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Synopsis

This thesis contains results from studies aimed at exploring the structural

and dynamical aspects of systems where inter-atomic interactions are long-range

in nature . We have investigated phenomena associated with phase transitions in

systems which are otherwise of different types. Below we provide a sketch of the

thesis with brief dicussions of the chapters.

In Chapter 1 first we provide a basic picture of phase transitions. Following

this, we introduce scaling properties related to aspects like structure, growth and

aging. Relevant simulation methods in the broad domains of Monte Carlo (MC) and

molecular dynamics (MD) are discussed. We have also incorporated descriptions of

certain important methods of analysis in this chapter.

Chapters 2, 3, and 4 contain MC simulation results from the studies of phase

separation kinetics in symmetric binary mixtures . For this purpose we have used the

Ising model within which particles or spins interact via long-range potentials. With

random initial arrangements of spins, mimicking a very high-temperature scenario,

systems are quenched to a temperature inside the coexistence region. Our first focus

has been on structure and growth. This was followed by the investigation of the

aging phenomena, as the systems approach the equilibrium at the new state point.

In order to study the kinetics, Kawasaki spin exchange Monte Carlo simulations were

performed, in space dimension d = 2. It is observed that all the above-mentioned

aspects depend upon the interaction range. Nevertheless, certain combination of

the quantitative features exhibit universality.

In Chapter 5, we have undertaken a problem that remained a puzzle over

millennia. A hotter body of water freezes faster than a colder one when kept inside

the refrigerator - this counterintuitive fact is known as the Mpemba Effect (ME).

We have carried out MD simulations using a realistic model of water. Following

quenches of configurations prepared at temperatures above the freezing point to a

fixed value lying deep inside the ice phase, we have noted the freezing times. Our

results clearly indicate the presence of the fascinating ME for a wide range of initial

temperatures.

Chapter 6 reports an investigation of the Mpemba-like effect in pure spin sys-

tems with long-range interaction. We have chosen the Ising model for a para-to-

ferromagnetic transition. Configurations prepared at various temperatures above

the Curie temperature Tc are quenched to a fixed temperature in the ferromagnetic

region. Our MC simulations show that the ME exists in this case also.



Finally, in the last Chapter we have summarized the works and provided dis-

cussions by mentioning the future possibilities.
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Chapter 1

Introduction

1.1 Phase Transition

Phase transition is a phenomenon where a system transforms from one state to

another depending on changes in external parameters like temperature (T ), pres-

sure (P ), density (ρ), etc. [1–4]. From freezing of water to raft formation in cell

membranes, phase transitions are common in nature.

Phase transition can be categorized in different ways. In the Ehernfest [4,5] clas-

sification, it is done based on the discontinuity in different orders of derivatives of

the relevant free energy. A first-order or discontinuous phase transition is identified

when there is a discontinuity or jumps in the first derivative. Similarly, the presence

of a discontinuity or singularity in the second derivative of the free energy, while

having a continuous first derivative, marks a second-order or continuous phase tran-

sition. The points around which the second derivatives are discontinuous or diverge

are commonly referred as the critical point [6].

1.1.1 First-order Phase Transition

For first-order phase transition, the Gibbs free energy (G), e.g., for a chemical

system as in Fig. 1.1, is continuous across the phases, whereas its first derivatives are

discontinuous. An important example of first-order phase transition is the formation

of ice from liquid water. In Fig. 1.1, we have shown a schematic including three

different phases in the pressure vs. temperature plane, for a normal chemical system.

In this plane, all the three lines, separating one phase from another, meet at a point

that is referred to as the triple point. The line separating the liquid and vapor phases

is referred to as the vaporization line, and it terminates at a critical point. Beyond

1
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Figure 1.1: Schematics of three different phases and their boundaries, for a typi-
cal chemical system, are drawn in Pressure vs Temperature plane. Critical point
(Tc, Pc), as well as the triple point, are marked.

this, one has a homogeneous supercritical gaseous phase. The line separating the

liquid phase from the solid one is referred to as the melting line. In the case of

freezing of liquid water into ice, volume increases due to the formation of long-

lasting hydrogen bonds, and so the slope of this curve is negative, as opposed to

what is shown in the figure.

1.1.2 Continuous Phase Transition

An example of second-order or continuous phase transition is para- to ferromagnetic

transition. For a magnetic system, temperature (T ) and field (H) are the two

independent thermodynamic quantities and Gibb’s free energy G = G(T,H). Then
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the magnetization m and isothermal susceptibility χ can be written as [4]

m = −
(
∂G

∂H

)
T

; χ = − 1

V

(
∂2G

∂H2

)
T

, (1.1)

where V is the volume. In the absence of any external field, a para-to-ferromagnetic

transition occurs at the Curie temperature. Magnetization varies continuously across

the phase boundary, whereas susceptibility shows a divergence at the critical point.

In Fig. 1.2(a) magnetization (m) is schematically shown against temperature. Crit-

Figure 1.2: (a) Magnetization (m) is plotted versus temperature (T ). The filled
circle marks the location of the critical temperature, Tc. The direction of the atomic
magnets inside the system at different temperatures are symbolically shown by up
and down arrows. (b) A schematic diagram showing divergence of susceptibility (χ)
with the variation of temperature (T ).

ical or the Courie temperature (Tc) is marked, above which the system is in a

homogeneous phase with m = 0. Below Tc, m increases continuously with decrease

in T and reaches either +1 or −1 at very low temperatures. Susceptibility, χ, is

plotted versus T in part (b) of the same figure. This quantity shows divergence at

Tc.

1.2 Kinetics of Phase Transitions

For theoretical/computational studies of dynamics during phase transitions, typi-

cally a system is prepared in one phase and then “suddenly” quenched to a state

point belonging to another phase. In the literature of statistical physics, a popular
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case is to quench a homogeneous/disordered system into a region of the phase di-

agram where the system exhibits ordering or coexistence [1], as shown in Fig. 1.3,

where Tc is the critical temperature and ρc is the critical density (concentration for

a binary mixture). Appearences of a homogeneous system in the single phase re-

Figure 1.3: A schematic phase diagram of a vapor-liquid transition in ρ vs. T plane
is shown. The line separating the homogeneous phase from the phase-separated
regime is a coexistence line. The point (ρc, Tc) is the critical point. This may
describe phase behavior of an immiscible binary mixture as well, if ρ is replaced
by the concentration/density of one of the participating species. Representative
equilibrium snapshots from homogeneous and phase-separated regions are shown.

gion and of a system containing coexisting phases, in equilibrium, in the immiscible

region are pictorially demonstrated in this figure. A homogeneous system, after the

quench, evolves [1, 7] with time and eventually reaches an equilibrium state where
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two or more phases coexist, as depicted within the frame located inside the coexis-

tence region. The curved line is similar to the magnetization curve in Fig. 1.2 but

this here has a role of binodal line separating a homogeneous phase from the phase-

segregated region corresponding to vapor-liquid or binary mixture transitions. The

dynamical evolution towards the thermodynamic equilibrium occurs via the forma-

tion of domains rich in one type of particles or the other [1]. A quench with density

at or near ρc leads to the formation of interconnected domains and is referred to

as spinodal decomposition [8, 9]. On the other hand, if the same exercise is done

relatively far away from the critical density, disconnected droplets of one species are

formed [10,11] in the background of the other species. Eventually, these droplets or

domains grow with time. The average size of the domains at time t, ℓ(t), in general,

can be expressed as a power-law [1,7]:

ℓ(t) ∼ tα. (1.2)

The quantity α, the growth exponent, depends on several factors [1, 12]. This and

the related mechanism depend on the constraint on the Order Parameter (ϕ) [1],

i.e., whether it is conserved or not, among other things. The latter quantity, for

a system, is zero in the homogeneous regime and takes non-zero value(s) in the

ordered phase. It can be a scalar, vector, or even a tensor [1,12]. Depending on the

constraints on its values, dynamics in systems can be broadly categorized into two

classes, i.e., non-conserved and conserved order-parameter dynamics.

An example of conserved order-parameter dynamics is the kinetics of phase sep-

aration in an A+B binary mixture. A suitable order parameter in this system is

the difference in densities of the components (ρA − ρB). In the homogeneous phase,

the value of the order parameter is zero for a 50 : 50 mixture, but as the system

is quenched inside the coexistence regime, domains of A-rich and B-rich particles

start forming [1], inside which, however, the order parameter value differs from the

constant global order-parameter. On the contrary, the total order-parameter of the

system changes during nonconserved dynamics. The most common example of this

is ordering in a magnetic system. In a para-to-feromagnetic transition [1], the net

magnetization of the system is the order-parameter that changes its value.
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1.2.1 Correlation and Scaling

To probe the structures formed inside the systems, a common practice is to calculate

the two-point equal time correlation function [1]:

C(r⃗, t) = ⟨ϕ(r⃗, t)ϕ(0, t)⟩. (1.3)

Here ϕ(⃗0, t) and ϕ(r⃗, t) are order parameters at two different space points, at time

t. The angular brackets denote the average over the initial points and also over

different simulation runs with independent initial configurations. Furthermore, a

spherical averaging considering isotropicity of the patterns will make the correlation

depend upon the scalar distance r. The Fourier transformation of C(r, t) is the

experimentally relevant structure factor [1]:

S(k, t) = ⟨ϕk(t)ϕ−k(t)⟩. (1.4)

A scaling hypothesis states that during the evolution process, at late enough times,

there exists a characteristics length scale, ℓ(t), such that the structures of the do-

mains at two different times are statistically self-similar except for a difference in ℓ(t).

The correlation function and the structure factor then have the scaling forms [1]:

C(r, t) = f(r/ℓ),

S(k, t) = ℓdg(kℓ),
(1.5)

where the time independent master function, g(y), is related to the other master

function, f(x), via a Fourier transformation, and d is the spatial dimension. In large

k limit, S(k, t) shows a power-law behavior, known as the Porod law [1]:

S(k, t) ∼ k−(d+n), (1.6)

n being the number of components in the order-parameter. On the other hand, in

the limit k → 0, one should observe [13]

S(k, t) ∼ kβ. (1.7)

Similar to the above discussed correlation function, which is a 2-point function

in space, a 2-point correlation function in time can also be defined to quantify the

relaxation of nonequilibrium systems following a quench. An example of the same
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is the autocorrelation function [13–16]:

Cag(t, tw) = ⟨ϕ(r⃗, t)ϕ(r⃗, tw)⟩. (1.8)

Angular brackets indicate average over all space points inside the system. Here tw

is the time when the observation begins and is commonly referred to as the waiting

time or the age of the system. On the other hand, t (> tw) is the observation time.

When a system is in equilibrium, if Cag is plotted against t − tw, for different tw

values, all of them should collapse on top of each other. This is not true for a

nonequilibrium system. This relates to the fact that an older system relaxes slowly

compared to a younger one [14]. Interesting limit is ℓ≫ ℓw, where ℓ and ℓw are the

length scales at times t and tw, respectively. For a large value of tw and t≫ tw, one

investigates [14]:

Cag(t, tw) ∼ (ℓ/ℓw)
−λ ∼ (t/tw)

−αλ, (1.9)

that implies a (type of) data collapse even in away-from-equilibrium situation. The

exponent λ is referred to as the aging exponent [14]. There exists a theoretically

predicted lower bound for λ, given by Yeung, Rao, and Desai [15]:

λ ≥ d+ β

2
. (1.10)

1.3 More on Phase Transitions

Here we discuss two cases relevant for this thesis.

1.3.1 Ising Model

A general form of the Hamiltonian of the Ising model is [16,17]

H = −1

2
ΣiΣj ̸=iJij(r)SiSj. (1.11)

Here Jij is the interaction strength between spins Si and Sj, which can take values

+1 or −1, sitting at the lattice points i and j, respectively. A positive value of

Jij favors the parallel arrangement of spins, i.e., ferromagnetic ordering. Note that

at high temperature thermal effect produces disorder, character of a paramagnet.

Only below a critical temperature the ferromagnetic alignment occurs. Power-law

variation of this quantity as a function of r, the inter-site distance, has been of
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interest [17–21]:

Jij =
J

rd+σ
, (1.12)

where J is a constant usually taken as 1 and σ is the parameter a value of which

is expected to separate the long-range Ising universality class from the short-range

one [12, 22]. Note here that this universality can be related to static critical phe-

nomena [22–24] as well as kinetics [12, 16]. Setting σ very large leads essentially

to a very short-range situation like in the nearest-neighbor Ising model where spins

interact only with their neighboring sites. On the other hand, σ = −d may mean

a fully connected scenario where every spin interacts with all other sites with equal

strength. Nearest-neighbour Ising Hamiltonian is probably the most explored model

system in the domain of phase transitions due to its simplicity. Via incorporation of

appropriate dynamics, a variety of phase transitions can be studied with this model.

Domains rich in one type of particles or the other, for conserved order-parameter

dynamics, grow practically via diffusive transport for this model, and in such cases,

the Renormalization Group (RG) predicts [12]:

α =

 1
2+σ

, for σ < 1

1
3
, when σ > 1.

(1.13)

For systems with non-conserved order-parameter dynamics, the similar theoretically

predicted value for the growth exponent α is [12]

α =

 1
1+σ

, for σ < 1

1
2
, when σ > 1.

(1.14)

While the conserved dynamics may mimic phase transition in a binary mixture,

the nonconserved order-parameter dynamics is relevant for kinetics of para-to-

ferromagnetic transition. We have studied both the cases in this thesis.

1.3.2 Phase Transitions in Water

When fluid water is kept at a sub-zero temperature, it turns into ice. Fig. 1.4(a)

shows a schematic phase diagram of water in such phase, in temperature vs. pres-

sure plane, covering different structural possibilities in the solid form. Most of the

ice found on Earth’s surface has a hexagonal crystal structure and is called ice

’Ih’ [25] (shown in Fig. 1.4(b)). Ice formation from liquid water is much discussed
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Figure 1.4: (a) Schematic phase diagram for Ice phases. Phases labeled with black
Roman numerals are hydrogen-disordered phases; those labeled with red numer-
als are hydrogen-ordered phases; those labeled with blue numerals are metastable
phases. The red solid arrows represent direct disorder-order transitions. The red
dotted arrows represent disorder-order transitions that cross the stability range of
another phase. Figure source: Thomas C. Hansen, Nature Communication 12, 3161
(2021). (b) Model Ih ice structure (source: Wikipedia) is shown. Black spheres de-
note Oxygen positions, whereas, the white spheres are Hydrogens.

and very commonly encountered first-order phase transition. Even though this is

everyday phenomena, the nucleation and growth process (and related understand-

ing) of ice crystals inside water is not truly straightforward. When liquid water

is cooled below 0°C, instead of crystallization, the system typically gets stuck in

a supercooled metastable state. Although energetically a crystalline solid state is

more favorable, unless there occurs an appropriate fluctuation, this supercooled wa-

ter does not transform into a solid, if there is no external perturbation. This makes

the simulation study of nucleation and growth of ice a difficult task. Efforts have

grown into the study of ice crystallization, but most experimental, as well as theoret-

ical/simulation, studies deal with heterogeneous condition [26, 27]. Matsumoto et.

al. carried out an early study [28] of homogeneous nucleation and freezing of bulk

water computationally using a realistic model of water [29]. In one of our following

chapters, we have also studied the nucleation and growth of ice crystals from fluid

water under nearly ambient pressure. We have also studied the effect of the initial

temperature of the system on ice nucleation.

Mpemba Effect

When two copies of the same system prepared at two different temperatures, say, Thot

and Tcold, with Thot > Tcold, are quenched to a final temperature Tf (< Tcold < Thot),

the one initially at higher temperature equilibrates faster than the one that started

https://en.wikipedia.org/wiki/Phases_of_ice
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from the lower temperature. This counterintuitive fact is generally referred to as the

Mpemba effect (ME). This effect is discussed at least since the time of Aristotle as

in his book Meteorologica, around 340 B.C., he wrote, “The fact that the water has

previously been warmed contributes to its freezing quickly: for so it cools sooner.”

While some experiments confirmed the presence of the effect in water [30], some

questioned [31] its validity. When it comes to simulations, cooling and freezing of

bulk water, even for a very small volume, in the absence of any impurity, is a difficult

task. In one of the following chapters, we have studied homogeneous ice nucleation,

starting from different initial temperatures. Similar study we have carried out for

para- to ferromagnetic transitions as well.

1.4 Computational Methodologies

We have studied various structural and dynamical properties of the systems men-

tioned in the previous section via computer simulations. For this purpose, we have

primarily used two different simulation techniques, namely, Molecular Dynamics

and Monte Carlo. Brief descriptions of these methods are given in the following

subsections.

1.4.1 Monte Carlo Simulation

Monte Carlo (MC) [32,33] is typically a stochastic process where systems are sampled

from different parts of the phase/configuration space by generating random numbers

and comparing them with certain probabilities. For an adequately large number of

samples, average values of relevant quantities are calculated. The two most popular

MC methods to study the dynamics of evolving systems, in Ising-like situations, are

the Glauber spin-flip dynamics [32,34] and the Kawasaki spin-exchange kinetics [33].

These are used for studying nonconserved and conserved order-parameter systems,

respectively.

The probability, Pn, for a system to be in state n with energy En can be written

as [32]

Pn =
exp(−En/kBT )

Z
, (1.15)

where T is the temperature of the system, kB is the Boltzman constant and Z

is the partition function. If another state m, with energy Em, is considered, the

transition between these two states will depend on the energy difference, or more
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precisely, the factor exp(∆E/kBT ), where ∆E = Em−En. Satisfying the condition

of detailed balance, the transition probability from one state to the other can be

written, according to Metropolis-Hastings sampling, as [35]

Wn→m = min(1, exp(−∆E/kBT )). (1.16)

The typical steps for the MC simulations are discussed in the following subsections.

Glauber Dynamics

For the simulations of the Ising model, with Glauber [34] spin-flip method, the

below-mentioned steps are followed:

(1) A random site on the lattice is chosen, and the spin there is flipped.

(2) Energy cost ∆E is calculated.

(3) A random number M is generated between 0 and 1.

(4) If M ≤ acceptance probability (mentioned in Eq. 1.16), then the move is ac-

cepted; else, the spin is flipped back to its original state.

(5) Steps (1 − 4) are repeated N times, where N is the total number of lattice

sites/spins in the system. These N trial moves make one Monte Carlo step (MCS),

typical unit of time.

Kawasaki Dynamics

For the Kawasaki [33] update scheme, spins of two neighboring sites are inter-

changed. The steps followed to implement the dynamics with the Ising model are:

(1) A random site is selected first, and then one of the nearest neighbor sites is

chosen at random.

(2) Spin values of these two sites are interchanged.

(3) Energy change due to the swap is calculated.

(4) A random number (M) is generated between 0 and 1.

(4) IfM ≤ acceptance probability (see Eq. 1.16), the exchange of spins are accepted.

Otherwise, the selected spins are swapped again to bring them back to their original

positions.

(5) Repetitions of steps (1− 4) are performed N times to complete one MCS, where

N again is the number of lattice points in the system.
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Order-N Cluster Algorithm

Cluster algorithm is an important tool to equilibrate systems near the critical tem-

perature, avoiding critical slowing down [36]. Though cannot be used to study the

true dynamics, these are particularly important in studying equilibrium properties

because of being fast algorithms. Each Monte Carlo sweep of a cluster algorithm

consists of two primary steps. In the first step, clusters of like spins are mapped by

checking all possible bonds and their probabilities. The second step is to flip the

spins of a fraction of the clusters identified in the first step. The most commonly

used cluster MC method to simulate systems with long-range interactions is the one

proposed by Swendsen and Wang [37]. In this method, clusters are identified by

inspecting all the bonds sequentially and then activating them with a probability

Pi = δSiSj
(1− exp(2βJij)), where δ is the Kronecker delta function and β = 1/kBT .

Then, the clusters are flipped with a probability of 1/2. Although the method is

fairly simple, the O(N2) search for the bonds makes it slow. So, we have used a

faster, order O(N) MC algorithm, proposed by Fukui and Todo [38]. In this simula-

tion method, instead of binary searches, Walker’s alias list [38,39] is used along with

certain other smart techniques to reduce the simulation time as well as the memory

consumption.

One MC sweep of this O(N) algorith is performed as described below:

1. Generate a non-negative integer k according to a Poisson distribution with

mean λtot, where λtot =
∑

ℓ λℓ and λℓ = 2βJℓ.

2. The following steps are repeated k times:

(a) A bond ℓ is chosen with a probability

λℓ
λtot

=
Jℓ∑
ℓ Jℓ

(1.17)

using Walker’s method of alias [39]. This is simply done by choosing a ran-

dom site i on the lattice and then choosing another site j with a probability

Jℓ/
∑

ℓ Jℓ, where ℓ is the distance between the two.

(b) If the product of Si and Sj is 1, activate the bond, if it is not already

activated.

3. Flip each cluster with a probability 1/2.
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In one of the following chapters, we have used this cluster MC method to equilibrate

systems in a fast and efficient way.

1.4.2 Molecular Dynamics Simulation

In this method, Newton’s equations of motion are solved by calculating forces on

each particle [32, 40]. Positions and velocities of the particles at time t + ∆t are

calculated from the knowledge of the values at time t. There exist many different

algorithms to solve the equations of motion. Verlet velocity algorithm [32,40] is one

of those. In this method, position and velocity of a particle i are updated as

xi(t+∆t) = xi(t) + ∆tvxi (t) +
∆t2

2m
fx
i

and

vxi (t+∆t) = vxi (t) +
∆t

2m
[fx

i (t) + fx
i (t+∆t)] ,

(1.18)

where, xi, v
x
i and fx

i are x components of the position (r⃗i), velocity (v⃗i) and force

(f⃗i). The force f⃗i on particle i can be calculated from the potential Ui as

f⃗i = −∇⃗Ui. (1.19)

This algorithm enables us to calculate kinetic and potential energies at each time of

the simulation runs simultaneously. In addition there is better energy conservation

that makes it a widely used algorithm in molecular dynamics simulations.

To perform an MD simulation with constant temperature, a thermostat is

needed. The essence is to couple the system with a heat bath. There exist sev-

eral techniques to achieve this. Some of these preserve the hydrodynamics in the

system, and some do not. A very commonly used hydrodynamics preserving ther-

mostat is the Nosé-Hoover thermostat [32, 41]. We will discuss it below in brief.

Apart from the Nosé-Hoover thermostat, Langevin Thermostat [40] is also widely

used, though it is stochastic in nature.

Nosé-Hoover Thermostat: MD at constant temperature

In this method an extra degree of freedom, to mimic the effect of the reservoir, is

introduced. In the formalism proposed by Nosé [41], the interaction of this (external)

parameter s, with the physical system, is expressed via scaling of velocities of the
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particles as

v⃗i = s ˙⃗ri. (1.20)

Here v⃗i is the effective velocity of the ith particle as a result of the interaction with

the heat bath. The parameter s, because of it presence in Eq. (1.20), appears also in

the equations of motion. A potential energy term of the form (n+1)kBT ln s, where

n is the total degrees of freedom, is also included to ascertain that the canonical

ensemble averages are recovered. The extended Hamiltonian is written as [32]

H =
N∑
i=1

p⃗ 2
i

2mis2
+ U(r⃗) +

p⃗ 2
s

2Q
+ (n+ 1)kBT ln s, (1.21)

where U(r⃗) is the potential at coordinate r⃗, ps is the momentum conjugate of the

extra degree s, and Q can be thought of as the inertia related to s. With the

introduction of a new quantity ξ′, defined as ξ′ = Qṡ, an effective friction parameter,

the following equations of motion can be written [32]:

dr⃗i
dt

= v⃗i, (1.22)

dv⃗i
dt

= − 1

mi

∂U(r⃗)

∂r
− ξ′v⃗i, (1.23)

dξ′

dt
=

∑N
i=1miv⃗i

2 − nkBT

Q
, (1.24)

d ln s

dt
= ξ′, (1.25)

for which the modified Hamiltonian does not contain the factor s in the first term on

the right hand side. For a complete picture, see the extended Lagrangian formulation

in Ref. [32].

From the above equations, it is clear that the deviation from the desired tem-

perature is resisted by the friction parameter ξ′, which in turn can be tuned by the

factor Q. The update equations for the x-component of the positions and velocities

of the particles can be written as [32], using the velocity Verlet algorithm,

xi(t+∆t) = xi(t) + vxi (t)∆t+
∆t2

2

[
fx
i (t)− ξ′(t)vxi (t)

]
, (1.26)
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and

vxi (t+∆t) = vxi (t) +
∆t

2

[
fx
i (t) + fx

i (t+∆t)− 2ξ′(t)vxi (t)
]

− ∆t2

2

[ξ′(t)
2

(
fx
i (t) + fx

i (t+∆t)− 2ξ′(t)vxi (t)
)

+ vxi (t)
( N∑

j=1

vxj (t)
2 − nkBT

)
/Q

]
. (1.27)

Similarly, y and z components of the positions and velocities can also be calculated.

To arrive at Eqs. (1.26) and (1.27), the following procedure was followed:

Following the Nosé-Hoover equations (Eqs. (1.22)-(1.25)), one can write the Verlet

scheme for the ith particle as (in 1D)

ri(t+∆t) = ri(t) + vi(t)∆t+

[
fi(t)

mi

− ξ′(t)vi(t)

]
∆t2

2
, (1.28)

and

vi(t+∆t) = vi(t) +

[
fi(t+∆t)

mi

− ξ′(t+∆t)vi(t+∆t) +
fi(t)

mi

− ξ′(t)vi(t)

]
∆t

2
.

(1.29)

Eq. (1.28) can be computed without difficulties and is the same as Eq. (1.26). On

the other hand, Eq. (1.29) needs approximation as ξ(t+∆t) and vi(t+∆t) are not

known. We write

vi(t+∆t) ≃ vi(t) +

[
fi(t+∆t)

mi

− ξ′(t)vi(t) +
fi(t)

mi

− ξ′(t)vi(t)

]
∆t

2
. (1.30)

This approximation leads to an error

c ≃ −∆t2

2

[
ξ′(t)

dvi
dt

+ vi
dξ′

dt

]
, (1.31)

where

dvi
dt

=
vi(t+∆t)− vi(t)

∆t
≃

[
fi(t+∆t)

mi
− ξ′(t)vi(t) +

fi(t)
mi

− ξ′(t)vi(t)
]

2
. (1.32)

Combining Eqs. (1.32), (1.31) and (1.30), one obtains Eq. (1.27).
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Nosé-Hoover Barostat: MD at Constant Pressure

Most experiments are performed under constant pressure conditions. To mimic

such a real-world scenario on a computer, barostating is required. Analogous to the

extended constraint method used for thermostats, Andersen proposed [42] a method

to perform constant pressure Molecular Dynamics. The proposed method consists of

coupling the volume V with the Hamiltonian to mimic the effect of a piston in real

systems. The kinetic and potential energies associated with the coupling are [32,43]

KV =
1

2
Q′V̇ 2, (1.33)

and

ϕV = PextV (1.34)

respectively, where Q′ is a parameter that can be thought of as an effective mass

and Pext is the desired pressure. A scaling variable s⃗′ for this method is defined as

r⃗ = V 1/3s⃗′, (1.35)

v⃗ = V 1/3 ˙⃗s′. (1.36)

With this, the equations of motion can be obtained as

¨⃗s′ =
f⃗

mV 1/3
− 2

3
˙⃗s V̇ /V,

V̈ =
P − Pext

Q′ , (1.37)

where, the force and the pressure are calculated from unscaled coordinates of the

particles. Eq. (1.37) leads to a trajectory that is isobaric and isoenthalpic. We have

mostly used the LAMMPS [44] package for constant pressure simulations to achieve

faster computation.

1.4.3 Handling Long-range Forces

When the force or the potential, falls off very rapidly in space, a cut-off radius rc

can be defined, often without compromising with the basic aspects of physics, so

that the force is neglected outside rc. Examples of such situations are Lennard-

Jones (LJ) potential, nearest-neighbour Ising Model, etc. These are referred to as
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short-range forces [45,46]. For such short-range forces, the cut-off radius can be very

small compared to the size of the simulation box and potential at any given point

is calculated directly by considering all the particles present only within the cut-off

radius rc.

However, we often encounter forces that are truly not of short-range variety. For

them, the interaction spatially decays as r−m, m being a reasonably small positive

exponent. An example of such a potential is the electrostatic interaction between

two charges. For such systems, the above-mentioned cut-off method may lead to

results which are even qualitatively wrong.

There exist effective ways to tackle the systems with long-range interactions.

For a lattice system, the Generalized Ewald summation [22, 40] technique is the

most suitable one. For off-lattice systems, reaction field technique [40] and Particle-

Particle Particle-Mesh (PPPM) [47] are two commonly used methods.

Generalized Ewald Summation

For systems with long-range interactions, the effect of mirror images of the actual

systems across the periodic boundaries needed to be considered. The potential can

be written in the form

Um(i, j) =
∑
ν⃗

1

rm
, (1.38)

where ν⃗ [= (ν1, ν2, · · · , νd)] with να = 0,±1,±2, · · · , stands for the indices of the

image boxes in α direction of the d dimensional hypercube. L⃗ [= (L1, L1, · · · , Ld)]

denote the size of the simulation box. Then, r = |r⃗(ν⃗, r⃗i, r⃗j)| ≡ L⃗ · ν⃗ + |r⃗i − r⃗j| is
the distance between two particles i and j, where the particles can be either inside

the simulation box or in the imaginary boxes considered to implement the periodic

boundary condition (PBC). Eq. (1.38) is equivalent to

Um(i, j) =
∑
ν⃗

1

Γ(m/2)

∫ ∞

0

1

rm
t
m
2
−1e−tdt

=
∑
ν⃗

[ 1

Γ(m/2)

∫ ∞

(κr)2

1

rm
t
m
2
−1e−tdt

+
2

Γ(m/2)

∫ κ

0

ρm−1e−r2ρ2dρ
]

= U1
m(i, j) + U2

m(i, j), (1.39)
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where Γ(x) stands for the Gamma Function defined as

Γ(x) =

∫ ∞

0

tx−1e−tdt, (1.40)

and κ is an arbitrary positive number. Here, Um(i, j) is divided into two parts:

U1
m(i, j) =

∑
ν⃗

1

Γ(m/2)

1

rm

∫ ∞

(κr)2
t
m
2
−1e−tdt, (1.41)

a short-range part and

U2
m(i, j) =

∑
ν⃗

2

Γ(m/2)

∫ κ

0

ρm−1e−ρ2r2dρ, (1.42)

a long-range part, where integration variable t is replaced by ρ2r2. Eq. (1.42) is

then transformed from integration in real space to that into reciprocal space. Next

the value of the dimension d is set to 2, so that L = (Lx, Ly), ν = (νx, νy) and

ri = (rix, riy). After using a few clever tricks, Eq. (1.42) can be written as

U2
m(i, j) =

2πd/2

Γ(m/2)V

∑
k⃗

cos[2πk⃗ · (⃗(r)i − r⃗j)]

× 1

2
(πk)m−d

∫ ∞

π2k2

κ2

t−
1
2
(m−d)−1e−tdt,

(1.43)

where V = Πd
α=1Lα is the volume of the hyperspace. Eq. (1.43) and Eq. (1.41)

add up to give the complete Ewald summation for any random positive value of σ.

These two equations contain incomplete gamma functions, defined as,

Γ(s, x) =

∫ ∞

x

ts−1etdt (1.44)

and they can be computed numerically. For the simulations of the Ising model, we

have used a value κ = 2/L as in Ref. [22].

Ideally, Ewald summation can be used for all values of m if the potential falls

off as r−m, r being the spatial distance between the particles. In reality, if m >> d,

where d is the system dimension, using a suitable cut-off one can make the simulation

faster without losing much generality, especially when we study universality with

respect to critical behavior. In the case of the Coulomb interaction, the potential

falls as 1/r, in d = 3, meaning m < d. In this case, it is even qualitatively wrong to
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set a cutoff.

For Coulomb potential we have used the particle-particle particle-mesh or the

PPPM method. For that a cutoff is used. Pair-wise interactions are used to calculate

forces for particles inside the cutoff distance. For particles that are outside the cutoff,

the system is mapped onto a regular mesh or grid, and then a fast Fourier transform

(FFT) is used to calculate forces in reciprocal space, like in the Ewald case. In

the Ewald summation the force calculation is done in two parts, short-range and

long-range, by solving the equations in direct and reciprocal space, respectively. In

PPPM, the continuous system is mapped onto grids to make it more efficient. In

our Ewald case, the system is already defined on a lattice.

1.5 Finite Size Scaling

Computer simulation is a brilliant tool for studying properties of physical systems,

but there exist limitations. One such limitation is related to the finite size ef-

fects [48–50]. A mole of any system has ≃ 1024 number of particles. It is not

practically possible to handle such a large number of particles in any computer sim-

ulation. Periodic boundary condition is a way to minimize the effects of finiteness

by discarding the boundaries present, but there still exist deficiencies. A situation

where the finite-size effects are very important is related to the critical point where

various thermodynamic quantities, X, exhibit singularities [51],

X = X0ϵ
−x, (1.45)

where ϵ = |(T − Tc)/Tc|. Here, T is the temperature of the system and Tc is the

critical temperature. E.g., the correlation length, ξ, diverges as [51]

ξ ∼ ϵ−ν . (1.46)

Combining Eq. (1.45) and Eq. (1.46), we can write [51]

X ∼ ξx/ν . (1.47)

But, in computer simulations, ξ cannot grow indefinitely. It can take a maximum

value equal to the system size L. As T → Tc, then

X = A0L
x/ν . (1.48)
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Then, away from Tc, Eq. (1.45) is modified to be written as [48,51]

X = Lx/νY (y), (1.49)

where Y (y) is a system-size independent scaling function, y being a dimensionless

scaling variable. An appropriate choice for y is (L/ξ)1/ν . With this choice of y, and

assuming Y (y) = A0, at T = Tc, one should expect

Y (y) ∼ y−x, (1.50)

for T >> Tc. In one of the following work chapters, we have used this finite-size

scaling analysis to obtain the growth exponent α.

1.6 Overview of the Thesis

In line with the synopsis here we provide a brief overview of the thesis. We have stud-

ied structure and dynamics related to phase transitions in systems of different types.

We have considered phase separation in binary mixtures, a para-to-ferromagnetic

transition, and Ice formation in a model of water from various fluid phases. Each

of these systems is described by long-range interparticle/interspin interactions. For

two of the systems, we have shown that a hotter system equilibrates faster to a

new state belonging to a low temperature region. This is related to the surpris-

ing Mpemba effect, a topic of much current interest. The other aspect was related

to quantifying universalities of structure, growth, and aging based on the range of

interaction.
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Chapter 2

Kinetics of Phase Separation in

Systems with Long-range

Interaction: Study of Domain

Structure and Growth

2.1 Introduction

Certain key questions concerning the kinetics of phase transitions connect to the

aspect of universality in far-from-equilibrium dynamics [1]. An objective there [1]

is to understand relaxation within a system following its quench from a homoge-

neous or disordered region to an ordered or a phase-separated region of a phase

diagram. During this process, interesting patterns, consisting of domains rich or

poor in specific components, form, and their average size, ℓ, grows with time (t)

as [1]

ℓ(t) ∼ tα. (2.1)

Alongside the order-parameter conservation, the range of the inter-particle inter-

actions present in the system can also play a major role in deciding the value of

the exponent α, and thus, the universality. For systems where only short-range

interactions are present, the phenomena concerning coarsening is extensively stud-

ied, over the years, and the value of the growth exponent(s) is well established. In

this case, α = 1/2 for non-conserved order-parameter [1], whereas, for conserved

order-parameter dynamics the value of α is 1/3 [1], in absence of hydrodynamics.

On the other hand, systems having long-range interactions are not probed so

25
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extensively, although such systems are also of experimental relevance. Even for the

Ising model (IM), despite the simplicity, there exist serious computational challenges

for the long-range (LRIM) variety [2–7]. The situation is particularly unsatisfactory

for the case of conserved order-parameter dynamics, due to slower dynamics.

For systems with interactions falling off with radial distance r as r−(d+σ), there

exist theoretical predictions [8] for the domain growth [8]:

ℓ(t) ∝

t
1

2+σ σ < 1

t
1
3 σ > 1,

(2.2)

suggesting that the boundary between short- and long-range universality is at σ = 1.

Only two computational studies [4, 9], including a recent one [4], to the best of our

knowledge, investigated the conserved case, reporting results only on the domain

growth. The structure of the domains formed during the phase separation is yet to

be studied carefully.

A key aspect of an ordering or phase-separating dynamics is related to the self-

similar structure of the domains and corresponding scaling properties. A typical

investigation of the structure of the domains considers the calculation of two-point

equal-time correlation function, C(r, t), defined as [1]

C(r, t) = ⟨ψ(r, t)ψ(0, t)⟩ − ⟨ψ(r, t)⟩⟨ψ(0, t)⟩. (2.3)

At late times, C(r, t), in standard situations, satisfies a scaling form [1]

C(r, t) ≡ C̃(r/ℓ(t)), (2.4)

that reflects self-similarity. Another important quantity with more experimental

relevance is the structure factor, S(k, t), which is the Fourier transform of C(r, t), k

being the wave number. S(k, t) follows the scaling form [1]

S(k, t) ≡ ℓdS̃(kℓ), (2.5)

where d is the dimension of the system. In Eq. (2.4) and (2.5), C̃ and S̃ are master

functions which are independent of time.

In k → ∞ limit, S(k, t) scales as k−3, for Ising-like scalar order-parameter sys-

tems, referred to as the Porod law [1]. This behavior is related to a short-distance
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singularity in C(r, t) due to the presence of (sharp) domain boundaries. The theo-

retically predicted exponent value 3, however, is only true if the final quench temper-

ature is zero. If the system is quenched to a non-zero final temperature, the domain

boundaries are not sharp, and there we get the exponent value somewhat less than

3. The small k behavior is also interesting to study and we will be discussing it in

the next chapter.

In this chapter, we will discuss the results on the domain growth and the structure

that we have obtained from the analyses of Monte Carlo (MC) [10] simulations of the

LRIM in space dimension d = 2. We will compare the results from either sides of the

boundary between short- and long-range regimes. We will also discuss a structural

anomaly that is present on the long-range side, fading away as one approaches the

above mentioned boundary.

2.2 Model and Methods

We have carried out MC simulations of Ising systems where spins are sitting on a

L × L square lattice with lattice constant of unity. To mimic the conserved order-

parameter dynamics, Kawasaki spin exchange moves are chosen. The Hamiltonian

of the model system is

H = −1

2
ΣiΣj ̸=iJij(r)SiSj, (2.6)

where, i and j stand for ith and jth lattice sites, Si (Sj) represents the value of the

spin, either +1 or −1, at lattice point i (j) and Jij is the coupling term that has the

form [8]

Jij =
J

rd+σ
. (2.7)

Here r is the scalar distance between the points i and j, d (= 2) is the space

dimension and σ is the parameter that determines how fast or slow the interaction

strength falls off with the increase in distance when d is fixed. We have varied the

parameter σ and have tried to find out the dependence of structure and growth on

it. We have also considered systems with different sizes to understand and eliminate

the roles of the finite-size effects. For most part, however, we stuck to L = 256.

In the case of the LRIM, the critical temperature Tc is highly sensitive [11] to the

change in the value of σ. For all our simulations, while varying σ, we have quenched

systems to a final temperature, which is a fixed fraction of Tc corresponding to that

particular value of σ, viz., T = 0.6Tc, starting configurations being random. E.g., for
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Figure 2.1: Snapshots at different MC steps for an evolution with σ = 0.6, following
quench of a random initial configuration to a temperature T = 0.6Tc. Locations of
the particles are marked. These results are for L = 256.
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σ = 0.6, we have considered Tc ≃ 12.555 (in reduced units) and mainly L = 256 [11].

We have used the periodic boundary condition (PBC) for our simulations. In

every direction, we have added five image boxes. One needs to calculate the change

in energy due to the spin exchange and then accept or reject the move depending on

certain criteria. For this energy calculation part, we have used the Ewald summation

technique [11], where the inter-spin interactions are divided into two parts - short-

and long-range and calculated in real and Fourier spaces, respectively. For details,

including value of relevant parameter, see section 1.4.3.

In Fig. 2.1, we have pictorially depicted the evolution of a system from a com-

pletely homogeneous state to a phase-separated state. The size of the domains

formed inside the system is calculated by scanning the system along different carte-

sian coordinate axes and measuring the distance between two successive interfaces.

The results that we will be presenting in this chapter are obtained after averaging

over a large number of runs with independent initial configurations.

We must mention here that the average domain size can also be calculated via

other methods, e.g., from the decay of two-point equal time correlation function and

from the location of the maximum of the corresponding structure factor. However,

results from these different methods differ only by prefactors. Since our interest is

in the estimation of growth exponents we stick to only one method.

2.3 Results

A careful observation of the snapshots in Fig. 2.1 suggests the presence of significant

noise. This is because of a choice of a reasonably high temperature. We needed to

remove the noise [12] in order to calculate the length of the domains appropriately.

In Fig. 2.2 domain lengths from systems with two different σ values are plotted,

against time, in a log-log scale. Recall that time in our simulations is measured

in units of MC steps (MCS), one MCS being equivalent to L2 trial moves. For

each value of σ, the presented data have been obtained after averaging over 175

independent MC runs for system size L = 256. From this figure it appears that the

growth, at later times, is faster for smaller σ, i.e., longer range of interaction. In the

remaining part of the chapter, we will quantify this and other aspects.

In Fig. 2.3(a), we plot the two-point equal-time correlation function, from three

different t, as a function of the scalar distance r, for σ = 0.6. In part (b) of the

same figure, we have scaled the abscissa by domain length ℓ to get a collapse of the

data. The observed nice collapse implies that the structures are self-similar in the
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relevant time regimes of the growth, as will be clearer later.

To quantify the growths by estimating the correct growth exponents, we calculate

the instantaneous exponent αi, defined as [12]

αi =
d ln ℓ(t)

d ln t
. (2.8)

As t → ∞, the value of αi should give us the correct value of α. In Fig. 2.4 we

plot the quantity 1/αi as a function of 1/t. To ascertain the absence of any finite

size effects, in part (a) of Fig. 2.4, for σ = 0.6, we show results from three different

system sizes. All of them show convergence to the same value. In part (b), we

have shown the same plot for σ = 0.95, but this time only for one system size,

viz., L = 256, after being confident of the absence of finite-size effects, in this time

regime, from the exercise in part (a). Note that the growth for σ = 0.95 is slower

than that for σ = 0.6. So, it is expected that the finite-size effects will appear later.

For both the values of σ, values of α are estimated via appropriate extrapolations

to the asymptotic limit. In Fig. 2.5 we plot our estimates as a function of σ. In the

same graph, we have also plotted the theoretical predictions [8]. Note that such a

general simulation study on growth was not carried out earlier.

As the results, particularly the trend, are in good agreement with the theoretical

predictions [8], we turn our attention to the structural aspect. We show in Fig. 2.6(a)

the structure factor S(k, t) from two different σ values. Data from the simulations

of systems with σ = 0.6 are presented with ‘circles’, whereas the dashed line is

used for σ = 0.8. The solid lines represent certain expected power-law(s). For

visual clarity, the abscissa of the data collected from the systems with σ = 0.8 are

artificially shifted, and this operation does not alter our observations or conclusions.

We observe a structural anomaly, in terms of deviation from the Porod tail [1]. Recall

that the k−3 (Porod law) behavior here is related to a “short distance” singularity

arising from discontinuity in the spatial order, due to the appearances of domain

boundaries. Interestingly, in both the cases, this behavior appears in two places

separated by a ‘knee’ – see the bending between two power-law regimes. We have

marked them by putting a rectangular box around. This feature is completely

absent in the short-range case [13]. By the naked eye, it is clear that the anomaly is

stronger for smaller σ. In part (b) of Fig. 2.6, we have plotted the structure factor

S(k, t) against wave number k, only for σ = 0.6, for three different system sizes, viz.,

L = 256, 512 and 1024. This is to show that the anomaly is there for each value of

L and is not an artifact of any finite-size effects.
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Figure 2.2: Average domain length, ℓ, is plotted versus time t. We have included
results for systems with σ = 0.6 and 0.95.
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Figure 2.3: (a) Correlation functions, C(r, t), from three different times, are plotted
versus the distance r, for σ = 0.6. In (b), distance r is scaled by the domain lengths
ℓ at corresponding times to obtain a collapse of the data.
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Figure 2.4: (a) The inverse of the instantaneous exponent, αi, for σ = 0.6 and
different values of L, are plotted versus 1/t. The solid line is a guide to the eyes,
showing possible convergence of the data in the t → ∞ limit. We have discarded
some noisy data points at a very late time for a better visualization. (b) Same as in
(a), but here the results are for σ = 0.95 and only one system size, viz., L = 256.
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Figure 2.5: Plot of α as a function of σ. Results from both Theory (Th) and
Simulations (Sim) are included.
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Figure 2.6: (a) Structure factor, S(k, t), from systems with two different σ values,
viz., σ = 0.6 and 0.8, are plotted against wave number k. The abscissa of the data
from σ = 0.8 is shifted by hand for a clear view. Solid lines represent the expected
power-law behavior. The rectangular box is drawn to capture the anomalous regions
present. (b) Same plots as in (a), for systems with only σ = 0.6 and three different
values of L.



36 Chapter 2.

Figure 2.7: We plot Xi, for σ = 0.6, versus wave-number k, with L = 256. The
upper horizontal line shows the maximum corresponding to a knee shown in Fig.
2.6. The lower one estimates the Porod exponent. The difference between these two
is identified as ∆.
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Figure 2.8: Plot of ∆ as a function of (1− σ).
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To quantify this irregularity in systems with long-range interactions, we define

a quantity

Xi =
d lnS(k, t)

d ln k
, (2.9)

as it is a useful practice to calculate such instantaneous exponents rather than

estimating the power-law from the log-log plots [14]. When Xi is plotted against

k, the so-called knee should result in a maximum at an intermediate value of k,

before finally acquiring a value close to −3, again, for very large k. In Fig. 3.5,

we demonstrate this for σ = 0.6. The difference between the maximum value of

Xi and the estimated value of Porod exponent, we refer to as ∆. In Fig. 2.8, we

have plotted ∆ against (1 − σ). From the plot, it appears that the ∆ has a strong

dependence on σ which tends to disappear as σ → 1, the theoretically expected

transition point for short- and long-range regimes.

2.4 Conclusion

In this chapter, we have investigated the phenomenon of domain coarsening during

phase separation in systems with long-range interaction. We also have analyzed the

structure during the evolution process.

We have carried out MC simulations [15] of the long-range Ising model [8,14,16],

using Kawasaki spin-exchange [15] mechanism, in space dimension d = 2. Systems

prepared at very high temperatures are quenched to a final temperature T = 0.6Tc,

for several values as σ, the parameter that controls the interaction range.

The growth exponents, α, are extracted via the calculations and analyses of

the instantaneous exponent. We have found a dependence of α on the value of

σ for σ < 1. These results are in good agreement with the existing theoretical

predictions [8]. We again refer the reader to Fig. 2.5. There our simulation results

indicate increasing rate of growth with the decrease of σ, i.e., the increase of range of

interaction. The corresponding theoretical calculations by Bray suggest α = 1/(2 +

σ). The trend of the simulation data are quite consistent with this expectation. For

no σ the deviation from the expectation is larger than 10%. In space dimension d = 3

also we expect a similar trend. This is by taking lessons from the understanding

with nearest neighbor Ising model. For the latter, the rate of growth is independent

of space dimension.

On the aspect of pattern, we have noticed an anomaly that appears as a knee in

the large-k decay of the structure factor, S(k, t). We have shown that the anomaly
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disappears as σ → 1, the theoretically expected boundary between long and short-

range interactions.

It will be interesting to consider even lower values of σ. However, given that the

expectation is to encounter faster growth with the increase of range of interaction,

finite-size effects will be hit earlier. Thus, to probe data even over a minimally

reasonable duration of time, larger sizes of systems will be needed. This we will

leave out for future.
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Chapter 3

Kinetics of Phase Separation in

Systems with Long-range

Interaction: Study of Aging

3.1 Introduction

An important task, for understanding out-of-equilibrium systems, is to quantify

relaxations starting from different ages, following certain perturbation [1]. Such

aging phenomena is often studied via the autocorrelation function [1–11],

Cag(t, tw) = ⟨ψ(r⃗, t)ψ(r⃗, tw)⟩ − ⟨ψ(r⃗, t)⟩⟨ψ(r⃗, tw)⟩. (3.1)

Here ψ is a space (r⃗) and time-dependent order parameter, tw (≤ t) representing

the waiting time, also referred to as the age of the system. The decay of Cag is

typically slower for an older system than a younger one, which reflects aging with

passing time. This fact violates the time-translation invariance and implies that in

an “away-from-steady-state” situation, there is no scaling collapse of data for Cag

when results for different tw are plotted versus t− tw. This is unlike the steady-state
or equilibrium situation. However, collapse is interestingly observed [1] when the

data are plotted versus ℓ/ℓw (= x), where ℓ is the characteristic length of the system

at time t and ℓw is the value of ℓ at t = tw. In the limit x→ ∞, one then discusses

the scaling behaviour [1]

Cag(t, tw) ∼ (ℓ/ℓw)
−λ, (3.2)
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λ being referred to as the aging exponent. As

ℓ(t) ∼ tα, (3.3)

Eq. (3.2) can also be written as

Cag(t, tw) ∼ (t/tw)
−λ′
, (3.4)

with λ′ = αλ. The values of α and λ take part in characterizing universality in

kinetics of phase transitions [1, 6, 9, 12].

A key difference between the computational studies of domain growth and aging

is that the latter requires much superior statistics for significantly longer runs than

the former. E.g., for a similar quality of data on the instantaneous exponents for

aging, one requires statistics, as well as run lengths, improved by a factor more than

10 compared to the case of domain growth. This makes the consideration of bigger

systems difficult for aging. Thus, despite being an important aspect, progress on

the understanding of aging is significantly inferior to that of domain growth.

In the static critical phenomena, alongside a few other details, the range of the

interaction decides classes of universality [13]. It is expected, though there will be

two classes, above and below a certain cut-off for the range of interaction, in each of

these the critical exponents will have values independent of further micro-variations

of the interaction range. Investigation of such features are of much fundamental

and practical importance for nonequilibrium dynamics as well [11,14–19]. Question

arises, if, within the same model framework, the above-mentioned universality pic-

ture remains unchanged, i.e., whether the interaction-range boundary between the

two dynamic classes is the same as in the static case, and unique sets of exponents

define growth and aging phenomena on the two sides, irrespective of the distance

from the boundary. However, unlike the case of critical phenomena, progress in

the case of evolution dynamics with the variation of the range of interaction is lim-

ited. This is despite the fact that long-range interactions are omnipresent in phase

transitions, irrespective of the scales of the systems and the constituents.

In the previous chapter, we have discussed about the domain growth. There we

have seen deviations from the static picture. In this chapter, we present results on

the aging phenomena, to extract λ, for the conserved LRIM, covering a wide varia-

tion in the interaction range. It appears that λ also has an interesting dependence

on the range of interaction. This overall picture is strikingly different from the static
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case, in terms of universality as well as shifting of the above-mentioned boundary.

The values of λ are discussed against a theoretical bound [3], to facilitate which we

analyze the structural properties. Furthermore, we report an important scaling law

combining growth and aging.

3.2 Model and Methods

We have used the same model system as used in the previous chapter, with the

Hamiltonian [11,18,20]

H = −1

2
ΣiΣj ̸=iJij(r)SiSj, Si = ±1, (3.5)

with i and j standing for ith and jth points on a 2D square lattice. Recall that Jij

is interaction strength with a power-law form

Jij =
J

rd+σ
, (3.6)

r being the distance between the points i and j. The space dimension d has a

fixed value 2. So σ is the parameter that actually controls the rate of decay of the

interaction strength.

We start with 50 : 50 mixtures of up and down spins (or A and B particles)

placed randomly on a L × L square lattice. This corresponds to a system with

infinite temperature. We quench these systems to a final temperature, Tf , inside

the coexistence curve. We have performed this exercise for several different values

of σ. It is important to remind here that the critical temperature Tc depends on the

value of σ [21] and, as usual, also on the system sizes [21]. For our simulations, we

have always quenched our systems to Tf = 0.6Tc for every value of σ and have chosen

the corresponding Tc values appropriately. We have performed Monte Carlo (MC)

simulations with Kawasaki Spin Exchange dynamics. In this method, two spins

at the nearest sites are chosen randomly and exchanged. The exponential of the

energy change is then calculated and compared to a random number. For a detailed

description, we refer the reader to section 1.4.1. We have used periodic boundary

condition (PBC) throughout. Eq. (3.5) suggests that for every spin, we need to

sum over all the lattice points along with periodic images. To deal with this, we

have used a technique called generalized Ewald Summation [21], which is an effective

way to make such calculations faster. In this method, the potential energy term is
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divided into two parts - short and long-range term. While the short-range part is

solved in real space, the long part is solved in Fourier space. For further details, see

section 1.4.3.

Whenever important, we have carried out simulations of systems with different

system sizes, viz., L = 256, 512 and 1024. Quantitative results will be presented

after averaging over 175 uncorrelated runs for systems with L = 256. For L = 512

and 1024, the averaging is done over 100 and 8 configurations respectively. Both

MPI and OpenMP parallelization are implemented in our codes to carry out the

simulations faster.

3.3 Results

To begin with, we plot the autocorrelation function Cag(t, tw) for σ = 0.6, from

different values of waiting time tw in Fig. 3.1, in a log-log scale. In part (a), we

have presented the data as it is. There we can see a discontinuous jump which has

a connection with the equilibration of domain magnetization. In part (b) of the

same figure, we have discarded the jumps, keeping data concerning the growth of

the domains. We have also multiplied the data with a suitable constant pre-factor so

that they converge to unity as t/tw → 1. This operation does not alter the character

of the decay, and thus, the outcome of our further analysis. The solid line in Fig.

3.1(b) is the power law behavior with the exponent value written next to it. For

situations where the slope is continuously changing, predicting the exponent from

a log-log plot is not appropriate. A better way is to calculate the instantaneous

exponent.

Here, we introduce a quantity λi defined as [8]

λi = −d lnCag(t, tw)

d ln ℓ/ℓw
. (3.7)

This quantity, when plotted against t/tw, shows a nice linear trend. Thus, from

simple extrapolation, the value of λ can be obtained from λi. In Fig. 3.2, we have

plotted λi from two different σ, viz., 0.6 and 0.95, versus tw/t. For σ = 0.6, we have

shown results from simulations with three different system sizes. All the data sets

are in good agreement. In the case of σ = 0.95, thus, we have presented data from

only L = 256. This is because of the fact that the growth in this case is slower and

so the finite-size effects are expected to be weaker than those for σ = 0.6. The solid
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Figure 3.1: Plots of the autocorrelation function, Cag(t, tw), as a function of ℓ/ℓw, for
the LRIM, with σ = 0.6. Results for several different ages have been included. (a)
shows the original data with a jump that corresponds to the equilibration of domain
magnetization. Results in (b) are scaled by a pre-factor, after discarding the jumps,
such that Cag smoothly approaches 1, as ℓ/ℓw → 1, for most of the tw values. Such
a transformation does not affect the decay exponent. The solid line represents a
power-law decay with the mentioned value of the exponent. The presented results
are for L = 256, the unit being the lattice constant.
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Figure 3.2: Instantaneous exponent, λi, are plotted versus tw/t, for different σ and
system sizes. Solid lines are the linear fits to the data sets from L = 256. Since λi
is a noisy quantity, running averaging was carried out for data smoothening.

Figure 3.3: The estimated values of the aging exponent, λ, from the fits in Fig. 3.2,
are shown against σ. These are calculated by considering tw values from the scaling
regimes.
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lines are the fits to simulation data, gathered for L = 256 system, to the form

λi = λ+ a
tw
t
, (3.8)

a being a constant. From there, we get different values of λ for different σ, implying

the fact that the aging exponents are nonuniversal, like α, having a dependence on

the range of interaction. In Fig. 3.3, we have plotted λ, that we have obtained using

Eq. 3.8, for four different σ values, for σ < 1.

We will come back to this and verify these results later in this chapter again.

Before that, we recall certain lower bounds on λ, provided by Yeung, Rao and Desai

(YRD) [3]:

λ ≥ d+ β

2
, (3.9)

where β is defined via small wavenumber power-law character of the structure factor

as

S(k, t) ∼ kβ. (3.10)

For systems with short-range interaction and conserved order-parameter dynamics,

one has β = 4 in d = 2 [22]. In that case, for the bound to remain valid, λ should

have a value greater than 3, which is clearly not the case. This can be appreciated

from Fig. 3.3. So, we take a closer look at the structure factor, especially, the small

k behaviour of it. Portions of the structure factors, S(k, t), are plotted against k in

a log-log scale in Fig. 3.4, for σ = 0.6 and 0.95. The slopes of the plots in k → 0

limit provide the values of the exponent β. The dashed line is a power-law with an

exponent 4, the desired value of β for the short-range case. It is quite evident from

the figure that the values of β, for σ < 1, are smaller than 4. We repeat, to quantify

a power-law behavior, the right choice is to calculate the instantaneous exponent.

Here, we define it as

Xi =
d lnS(k, t)

d ln k
. (3.11)

In Fig 3.5 we have plotted Xi as a function of k. Even if we take the maxima of Xi,

from these plots, as choices of β, no violation of the YRD bound can be ascertained.

With this conclusion, we return to our topic of original interest, i.e., the dependence

of growth and aging on σ.

Now we extract the quantity λ′, from the simulation results for λ and existing

theoretical predictions of α [14,16], as λ′ = λα. In Fig. 3.6, we plot λ′ as a function

of σ. Within a small fluctuation, λ ≃ 1.1, irrespective of the value of σ. This result
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Figure 3.4: Equal-time structure factors, S(k, t), are plotted versus wave number
k. The dashed and the solid lines are power-laws. System size, values of σ and
exponents are mentioned in appropriate places inside the frame.
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Figure 3.5: The quantity Xi is plotted versus k, for σ = 0.6 and 0.95. Here, we have
shown a small portion of the ordinate that is important for verifying the YRD bound.
The horizontal dashed lines define the ceiling for the instantaneous exponent. The
line colors are matched with the symbols to clearly identify the maxima for different
values of σ.
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Figure 3.6: The quantity λ′, obtained from the calculated values of λ and theoretical
predictions for α, is plotted versus σ.
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is quite interesting, to confirm which we carry out further analysis by including the

case of short-range interaction (nearest neighbor) as well.

In Fig. 3.7, we plot Cag × yλ
′
, where y = t/tw, as a function of y. When λ′ is

chosen correctly, the ordinate should take a constant value for y → ∞. Data from

σ = 0.6 and the nearest neighbor (NN) Ising model are presented, for L = 512, with

the choice λ′ = 1.1. The observation certainly confirms our previous conclusion on

universality of the product. A and B are two constants introduced for the purpose

of better visualization only.

3.4 Conclusion

In this chapter, we have studied aging in a long-range Ising model with conserved

order-parameter dynamics. For this purpose, we have quenched systems to a state

point well inside the coexistence curve with random initial configurations. The

interaction that we have chosen between the spin sites, varies as 1/rd+σ [13, 23, 24].

We have chosen a set of σ values in such a way that the system under consideration

belongs to the long-range universality class and noted the effect of σ on aging. The

autocorrelation function, calculated for different waiting times shows a nice collapse

when initial jumps, related to equilibration of domain magnetization, are discarded.

We have observed an interesting dependence of the aging exponent λ on σ.

For σ < 1, λ increases with the decrease of the interaction range. We have also

confirmed the validity of the YRD bound [3]. To do so, we have looked at the

structural properties of the systems.

We have combined the growth exponent α with the aging exponent λ, to define

a quantity λ′ = αλ. We find λ′ ≃ 1.1, for all σ < 1, despite the fact that both α

and λ vary with σ. Furthermore, we have revisited the nearest-neighbor (NN) Ising

model. In this case also the above mentioned universal value of λ′ is observed.

While our observation here is the nonuniversality in λ, we intend to confirm it

and arrive at much accurate estimations of the corresponding values via simulations

of much bigger systems over significantly longer times. We also intend to study aging

phenomena with this model in higher dimensions. Even though growth exponent

may not change with such variation of space dimension, our experience with nearest

neighbor Ising model suggest that there might be differences in the aging exponent.

Copyright and Permission
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Figure 3.7: Cag(t, tw) × yλ
′
is plotted versus y for σ = 0.6 an the nearest neighbor

(NN) Ising model, with L = 512. The constant prefactors, A and B are introduced
only for visual convenience. We have chosen λ′ = 1.1 for both the cases.
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Soumik Ghosh and Subir K. Das, “Nonuniversal aging during phase separation

with long-range interaction”, Physical Review E 109, L052102 (2024)
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Chapter 4

Coarsening in the Long-range

Ising Model with Conserved

Dynamics

4.1 Introduction

When quenched inside a miscibility gap, from a high-temperature homogeneous

phase, a system, comprising of multiple components, undergoes phase transition

[1–6]. It tries to reach a new equilibrium, having regions of different components

coexisting with each other, via the formation of small domains that are rich in like

particles. Given the fundamental and technological significance, understanding of

the growth of these domains received significant importance [2–4, 6–23] in material

science and statistical physics communities. Usually, the related length scale (ℓ),

i.e., the average size of the domains, grows with time in power-law fashion. For

systems having only short-range interactions, the growth behavior is vastly studied

and well understood. In such situations, for conserved order-parameter case, in the

absence of hydrodynamics, mimicking phase separation, say, in solid mixtures, one

expects [2–4,6, 7]

ℓ(t) ∼ tα, with α =
1

3
. (4.1)

This is confirmed via computational studies [8–10,24] with spin models such as the

nearest neighbor Ising model (NNIM) [10] and the Potts model [6]. The expectation

in Eq. (4.1) appears valid for equal as well as unequal proportions of the components

in mixtures.
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The long-range counterpart [25, 26], e.g., of the Ising model, in d space dimen-

sions, where the interaction falls off with distance r as r−(d+σ), has become a topic of

much recent interest [27–32]. In this case, for conserved order-parameter dynamics,

a theory suggests [26]

α =
1

2 + σ
, for σ < 1. (4.2)

However, for σ > 1, long-range interaction has been stated to have no role in de-

ciding the domain growth exponent and thus [26], α = 1/3, which is the same as

the NNIM case. While this general fact may differ from our knowledge of boundary

of interaction range, as well as understanding of universality, obtained from stud-

ies of equilibrium critical phenomena [33, 34], computer simulations showed consis-

tency [31, 32]. It is worth mentioning here that a theoretical expectation for the

nonconserved order-parameter dynamics is [25,26]

α =
1

1 + σ
, for σ < 1, (4.3)

which also was found to be consistent with simulation studies [27, 29]. In this case,

α = 1/2, for σ > 1, same as the nonconserved dynamics for the NNIM [2].

Here we revisit the case of long-range conserved dynamics. The objective, pri-

marily, is to quantify the early-time behavior. For this purpose, we carry out Monte

Carlo (MC) simulations [6] with the long-range Ising model (LRIM) [26], with equal

proportion of mixture components. We analyze the obtained results via advanced

methods, including a finite-size scaling (FSS) technique. The outcomes reveal the

following. For σ somewhat less than unity, at early times we find the exponent α to

be as high as even the theoretical expectation for the nonconserved dynamics. This

is despite the fact that the imposed dynamics in our simulations is the conserved

one. At late times, however, we find α ≃ 1/(2 + σ), expectation recorded in Eq.

(4.2) for the conserved dynamics. For σ > 1, we find the growth to be consistent

with α = 1/3, from rather early times. Our results on such crossover are surprising

and, to the best of our knowledge, were never reported before. Although the pres-

ence of two distinct growth regimes is a completely new observation in the context

of the Ising model, the microcanonical microscopic dynamics of the ϕ4 model [35],

in the presence of long-range interaction, give rise to two different growth exponents

in early and late times in d = 1 [36].

The rest of the chapter is organized as follows. Section 4.2 contains the descrip-

tions of the model and the basic methods. Results, along with the discussions of the
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techniques of analysis, are presented in Section 4.3. Finally, Section 4.4 concludes

the chapter with a brief summary.

4.2 Model and Methods

We have studied the LRIM in d = 2. The model has the Hamiltonian [25,26,29,32]

H = −1

2

∑
i

∑
j ̸=i

J(r)SiSj, J(r) =
1

rd+σ
. (4.4)

Here J(r) is the interaction strength for a separation r between two spins Si and

Sj at sites i and j that can take values +1 or −1, corresponding to, say, A and B

types of particles in a A + B binary mixture. For fixed d, σ decides the range of

interaction, for which we consider a wide variation.

We start with random initial configurations, with 50 : 50 up and down spins

sitting on 2D periodic L×L square lattices, mimicking a very high temperature (T )

scenario. These configurations are instantaneously quenched to final temperatures

Tf = 0.6Tc, where Tc represents a critical temperature [37]. It should be noted that

the value of Tc depends upon σ, as well as on the system size L [37].

We implement Kawasaki spin-exchange dynamics [2] in our MC simulations [6,

38]. A trial move in this method is made of the following steps. First, a lattice site

is randomly chosen. Spin (or a particle) at that site is then interchanged with that

at a randomly chosen nearest neighbor site. This conserves the order parameter.

Such a move is accepted according to the standard Metropolis criterion [6]. An MC

step (MCS), the unit of our simulation time, is made of L2 such moves.

Given that our primary goal is to probe early time behavior, we have studied

certain small system sizes, viz., L = 16, 24 and 32. To identify the crossovers, we

have also considered systems as large as L = 256. Given the difficulty with the

simulations of systems posessing long-range interactions, reaching adequately long

time and getting good statistics is already difficult for the latter system size. This is

despite the fact that we have used Ewald summation [37] and parallelized our code.

For the details on Ewald summation and related parameter, please see section 1.4.3.

The lengths from the evolution snapshots were calculated as the first moments

of the domain-size distribution functions, there the size of a domain being the sep-

aration between two consecutive domain boundaries along any given Cartesian di-

rection [10]. For final temperatures that are reasonably above zero, there can be
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Figure 4.1: Evolution snapshots of the 2D systems, with L = 128, when quenched
to 0.6Tc, from high temperature, are shown for (a) σ = 1.5 and (b) σ = 0.6. The
locations of the particles are marked. For each σ value, in addition to the initial
configuration, two well-grown configurations are displayed.

significant noise in the snapshots. This may introduce errors in the calculations of

ℓ. To avoid such inaccuracy we have eliminated this noise, via the application of a

majority spin rule [10].

All quantitative results are presented after averaging over data from runs with

many different independent initial configurations. The numbers fall in the range

between 175 and 192, for L lying between 256 and 16.

4.3 Results

In parts (a) and (b) of Fig. 4.1, we have shown evolution snapshots of systems

with two different σ values, viz., σ = 1.5 and σ = 0.6, the former belonging to the

short-range side of the interaction and the latter falling on the long-range side [26].

In each of the cases starting composition was a random arrangement of A and B
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Figure 4.2: Domain length, ℓ(t), of systems with different σ values, are plotted
against time t. The system size is mentioned inside the frame.
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Figure 4.3: The upper left frame shows a snapshot taken during the evolution of
a system with σ = 1.5. The lower left frame contains the same snapshot after
removing the noise. See the text for discussion and reference related to the removal
of noise. The right frame shows a comparison between domain lengths calculated
by using snapshots with and without noise. These results are for L = 128.
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particles. Clearly, for the longer range case the growth is faster. However, this

cannot be concluded from Fig. 4.2 where we have shown plots of ℓ(t), versus t,

for the same two values of σ. This unexpected quantitative feature is due to the

fact that the snapshots for σ = 0.6 contain significantly more noise than those

for σ = 1.5. In fact, for both the cases there exist much noise, the averages of

which are time dependent till the corresponding length scales reach the values of

equilibrium correlation lengths at the considered final temperatures. This fact on

competing growth, between lengths related to noise and real coarsening, can lead

to inappropriate conclusions on the rate of domain growth, that we are interested

in, if the actual snapshots are used for the calculation of the latter. In Fig. 4.3 we

demonstrate how a noise removal exercise, mentioned earlier, picks up the actual

domain morphology by discarding (noisy) fluctuations. See the two left frames and

their descriptions in the caption. In the right frame, we plot ℓ(t), versus t, calculated

by using snapshots with and without noise. Clearly, in the plot obtained by using

the original snapshots, values of ℓ(t) are hugely underestimated! In the remaining

part, thus, we have used the noise removed snapshots to calculate ℓ. Our goal is

to quantify the growths, for a large range of σ, the primary focus, as stated above,

being on early times.

We calculate the instantaneous exponent, αi, defined as [8–10]

αi =
d(ln ℓ(t))

d(ln t)
. (4.5)

Value of αi, when ℓ → ∞, is the expectation for α in the long-time limit. In Fig.

4.4(a), we have plotted this quantity as a function of 1/ℓ, for σ = 0.6 and 0.9. It

appears that there exist two distinct regimes, for each σ. Extrapolations of the

trends exhibited by these two different regimes, to ℓ → ∞, i.e., 1/ℓ → 0, lead to

two drastically different values of α. If we accept the late time trend, corresponding

extrapolations are consistent with the theoretical predictions for conserved order-

parameter dynamics [26], see Eq. (4.2). On the other hand, extrapolations of the

early time trends provide much higher values for α!

In the main frame of Fig. 4.4(b), we have displayed a similar plot for the NNIM.

In this case, the late time behavior is a continuation of rather early time trend [8–10].

The same feature is true for the LRIM with σ = 1.5 that already is on the short-

range side of the interaction [26]. See the inset for the latter plot. This hints towards

the fact that the rates of growth, for the long-range variety, with σ < 1, during early

parts are different from the asymptotic values. Furthermore, careful observations
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Figure 4.4: (a) Instantaneous exponent, αi, for different σ values, viz., σ = 0.6 and
0.9, are plotted against 1/ℓ. (b) Same as (a), but here the results are for the nearest
neighbor Ising model (NNIM). Inset shows the same plot for the LRIM with σ = 1.5.
Various arrow-headed lines are guides to the eyes. All the data are presented after
running averaging. Data earlier than the presented ones suffer from noise removal
exercise. See text for a discussion on the latter fact.
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suggest that the longevity of the early part keeps shortening before disappearing

at a certain value of σ, possibly unity. In the following, we aim to confirm these

early-time exponents via certain FSS analysis [10,39,40].

When a homogeneous system is quenched inside the coexistence regime, it takes

a while to fall unstable and then reach a scaling regime of growth that may be

considered free from any significant correction. If we denote this waiting time as t0,

and the corresponding length as ℓ0, ℓ(t) can be expressed as [9, 10]

ℓ(t) = ℓ0 + At′
α
, (4.6)

with t′ = t − t0. In simulations, due to the finiteness of the systems (and also due

to certain freezing phenomenon [41]), domains can grow only up to a certain value,

say, ℓmax. In such situations, Eq. (4.6) should be modified as, following a finite-size

scaling [10,39,42] ansatz,

ℓ(t)− ℓ0 = Y (y)(ℓmax − ℓ0). (4.7)

In Eq. (4.7), Y (y) is a system-size independent (finite-size) scaling function and y

is a dimensionless scaling variable. A suitable choice for y is [10]

y =
(ℓmax − ℓ0)

1
α

t′
. (4.8)

If we plot Y (y) as a function of y, for the correct choices of ℓ0 and α, data from

different system sizes should collapse to form a master curve. In the limit y → ∞,

i.e., for the finite-size unaffected regime, a power-law behavior,

Y ∼ y−α, (4.9)

should emerge, to comply with Eq. (4.6). However, if there exists a crossover

between two different growth regimes, data collapse cannot be expected. Thus, to

probe the early time behavior, study should be restricted to smaller system sizes.

For this reason, for the FSS analysis, to identify early time growth exponent, we

choose L = 16, 24 and 32, for which the finite-size effects enter before the crossover,

for the considered σ value, viz., σ = 0.6, that we use to demonstrate the exercise.

In Fig. 4.5, for σ = 0.6, we have shown ℓ(t), as a function of t, for the above

three system sizes. It is clear from the plots that for different system sizes finite-

size effects appear at different times. In Fig. 4.6, we have shown the finite-size
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Figure 4.5: (a) Plots of ℓ(t), versus t, for σ = 0.6, from three different system sizes.
The dashed horizontal lines are our estimates for ℓmax. See text for the definition of
the latter.
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Figure 4.6: (a) Double-log plots of the finite-size scaling function, Y (y), against the
scaling variable y, for σ = 0.6. Data for a few different system sizes, viz., L = 16, 24,
and 32, are included. The dashed line represents Eq. (4.9) with α = 0.625. The
solid line is a fit of the simulation data to Eq. (4.11). See text for the best fit
values of relevant parameters. (b) Eq. (4.12) (see the solid lines) is compared with
direct growth data for L = 16, 24 and 32. For the purpose of clear visualization, of
comparison between simulation data and the analytical lines, we have thinned down
the data sets in both parts (a) and (b).
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scaling exercise, on a log-log scale, using the same set of system sizes. A very good

collapse of data is achieved for the choices α ≃ 0.625 and ℓ0 = 5.35. This value

of α is the theoretically predicted exponent for the nonconserved dynamics with

long-range interaction [26, 29], viz., α = 1/(1 + σ)! For large y, the collapsed data

are consistent with Eq. (4.9), for α = 0.625, an expectation for the validity of the

FSS analysis.

For σ = 0.6, the observed value of α, from the FSS, should be compared with

≃ 0.65, the number that emerges from the extrapolation of early time trend in Fig.

4.4(a). The agreement is reasonably close. Here it should be noted that for the

NNIM the linear behavior of αi was shown to have a connection with α and ℓ0

as [9, 10]

αi = α

[
1− ℓ0

ℓ

]
. (4.10)

By considering the FSS numbers, viz., α = 0.625 and ℓ0 = 5.35, we obtain −αℓ0, the
slope of αi vs 1/ℓ plot, to be ≃ −3.34. This is quite close to −3.42, the measured

slope from Fig. 4.4(a), deviating from each other by less than even 3%.

We have used an analytical form for the scaling function Y (y), given in Ref. [43]:

Y (y) = Y0

(
b+

yθ

α

)−α/θ

, (4.11)

where Y0, b, and θ are positive constants. Here the value of θ should determine

the finite-size universality class. While obtained for a somewhat different purpose,

usefulness of this function for phase transitions in finite systems was recently demon-

strated in Refs. [44,45]. This function describes the scaled data in Fig. 4.6(a), with

θ ≃ 2.6, quite nicely, while α = 0.625.

From Eq. (4.11), via a back transformation, one can write [45]

ℓ(t) = ℓ0 + Y0(ℓmax − ℓ0)

[
b+

(ℓmax − ℓ0)
θ/α

α(t− t0)θ

]−α/θ

. (4.12)

The analytical form in Eq.(4.12) can be used to describe direct data for growth in

finite systems of arbitrary sizes. This usefulness is demonstrated in Fig. 4.6(b).

Covering a wide range of σ, we intent to draw a complete picture, depicting two

different growth regimes, before and after the crossover. For this purpose, we need

bigger systems. In Fig. 4.7(a), for σ = 0.6, we have plotted ℓ′ (= ℓ(t) − ℓ0) as a

function of t′, for relatively larger system sizes: L = 128, 192 and 256. As expected,
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on a log-log scale, we observe two distinct linear-looking regimes with a crossover,

suggesting that the exponent changes from quite a high value to a lower one. In

part (b) of this figure, we have presented similar plots, but here for σ = 0.8, and

observed a similar crossover.

From these exercises, we conclude that for σ < 1 initially one observes very rapid

growth, which crosses over, at late times, to 1/(2+σ). To check if structural scaling

exists in both the regimes, in Fig. 4.8 we show data collapse for

C(r, t) = ⟨Si(t)Sj(t)⟩ − ⟨Si(t)⟩⟨Sj(t)⟩, (4.13)

the two-point equal-time correlation function [2] for separation r between lattice

sites i and j, when σ = 0.6. Part (a) is for early period and part (b) contains data

from late times. Nice collapse can be appreciated throughout. Here it should be

noted that the observed scaling of the form [2]

C(r, t) ≡ C(r/ℓ(t)) (4.14)

implies self-similar growth. Furthermore, the validity of the scaling confirms that

the comparison of ℓ at different times is meaningful.

Next, we visit the finite-size scaling again, this time for σ > 1. Double-log plots

of scaling function Y (y), obtained by using different system sizes, are plotted in

Fig. 4.9(a), against the scaling variable y, for σ = 1.5. An excellent collapse is

realized when α = 0.32, for small as well as large system sizes. The dashed line is

a power-law with exponent −0.32. This is consistent with the conclusion from the

exercise in the inset of Fig. 4.4(b). The solid line in Fig. 4.9(a) represents a fit to

the Eq. (4.11). Given that here we have used larger systems, it is, thus, clear that

the domain growth exponent α remains constant throughout with a value α ≃ 1/3

for σ > 1 [26]. Here also, in part (b), we demonstrate, how the direct data, for

different system sizes, can be described by Eq. (4.12).

Recalling the objective of drawing a comprehensive picture, we return to σ < 1.

Given the fact that as σ approaches unity, the crossover occurs earlier and at a

smaller length scale, it becomes a necessity to restrict simulations with even smaller

systems for a FSS. In that case, however, FSS will suffer from significant corrections

to scaling. This can already be appreciated from Fig. 4.6(b). Clearly there exists

a deviation between the analytical function [see Eq. (4.12)] and the simulation

data for the smallest system size, whereas the agreement is nearly perfect for the
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Figure 4.7: Plots of ℓ′(t) (= ℓ− ℓ0), as a function of t′ (=t− t0), on a log-log scale,
for (a) σ = 0.6 and (b) σ = 0.8. In each of the cases data from three different system
sizes have been included. This is to show that the post-crossover bending is not due
to finite-size effects. Solid lines are for the initial behavior of the growth and the
dashed lines denote the later time, α = 1/(2 + σ), growth.
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Figure 4.8: Scaling plot of C(r, t), for σ = 0.6 and L = 256, using data from (a)
early and (b) late times.

larger systems. In such a situation, appreciating the fact that the FSS and the

instantaneous exponent approaches provide values of α that are close to each other,

we stick to the estimates from the latter method.

In Fig. 4.10, we provide a detailed picture of growth covering both long and short-

range regimes of σ. It appears, as σ → 1, the early time exponent tends to merge

with the late time values at α ≃ 1/3. For σ reasonably small, interestingly, these

values of α are quite consistent with the corresponding numbers for the nonconserved

order-parameter dynamics.

4.4 Conclusion

Although the problem of domain coarsening in different model systems, following

quenches to state points inside the coexistence curve, received much importance,

studies with long-range interactions have been carried out relatively rarely. Never-

theless, there exist theoretical predictions [25,26] for the latter variety, though only

a handful of studies considered confirming these predictions via simulations [27–32].

In this work, we have carefully studied the domain coarsening in 2D long-range

Ising model, via computer simulations. We have performed Monte Carlo simula-

tions with the Kawasaki spin-exchange mechanism. Systems prepared at very high

temperature were quenched to final temperatures T = 0.6Tc, for various different
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Figure 4.9: (a) Finite-size scaling exercise for σ = 1.5, using ℓ(t) data from different
system sizes. The dashed line represents Eq. (4.9) with α = 0.32 and the solid line
is a fit of the simulation data to the analytical form in Eq. (4.11). (b) Same as Fig.
4.6(b) but here the demonstration is for σ = 1.5. The considered values of ℓmax for
L = 32, 64 and 128 are 16, 32 and 64, respectively. Like in Fig. 4.6 here also we
have thinned down the data sets, for visual clearty.
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Figure 4.10: Both early-time and late-time values of the growth exponent α are
plotted against σ. Simulation results are shown with symbols, whereas the relevant
theoretical predictions (Th) are shown by dashed and dashed-dotted lines. The
continuous line is a guide to the eye. The values of the late time exponents for
σ < 1 are taken from Ref. [32]. For σ > 1, it was difficult to choose regions of data
sets to estimate early and late time values of α. The overlapping numbers provide
testimony to this fact.
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values of σ, that dictate the range of interaction. From the analyses of the obtained

simulation results, using finite-size scaling and other advancd techniques, we have

come to the conclusion that for σ < 1, there exist two distinct regimes of growth.

Initially, domains grow much faster with exponents being close to 1/(1 + σ), a pre-

diction for nonconserved dynamics. Then, a “crossover” takes place, and α picks

up the theoretically predicted value, 1/(2 + σ), for the conserved order parameter.

The early time exponent, however, tends to 1/3 as σ increases. For σ > 1, from

reasonably early times, the growth exponent picks up the theoretical number [26]

1/3, irrespective of the value of σ.

It may be recalled that we have removed the noise in the snapshots before calcu-

lating the average sizes of domains. Given that at early times the noise is relatively

less, it may be a valid question to ask, whether the exceptionally fast growths at

early times, for small values of σ, are due to the removal of the noise. Note that

when the domains are small in size, this exercise may lead to artificial merger of

these, leading to inappropriate conclusions. Keeping this in mind, we have analyzed

the data for early periods without removing the noise as well. Our conclusions re-

main essentially unchanged. E.g., for σ = 0.6, we get pre-crossover exponent to be

≃ 0.6. On the other hand, if the noise is not removed, post-crossover exponent for

this σ value appears much smaller than the expectation!

While the asymptotic growth exponents may remain same in d = 3 as well, as

seen in the case of nearest neighbor Ising model, the early time behavior may have

dimension dependence. However, this speculnation requires verification.

The primary results from this chapter are now available in an article submitted to

arXiv. The link is given below:

https://doi.org/10.48550/arXiv.2410.13447

https://doi.org/10.48550/arXiv.2410.13447
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Chapter 5

Mpemba Effect in WATER: A

simulation study

5.1 Introduction

When cooled below its freezing temperature, liquid water goes through a phase

transition and turns into solid Ice. Although many different crystalline structures

of Ice have been found [1], hexagonal Ice (or Ih) is the most commonly observed

structure. A phase diagram showing different forms of Ice at different temperatures

and pressures is presented in Fig. 5.1. It shows experimental results, as well as

results gathered from certain simulation studies.

In spite of the fact that often we encounter freezing of liquid Water or vapor into

Ice, simulations of such fact is a difficult task. When bulk water is cooled down below

the freezing point, instead of freezing immediately, it enters a ‘supercooled’ state that

is less stable than the Ice. This metastable state may persist for a significantly long

time, depending upon whether the nucleation is homogeneous or heterogeneous [2,3].

A hotter body of water freezes faster, than a colder one, when kept inside a

refrigerator at a subzero temperature [4–7]. This counterintuitive fact is referred to

as the Mpemba Effect (ME) [8] and is discussed since the time of Aristotle [9]. A

demonstration of such anomalous behavior via computer simulations is nonexistent,

though there are works by providing possible explanations if the effect really exists

[10–12]. Such a status is perhaps due to the difficulty owing to the complex natures of

Water molecules and related interactions that do not allow simulations of adequately

large systems for long enough times. The long simulations are needed to counter, as

mentioned above, the metastable features that may severely delay nucleation during
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a transition from a fluid phase to Ice. An important question here is to ask: How the

ME may be connected to the metastability – Should the longevity of the latter be a

function of the initial temperature? Or, growth, following the nucleation, is the only

contributor to the initial temperature dependence of the transformation? Questions

have also been raised if the ME is a result of differences in times for reaching the

final temperature from different starting temperatures [13,14]. Interestingly, to the

best of our knowledge, there exists no simulations reporting either the presence of

the ME in any simple model or addressing all the above mentioned questions. The

aim of this chapter is to demonstrate ME in a model water.

5.2 Model and Methods

We have chosen a reasonably realistic model of water [15]: TIP4P/Ice. From Fig.

5.1, we can appreciate the fact that the phase diagram generated for this model is

very close to that we get from experiments. Especially, at low pressures, the agree-

ment is very good. We have marked this region by a circle. As we have performed

all our simulations near (≃ 4.5 atm) ambient pressure, TIP4P/Ice model suits us

perfectly. This is a four-point rigid water model with transferable intermolecular

potential. There, in addition to the points related to the positions of one oxy-

gen (O) atom and two hydrogen (H) atoms, an additional (negative) charge point

M exists. This point, having a charge 1.1794, in the electronic unit, is placed at

a fixed distance (0.1577Å) from O along the bisector of the H-O-H angle, having

experimentally measured value 104.52° [15]. Fixed O-H bond of distance 0.9572Å

and a constant H-O-H angle of 104.52° are constrained by implementing SHAKE

algorithm [16]. The O atoms interact with each other via the LJ potential of the

form [15,17]

U = 4ϵ

[(σ
r

)12

−
(σ
r

)6
]
, (5.1)

where ϵ is the interaction strength, σ is the particle diameter, r is the centre-to-

centre distance between two particles. For this model, ϵ = 0.21084 kcal/mole and

σ = 3.1668Å. A related schematic diagram is shown in Fig. 5.2. Each H-atom carries

a positive charge of magnitude 0.5897. All charged points, expectedly, interact via

the Coulombic potential [15]

E =
Cq1q2
ϵkr

, (5.2)
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Figure 5.1: Comparisons of phase behavior [15], obtained from simulations of two
different models of water, viz., TIP4P and TIP4P/Ice, as well as from experiments.
The circle is to highlight the convergence of the phase diagrams obtained via simu-
lations of TIP4P/Ice model and that from experiments.



84 Chapter 5.

where, q1 and q2 are the two charge values, C is a constant and ϵk is the permittivity

constant. The masses of O and H atoms are set to be 15.9994 amu and 1.008 amu,

respectively [15].

With this model, we carry out NPT MD simulations with 96 molecules [18–20],

using LAMMPS [21], having Nosé-Hoover thermo- [22, 23] and barostats [24]. The

timestep for all our simulations were kept fixed to 1-femtosecond.

We first equilibrate our systems at various different temperatures, Ts, above the

freezing temperature which is 272.2K, for the chosen model system. Then we pick

up configurations from the equilibrated trajectories and quench them to a fixed final

temperature Tf = 230K. A further intermediate protocol is described in the results

section.

Here we have used particle-particle particle-mesh or the PPPM method, to han-

dle the long range potential, instead of the Ewald summation. This is embedded in

the LAMMPS simulation program. For details, see section 1.4.3.

5.3 Results

To start with, we have placed 96 water molecules in our simulation box, with centers

arranged on a simple cubic lattice, as depicted in Fig. 5.3, to avoid any unnecessary

overlap. From here, we equilibrate the system at various different starting temper-

atures (Ts). For all Ts values, we keep the pressure same. For a particular value

of the starting temperature, Ts = 400, energy profile after equilibration is shown in

Fig. 5.4(a). In part (b) of the same figures, we have shown a snapshot picked up

from the trajectory in (a).

The equilibrated system is then quenched instantaneously to Tf = 230K. We

have carried out the MD simulation, following this, for 500ns. The potential energy

(PE) of the evolving system, for Ts = 400K, is shown in Fig. 5.5. In part (a), we

have used a log scale for time to capture the initial decay in energy. Note that this

behavior becomes invisible when plotted using a linear scale. At a very late time,

we can see a jump in PE. For a better picture of this, in part (b) we have plotted the

same quantity on a linear scale. Here, a jump in the PE is very clear. As we look

at the structure, we find that there is an ordering in the system that creeps in after

the jump and persists till the end of our simulation. Fig. 5.5(c) shows a snapshot

of the system from the ordered time regime. From preliminary investigations, based

on visual comparison of the structures, we conclude that following a quench, water

finally turns into ice but the nucleation process is delayed due to the appearance of
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Figure 5.2: A schematic diagram of the TIP4P/Ice model of water. See text for the
description.
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Figure 5.3: Water molecules are arranged on a simple cubic lattice. The bond lengths
and orientations within a molecule were taken from GitHub [25], to provide inputs
to the LAMMPS [21] simulations. Oxygen atoms are shown in red and Hydrogens
in grey.
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Figure 5.4: (a) Potential energy (PE), per molecule, is plotted for an equilibrium
system at 400K. (b) A typical configuration is shown from the equilibrium regime
shown in (a).
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Figure 5.5: Potential energy corresponding to a simulation run, with initial configu-
ration prepared at 400K, is shown following a quench to 230K. Log scale for time is
used in (a) to capture the fast decay in energy at small time limit. In (b), the time
scale is kept linear so that the jump in the potential energy can be clearly seen. (c)
A snapshot taken from the Ice regime is shown. Red dots denote the positions of
the O atoms, whereas, H atoms are shown in gray. The arrangement of the atoms
suggest a hexagonal Ice structure.
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a metastable state that persists for a reasonably long time.

We have performed the same exercise for many different Ts. It should be noted

that like other simulation studies of water, only a small fraction of the runs lead to

freezing. In Fig. 5.6, we have shown the temperature of the system as a function of

time, t, for Ts = 400K. Clearly, the value of Tf is reached within a small fraction of

a nanosecond.

To distinguish Ice structure from supercooled metastable water, we use a local

bond order calculation method [26,27]. In the method that we have followed [28,29],

structure in the system is identified by computing the coherence of the orientational

order of an atom with that of its neighbors. For this purpose, we calculate a quantity

q⃗lm, for all atoms, connected to the spherical harmonics, Ylm(θ, ϕ), as

q⃗lm(I) =
1

nnn(i)

nnn(i)∑
j=1

Ylm(θ(r⃗ij), ϕ(r⃗ij)). (5.3)

Here, nnn(i) is the number of neighbors inside a cut-off radius of 3.2Å, whereas, θ

and ϕ are the azimuthal and polar angles, respectively, created by the bond r⃗ij with

the lab frame. Next, a 2l + 1 component vector q⃗l ≡ [q⃗l,−l, q⃗l,−l+1, . . . q⃗l,l] is defined

for each atom i. A quantity ql is, then, calculated as [28]

ql(i) =
1

nnn(i)

nnn(i)∑
j=1

q⃗l(i) · q⃗ ∗
l (j)

|q⃗l(i)||q⃗l(j)|
. (5.4)

The choice l = 6 is standard for distinguishing Ice from Water. In Fig. 5.7, the

blue curve shows the probability distribution of q6 after the jump in energy seen in

Fig. 5.5(b). The same distribution is shown in red for a period before the jump,

i.e., for supercooled water. The distribution plots not only prove the fact that the

energy jump corresponds to the freezing of metastable liquid Water into Ice, but also

provide information on the structure of the ice crystal. From the presence of a sharp

peak around ∼ 0.75, the hexagonal structure of the Ice phase can be confirmed [28].

Our objective in this chapter is to study the role of initial temperature on freez-

ing. For that purpose, we have prepared samples at various different starting tem-

peratures Ts, ranging from 275K to 550K, covering vapor as well as liquid phases

of water. Systems from these Ts are then quenched to the above mentioned final

temperature Tf = 230K. For each Ts, many simulation runs, up to 500ns, starting
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Figure 5.6: The temperature, T , of the system is plotted versus time, t, for the
simulation in Fig. 5.5.
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Figure 5.7: The probability distribution P (q6) of the sixth order local bond order
q6 is plotted. The blue curve corresponds to the periods after the energy jump seen
in Fig. 5.5 (a) and (b). The location of the peak indicates a hexagonal Ice crystal.
The red line is the same quantity but this is for supercooled/metastable water.
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Figure 5.8: (a) Potential energy is plotted as a function of time for the TIP4P/Ice
simulations. Results are shown for quenches to Tf = 230K, from a few starting
temperatures, Ts. Data in each of the sets are thinned down for the sake of clarity.
The symbols show the locations of jumps for simulation runs with certain other
starting configurations. A unique color is used for a given Ts. The early parts
of the energy decay are shown again in (b) by using a log scale for the abscissa.
The horizontal lines stand for approximately the average values for intermediate
metastable liquid and final Ice phase energies.

Figure 5.9: The freezing time, tf , averaged over 8 runs for each Ts, is plotted as a
function of Ts. The dashed line is a guide to the eye.
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from independent equilibrated configurations, were performed. In Fig. 5.8 (a), po-

tential energy (PE) plots, against time, are shown for three different runs starting

from three different initial temperatures, viz. Ts = 400K, 480K and 550K. These

are runs that gave rise to the fastest freezing for each of these temperatures. The

symbols denote the freezing times noted for other different trajectories. Generally,

faster freezing for a higher Ts can be appreciated. In part (b) of the figure, log-scale

is used for the time axis, only to show initial fast decay of energy at early times.

Interestingly, here also we have found somewhat faster decay in energy for higher

Ts.

We have presented our key results on tf , average freezing time, in Fig. 5.9. Here

we have plotted tf as a function of the starting temperature Ts. This plot strongly

points toward the presence of the ME and nicely resembles the non-monotonic be-

havior, where the dashed line is a guide to the eye, seen in the original work [8].

The nonmonotonicity reflects that when a starting point is very close to the final

one, another system from a very far away state cannot overtake the relaxation or

evolution of the former.

5.4 Conclusion

In this chapter, we have studied fluid-to-solid transitions in a model water system

via molecular dynamics (MD) simulations, with the objective of investigating the

presence of the Mpemba effect. Systems with 96 water molecules were first equili-

brated at different initial temperatures Ts, above the melting temperature, ranging

between 275K and 550K. These were quenched to Tf = 230K, for which the dy-

namics were probed. We have found that following the quenches, systems enter a

metastable state. The metastable state can persist for a very long time, depending

upon the value of Ts, leading to the ME. Considering the fact that the temperature

settles down to the desired value very early, when compared to the freezing times,

the phenomenon of heat transport or cooling rate is very unlikely to have any role

to play in the exhibition of the effect.

For water, ME is related to the jump from metastable intermediates to the Ice

phase. Thus, to understand the origin of the effect, we need to carefully investigate

various different properties of the metastable states. Of course, the longevity at

an intermediate level is decided by the property at the corresponding initial state.

Very systematic studies are necessary to probe and understand such a dependence
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via considerations of molecular orientation, hydrogen bonding, etc. In natural situ-

ations, the system size can be thermodynamically large for which the contribution

from growth can be significant. For big systems, there will be a large number of

nucleation sites. It will be interesting to undertake studies by combining the distri-

bution of nuclei in space and of their occurrences in time with the growth process.

In future we would also like to take up studies by varying the final tempera-

ture Tf . For such a variation the nucleation barrier should change, giving rise to

quantitative differences. This will provide a better understanding of an interplay of

dynamics with metastability.

Our study is by considering a fairly small size of system. Thus, we do not claim

to have probed the true kinetics of transformation from a fluid to the ice phase. Our

conclusion can be treated as an outcome for dependence of delay of nucleation with

the variation of initial temperature. In future we will consider much bigger systems

to see if we can pick up similar dependence in kinetics.

Our study is related to ice nucleation in homogeneous condition. Observation

of ice formation, from liquid water, under such homogeneous condition was also

reported previously [30]. In some other studies [31] ice formation was studied by

introducing nuclei above a critical size. We did not take that avenue. Furthermore,

our observation suggests that Mpemba effect can be observed without impurities.

Impurities, however, can alter the quantitative outcomes.

The primary results from this chapter are now available in an article submitted to

arXiv. The link is given below:

https://doi.org/10.48550/arXiv.2407.06954

https://doi.org/10.48550/arXiv.2407.06954
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Chapter 6

Initial Temperature Dependence

of Ordering in Long-range Ising

Model

6.1 Introduction

In the previous chapter, we have discussed the Mpemba Effect (ME) [1], i.e., faster

freezing of a hotter body of fluid water, than a colder one, when quenched below

the freezing temperature. In recent times, in efforts to generalize the effect, several

other experimental systems and theoretical models were shown to exhibit Mpemba-

like effect. Examples include cooling granular gases [2, 3], clathrate hydrates [4],

anti-ferromagnets [5] and spin glasses [6], as well as, even more surprisingly, pure

ferromagnetic systems [7–9]. For ferromagnets, when quenched to a final fixed tem-

perature, Tf , systems initially at a higher temperature, Ts, reaches equilibrium faster

compared to a colder one.

The difference in the initial temperature, Ts, should give rise to differences in

structural properties in the system [9]. Indeed, the correlation length of the system

depends on the temperature Ts. In the context of critical phenomenon [10, 11] it is

well known that

ξ ∼ |Ts − Tc|−ν . (6.1)

Recently it has been shown [9] that the strength of the effect exhibits scaling with

respect to ξ. Such studies are with short-range interaction. In this chapter, we aim

to identify the ME in the nonconserved Ising model with long-range interactions.

Because of technical difficulties, in this case, it is difficult to confirm such a scaling.
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Thus, the primary objective in this chapter is to identify the effect. In addition, we

will present some more results concerning rather general interest.

6.2 Model and Methods

The model used for this study is similar to the one we have used in some of the

previous chapters. Here, unlike those chapters, we will study non-conserved order

parameter dynamics. We will briefly discuss the model for the sake of completeness.

We deal with a 2D square lattice of length L and lattice spacing of 1. Spins that can

take either up or down state sit on lattice points and interact with the Hamiltonian

[12,13]

H = −1

2

∑
i

∑
j ̸=i

J(r)SiSj; J(r) =
1

rd+σ
, (6.2)

J(r) being interaction strength that depends upon the inter-spin separation r.

First, we equilibrate the systems at various different starting temperatures, Ts. In

the vicinity of the critical temperature Tc, relaxation time increases rapidly, resulting

in the equilibration process being highly time consuming. To overcome difficulty

due to this, we have used the Fukui-Todo Monte Carlo (MC) Cluster algorithm [14],

where instead of flipping one spin at a time, multiple clusters of like spins are flipped

at once.

Initial configurations prepared at Ts (> Tc), with nearly 50 : 50 compositions of

up and down spins, including the ones with randomly placed up and down spins,

mimicking infinite temperature scenario, are quenched to a fixed final temperature

Tf = 0.3Tc, inside the ordered regime. For quenches to Tf , we perform MC sim-

ulations using the Glauber spin-flip dynamics [15, 16], leading to a non-conserved

order-parameter dynamics.

In MC simulations with Glauber dynamics [15], a spin is randomly selected and

flipped, which is called a trial move. Then the change in energy is calculated and the

trial move is accepted or rejected depending on a probability, discussed in detail in

the Introductory chapter. In this way, total order parameter of the system changes

as the system evolves with time. We have chosen a few different values of σ. For

the study of ME, however, we confine ourselves to σ = 0.8 only. For this choice of

σ, Tc ≃ 9.765 [17]. As mentioned earlier, we have performed our MC simulations

on a 2D L× L system with L = 1024. Unless otherwise mentioned, we will present

results that are averaged over 100 independent initial configurations. Note that,

time is measured in units of MC steps (MCS), one MCS being equivalent to L2 trial
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moves. We have parallelized our in-house codes with OpenACC [18] and carried out

our simulations for the kinetic part on GPUs (Tesla V100).

6.3 Results

We start discussing the results by showing the growing length-scale in Fig. 6.1

following a quench to Tf = 0.3Tc from a random initial configuration. In order to

study the morphology of the domains, two-point equal-time correlation function is

calculated as [19]

C(r, t) = ⟨ψ(r⃗, t)ψ(⃗0, t)⟩ − ⟨ψ(r⃗, t)⟩⟨ψ(⃗0, t)⟩, (6.3)

where ψ (equivalent to a spin) is a time and space-dependent order-poarameter. In

Fig. 6.2 (a), we have shown plots of C(r, t) as a function of distance r, for three

different times. If the growing patterns are self-similar, which is true for most of the

cases, C(r, t) should satisfy a scaling form [19]

C(r, t) ≡ C̃(r/ℓ(t)), (6.4)

ℓ(t) being the domain length at time t. In part (b) of Fig. 6.2, we have plotted

C(r, t), for the same set of t, but now against r/ℓ. Overall, the collapse of the

data from different times looks good, but at larger r, there exists some deviation

from the scaling. In Fig. 6.3, we have plotted domain lengths as a function of time

for two different σ values, viz., σ = 0.6 and 0.8. The solid lines are power-laws

with exponents 1/(1 + σ), theoretically predicted values of the growth exponent for

non-conserved order-parameter dynamics [12,20].

Next, we have compared the behavior of the simulation obtained correlation

function for different σ with the analytical function obtained by Ohta, Jasnow, and

Kawasaki [21] (OJK) for nonconserved order-parameter dynamics. This function is

known to describe the situation in the nearest neighbor Ising case rather well. A

general expression for the OJK function can be written as [22]

COJK(r, t, tw) =
2

π
sin−1

(
2
√
ttw

t+ tw

)d/2

exp

[
−r2

4D(t+ tw)

]
, (6.5)

D being a diffusion constant. For equal-time cases, i.e., t = tw, relevant for us, Eq.
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Figure 6.1: Snapshots of an evolving system, with σ = 0.8, taken at different times
when quenched from a very high temperature to a final temperature Tf = 0.3Tc.
Positions of the +1 spins are marked with red, while −1 spins are left unmarked.
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Figure 6.2: (a) Correlation function, C(r, t), from three different times are plotted,
versus distance, r, for σ = 0.8 and L = 1024. In (b), r is scaled by the domain
length, ℓ, at corresponding times.
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Figure 6.3: Average domain lengths, ℓ(t), in log-log scale, for σ = 0.6 and 0.8, are
plotted versus time, t. The ordinate of the data for σ = 0.8 is shifted artificially for
better visualization of the difference in growth. These results have similarities with
those in Ref. [12].
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(6.5) reduces to

COJK(r, t) =
2

π
sin−1

[
exp

(
−r2

8Dt

)]
. (6.6)

In Fig. 6.4, we have shown simulation plots of C(r, t), as a function of distance r,

with symbols, for σ = 0.6, and 0.8, as well as for the nearest neighbor (NN) Ising

model. We have tried to match the OJK function, with each of them, by varying

t. The solid lines, shown in the same plot, are the best agreements that we have

obtained. The fitting of the function is excellent for the NN case, whereas for the

other two considered cases, the fitting is not as good. Another interesting fact that

comes out is that for a smaller σ, we find a poorer agreement. This overall picture

needs to be tested for longer times. This will, however, require much larger systems.

Note that the growth for long-range interactions being very fast [20, 23], finite-size

effects appear very soon. On the other hand, simulations of these systems require

better resources than the nearest-neighbor case.

Our main objective in this chapter is to find the effect of the initial temperatures,

Ts, on the dynamics, if there exists any, when all are quenched to a fixed final

temperature, Tf . Fig. 6.5 shows a (fixed) fraction of systems at two different

temperatures, one at Ts = 1.2Tc and another one with randomly placed up and

down spins, imitating Ts = ∞. The positions of the up spins (+1) are marked

by red and blue dots in Fig. 6.5(a) and (b), respectively. The difference in the

structure is clear from the snapshots. Next, in Fig. 6.6, we have plotted structure

factors, S(k, t), of systems, as a function of wave number k, at different starting

temperatures, Ts, viz., 1.2Tc, 2.0Tc, and ∞. The enhancement of critical fluctuation

with the lowering in temperature is clear.

We have carried out instantaneous quenches, to a final temperature Tf = 0.3Tc,

with such configurations. In Fig. 6.7, we have presented domain lengths following

the quench from different initial temperatures. These lengths are estimated by

calculating the distance between two consecutive domain boundaries while scanning

the systems along different coordinate axes. The lower panel of the plot shows the

domain lengths from an early time regime, where lower Ts corresponds to bigger

domains. The upper panel of the same plot shows the late-time behavior. Here

we can see a reverse trend. The average domain size for the one with the highest

Ts is largest at late times, and it systematically decreases with a reduction in Ts.

This fact implies crossings among the curves at some points in time. These results

indicate that systems starting at higher initial temperatures relax faster than the

colder ones.
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Figure 6.4: The correlation function, C(r, t), is plotted versus distance r for systems
with two different σ values, viz., σ = 0.6 and 0.8, as well as a nearest neighbor (NN)
Ising model. The solid lines represent Ohta-Jasnow-Kawasaki function.
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Figure 6.5: Equilibrium snapshots, prepared at two different starting temperatures,
viz., 1.2Tc and ∞, are shown. These results are for σ = 0.8.

A necessary condition for comparing the domain sizes is the existence of similarity

in structures of the evolving domains [19] for systems starting from different initial

temperatures at any given point in time. In this case, around the crossing times, at

the least. The similarity in structure can be captured via the scaling property [19]

of the two-point equal time correlation function:

C(r, Ts) ≡ C(r/ℓ), t fixed. (6.7)

In Fig. 6.8, we have plotted the two-point correlation function, C(r, t), as a function

distance r, scaled by the domain length ℓ. In part (a), we have plotted the simulation

data from 50 MCS, for the same set of Ts values used in Fig. 6.7. At this time, no

domain length plots have crossed each other and can be identified as a pre-crossover

regime. On the other hand, in part (b), we have plotted the same quantity but

from time t = 240MCS. At this point in time, all possible crossings have already

happened. So, we can call it a post-crossover regime. The interesting outcome of

this exercise is that the scaling of data from different Ts is excellent at both pre-

and post-crossover regimes, signifying a similar structure of the domains.

We looked at another important quantity, the total energy of the system. While

evolving to reach the same equilibrium state, a system with lower energy, true for

lower Ts, is considered to be closer to the final state. In Fig. 6.9, we have plotted

the total energy for systems with the same Ts as in Fig. 6.7, as a function of time t.
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Figure 6.6: Structure factor, S(k, t), is plotted as a function of wavenumber, k. Re-
sults from three different initial temperatures are included. Note that the structure
factor is defined as S(k, t) = ⟨ϕk(t)ϕ−k(t)⟩ [19].
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Figure 6.7: Average domain lengths, ℓ(t), when quenched to a final temperature,
Tf = 0.3Tc, form three different Ts are shown as a function of time t. The lower
panel shows very early time data, whereas the upper panel shows data from late
times.
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Figure 6.8: The correlation function, C(r, t), is plotted as a function of r/ℓ for three
different starting temperatures, Ts. (a) Data from the pre-crossing time are shown.
(b) Here scaling of data at a post-crossover time is shown. These results are for
σ = 0.8.
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Figure 6.9: Total energy per spin, E, is plotted against time, t, for three different
starting temperatures, Ts. The upper and lower panels show data from early and
late times, respectively.
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The upper panel shows the early-time scenario, where the systems with the lower Ts

have the lower energy, which is quite expected. The lower panel, on the other hand,

shows late-time behavior. At late times, the system with the highest Ts attains

the lowest energy state, crossing others at some points in time. Fig. 6.9 suggests

that the larger the initial temperature, the faster the system tries to reach final

equilibrium, which indeed is the essence of the Mpemba Effect (ME) [1,6–8].

6.4 Conclusion

In this chapter, we have studied the dynamics of phase transition in 2D Ising ferro-

magnet, where interaction between the lattice sites is long-range in nature [23, 24].

To mimic the evolution in ferromagnets, where the total order-parameter is not

conserved, we have performed Glauber spin-flip Monte Carlo [15] simulations. Our

main objective was to investigate the presence of a Mpemba-like effect [2,3,5–9] in a

system where the Hamiltonian does not contain any in-built frustration but contains

long-range interaction. We have prepared our systems at three different initial tem-

peratures, all in the paramagnetic phase, and quenched them to a final temperature

Tf < Tc. While the system evolves in order to reach the final equilibrium state, we

have found that the one with the higher initial temperature relaxes faster and seems

closer to the final equilibrium state within our observational time window than the

one that started from lower temperatures. A faster equilibration of a hotter system

than a colder one – This is the conclusion of this work.

In the previous chapter, we showed the presence of the Mpemba Effect in bulk

water. We have talked about the metastable state and delay in nucleation due

to the presence of the supercooled state of water. Here, in the long-range Ising

model metastebility may not be responsible for the effect. It should be noted here

that metastebility exists in simple nearest neighbor Ising model also. However, a

preliminary study by discarding the metastable trajectories still show the Mpemba

effect [25].

It will be interesting to introduce finite cooling rates in future studies. There for

an accurate quantitative understanding of results from different σ one may need to

adjust the cooling rates appropriately.
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Chapter 7

Summary of the Thesis

This thesis contains results from studies on structure and dynamics in various

nonequilibrium systems, having long-range inter-particle interactions. We have con-

sidered two well-known models, viz., the long-range Ising model (LRIM) and the

TIP4P/Ice model of water (see the work chapters for related references). In the

case of water, we have studied the phenomenon of freezing (into ice) from fluid

phases. With LRIM, we have investigated the kinetics of phase separation in binary

mixtures, as well as ordering from para- to ferromagnetic phase. For water, we have

carried out molecular dynamics simulations. In the case of LRIM, the two differ-

ent requirements were achieved via implementations of appropriate dynamics that

either conserves the overall order-parameter (binary mixture) or not (ferromagnetic

ordering). A brief summary of the outcomes is provided below.

In Chapters 2, 3 and 4, using LRIM Hamiltonian, we have studied the structure,

growth, and aging during phase separation in binary mixtures, following quenches of

configurations imitating the temperature T = ∞, to state points inside the appropri-

ate coexistence regime. We have obtained results for significant variation in the range

of interaction in the Hamiltonian. In the short-range situation, the results largely

follow the established picture from the nearest neighbor Ising model. We found,

however, that above a cut-off for the range of interactions, all the above-mentioned

properties depend upon further micro variation of the interaction range [1]. This

is unlike the case of static critical phenomena where the critical exponents for the

long- and short-range universality classes are independent of such micro variations.

Furthermore, the boundary for the studied nonequilibrium dynamics appears to be

different from the reported picture in the static case. While there exist no theoreti-

cal results on structure and aging, our results on growth are in agreement with the
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Figure 7.1: (a) The upper half shows a plot of the growth exponent, α, in the
long time limit, for conserved order-parameter dynamics in the LRIM, that we have
obtained from our simulations, as a function of σ. In the lower half, we have plotted
the deviation, ∆, from the expected Porod exponent, in some intermediate wave
number region, versus (1 − σ). (b) Here, in the upper part, we have shown our
estimated values of the aging exponent, λ, for the LRIM with conserved order-
parameter dynamics, as a function of σ. The lower part shows the variation in the
quantity λ′ (= αλ) with the variation in σ. (c) The simulation estimated early and
late time values of α, for the same system as in (a) and (b), are plotted as a function
of σ, with symbols. The lines correspond to the existing theoretical predictions. (d)
Freezing times, tf , for the TIP4P/Ice model, are shown as a function of the starting
temperatures, Ts. The dashed line is drawn for a better visualization of the trend.
(e) Decay of energy per spin, E, in the LRIM with nonconserved order-parameter
dynamics, as a function of time, for different starting temperatures, Ts. The upper
and lower halves show data from early and late time regimes, respectively.
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available theoretical literature [1]. For domain growth in the LRIM, we have also

investigated the scaling at early times [2]. Even though the dynamics is conserved,

we, to much surprise, find that the early time behavior matches with theoretical

prediction for nonconserved dynamics, on the long-range side of the interaction!

The key results from these chapters are put in parts (a), (b), and (c) of the adja-

cent figure. In these three chapters our new observations are nonuniversal features

in different aspects of far-from-equilibrium dynamics with long-range interactions.

Such interactions are common in nature. Examples include self-assembling active

devices [5] and systems with dipoles [6]. Our studies can be of relevance in such

practically relevant systems in other disciplines.

In Chapters 5 and 6 we address the issue of the Mpemba effect concerning two

types of transitions - (1) Fluid to solid transition in TIP4P/Ice model and (2) Para-

to-Ferromagnetic transition in the LRIM. We observe the effect in both situations

[3, 4]: Configurations prepared at higher temperatures equilibrate at the new state

point, following sudden quenches, quicker. In both the cases, our studies suggest that

the cooling rate difference and presence of impurity, that may lead to heterogeneous

nucleation, should not be necessary criteria for the exhibition of the effect. In the

case of water, it appears that differences in longevity of metastability for different

starting temperatures lead to the effect. In the magnetic case, we believe, the

driving force comes from the differences in spatial correlations among the initial

states. These issues we will address in details in the future. Key results from these

chapters are put in parts (d) and (e) of the adjacent figure.

The references related to these works are provided below. The text and the

results of the thesis often overlap with some of these published works. The related

background literature can be found in the work chapters.
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As the author of an APS-published article, may I provide a PDF of my paper to a colleague
or third party?

As a third party (not an author), may I republish an article or portion of an article published by
APS?

As a third party, may I use articles published by APS for lecture and classroom purposes?
How do I request permission to republish APS-copyrighted material?

What is copyright? http://www.copyright.gov/ (http://www.copyright.gov/)

Copyright is a form of legal protection for original works of authorship. Copyright covers both

published and unpublished works.

What does copyright protect?

Copyright, a form of intellectual property law, protects original works of authorship including
literary, dramatic, musical, and artistic works, such as poetry, novels, movies, songs, computer

software, and architecture. Copyright does not protect facts, ideas, systems, or methods of
operation, although it may protect the way these things are expressed. See Circular 1, Copyright
Basics, section "What Works Are Protected", see http://www.copyright.gov/circs/circ01.pdf

(http://www.copyright.gov/circs/circ01.pdf)

How is a copyright different from a patent or a trademark?

Copyright protects original works of authorship, while a patent protects inventions or discoveries.
Ideas and discoveries are not protected by the copyright law, although the way in which they are

expressed may be. A trademark protects words, phrases, symbols, or designs identifying the
source of the goods or services of one party and distinguishing them from those of others.

What is the difference between copyright infringement and plagiarism?

Copyright infringement occurs when an author's work is reused or republished without the

permission of the copyright owner, whether or not author attribution accompanied the reuse.

Plagiarism occurs when an author's work has been reused or republished in such a manner as to
make it appear as someone else's work, e.g., without quotation marks and citation of the original

work.

Why should I transfer copyright to APS?

Like many other scientific publishers, the American Physical Society (APS) requires authors or
their employers to provide transfer of copyright prior to publication. This permits APS to publish the

article and to defend against improper use (or even theft) of the article. It also permits APS to
publish the article online and to use the article in other forms or media, such as PROLA. By the

APS transfer agreement, authors and their employers retain substantial rights in the work, as
specified in the agreement https://journals.aps.org/authors/transfer-of-copyright-agreement
(https://journals.aps.org/authors/transfer-of-copyright-agreement) and discussed in your copyright

permission letter.

Does transferring copyright affect my patent rights?

22/07/2024, 14:33 Physical Review Journals - Copyright Policies and FAQ - Journals of The American Physical Society

http://www.copyright.gov/
http://www.copyright.gov/
http://www.copyright.gov/circs/circ01.pdf
http://www.copyright.gov/circs/circ01.pdf
https://journals.aps.org/authors/transfer-of-copyright-agreement
https://journals.aps.org/authors/transfer-of-copyright-agreement


No. Copyright is separate from any patent rights, and the APS transfer agreement specifically
states that patent rights are not affected. However, you should be aware that submitting a

manuscript to a journal without first taking steps to protect your patent rights (e.g., filing for a
patent) could endanger those rights. Consult your patent attorney.

As the author of an APS-published article, may I post my article or a portion of
my article on my own website?

Yes, the author or the author's employer may use all or part of the APS published article, including

the APS-prepared version (e.g., the PDF from the online journal) without revision or modification,
on the author's or employer's website as long as a fee is not charged. If a fee is charged, then
APS permission must be sought. In all cases, the appropriate bibliographic citation and notice of

the APS copyright must be included.

What happens if the author has posted an APS-published article on a free
access e-print server or on the authors' or institutions' web page and
subsequently a fee is imposed for access to those sites?

When a fee is imposed, the author must either obtain permission from APS or withdraw the article
from the e-print server or Institutional Repository.

As the author of an APS-published article, may I post my article or a portion of
my article on an e-print server?

The author has the right to post and update the article on a free-access e-print server using files
prepared and formatted by the author. Any such posting made or updated after acceptance of the

article for publication by APS should include a link to the online APS journal article abstract. In all
cases, the appropriate bibliographic citation and notice of the APS copyright must be included.

As the author of an APS-published article, can I post my article or a portion of
my article on a web resource like wikipedia or quantiki?

Sites like wikipedia and quantiki are strict about permissions and require that authors hold
copyright to articles that they post there. In order to allow authors to comply with this requirement,

APS permits authors to hold copyright to a “derived work” based on an article published in an APS
journal as long as the work contains at least 10% new material not covered by APS's copyright

and does not contain more than 50% of the text (including equations) of the original article. The
APS will extend the author of a “derived work” the right to all papers published in APS journals.

As the author (or the author's employer) of an APS-published article, may I use
copies of part or all of my article in the classroom?

Yes, the author or his/her employer may use all or part of the APS-prepared version for
educational purposes without requesting permission from the APS as long as the appropriate

bibliographic citation is included.

As the author of an APS-published article, may I use figures, tables, graphs,
etc. in future publications?

Yes, as the author you have the right to use figures, tables, graphs, etc. in subsequent
publications using files prepared and formatted by you or the APS-prepared versions. The

appropriate bibliographic citation must be included.
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As the author of an APS-published article, may I include my article or a portion
of my article in my thesis or dissertation?

Yes, the author has the right to use the article or a portion of the article in a thesis or dissertation
without requesting permission from APS, provided the bibliographic citation and the APS copyright
credit line are given on the appropriate pages.

As the author of an APS-published article, may I give permission to a colleague
or third party to republish all or part of the article in a print publication?

Yes, as the author you may grant permission to third parties to republish print versions of the

article provided the APS-published version (e.g., the PDF from the online journal, or a copy of the
article from the print journal) is not used for this purpose. The article may not be published in

another journal, and the third party may not charge a fee. The appropriate bibliographic citation
and notice of the APS copyright must be included.

As the author of an APS-published article, may I give permission to a colleague
or third party to republish all or part of the APS-published version in an online
journal, book, database compilation, etc.?

No, an author may not grant permission in this case. To request permission to republish APS-
copyrighted material, please refer to the “Reuse & Permissions” link that can be found on each
APS article page.

As the author of an APS-published article, may I provide a PDF of my paper to
a colleague or third party?

The author is permitted to provide, for research purposes and as long as a fee is not charged, a

PDF copy of his/her article using either the APS-prepared version or the author prepared version.

As a third party (not an author), may I republish an article or portion of an article
published by APS?

Yes, APS will grant permission to republish articles or portions of articles (e.g., tables, graphs,
excerpts) published by APS. Depending on the reuse and medium APS has the right to grant

permission subject to APS terms and conditions and a fee may be assessed.

As a third party, may I use articles published by APS for lecture and classroom
purposes?

Yes, you may use photocopied articles published by APS for lecture and classroom purposes
without asking permission from APS as long as you remain an Authorized User of the APS online
research per your institution’s site license. Also, there is no limitation on the use of APS articles

using links to the material accessible through institutional subscriptions.

How do I request permission to republish APS-copyrighted material?

APS uses Aptara's SciPris™ platform to manage rights and permission requests.  APS will
continue to support the STM guidelines for all copyright needs. To request permission to republish

APS-copyrighted material, please refer to the “Reuse & Permissions” link that can be found on
each APS article page.

Once directed to the SciPris™ platform, the following information is required:
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1. The format in which the material will be republished, e.g., print, online, CD-ROM, and/or
other format

2. How much of the article you want to republish, e.g., all or portion of article; if a portion
describe the specific material, e.g., figure numbers, excerpt

3. How the material will be used, e.g., in a book, journal, proceeding, thesis, etc.
4. The title of the article/thesis/chapter etc., and the name of the publication in which your work
will appear

5. The name of the publisher
6. Indicate whether or not a fee will be charged for the publication

Upon submission, a letter of permission will be generated, specifying all guidelines and regulations
to follow.

Blanket permissions are not granted. Please note all requests are subject to APS terms and

conditions (/info/terms.html) and a fee may be assessed.

If your questions have not been addressed and you need further assistance, please email
customercare@aps.org (mailto:customercare@aps.org).

Further information

For further information about copyright in general, please refer to the Library of Congress FAQ at
https://www.copyright.gov/help/faq/ (https://www.copyright.gov/help/faq/)

Journals published by the American Physical Society can be found at https://journals.aps.org/

(https://journals.aps.org/).
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