the spread. One could write continuity and momentum equations
as

1drv,  dvy

T or —|-—ax =0 (A.1)
ap 0%v,
o T H o2 (-2

Since we already have assumed pressure to be hydrostatic in nature. We can assume it to
have a form P(r) = pgh(r) where, p is density of fluid, g is acceleration due to gravity, and
h(r) is height field as a function of radial spread of thin film. With these assumption we can

have a simplified momentum equation as

oh 2%y,

ng = .ua—zz (A.3)

We need to solve both continuity and momentum equation using the following boundary
conditions.

* No slip and no penetration at wall (v, = v, = 0 atx = 0)

* Stress free boundary at the interface (%Vx’ =0atx=h(r))



Derivation of viscous axisymmetric spread for subcritical region in the circular hydrualic
60 jump

Upon integration once eqnA.3 and applying stress free boundary condition at the interface

we obtain the following equation

dv, gdh
S hide A4
dx _vdr Te A4
where value of the constant ¢ = —%Z—ﬁh(x).

Substituting the value of integration constant again into eqnA.4 we obtain

dvr _ 8 dh
dx vdr

(x—h(x)) (A.5)

Upon integrating eqnA.5 and applying no slip boundary condition at the wall we obtain the
following form of the radial velocity function

V=T (x?/2 — h(x)x) (A.6)
To obtain the average velocity of the flow we integrate A.6 over the film thickness and
normalize it with the height at that radial location.

1 rh
U= —/ urdx (A.7)
hJo
Upon integration we obtain
lgdh (W
U=—=—|—= A.8
hvdr ( 3 > (A.8)

Substituting average velocity in the flow rate (Q) equation we obtain

Q = 2nrhU (A.9)
lgdh (W
=2nrh| ——=— | = A.10
¢ ”r( hvdr(3)) (A10)
rearranging in integrating the above equation with suitable limits we obtain
3 Vv Tedge a Hegge
—i/ ‘ —r:/ “Wdn (A11)
2ng Jr r H;

upon integration we get the final equation for the height at the jump location based on film
thickness at the edge, flow rate, kinematic viscosity, gravity and distance between jump
location and the edge of the plate as
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