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Introduction

The pursuit of exotic phenomena has time-and-again stirred intrigue and excitement
in the field of condensed matter physics. These exotic phases are distinct from the
traditional paradigm of Landau-Ginzburg, whereby the different phases are identified
by the various symmetries that the phase holds, and are characterized by the presence
of a “topological order”, which does not arise from simple symmetry-breaking. This
order, without symmetry, is based on the global properties of the system and not
the local ones. Topologically non-trivial phases give rise to topological properties,
by which I mean properties which cannot be destroyed by local perturbations, for
instance, the emergence of fractional statistics. The main defining feature of such
an exotic state is the highly entangled ground state of the phase. The “topological
order” in some sense is a measure of this long range entanglement in such phases.
In this thesis, I have considered two interesting phases of matter, that have re-
ceived tremendous impetus in the last decade - Topological Insulators and Quantum
Spin Liquids. These novel phases of matter, in addition to providing a very interest-
ing platform to understand the rich physics in low energy materials, are extremely
important when it comes to material applications, ranging from thermoelectricity to
quantum computing. Although both of these phases are “non-trivial”, a topologi-
cal insulator in reality is a symmetry protected topologically trivial phase, while the

quantum spin liquid phases are topologically non-trivial. To understand the differ-
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Figure 1.1: The Hall Resistance R;, and the magneto resistance R, of a 2D electron gas with the
variation in magnetic field . The Hall resistance, instead of linearly increasing with magnetic field,
shows plateaus which are correspond to h/ve?, where v being an integer denotes integer quantum
hall effect and v is a fraction in fractional quantum hall effect I

ence between the two, let us understand the meaning of “topological order”.

1.1 Topological Order in Condensed Matter Physics

The necessity to come up with a new order parameter arises from the existence of
phases of matter which cannot be distinguished by symmetry-breaking. To under-
stand this in detail, let us look at the case of Fractional Quantum Hall (FQH) effect.
When a potential is applied across the length of a two dimensional electron gas in
the presence of a perpendicular magnetic field, then there exists a potential V, across
the width, which is characterized by a quantized conductivity. This quantization can
be integer, leading to integer quantum hall effect or fractional, leading to fractional
quantum hall effect. As shown in Fig. [I.I} the Hall resistance vs magnetic field

hosts numerous plateaus, each of which corresponds to a different phase. And it has
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Deg. = D, Deg. = D,

Figure 1.2: Spaces with different topologies, characterized by the genus g. When a wavefunction
corresponding to the ground state is wrapped on these different spaces, we get different degeneracies.
For example, if wrapped on a sphere the degeneracy is 15!,

to be noted that the longitudinal resistivity, R, goes to 0 whenever R,, plateaus,
which is counter-intuitive, because, classically we expect the Hall potential to balance
out the Lorentz Force from the magnetic field and the longitudinal current to flow
unhindered. Thus, the phases we see here are new. Each of these new phases are
characterised by different integer or fractional numbers, though all of these phases
show the same symmetries. Thus, we need a new order parameter to identify these
different, interesting phases of matter and this order parameter is the “topological
order” &

One way to envision the extraction of the topological order of a quantum system
from it’s ground state wavefunction, is to put the wavefunction on spaces with differ-
ent topologies as shown in Fig. and then measure it’s degeneracy. For example, if
the ground state is wrapped on a sphere, the degeneracy is 1, while for a torus, it will
give a different number. Interestingly, this ground state degeneracy is robust against
local perturbations. The measure of this kind of ground state degeneracy of gapped
systems, defines the notion of topological order. To go from one kind of ground state
degeneracy to the other, the energy gap must close. This kind of topological ground
state degeneracy arises from the long-range quantum entanglement in the system.
The topological order is in fact a pattern of long range entanglement ®3. Recently,

it was found that even the phases which have short-range entanglement, though hav-



1.2. Topological Insulators 4

ing the same symmetries, can belong to the different phases. These phases can be
distinguished by Symmetry Protected Topological (SPT) order, where, despite the
presence of a bulk gap, degenerate edge or surface states exist, which are protected by
the symmetry. Unlike the fractional quantum Hall state, where intricately correlated
electronic states demand a quantum many-body approach to derive any understand-
ing, these SPT order states, like the integer quantum Hall effect, can be formulated
in terms of single-particle quantum physics. However, in an SPT ordered phase, the
perturbations which do not conserve symmetries like U(1) symmetry and time rever-
sal symmetry (TRS) of the system, can destroy the edge or surface states. Hence
they are, in the truest of sense, topologically trivial. The presence of topological
order means that the state is protected against any local perturbation.

This thesis deals with the study of a symmetry protected trivial topological phase,
the three dimensional topological insulator, and a non-trivial topological phase, the
quantum spin liquid (QSL) phase. In topological insulators, the surface states are
not protected under “any” local perturbation. In fact these states are protected only
in the presence of U(1) and TRS operators. A QSL, on the other hand, is protected

under any local perturbation and hence is topological.

1.2 Topological Insulators

Topological insulators are phases which have a bulk gap, like an ordinary insulator,
but host gap-less edge or surface states on their boundaries. The existence of de-
generate boundary states in this class of electronic materials are made possible with
time reversal symmetry (TRS) and spin-orbit coupling (SOC) operators. This kind
of topological insulators are much like another phase that hosts edge states, the in-
teger quantum Hall state. We can understand the topological insulators within the

framework of topological band theory.
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Figure 1.3: a) The skipping motion of electron’s cyclotron orbits at the interface between the
vacuum and a quantum hall state. b) The edge mode from Haldane’s model for graphene in a
periodic magnetic field is connecting the valence band and the conduction band by crossing the
Fermi level 6

1.2.1 Topological Band Theory

The band theory of solids provides a way to describe the electronic states in crystals,
by exploiting their translational symmetry to generate the wave functions in terms of
the crystal momentum, k, which exists in a periodic Brillouin zone. In such a case, the
Bloch Hamiltonian, H(k), can be used to describe the state. H (k) has Bloch states,
|unk) as the eigenstates with the corresponding eigenvalues, E,, which collectively
form the well-known band structure of solids. In the band structure description, an
insulating state, is characterized by a band gap between the highest occupied band
and the lowest unoccupied band. Such a gap exists in semiconductors as well, albeit
smaller. The vacuum, according to Dirac’s relativistic equation, also has a gap. By
tuning the Hamiltonian very slowly, one can in fact, connect the insulating and the
semiconducting phases to vacuum.

This situation is not general, in the sense that, all states with a bulk gap cannot
be adiabatically connected to vacuum, for example, the integer quantum Hall (IQH)
state. When a 2D electron gas (2DEG) is placed in a strong magnetic field, the
cyclotron orbits of electrons lead to Landau levels, which are quantised and shows a

gap between the occupied and the empty states. However, they are different from an
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ordinary insulator, in that, when an electric field is applied to the 2DEG, a current

flows, with a Hall conductance, which is quantised,
Oy = Ne*/h (1.1)

These phases can be distinguished by an integer, called the Chern Invariant, n, which
can be understood in terms of the Berry phase. When k is varied smoothly in
a closed loop, provided there exists no accidental degeneracies, the wavefunction
|umk) acquires a phase, called the Berry phase, given by the line integral of Berry
connection, A, = t(Uy|Vg|tuy,). This can also be defined as the surface integral of
V x Ap, called the Berry flux (F,,). The total Berry flux through the Brillouin zone

gives the Chern invariant, n,,, given as

1
Ny = — | d°kF, (1.2)
2T

The sum of n,, over all the occupied bands

n = an (1.3)

remain an invariant even in the presence of degeneracy of bands, if there exists a band
gap. This invariant was found to be equal to N - denoting the quantization of Hall
conductance - to an accuracy of one part in a billion. To gain a physical understanding
of the Chern number, we can draw an analogy to the concept of “genus” defined in
geometry. Genus counts the number of holes in a geometrical object. Interestingly,
the idea of a doughnut being different from an orange comes from this consideration.
The genus is in fact related to the integral of Gaussian curvature over a closed surface,
which is quantized and is an integer, according to the Gauss-Bonnet theorem ™. The
Chern number is thus an integral of a similar curvature, but in the Hilbert space. A

non-zero Chern number denotes a non-trivial topological phase.
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Figure 1.4: The energy dispersion at various crystal momenta. I';, = 0 and I', = 7/a are the time
reversal invariant momenta, which are Kramers degenerate. Away from these points the degeneracy
is lifted by the SOC. In (a) The bands at ', and I', connect in such a way that the bands intersect
the Fermi level an even number of times while in (b) it is odd. The odd number of crossings denote
topologically non-trivial phase .

1.2.2 Bulk-Boundary Correspondence

A direct consequence of the non-trivial topological phase is that a system with finite
gap would exhibit gap-less conducting states at the boundary. This is known as
bulk-boundary correspondence. Such edge states are known to exist at the interface
between IQHE state and vacuum. They can be understood by considering the motion
of electrons at the boundary. Under the electric field, the electrons undergo a skipping
motion along the interface, as their cyclotron orbits reflect off the edge (see Fig (1.3
(a)). These electrons form the edge states in IQHE, which are chiral and are robust
against disorder. The Haldane model® on a semi-infinite geometry with the edge
placed at y = 0 can be used to model the chiral edge states. The dispersion of energy
along the edge for this model is shown in Fig|1.3| (b). It clearly shows a single linear
band crossing the Fermi energy, connecting the valence and conduction bands with a
positive velocity. This represents the edge state at the boundary. The dispersion near
the edge can be modified by tuning the Hamiltonian. For instance, the Hamiltonian
may be tuned such that the edge states cross the surface three times, with two states

having positive group velocity and the third a negative group velocity. For a given
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Figure 1.5: (a) A magnetic flux threading a 2D cylinder. If the circumference is a single lattice
constant, then this flux corresponds to the crystal momentum, k., on the edge. The time reversal
invariant fluxes, 0 to h/2e, in this case is denoted as A1 and Ag. (b) A, corresponds to the projections
of the 4 TRIM in the 2D Brillouin zone. (c) In the 3D generalization, the Corbino torus can be
threaded by two fluxes, which corresponds to the crystal momentum on a surface. There are four
TRIM points on a given surface, which corresponds to the projection of the 8 TRIM points in a 3D
Brillouin zone as shown in (d) &l

Hamiltonian, the difference between the number of left moving (N ) and right moving
(Ng) modes, cannot change and this difference gives a change in the Chern number

of the system across the interface.

1.2.3 Quantum Spin Hall Insulator

The IQHE states occur in the presence of a magnetic field. This breaks the Time
Reversal symmetry (TRS) in the system. There is yet another phase, which is topo-
logically non-trivial, which can be realised even in the absence of a magnetic field,
such that the TRS is preserved. This in fact is allowed by the spin-orbit coupling
(SOC).

TRS can be represented in the operator form as,

T = ™S/l (1.4)
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where Sy is the spin operator and &, the complex conjugation. For the case of spin-
1/2 electrons, T has the property that T2 = —1. This leads to the Kramer’s theorem,
which basically says that the eigenstates of a time-reversal invariant Hamiltonian are
at least doubly degenerate. If the SOC is absent, then Kramer’s degeneracy simply
is the degeneracy between up and down spins. However, in the presence of SOC,
this degeneracy between up and down spins is lifted at the k-points other than the
special k-points which are time reversal invariant. Consider the energy dispersion
near the edge of a time reversal invariant 2D insulator as shown in Fig [I.4 The
k-points k, = 0 and k, = 7/a (same as k, = —m/a) are Time Reversal Invariant
Momenta (TRIM) and the Kramer’s theorem makes sure that the states at these two
points are two-fold degenerate. Away from these two points, the degeneracy is lifted.
This gives rise to two different ways the states at k, = 0 and k, = 7/a can connect
pair-wise. Either they can connect such that the bands intersect the Fermi level an
even number of times (see Fig. [1.4(a)), or they can connect in such a way that the
bands cross the Fermi level an odd number of times, as shown in Fig. [I.4(b). In the
former case, the edge states can be eliminated by shifting the Fermi level, while in
the latter, the edge states cannot be gotten rid of, meaning they are there to stay
and are robust. Thus SOC and TRS together makes the realisation of a quantum
spin Hall insulator or a Z, topological insulator in 2D. In such systems, the Chern
number is zero and a new invariant, a Zs invariant - that can take two values, 0 or
1- is defined to identify a quantum spin Hall insulator from a trivial insulator.

Just like the Laughlin thought experiment™® of a charge pump to understand the
integer quantization in the IQHE, a similar Z; pump can be used to gain insights
about Zj insulators. In his famous thought experiment, Laughlin proposed that if
the 2DEG is considered to be a corbino disc, and the magnetic field is threading the
middle of this disc, then a change in the magnetic flux by one quanta, hc/e, pumps
a charge of e€/h, across the inner and outer surfaces of the disc. Similar to the

case where adding a charge changes the charge polarisation, Fu and Kane defined a
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Zs quantity, called Time Reversal Polarisation (discussed in detail in section ,
which characterizes whether Kramer’s degeneracy is present or absent on a surface
when a charge is added. For a 2D system, we can consider a long cylinder with axis
parallel to the reciprocal lattice vector G, and a circumference equal to one of the
lattice constants of the system. Then the analogue of magnetic flux threading the
cylinder, ¢ = 0 and ¢ = h/2e are the edge time reversal invariant momenta (TRIM)
k., = Ay = 0 and k, = Ay = 7. In a quantum spin hall state, the Kramer’s pairs
switch partners, as the flux threading the cylinder changes or equivalently the crystal
momentum changes from 0 to 7. The Z; invariant is related to this change in the
Kramer’s degeneracy between k, = Ay and k, = A,, in the one dimensional edge. As
shown in Fig. [L.5|(b), k, = Ay and k, = A, are projections of the four TRIM points
in the 2D Brillouin zone. In the case of 3D, we can consider a “generalized cylinder”,
which is equivalent to a Corbino donut or torus. In a torus, there are two ways to
thread a flux, and each one can be associated with one of the two edges of the surface
boundary in 3D, which are perpendicular to G. There are four TRIM points on a
surface (see Fig. (c) and (d)), corresponding to the two fluxes being either 0 or
h/2e and are projections of the eight TRIM in 3D Brillouin zone.

For a cylinder oriented along G, the change in time reversal polarisation when the

flux changes between A\; and )y, can be expressed using the quantities®,

5 = 5 det [wly) ] _ 4 (1.5)

flwy) ]

where T'; corresponds to the TRIM and w is a 2N x 2N (if there are 2N occupied

levels) unitary matrix given by,

Winn (K) = (Upneie| T | nic) (1.6)

where T is the time reversal operator with 7% = —1 and {(a|T b) = (bla). This allows
the definition of a Pfaffian for w, satisfying the condition det [w] = P f[w]?.



11 Chapter 1. Introduction

In 2D there are 4 TRIM points ( I'; ) and a single Z, invariant can then be defined

as

(-1 =]]s (1.7)

In 3D, there are 8 TRIM points, leading to four independent Z, invariants. One of
them can be formulated as the product of all the 8 4(I';) as

(-~ =]]e (1.8)

The other three are given by the product of four I';’s residing on the same plane, as

follows,

(_1)Vk = H 51':(%17“2,%3) (19)

ng=1,n;-+,=0,1
In the presence of inversion symmetry, a further simplification for the calculation of

B Tn this case, the Z, invariants can be

Zy is possible, as shown by Fu and Kane
determined from the occupied bands’ parity eigenvalues at the four ( in case of 2D) or

at the eight ( for 3D) TRIM points. Specifically, the §;s mentioned above becomes,

0 = ] &m(Ty) (1.10)

where &, is the eigenvalue of the parity operator, at the 2m' occupied band at
the TRIM point, I';. The parity eigenvalue &;,, can be £1 and it shares the same
eigenvalue with it’s Kramer’s partner, &5, 1. The calculation of Z; invariants in
the absence of inversion symmetry requires the explicit calculation of the Time Re-
versal Polarisation, and a method in terms of Wannier functions is discussed in the

computational methods section.
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Figure 1.6: a) The surface Fermi surface of a Weak Topological Insulator (WTI). (b) The Fermi
surface of a surface of a Strong Topological Insulator. In this case, the Berry phase acquired by the
electronic state is 7, as the k is changed (c) The Dirac cone present within the Fermi circle.

1.2.4 3D Topological Insulators

As mentioned above, there are 8 TRIM points in 3D, which can be imagined to form

the corners of a cube as shown in Fig. |1.5(d). They are given by,

Licningns = (n1b1 + naby + nsbg) /2 (1.11)

with n; = 0, 1. The d;s of any group of four I';, lying on the same plane changes sign
under a gauge transformation. There exists 16 invariant §;s, modulo these gauage
transformations, which leads to 16 classes of topological materials, characterized by
four Zy invariants, (vg; v4, 12, v3) which are defined above. Since 1y is related to the
product of §; over all the 8 TRIM, it is independent of the choice of b;, while v, 15, 13
are not.

In 3D, one can classify the topological insulators into either a “strong” topological
insulator or a “weak” topological insulator. 1, known as the strong index can be used
to identify between the two. If v is 1, it denotes a Strong Topological Insulator (STT)
and vy = 0, a Weak Topological Insulator (WTI). The WTI phase can be understood
if we consider that a 3D TI is made by stacking two dimensional quantum spin hall

insulators. The 2D TIs host edge delocalised modes. As one stacks the QSHIs, these
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helical edge states form anisotropic topological surface states. However, the stacking
direction is devoid of symmetry protected surface states. This stacking direction,
which is topologically “dark”, is in fact denoted by the weak indices (v, v, v3). Un-
like the case of a 2D TI, the surface states in the weak topological insulator are not
protected by the time reversal symmetry. These states can exist if the surface is
clean, but any disorder will lead to the localisation of these states. This is the reason
for calling them “weak”. Though they are typically weak, presence of additional
symmetries or even the presence of line dislocations can make them robust 2.

The topological surface states (T'SSs) in a strong topological insulator cannot be un-
derstood from this analogy. The invariant, 1 identifies how many Kramer’s degen-
erate points are enclosed within the Fermi circle of a surface. In a strong topological
insulator, an odd number of Dirac points lie inside the Fermi circle. The simplest

case is the presence of a single Dirac point, which can be described using,
Hgurface = —thop 3.V (1.12)

STIs host TSSs on all their surfaces and these states cannot be localised even in
the presence of strong disorder. The Surface States (SS) form a very unique 2D
topological metal, which shows very different properties compared to the normal 2D
metal. The main difference is that unlike the case of ordinary metal, where the spins
are degenerate at all points on the Fermi surface, the spins on the surface of a TT do
not show spin degeneracy. The states at k and —k should have the opposite spins,
as demanded by the TRS. Thus, as one takes k around the Fermi surface, the spins
must rotate around it (see Fig. [1.6). This makes an electron acquire a Berry phase
of 0 or 7 (as required by TRS), after a rotation around the Fermi surface. When an
electron goes around a Dirac point, it’s spin changes by 27, leading to a Berry phase
of 7lfl. A Berry phase of 7 leads to non-trivial consequences for the surface states.
For instance, in a normal 2D electron gas, the electrical conductivity decreases as the

temperature is lowered. This is because of the tendency for Anderson localization in
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the presence of disorder 3. However, a Berry phase of m adds a weak anti localization
term to the conductivity, by changing the sign of the localization correction term to
the conductivity ™. Thus, the surface states in a strong TI cannot be localised, in

fact, even when there is strong disorder.

1.2.5 Applications of Topological Insulators

The unique properties of topological insulators make them promising candidates in
many areas of applied physics, especially in the field of electronic and magnetic device
technologies. The topologically protected surface states with spin-momentum locking
and the presence of Spin-Orbit coupling makes the topological insulators extremely
important in the field of spintronics. When a hetero structure between topological
insulators and magnets is formed, the non-trivial nature of the TIs can induce a giant
spin-orbit torque in the magnet in contact, which can be used in low-power tuning
of the magnetism in the material adjacent to the TI, leading to new ways of switch-
ing operation. The giant spin-orbit torque is generated because the spin-momentum
locking and the large SOC in TIs naturally lead to pure spin currents, when a charge
current is passed through it ™!, This kind of manipulation of magnetism is possible in
intrinsic magnetic topological insulators as well, which leads to applications in mag-
netoelectronics. When there is intrinsic magnetism in a material, the Time Reversal
Symmetry is broken, and thus the surface states of topological insulators become
gapped and a magnetoelectric effect arises, which basically means that a magnetic
polarization can be induced by an external electric field and an electric polarization
by a magnetic field.

Another research area where topological insulators can be used is the field of opto-
electronics. Topological insulators are known to have near-infrared transparency 16

B7 . Moreover, recent studies have shown

and ultra broadband plasmon excitations
that the refractive index on the surface of a topological insulator is much less as

compared to the bulk refractive index8!. All these properties can be used in various
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optical devices including optical recording, sensors, waveguides, solar cells etc.

Yet another application of topological insulators is in the quantum information and
quantum computing. In quantum computing, quantum mechanical features like su-
perposition and entanglement are exploited to do operations on data. These opera-
tions are very difficult to implement in a classical computer. The data is represented
in the basis of “qubits” or quantum bits, just like bits in classical computers. How-
ever, the present realisations of such qubits, like superconductors and trapped ions,
are extremeley susceptible to their external environment. A topological insulator in
the proximity of a superconductor or a topological insulator with intrinsic supercon-
ductivity, can host Majorana fermions, which obey non-Abelian anyonic statistics. If
the information is stored in such quasiparticles, the operations are then “braiding”
of these anyons and they are much more robust against local perturbations, making
them extremely useful in obtaining qubit implementations that are resistant to de-
coherence and noise.

Topological Insulators find utility in the field of thermoelectrics as well. The ef-
ficiency of thermoelectric materials is quantified using the thermoelectric figure of
merit, a dimensionless quantity, given by 2T = S?¢/(k. + #pn)T, where S is the
Seebeck coefficient, o, the electrical conductivity and s, the thermal conductivity.
Out of S, 0, ke and Kpp, Ky is fairly independent of the others, while the electrical
terms are not independent of each other. Hence, the field of thermoelectrics mainly
tries to tune the lattice thermal conductivity, k., to improve the figure of merit.
The topological insulators, however offer a novel way to tune the z7T'. The TIs have
robust surface states, which cannot be back scattered, which means that, these states
remain conducting even in the presence of dopants. Effective tuning of phonons using
such chemical processes thus leave the conductivity unaffected, leading to new ways

of obtaining good thermoelectrics.
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Figure 1.7: (a) Ising spins on a triangle with antiferromagnetic exchange. There are six possible
ways the spins on this lattice can arrange. (b) A 2D triangular lattice formed from the triangular
motifs shown in (a). (c) A 2D Kagome lattice ™.

1.3 Quantum Spin Liquids

A quantum spin liquid is another exotic phase which has been studied greatly in
condensed matter physics . This phase is characterized by short range magnetic
order and long range magnetic entanglement with fractionalized spin excitation with
a finite gap, which arises not from spontaneous symmetry breaking phenomena. The
search for the quantum spin liquid system has been there in the literature for a decade

and only a few candidates quantum spin liquids have been identified.

The quantum spin liquid is a system of highly-correlated spins which evade long-
range magnetic order at very low temperature or even 7" = 0K, because of strong
quantum fluctuations. An essential ingredient of a QSL phase is an anomalously high
degree of long-range entanglement. The idea of long-range entanglement is still an
intensely researched field in condensed matter physics and a concrete description is
still lacking. However, a highly entangled state can loosely be described as a state
which cannot be connected to a product state smoothly, over any spatial block of finite
dimension. One way to coarsely classify them is based on whether the excitation
spectrum has a finite gap between the ground state and the excited state or not.
Gapped QSL phases are simpler to study theoretically and can be characterized by a

topological order, which is a representation of patterns of long-range entanglement.
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Unlike the case of topological insulators, where the word “topology” derives from
“geometric” topology ( where we talk about the equivalence of a doughnut and coffee
mug), the “topology” in topological order is algebraic topology. The QSL phase hosts

exotic excitations with fractional quantum numbers and emergent gauge fields.

Let us dive a little deeper into the topic, by first looking at the anti-ferromagnetic
ordering in normal magnets. With the advent of quantum mechanics, Heisenberg
explained magnetism by proposing that neighbouring spins can have short range
interactions via quantum super-exchange interactions. Néel argued that if this ex-
change is negative, it leads to an alternating up-down arrangement of spins at low
temperatures, known as the Néel antiferromagnet, which was initially thought to be
unstable because of fluctuations, until it was observed experimentally. Nonetheless,
P. W. Anderson came up with the idea that this kind of anti-ferromagnetic long-range
order can be destroyed if the spin system is “frustrated” 2%. A prototypical example
of such a frustrated system is the 2D triangular Ising spin lattice with antiferromag-
netic interaction between the nearest neighbours. An isolated triangular motif in
this system, can have six different ways in which the spins can orient with respect to
each other as shown in Fig. (a). When these triangular motifs form an extended
lattice (see Fig. (b)), Wannier showed that the ground state has a very large
degeneracy 2. The spins fluctuate between these different possible degenerate states
as the temperature is lowered, but in a collective manner, since the spins are confined
to the ground state of the Ising antiferromagnet. This state is called a spin liquid and
can be compared to an ordinary liquid, where the molecules form a highly correlated,
dense state, which shows no signs of static order. How frustrated can a system be? A
measure of the degree of frustration is provided by a quantity called the “frustration
parameter”, f. It is given by the ratio of the Curie-Weiss temperature, 0o, to the
ordering temperature T-. According to the Curie-Weiss law, the magnetic suscepti-
bility is related to the temperature as x = C'/(T — Ocw ), where Ocy sets the scale of

ordering temperature in ordinary magnets. If there exists frustration in the system,
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Figure 1.8: (a) The valence bond state. The inset shows an entangled pair of spins, forming a
valence bond. The VBS represents one arrangement of such valence bonds. (b) The superposition
of VBS states gives a resonating valence bond state. The enatnglement in (a) and (b) is short range.
(¢) The light blue valence bonds represent long range entanglement, which are less tighlty bound
amd hence can be excited easily into a state with non-zero spin 2.

the ordering temperature is generally suppressed and f gives a measure of how much
it is suppressed and we say that a spin liquid regime exists at temperatures below

|0cw |, which in some cases can exist all the way up to T'= 0 K.

The spins are defined in magnitude as half-integers of h. The fluctuations ex-
perienced by these spins can be either classical or quantum, depending on their
magnitude. If the spins are classical, meaning large spins, the classical or thermal
fluctuations dominate. When such a system has enough thermal energy, the spins
fluctuate in a random fashion. These fluctuations decrease with the lowering of tem-
perature and the spins finally freeze into a random configuration or order at very
low temperatures. However, if the spins are quantum spins, with S = 1/2, the
quantum mechanical fluctuations - which are basically zero-point motions produced

by the uncertainty principle- that persist down to very low temperatures, become
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comparable to their sizes. These spins, though thermal fluctuations are absent, will
be “tossed around” by the quantum fluctuations, even till 0 K. Unlike the thermal
fluctuations, the quantum fluctuations have the property of phase coherence. Strong
quantum fluctuations leads to a QSL phase, where the ground state is a state of mas-
sive superposition. Locally the QSL has well-formed magnetic moments, however,
the ground state somehow is non-magnetic.

A non-magnetic state can be thought to be build out of a lattice of valence bonds,
which are a pair of spins that form a singlet which has a total spin of 0. (see Fig .
Such a spin singlet state is highly entangled and a lattice in which all the spins form
a part of a valence bond, naturally will have ground state which is non-magnetic,
with S = 0. Each spin in a valence bond state (VBS) is highly entangled to it’s
partner in the valence bond. Though such VBS states exist in a lot of materials, they
are not exactly QSL states, since they tend to break lattice symmetries and are not
long-range entangled. If we consider quantum fluctuations on these valence bonds,
which makes the spins fluctuate between different valence bond partitions, we get a
Resonating Valence Bond (RVB) state, which is a “liquid” VBS. The RVB state is
thus a superposition of various valence bond states possible in a system. Each VB
partition can have a different weight. This gives a plethora of possible RVB ground
states, which lead to distinct QSL phases. It was shown that the spins on a triangular
lattice order at 120° angle, making the RVB theory not an explicit theory of QSL.
However, Anderson showed a connection between the QSL phase and the Cooper
pairs in superconductivity, rejuvenating the studies on spin liquid theory.

Now we know that a host of QSL phases exist, possibly an infinite number of them.
Classifying the QSL phases is a very active field of research in condensed matter
physics. A common signature in all the different number of QSL phases is that they
support excitations that are quite exotic. If a valence bond in an VBS state is bro-
ken, we get an excited state, a triplet. This gives rise to gapped bosonic excitation

called, triplon, which is what is expected in the system. If we now imagine a VB
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between two spins that are far apart, it can be broken into free-spins, with very low
energy. These excitations are called spinons, which have half-integral spins. Usually
the excitations seen in materials are either electron-like, with spin 1/2 and charge e
or magnon-like, with spin 1 and charge 0. A common deviation from such excitations
is observed in the Fractional Quantum Hall (FQH) state, where the excitations carry
quantum numbers that are fractional. Similarly, the spinons in a QSL state, are
neutral quasi particles with a spin of 1/2. They are quite important in the experi-
mental verification of QSLs. It can be viewed as if a S = 1 magnon has split into
two spinons with S = 1/2. This is an example of fractionalization. A systematic
way to examine whether such a fractionalization occur in a spin model was proposed
by Wen 2223 yusing the concepts of confinement and deconfinement in lattice gauge
theory, which is outside the scope of this thesis. Detecting these particles is a very
difficult task, because the fractional nature of the spinons prohibits the formation of
a single spinon. The smoking gun evidence of the presence of spinons in a system is
the presence of broad and diffuse neutron scattering peaks which arise from probing

the two particle continuum.

1.3.1 Candidates for Quantum Spin Liquids

There have been numerous reports on possible candidates of QSL phase in the last
few years. The evidence, however, is circumstantial. The search for QSL systems
have been majorly in systems with spin-1/2, which frustrate the Neel antiferromag-
netic order. Interests are also directed at low dimensional systems and systems with
low coordination number, where the quantum fluctuations are enhanced. There are
also the cases of pyrochlore and hyper-kagome lattices in 3D, where the magnetic
long range order is suppressed by geometric frustration. Another interesting place
to look for QSL phases is in the weak Mott Insulators, close to the metal-insulator
transitions, for example (V;_,Cr,)2032%. Let us look at some examples of QSL can-

didates with S = 1/2 or an effective J = 1/2 spins.
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Figure 1.9: (a) and (b)The crystal structure of x-(ET)2Cuz(CN)s, (a) where the ET dimers form
a triangular lattice. The S = 1/2 spin per dimer is shown as red arrow. (b) These ET molecules
are stacked between layers of Cuy(CN))324(c),(d) Herbertsmithite structure, with the Cu atoms
forming layers of Kagome lattice, which are interconnected by ZnB5 and (e ),(f) a-RuCl3, where
the Ru atoms arrange in honeycomb layers which are weakly coupled with C126l

Herbertsmithite, ZnCuz(OH)sCly, is a rare mineral, where the Cu®" ions form a
Kagome lattice Fig. [1.9(b). The magnetic measurements on this system showed no
signatures of long-range magnetic order. Furthermore, the neutron diffraction stud-
ies revealed broad continuum of spin excitations in the system, signaling fractional
excitations.

Another example is the class of 2D Organic salts, in which structural dimers, having a
single spin-1/2 degree of freedom, form triangular lattice. Some prominent examples
include x-(BEDT-TTF),Cus(CN); (See Fig. [1.9)), called s-ET, EtMesSh[Pd(dmit)s]»
(Pd-dmit), k-Hs(Cat-EDT-TTF), and x-(BEDT-TTF),Hg(SCN);Br. NMR mea-
surements on k-ET shows that it lacks long-range magnetic order, well below the
Curie-Weiss temperature. The spin susceptibility becomes a constant at low temper-
atures, and the heat capacity shows a linear temperature dependence 28!,

The Inelastic Neutron Scattering (INS) experiments on a-RuCls, also revealed a

continuum of spin excitations¥ suggesting a QSL phase. It was observed that the
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application of magnetic field in this system suppresses magnetic order, implying there
could be a range of magnetic fields where the spin liquid could exist B2,

A recent interest, with respect to realising a QSL phase, is in the Rare-Earth based
compounds. An interplay of spin-orbit coupling, exchange anisotropy, spin correla-
tions and frustration in Rare-Earth materials, make them unique quantum materials.
One such example is YbMgGaO,. In this material the magnetic Yb atoms form a
triangular lattice with the Mg and Ga atomic sites having disorder. Extensive studied
have been performed on this systemB¥33 which point to a spin liquid state. How-
ever, like most of the existing candidates, disorder plays a huge role in this material.
The Mg and Ga cations interchange and thus distort the Yb environment B3, Another

3435

example is the CeyZryO5 , where Ce®" ions, with an effective S =1/2, occupy a

lattice made of corner sharing tetrahedra. Replacing Zr with Sn, gives another QSL
candidate CeySnyO; which has been categorized as a U(1) spin liquid B9,
In this thesis we report two Yb-based rare-earth oxides, YbyTe;O13 and NaYbW,Og,

the former a dimer-based lattice and the latter a hyperhoneycomb lattice.

1.3.2 Applications of QSL

The most important application of Quantum Spin Liquids is in the field of qauntum
compuation and quantum information processing. The QSL phases have long-range
quantum entanglement in their ground state and support fractional excitations, like
Majorana fermions. These particles can behave like anyons, which obey non-Abelian
statistics, in the presence of a magnetic field B8 When these excitations move
around each other, it is known as braiding, and this braiding can be used to perform
unitary operations. Measurements in such system can be done by observing the
fusion of such excitations in pairs. Kitaev argued that®? such a quantum computer
is fault-tolerant, against external environment, by it’s physical nature. This makes

QSLs lucrative in the field of quantum computing.
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1.4 Computational Methods

A brief review of the basic theoretical formalism used in the simulations in this thesis
is described in this section. First, we discuss the density functional theory, followed
by a review of the tight-binding model and wannierization. We conclude this section
with the topic of time reversal polarisation and how it can be used to classify band

topological insulators.

1.4.1 Density Functional Theory

An important aspect of quantum mechanical studies on materials is to find the solu-

tion of the non-relativistic many-body time dependent Schrédinger equation,
HU = EU (1.13)

where H is the many body Hamiltonian and ¥ and F are the eigenvector and the
eigenvalue of this H respectively. The many-body wavefunction, W, contains all the
information about the system and the energy of the system is given by eigenvalue
E. For a general system consisting of n. electrons and N; nuclei, the non-relativistic

Hamiltonian is given by,

~ e hQ 2 N ne M Zle
H=- - Q_WVi_Z2m[ ZZ|T—R[
' (1.14)
Ne Nr Ny
_ Z[ZJ€
;;V —7”3| ;JZMWI Ry|

where the first two terms correspond to the kinetic energy of the electrons and the
nuclei respectively, with m, being the mass of the electron and m;, the mass of the
nuclei. The third term captures the interaction between the nuclei and the electron,
while the last two terms correspond to the electron-electron interaction energy and

the interaction between two nuclei respectively. The charge of an electron is e and
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Zre corresponds to the charge of a nucleus. The Hamiltonian can thus be re-written

in a compact form as:

~ ~ A

HZT@"'TN_‘_‘Z:xt—i_‘A/ee_‘_Vnn (115)

The term containing the electron-nuclei interaction is denoted as the external poten-
tial. The solution of the above equation becomes cumbersome as we consider a system
with more than one electron. In such cases, which is in fact the most observed case,
one has to resort to an efficient way of solving Schrodinger equation, which involves
some approximations. The first approximation to discuss is the Born-Oppenheimer
approximation.

In the Born-Oppenheimer Approximation, the nuclei is considered to be infinitely
heavier than the electron, which renders the motion of nuclei quite negligible as com-
pared to the electronic motion. Hence, we can assume the nuceli to be stationary,
while the electrons move and reorganise themselves around the nuclei. As a conse-
quence the electronic part and the nuclear part of the Schrodinger can be decoupled.
Mathematically, the total wavefunction of the time independent Schrodinger equation
can then be written in a separable form, as the product of an electronic wavefunction

and a nuclear wavefunction as,
\I[tot(riyRI) == \IIG(TZ‘7{R[})\IJN(R[) (116)

the electronic wavefunction, ¥, depends on the nuclear positions R; parametrically.
This wavefunction represents the electronic states for a fixed configuration of nuclei.

The separation of variables allow us to write Eq. as two different equations, an
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electronic part,

Tle hQ ne Nip ZI6 Ne Ni Np Z[ ZJ@
D e
[ 20w TRy Z; s —7‘]| "2 =gy e (R)
= Ue({R1})We(ri, {Ri})
(1.17)
and a nuclear part,
Nipo
[ -y o Vi U ({R[})] UnRr = EWyR; (1.18)
I

where U.({R;}) dependent on the nuclear coordinates is called the electronic energy
and F is the total energy of the system. This is the potential energy surface that
the nuclei feels and thus enters the nuclear Schrodinger equation (Eq. Thus,
the Born-Oppenheimer approximation reduces the difficulty in solving the full many-
body Schrodinger equation.

Though the BO approximation greatly simplifies the Schrodinger equation and forms
the basis of many electronic structure calculations, solving the many-body electronic
Schrodinger equation itself comes with it’s own set of difficulties. For instance, further
approximations to the many-body, N electron wavefunction.

Consider an n-electron system under the influence of a single nucleus or a collection

of nuclei, like an atom, a molecule or a solid. The Hamiltonian is given by,

~ A ~ ~

H=T,+ Vey + Vee (119>

The nuclei-nuclei interaction term is usually neglected while considering Eq{l.17),
because it can be solved separately and added in the end as a constant energy term.
If ¥ is not an eigenvalue of the above Hamiltonian, then it does not have a well-

defined energy. In this general case, the energy expectation value can be calculated
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by solving the following integral,

\IJ\H\II // / /\IIH\II dridrsy....dr,_idr,
(1.20)

= (U|T, + Veel) + (W] Ve 0)

Let us look at the electron-nuclei interaction term,

(U|Vigt|T) = // /W*( v; 7"@))\11 dridrs....dr,
:Z/ / / o (r) | Pdrrdry....dry

where, v; is the one electron term of the external potential, Vem Because of the fact

(1.21)

that v;(r;) is the same for all electrons and |¥|? is symmetric under position exchange,

all the terms in the above summation are equivalent and we can write the above as,

(0| Vit |T) :n/ v;(71) (/ / (U (11,79, ey ) |2 drg....drn>dr1 (1.22)

Now, the one-electron density, for a system with normalized wavefunction W is given
by integrating the probability density |¥|* with respect to all the electronic coordi-

nates r;, except one. And that is exactly the term

// |U(ry, 7o, ooy ) [2dry....dry,
T2 Tn

in the above equation. Thus, Eq. [1.22] gets modified as,

(U Vet | ) 2/ v1(r1)p(r1)dry (1.23)

T1

The electron-nuclei term is thus a functional of density p. The same applies to any

other operator which is the sum of multiplicative single electron operators.
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The Hohenberg-Kohn Theorems

P. Hohenberg and W. Kohn proved two theorems in 19648 which paved the way
for Density Functional Theory (DFT).

Theorem 1 : The external potential is a unique functional of the ground state elec-
tron density, upto a trivial additive constant.

This theorem immediately follows that given the ground state electronic density, the
Hamiltonian can be uniquely determined and thus the wavefunction and all the ma-
terials properties could be computed.

Theorem 2 : For any positive definite density, such that [ p,(r)dr = N, then
Elpy] > Ey

This theorem establishes a variational principle and restricts density functional the-
ory to exploration of the ground state.

Now Eq. can be written in terms of the functional as,

Elp] = T[p] + Vear[p] + Vee[p] (1.24)

The interaction of the electron with external potential is trivial and discussed above,
however, the kinetic energy term, T[p] and the electron-electron interaction term,
Vewt[p] are not known. We have to resort to approximations of these functional and
provided we can approximate it well enough, a direct minimisation of the above
equation with respect to the density would give the ground state properties of the

system.

The Kohn-Sham approach

The kinetic energy functional and the electron-electron interaction functional in Eq.
was approximated by Kohn and ShamB% by considering a fictitious system of
non-interacting N-electrons, whose ground state density resembles that of the inter-

acting case, which is of interest to us. The fictitious system is described by a single
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determinant of N orbitals, f;, such that the ground state density p(r) is given by,

Mﬂziﬁ# (1.25)

The kinetic energy of this fictitious system can be obtained directly as

-
s = 5 Z<f1|v2|fz> (1.26)

It is also noteworthy that the major contribution in the electron-electron interaction

term, Vi, [p] is the classical Coulomb interaction or the Hartree energy,

Vilpl = ! —p(rl)p<r2)d7"1d7“2 (1.27)
2 ‘7"1 — 7"2‘

Thus, we can rewrite the energy functional in Eq. as,

Elp] = T[p] + Vear|p] + Vi [p] + Euclp) (1.28)

where E,.[p] is the exchange-correlation functional introduced to capture the error
in the kinetic energy because of considering non-interacting electron-system and the
error due to the consideration of the electron-electron interaction classically. So, E,.

can be written as,

Erelpl = (Tlp] = Tilp]) + (Veelp] — Valpl) (1.29)

Writing the energy functional explicitly in terms of the density of the non-interacting
system of electrons and by applying variational theorem, we can get the orbitals

that minimise the energy functional, which satisfy the following set of differential
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equations,

2

V2 Ve (1) + / p(r’2/| dr’ + vxc(r)] fi(r) = eifi(r) (1.30)

2me lr —

where v, is a local multiplicative potential, which is a functional derivative of E,.[p]

with respect to density,

ch(r> = (1'31)

Though the Kohn-Sham equations have the same basic form as that of the Hartree-
Fock equations, note that the Kohn-Sham equations have an exchange correlation
potential unlike the Hartree-Fock equations which have just the exchange potential.
Moreover, the exchange correlation potential in Kohn-Sham equations have a com-
ponent of kinetic energy and not just the sum of exchange and correlation.

Thus the Kohn-Sham approach maps the ground state of many-body interacting
system of electrons to the density of a non-interacting system of electrons and this
mapping is exact if the exact exchange-correlation functional is known. However, we
do not know the exact exchange-correlation functional. Nevertheless, this functional
does not depend on the specific material that is studied, that is, it is a universal
functional. The determination of the exact properties of this universal functional in
some systems, allows us to approximate the form of this functional to some accu-
racy. Below I will discuss some of the most commonly used approximations to the

exchange-correlation functional.
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1.4.2 Approximations to the Exchange Correlation Functional
Local Density Approximation

In the Local Density Approximation (LDA), the exchange correlation functional for

a spin unpolarised system is given by,

BEPAp(r)) = [ cuclplr)-olr)dr (1.52)

where €,.(p(r)) is the exchange-correlation energy per particle of a uniform electron
gas with density p(r). In other words, LDA replaces the local density of an in-
homogeneous system at each point with the density of a homogeneous electron gas
which has a density equal to the local density of the system at that point. This
has been accurately calculated from quantum Monte Carlo simulations by Ceper-
ley and Alder ! and parameterized by Perdew and Zunger®? to give an analytic
form. For a spin-polarised system, LDA can be generalized to a Local Spin Density

Approximation (LSDA), as follows:

B pr(r), pu(r)] = /ewc(m(r%m(?”))-p(?”)dr (1.33)

This approximation, by construction, yields very accurate results for systems which
have a slowly varying or uniform electron density, but is not a good approximation for
the systems with highly in-homogeneous density like atoms or molecules. Nonetheless,
LDA seems to work much better than anticipated for a host of materials, at least
qualitatively. For example, in molecules, LDA overestimates the binding energies,
while providing reasonably good results for vibrational frequencies and equilibrium
distances. A striking disadvantage of LDA is it’s consistent lack of agreement with
the experiments, on the band gap in semiconductors and insulators. LDA always
underestimates the band gap, atleast by a difference of two. In order to overcome the

limitations of LDA, a number of other approximations to the exchange-correlation
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functional have been developed.

Generalized Gradient Approximation

The Generalized Gradient Approximation (GGA) to the exchange correlation func-
tional aims to correct the errors because of LDA, by considering the exchange cor-
relation energy to depend on the gradient of the local spin density as well. This

semi-local approximation to the exchange correlation functional can be written as

Eglpy(r), py(r)] = / €ac(pr(r), pu(1), Vpr(r), Vpu(r)) p(r) dr (1.34)

The success of GGA comes from it’s abilities to get rid of some of the disadvantages
of LDA, at a modest computational load. A host of generalized gradient approxi-
mations to the exchange correlation functional have been proposed, most notably by
Perdew-Burke B4 Perdew-Wang#9 and Perdew-Burke-Ernzerhof®%. Though the
GGA improve upon LDA in many aspects, it still harbors various drawbacks like the

underestimation of band gap in semiconductors.

Hybrid Functionals

The predominant contribution to the total exchange-correlation energy is the ex-
change energy of electrons with the same spin. It is only reasonable in this case to
expect a better result if the semi-local exchange functional is replaced with the exact
Hartree-Fock exchange energy. The major advantage of this formalism is the total
elimination of the “self-interaction” energy, a non-physical and absurd energy that an
electron experiences from itself, which is compensated only partially in the semi-local
approximations. The correlation energy in DFT, considers only the dynamic correla-
tion and the exchange energy in DFT takes into account the non-dynamic correlation.
However, if we consider the exchange to be the exact exchange, this non-dynamic cor-

relation is lost, as it only includes the correlation of Fermi electrons with identical
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spins. In order to ensure a balance between the elimination of the Self-Interaction
Error and the inclusion of the non-dynamic correlation, a linear combination of exact

exchange and semi-local exchange is used, and this is the hybrid functional,
B = qgBF* 4 (1 — ao) EPFT 4 EPFT 0<ap<1 (1.35)

One of the most widely used hybrid functional is Becke’s three parameter scheme

(B3) where the exchange-correlation is approximated as,

Ell = aoEF™" 4+ (1 — ag) EX"* + a,AEP® + EMP4 4 a AEZA
(1.36)
ag=0.2,a, =0.72,a. = 0.81,

where, AFE, is the gradient correction to the exchange energy taken from B88 func-
tional ¥ and AESY4 is the gradient correction to the correlation energy. The pa-
rameters ag, a, and a. were obtained by fitting to experimental observations. The
B3LYP functional is based on the same, but with the Lee-Yang-Parr correlation func-

BT Though extremely useful in the case of molecules, the hybrid functionals

tional
are not very suitable for solids.

The two types of systems studied in this thesis are chalcogenides and rare-earth ox-
ides. The presence of partially filled d- and f-orbitals in these systems lead to strong
correlation effects. Using DFT to study such strongly correlated systems pose two
main challenges, because of the approximations to the exchange-correlation func-
tional - one is the delocalization or the self interaction error, and the other is the
static correlation error. If standard, starting approximations, like LDA or GGA
to the exchange-correlation functional is used, it can lead to the failure of DFT in
strongly correlated systems.

All our theoretical results are compared with contemporary studies on similar sys-

tems and is carefully fine tuned. For example, in TaSes, the existence of a negative

band gap of around 20 meV is experimentally observed ¥ and in our GGA calcu-
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lated band gap with SOC, we observe a negative gap of around 16 meV. In the case of
SboTes, the presence of a single Dirac cone at the I'-point on it’s surfaces are reported

HI50 hoth experimental and theoretical and this is indeed what

in multiple studies
we observe in our studies as well. With the confidence gained from this calculation,
we proceed to analyse the topological character of the other members of the series.
When it comes to the magnetic rare-earth oxide systems, we have implemented a
DFT+U+SOC approach, were a semi-empirical correction to the delocalization error
is included with the Hubbard U correction. Moreover, rather than emphasizing the
absolute value of the magnetic exchanges (which are the only quantities we have ob-
tained from DFT), we are interested in the ratio of the exchanges and the magnetic
properties are further calculated within a Monte-Carlo framework. The main point
to remember is that all the works presented in the thesis are not stand-alone theo-

retical studies. Our computational analysis is complimented by experiments and are

designed to explain the experimental observations.

1.4.3 Tight Binding Model

The general electronic Hamiltonian can be written as
I:[ - FIe + Hei (137)

where, Flei is the electron-ion interaction term. If we neglect the the electron-electron

interactions terms contained in H.,, we get the single electron Hamiltonian

N ]32
=L v (1.38)

2m

where V (r) is given by,
V(I‘) = Z ‘/;0”(1‘ - Rj) (139)
J
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This is the background ionic potential landscape that the single electron experiences,
which is periodic by construction. Thus, the single particle Hamiltonian H, commutes
with the translation operator T, thereby making the eigenstates of T, simultaneous
eigenfunctions of Hy as well. According to the Bloch’s theorem, the eigen states of

T lies on a unit circle in the complex plane, of the form,

Ui (1) = (1) ™" (1.40)

kr and a periodic Bloch function

which is basically the product of a plane wave e’
unk(r), where n is an integer known as band index and k is a pseudo-momentum,
called crystal momentum. The tight binding model approximates that the atoms in
a periodic lattice are well-separated that their orbitals do not overlap considerably.
In this case, the localised atomic orbitals, {¢,(r)} are a good representation of the

electronic states. If H,(R) = p?/2m + V,(r — R) is the atomic Hamiltonian of an

atom located at R, then ¢, (r) satisfies the following equation,
Hy(R) ¢p(r —R) = €, dn(r —R) (1.41)

Then the single-particle Hamiltonian in Eq. becomes,

A~

H=H,(R,) + A Vg,(r) (1.42)
where a single atomic part at R; is singled out, with a correction given by

AVei(r)= ) Vir—Ry) (1.43)

R, #R;
There are different ways to construct the tight binding model. One such model is
the Linear Combination of Atomic Orbitals (LCAO). An alternate way to approach

the Tight-binding formalism is through Wannier functions. An important difference
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Figure 1.10: The left hand side shows the Bloch wave functions in real space, e’*®uy(z), for three

different ks, for a single band in one-dimensional system. The right hand side shows the correspond-
ing wannier functions 51

between the two is that the Wannier functions satisfy the orthonormality criteria.

1.4.4 Maximally Localised Wannier Functions

Gregory Wannier, in the year 1967, introduced an alternate representation, in terms
of the localised “Wannier functions” (WF) as opposed to the extended Bloch func-
tions, to represent the electronic ground state of periodic systems. For a periodic
system, in the independent particle approximation, the electronic ground state is de-
scribed by a set of single particle orbitals and their corresponding occupations. For
periodic systems, these orbitals are the Bloch wave functions, described by a crystal

momentum, k, residing in the Brillouin zone and n, the band index. The Wannier
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functions are obtained by a unitary transformation of the Bloch functions, which
localises the orbitals in the real space. Unlike the Bloch functions, the Wannier func-
tions are not eigenvectors of the Hamiltonian.

The Bloch orbitals for a one-particle Hamiltonian is given as follows,
Ui (1) = e (1) ™" (1.44)

where the periodicity in the Hamiltonian is contained in u,x(r). For different crystal
momenta, k, the Bloch functions have different envelopes, ¢’** |, see Fig. and this
allows us to construct the localized “wave-packet” by superposing Bloch functions of

different envelopes. We can thus construct Wannier functions,

v
wo(r) = — / U (r) dk (1.45)

iy
The integral is over the whole Brillouin zone and V is the volume of the primitive cell

in real space. This gives the WF showed in Fig. [1.10, More generally, any translation

in the real space can also be incorporated into the above transformation in the form

of e R where R denotes the lattice vector in real space. Thus the above equation
becomes,
1% ,
|IRn) = —/ U (r) e R gk (1.46)
21 BZ

where, |Rn) is the WF of orbital n in the real space unit cell corresponding to R.
The set {|Rn)} is orthonormal and any WF, |Rn), can be transformed into another
WF |R’n) by a lattice translation vector, R — R’.

An important aspect to consider here is the fact that the above unitary transformation
is not unique. This arises because of the nature of Bloch orbitals in that, there
exists a “gauge freedom” in the definition of W, (r). This means that there can
be an arbitrary unitary operation that can be applied to the Bloch wavefunctions

at each k, which inevitably reflect in the non-uniqueness of the WFs as well. The
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Bloch functions, however, must belong to a “smooth” gauge, to obtain well-localised
WFs. This is in fact a general property of Fourier Transforms: the more smooth the
reciprocal space function, the more localised the real-space function and vice-versa.

To choose, from this set of Wannier functions, a unique set for any particular system,
Marzari and Vanderbilt® came up with the formulation of Maximally Localised

Wannier Functions (MLWFs). Within this formalism, first, the spread functional,
Q= (0n|r*|0n) — (On|r|0n)>

B (1.47)

DIIEE)
which adds up the quadratic spread of the WFs in the home unit cell, R = 0, is
defined. This functional is then reformulated in terms of the Bloch functions in
the k-space and then minimised with respect to the unitary transformation, U* | to

mn?

obtain a highly localised set of Wannier functions for the system in hand.

1.4.5 7, Invariant from Wannier Charge Centre

Fu and Kane®! defined the Z, invariants of a topological insulator in terms of a
quantity called Time Reversal Polarisation (TRP), thereby providing a clear picture
about the physical interpretation of the Z, invariant. Solunayov and Vanderbilt ¥
reformulated the TRP in terms of the Wannier Charge Centres, which are discussed
above.

If we consider a one dimensional gapped Hamiltonian H(z) which is subjected to
an adiabatic pumping cycle, with t being the time or the pumping parameter with

H[t+ T] = HJt], subject to the constraint,

H[-t]=06 H[t] ©! (1.48)
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then the constraint makes sure that the Hamiltonian, H(z) is Time-reversal Invariant
at t = 0 and ¢t = T'/2 and at any other value of ¢, the Time Reversal Symmetry
(TRS) is broken. If we consider that the periodicity of the Hamiltonian is unity, i.e.,
H(x + 1) = H(z), then the eigenstates of the Hamiltonian are the periodic part of

the Bloch states given by,
[tnk) = €W, 1) (1.49)

These functions lie on a torus given the fact that the Hamiltonian is periodic in two
parameters, k and t. At the time reversal invariant points, t = 0 and t = T/2,
Kramer’s theorem tells that there exists a pair of degenerate eigenstates at k = 0 and
k = m. If we consider the Kramers pairs to fall into two different subspaces, then the

Berry connection given by

A =10 (| Oklttnk) (1.50)
can be rewritten as,
A(k) = A (k) + A™ (k) (1.51)
with
AS(R) = 1) {ui|Oelugy) (1.52)

where S = I, I are the two subspaces, and a corresponds to the number of pairs in
the occupied states. This allows to define the charge polarization also in a similar

fashion, with the total polarisation,

1
P, = — ¢ dkA; (1.53)

P~ or
written as the sum of two “partial polarisation” defined as,

ps = L f akas (k) (1.54)

P~ or
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This partial polarisation is not gauge invariant and the total polarisation is defined
only modulo an integer. The change in total polarisation during the adiabatic pump-

ing cycle of the Hamiltonian is, however, gauge invariant. Thus,
J(T) — P,(0) = C (1.55)

with C' denoting the Chern number, which corresponds to the number of charge
quanta pumped through the system in a single adiabatic cycle. For a time reversal
invariant system, this quantity is zero.

A similar quantity was introduced inF3 called Time Reversal Polarization, which is
non-zero for the TRS symmetric Hamiltonian. It is given as the difference of the two

partial polarisations,

Po =PI — PH (1.56)

Now, the Z, invariant is given by,
A = Pg(T/2) — Po(0) mod 2 (1.57)

It is to be noted that the Z; invariant as given above is well-defined only in the case
of a gauge which is continuous on the torus defined by ¢ and k and if it preserves
time reversal symmetry at ¢t = 0 and t = T/2. A = 1 in the case of a non-trivial
topological insulator and in this case, such a gauge can be defined only on a half
torus.

Equation can be reformulated in terms of the Wannier Charge Centre (WCC).
The Wannier Charge Centre, Z,, or 7, in the 3D case, is the expectation value of the

position operator in a particular state |On) in the unit cell, as given below,

50 = e [ db{unafOelum (1.58)
2 J .
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The sum of all the WCCs in a unit cell is a gauge invariant quantity and the sum

of WCCs over each subspace, S = I, 11 is equal to the corresponding partial Berry

1541

connection A%(k)P4. Thus the Z, invariant A can be written as,

NT/2) — zl(T/2)

A=D |

-y [xg(o) x”(o)] mod 2 (1.59)
This definition of the Z5 invariant holds only if the gauge choice is Time Reversal(TR)
invariant and is smooth in the half torus defined by k£ and t. The method for maxi-
mally localised Wannier functions, introduced in the previous subsection satisfies this
criteria in 1D, provided the functions are made to evolve smoothly with . However,
enforcing this continuity with respect to ¢, for a multiple band system, on a discrete
t-mesh may prove very challenging. In practice, EqJ1.59 can be implemented numer-
ically, by simply plotting WCC at each ¢t and by tracking their evolution with ¢ or
by just tracking the largest gap in the WCC spectrum. For defining the Z, invariant
for a 3D Topological Insulator using this approach, we resort to Hybrid Wannier
Charge Centres (HWCC) B3 which are localised and wannier-like in one direction

and Bloch-like in the other two.

1.5 Summary of the Thesis

The thesis is organised as follows, in the second chapter, the evolution of topological
phases of TaSesz under hydrostatic pressure is studied in detail. TaSes is a quasi
one dimensional material, which has a superconducting transition temperature of the
order of 2.3 K. The realization of materials with non-trivial topology and supercon-
ductivity is fascinating given the possibility of realising Majorana fermions in such
systems. We study the topological nature of TaSes from first principles and subse-
quently try to probe the behavior of the system with the application of hydrostatic

pressure. Experimentally, from Raman Spectroscopy, it is observed that with the
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increase in pressure, TaSes undergoes two isostructural phase transitions, at 3 GPa
and at 8 GPa. Our Density Functional Theory (DFT ) analysis reveal that the two
transitions observed are topological quantum phase transitions, the first one from a
weak topological insulator phase to a strong topological phase and the second one at
8 GPa, from the strong topological phase to a weak topological phase. This fact is
confirmed by the calculated Z, invariant as well as from the observation of a single

Dirac cone on the TaSez surface in the strong topological insulator phase.

There are two parts in chapter 3. The first part deals with the topological phases
in (SboTes),,(Shs), series, while in part B, the evolution of topological phases in
SboTes and SbyTe under uniaxial strain and hydrostatic pressure has been studied.
In the first part of chapter 3, the structure-property relationship in various materials
in the (SbyTes),,(Sha), homologous series has been studied to understand the topo-
logical properties in this potentially good thermoelectric materials. The series has
SbyTes (n =0) and Sby (m=0) at its extreme ends, out of which ShyTes is known
to be a topological insulator and Sby, a topological semi metal. The series that
we have studied include SbyTes, ShoTe and SbTe, all of which reveal large phonon
anharmonicity and low phonon group velocity, which indicates low lattice thermal
conductivity. The existence of topological surface states in these promising thermo-
electric materials will offer us new ways to control the thermopower, thereby making
it even more lucrative. Our first principles studies reveal that, in addition to ShoTes,
ShoTe and ShTe also reveals a non-trivial topology with a non-zero strong invari-
ant. Our simulated Angle Resolved Photoemission Spectroscopy (ARPES) reveals

the presence of a single Dirac cone on the surfaces of all the three systems.

In the next part of chapter 3, the evolution of topological phases in ShyTe; and
SboTe under uniaxial strain and hydrostatic pressure is investigated. The electronic
band structure of ShyTes under the application of compressive strain (as large as
4%) along the c-axis, shows an increase in the band gap, with the retention of band

inversion at the point, which indicates that the compressive strain does not lead to a
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topological phase transition in ShyTes. However, with the application of tensile strain
(up to 4 %) , the band gap at I' decreases. We also examined the band structure
evolution in ShyTes and ShsTe under hydrostatic pressure. In ShyTes, we observe
an increase in the valley degeneracy with pressure (upto 4 GPa) and a subsequent
decrease in the valley degeneracy with further increase in pressure. Though no closing
of the band gap is seen until 10 GPa, beyond 4 GPa, the band inversion at I" ceases to
exit, therby making the material trivial at high pressures. The high pressure studies
on ShyTe, reveal a strong to weak topological phase transition beyond 6 GPa. This
is confirmed by the band gap closing and reopening at the L-point.

In chapter 4, we have studied the dynamic magnetic ground state in a dimer
based compound YbyTesO13. The Yb3* ions in YbyTes;Oq3 are in a Jerr= 1/2 state
because of the large Spin-Orbit Coupling (SOC) and the Crystal Electric Field (CEF)
splitting, making it very susceptible to quantum fluctuations. The Yb atoms form a
dimer along the c-axis, with the dimers stacked along the a-axis. Experimental mag-
netic susceptibility and specific heat do not show magnetic ordering at temperatures
as low as 400 mK. Moreover, the uSR studies also hint at the absence of local static
magnetic field in the system. In this chapter, we discuss the microscopic origin of
this dynamic magnetic state using first principles. We calculated the nearest ( Jq),
next nearest (J) and the third nearest (J3) neighbor exchange interactions as well
as the zero-field splitting parameters D and E from first principles. We observe that
J1 and J, are antiferromagnetic and J3 is ferromagnetic. J; is the exchange between
Yb atoms in the dimer, along the c-axis, while J; and J3 act in the a-b plane and
are of opposing character. This competition between the exchanges in the a-b plane
leads to the dynamic magnetic ground state seen in the experimental system between
temperature 125 K down to 45 K. Owing to the fact that the single ion anisotropy
and the biaxial anisotropy, D and E respectively, are much lower as compared to J;
, we constructed an effective J;-Jo-J3 Heisenberg model to simulate the system. Our

Monte Carlo studies reveal diffused peaks in the equal time structure factor at 50 K,
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hinting at a spiral spin liquid regime in the 45K to 125 K temperature range.

In chapter 5 we explore the dynamic magnetic ground state in a hyper honeycomb
lattice, with an inherent disorder between the Sodium (Na) and Ytterbium (Yb) sites.
Owing to this disorder, we obtained six possible structures, out of which we studied
the energetically lowest structure and a structure with geometric frustration. The
former shows very low values of J; and J, (1072 meV), while the latter shows
exchange interactions of the order of 107! meV. The disorder in the system thus
leads to the lowering of the exchange couplings, leading to a huge suppression of the
magnetic ordering temperature. We analyzed the equal time structure factor for both
the systems, which revealed broad, diffused peaks ( around the ground state peaks
observed from iterative minimisation), thus confirming a dynamic magnetic ground
state in the system.

The last chapter is the conclusion and future outlook, where we have summarized
all the major and salient points obtained in each of the four work chapters, with a

discussion on the topics to be studied in the near future.
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Evolution of Topological Phases
of TaSe; under Hydrostatic

Pressure

2.1 Introduction

The recent years have seen tremendous impetus in finding interesting and novel topo-
logical materials, since the observation of quantum Hall effect ! and subsequent real-
isations of a plethora of similar systems, like topological insulators, semimetals, topo-
logical superconductors. .. to name a few 24 Identification of such novel phases and
distinguishing them from one another is an extensively researched area in the mate-
rial science community. The origin of the topological features is the non-trivial twist
of electronic bands in a material. Among the host of various topological band insu-

lators, the topological superconductivity is much coveted, because of it’s uniqueness.
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In fact, in the spectrum of different topological phases, topological superconductivity
is distinguished, as it can host Majorana states with non-Abelian statistics, which
are quite distinct from Fermions or Bosons . The emergence of Majorana Fermions
and the possibility of their braiding ¥ in such systems, offer huge prospects for

applications in the field of quantum computation and quantum cryptography ™.

Topological superconductors are, however, not very common. Most of the su-
perconductors are topologically non-trivial. A viable way to realise such topological
superconductivity is to form a heterostructure of a topological insulator and super-
conductor, where the proximity effect leads to the realisation of Majorana states 5.
Although signatures of Majorana states exist in these heterostructures, the Majorana
fermions are not yet observed experimentally. Identifying and proposing new candi-
dates for potential intrinsic topological superconductivity is thus an important and

B0 - In this respect, the TaSe; is very intrigu-

evolving field of research currently
ing. This layered transition metal trichalcogenide, is found to have a superconducting
transition at a temperature of ~2.3 K12 Moreover, recent studies on TaSes reveal
that they have non-trivial topology as well 3315 making it a promising candidate for

the exploration of topological superconductivity.

Over the last few years, numerous theoretical and experimental investigations
were conducted to comprehend the electronic structure and Fermi surface of TaSes,
to understand it’s topological properties. For example, using first-principles calcula-
tions, Nie et.al. proposed that, at ambient conditions, the electronic band structure

Bl 7, invariants (vo; vy, v, v3) were estimated

of TaSe; has a nontrivial character |
to be (1;100). This indicates a strong topological phase and the presence of Dirac
cones on all the surfaces. This was further supported by the direct observation of
topological surface states in TaSes experimentally, via the angle resolved photo emis-
sion spectroscopy (ARPES)18. However, there have been conflicting reports in the

literature as well. A recent publication has shown that at 0 GPa, TaSes is a weak

topological insulator (WTI), with the Z, invariants given as (0;101) H7. All the stud-
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Figure 2.1: (a) Le Bail fit of the XRD pattern of TaSes at ambient conditions.(b) The first Brillouin
zone of TaSes, with the 101 and 100 planes shown as coloured rectangles. The 8 TRIM points are
also denoted within the BZ. The top (c) and the side (d) views of the TaSes structure. The chain
like arrangement of the trigonal prisms is clear in (d) and we see four such chains in the unit cell

(c).

ies point to a non-trivial topological nature of TaSes at ambient conditions. However,

there is a lack of consensus about the nature of the non-trivial phase of TaSes.

The Hamiltonian of such a system can be tuned in various ways, including elemen-
tal substitution, applying strain or pressure, changing the temperature etc., to induce
a topological quantum phase transition from one topological phase to another. The
chain-like structure of TaSes has pushed several research groups to study the strain
effect on this material. Such a study by Nie et al.[¥ has revealed that a uniaxial
tensile strain along the c-axis causes a TQPT in TaSes, from strong topological in-
sulator (STI) to a weak topological insulator (WTI), with a Dirac semi-metal phase
between the two insulating phases. Unlike the case of strain along the ¢ direction,

under a tensile strain along b, TaSe3 was shown to undergo a transition from a STI
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to a trivial insulator ™. Remarkably, a similar TQPT- from WTI ( seen at ambient
conditions) to STI- is reported by Hyun et al., with clear signatures of topological

1 A major part of the phase diagram of TaSes

surface states on the (101) planel
is still unexplored, because most of the studies deal with uniaxial or biaxial strain.
Moreover, the ambiguity in the nature of TaSe; at ambient conditions prevails in the
existing literature. In this chapter, we investigate the topological nature of TaSes
under hydrostatic compression from first principles and Raman spectroscopy. High-
pressure Raman studies show two phase transitions in the sample with the application
of pressure. The DFT calculations reveal that TaSesz is a weak topological insulator
at 0 GPa. The analysis of the evolution of the band structure and the calculated
Zy invariants, show that the two transitions occurring in the system are topological
quantum phase transitions. The first transition is from a weak topological phase to a
strong one, while the second transition is from a strong phase to a weak phase. The
simulated ARPES spectrum reveals a single Dirac cone on a surface in the strong TI

phase, while the two weak TI phases flanking this STT phase, show no Dirac cones,
but a Rashba-like splitting of the surface states.

2.2 Computational Methods

The density functional theory (DFT) calculations are performed using the Quantum
Espresso ™ IR gyite. We used the Generalized Gradient Approximation(GGA)
by Perdew-Burke-Ernzerhof(PBE)®2 for the exchange-correlation functional. The
Optimized Norm-Conserving Vanderbilt Pseudopotentials (ONCVP) 23 with full rel-
ativistic correction were employed for Tantalum and Selenium for all the simulations.
The wave function was expanded in a plane wave basis, which was truncated at an
80 Ry energy cut-off. To avoid the slower convergence which may arise from the
discontinuity of energy bands around the Fermi level, which may be partially filled, a

Methfessel-Paxton function with a kgT = 0.01 Ry energy spread was used to smear
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the contribution from all the k-points. The sampling of Brillouin Zone (BZ) was done
with a 7 x 19 x 6 k-point grid. The energy cut-off for plane waves and the k-point
grid were chosen by performing an energy convergence calculation. First, for a given
k-point grid, the ground state energy was calculated by varying the plane wave cut-off
energy. The minimal energy cut-off beyond which the ground state energy converges
was chosen for the subsequent calculations. Once the energy cut-off was fixed, the
same procedure was done for a number of k-point grids, and a suitable number of
k-points were chosen depending on the convergence of ground state energy. Grimme’s
DFT-D32#25 semi-empirical correction is also included in the calculations to accu-
rately describe the van der Waals’s interaction present in the system. For the ambient
conditions’ calculations, the effect of Spin-Orbit Coupling (SOC) to the band struc-
ture was examined by performing the calculations with and without the inclusion of
SOC. For all the other pressures, between 1 GPa and 12 GPa, the calculations were
performed with the inclusion of SOC. At each pressure, the corresponding lattice
constants were obtained from the ambient conditions structure, by minimising the
enthalpy H = F + PV at each pressure. Parity analysis method for materials with

26l was used to calculate the Z, invariants.

inversion symmetry, as given by Fu-Kane
The parity eigenvalues for the bands were obtained by comparing their irreducible
representations against the standard character table, using the Irrep software??. The
Zy invariants were analysed using Wannier Charge Centres (WCCs) as well. The Z,
invariant in this method is calculated by tracking the evolution of Wannier Charge
Centres as the crystal momenta change from 0 to 7. This was implemented using the

WannierTools software 28

We also have calculated the surface spectrum at various
pressures to simulate the ARPES of a number of planes. This was also implemented
using WannierTools?¥ | using the iterative Green’s Function method. The tight bind-
ing parameters for the system were obtained from the Maximally Localised Wannier

functions (MLWF), which were calculated using Wannier90 2%,
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Figure 2.2: (a) The band structure of TaSes at 0 GPa without the inclusion of SOC. (b) The orbital
projected band structure at 0 GPa. Without SOC, TaSes shows no band gap. As SOC is included
the bands near B — T — A, separate giving a finite band gap. In (b), the red bands correspond to
the Ta d orbitals and the blue colour represents the Se p orbitals. At B, A and Y, there are clear
signatures of band inversion.

2.3 Results

Topological Nature of TaSe; at 0 GPa

Layered transition metal trichalcogenides crystallize in a well known structureB%,

characterized by stacked chains of MXg trigonal prisms, making them quasi-one di-
mensional (1D) in nature. The structural characterization using XRD revealed that
TaSes has a layered P21/m monoclinic structure with the lattice parameters a =
9.8265 A, b = 3.4983 Aand ¢ = 10.41 A. Each unit cell of TaSes has four chain-like
structures oriented along the b-axis. After geometry optimisation, the lattice param-
eters at 0 GPa was observed to be a =9.92 A, b=3.50 Aand ¢=10.55 A. The observed
values are well within expected DFT error as compared to the XRD values. The
optimised structure of the TaSe; sample is illustrated in Fig. [2.1)c) and (d), and Fig.
2.1|(b) depicts the corresponding Brillouin Zone (BZ) with all the 8 high symmetry

points.

The band structure was first calculated without including spin-orbit coupling. The

band structure reveals no gap along the B—I'— A path in the Brillouin Zone. However,
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W = 0.55 , and is denoted by the red dotted line. If the number of times this line cuts any chosen
WCC evolution line is even, then, A is 0, otherwise it’s 1. In a), the line cuts the wce evolution at
one point, making it’s Chern number 1. Similarly, for the other planes we get b)A =1¢) A =0d)
A=0eA=1(Bmod2)f) A=1.

as we include the SOC, a continuous band gap opens up throughout the Brillouin
zone. This is shown in Fig. 2.2, where the projections of the p-orbitals of Se and
d-orbitals of Ta are plotted on the bands. The valence and conduction bands which
were overlapping near the Fermi-level in the absence of SOC, get separated with the
SOC added. However, the maxima of the valence band lies above the Fermi level, with
a small density of states (DOS), which leads to the observed semi-metallic properties

M3l Nonetheless, since a finite gap exists, the definition of Z, invariants is

in TaSes
possible here. The fat bands reported in Fig. [2.2] reveal a conduction band that is
mostly derived from Ta d-orbitals, while the valence band is predominantly formed
by the Se p orbitals. The orbital character along the B —T', A — EF and Y — C

shows a reversal in this trend. This disruption of general trend of orbital character is

called band inversion and is a necessary condition for topological non-trivial nature
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Figure 2.4: (a) The ratio of lattice constants with pressure. The ratio shows a slope change at

around 3 GPa and 8 GPa. b) and c) shows the Raman shift with pressure. At 3 GPa and 8 GPa,
most of modes undergo a softening as opposed to the expected hardening.

of the bands. Thus, at ambient condition the material shows non-trivial topological
properties. Three TRIM points show an orbital-reversal and the presence of odd
number of band inversions signals to a strong topological insulator. But, a parity
analysis of the valence and conduction bands show that at TRIM point A, both
conduction and valence bands have the same parity eigenvalues, which means that
they will avoid crossing each other. This in turn means that the band inversion at A
is trivial. At B and Y, the parity of the conduction and valence bands are opposite to
each other, thereby making it possible for them to cross. Thus, only two of the three
points can be considered to have band inversion, thereby indicating that, at 0 GPa
the material is a weak topological insulator (WTI). Conclusive determination of the
topological character of a sample demands the calculation of the Z5 invariants. For
a three-dimensional system, there exists four Z, invariants that are used to classify
the various topological phases - (v, v, V2, v3). A strong topological insulator (STT),
which hosts robust topological surface states (TSS) on all of it’s surfaces, has vy = 1.
If vy = 0, then it a WTIL. Thus, vy is called the strong invariant. (vq, v, v3) are labelled
as the weak topological indices. This is the direction of stacking of 2D topological
insulators and represents the direction perpendicular to the surface which does not

host TSS. All the other surfaces host an even number of Dirac cones, which can be

removed in pairs,
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TaSez has an inversion-centre and this simplifies the calculation of Z5 invariants

26l Tn this formalism, a quantity

a great deal, using the Fu-Kane parity analysis
denoted as §; is calculated, which is the product of the parity-eigenvalues of all the
occupied bands at a given TRIM point denoted as I';. Only one of the Kramer’s
partner’s parity is included in the product. vy, the strong index is obtained from
(—=1)* = [I._, 6m, while the weak indices are obtained as the product of four &;s
calculated at four I';s lying on a single plane. Three such planes are considered to
get the three weak indices. The 8 TRIM points in the Brillouin zone of TaSes gives

the following set of equations,

(—1)" = 3(2)8(D)S(B)3(T)5(A)S(E)5(C)S(Y)
(—1)" = §(A)S(E)3(C)5(Y) o)
(—1)* = §(2)8(D)S(C)3(E)
(—1)" = 8(D)5(B)S(A)3(E)

At 0 GPa, §(Z) = (D) =6(I') = §(A) = §(F) =0(C) = -1 and §(B) =4(Y) =
+1. It is clear that in this case the strong index becomes 0, thereby confirming weak
topological nature of TaSes at 0 GPa. The weak indices are calculated to be (101).
This represents the Miller indices corresponding to the surface without the TSSs.
This calculation of Z, invariants from the parity analysis is further corroborated by
analysing how the Hybrid Wannier Charge Centres(HWCCs) evolve on a cylinder.
HWCCs is a convenient way of obtaining 1D localised Wannier functions in 3D.
They can be imagined as the Wannier charge centres of a system localised only in
one dimension. Let us assume this direction to be x. Then the other two dimensions
can be thought of as external parameters to which the Hamiltonian is coupled. These
two parameters, k, and k. then form the two fluxes threading the Corbino torus®2.
At each k,, the hybrid WCC z(k,) is a point defined on a circle of radius unity. As
the flux k, changes smoothly from 0 to 27, the HWCCs flow on a cylinder S* x [0, 27].

This is like the charge pump of Laughlin. For a 2D slice of a 3D BZ, the number
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With further pressure increase, the band gap at I' increases with the retention of band inversion
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of windings the time reversal polarization takes around the cylinder, as the external
parameter changes from 0 to 7, gives a measure of the Z5 associated with the plane,
denoted as A. This time reversal polarisation is in fact defined as the sum of HWCCs.
In this formalism, the Z, invariant becomes,

(2.2)
v; = A(k; = 0.5)

where A, which is the Chern number of the fictitious 2D system, is related to the
number of times any line crosses the HWCC line while the external parameter changes
from 0 to . Figure shows the WCCs for TaSes at 0 GPa in Time Reversal
invariant planes, k, = 0, k, = =, k, = 0.k, = 3, k. = 0 and k. = Z. The Chern
number A is 1 for k, = 0,k, = =, k. = 0 and k., = 7, while it is 0 for k, = 0 and
k, = %. Now, according to Eq. , the topological indices turn out to be (0;101) at
0 GPa, confirming that it’s weak TI at 0 GPa. A similar WTTI nature was reported
by Hyun et.al. ™™ as well. We have carried out detailed computational study based
on experimental analysis of the system under pressure. Since application of pressure
may lead to a structural phase transition in some materials, high pressure X-Ray
Diffraction (XRD) was conducted by the experimental counterpart, which shows a
persistent peak corresponding to the monoclinic P21/m until a pressure of 13 GPa,
with no new peaks appearing. This indicates that the material retains the same
structure till very high pressures. Fig. [2.4a) shows the axial ratios of the lattice
constants, which show a discontinuity in the slope at around 3 GPa and 8 GPa.
These two pressure points thus hint at possible phase transitions in the system.
The isostructural phase transitions observed were further analyzed experimentally
using Raman spectroscopy. As the system undergoes compression, the frequencies
of the Raman modes are expected to show hardening. However, most of the modes
as shown in Fig. [2.4(b) and (c) deviate from this expected behaviour at around
7.8 GPa. Additionally, the A, and A;; modes exhibit an additional slope change at
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Figure 2.6: The change in band gap with pressure at the TRIM points (a) I, (b) B, (¢) 4, (d) Y.
The first and second derivative of abnd gap with pressure is also plotted. (a)The band gap closes
and reopens at the I' point at around 5 GPa while at B, the gap closes and reopens at 7 GPa.

3 GPa. Furthermore, the Full Width Half Maxima (FWHM) of the various Raman
modes also corroborate this, owing to the anomalous slope change of the Raman
linewidth in some modes. These are the pressures at which the lattice constant ratios
also change abruptly. Since it does not correspond to a structural transition, the
origin of these changes have to be studied in detail. To this end, further simulations

were performed to understand the nature of the observed phase transitions.

Changes in Electronic Band Structure under Pressure

For the range of pressures studied experimentally, we calculated the electronic band
structure, out of which some selected pressures, 2 GPa, 4.5 GPa, 5.5 GPa and 7 GPa,
are depicted in F ig With the increase in pressure from 2 GPa to 5.5 GPa (shown
in Figl2.5(a) to (c)), the band gap at the [-point decreases with an eventual band
inversion beyond 4.5 GPa. At pressures above 4.5 GPa, the valence band maxima
at I" shows the Ta d-orbital nature and the conduction band minima acquires a Se-p
nature (Figl2.5) (¢)). It is also seen that as the pressure is increased further, the Ta
d orbital character seeps deeper into the valence band at the BZ centre and vice-
versa. The band gap at 5.5 GPa is non-zero, but very small. However, with more
pressure, the band gap at I' increases, which is reported in Fig. [2.5(d). The parity
eigenvalues of the valence band and conduction band, at the I' point are opposite to
each other in the pressure range 4.5 GPa to 6.5 GPa.Thus, in this pressure range,

an odd number of band inversions exist in the BZ, implying a strong topological
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insulator phase. However, a weak topological insulator phase is observed beyond
6.5 GPa. At pressures above 6.5 GPa, we see a change in the parity eigenvalue of the
valence band at B, which leaves behind an even number of band inversions, leading
to a weak topological insulator. This implies a band closing at the I' point at the
lower pressure and a band gap closing at the B point at the higher pressure. Fig.
shows the change in band gap with pressure at the TRIM points I',Y,B and A points.
We chose these TRIM points because the band inversion is seen at these points. The
band gap undergoes much less change at the A and Y points. However, a significant
change in band gap is observed at I' and B points. We see that around 4.5 GPa,
at the I', the band gap closes, while the band gap at B closes at 6.5 GPa to 7 GPa
range. Thus we observe two pressures, 4.5 GPa and 7 GPa, where the band gap
closes and reopens with a change in parity. Such closing and the reopening of band
gap with band inversion is a signature of a topological phase transition. Thus, we
can conclude that the experimentally observed transitions are topological quantum
phase transitions, which are brought about by the change in the nature of electronic

bands at the TRIM points, I' and B.

H Pressure H Z D B r A E C Y H Zo H
0-4.5 GPa -1 -1 +1 -1 -1 -1 -1 +1 || (0;101)
5-6 GPa -1 -1 +1 41 -1 -1 -1 +1 | (1;101)
7-12 GPa -1 -1 -1 +1 -1 -1 -1 +1 || (0;100)

Table 2.1: The product of parity eigenvalues of the occupied bands at the high symmetry points for
three different pressure ranges, 0 to 4.5 GPa, corresponding to the first weak topological insulator
phase, 5.0 to 6.0 GPa, which marks the strong topological insulator phase and 7.0 to 12.0 GPa,
which is the second weak topological phase. Their respective Z, invariants obtained from Fu-Kane
parity analysis 28 are reported in the last column.

The change in the topological nature of TaSes, is quantified by calculating the Z,
invariant. The product of parity eigenvalues (J;) at all the 8 TRIM points and the
obtained Z, values, for pressures up to 12 GPa are reported in Table [3A.1l The Z,
invariant of TaSesz is (0;101) from 0 GPa to 4.5 GPa. That is, upto a pressure of

4.5 GPa, the material remains in the same weak topological insulator phase that it
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had at 0 GPa. At 5 GPa, d; becomes -1 at ', thus modifying the Z, invariant above
5 GPa, till around 7 GPa. In this region, v, the strong topological index, changes
to 1. This is a strong topological phase. The consequence is that from 5 GPa to
6 GPa, all the surfaces of TaSes hosts Topological Surfaces States (T'SS), which are
wavefunctions that no disorder can localise, provided TRS is not broken. These T'SSs
harbour an odd number of Dirac cones on the surfaces. As the pressure is raised even
more, the B shows a change in the product of parity eigenvalues, which modifies the
Zy invariant to (0;100), undoubtedly signalling a weak topological state. It must be
noted that the two weak phases have different weak indices. One can adiabatically
transform from a weak topological insulator phase to a stack of 2D quantum spin hall
insulators, such that the weak indices denote the stacking direction. The stacking
direction in the 0 GPa to 4.5 GPa range W'TI phase is 101, while above 6.5 GPa, the
weak indices are 100. They denote the topologically dark surfaces in the respective
phases, where no Dirac cone is present. However, all the surfaces perpendicular to this
direction hosts an even number of Dirac nodes. This analysis was further confirmed

from the evolution of Wannier Charge Centres as well.

2.3.1 The Dirac Cone on TaSe; surface

We have calculated the surface spectrum of TaSes; at the three different phases ob-
served to identify the Dirac nodes on the surface. To obtain the surface spectrum,
first the surface Green’s function of a semi-infinite slab system is obtained using the
iterative Green’s function approach, whose imaginary part is then directly related to
the surface wavefunctions®l. The bulk-boundary correspondence necessitates that
topologically protected surface states must exist on these topological insulator phases.
The surface spectrum was investigated at 0 GPa, 5.5 GPa and 8 GPa, representing
the (101) WTI phase, the STI phase and the (100) WTT phase respectively. The
results are reported in Figure . The (101) plane, which is also the natural cleavage
plane of TaSes, at 0 GPa shows no Dirac cone (Fig[2.7(a)), as expected from the Z,
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Figure 2.7: The surface spectrum and spin density difference on TaSes surface at various pressures.
(a) and (b) show the surface spectrum on the (101) plane and the up and down spin density on the
same, at 0 GPa. At 5.5 GPa, since we expect all surfaces to host the Dirac point, we have chosen
(101) plane, which is the natural cleavage plane of TaSes as well. (c)- (d) show the surface spectrum
of TaSes at 5.5 GPa, on the (101) plane. (e) and (f) are the surface spectrum and spin density
difference on the 100 plane at 8 GPa.

indices. Figure[2.7(b) shows spin polarisation on the (101) plane at 0 GPa. Near the
conduction band at I', there is, however, a band splitting, which is Rashba-like, which
is a consequence of the strong SOC, combined with the presence of an asymmetric
potential at the interface. The two spin channels clearly separate into their own bands
which are parabolic. The situation at 5.5 GPa is different. The surface spectrum on
the 101 plane at 5.5 GPa, as shown in Fig. (c) and it’s respective spin density
difference, given in Fig. 2.7(d), has an unambiguous presence of a Dirac cone at the
I' point. The spin up and spin down channels show linear Dirac like dispersion at I'.
Such a dispersion on a surface, with spin-momentum locking, unequivocally points
to the strong topological nature of TaSe; at 5.5 GPa. According to the Z, invariant,
the (100) plane should have no Dirac cone at 8 GPa. This is indeed what is observed,
as given in Fig. (e) and (f). We thus characterise the strong and weak topological
phases of TaSes, arising with the change in pressure. The surface spectrum and the

spin density difference offers a clear evidence to the fact that at ambient conditions,
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TaSes is a WTT and it evolves into a STI as the pressure is increased and then transi-
tions to a WTI, with more increase in pressure. Thus the phase transitions observed

in TaSes under hydrostatic pressure, are TQPTs.

2.4 Conclusion and Discussion

To conclude, experimental probing of the system reveals two pressure points where
TaSe3 undergoes phase transitions, 3 GPa and 8 GPa. These transitions have been
confirmed to be isostructural. Our DFT analysis of the system, reveals that the two
transitions that the system goes through are topological quantum phase transitions.
However, the critical points are different in experiment and in theoretical calculations.
This kind of mismatch between experiments and theory is observed quite commonly.
For example, there is discrepancy between the experimental and theoretical transition
points in ShySe; B34 BiTeI B3 1T-TiTe, B9, TiSe, BY to name a few. DFT estimates
of lattice parameters in a system is equal to the experimentally observed values, within
an error bar. This in turn will affect all the subsequent calculations performed using
DFT, leading to a mismatch with the experimental data. Another factor that may
influence this mismatch is the formation of Se vacancies in TaSes, which may lead
to an internal strain in the sample. The internal strain in TaSes, often gets created
due to the formation of Se vacancies, impacting the experimental values of transition

pressures 17,

In fact, the first principles simulations were used to understand and explain the
experimentally observed phase transitions. We confirm that the phase transitions
observed are topological quantum phase transitions. As the system is subjected to
hydrostatic pressure,we observe that the material shows two TQPT. Unlike seen in the
application of unilateral or bilateral strain, where the material eventually transitions
to a trivial insulator B8 BT the non-trivial phase exists until the largest pressure we

have considered, around 12 GPa. However, we identified three different topological
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phases that TaSes can have under high pressure. Below 5 GPa, the material is a
weak topological insulator, with the (101) direction showing a lack of Dirac cones.
A weak topological phase exists at pressures above 7 GPa as well, which exhibits
a different stacking direction, (100). Between these two WTI phases, the material
becomes a strong topological insulator, which hosts robust surface states, with a single
Dirac cone at I'. Through our work, we have tried to enrich the phase diagram of
superconducting material TaSes and shed light on the significance of this material in
realising Majorana fermions, via the possible coexistance of non-trivial topology and
superconductivity. Moreover, it’s a promising material for various device applications,
owing to the controllablility of it’s T'SS hosting planes, via pressure. More studies on

TaSes and it’s feasibilty as a device are pertinent to reveal it’s importantance.

Bibliography

[1] D. J. Thouless, M. Kohmoto, M. P. Nightingale, and M. den Nijs, “Quantized
hall conductance in a two-dimensional periodic potential,” Physical review let-

ters, vol. 49, no. 6, p. 405, 1982.

[2] M. Z. Hasan and C. L. Kane, “Colloquium: topological insulators,” Reviews of

modern physics, vol. 82, no. 4, p. 3045, 2010.

[3] X.-L. Qi and S.-C. Zhang, “Topological insulators and superconductors,” Re-
views of modern physics, vol. 83, no. 4, p. 1057, 2011.

[4] M. Sato and Y. Ando, “Topological superconductors: a review,” Reports on

Progress in Physics, vol. 80, no. 7, p. 076501, 2017.

[5] C. Nayak, S. H. Simon, A. Stern, M. Freedman, and S. Das Sarma, “Non-abelian

7

anyons and topological quantum computation,

vol. 80, no. 3, pp. 1083-1159, 2008.

Reviews of Modern Physics,



Bibliography 68

[6]

[7]

[10]

[11]

[12]

F. Wilczek, “Majorana returns,” Nature Physics, vol. 5, no. 9, pp. 614-618, 2009.

A. Y. Kitaev, “Fault-tolerant quantum computation by anyons,” Annals of

physics, vol. 303, no. 1, pp. 2-30, 2003.

L. Fu and C. L. Kane, “Superconducting proximity effect and majorana fermions
at the surface of a topological insulator,” Physical review letters, vol. 100, no. 9,

p. 096407, 2008.

B. Yan, M. Jansen, and C. Felser, “A large-energy-gap oxide topological insulator
based on the superconductor BaBiOs,” Nature Physics, vol. 9, no. 11, pp. 709—
711, 2013.

Z. Wang, P. Zhang, G. Xu, L. Zeng, H. Miao, X. Xu, T. Qian, H. Weng,
P. Richard, A. V. Fedorov, et al., “Topological nature of the FeSeqsTeqs su-
perconductor,” Physical Review B, vol. 92, no. 11, p. 115119, 2015.

G. Xu, B. Lian, P. Tang, X.-L. Qi, and S.-C. Zhang, “Topological supercon-
ductivity on the surface of Fe-based superconductors,” Physical review letters,

vol. 117, no. 4, p. 047001, 2016.

P. Haen, F. Lapierre, P. Monceau, M. N. Regueiro, and J. Richard, “Low tem-
perature phase transition in the chain-like compounds NbSe3 and TaSes,” Solid

State Communications, vol. 26, no. 11, pp. 725-730, 1978.

S. Nie, L. Xing, R. Jin, W. Xie, Z. Wang, and F. B. Prinz, “Topological phases
in the TaSes compound,” Physical Review B, vol. 98, no. 12, p. 125143, 2018.

W. Xia, X. Shi, Y. Zhang, H. Su, Q. Wang, L. Ding, .. Chen, X. Wang, Z. Zou,
N. Yu, L. Pi, Y. Hao, B. Li, Z. Zhu, W. Zhao, X. Kou, and Y. Guo, “Bulk
fermi surface of the layered superconductor TaSe; with three-dimensional strong

topological state,” Phys. Rev. B, vol. 101, p. 155117, Apr 2020.



69

Bibliography

[15]

[16]

[17]

[18]

[19]

[20]

[21]

A. 1. U. Saleheen, R. Chapai, L. Xing, R. Nepal, D. Gong, X. Gui, W. Xie, D. P.
Young, E. W. Plummer, and R. Jin, “Evidence for topological semimetallicity

in a chain-compound tase3,” npj Quantum Materials, vol. 5, p. 53, Jul 2020.

C. Chen, A. Liang, S. Liu, S. Nie, J. Huang, M. Wang, Y. Li, D. Pei, H. Yang,
H. Zheng, et al., “Observation of topological electronic structure in quasi-1d

superconductor TaSes,” Matter, vol. 3, no. 6, pp. 2055-2065, 2020.

J. Hyun, M. Y. Jeong, M.-C. Jung, Y. Lee, Y. Kim, S. Jung, B. Seok, J. Song,
C.-y. Lim, J. Cha, et al., “Strain-controlled evolution of electronic structure indi-
cating topological phase transition in the quasi-one dimensional superconductor

TaSes,” Physical Review B, vol. 105, no. 11, p. 115143, 2022.

C. Lin, M. Ochi, R. Noguchi, K. Kuroda, M. Sakoda, A. Nomura, M. Tsubota,
P. Zhang, C. Bareille, K. Kurokawa, et al., “Visualization of the strain-induced

topological phase transition in a quasi-one-dimensional superconductor TaSes,”

Nature Materials, vol. 20, no. 8, pp. 1093-1099, 2021.

P. Giannozzi, S. Baroni, N. Bonini, M. Calandra, R. Car, C. Cavazzoni,
D. Ceresoli, G. L. Chiarotti, M. Cococcioni, I. Dabo, et al., “QUANTUM
ESPRESSO: a modular and open-source software project for quantum simu-
lations of materials,” Journal of Physics: Condensed Matter, vol. 21, p. 395502,
sep 2009.

P. Giannozzi, O. Andreussi, T. Brumme, O. Bunau, M. B. Nardelli, M. Calandra,
R. Car, C. Cavazzoni, D. Ceresoli, M. Cococcioni, et al., “Advanced capabilities

for materials modelling with quantum espresso,” Journal of Physics: Condensed

Matter, vol. 29, p. 465901, oct 2017.

P. Giannozzi, O. Baseggio, P. Bonfa, D. Brunato, R. Car, I. Carnimeo,

C. Cavazzoni, S. De Gironcoli, P. Delugas, F. Ferrari Ruffino, et al., “Quantum



Bibliography 70

[22]

23]

[25]

[26]

[27]

28]

[29]

ESPRESSO toward the exascale,” The Journal of Chemical Physics, vol. 152,
no. 15, p. 154105, 2020.

J. P. Perdew, K. Burke, and M. Ernzerhof, “Generalized Gradient Approxima-
tion made simple,” Phys. Rev. Lett., vol. 77, pp. 3865-3868, Oct 1996.

D. R. Hamann, “Optimized norm-conserving Vanderbilt pseudopotentials,”

Phys. Rev. B, vol. 83, p. 085117, Aug 2013.

S. Grimme, J. Antony, S. Ehrlich, and H. Krieg, “A consistent and accurate ab
initio parametrization of density functional dispersion correction (DFT-D) for
the 94 elements H-Pu,” The Journal of Chemical Physics, vol. 132, p. 154104,
04 2010.

S. Grimme, J. Antony, S. Ehrlich, and H. Krieg, “A consistent and accurate ab
initio parametrization of density functional dispersion correction (DFT-D) for
the 94 elements H-Pu,” The Journal of Chemical Physics, vol. 132, p. 154104,
04 2010.

L. Fu and C. L. Kane, “Topological insulators with inversion symmetry,” Phys.

Rev. B, vol. 76, p. 045302, Jul 2007.

M. Iraola, J. L. Manes, B. Bradlyn, M. K. Horton, T. Neupert, M. G. Vergniory,
and S. S. Tsirkin, “IrRep: Symmetry eigenvalues and irreducible representa-

tions of ab initio band structures,” Computer Physics Communications, vol. 272,

p. 108226, 2022.

Q. Wu, S. Zhang, H.-F. Song, M. Troyer, and A. A. Soluyanov, “Wanniertools:

7

An open-source software package for novel topological materials,” Computer

Physics Communications, vol. 224, pp. 405-416, 2018.

G. Pizzi, V. Vitale, R. Arita, S. Bliigel, F. Freimuth, G. Géranton, M. Gibertini,
D. Gresch, C. Johnson, T. Koretsune, J. Ibanez-Azpiroz, H. Lee, J.-M. Lihm,



71

Bibliography

[30]

[31]

[32]

[33]

[36]

D. Marchand, A. Marrazzo, Y. Mokrousov, J. I. Mustafa, Y. Nohara, Y. No-
mura, L. Paulatto, S. Poncé, T. Ponweiser, J. Qiao, F. Thole, S. S. Tsirkin,
M. Wierzbowska, N. Marzari, D. Vanderbilt, I. Souza, A. A. Mostofi, and J. R.
Yates, “Wannier90 as a community code: new features and applications,” Jour-

nal of Physics: Condensed Matter, vol. 32, p. 165902, jan 2020.

K. Hayashi, A. Kawamura, and K. Komai, “Control of phase transition in tase3,”

Materials research bulletin, vol. 22, no. 10, pp. 1341-1345, 1987.

M. Z. Hasan and C. L. Kane, “Colloquium: Topological insulators,” Rev. Mod.
Phys., vol. 82, pp. 3045-3067, Nov 2010.

D. Gresch, G. Autes, O. V. Yazyev, M. Troyer, D. Vanderbilt, B. A. Bernevig,
and A. A. Soluyanov, “Z2pack: Numerical implementation of hybrid Wannier

centers for identifying topological materials,” Phys. Rev. B, vol. 95, p. 075146,
Feb 2017.

W. Li, X.-Y. Wei, J.-X. Zhu, C. Ting, and Y. Chen, “Pressure-induced topo-
logical quantum phase transition in SboSes,” Physical Review B, vol. 89, no. 3,

p. 035101, 2014.

A. Bera, K. Pal, D. Muthu, S. Sen, P. Guptasarma, U. V. Waghmare, and
A. Sood, “Sharp raman anomalies and broken adiabaticity at a pressure induced

transition from band to topological insulator in ShySes,” Physical review letters,

vol. 110, no. 10, p. 107401, 2013.

Y. S. Ponosov, T. V. Kuznetsova, O. E. Tereshchenko, K. A. Kokh, and E. V.
Chulkov, “Dynamics of the bitei lattice at high pressures,” JETP letters, vol. 98,
pp- H57-561, 2014.

V. Rajaji, U. Dutta, P. Sreeparvathy, S. C. Sarma, Y. Sorb, B. Joseph, S. Sa-

hoo, S. C. Peter, V. Kanchana, and C. Narayana, “Structural, vibrational, and



Bibliography 72

electrical properties of 1T-TiTes; under hydrostatic pressure: Experiments and

theory,” Physical review B, vol. 97, no. 8, p. 085107, 2018.

[37] V. Rajaji, S. Janaky, S. C. Sarma, S. C. Peter, and C. Narayana, “Pressure
induced topological and structural phase transitions in 1t-tise2: a raman study,”

Journal of Physics: Condensed Matter, vol. 31, no. 16, p. 165401, 2019.



Topological Phases of
(SbyTes),,(Sbs),, Homologous

Series

3A.1 Introduction

Recently, in both theoretical and experimental condensed matter physics, identifying
new materials as topological insulators have been at the forefront of study. This is
primarily because, topological insulators find applications in a wide variety of areas.
One such field with potential applications of topological insulators, is the field of
thermoelectrics. This increasing attention on topological insulators from the point of
view of advancing thermoelectrics was marked by the discovery of first generation 3D
topological insulators. In fact, the first 3D topological insulator to be realised exper-
imentally was the Bi;_,Sb, alloy®™, which is a well-known thermoelectric material.

The observed surface spectrum of this semiconductor alloy was complicated and the

** The work reported in this chapter is to be submitted soon for publication : S. Das, P.
Acharyya, S. Biswas, R.K. Biswas, A.G. Francis, S.K. Pati, K. Biswas

73
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Figure 3A.1: a) The crystal structure of ShoTes in the R-3m space group. The primitive cell is
given in (c). (b) The band structure of SboTes with the Sb and Te orbital projection. The High
symmetry points in the Brillouin zone are represented in (d). The band structure (b) shows a band
inversion at I

band gap was very narrow. This motivated the search for materials with a simpler
surface spectrum and a larger band gap, which lead to the second generation 3D
topological insulators, including BiySes 28! BiyTes 5! and SbhyTes B9, Interestingly
they are also the one of the best thermoelectric materials near the room temperature
and below!™. A way to gauge the performance of a thermoelectric material is to cal-
culate a dimensionless quantity called figure of merit, 2T = S0/ (k. +fpn)T, where S
is the Seebeck coefficient, o, the electrical conductivity, k. the thermal conductivity

due to electrons and &y, the lattice thermal conductivity. Currently, the peak of 2T
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of most of the good thermoelectric materials lie in the range of 1 — 2. A superlattice
of BiyTe; and ShyTe; alternating layers reportedly shows a zT of about 2.48. This
in fact is the highest 27" value observed in any material at room temperature, so far.
Thus, topological insulators and thermoelectrics seem to be closely intertwined.

Topological insulators are known for their unusual property of an insulator-like be-
haviour in the bulk, while not quite behaving like an insulator. They are materials
which exhibit gapless metallic surface states, even though their bulk has a finite gap.
These gapless edge or surface modes are robust against non-magnetic disorder or
impurity or dopings. They are protected from back scattering from impurities and
at low temperature gives rise to ballistic transport at the interfaces. The influence
of these surface states on thermoelectrics can be profound. The surface states make
a superior conduction channel in topological materials, which can be retained in the
process of doping or Fermi-level tuning to improve the thermoelectric performance.
This added benefit of the topological surface states offer additional control to tune
thermoelectric figure of merit. While the surface states are protected against doping
or other defects, the phonons, however, are not. Thus the processes, such as doping
can help in reducing the lattice thermal conductivity, while the electrical conductivity
from surfaces can be retained. At lower temperatures, where the surface contribution
to the electrical conductivity is larger than the bulk contribution, the thermoelectric
figure of merit can potentially be tuned to reach high thermoelectric efficiency.

Discovery of topologically non-trivial materials which can be potential thermoelectric
candidates is thus a new area of interest. The homologous series of (SboTes),,(Sbz)s,
is a series of materials which have SbyTe; (m = 1,n = 0) and Sby (m = 0,n = 1)
as the building blocks. ShyTes is a well-known TI, while Sby is a topological semi

metal 210

. The series has materials which are formed by the ShyTes quintuple lay-
ers interspersed with Sby layers. A comprehensive study on this series is currently
lacking in the literature, from thermoelectric or topological point of view. A deep

analysis of the structure-property relationship of this series can offer us new ways to



3A.2. Computational Methods 76

(@)1.0 (¢) 1.0

C__

Q (e) 1.0 —~——

2 0_5_%_ 2 0.5 2 0.5 ?

0.0 0.0 0.0
0.0 0.5 0.0 0.5 0 0.5
ky kyx ky
(b)1.0 (d) 1.0 (f) 1.0
N

——— ————
= e
12 0.5 —e—————— 13 (5] [ D.S-E

“0.0 0.5 0.0 0.5 0.0 0.5
ky kx ky

Figure 3A.2: a) The evolution of HWCCs on the k, = 0 plane and (b) k, = 7/a plane. The red line
is chosen randomly and it is seen that on k, = 0, it cuts the HWCC line once, making A = 1, while
on k, = m/a, it cuts the HWCC evolution line zero times. Similarly, we see that (c) for k, = 0 and
(e) k;, =0, A=1, and it is O for (d) k, =n/b and (f) k, = 7/c.

understand the topology in tandem with thermoelectricity.

In this chapter, we study a few members of (SbyTes),,(Sbs), series with respect to
their topological properties. The materials considered are SbyoTes- as a reference,
SboTe and SbTe. We have analysed the topological invariants, the surface spectrum

and the Fermi contour of the surfaces of the systems to gain an in depth understand-

ing of their topological state.

3A.2 Computational Methods

All the Density Functional Theory (DFT) calculations were performed used the Vi-
enna Ab-initio Simulation Package (VASP)M12l with plane wave basis set based on
Projector Augmented Wave(PAW) pseudo potentials. The Generalized Gradient Ap-

proximation to the exchange-correlation potential was used in all the calculations,
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as given by Perdew-Burke-Ernzerhof®3!. The plane wave basis set was truncated by
using an energy cutoff of 500 eV for all the systems. A I'-centred k-grid was used for
all the systems. For ShyTes, we used a k-grid of dimension 8 x 8 x 8, while for ShyTe
and SbTe a k-grid of 12 x 12 x4 was used. Both the plane wave cut-off and the k-point
grids were chosen by carefully analyzing the ground state energy convergence with
respect to each of the parameters. A Gaussian smearing with a spread of 0.01 eV
was used to take into account the partial filling of energy levels near the Fermi-level.
We also used Spin-Orbit Coupling in all the band structure, topological invariant and
surface state calculations. The topological invariant was calculated using the Wan-
nierTools software package™, by tracking the evolution of Hybrid Wannier Charge
centrest® . The surface spectrum and the Fermi contour of designated surfaces are
obtained from the imaginary part of the surface Green’s function, which is also calcu-
lated from WannierTools. The tight binding Hamiltonian required for WannierTools
was obtained from the Maximally Localised Wannier Functions, using Wannier90 18!

software.

3A.3 Results

The signature of a topologically non-trivial material is that electronic bands show
band inversion at various time reversal invariant momenta (TRIM). All the structures
show band inversion in their Brillouin Zone (BZ), as seen in Figs. 3A.1|(b), [3A.4{c)
and (b) ShoTes is a well known topological insulator. Our results exactly

reproduce this already known nature of SbyTes. The band structure of ShyTes has
a single band inversion, present at the centre of the Brillouin Zone, I'. In the case
of this homologous series, the conduction band is mainly of Sb-p character and the
valence band nature is predominantly Te-p. At the I' point this trend becomes the
opposite, with everywhere else it retaining the expected nature. The other materials

are not studied prior in regards to their topology. The band structure of ShyTe
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shows a continuous gap and is inverted at I' and A points. The band character on the
conduction band and the valence band edges at these two pints, are indistinguishable.
Similarly SbTe also shows band inversion at M, I' and A points, with a finite gap
throughout the Brillouin Zone. Another interesting nature of the band structure
of SbyTe and SbTe is the multiple conduction and valence band valleys present in
the system. The electric transport properties are mostly determined by the top of
the valence band and the bottom of the conduction band. This region in the band
structure is termed as valley or carrier pocket, because of the specific morphology
of the Fermi surface. The Seebeck coefficeint, S and the electrical conductivity,
o are inversely connected to each other. Thus, just adjusting the Fermi-level can
achieve only a limited success in bettering the thermoelectric figure of merit. Tuning
the valley, however offers much more advantage. The valley degeneracy, N,, is of
particular importance in this regard. The thermoelectric materials with more valleys
fair better than the case of a single valley, because they offer more number of states
for the carriers to occupy and for transport ™. This large valley degeneracy in SbyTe
and SbTe could be related to the extend of band inversion seen in both of them. The
conduction band character is seen to “seep” much deep into the valence band and
this corresponds to a large degree of band inversion. The topological nature of the
series was further analysed by the calculation of the Z; invariants for each of the
system. The evolution of the hybrid wannier charge centres (HWCCs) on cylinder
of dimensions S* x 27, as the flux threading the cylinder changes from 0 to 7, gives
a description of the winding number for a given 2D plane of the 3D Brillouin zone.
For all the systems, we calculated the Z5 invariant for the six time reversal invariant
planes, k, =0, k, = 7n/a, k, =0, k, = 7/b, k, = 0, k, = n/c. For these fictitious
2D insulators, the Z, invariant is denoted as A. It takes value 1, if the number of
times HWCC winds around the cylinder is odd, and 0, if it winds an even number
of times. For any given parameter, say k,, if the A changes as k, goes from 0 to

7/a, then the strong index of the system, 14 is 1. If none of the three, k,, k, or k,
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Figure 3A.3: a) The surface spectrum (simulated ARPES) of SbaTes 001 plane. The I'-point has
a distinct Dirac node. Note the linear dispersion seen on either side. (b) The corresponding Fermi
arc on the surface. The Fermi surface forms a closed loop around T, suggesting a 7 Berry phase.

shows any change in A, as it slowly changes from 0 to m, then, v is 0. The weak
indices are given by the A values at k, = 7/a, k, = 7/b and k, = 7/cl138 The
Zy invariants for each of the four systems is calculated and discussed in detail below,

with the values summarized in Table BATl

Material 7o

SbyTes (1,000)
ShyTe (1;000)
SbTe (1;000)

Table 3A.1: The calculated Z5 invariants for SboTes, SboTe and SbTe. All three systems have the
strong topological index as zero, suggesting that they are strong topological insulators.

Sb2T83

ShyTes forms a layered structure along the c-axis, as given in Fig|3A.1ja). It belongs
to the space group R-3m, and has a primitive cell as given in Fig. [3A.1(c). The
band structure of ShyTes is reported in Fig. [3A.1] The projections of the p orbitals
of Sb and Te are given by the colours purple and orange respectively. As reported

previously B!, we see a band inversion at the centre of the Brillouin zone, with the
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Figure 3A.4: a) SbyTe structure after optimization. It crystallizes in the P-3m1 spacegroup. A bi-
layer of Shy exists between quintuple layers of SbyTes (b) The Brillouin zone and the high symmetry
points. (¢) The band structure with SOC. The top valence band has a predominant conduction bands
Sb-p orbital character. The highly parabolic conduction bands and the valence bands are extremely
useful in the field of thermoelectrics.

orbital nature of Sb-p occurring on the valence band top and the Te-p orbital char-
acter appearing on the conduction band bottom. Furthermore, there exists a finite
gap throughout the BZ, making it possible to classify the topology of the bands in

this system.

The evolution of Wannier charge centres is shown in Fig. [BA.2] A line is drawn,
which cuts the WCC curves as they evolve with the variation of an external parameter,
which is plotted along the x-axis. On the k, = 0 plane, given in Fig. [3A.2] (a), the

line cuts the WCC curve at a single point. The same is observed on the £k, = 0 and
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Figure 3A.5: (a) The 001 plane of SbhoTe showing the topological surface states. The Dirac cone
is observed at the I' point. (b) The Fermi surface of the 001 plane at the Fermi level. There are
multiple electron pockets on the surface, formed by the surface states. These pockets are formed
around I' and the three in equivalent boundary points M, of the surface.

k. = 0 plane, given in Fig. 3A.2| (¢) and (e) respectively. The WCC evolution for
k. = m/a, k., = 7/b and k, = w/c are shown in Fig. [3A.2[ (b),(d) and (f), on which
the line is shown to cut the WCC curve zero times, giving a A of 0 on these planes.
It is clear that k,, k, and k. changing from 0 to m/a, changes the A, making the
strong index 1y = 1. Thus, SbyoTes is a strong topological insulator.

This implies that any surface of SbyTes can host an odd number of Dirac points.
It has been shown previously that there exists a single Dirac cone on the surface of
ShyTes B!, The surface spectrum was simulated by considering a semi-infinite slab
system and constructing it’s surface Green’s function. The simulated ARPES on the
001 plane of ShyTey is given in Fig. [3A.3((a), which shows a single Dirac cone near the
Fermi-level. This is a clear confirmation of the strong topological nature of ShyTes.
The surface Fermi surface as shown in Fig. [3A.3(b) is a circle around the I' point.
Thus the Fermi contour encircles the single Dirac point in the system. The Berry

phase in this case is 7, and this is typical in non-trivial topological systems.
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SbgTe

In the case of ShyTe, we see a similar topological nature as SboTes. The topological
nature is reported for the first time in this system. The band structure given in
Fig. is quite complicated, unlike the clean bands seen in ShyTes. In ShyTe,
multiple Time Reversal Invariant Momenta (TRIM) points - I" and A - show band
inversion. At the TRIM point M, though VBM character is that of Te p orbital, the
second VBM, shows an inverted nature. At the L point, the VBM does not have
a predominant Tellurium p orbital or Antimony p orbital character. It has to be
noted however, that the conduction band nature at all these special k-points retain
the Sb p orbital character. The band edges are thus indistinguishable on either
side of the Fermi level at I' and A. This scenario can sometimes arise, when the
conduction and valence bands cross and mix evenly. This kind of mixing has been
observed in some other well-known topological insulators like BiyTes and BiySes ™.
To understand the topological nature further, Z, calculation was done, especially
because of the complex fat bands of the system. As compared to ShyTes, SboTe has a
large valley degeneracy. This valley degeneracy arises from orbital degeneracy, which
corresponds to the case when the extrema of multiple valleys have similar energies,
to the order of kgT 2. The valley degeneracy corresponds to the number of distinct
Fermi surface that exist at the Fermi level. Such a valley degeneracy is known to
be extremely beneficial for thermoelectric applications. This valley degeneracy helps
improve the Seebeck coefficient at a particular carrier concentration, without affecting
the electrical conductivity 2@, by tuning the mass of the density of states.

The topological nature of SbyTe is confirmed from the evolution of HWCCs. The six
TRIM planes have the Z, invariant, A as 1, 0, 1, 0, 1 and 0. This is calculated in the
same way as above, where an arbitrary line is chosen and the number of times it cuts
a particular WCC evolution line is counted. An even number of cuts leads to A of 0,
while an odd number of cuts implies A is 1 for that plane. The value of A changes

from 1 to 0 as k, goes from 0 to m/a and similarly for k, and k,. This implies that
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Figure 3A.6: (a) The SbTe structure, which crystallizes in P-3m1 space group. It is made up of
alternating layers of SboTes quintuple layers and Sby layers along the c-axis. (b) The calculated
band structure (with SOC) along the high symmetry points in the BZ. Band inversions are visible
at the M, T and A points. (¢) The surface spectrum of the 010 plane of SbTe. There is a Dirac cone
at the centre of the surface Brillouin zone d) The Fermi contour on the surface shows a non-trivial
Berry phase

ShoTe is also a strong topological insulator with vy = 1.

The surface spectrum and the Fermi surface of the (001) plane is given in Fig
3A.5l The surface spectrum in Fig. [3A.5(a) has a Dirac cone at near the Fermi level.
The dispersion at this point is linear and the can be described by the mass less Dirac
equation. The linear dispersion signifies a spin-momentum locking in the system,
with one spin channel along one direction and the other spin channel following the
other direction. The Fermi surface shown in Fig. [3A.5|(b) shows multiple Fermi circles

on the 100 plane. The central lobe is around I'; while there are pockets flanking the
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Figure 3A.7: The HWCC evolution on the 6 TRIM planes of SbTe. The A of k, = 0, k, = 7/a,
ky =0, k, =n/band k., = 0 is 0, as observed from the HWCC evolution shown in (a),(b),(c),(d)
and (e) respectively. In (f), we see that the arbitrary line (in red), crosses the line an odd number
of times, giving A =1

I' point. Those pockets which do not circle around one of the four TRIM points on
the 2D surface do not contribute to the topology. If the contour encircles an even
number of Dirac points, then the Berry phase is trivial. However, an odd number
of Dirac points within the Fermi contour, means a Berry phase of 7, indicating
non-trivial topology. This kind of Fermi surface has been observed in other similar
materials like Bi;_,Sb, 2%, The multiple Fermi pockets are direct indicators of the

valley degeneracy in the system as well.

SbTe

To evaluate the band topology of SbTe, we first plotted the band structure. The
obtained electronic bands are depicted in Fig. [3A.6, The band structure shows

band inversion at I, M and A points. The presence of an odd number of inversions
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clearly suggests non-trivial topology. The bands structure near the Fermi-level is
quite complicated, similar to SbyTe and quite in contrast to ShoTes. A number of
valleys exist near the Fermi-level, having a similar energy to one another, within an
energy range of kgT' thereby increasing the valley degeneracy. This in fact, makes
SbTe a very good thermoelectric material.

The Z, invariants for SbTe are calculated by analysing the change in A values,
just as mentioned above. As observed in Fig. [BA.6] the A values for the TRIM
planes, k, =0, k, = 7/a, k, =0, k, = w/b, k, = 0 are 0 , while k, = 7/c has a A
value of 1. This implies that SbTe is also a strong topological insulator, which hosts
an odd number of Dirac points on all it’s surfaces.

The robust surface states of ShTe are plotted in Fig. The Fig. shows the 010
plane of SbTe. At the I'-point we see the Dirac point with linear dispersion. In fact,
as the dispersion is linear, it is expected to bifurcate the two spin channels to two
different directions, as was observed in SbyTe. The Fermi contour of the surface is

reported in Fig. [3A.6] which reveal a non-trvial Berry phase.

3A.4 Conclusion

The topological nature of three members of the (SbyTes),,(Sby), homologous series
was studied in detail in this chapter. These include SbyTes, SboTe, and SbTe. All
the systems considered here show a non-trivial topology. We note that all three
systems are strong topological insulators. Evidence for this is provided from multiple
considerations. The odd number of band inversions, the calculated Z, invariants and
the simulated ARPES spectra hosting an odd number of Dirac cones prove this to
be the strong topological character of the system. Moreover, we notice that SbyTe
and SbTe have band structures with multiple valley degeneracies and a complicated
Fermi surface. The non-trivial topology combined with the rich band structure near

the Fermi level can potentially make these materials good thermometric materials,
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which can be fine-tuned in multiple ways, to push the limits of thermolectrics.
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3B

Evolution of the Topological
properties of SboTe; and SbyTe
under Uniaxial strain and

Hydrostatic Pressure

3B.1 Introduction

In the previous chapter, we have established the non-trivial topological characters
of the (SbyTes),,(Sbs), homologous series. In this chapter, we turn our attention to
understanding their evolution with the application of uniaxial strain and hydrostatic
pressure. Many studies reveal how strain can tune the thermoelectric properties
in various systems. For instance, the thermoelectric figure of merit is enhanced
in ShyTes/Te heterostructure under lattice strain®™. In addition to lowering the

lattice thermal conductivity, this study had shown that the stress resulting from the

** The work reported in this chapter is to be submitted soon for publication : A.G. Francis,
R.K. Biswas, S.K. Pati.
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uniaxial strain may lead the structure to a state near a topological phase transition,
thereby increasing it’s 27". Another study on the strain effects on Sb,Tesz monolayer 2
suggests that the thermoelectric performance is enhanced by the appearance of valley
degeneracy and the tuning of the effective mass of the carriers. In addition to uniaxial
strain, the tuning of the Hamiltonian under biaxial strain or hydrostatic pressure can
also lead to a topological phase transition. The existing studies on such topological
transitions induced by strain are also studied quite elaborately. However, the strain-
dependent tuning of the topological properties of SboTes are not well studied. And
there exists no reports on strain-dependent phase transitions in SboTe. A detailed
study of the effects of lattice tuning on the topological properties can offer us a better

grasp on how the thermoelectric properties might change with strain or pressure.

In this chapter we try to systematically understand how uniaxial strain and hy-
drostatic pressure can affect the electronic band topology of SbyTes and ShyTe. We
observe a structural phase transition in ShyTes bulk system with a uniaxial strain in
the c-axis. While SbyTe do not undergo a structural transition with strain, it’s band
structure and Fermi level evolves greatly with strain. However, the Fermi surface
changes do not affect the parity of the eigenvalues, thereby showing no topological
phase transition in system. We also have tried to understand the effect of pressure on
these systems. In SbyTes, with the application of pressure, the non-trivial topological
nature vanishes and it becomes a normal insulator. However, in SbyTe, which we have
found to be a strong topological insulator at zero pressure, undergoes a topological
phase transition as pressure is applied. In fact, we find that with increase in applied

pressure, the SbyTe transforms from a strong T1 to a weak T1.

3B.2 Computational Methods

The first-principles simulations were performed using the Vienna Ab Initio Simulation

Package (VASP)B¥  The exchange correlation functional was approximated using
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the Perdew-Burke-Ernzerhof (PBE) Flfunctional. The plane wave basis was truncated
at an energy of 500 eV. A I'-centred k point grid was used in all the calculations,
with a grid size of 8 x 8 x 8 for ShyTes, 12 x 12 x 4 for ShyTe. Strain and pressure
was applied on the optimized structure obtained from ambient conditions, which are
reported in Chapter 2.4l A uniaxial strain along the c-axis was applied to SbyTes and
ShyTe, after which the atomic positions were relaxed until the total energy change
between two ionic steps was less than 1075 The systems were also subjected to
pressure, where the system was optimised with respect to the enthalpy of the system,
H=FE+PV.

The band structure and the orbital projections on the band structure was cal-
culated for a range of pressures and uniaxial strains for SbyTes and ShyTe. For all
the studied strains and pressure values, we have analysed the Z, invariant and the
surface spectrum of the structures. First, the maximally localized wannier func-
tions (MLWF) were obtained for each system using wannier90 and a tight binding
Hamiltonian was constructed. Using this tight binding parameters, a semi-infinite
slab was constructed in WannierTools™. The Z, invariant is then directly obtained
by evaluating the change in the Hybrid Wannier Charge Centres (HWCC)sB¥!, The
surface spectrum and the surface Fermi surface were also obtained using Wannier-
Tools, where the surface states are given by the imaginary part of the surface Green’s

function, which is obtained using the iterative Green’s function approach1%H!,

3B.3 Results and Discussions

3B.3.1 Uniaxial Strain

A uniaxial strain is applied along the c-axis of ShyTes and ShyTe. After the geometry
optimization, we observe that the space group of ShyTes changes from R-3m to C/2m,
with 0.5 % compressive or tensile strain. However, the band structure retains the

band inversion present at I'. The evolution of band structure with strain in ShyTeg
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Figure 3B.1: The band structure of SboTes under uniaxial strain along the c-axis. The band
structure at 0% strain is shown in (c). (a) corresponds to 4% compressive strain and (b) to 2%
compressive strain. (d)-(f) shows the band evolution with tensile strain. It is clear that the band
gap decreases with tensile strain and compressive strain leads to an increase in band gap at I’
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Figure 3B.2: (a) -(c) shows a decrease in the compressive strain in SboTe. (c) is the 0%-strain band
structure. We see that the compressive strain do not lead to new band inversions or disappearance
of old ones. (d) and (e) reports 2% and 4% tensile strain respectively. We see an additional band
inversion appearing at the M-point suggesting a possible TQPT.



93 Chapter 3B. b

"2} 3.0 3.0 3.0
a
) (b) 2] ()2
2.01 . 2.0 \
1.5 1.5 \/
- "/ -
= ~ 104 N W = 1.01 N \J
> p—
] 2 0.5 N \" 3 o N \Wj
o ~ 'S -
w 0.0 . 0.0 —
! “|‘ -0.5- / ™\ | 0.5 TN
“ Worot eV AAY . LN /\/\
-1.5{ — et L5 e T
2.0+ -2.0-
Te:p-25 — -2.5 i) \
_3.0 ‘ ‘ -3.0 \ |
. o L r So o L r So
[d)3- e) 3o 3.0
) (e)3 2]
2.0
1.5
- — = 1.0
E i i 0.5
o = o 0.0
| | | —0.51
w w W _1.0q
—1.5
_2 0- ~
_2 5- v

Figure 3B.3: The electronic band structure of ShoTes under various pressures.(a)-(¢) The band
structure for 0.5 GPa, 2 GPa and 4 GPa pressure. The band structure remains similar, except
the valley degeneracy increases as the pressure reaches 4 GPa. (d)-(f) shows the band structure at
pressures 6 GPa, 8 GPa and 10 GPa. The band inversion at I', vanishes at pressures from 6 GPa
and above. This leads to a trivial phase of SbyTes at pressures above 6 GPa.

is given in Fig. We see that with compressive strain, see Fig. [3B.1{(c) -(a), the
band gap at I' increases. This means that the possibility of a topological transition
does not exist with compressive strain. However, with the increase in tensile strain,
we see a decrease of the band gap at I', with an eventual parabolic band inversion
arising at I". This kind of warping of the Fermi-surface is indicative of a larger SOC
strength™. Such a behaviour is seen in similar materials like BiyTes 314 This
is also indicative of the coupling between the secondary bands and the band edges.
However, the warping of the Fermi surface do not lead to a change in the calculated
Zs invariant, thus suggesting no topological phase transition in ShyTes, with uniaxial
strain along the c-direction.

The change in band structure in ShyTe under uniaxial strain along ¢ is shown in Fig.
The increase in compressive strain is shown on the top row, to the left, and we
note that as the compressive strain increases, the number of band inversions remain

the same as the band structure at 0 strain(Fig. 3B.2| (c)). There is a band crossing
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behaviour between along I' — L, at 4 % strain. Since this k-point is a non-TRIM
point, it does not lead to a topological phase transition. With tensile strain, a band
inversion occurs at the M-point, making the total number of band inversions even
after 2 % tensile strain. However, our Z invariant calculations do not show any
change in the topolgical Z, invariant with the increase in strain. This means that

there is no TQPT in ShyTe as well, with uniaxial strain.

3B.3.2 Hydrostatic Pressure

Figure shows the band structure for 0.5 GPa, 2 GPa, 4 GPa, 6 GPa, 8 GPa
and 10 GPa for SbyTe;. We see that as the pressure increases, the conduction band
minima at I', lifts upward, with the higher conduction bands coming closer to this
lowest conduction band. Beyond 6 GPa, however, the band inversion that existed
at [', vanishes. To quantify the change, we explicitly calculated the Z5 invariant of
the system for the different pressures considered. We note that SbyTes remains a
strong TI, till 6 GPa, that is until the band inversion is present at I', beyond which
the Z, changes to (0;000), indicating a trivial insulator. This means that with the
application of pressure, the ShyTes undergoes a topological quantum phase transition
to a trivial insulator.

In the case of ShyTe, however, we observe quite a different band structure evolution
with the application of pressure, which require further discussion. As the pressure
increases, the band gap at the L-point decreases until 6 GPa. From 8 GPa, we see
a reversal in the nature of the bands at L and at 10 GPa, we see a small band gap
at L (see Fig. . This band gap closing and opening, clearly is a signature of
a topological transition. To understand if this indeed is the case, the Z; invariant
was calculated and we see that there is a change in the invariant beyond 6 GPa. The
invariant becomes (0;001) at 8 GPa. This corresponds to a weak topological insulator,
with a topologically dark (001) surface. This means that all the planes other than

(001) hosts an even number of Dirac cones, which can be removed pair-wise, making
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Figure 3B.4: (a) The band structure of SboTe at 2 GPa. (b) -(e) represents the band structure for
4 GPa, 6 GPa, 8 GPa and 10 GPa. The valence band and conduction band at the L-point comes
closer with the increase in pressure. For 8 GPa (d) , we see a reversal of band characteristic at L.
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it a weak T1I.

3B.4 Conclusion and Discussions

We analysed the effect of uniaxial strain along the c-axis in SbyTes, a well known
strong topological insulator and a newly found strong topological insulator, ShyTe.
We find that with the tensile and compressive strain, ShoTes undergoes a structural
transition to C2/m space group. ShyTe, though shows a change in the number of
band inversions with the application of uniaxial strain, do not undergo a topological
phase transition. This is because, the parity of the bands at the TRIM points do not
change with the uniaxial strain. We also looked at the effect of hydrostatic pressure
in both systems. A strong topological insulator to a trivial insulator topological
phase transition is seen in SbhyTesz between 6 GPa and 8 GPa, while in ShyTe, a
topological quantum phase transition from strong topological insulator to a weak one
is observed, with (001) surface as the dark surface. Our work provides a priliminary
classification of the topological phases of SbyTes and SboTe under uniaxial strain
and hydrostatic pressure. However, a further analysis of the structural transition
in SbyTes and a deeper analsyis of the topological transitions in ShyTe are required
to gain a better understanding. The phase transitions observed in ShyTe has to
be verified experimentally and our work hints at the nature of transitions that can

potentially occur in these two systems with lattice distortions.
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Dynamic Magnetic Ground State
in YbyTe;O3, a Dimer-based

Compound

4.1 Introduction

Quantum Spin Liquids (QSLs) are extremely interesting and are at the forefront of
research in condensed matter physics, because of their novel features. They defy
a conventional kind of magnetic ordering, even as temperatures are lowered very
close to 0 K. In addition they are also marked by fractional excitations and the

18] The excitations in such a QSL phase are spinons,

emergence of a gauge field!
which are spin-1/2 particles with zero charge. These particles do not obey fermionic
or bosonic statistics, but rather a fractional statistics. A QSL phase is much more
than just the evasion of long range magnetic order. They, in fact, have a ground

state which is long-range entangled. Observing such a state experimentally is quite

** The work reported in this chapter is to be submitted soon for publication : Rahul Kumar,
Anita Gemmy Francis, Rhea Stewart, Peter J. Baker, Ralf Feyerherm,Devesh Chandra Binwal, Bella
Lake, Swapan K Pati, A. Sundaresan
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challenging. Though scientists worldwide are working on a large number of magnetic
materials to find the signatures of a true quantum spin liquid, so far only “possible”
candidates that hint at a QSL phase have been reported. The study of quantum spin
liquids may thus answer a host of fundamental questions in physics, ranging from
the nature of quantum entanglement ® and high-temperature superconductivity
to the existence of fractionalized excitations™! and long range topological order.
Apart from the rich physics, QSLs are very promising in regards to various material
applications as well. For instance, the entangled ground state, which is robust against
any local perturbation can be used in quantum information processing. Interestingly,
a plethora of spin lattices, including the kagome™! hyperkagome™ triangular®®
pyrochlore B3 square lattices™ and dimer lattices with frustration™® were shown
to realise quantum spin liquid states. Recently, frustrated rare-earth-based systems,
particularly Yb?** based, have been widely considered among the leading candidates
for realizing novel quantum states. The presence of strong spin-orbit coupling (SOC)
and crystalline electric field (CEF) causes such systems to have a spin with J.zp = 1/2.
A combination of a low-dimensional frustrated magnetic lattice and J.zf or S= 1/2
ground state in high atomic number compounds proves to be an ideal platform for a
quantum spin-liquid state.

In this chapter we look at a Yb3* based oxide, YbyTe;0;3, which shows experi-
mental signatures of a QSL. We try to understand the phenomena from a combined
First-principles and Monte-Carlo approach. Our investigations point to a spiral spin
liquid state, with an incommensurate magnetic ordering at T= 0 K. This substan-
tiates the experimentally observed lack of magnetic ordering seen in the system. A
detailed explanation of the computational methods and results are given in the next
section.

Table 4.1: The optimised lattice parameters.

a(4) b(A4) 4 «a p o]
6.907 8.551 10.598 88523 85.077 72.387
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Figure 4.1: The crystal structure of YbyTe5013. The green and blue polyhedra corresponds to the
two Yb atoms having a different crystal environment. These atoms form dimers as shown in (b)
and (c), along the c-direction. The dimers are stacked along the a-direction

4.2 Computational Methods

The first principles simulation was carried out on the periodic system using the Vi-
enna Ab Initio Simulation Package (VASP) B3l within the framework of the Pro-
jected Augmented Wave (PAW)B¥ method, utilizing the Perdew-Burke-Ernzerhof
(PBE) ¥ approximation of the exchange-correlation functional. A plane wave basis
set was used with an energy cutoff of 650 eV. The geometry of the experimentally
observed structure is optimized until the forces on all the atoms are smaller than 0.03
eV/A. To account for the self interaction error in the highly correlated f-electrons
in the system, we have included a Hubbard correction of U = 3 eVB87 for the
optimization and the subsequent band structure and Density of States (DOS) calcu-
lations. The presence of heavy elements in the system gives rise to a large Spin-Orbit
Coupling, which is included in all of our calculations. For the calculation of band
structure and the Density of States (DOS), the Brillouin Zone integration was per-
formed on a I'-centered 7x6x5 k-point grid. The number of kpoints to be used in the

calculation was chosen by checking the ground state energy convergence with respect
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to the k-point grid.
For the calculation of the magnetic exchange couplings were calculated from DFT
and zero-field splitting parameters were obtained from a Complete Active Space SCF,

as implemented in the ORCA package®¥. The valence triple ¢ basis set 28l

was
employed for all atoms except Yb, for which a Segmented All Electron Relativisti-
cally Contracted (SARC) basis set, along with the SARC/J Coulomb fitting basis
was implemented P25 The relativistic correction was applied by implementing the
second-order Douglas-Kroll-Hess formalism. The nearest neighbor (.J;), next nearest
neighbor (.J;), and the third nearest neighbor(.J3) magnetic exchange couplings were
calculated by considering isolated nearest, next nearest, and third nearest Yb pairs
and calculating the difference in energy of the high spin and broken symmetry states
for each pair.

The ground state, (T = 0 K) state was probed using the iterative minimisation
(IM) procedure®. We consider a magnetic lattice of N = 2 x L x L x L spins,
with periodic boundary conditions. The spins are treated as 3D vectors, with a
magnitude of |S| = 1, with the real magnitude absorbed into the exchange couplings
J;. The spins are expressed in the spherical polar coordinates, and are free to orient
in any direction. In the IM procedure, the spins are initially oriented in a random
configuration. Each spin sees a local magnetic field because of it’s neighbours. We
systematically choose each spin in the system and align it along its local magnetic
field. The procedure was repeated until the energy change became less than 1075.
This procedure was repeated for various linear system sizes L. For each L, we calculate

the ordering vector by evaluating the equal time structure factor using the equation,
Sq = (S¢5—q) (4.1)

where s, = + >, S;¢e""i. The ordering wave vector is then the ¢ vector at which
the equal time structure factor peaks.

The finite temperature properties of the magnetic system were explored using the



103 Chapter 4. a

(a) 1.2{ % . Expt (b)
ol - —— HTfit 6.0
" 0,040
gosq - oo . 56
é - g 0.036 \'E‘f
Eo6{ & E
El i oo & 5.2
£ H o
%0'4. 0.032
. 4.8
0.2 00 105 110 11‘1:] 120 125 130
4.4
0.04 L L
0 50 100 150 200 250 300 2 10 20 100 200
T(K) T(K)
(c) 0.28 (d) 4
0.26 E
° 2
0.24} 1 1 e g,
£l ] ~ Orbach Fit
E 2 04
E 0.20 F {1 =
0.18 - E o
01}
0.16 F -
014 0.04 -]
' 0 1 2 3 4 5 6 0.03 01 03 1 3 10 30 100 300
t (us) T(K)

Figure 4.2: (a) The magnetic susceptibility with temperature. The Curie-Weiss linear fit, shown
in red, corresponds to the behaviour of the system at high temperature paramagnetic region. The
susceptibility deviates from the expected linear behaviour at around 125 K and at a lower tempera-
ture, around 45 K, the susceptibility turns upward sharply. (b) The variation of effective magnetic
moment piesr = [(3kp/Nap%)xT)'/? ~ 2.828/XT with the temperature. The effective magnetic
moment decreases as the temperature is lowered. (c¢) zero -field muon spin resonance measurements
showing the a non-oscillatory behaviour in the depolarisation, suggesting the lack of a local static
magnetic field. (d) The relaxation rate of the depolarization with temperature. As the temperature
is lowered, the relaxation rates start increasing from around 200 K, until it plateaus below 10 K
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Figure 4.3: The band structure and the atom projected Density of States for YbyTe;O13. From b)
it is clear that the bands in the gap are formed by the f orbitals of Yb with significant contribution
of O p and Te p orbitals near the Fermi level.

Monte Carlo (MC)simulations, performed on a magnetic lattice of N = 2 x 10 x
10 x 10 spins. In frustrated magnets, a Monte Carlo simulation using the Metropolis
algorithm is inefficient because it leads to slow thermalization and displays long auto-
correlation times. This slowing down becomes especially more prominent in the case
of frustrated magnets, disordered systems, etc. Though many other algorithms like
cluster update algorithms that are devised to tackle precisely such problems, their

are not feasible in systems with Heisenberg spins !

. Hence, we resorted to a heat
bath algorithm B8 followed by over-relaxationB¥ in our simulations. The system was
equilibrated for 5 x 10 MC steps, where each MC step consists of N heatbath steps,
and a subsequent 10 over-relaxation steps. After thermalization, we performed 2 x 10°

MC steps and the averaging was done taking the values at every 100 steps.

4.3 Results

The experiments on this system, including the magnetic susceptibility and specific
heat with temperature show no magnetic transition in the system, for temperatures
as low as 400 mK. The lack of such a transition is the first indication of a non-

trivial magnetic state that the system has. To really get a grasp on the nature of
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Figure 4.4: (a) The nearest neighbour pairs are aligned in the c-axis, with the exchange coupling
represented by J;. (b) The second and third nearest neighbors lie in the a — b plane and their
exchange couplings are denoted as J5 and Jg respectively.
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Figure 4.5: The energy per spin vs the linear system size L. The energy for the small L values
remain almost the same after which it slowly increases.

magnetic field within the system the uSR measurements were also performed. The
polarization, do not show an oscillating behaviour. Instead it decays exponentially,
hinting at the lack of a static magnetic field in the system. Moreover, there is no
initial Asymmetry loss and a later recovery of the asymmetry to the Ag/3-tail, thus
ruling out a spin glass state. The relaxation rate in the system, moreover, becomes
independent of temperature, below 30K, suggesting a dynamic magnetic ground state
in the system. These experimental observations are summarized in Fig. To

understand the origin of this dynamic state, we resorted to a combined Density
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Ji (meV) Jy (meV) Jy (meV) D (meV) E (meV)
10.8 3.9 -7.3 -0.43 -0.009

Table 4.2: The nearest, next nearest, third nearest neighbor exchange couplings and the zero-field
splitting parameters calculated from first principles calculations.
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Figure 4.6: (a)-(c) The spin-spin correlation along the a, b and ¢ axes respectively. Alogn each axis
the spin correlations are plotted for three different temperatures- 30 K, 100 K and 300 K. (d)-(f)
The equal time structure factor for ¢4, g, and ¢,. The peak for S(q,) and S(q.) is at 7/a and 7/c
respectively. S(q—y) do not show any specific peak.

Functional Theory and Monte Carlo simulations approach. The lattice parameters
obtained after geometry optimisation is given in Table [£.1] The lattice parameters
agree well with the experimentally observed lattice constants, within the error bar
of DFT. Using this optimised lattice, the band structure and the Density of States
(DOS) is calculated, as reported in Fig. 4.3, The band structure reveals a large band
gap of about 1.8 eV, with a small density of states in between this large gap, effectively
decreasing the band gap to about 0.1 eV. Apart from this small contribution, the band
gap matches well with the experimentally observed gap. A close look at the projected
DOS as given in Fig|4.3(b) reveals that the f-orbitals of the magnetic Yb atoms, Te
p-orbitals and the p-orbitals of O, are the major contributors to the bands near the

Fermi level.
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From the DFT calculations, we obtained the magnetic exchange interactions of
the system. The first nearest neighbour exchange , J;, the second nearest neighbour
interaction .Jo, the third neatest neighbour J; (visualized in Fig. and the zero-
field splitting parameters D and E are reported in Table £.2] We observe that J;
and Jo are antiferromagnetic, while J3 is ferromagnetic. An interesting fact to note
is that the third nearest exchange is larger than the second nearest exchange. This
suggests that the third nearest neighbours have a larger orbital overlap than the
second nearest neighbours. The D and E parameters are very small and is negligible
as compared to the exchange terms. Moreover, the implementation of heat-bath
prohibits a Hamiltonian with anisotropy terms. Hence, we have modelled the system

using an effective Heisenberg Hamiltonian, given by ,

H=J1Y Si.Si+hY SiSi+J Y. S5 (4.2)
(ig) ((i5)) {((ig)))

The ground state of the system was analyzed using the Iterative Minimization (IM)
procedure. The energy per spin obtained for various system sizes L, is denoted in Fig.
5.4 The energy per spin remains similar upto fourth decimal point for L = 4,6, 8
and 12. So, these systems are almost degenerate. However, examining the ordering
vector obtained from the peak of the structure factor, as given in Table [4.3] we
see that various system sizes lead to different ordering vector. The fact that the
ordering vector depend on system size suggests that the exact ground state of the
system cannot be reached by finite size simulations. This hints at the possibility of
an incommensurate ground state magnetic order®. The high temperature nature of
the system was studied using Monte-Carlo simulations. The Monte Carlo simulation
reproduces the Curie-Weiss temperature observed experimentally, which is Ooy =
—45 K. The paramagnetic phase observed at room temperature remains unchanged
down to 125 K, where we see a deviation from the Curie-Weiss law. We calculated

the spin-spin correlation along the a-direction, b-direction and the c-direction by
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Table 4.3: The ordering vector Q, in units of 27, of the ground state, obtained from the peak of the
equal time structure factor calculated using Iterative Minimisation (IM).

L Q(27)

4 =0, %
6 0,0

10 $.38
12 238
14 e
16 228
18 288
2 $5%

considering a linear system size of L = 100, along a, b and ¢ axes respectively. The
obtained spin-spin correlation is reported in Fig. [{.6l The spin-correlations along
all three directions show an exponential decay, with the correlation length along the
three axis being different. To gain a detailed understanding of the spin correlations,
we analysed the static structure factor along the three directions, by calculating the

Fourier transform of the spin correlations as given below,
e -
S0 = 7 2SSt (4.3)
j

Our observations are given in Fig. 4.6 (d) to (f). The structure factor along the a
and the ¢ axes peak at ¢, = m/a and ¢, = 7/c respectively. This corresponds to an

antiferromagnetic arrangement in the a and ¢ axes. As the temperature is lowered
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Figure 4.7: (a) The equal time structure factor at 10 K on the (hkO) plane. This temperature is
below the transition temperature observed in the simulations. (b) The structure factor at 50 K,
which shows broad peaks near the boundary of the Brilluoin zone. This corresponds to a spiral
ordering in the system, which arises beacuse of the thermal fluctations acting on the classical spins

the intensity of the structure factor peak increases for both the axes. However, the b-
direction do not show any particular peak, indicating a lack of ordering along b. The
competition of the exchange interactions in the a-b plane leads to a lack of ordering
in this system in the a-b plane. The spin structure factor S(q.) vs. ¢., shown in Fig.
4.6(f), peaks at |g.| = 7, confirming antiferromagnetic interactions along the c-axis.
However, below 125 K, J, and J3, which act in the a — b plane play a bigger role.
These in fact, make the system much more interesting. We also looked at the equal
time structure factor for the system with dimension L x L x L, with L = 10. The
intensity analysis of the static spin structure factor at various temperatures in the
high-temperature region gives us an idea about the dominant interactions and the

origin of frustration in the system. It was calculated as follows:

1= & DG 4

where N is the total number of spins in the three-dimensional simulation box. The

static structure factor, in the a — b plane, shows diffusive peaks in the first Brillouin
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zone for T' = H0K, as plotted in Fig. (b). This phase is best described as
a spiral non-trivial phase, where the spins fluctuate as spirals with some effective

angles 3234

, which exists down to a temperature close to where the susceptibility
starts rising, around 45 K. Hence, our computational studies confirm that these
competing magnetic interactions are the primary inducers of the interacting dimer
based phase in YbyTe;0Oq3 for temperature range from 125 K to the T value where
the susceptibility starts rising as the T decreases. Interestingly, the low temperature
phase is governed by the ferromagnetic exchange interaction, Js, in the a — b plane

which gains prominence at low temperature and solely governs the low temperature

magnetic phase.

4.4 Conclusion

In conclusion, we studied the magnetic phase in a dimer-based material YbyTe;O13
from first principles analysis and Monte Carlo simulations. Our study reveals that
absence of both magnetic long range order and local static magnetic field in the
system, observed experimentally, is due to the competing exchange interactions in
the a — b plane of the system. The first nearest exchange, which is antiferromag-
netic is significant at the high temperature paramagnetic region. As the temperature
starts deviating from the Curie-Weiss law, we see that the second and third nearest
neighbour exchange interactions, the former being antiferromagnetic and the latter
ferromagnetic, lying in the a — b plane becomes more prominent. Our classical Monte
Carlo simulations reveal a spiral spin liquid region in the system and an incommen-
surate ground state, indicating definitive signals of a QSL phase in YbyTe50;3, if

quantum fluctuations are included.
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NaYbW,0g : A Possible
Quantum Spin Liquid in a

Hyperhoneycomb Lattice

5.1 Introduction

Quantum magnetism is as old as quantum mechanics and spin is an integral part of
electron along with charge. In the field of quantum magnetism, frustration is referred
to the conflicting exchange interactions, where all interactions cannot be satisfied
simultaneously. Such behavior leads to a host of new states of matter with exotic
properties. One of the most notable outcomes of such frustration is the quantum spin
liquid (QSL) state, in which quantum fluctuations keep the spins disordered down
to 0 KI. The resulting QSL states are of different types, ranging from chiral spin
liquids 3! to Z, topological spin liquids ' which feature fractional excitations. One

would expect a spin flip to give rise to an integer change, leading to integer excitations.

** The work reported in this chapter is submitted for publication : Rahul Kumar, Anita Gemmy
Francis, Rhea Stewart, Peter J. Baker, Swapan K Pati, A. Sundaresan
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Figure 5.1: (a)The observed and refined powder x-ray diffraction pattern of NaYbW,Og. The green
lines mark the Bragg positions. The difference between experimental amd calculated intensities is
given in blue. (b) The lattice structure of NaYbW,Og, as viewd along the b-axis. (¢) The magnetic
lattice, with 50% disorder between the Yb and Na atoms. This lattice forms a hyperhoneycomb
structure.

A QSL shows a deviation from this expected behaviour, making their experimental

detection difficult.

There have been extensive experimental and theoretical research on QSLs in two
and quasi-two dimensional (2D and quasi-2D) systems™? . However, understanding
these states in their three-dimensional (3D) counterparts is still largely an uncharted
territory. It is well known that in the 3D systems, the long-range ordered magnetic
states are quite natural, making the disordering effect of quantum fluctuations seems
less significant. This area remains unexplored due to the limitations of theoretical

and numerical approaches in 3D, as well as the scarcity of suitable materials™9.

The frustration, which leads to the extensive ground state degeneracy in classical
magnets in a magnetic lattice need not always be a result of geometry. Frustra-
tion and degeneracy can come about from competing exchange interactions as well.
Additionally, in some rare-earth ions based on quantum magnets, the large spin-
orbit coupling introduces anisotropic magnetic interactions that can create quantum-
disordered ground states even without the typical geometric frustration. A notable
example is the honeycomb lattice, a bipartite structure where both ferromagnetic and
antiferromagnetic Heisenberg couplings result in ordered ground states. Yet, a unique

set of anisotropic interactions proposed by Kitaev™ ! in which neighboring spins are
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linked by Ising interactions along axes determined by the bond’s spatial orientation,
has been found to exist in a quantum spin liquid phase. If one can experimentally

12l

realize such a system in 3D, it may be a potential 3D quantum spin liquid“~. How-

ever, due to the difficulty in realizing 3D variants of the honeycomb lattice, material

explorations have been limited to 2D layered honeycomb structure 322

, except a
few 3D iridates 224 In this chapter, we report a Yb-based hyperhoneycomb lattice
compound, NaYbW,Og, which crystallizes into a scheelite structure. It has inher-
ently 50% site disorder among Na™ and Yb3" ions. Intriguingly, it has been proposed
that inherent disorder in certain frustrated magnets can result in a random exchange

25301 - and hence can lead to various exotic quantum phases. Despite

between spins!
the absence of magnetic ordering down to 0.4 K, the heat capacity measurements
unveil an internal magnetic field of the order of 0.6 K. Further investigation using
muon spin relaxation (uSR) measurements indicate a dynamic magnetic state below
20 K. Hence, a combination of 3D spin-lattice, J.;; = 1/2 ground state, chemical
disorder, and dynamical magnetic state can lead to a randomness-driven spin-liquid-
like ground state. We use Density Functional Theory and Monte Carlo simulations
to understand the the microscopic origin of frustration in this system. Our struc-
tural analysis confirms two possible magnetic lattices possible in the system, one
which harbors geometric frustration and the other which shows competing exchange

interactions. Both the structures show broad diffused equal time structure factor,

indicating a spin liquid phase, thus complementing the experiments.

5.2 Computational Methods

The magnetic properties of NaYbW,0Og were explored in detail employing combined
Density Functional Theory (DFT) and Monte Carlo Simulations. The density func-
tional theory calculations were carried out using the Vienna Ab-Initio Simulation

Package (VASP)BI33 - A pseudopotential based on the Projector-Augmented-Wave
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(PAW) B4 method is used with the exchange-correlation functional approximated us-
ing the Perdew-Burke-Ernzerhof (PBE) functional 3. A I'-centered 4 x 4 x 2 k-point
grid was used for all the calculations. An on-site Hubbard U of 3 eV was assigned to
the Yb 4f orbitals to take into account their strong correlations BT

The presence of intrinsic substitutional disorder gives rise to six possible unit
cells with different Na and Yb atomic coordinates. These structures lead to two
different magnetic Yb lattices. We considered one unit cell from each kind of lattice,
whose geometries were optimized until the energy between two consecutive ionic
steps became less than 107° eV. The optimized structures were used to calculate
the exchange interactions. To calculate the exchange couplings, various collinear
magnetic configurations are considered, and their energies are mapped to the J; — J,

Heisenberg model,

H=7> S.5+hY S.5 (5.1)
(i) (i)

where, (..) corresponds to the nearest neighbour pairs, ({..)) corresponds to the next
nearest neighbour pairs and J; and J; are the nearest and next nearest neighbor
interactions respectively. The spins S; are considered to be three-dimensional vectors
in the spherical polar coordinates with |S;| = 1/2. For this energy mapping analysis,
we considered a 1 x 1 x 2 supercell for the first lattice and a 2 x 1 x 1 supercell for the
second lattice. The supercells have four magnetic Yb atoms each and we considered
three different spin configurations for the mapping analysis - one ferromagnetic (FM),
and two antiferromagnetic (AFM; and AFM,). AFM; has an up-up-down-down
configuration and AFM,, an up-down-up-down configuration. Then the ground state

DFT energies for the first lattice can be written as

EFM :EO+J1+3J2
Eary, = Ey—J1+3 Jy (5.2)

Earn, = Eo+ J2
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Figure 5.2: (a) and (b) shows a schematic representation of the nearest and next nearest neighbors
in lattice A. (¢) and (d) The nearest and next nearest pairs in lattice B. It is clear that lattice A
is geometrically frustrated and that such geometric frustration is absent in lattice B. Lattice A has
two nearest neighbors and four next nearest neighbors as compared to lattice B, which has four
nearest neighbors and eight next nearest neighbors.

and for the second lattice, these three configurations yield the following set of equa-
tions,
Ernyy =Ey+3J+4J,
Earny, = Eo+3 1 —4 Js (5.3)
Earn, = Eo+ 2

where, Fy is the DFT energy without the spin consideration.

The J; and J; values were obtained by solving the above system of equations and
were used to simulate the magnetic properties at the zero temperature as well as the
finite temperature for lattices A and B. The ground state properties were obtained by
an Iterative Minimization (IM) procedure5254. The procedure is repeated for various
linear system sizes L, each having N =2 x L x L x L spins. The ordering vector @,

for a given L is obtained from the peak of the equal time structure factor, which is
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the Fourier Transform of the spin-spin correlation function and can be calculated as:

1 J— 3
So =7 > (S.8))er @i = (sq.5_q) (5.4)

tj
where (sg) = % > S;e!@7i . To understand the finite temperature behavior of the
system, we resorted to Monte Carlo simulations, implementing the heat-bath algo-

53 The simulations were carried

rithm B8 coupled with an over-relaxation algorithm !
out for a system size of L = 16 and L = 10. Each Monte Carlo (MC) step com-
prises of 2 x L x L x L heat-bath steps followed by ten over-relaxation steps. After
a thermalization of 10 MC steps, the thermodynamic properties were calculated by

performing 5 x 106 MC steps.

5.3 Results

The presence of inherent disorder in the lattice leads to various lattice structures as
the Na and Yb can be present at the same lattice site, thereby giving rise to many
lattice realisations. To accurately simulate the experimental observations, which are
summarised in Fig. [5.3) we first optimised all the possible lattice configurations.
There are two Yb atoms and two Na atoms in the unit cell, which gives rise to *Cs
possible lattice configurations. Out of these six possible structures, four correspond to
a particular magnetic lattice (lattice A) and the other two to another magnetic lattice
(lattice B), see figure |5.2| depicting the nearest and the next-nearest pairs in the two
lattices. The former has a nearest neighbor distance of 3.96 A, while the latter has a
nearest neighbor distance of 5.17 A and has a lower free energy as compared to the
former. We have calculated the nearest neighbour and the next nearest neighbour
exchange parameters, J; and J, respectively, for both the structures by mapping
the DFT energies to Heisenberg Hamiltonian. The obtained values for J; and J,
are tabulated in table 5.1l In addition, we also calculated the zero-field splitting
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Figure 5.3: (a)The magnetic susceptibility vs temperature down to a temperature of 400 mK,
under Zero Field cooled and Field cooled protocols. Two level curie-Weiss model fit to the inverse
susceptibility data is given in the inset. (b)Measured heat capacity in a temperature range 2 K to
100 K, in the absence of magnetic field (¢) The uSR measurements showing the depolarisation with
temperature. The depolarisation shows an exponential decay. (d)The variation of the corresponding
fitting parameter, A with temperature.

parameters, which are of the order of 10™* and 1076 respectively.

The nearest neighbour exchange is ferromagnetic, while the next nearest exchange
is antiferromagnetic and almost half the nearest neighbour exchange in both the
lattices. However, we see that in lattice B, the exchange interactions are one order
less than the case of lattice A. This is because of the fact that the magnetic ions in
lattice B are much more further apart than in the case of lattice A. We note that
the values of D and E are much smaller in magnitude and we neglect those while

probing the properties further. In fact, the system was modelled using the J; — J,
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Table 5.1: The nearest, next nearest exchange couplings from first principles calculations for lattice

A and lattice B

Lattice Ji (meV) | Jy (meV)
A -2.8 1.2
B -0.08 0.04
Heisenberg Hamiltonian given by,
H=7> 8.5+hY S.5 (5.5)

i5) ((@5))

where, (..) corresponds to the nearest neighbour pairs and ((..)) corresponds to the
next nearest neighbour pairs. The spins 5; are considered to be three dimensional

vectors in the spherical polar coordinates with |S;| = 1/2.

Table 5.2: The ordering vector QQ of the ground state for lattice A, in units of 27, obtained from
the peak of the equal time structure factor obtained from Iterative Minimisation (IM).

L Q(2m)
6 £1 £l £l
27 67 3
8 £1 3 #3
2787 8
+1 +£3 =£3
10 27107 10
+1 £1 +£1
12 27127 3
+1 +5
14 Lo, &
+1 £3 £5
16 27167 16
+1 +1 +1
18 27 37 3
+1 +1 +£7
20 27 5720

As a first step, we probed the ground state configuration of the model at zero

temperature using the iterative minimization(IM) procedure. To identify the nature



123 Chapter 5.

(a)-0.888 (b)
_0.8901 -0.079980-
—~ —0.892- —~ —0.079985-
> >
g v
£ _0.8941 £ _5.0799901
Q Q
=0.8961 —0.079995-
-0.898-
S ‘ S ' . -0.080000-
6 8 10 12 14 16 18 20 6 8 10 12 14 16 18 20
L L

Figure 5.4: The energy per spin, e, for various linear system sizes L (a) for lattice A and (b) lattice
B. The energy per spin remains almost the same for varying L.

of ground state using IM, we performed the calculations on various system sizes, L.
The number of spins in the simulations is given by N =2 x L x L x L. The energy
per spin for various system sizes L is plotted in Fig. [5.4] For each value of L, the
equal time structure factor is calculated according to Eq. and the ordering vector,
which corresponds to the maxima in the structure factor are reported in Table [5.2]
To understand the quantum system at finite temperatures, we resort to Monte Carlo
simulations, as described in the computational methods section. The results at zero

and finite temperatures for both the lattices are described in detail below,

Lattice A

It is clear from Fig. [5.4a) that the energy per spin is equal upto third order at least
for L = 10, L = 14 and L = 16 and the ordering vector, obtained from the peak of
equal time structure factor varies with the system size L, suggesting that the exact
magnetic ground state cannot be reached by finite size simulations. This corresponds
to the case when the ordering vector approaches an irrational numberB2  hinting at
an incommensurate ground state order in lattice A.

The finite temperature Monte Carlo simulations for this lattice show a magnetic tran-
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Figure 5.5: a) The equal time structure factor of lattice A from Iterative Minimisation for L=10.

The peaks in this case occur at (!, f—g’, %’) b) The equal time structure factor at 5 K (T' > T, ).

The peaks are diffused about the peaks in (a).

sition temperature of 3 K, and the magnetic susceptibility vanishes as the T tends
to zero. Experimentally, such a magnetic transition is not seen and the magnetic
susceptibility also does not vanish down to the lowest measurable T, see the experi-
mental results summarised in Fig. Nevertheless, the rich physics associated with
quantum spin liquids can be probed by understanding the effect of thermal (classical)
fluctuations on these spins, in the temperature region above the ordering tempera-
ture. The spin structure factor, calculated using this model below 7T, might not
reproduce the experimentally observed signatures. However, at a temperature above
T., the thermal fluctuations can mimic the role of quantum fluctuations observed at
very low temperatures®. The calculated equal time structure factor at 5 K, which
is above T, as reported in figure b) shows broad, diffused peaks, indicating a spin
liquid phase at this temperature. In fact, these are the IM structure factor peaks (see
figure[5.5(a)) broadened. Such a behavior is seen as because of the ferromagnetic and

antiferromagnetic exchange interactions leading to a frustration in lattice A.

Lattice B

This lattice has the exchange interactions one order of magnitude lesser than lattice

A. The first nearest neighbour interaction is ferromagnetic, with the second nearest
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Figure 5.6: a) The equal time structure factor of lattice A from Iterative Minimisation for L=12
b) The equal time structure factor at 1 K (T" > T, ). The peaks are broad and diffused about the
peaks in (a)

neighbour coupling antiferromagnetic with J,/J; = 1/2. According to the iterative
minimisation procedure, carried out for various linear system sizes L, the equal time
structure factor peaks at () = 0. The energy per spin with varying system size L is
plotted in figure 5.6 (a). The nature of the lattice at finite temperature is understood
with the help of Monte Carlo simulations employing heat bath algorithm coupled with
over-relaxation. The very small exchange couplings lead to a much lower transition
temperature (7, = 0.5K) in this lattice. The equal time structure factor for this
lattice at 7" = 1K is reported in figure (b). At this temperature above T, we see
very broad diffused peaks about Q=0 ordering vector. This is indicative of “molten”
state P25557 - reminiscent of the spin liquid ground state observed in reality in the

experiment.

Interestingly, the lattice A has the frustrated exchange interactions. Thus, the
main point is that while the lattice A and lattice B both show spin liquid behavior
above the transition temperature and below the Curie-Weiss temperature, the reasons
are different. While for lattice A, the spin liquid behavior arises due to the lattice
geometry, as the geometry allows frustrated exchange interactions, the spin-liquid

behavior in lattice B is due to the exchange interactions, which are of opposite sign
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and different in magnitude. It is highly possible that in the experimental system,
both of these lattices are present in different proportions, as the spin liquid behavior
is found between the respective transition temperature and Curie Weiss temperature,

for both the low energy lattice structures.

5.4 Conclusion

We have carried out a comprehensive study of NaYbW;,0Og having an inherent anti-
site disorder (50%) using various physical properties characterization techniques and
theoretical calculations. Yb3* ions sit on a hyper honeycomb (*(—1)) lattice with
sizeable antiferromagnetic interactions, and there is no magnetic phase transition
down to 400 mK. Further, the dynamic nature of the local fields in the systems has
been confirmed by zero-field ©SR measurements. The theoretical studies revealed
that this state originates from a combination of geometric frustration and compe-
tition between exchange interactions. The equal time structure factor in the two
possible magnetic sublattices point to a spin liquid phase, owing through their broad
peak. Hence, NaYbW,0Og stands out as a candidate that provides a platform to

explore the disorder-driven correlated states in the quantum magnets.
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Conclusion and Future Outlook

In summary, this thesis explores two different kinds of exotic phases of matter - topo-
logical insulators and quantum spin liquids. The former, is a symmetry protected
topologically trivial state of matter, meaning they are not protected against “any”
local perturbation, but only some perturbations which do not break the U(1) and
time reversal symmetry, On the other hand, the latter is a topologically non-trivial
phase, with large ground state degeneracy and long-range entanglement. This the-
sis identifies non-trivial topological insulator phases in a few chalcogenide systems
and predicts two possible quantum spin liquid candidates in Rare-Earth based oxide
systems.

The first topological insulator system studied was TaSes, the choice of which was
motivated by the possible realisation of topological superconducting phase in this
material, which could potentially host Majorana fermions. Through our studies, we
found a weak topological insulating phase in TaSes at ambient conditions, with the
weak invariants (101), suggesting a topologically dark (101) surface in TaSes. How-
ever, with the application of hydrostatic pressure, we are able to tune the topological
property of the system. We find a range of pressure between 4.5 GPa and 7 GPa,
where TaSes becomes a strong topological insulator with an odd number of Dirac
cones on it’s surfaces. A further increase in pressure pushes it into another weak

topological insulator phase, marked by a (100) stacking direction. This interesting
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features of topological phases of TaSes with application of hydrostatic pressure can

be put to use in spintronics and quantum computing applications.

The next topological candidates we considered were of interest from a thermo-
electric point of view. Topological insulators and thermoelectricity are intricately in-
tertwined. It has been observed that many materials which are good thermoelectrics
are topological insulators and topological insulators are always good thermoelectrics.
The (SbeTes)m(Sha), homologous series is well known for it’s good thermoelectric
properties. Three materials from this series -SboTesz, ShyTe and SbTe - are studied
with respect to their topological nature. We find that all of them are topological
insulators. Additionally, we observe multiple hole pockets in the band structure of
SbTe and ShyTe as compared to SbyTes, suggesting that SbTe and ShyTe could be
much useful in the field of thermoelectrics. We further explored how ShyTes and
ShyTe respond to lattice distortions by studying the effect of uniaxial strain along
the c-direction and hydrostatic pressure on these two systems. Though we do not see
any topological phase transition with strain, we observe a change in the topology in
both the systems, with the application of pressure. ShyTes undergoes a transition to
a normal insulator at high pressure, while ShyTe becomes a weak topological insula-
tor at high pressures. A future direction is to study the effect of the surface states
to the thermoelectric properties of this series and to really gauge the contribution
of the surface states to the transport properties in this extremely unique set of sys-
tems. Moreover, the layered nature this series make them exceptional in realising low
dimensional and twisted hetero structure systems. Recent studies look at how the
electronic band structure can be modulated with Moire patterns and it could be an

interesting area to pursue.

In this thesis, we propose two novel materials which could potentially host quan-
tum spin liquid phases. Quantum spin liquids are extremely interesting phases of
matter, which can host fractionalized excitations which follow non-abelian statistics.

These exotic properties are a result of their long-range entangled ground state. The
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applications of such QSL phases are enormous. They can be the future of quan-
tum computing and quantum information processing, because of their ability for
fault-tolerant computing. We observe signatures of QSL phase in a dimer based
Lanthanide oxide, YbyTe;0O;3 and a disordered system, NaYbW,0g. Our studies
reveal broad diffused equal time structure factor in both these systems, confirming
their spin liquid behaviour. Though we have tried to understand the magnetic na-
ture through classical simulations, the thermal fluctuations on the classical spins are
shown to mimic the quantum fluctuations that the quantum spins experience at 0 K.
We looked at the behaviour of both the systems between the transition temperature
and the Curie-Weiss temperature and we obtain a “molten” remnant of a QSL space
in this region in both the systems. More experiments and theoretical studies of these
systems are required to fine tune their properties and to integrate them into emerg-
ing technology. Another interesting direction to pursue would be to understand and
discover phase transitions that can occur in such QSL systems, thereby mapping out

a phase diagram of this exotic phases of matter.

It is true that the systems studied in the thesis are open shell d- and f- orbital
systems, where the strong correlation of electrons can potentially lead to spurious
results. This is common with the application of DFT to such strongly correlated
systems. The main reason for this is the inadequacy of the approximate exchange-
correlation functionals that are commonly in use today. These functionals, like LDA,
GGA etc, leads to delocalization or self-interaction error and static correlation error.
There exists many mehtods to correct these errors to some extend. We have used
one such method- the addition of a Hubbard correction to the GGA-DFT, thereby
improving the delocalization error. A more accurate way is to use hybrid functionals
like HSE for extended systems, where a fraction of the exact Hartree-Fock exchange
is added to the functional. Though this can predict band gaps closer to experiments,
the parameters of mixing required to accurately describe a particular system has to

be semi-empirically determined, making it’s applications limited and certainly not
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helpful in predicting new materials. Another way is to use many body perturbation
theory based on Green’s function formalism, to calculate the the response of a system
to the addition or removal of electrons. In this theory, the central quantity is the
exchange-correlation self energy, which accounts for all electron-electron interaction
beyond the Hartree-Fock approach. The GW approximation, where is self-energy
is approximated using single particle Green’s function, G and screened Coulomb
interaction W, is the best first-principles method to describe the band structures
of normal semiconductors and insulators. However, since this is based on a quasi-
particle picture and strong correlation effects include interactions beyond this picture,
GW calculation cannot capture the entire effect of the strong correlations in open d-
or f-orbital systems. However, it can be used to get an accurate band structure of
the system, based on which correlation effects beyond band structure can be studied.
The best method so far to treat highly correlated systems is to use GW + DMFT
(Dynamical Mean Field Theory), where the parameters for DMFT are obtained from
the highly accurate GW calculations. Developing and comparing various methods to

circumvent DFT errors is extremely crucial and requires much more attention.

The future holds immense potential for the development and implementation of
technologies which are truly mind-bending. The search and realisation of exotic
phases of matter, would be a great gift to the humanity as a whole. Our work tries
to shed light on some fundamental properties required for such futuristic applications
and reveals some interesting phenomena. In the process of doing so, we realize that
the materials world holds vast potential with single-phase and multi-phase materials,
as well as pure hybrid, heterostructure and superlatice strutures of materials that
incorporate a greater variety of transition and post-transition metals with 3d, 4d, 5d
and 4f bands. The search for materials with multiple exotic phenomena should be
at the forefront of future research and this will indeed help us solve and understand
the more ubiquitous problems in material science. In addition to identifying and

classifying exotic phases in condensed matter physics, importance should be given to
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mapping out a more comprehensive phase diagram of such phases, such that their
potential applications can be easily predicted. The effect of temperature, magnetic
field and electric field on the nature of these phases are of extreme importance from
an application point of view. In addition, the functional applications of these phases
and the possibilites of device manufacturing should be analysed to gain an in-depth

understanding of the real possibilities such exotic systems can offer.






Other Works

During my PhD I have looked at some other phenomena as well, as given below

» In Situ Cation Intercalation in the Interlayer of Tungsten Sulfide with Overlay-
ing Layered Double Hydroxide in a 2D Heterostructure for Facile Electrochem-
ical Redox Activity
Sahanaz Parvin, Vishwadeepa Hazra, Anita Gemmy Francis, Swapan
K. Pati, Sayan Bhattacharyya, Inorg. Chem., 60 (2021).

In this work, we show how the catalytic property of a NiCO-Layered double
Hydroxide and 1T-WS, heterostructure is modulated by Ni?*t and Co?* ions
which intercalate between the two layers in the heterostructure. The finite
Density of States (DOS) of the Ni and Co d-orbitals near the Fermi-level gives

evidence to this phenomena.

» Impacts of Exciton Binding Energy and Dielectric Confinement of Layered Lead
Halide Perovskites on Carrier Relaxation and Exciton Phonon Interactions
Kritiman Marjit, Anita Gemmy Francis, Swapan K Pati, and Ami-
tava Patra, J. Phys. Chem. Lett., 14 (2023). In this work we study the
carrier-relaxation dynamics of Layered Perovskites (LP)s and the dependence

of this dynamics on the chain length of the spacer ion. We have considered
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three LPs, (BA),Pbl,, (HA);Pbl, and (OA),Pbly, with the length of the spac-
ers increasing from Butylamine (BA) to Hexylamine (HA) to Octylamine (OA).
We observe that the dielectric confinement is the lowest in (BA),Pbl, and the
largest in (OA)2Pbly, with (HA),Pbl, having a value in between. The exciton
binding energy was calculated using the Wannier-Mott model, which shows that
the binding energy decreases in the order (OA)oPbly (HA),Pbly (BA)Pbly.
Both these facts combine to make the carrier relaxation in (OA)2Pbl, mush
faster than the other two, with (BA)sPbl, having the slowest electron-hole
recombination dynamics. An analysis of the phonon dispersion of the three
systems suggest that the smaller up-conversion of acoustic modes to optical

modes in (OA),Pbly, is in fact responsible for this observed ultrafast dynamics

in (OA)QPbI4
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