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Synopsis

When a microbial population is exposed to a hostile environment, as for
example on introduction of antibiotics, it might die out or undergo changes
that increase its chances of survival. These changes termed mutations occur
in the genome of the individuals and may get transmitted to the subsequent
generations [1]. The beneficial ones lead to adaptation resulting in higher
reproductive ability that is indicated by an increase in a numerical value
called fitness.

In the thesis we study the dynamics of adaptation of asexually reproduc-
ing genomic sequences starting from a low fitness value. We have calculated
quantities that can experimentally be measured in populations like the num-
ber of mutations and the increase in fitness during adaptation. These depend
majorly on two factors: the size of the population and the correlation between
fitness of the parent and its mutants. The first plays a role in the fixation of
a beneficial mutation. When the population size is small, it evolves stochas-
tically since the better mutations can get lost due to random sampling or
genetic drift whereas in large populations these effects are negligible and

adaptation is deterministic. Large populations also produce greater number



of mutations and thus evolve to reach higher fitness values. The second fac-
tor, correlation between fitnesses is a reflection of the environment [2] and
affects the steady state of the two population sizes attained via adaptation,
in a fixed environment.

In the thesis we consider a population of asexually reproducing genomic
sequences when the mutation rate is small so that most of the population has
same sequence at all times. This sequence is thus the most populated or the
dominant sequence and the properties of the whole population reflect those
of this sequence. We study the dynamics of evolution by tracking changes in
this sequence which depend on the population size and the path to the fittest
sequence. The population size determines the number of mutants produced
per generation and when the size is very large, all sequences are populated
and a sequence many mutations away from the current most populated se-
quence can become the next, whereas small populations are localised at the
most populated sequence and can access only the neighbouring one mutant
sequences which can then replace the current sequence. Therefore the most
populated sequence of both the population sizes will reach the highest fitness
only when it can be reached via one mutant neighbours starting from any
initial sequence. But when this is not the case, only that of large populations
can reach the fittest value and small populations will proceed only till fitter
mutations are available. Our question of interest is the average number of
changes in the identity and the fitness of the most populated sequence for
the two population sizes.

In Chapter 1 we introduce some basic terms pertinent to our work and

define the quantities that shall be used in later calculations. For the sake of
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Figure 1: Schematic representation of a rugged fitness landscape with many
fitness peaks. Here A and C are local fitness peaks which are fitter than
all their nearest neighbours while B is the fittest sequence and hence the
global peak. The arrows represent the change in the sequence and fitness of
the population. The population (shown by dot) climbs the fitness landscape
during adaptation.

simplicity, we work with binary sequences which can replicate and mutate.
The replication rate of each sequence is given by its fitness and all possible
sequences along with their associated fitness comprise the fitness landscape
which encodes information about the environment. For example, when the
carbon source of a E.coli population is composed of glucose there is only a
single metabolism pathway and as expected, the fitness landscape is smooth
with a single fitness peak but becomes rugged with many local peaks when
the medium is a complex mixture of carbon sources which can be metabolised
in multiple ways [3]. The ruggedness of the fitness landscape is determined
by the correlations between fitness of the sequences: decreasing correlations
produce increasing ruggedness with the completely correlated fitness land-
scape being smooth. The correlations are introduced in our work using the

Block model [4] in which a sequence of length L is assumed to be composed



of blocks of equal length Lp with independent and identically distributed
(ii.d.) fitness and the fitness of the sequence is the average of the fitness
of the blocks present in the sequence. The length of the block, Lg can be
used to tune the correlations between the sequence fitnesses spanning from
fully correlated corresponding to Lg = 1 to uncorrelated corresponding to
Ly = L. During adaptation a population climbs the fitness landscape via
muations as shown in Fig. 1 and the dynamics of adaptation depend strongly
on the supply of beneficial mutations given by the product of population size
and mutation probability. If beneficial mutations are easily available as in
population of infinite size, the population can reach the global fitness peak on
rugged fitness landscapes while a population for which beneficial mutations
are rare gets trapped in a local fitness peak. A brief outline of the adaptation
models we shall consider in our work is shown in Fig. 2

In Chapter 2 we review earlier works that have dealt with the adapta-
tion of small and infinite population sizes. To study the infinite populations
a quasispecies model [5] is used in which a phase transition occurs in the
steady state. For most fitness landscapes, this occurs at a critical mutation
rate above which the population is uniformly scattered on the fitness land-
scape and below which it is localised around the fittest sequence surrounded
by a suite of mutants [6,7]. During adaptation the population at each se-
quence grows and the identity of the dominant sequence may move by many
mutations as its population overtakes the current one. Earlier work has fo-
cussed on uncorrelated fitness landscapes (Lg = L) [8,9] and we discuss their
results in this chapter. The simple case of fully correlated fitness landscapes

(L = 1) is also discussed here. Unlike the infinite populations where all
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Figure 2: Models of evolution of asexual populations. The parameters we
shall consider in our work are highlighted in red.

sequences are populated at all times and the dynamics is due the dominant
sequence overtaken by another, small populations are localised at a single
sequence and when the mutation rate is low, dynamics involves the whole
population moving to fitter one mutant neighbours. The steady state is triv-
ial with the population stabilising at the local fitness peak. An adaptive walk
model [1], in which the transition probability determines to which of the bet-
ter mutant the population would move, is used to study the adaptation of
these populations . In this chapter, the known results of the two limiting
cases namely greedy walk [10] and random adaptive walk [11] are discussed.
In the first case, the transition probability of the population moving to the
fittest of the L neighbors is one and in the second, it is equal for all fitter

neighbours. However in the biologically relevant situations, the transition



probability of the population moving to a better sequence is proportional
to the difference between the fitness of that sequence and the current se-
quence [1]. The first step of this walk starting with a high initial fitness has
been well studied theoretically [12] and experimentally [13] and we discuss
some of these results.

In Chapter 3 we describe our results on the dynamics of a quasispecies
model [5] when nonzero correlations between fitnesses are present. Starting
with a population localised at a sequence at time ¢ = 0, the initial population
of all other sequences depend on the number of mutations D from the initial
sequence. But when the probability of mutations is low, their subsequent
growth is exponential with a rate equal to their fitness. The logarithmic

population E(D,t) of a sequence with D mutations grows in time as [9]

E(D,t) = —D + f(D)t. (1)

As illustrated in Fig. 3 the logarthmic population of each sequence grow
linearly in time with a slope equalling its logarthmic fitness f(D). The
sequence corresponding to the highest E(D,t) is the dominant sequence at
that ¢ and at a later time when it is overtaken by another population, its
fitness assumes that of the population. We have considered evolution on
fitness landscapes with strong correlations by choosing block length Lg = 2
and with weak correlations by choosing L = L/2. In the first case, we
have shown exactly that the average number of changes .J in the dominant

sequence is independent of the sequence length but depends on the fitness
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Figure 3: Growth of the logarithmic population E(D,t) at each D with time
for L = 8 and Lg = 2. The initial dominant sequence at D = 0 is replaced
by the fittest sequence at D = 4 which in turn is overtaken by the one at
D =28.

distribution p(f) of the blocks. Specifically we find [14]

23 -
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In contrast, when Lg = L/2 our simulations show that the average number
of changes in the dominant sequence grows as v/ L with a prefactor that varies
with the distribution p(f) [15]. However irrespective of the fitness distribu-
tion and the degree of correlation, the temporal distribution of reaching the
global fitness maximum has a 1/¢* dependence [14].

In Chapter 4 we study the properties of the adaptive walk with low initial
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Figure 4: Adaptive walk for . = 3. The mutant sequences with better fitness
than that of the parent are shown in green and the worse ones in red. The
walk stops at the step J = 2 since 101 is a local maximum.

fitness. Unlike previous works [12] which deal with the first step here we
present results on the entire walk. As shown in Fig. 4 the population scans
its L one mutant neighbours and moves to one of the fitter sequences. The
walk terminates when no further beneficial mutations are available as shown
in Fig.4. For large sequence length L and uncorrelated fitness, the transition
probability that the population will move from current fitness h to fitness f

in the next step is given by [18§]

[ dg(g — h)p(g)

where the fitness are chosen from p(f). If we define the probability of a
sequence having a fitness less than the current value h as q(h) = flh dgp(g),
then the probability that not all the L one mutant neighbours of the present

sequence have a lower fitness is 1 — ¢*(h). Now the probability P;,(f) that
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Figure 5: Average number J of adaptive steps as a function of sequence
length L for uniform and exponential fitness distributions on uncorrelated
fitness landscapes.

the walker would take the (J + 1) step and assume fitness f is given by [18]

f
Pralf) = [ dnT( =) (L= g )Po(R) . T 2 0 (5)

On solving the above equation analytically within an approximation, we ob-
tain the average number J of adaptive steps to reach the local fitness maxi-

mum as [18]

<
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The above theoretical predictions agree well with the simulation results as
shown in Fig. 5. When correlations are introduced using the block model,
we have shown that the average number of steps Jp(L) in the adaptive walk

of sequences of length L with B blocks increases linearly with B [18]:

Ju(L) = BI(Lg), (®)

where J(Lp) is the average number of steps in the adaptive walk for uncor-
related sequences of length L. We get the above solution using the fact
that the probability of taking J steps for a correlated sequence can be fac-
torised into product of probabilities of each block taking j; steps such that
¥P,j5: = J. Our results show that the adaptive walks are short which is
consistent with experimental data [19].

Chapter 5 is a brief discussion about the results obtained for the two
population sizes. Especially infinite population results and the connection
to the adaptive walk of small populations are discussed. The last part of
the thesis deals with the open questions in the adaptive walk model that
we intend to address in the near future. These include the change in the
properties of the walk due to recombination, the fitness advantage conferred

by a beneficial mutation and the time taken by it to get fixed in a population.
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Chapter 1

Introduction

1.1 Biological evolution

Biological evolution refers to changes over time in populations of individuals

and may cause varied outcomes like

e Adaptation: This makes the organisms better suited to their envi-
ronment, an example of which is the antibiotic resistance developed by

microorganisms.

e Extinction: This refers to the disappearance of a whole species. This
could occur due to accumulation of deleterious mutations or external

factors like change in the climate.

e Speciation: This refers to two or more subpopulations descended from
a common ancestor, developing into different species during the course
of evolution, due to lack of genetic mixing between them and the ac-

cumulation of different sets of mutations.
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Of these, we are interested in the process of adaptation caused by ben-
eficial mutations as represented schematically in Fig. 1.1 for an asexual
population. Recent laboratory experiments on adaptation are measuring
the changes in genomes and the corresponding effects on physical traits [1].
Along with the progress in experiments, mathematical models have been de-
veloped that not only provide insight into the experimental results, but also
make novel predictions that can be experimentally verified [2]. We study the
adaptation of a population of asexually reproducing genomic sequences in
two population size limits. If the size of the population is infinite, it can be
dealt using deterministic equations while the finite sized population requires
a stochastic formulation. In this thesis, we discuss analytical solutions to

some of the questions related to adaptation.

1.2 Concepts and definitions

Before defining the mathematical models, we explain some basic concepts
and definitions which are relevant to the discussion in the thesis [3].
Sequence and sequence space: A sequence o = {0y, ...,0} is a string of L
letters which are chosen from an alphabet of size a. It represents a protein
or a genotype when the letters are amino acids or nucleotides respectively.
The total sequence space consists of all possible strings of length L and thus
has a size a” which increases exponentially with L. For computational ease,
the alphabet size can be decreased by lumping some of the information in a
single letter. In our work we differentiate between genotypes by the absence

or presence of a mutation which corresponds to a = 2 [4] and hence work with
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Figure 1.1: A simplified schematic representation of adaptation. Different
sequences produced due to mutations in the parent sequence are shown in
different colors. If a mutant is fitter than the parent, it may spread within
the population.

binary sequences. Such 2¥ sequences can be arranged on a L-dimensional
sequence space, where the distance D(o, 0’) between two sequences o and o
is equal to the number of loci by which they differ. For a binary sequence in

which o; = 0 or 1, one may write

D(o,0') =) (01— 0})’ (1.1)

The sequence space for L = 3 is shown in Fig. 1.2(a). Here each sequence is

at a vertex and the number of edges between two sequences gives the number
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Figure 1.2: (a) Fitness landscape for sequence length L = 3. The sequence
space is represented by a cube and the fitness are shown by red lines. (b)
Schematic representation of fitness landscape. In the plot, all possible se-
quences are on the z-axis and their associated fitness on the y-axis. A and
C' are local fitness peaks while B is the global fitness peak.

of loci by which they differ.

Fitness: The fitness f(o) of a sequence o is a measure of its reproductive
success in a given environment. Its definition is context dependent and may
represent the replication rate of a genotype or the functionality of a protein.
For sequences of length L, its sequence space along with the fitness of each
sequence comprises the L + 1 dimensional fitness landscape [5] as shown in
Fig. 1.2(a) for L = 3. For large L, the exact fitness landscape representation
is complicated and is shown schematically in two or three dimensional plane.
An example of a high-dimensional fitness landscape is shown in Fig. 1.2(b)
in which there are several local fitness peaks, defined as sequences that are

fitter than their nearest neighbours besides the global fitness peak, which is

the fittest of all sequences.
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Empirical measurement of fitness landscapes is very hard since the num-
ber of sequences increases exponentially with the sequence length L. However
several qualitative features particularly the topography of the fitness land-
scapes has been deduced in experiments on proteins and microbes either by
an explicit construction of the fitness landscapes for small L(<S 5) or indi-
rect measurements of relevant quantities. These experiments show that the
fitness landscapes can be smooth as evidenced by fast adaptation in some
proteins [6] or have multiple peaks as seen in microbial populations that
evolve towards different fitness maxima [7-9] and enzymes with short uphill
paths to the global fitness peak [10]. Detailed studies in which all or a set
of mutants from wild type to an optimum are created and their fitness mea-
sured [11] have also indicated the smooth [12] and rugged [4,13] nature of the
fitness landscapes. The topography of the fitness landscape can be changed
by changing the environment. For example, in a E.coli population the fitness
landscape is expected to be smooth when the carbon source is simple sugar
since there is only a single metabolism pathway but becomes rugged with
many peaks due to multiple metabolism pathways when the medium is a
complex mixture of carbon sources in form of a broth [14].

Adaptation occurs when the population climbs a fitness landscape via
mutations and is determined by the topography of the fitness landscape. If
the fitness landscape is smooth with a single peak so that from any sequence
the fittest sequence can be reached via fitter neighbours, the population may
reach the global fitness maximum. On the other hand, if the fitness landscape
is rugged with many local fitness peaks, the path to the fittest sequence from

any other may encounter fitness valleys in which case, the population can get
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Figure 1.3: Schematic representation of adaptation dynamics on smooth and
rugged fitness landscapes. The red curve is the fitness landscape before the
change in environment and the blue curve is the new fitness landscape after
the change. The adaptation of a population (represented by a dot) depends
on the shape of the landscape (see text).

trapped at a local fitness peak as can be seen in Fig. 1.3.

Correlations between sequence fitnesses are a measure of the ruggedness
of the fitness landscapes, with decreasing correlations producing increased
ruggedness. Experiments suggest an intermediate degree of correlations in
fitness landscapes [10,15,16] and many theoretical models like the NK model
[17], Mt. Fuji model [18] and block model [10] have been proposed to vary
the correlations in fitness landscapes. Of these, we use the block model in
which a sequence of length L is divided into B blocks of equal length Lg
with independent and identically distributed (i.i.d.) fitnesses from a fitness
distribution p(f). The fitness of a block may or may not depend on its
position in the sequence and in our work we have considered both the cases.

The fitness of the sequence is the average of the fitness of the blocks present
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Figure 1.4: Block model. The blocks in the bottom sequence that are differ-
ent from the top one are shaded green. Left: When block length Lg = L,
though the sequences vary by only one mutation, they are uncorrelated as
each block fitness is an i.i.d. variable. Right: When block length Lp = 1,
the sequences are correlated due to the presence of common blocks.

in it. The correlations in the fitness landscape can be tuned by varying Lp
with the extreme cases Ly = 1 and L producing fully correlated and fully
uncorrelated landscapes respectively as described in Fig. 1.4.

A fitness landscape can be constant in time if the environment is fixed or
it can be time dependent due to a constantly changing environment or if the
fitness depends on the population density [3]. In this thesis, we assume that
a fitness landscape has changed due to a sudden change in the environment,
so that a population previously at a fitness peak drops to a fitness valley.
From this point onwards, the fitness landscape is taken to be constant over
the time scales considered.

Mutation: Stochastic changes known as mutations may happen in the
genome of an individual during replication or when it is exposed to certain
external mutagens like radiation. These may insert, delete or change the

nucleotides in the genome and thus create a new sequence as shown in Fig.
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Figure 1.5: (a) Insertion mutation. (b) Deletion mutation. (¢) Point muta-
tion. Mutations are highlighted in red.

1.5. In this thesis, we will consider only point mutations that change a letter
from 0 to 1 and vice versa thus preserving the length of the sequence. If p is
the mutation probability per locus per generation, the sequence ¢’ of length

L will mutate to o separated from it by D point mutations with a probability
Po—o’ = :uD(l - M)L_D (1‘2)

A mutation may increase the fitness of a sequence (beneficial) or reduce it
(deleterious) or cause no change in the fitness (neutral) [19]. If the mutation
is beneficial, the change may propagate in the population, otherwise it may
get eliminated.

In this thesis, we work in the weak mutation limit, which corresponds
to Nu < 1 if the population is of finite size N and p < p. in the case of
infinitely large populations, where p. is a critical mutation rate which shall
be explained in Chapter 2. In this limit, most of the population is localised
at a single sequence and the properties of the whole population is determined
by this sequence.

Genetic drift: Real populations are finite in size and as a result, they are

subject to stochastic fluctuations due to random sampling termed genetic
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drift. To understand this evolutionary force, consider a population of fixed
size N with fitness of the wild type 1 and that of the mutant 1+s. Here s is the
selection coefficient giving the relative fitness difference between the mutant
and the non-mutant with respect to the latter such that s = 0 corresponds
to a neutral mutation while s > 0 and s < 0 correspond to beneficial and
deleterious mutations respectively. Then, the fixation probability ~; that the
mutant will sweep through the population at large times starting with an
initial number i is given by [20)]

1—(1+4s)™"

Vi = T—(1t+s) ™ (1.3)

The evolution is this case is stochastic where, beneficial mutations might get
lost if the mutation is rare and deleterious mutation might get fixed if 7 is
large as shown in Fig. 1.6(a). Let us now consider the fate of a rare mutation
(¢t = 1) when N — o0, s — 0 such that Ns is finite. The probability of
fixation of the mutant can be written as

S

7= 1_ o Ns (1.4)

If Ns < 1 (weak selection limit), the mutation is nearly neutral and its
probability of fixation is 1/N as expected. But if Ns > 1 corresponding
to the strong selection limit, the probability of fixation of the mutant in the

population can be approximated as

s ifs>0 (1.5)
"~ {

0 ifs<0 (1.6)
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Figure 1.6: (a) The probability of a mutation being fixed in the population
when N = 10. (b) The probability of a single mutation getting fixed as a
function of the population size.

The probability if fixation of a rare mutant as a function of population size
N is shown in Fig. 1.6(b).

Although the real populations are finite and evolve stochastically, phe-
nomena observed in deterministic setting may survive in the presence of
stochasticity as well [21], and deterministic solutions can also be utilised
to get insight in the corresponding stochastic problem [22] and to develop

stochastic theories [23].

1.3 Overview of the thesis

In this thesis, we study the adaptation of asexual populations on rugged fit-
ness landscapes with many local peaks. The limiting cases of strong and weak
fitness correlations are considered. We are mainly interested in the number of
beneficial mutations accumulated and the corresponding fitness increase dur-
ing the course of adaptation. We study the following two models in which

the number of mutants produced per generation are infinite (Quasispecies
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Figure 1.7: Adaptation dynamics of a quasispecies population. Different col-
ors represent different sequences with the area of the circle being proportional
to the population size of that sequence and the circle with the largest area is
the dominant sequence at that time. The fitness of the whole population is
close to that of the dominant sequence and changes every time the dominant
sequence changes (as shown by the color of the dot) on the fitness landscape.

model) or less than one (Adaptive walk model).

1. Quasispecies model: For infinite populations, all sequences are pop-
ulated at all times but when the mutation rate p — 0, most of the
population is localised at a fit sequence and therefore the population be-
haviour is largely determined by the properties of this sequence termed
the dominant sequence as shown in Fig. 1.7. Using a quasispecies
model [3,24] of infinitely large populations, the number of times the
dominant sequence changes till the population reaches the global fit-

ness maximum is studied. Since the dominant sequence can change
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Figure 1.8: An adaptive walk of a population with sequence length L = 3.
The one mutant sequences fitter than the current sequence are shown in green
and the less fit ones are shown in red.

by more than one mutation, this model is also termed the adaptive
flight model. Another quantity of interest in this model is records or
sequences whose fitness is greater than all the previous dominant se-
quences. For strongly correlated fitness landscapes we find that the
record probability is independent of the length of the sequence and the
underlying fitness distribution. The average number of changes in the
dominant sequence is also found to be independent of L but unlike

records, it is shown to depend on the fitness distribution.

2. Adaptive walk model: If a finite population is subjected to strong
selection, then unlike infinite population, it is localised at a single se-
quence. At low mutation rates, the population can move to fitter se-
quences one mutation away and can only reach a local fitness maximum
as shown in Fig. 1.8. In the adaptive walk model, the population from
the present sequence moves to any of the fitter one mutant neighbours

with a probability that is proportional to the fitness difference between
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the two. Using this model we find that the number of mutations ac-
cumulated during adaptation till it reaches a local fitness peak is pro-
portional to the logarithm of the sequence length. Moreover we find
the distribution of walk length and fitness at any step in the walk for

uniform and exponential underlying fitness distributions.

An outline of adaptation models studied in this thesis is shown in Fig. 1.9.

1.4 Plan of the thesis

In Chapter 2, we review some of the earlier works that have dealt with the
adaptation of finite and infinite populations. We discuss the steady state
solution of quasispecies models in which a phase transition occurs on most
fitness landscapes at a critical mutation rate p., above which the population
is uniformly distributed over all sequences. Below this value, the population
is concentrated at the fittest sequence surrounded by a suite of mutants.
Most theoretical works deal with the dynamics of the quasispecies popula-
tion in the weak mutation regime, ¢ — 0. The analytical results for the
dynamics on uncorrelated and fully correlated fitness landscapes is discussed
here along with our numerical results for weakly correlated fitness landscape
corresponding to block length Lg = L/2. For the adaptive walk model, the
average walk length for the limiting cases of greedy walk, in which the pop-
ulation moves to the fittest of the one mutant neighbours and random walk,
in which the population moves to any of the fitter one mutant neighbours
with equal probability are explained. For the biologically relevant adaptive

walk model, we discuss the theoretical results regarding the first step and
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Figure 1.9: Models of evolution of asexual populations. The parameters we
shall consider in our work are highlighted in red.

the experimental verification of the same.

In Chapter 3, we discuss our results on the dynamics of an infinite quasis-
pecies population with strong fitness correlations that are introduced using
the block model. Our exact calculations for the number of changes in the
identity of the dominant sequence is shown when the block length Lg = 2.
We find that this value is independent of the length of the sequence but
varies with the underlying block fitness distributions. Other quantities of
interest such as the record probability of a sequence fitness exceeding the
fitness of the previous dominant sequences and the change in the fitness of
the dominant sequences are also derived.

In Chapter 4 we present our results on the adaptive walk model. We
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show that the number of steps in the adaptive walk has a logarithmic de-
pendence on the length of the sequence with a prefactor determined by the
underlying fitness distribution. The length of the walk when correlations are
introduced using the block model is shown to increase linearly with the num-
ber of blocks. Other results pertaining to walk length and fitness distribution
are also described in detail.

Finally in Chapter 5, we discuss a connection between the results of the
quasispecies model and the adaptive walk model and briefly outline the open

questions that we intend to address in the near future.
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Chapter 2

Review of previous works

2.1 Introduction

Consider a microbial population evolving in a complex environment that
can be modeled by rugged fitness landscapes. At large times, most of the
population resides at the globally fittest sequence of the fitness landscape
and due to mutations, a suite of mutants is also present. If the population
size is infinite, a nonzero population is present at all the sequences whereas
a finite population produces only a small number of mutants around the
present sequence [1] and may acquire a fitter mutation only if it does not get
lost due to genetic drift as discussed in Chapter 1.

In this thesis, we examine the adaptation dynamics in these two limits.
Before discussing our work, we review earlier results on adaptive dynamics
obtained using the quasispecies and adaptive walk models. We also discuss

the block model that is used to introduce fitness correlations in our system.

19
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2.2 Block model of tunably correlated fitnesses

The block model was introduced by Perelson and Macken who were motivated
by the observation that many biomolecules such as proteins and antibodies
are composed of domains or partitions [2]. In this model, sequence of length
L is divided into B independent blocks of equal length Ly = L/B , 1 <
Lg < L. Each block configuration is assigned a fitness which may also
depend on the position of the block. In this work, we consider both the
cases when a block configuration at any location in the sequence carries the
same block fitness (position independent block fitness) and when the fitness
of a block depends on its location in the sequence (position dependent block
fitness) Thus the number of independent random fitnesses are 215 or B2Ls
respectively. In each case the block fitnesses are chosen independently from
a common distribution with support on the interval [I, u] where [ and u are
respectively the lower and upper limits of the block fitness distribution. The
sequence fitness is given by the average of the corresponding block fitnesses.

The topographical features such as the number of local maxima depends
on Lp. To explain this point, let us consider the model where the block
sequence fitnesses are position dependent. For a sequence to be a local max-
imum, each of its B block sequences must also be a local maximum. Since
a sequence is composed of independent blocks and the average number of
local optima of a sequence of length Lp with i.i.d. fitness is 2L /(Lg + 1), it
follows that the average number n.p, of local maxima of a sequence of length
L and block length Lp is given by (272 /(Lg+1))? [2]. Except for Ly = 1 for

which there is a single local (same as global) fitness peak, nqp increases with
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increasing Lp and L (see Fig. 2.1(a)). For example in the case of Ly = 2
there are ~ 1.15” local optima on an average. Arguing as above for local
maximum, it can be seen that the globally fittest sequence is composed of
identical blocks with the largest block fitness.

An attractive feature of the block model is that the correlations can be
tuned with the block length Lg. As illustrated in Fig. 1.4, when two se-
quences have at least one common block, their respective fitnesses are cor-
related. For Lg = 1, the sequence fitnesses are maximally correlated while
for L = L, we obtain the model with maximally uncorrelated fitnesses.
This statement can be quantified by considering the correlation function Cj ;
between the fitness wy = w(c?) of a sequence, ¢(® with identical position
independent blocks and the fitness w; of a sequence one mutation away from

it, which is given by

L-L Lif;
wj:( B)g“ Bl j=0,..,Lp (2.1)

where f; is the fitness of the block of length Lp with 1 in the jth posi-
tion. Using the fact that f;’s are i.i.d. random variables, we can write the

correlation function as [2]

L—1L
- B 52 (2.2)

Coj = (wow;) — (wo)(w;) =

where 02 is the variance of the block fitness distribution p(f). The above

correlation function is largest at Ly = 1 and vanishes at Lg = L. Similarly



2.3 Quasispecies model 22

1e+05 — :

10000 — Prag -

T
\
|

1000

pt
N

N

2
C. j/6

o
n

T

|

o/ B

T 8 1z 16 2 300 200 600 500 1000
Ly Ly
(a) (b)

Figure 2.1: (a) Average number n.y of local maxima in block model as a
function of Lg for various L. (b) Correlation function between two sequences
separated by a single mutation as a function of the block length of the se-
quences.

the correlation function C;; amongst the one mutant neighbors given by [3]

Cij = (wiw;) — (wi)(w;) = [(L _LLB)2 +0i (L—LB)QI o’ (2.3)

is a monotonically decreasing function of Lg for ¢ # j as can be seen in Fig.

2.1(b).

2.3 Quasispecies model

Let us consider an infinitely large population of binary sequences where a
sequence 0 = {01, ...,01} , 0; = 0,1 is a string of L letters. Due to the
infinite size of the population, there are no fluctuations in the population
frequency of a sequence and one can work with the averages. The population
evolves by the elementary processes of replication and mutation. We study

adaptation by tracking the evolution of the dominant sequence in time. In the
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following, we begin with the quasispecies model of biological evolution [4, 5]
and proceed to relate it to the shell model [6]. Now if the environment is
changed by changing (say) the nutrient medium of the microbial population,
the fittest subpopulation before the environment change will be typically
maladapted to the new environment and due to the large population size, a
small population may be present at the new fittest sequence. The question
of interest is how the new global maximum is reached starting with an initial
condition in which the whole population is at the sequence that was globally
fittest before the environmental change.

If the replication rate A(c) of the sequence o is defined as the average
number of copies produced per generation and p,._, is the probability that
a sequence ¢’ mutates to the sequence o at a mutational distance D(o,0")
given by (1.1), the population fraction X (o, ) of sequence o at time ¢ evolves

according to the following quasispecies equation [4,7]:

X(o,t+1) = Ly Do Al X (1) (2.4)

> g Al0") X (0", 1)

where the denominator on the right hand side ensures the normalisation
condition ) X(o,t) = 1 is satisfied at all times and p,. o is defined in
(1.2).

2.3.1 Steady state: Error threshold transition

For certain fitness landscapes, there exists a error threshold, u. below which
at large times the fittest sequence is maximally populated surrounded by

a suite of mutants [8]. If the mutation rate exceeds this value then the
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population does not have a dominant sequence and is uniformly scattered
on the fitness landscape. This can be shown by considering a sharp peaked

fitness landscape given by [7]
A(O') = Ao(smo —+ (1 - 6070) 5 AO > 1 (25)

where 0 = {0,0,...,0} is the fittest sequence with all zeros. This sequence
has replication rate Ay > 1 and all others have fitness 1. Using this choice

for A(o) in (2.4) for the sequence 0, we get in the steady state

Ao(1 — )P X(0) + 32, o M(o — 0') X (o)
X(0) = wam)+1inxw) (2.6)

In the scaling limit © — 0, L — oo, the terms in the numerator on the right
hand side of the equation arising due to mutations to sequence 0 vanish and

by rearranging the terms one obtains [9]

Al —pr—1_, p (2.7)

X(0) = = ;

where p, = In Ag/L is the critical mutational probability. Thus the master
sequence 0 supports a finite fraction of population below .. Above the
critical probability pu., the population is homogeneously distributed over the
sequence space.

The error threshold for the two extreme cases of correlations correspond-
ing to Lg = L and Lg = 1 in the block model have also been calculated as
explained below.

Block model: Uncorrelated fitness landscapes
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The error threshold has been calculated on uncorrelated fitness landscapes

for sequences of length L, whose fitness is defined as
Ao) = e (2.8)

where k > 0 and f(o) is chosen from a Gaussian distribution given by

P(f) = jL—Wexp (_f) (2.9)

It has been shown that the critical mutation probability . in this uncorre-

lated fitness landscape is given by [10-12]

2
pe =1— exp[z — kVIn2] (2.10)

Block model: Fully correlated fitness landscapes
Here a multiplicative (or Fujiyama) fitness landscape is considered where

the fitness of any sequence is given by
L
Ao) = [[* = exp[A(L — 2D(0,0"))] (2.11)
i=1

where A > 0 and 6 = {1,1,1,...,1}. It has been shown that a population
evolving on this fitness landscape always exists in the localised phase and
does not have a phase transition corresponding to the error threshold [13].
The logarithm of A(c) gives the fully correlated fitness landscape of the block

model and hence the case, Ly = 1 does not have phase transition.
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2.3.2 Dynamics: Shell model

The quasispecies equation (2.4) can be transformed by introducing the un-
normalised population Z(o,t) defined as X (o,t) = Z(0,t)/ >, Z(o',t) [14].

The evolution of Z(o,t) is given as
(o,t+ 1) Z,P(” — ) EPeN A0 Z (0 1) (2.12)

We take a monomorphic initial population that is localised at the sequence

o so that X (0,0) = Z(0,0) = 6, ,0. In the first step, all sequences are
populated depending on the number of mutations, D(o,o®) that separate

them from o©@ as

Z(0,1) ~ pP@" ) A (5 ) (2.13)

As the mutation probability pu < pu., beyond the first step the growth of
the population at sequence o will be dominated by the replication of the
existing population in it than due to the mutation of other sequences. Then
beyond the first step, the population Z(o,t + 1) ~ A(0)Z(o,t) and earlier
works [6,7,15] have shown that, the statistical properties of the dominant
sequence in the quasispecies model are accurately described by a simplified

shell model which approximates the solution of (2.12) by
Z(o,t) ~ ,uD(""’(O))At(U) (2.14)

It has been shown that this result exactly matches that of quasispecies model
for the dominant sequence at all times but in case of others, it produces

similar results only for highly fit sequences and for very short times [15].
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Our quantities of interest involve only the dominant sequence at any time
and hence this approximation works well in this case.

Taking the logarithm of both sides in (2.14) and rescaling by | In u| to get
rescaled logarithmic population E(o,t) ~ In Z(o,t). This grows linearly in

time with a slope w(o) = In A(o) as given by the equation
E(o,t) = —D(0,09) + w(o)t (2.15)

At t = 0 corresponding to the first step in evolution of our system, all
sequences differing from o® by D(0,¢®) = D number of mutations will
have the same initial seeding population. Thus we can consider them as
emerging out of a shell of radius D with different growth rates. Of these ( Jg)
sequences the fittest one with fitness w™*)(D) grows the fastest and has the
probability of becoming the dominant sequence in the population. Though
in this case the fittest sequence at every shell is non-identically distributed,
there are also other models, in which it is identically distributed [6]. At every
D value we denote this sequence by its shell number and in both cases, its
growth is given by

E(D,t) = —D + w™) (D)t (2.16)

The fitness of the dominant sequence changes abruptly whenever its identity
changes. This occurs whenever the population of the fittest sequence of shell
D equals, in the shortest time, the current dominant sequence in shell D’ such

that D > D’. From (2.16) the time at which this occurs can be calculated
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to be

D-D
w(max)(D) _ w(max)(D/)

T(D,D') = (2.17)

From the above equation we see that for the fittest sequence in shell D to
be the dominant sequence, it must be fitter than all sequences in D' < D,
that is it must be a record. However, not every record will become the
dominant sequence since for D > D’, the record in shell D might equal the
current dominant sequence faster than that in shell D’. This abrupt change
in fitness of the dominant sequence is termed a jump. For example, for L = 4,
the growth of the logarithmic populations of the fittest sequence at every D
is shown in Fig. 2.2 for uncorrelated fitnesses. For the choice of fitnesses
made, the sequence at D = 2 becomes the dominant sequence after D = 0
and it is later replaced as the dominant sequence by the one at D = 4 even
though the fitnesses at D = 1 and D = 3 are also records. Thus to become
the dominant sequence, not only should a sequence be a record but it should
also overtake the current dominant sequence in minimum time.

The quantities of interest are the statistics of the number of records,
number of changes in the dominant sequence when the correlations between
the fitnesses are varied using the block model as explained in Chapter 1.
The fitness and the number of blocks of each kind are represented by f; and
n; respectively, where ¢ is the decimal equivalent of the block sequence so
that ¢« = 0,1..., Lg. The constraint is ijl n; = L/Lg. For the sake of
convenience, the initial sequence is chosen to be a string of Os and has fitness

fo. The known results for the extreme cases Lg = 1 and Lg = L and the
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Figure 2.2: The growth of the fittest logarithmic population at each D. The
change in dominant sequence is indicated by the circle.

numerical results for Ly = L/2 are discussed in this Chapter.

Dynamics of shell model when Lg =1

For the position independent blocks in the fully correlated case, Lg = 1, only
two kinds of block sequences are possible, namely {0} and {1} with fitness

fo and f7 respectively. At any D, the maximum fitness is given by

_nofo+ (L —no)fi
- L

w™) (D) (2.18)

It is obvious that when fy > fi, the total number of records and changes in
the dominant sequence is 0. But if f; > fj, there is a record at every D. So

the average number of records is L/2. In this case, the time at which the
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fittest population at any D will equal the original population is

D—0 1
w(max)(D) _ w(max)(o) - fl _ fO

T(D,0) = (2.19)

As (2.19) is independent of D, all record populations equal the population of
the initial dominant sequence at the same time and beyond this the fittest
sequence at D = L assumes this identity. So the average number of changes
in the identity of the dominant sequence is 0.5 [16]. Both the results are

independent of the underlying fitness distribution.

Dynamics of shell model when L = L

At each D there are (L

D) sequences with i.i.d. fitnesses. The distribution of

the maximum fitness amongst them is

1

Puns) = (Yot ([ wtsar o (2.20)

For large ( JLD), the distribution P, (f) moves towards the tail of the fitness
distribution, p(f). From extreme value statistics, the asymptotic distribution
of Pa.(f) can be shown to fall into one of the three universal distributions

depending on the underlying distribution p(f) [17]
o Gumbel distribution: If p(f) = ~vf " te™ /", v >0
o Fréchet distribution: If p(f) = (6 —1)(1+ f)°, d>1

o Weibull distribution: I p(f)=v(1—f)*1, v>0,f<1
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In all three cases, the probability of D being a record is given by

Pr(D) = o) _ ~1- P (2.21)
5 )
>0 (5) L=D
From the above equation we can show that the average number of records
increases linearly with L as (1 —In2)L. In case of exponential distribution,
the number of jumps has been calculated as J = v/ L7/2 and the temporal

distribution of the last jump is shown to have 1/t* dependence [6,7,15].

Dynamics of shell model when Lg = L/2

When a sequence is built of two blocks of length Lg = L/2, the total number
of possible blocks is 2 28 when the block fitnesses are position dependent
and 275 in case of position independent block fitnesses. We work with ex-
ponential fitness distribution and generate the fitness of the extreme cases

corresponding to D' = 0 and L/2 from it. Since it is computationally very ex-

L)2

fa ) random variables and choose the maximum amongst

pensive to generate (

them at each D, we produce them for all 1 < D < L/2 from the Gumbel

Lp
k
having £ mutations, the maximum at each D is determined by comparing

distribution. If f(7, k) is the fittest amongst the < > blocks at position j
f(1,%) + f(2,D — i) between all ¢ = 0,.., D and choosing the highest. The
sequence fitness at D is a record if its fitness is higher than all D’ < D. Every
time the population of the leader is overtaken by another in minimum time,
the number of jumps is incremented by 1. The whole process is iterated 10°

times and the average calculated.
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Figure 2.3: The simulation results for the record distribution Pr(D) when
L = 1000.

The population at D < L/2 is a record when [18]

f(1,9)+ f(2,D — i) = max{(f(1,i) + f(2,D —1i))} (2.22)

where D' =0,..,D and i =0, .., D. For the first step this value is given by

2Lp Ly \°
Pr(1) = — 2.23
n(1) Lg+1 (LB + 1) (2.23)

In case of position independent fitness, the position of the block loses its
significance and so f(1,7) = f(2,4) and the probability of the first step being

a record is trivial with

Pr(1) = (2.24)

The plot of Pr(D) against D is shown in Fig. 2.3 for both position dependent
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Figure 2.4: (a) The simulation results for the average number of records when
Lp = L and Lp = L/2 along with the theoretical expressions of Ly = L and
Lp = 1. (b) The simulation results for the average number of jumps when
Lp = L/2 for position independent and position independent exponentially
distributed fitnesses along with the theoretical expression for Ly = L.
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and independent blocks with exponentially distributed fitness. The record
probability of position independent model displays a similar pattern as Lg =
2 (See Chapter 3) with even D having a higher value than odd D.

The general expression for Pr(D) and the average number of records are
yet to be worked out. The simulation results comparing the average number
of records between Lg = L and Lg = L/2 are shown in Fig. 2.4(a). Moving
on to jumps, the average number of jumps scales with B and in the case
of exponential distribution it is found to be, J o /Lp as shown in Fig.
2.4(b) [3,18].

Having dealt with large populations using the quasispecies model, we now
shift our focus to small populations and study them using an adaptive walk

model.

2.4 Adaptive walk models

We now turn to a discussion of an adaptive walk model for a population of
haploid binary sequences of size N [19]. The model is defined in the strong
selection, Ns > 1 and weak mutation Ny < 1 regime where s is the selec-
tion coefficient and p is the mutation probability per locus per generation.
In this regime, beneficial mutations arise sequentially and fix rapidly [20].
Due to the small number of mutants produced in any generation, it is a
good approximation to neglect two or higher mutations and assume that the
mutational neighbourhood accessible to a sequence at any time comprises of
only its L one-step mutants. Due to the strong selection, one of the better

mutants will sweep through the population earlier than the others and thus,
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the population can be considered to be localised at a single genotype. Such
a monomorphic population performs an adaptive walk by moving uphill on
a fitness landscape until no more beneficial mutations can be found.

If the sequence at which the population is located and its one mutant
neighbours are ranked according to their fitnesses, with rank 1 accorded to
the sequence with the highest fitness, the transition probability that the
population will move from the present rank ¢ to a fitter one mutant of rank

J is given by

fG) = f@)

U= - 1

L1<j<i—1 (2.25)

The underlying fitness distribution is chosen from one of these three cate-

gories
G-DA+H°  ,5>2 (Fréchet) (2.26)
p(f)= v/ , 7 >0 (Gumbel) (2.27)
v(l— f)r! ,v>0,f<1 (Weibull) (2.28)

since the distribution of the maximum of a large number of values from these
will belong to the universal extreme value distributions as discussed in Sec.
2.3.2. The first step in the adaptive walk model has been well studied and
we discuss it in Sec. 2.4.3. The two limiting cases for which adaptive walk

has been analysed are defined as

e Greedy walk: This is obtained from (2.25) when 6 — 1 in (2.26). The
population moves from the present sequence to the fittest one mutant

neighbour with probability one so that T'(j < i) = d;; (see Sec. 2.4.1).
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e Random walk: This is obtained from (2.25) when v — 0 in (2.28). The

population moves to any one of the fitter one mutant neighbours with

1
equal probability so that T'(j < i) = - (see Sec. 2.4.2).

7 —

In the next few subsections assuming uncorrelated fitness landscapes we
calculate the average length of the walk, that is, the average number of
mutations that occurs till the population reaches a local fitness peak in case
of greedy walk and random walk. We show that greedy walk has the shortest
walk length and the random walk has a walk length that diverges with L.
The average walk length of the adaptive walk is expected to be in between
these two values and shall be dealt with in Chapter 4. However, this Chapter

shall deal with the properties of the first step of the adaptive walk.

2.4.1 Greedy walk

As mentioned before, in this model the population moves to the fittest of
all the L one mutant neighbours of the present sequence [22]. This process
stops when all the nearest neighbours have a lower fitness than the present
sequence. We are interested in the record probability, (L) defined as the
probability of a sequence at step J being fitter than all other sequences in
the steps J' < J and the probability, P;(L) of the walker taking at least
J steps from which the average walk length J can be calculated. We first
discuss the known results for L — oo and then present some of our results
for finite L.

When L > 1 we can ignore the fact that a few of the one mutant neigh-

bours have been already sampled in the walk and approximate the number
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of novel mutants by L at each step. The probability that the step J is a
record is given by
L 1

ay(L — o0) = =7 (2.29)

The walk will last at least J steps if at each step, the population encounters

a record, the probability of which is given by
(L — 00) HozZ = — (2.30)

Since the probability of taking exactly J steps is given by

J
Qs(L — 00) = Py(L — 00) — Pjpi(L — o0) = T (2.31)
we have the average length of the walk as [22]
J(L — o) ZJQJ_6—1 (2.32)

We note that the above results are independent of the distribution p(f) and
thus the statistics is universal.

We now turn to a discussion of greedy walk on uncorrelated landscapes
when the sequence length is finite [18]. When sequence length is small, as
the number of one mutant neighbours sampled in the previous steps becomes
comparable to the number of new neighbours that appear as the walk pro-
ceeds, it is necessary to keep track of the sequences and their corresponding
fitness. We first attack the problem for small L by enumerating the possible

paths that the walker can take starting from a binary sequence comprising of
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111—011
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111—110
111—110
111—101
111—101

Figure 2.5: All possible path configuration for L = 3. The number of adaptive
steps is independent of the path taken in the sequence space.

all 0s, and obtaining the probability c;(L) that the step J has record fitness.

We find that
as(L) ::iié
L—3 1
aall) = Tt
L-3 L-3
as(L) = 57— (L—2)(5L —T7)
Lo L3y (L—3) 1
%()-—(L_mmL_g) (L—-2)%(6L—-9) 6L—-9

(2.33)
(2.34)
(2.35)
(2.36)

(2.37)

(2.38)

In the first step, the path has L sequences to choose from and hence the

record probability is given by L/(L + 1) whereas in the second and the third
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Figure 2.6: Some possible paths for L = 4 to illustrate sequence dependence
J = 5 onwards. The number of adaptive steps depends on the path taken in
the sequence space.

steps the number of new sequences encountered decreases by one and hence
the values of as(L) and a3(L) are (L—1)/2L and (L—2)/(3L—2) respectively.
The paths for L = 3 are shown in Fig. 2.5. Here, all the paths are identi-
cal in the sense that the number of sequences accessible to a given sequence
at some step is the same irrespective of the specific choice of the sequence.
Interesting features of the problem emerge for higher L. When we consider
L = 4, we find that J = 4 onwards, the subsequent paths cease to be iden-
tical. Depending on which particular sequence is chosen, different number
of sequences become accessible for the next step. This history-dependence
becomes more pronounced for L. = 5 and higher, and appears as the absence
of symmetry in the path configurations. Thus, the probability a;(L) become
history-specific, and we need to add separately the individual contributions
of paths originating from different sequences as can be seen formulae (2.36-
2.38). One set of paths is shown in Fig. 2.6 to illustrate the path-specificity
of ay(4). We can see that beyond the fourth step the number of new one
mutant sequences depends on the present sequence thus necessitating the

summing over different paths to obtain a;(L). We also note that there is a
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By counting | By simulation
a;p(4) 0.800000 0.799990
as(4) 0.375000 0.375303
asz(4) 0.200000 0.200179
ay(4) 0.166666 0.166695
as(4) 0.109890 0.110181
ag(4) 0.114582 0.114616
az(4) 0.015625 0.015453

Table 2.1: Comparison of a;(4) obtained by numerical simulations with those
obtained by counting the possible paths.
J*(L) such that a;(L) is zero for all J > J*(L). This occurs when all points
in the sequence space accessible to a certain sequence have been explored
previously, and hence the walk terminates. For example, when L = 3 this
occurs at J*(3) =5 and for L =4, J*(4) = 8. Rosenberg had calculated the
same quantities in [23]. However we note that the probabilities computed
above are not in agreement with his results for two reasons. One, Rosen-
berg’s formula does not take into account the sequence-specificity that arises
at J = 5 and persists subsequently. Thus, the results in [23] give only the
largest of the a;(L) terms. Second, the formula does not incorporate the
fact that a;(L) = 0 for all J > J*(L). For example, we find that J*(3) =5
implying a5(3) = 0 when L = 3 whereas Rosenberg’s formula gives %. Thus
we see that the analytical formulation of a;(L) is a nontrivial problem, and
we now resort to numerical simulations.

Numerical simulations were done where the probabilities «v;(L) were ob-
tained by considering 10°® different realisations of the fitness landscape, with
fitnesses assigned randomly from an exponential distribution. Table 2.1 com-

pares «;(4) values obtained above with the numerical simulations.
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Figure 2.7: The variation of a;(L) with J for various L and the inset shows
the scaling collapse of a;(L) with J*(L).

Our simulation results for a;(L) against J for various L is plotted in Fig.
2.7. We notice that the plot shows a 1/J dependence for small J matching
the large L limit and drops sharply as the finite effects set in. The plot thus

has the following scaling form

J

ay(L) = %F (3) (2.39)

where F'(z) = 1 for x < 1 and decays for x > 1. Assuming that there is
a single scale in the system, we expect that J o J* and therefore a data
collapse can be obtained as shown in the inset of Fig. 2.7.

To find the dependence of the maximum walk length J* on L, we plot
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Figure 2.8: Straight line fit for log J*(L) versus L.

it as a function of L and find that there exists an exponential relationship
between J*(L) and L (see Fig. 2.8). A plot of the mean walk length, J
versus L is shown in Fig. 2.9. As discussed before, in the limit of large
L, mean path length approaches e — 1. To see how quickly the mean path
lengths converge to this value, we plot the difference between this limit and
the mean lengths for various L and note that the convergence is fast (inset
of Fig. 2.9). Thus due to a fast rise in fitness at every step, the walk length
in greedy walks is short and converges to a constant for large L. In the next
section, we shall show that the other extreme case of random walk has an

average walk length which diverges with L.
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Figure 2.9: The variation of mean walk length with L and the inset shows
the convergence of J(L) to the infinite limit with increasing L.

2.4.2 Random adaptive walk

Here we briefly review the known results for random adaptive walk in which
all better mutants are chosen with equal probability [24,26,27]. The proba-
bility distribution of the walk lasting at least J steps and assuming fitness f

in that step, P;(f) obeys the following recursion relation [26]:

!
PJ+1(f):/l dh f p(f)

T™dg p(9) (1= q"(h)] Ps(h) (2.40)

where ¢(f) = flf dg p(g), the probability that a sequence has fitness less than
f. A change of variable from the fitness f to the cumulative probability ¢(f)
gives

1L

q 1 —
Prosla) = | 4= Pola) (241)
0
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If we define P; = ["dfP;(f), since the walk length distribution for the
random adaptive walk obeys Q; = Py — Py1 = [,“dh ¢"(h)P;(h), we have

the probability that the walk lasts exactly J steps as

Q) - / " dh gF(h)Py(h) = / " dq 4" Py(g) (2.42)

l l

which shows that (); is a universal distribution in that it is independent of
the underlying fitness distribution p(f). Differentiating (2.41) with respect

to ¢ immediately gives

dPri1(q) I g~
dq 1—gq

Py(q) =) _q" Ps(q) (2.43)

The generating function G(z,q) = Y7,/ P;(q) then obeys the following

first order differential equation:

G'(z.q) —2P(q) = G(z,q) (2.44)

For the initial condition FPy(f) = d(f), we have Pi(¢) = 1 and due to
(2.41), the distribution P;(0) = 0. Solving the above differential equation
using these boundary conditions gives G(z,q) = xe® @ where Hp(q) =

Zﬁzl ¢"/k and hence the distribution P;(q) is given by [26]

Prla) = ) (2.45)

Since the product ¢“Pj;(q) in random adaptive walk peaks around ¢ = 1,

using Hy(q) ~ InL for ¢ close to unity for finite but long sequences and
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performing the integral in (2.42), we get

_ jJ—l

Qs ~ eme (2.46)

where J = In L. Thus the walk length distribution is a Poisson distribution
(in J) with mean J = In L [26].
We shall show in Chapter 4 that the average walk length of an adaptive

walk lies between the two limiting case results of Greedy walk (J = e—1) and
random walk (J = In L). But before we discuss the entire walk properties,
we show in the next section the properties of the first step of the adaptive

walk.

2.4.3 Adaptive walk: First step in the walk

We discuss the first step in the adaptive walk where the transition probability
given by (2.25) depends on the fitness difference between the sequences [28].
Due to a change in the environment, the rank at which the population resides
drops from 1 to ¢ among the L+ 1 sequences where rank 1 corresponds to the
fittest sequence, 2 to the second highest and so on. The rank at which the
population now resides is assumed to be near the top in fitness (i is small)
since a lot of mutations are deleterious and the change in rank cannot be
drastic since environmental changes are mostly gradual.

When the number of sequences L+ 1 is large, from Extreme value theory

that describes the tail behaviour of most distributions, the average of the
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fitness spacing, A between the fittest sequences can be shown to be [17]

E[A] = C,, E[As] = Cyp /2 E[As] = C/3 (2.47)

where A; is the fitness difference between the fittest sequence and the 274
fittest sequence, A, is the difference between the 2" and 3" fittest sequences
and so on. The value of (), is determined by the underlying fitness dis-
tribution. Using the fitness difference described above in (2.47) the mean

transition probability is obtained as [28]

—_

1 1
ET(j«—1)]= — 2.4
TG =)= 7> (2.45)
k=j
and the average rank to which the population jumps is
L 1+2
E[j] = T (2.49)

When 1 is large, this value as expected is between the expected rank of the
greedy walk where rank 1 is always fixed and the random walk where the
mean average rank is /2.

To test the above prediction Rokyta et al, [29] carried out 20 single
step adaptations from a single ancestral genotype of an icosahedral, single
stranded DNA bacteriophage, ID11. Replicate populations were allowed to
fix a single beneficial mutation under strong selection and weak mutation.
The identity of the substitution was determined by whole-genome sequencing
of each final population and the ranks of the sequences were determined by

standard fitness assays [30].
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From the adaptive walk model discussed above, the fittest mutation
should occur the maximum number of times, the second fittest should be the
second most frequent and so forth. But in this experiment, though the fittest
mutation was a G — T transversion (pyrimidine-purine substitution), the
most frequent substitutions were C' — T transitions (pyrimidine-pyrimidine
substitution). The discrepancy is due to the mutational bias since transitions
occur at a higher rate than transversions. While in the adaptive walk model
the mutation rates are averaged out and so, the mutational bias ignored,
in real scenarios they may play a major role and the model is altered to

accommodate it, so that the mean transition probability is written as

(2.50)

1
where [, = Z Zle i With this correction the results are consistent with
the experiment.
In the next Chapters, the progress that we have made and the results

that we have obtained by building on these models shall be explained.
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Chapter 3

Quasispecies model on strongly

correlated fitness landscapes

3.1 Introduction

In the last Chapter we reviewed the quasispecies model and related it to the
shell model. Also the known results for the shell model on fully correlated
and uncorrelated fitness landscapes were discussed. But experiments [1, 2]
show that real fitness landscapes have an intermediate degree of correlations.
In Chapter 2, our simulation results for weakly correlated fitness landscapes,
where Lg = L/2, were presented. In this Chapter we study the dynamics of
adaptation in the quasispecies model using the shell model approximation,
when the correlations amongst the fitnesses are high corresponding to the
block length Lg = 2. We mainly deal with position independent block model,
though a few results of the position dependent model are also discussed [3].

In the position independent block model, all sequences of length L are

51
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built of blocks {0,0},{0,1},{1,0} and {1, 1}. The fitness of the four blocks is
denoted by fo, f1, fo and f3 and the number of blocks of each kind by ng, ny, no
and ng respectively. The initial sequence, 0(® is a string of Os and so, the
constraints on the system is 2(ng+ny +ng+n3) = L and ny +ng +2n3 = D.
If the values of ny and ny are known, then from these two equations ng and
ng are calculated as ng = (L — D —ny —n3)/2 and ng = (D —ny —ny)/2. The
fitness of any sequence of length L and differing from the initial sequence by

D mutations is given by

(L—D —ny —na)fo+2n1f1 + 2nafo+ (D —ny —na) f3
L

Wny 1y (D) =
(3.1)
The constraints will hold only when for even D, the sum n; + ns is even
whereas for odd D, it is odd. Also in order to ensure the non-negativity of
ng for D < L/2, the conditions n; + ny < D,;n; < D must be satisfied as
ng > 0 and for D > L/2, ny +ny < L — D,ny < L — D are required.
In the next section, we discuss the properties of the largest fitness at
fixed D. In section 3.3 the statistics of records (introduced in Chapter 2) are

studied and finally in section3.4.1 we address the statistics of jumps.

3.2 Extreme value statistics

Since our question of interest deals with the identity of the dominant sequence
at any point of time, we need to consider only the fittest sequence at every
D. If fi > f5, then for fixed n = n; + ng, the maximum fitness occurs

when ny = n. Now the fitness of w10 , k # 0 for D > 2 is given by
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Wotko = Wno(D) — (E/L)(fo + f3 — 2f1). When f; > f5, the sign of the
second term determines the value of n that gives the maximum fitness at

each D and is shown to be

wpo(D) if fo—2fi+ f3<0 (3.2)
w®) (DY = L wio(D)  if fo—2fi + f3>0and Disodd  (3.3)

ni,n2

wo,o(D) if fo—2f1+ f3>0and D iseven (3.4)

For D > L /2, the largest possible fitness is obtained on replacing D by L— D
and when f; < f5 the corresponding conditions are obtained by interchanging
fitnesses f; and fy and the indices ny; and ny in the preceding equations.
Only one of the above three fitnesses can be the maximum at constant D
and the cumulative distribution of the maximum being less than w is given
by Pg(w, D). For unbounded underlying distribution p(f) with f > 0, we

can write

Pﬂan=1[w#WMﬂ/wwmun/mwwu»

0 !
/0 dfsp(f3)O(w — wp,p)O(w — wy p)O(w — wo )

w—(1-7)fo

fK%%MMAr#w%dﬁ

where ©(...) is the Heaviside step function and r = D/L < 1/2. Specifically,

w—(1-27) fo

df p(fl)] (3.5)
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Figure 3.1: Distribution Pg(w, D) of maximum fitness for (a) r = 0.1 (solid)
and r = 0.4 (broken) with 6 = 1 and (b) 6 = 1 (solid) and § = 2 (broken)
with » = 0.1.

for p(f) =6 te ", § >0, we have

137‘ w—(1—r 3 w—(1—2r g 2
Pr(w, D) :5/ df fole 1’ {1 () } [1 _ () }
0

(-na-1z251/5)\°

1 fa<(1—7“)(1—f1/6)>6 a(%>
= a/ dfe™ |1 —e ’ 1—e (3.6)
0

where a = (w/(1—7))°. The probability Pp(w, D) = dPg/dw that the largest
sequence fitness with D mutations has a value w can be easily computed for

0 =1 and is given by

2w w
__w 2w 3w w T1—r — e _ 3w
e T —e 7 +2e 2 2e 2 <6 € T) T fe E-n g
P D) = — _
E(wa ) 1—27" 1—4’]" 1—57"—'—6’]"2 +1—67"—|—8/]"2

(3.7)
In the above expression when r is increased the plot shifts to the right as

can be seen in Fig. 3.1(a). This is because the value of the maximum fitness
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increases with D. Similar trend is also noted for higher ¢ values as the four
fitness values to be chosen tend to stay close to the mean of the distribution
(Fig. 3.1(b) ). This is in contrast to finding the maximum of a large number
of variables, where due to the fast decaying tails, the plot will move to the

left for increasing ¢ values.

3.3 Statistics of record fitnesses

As explained in the previous section, the relation between block fitnesses
determines the maximum fitness at any D < L/2 (see (3.2)-(3.4)). Here, the
fitness wp (D) can be a record if it exceeds all the fitnesses at constant D
as well as the ones with number of mutations D’ < D. The first condition
is met if (3.2) is satisfied. As the conditions in (3.2) are independent of
D (barring parity), the largest fitness in a shell with D’ mutations is also
wpro(D'),1 < D' < D. Then wp (D) > wp o(D') for all D’ > 0 if f; > fo.

Thus the probability of wp (D) being a record can be written as

w 3
P(wD,o Is a TeCOfd) = /z deip(fi)@(fl - fO)@(fl - f2)@(2f1 — fo— f3)
=0

- /l Cdhp(fo) /f afp( ) /l " () /l T an£)(38)

For D > L/2, the fitness wy_po(D) can be record if wg_po(D) >
U)L_D/’()(D/) for D’ > L/2 and wL_D,O(D) > wD/,O(D’) for D' < L/2 along

with the conditions f; > fo and fy — 2f1 + f3 < 0 (see (3.2)). The first two
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inequalities are satisfied if f3 > f; and fy < fi. Thus we can write

P(wr-py is a record) = / dezp f)O(fi = fo)O(fi — f2)
><@(f3 - [1)O2f1 = fo— f3)

= [t [t [ arate [ () 39)
[ [ wwts [ ot |

For even D, the fitness wgo(D) can be a record if wgo(D) > woo(D’)
for even D’ and wqo(D) > wyo(D’) for odd D’ besides satisfying (3.4). If
fa < f1, the fitness wg o(D) can be a record if f3 > fp and f3 > 2f; — fy. The
last two conditions can be split into two cases, namely f3 > fyif fo > f1 and
fs > 2f1 — fo if fo < fi. Similarly, for fo > fi, the conditions for wgo(D)
to be a record are obtained by interchanging f, and f;. Combining all the

above conditions, we get

Pluo isa record) =2 [ dezp (FOUf: = £)OUfs — f)Ofo + f2 — 2f1)

=2 /l dfop(fo) /f 0 dfip(f1) /l " dfap(f») /2 ul_fo dfsp(fs)
+ /l ’ dfsp(f3) /l " dfop(fo) /l "’ dfip(f1) /I ! dfap(f2))(3.10)

For odd D, the fitness wy (D), D > 1 can be a record if (3.3) is satisfied,
wi,o(D) > wy (D) for odd D' < D and wy (D) > wqo(D’) for even D' < D.

The last two conditions are satisfied if fy < f3 and fy < f; respectively. Then
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the probability of wy o(D), D > 1 being a record is given by

Plwsg is a record) = /Z ’ [L @160 ~ 2B ~ 2)Us  fo)
X@(}o + f3—2f1)
u u f1 u
/ dfop(fo) / dfup(f1) / dfap(f2) / dfap(f) (3.11)

l fo l 2f1—fo

The above expression holds for D =1 also as wy o(1) is a record if wy (1) >

wo,0(0) which implies fy < f1 besides fo < fi.

3.3.1 Record occurrence distribution

Using the results derived above, we now calculate the probability Pr(D) that
a record occurs in the shell with D > 0 mutations given Pr(0) = 1. Fig. 3.2
shows that Pg(D) is not a smooth function - the value of Pr(D) depends
on whether D is odd or even and whether it is below or above L/2. Thus
four distinct cases arise due to this character of Pg(D) which we will discuss
below. We shall find that the distribution Pr(D) is universal i.e. does not
depend on the choice of the underlying distribution of the block fitness. As
the global maximum is the last record and the only global maximum for
D > L/2 occurs with probability 1/4, we may expect the record occurrence
probability for D > L/2 to be smaller than that for D < L/2.

Even D: When D is even, either wpo(D) or wop(D) can be a record for

D < L/2, w,_po(D) or wy —p(D) for D > L/2 or wyo(D) for any even D
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Figure 3.2: Variation of record occurrence probability Pr(D) with the num-
ber of mutations D for L = 64.

.Thus the probability of even D for D < L/2 having a record is given by

Pr(D) = 2(P(wpy is a record) + P(wq is a record)) (3.12)

= 2/ludfop(fo) /udflp(fl)/fl dfap(f2)

fo l

U I3 fo f1
d d d d
2/1 f3p(f3)/l fop(fo)/l f1p(f1)/l f2p(f2)
2 1 3
sm=5, DL (3.13)
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Similarly for D > L/2, the record occurrence probability is given by

Pr(D) = 2P(wr_pyp is a record) + P(wgp is a record) (3.14)
u u f1 u
= 2/1 dfop(fo) /fo dflp(fl)/l dfap(f2) /1 df3p(f3)+1_12
_ % D> L2 (3.15)

Odd D: For wpo(D),D > 1 to be a record when D is odd, the same condi-
tions as for even D are required so that (3.8) holds. Thus the probability of

a shell with odd D,1 < D < L/2 having a record is given by

Pr(D) = 2[P(wpy is a record) + P(wy o is a record)] (3.16)

_ / ity [ drotss) | " ()

fo l
- % D<) (3.17)

For D > L/2, the probability that w;_p (D) is a record is given by (3.9)
and w; o(D) is a record by (3.11). Thus the probability of a record occurring

for odd D > L/2 can be expressed as

Pr(D) = 2[P(wr-py is a record) + P(w; g is a record)] (3.18)

— 2 [ drn(ho) /f i) | " () | drotr

1

1
= ;. D>1Lj2 (3.19)
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3.3.2 Record value distribution

In this subsection, we calculate the probability Pr(w, D) that the record
value in shell D is smaller than or equal to w. For this purpose, we will
need the probability Pr(w(D) < w) that the fitness w(D) in shell D does
not exceed w. As the record value distribution is not expected to be univer-
sal, we will restrict ourselves to distributions with support on the interval
[0,00). It can be checked that the cumulative distribution Pr(w, D) gives
the probability Pr(w) obtained in the last subsection when w — oco. Below
we present the expressions for D < L/2 as the corresponding distributions
for D > L/2 can be written in an analogous manner.

FEven D: As discussed before, the distribution for the record value is a func-
tion of the ratio r = D/L for even D. Since either wp (D) or wgo(D)
can be a record for even D < L/2, the cumulative probability Pg(w, D) =

2P(wpo < w)+ P(wyp < w) where

~ 3
Plupa<w) = [ [Tdiah) Ol = wnaO(fi )
=0
xO(2f1 — fo— f3)0(f1 — fo)

w—fo
s>+ fo

- | " dfaplfo) /f ) / "l h) / P () (3:20)
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and

o 3
P(woo < w) = 2/ [T dfip(f:) ©(w — wo0)O(f3 — fo)
0 =0
xO(f1 — f2)O(fo + f3 — 2f1)
w fo f1 w=Jo 4 f
= d d d d
2 [t [ i) [ ot /f )

w e fo i 4 fo
1o / dfop(fo) /f dfup(f1) / dfp(f2) / dfop(f2)(3.21)

0 2fi—fo

Using these expressions, it is straightforward to see that

w fo bil w;foJrfo
Pr(w, D) :2/ dfop(fo)/ df1p(f1)/0 dfzp(fz)/f dfsp(fs)

0 0

w e fo i 4 fo
1o / dfop(fo) /f dfup(f1) / dfap(f2) / dfop(f)(3.22)

0 0

Taking the derivative of the last expression with respect to w, we obtain the
distribution Pr(w, D) that the record value equals w. For p(f) = e/, the
distribution Pgr(w, D) is given by

et e — e 20 e (3—8r) e vr—e (3 —8r)

1—2r 1—4r 1—6r+ 8r? 1—r(5—6r)
(3.23)

PR(U}, D) =

The above result for the record value distribution is compared with the
extreme value distribution Pg(w, D) given by (3.7) in Fig. 3.3 for two values
of r. Though the record fitness is also the extreme fitness in shell D, the
converse is not true and the distribution Pr(w, D) < Pg(w, D) for all w at
a given D. We also note that the most probable record value in shell D is

smaller than the corresponding extreme value - this behavior is unlike that



3.3 Statistics of record fitnesses 62

0.8
L
LAY
Ay
AY
- A —
0.6 X
Y
Y
o)
= )
c x
3 04 AN -
ks AN
6:: F AY \\
i A
/ Ay S
] Ay ~
) N >
o2-f J; N . -
~ .
i ~ -~
il ~ ~
~ S
4 N e
d -._‘_.‘ “-..____h
0 | | Bl TP
0 1 2 3 4
W

Figure 3.3: The probability distribution of the extreme value (solid lines)
given by (3.7) and record value (dashed lines) by (3.23) for r = 0.1 (left
curves) and r = 0.4 (right curves) for p(f) = e /.

for uncorrelated fitnesses for which record is a maximum of a larger set of

independent variables.

Odd D: To find the record value distribution for odd D, besides P(wpo < w),
we require the cumulative probability P(w; o < w) that the fitness wy o(D)

in shell D does not exceed w. The latter can written as

o 3
Pluns < w) = [ TLdr(f) Ow = w1000 - 1)
=0
xO(fo+ fs —2f1)0(f1 = f0)O(fs — fo)

L(w—fg) “fo

:/Owdfop(fo) /fo "

which reduces to the second integral in (3.21) for L > 1. Thus for large L, the

Lw—(L-D-1)fo—2f1

fi D1
dflp(fl)/o df2p(f2)/2 df3p(f3)(3'24)

1—fo

cumulative distribution Pg(D,w) for odd D is also a function of . However
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unlike extreme value distribution for odd D, the distributions for even and
odd D do not match for L > 1 as the expression for the distributions for the

distributions P(w; 9 < w) and P(wgo < w) do not coincide.

3.3.3 Distribution of the number of records

To find the probability Ng(n) that the total number of records equals n, we
first calculate the record configuration probability Q({wn,n,(D)}) defined
as the probability that all the elements in the set {w,, n,(D)} are records.
This distribution depends on the location of the global maximum. If fy is
the largest block fitness, the global maximum occurs at D = 0 and obviously
there are no records beyond D = 0 in this case.

When fj is not a global maximum and f; > f5, only four record configu-
rations occur with a nonzero probability. When the fittest block has a fitness
f1, a record cannot occur beyond D = L/2 and only the conditions in (3.8)
are satisfied since 2f; — fy — f3 must be positive. Thus the fitness wp o(D)

for all D < L/2 is a record with probability

Q(wi,0(1), ..., wr 20(L/2)) = i (3.25)

When the block fitness f3 is the largest, the records occur until D = L at
a spacing of one or two depending on the sign of f; — fy as explained below:
(i) Using the conditions in (3.10), we can see that when fo < fi < fo < f3
, arecord occurs only in even D shells. As f;’s are independent and identically

distributed (i.i.d.) random variables, all 4! block fitness configurations are
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equally likely and therefore we get

Q(wop(2), wo0(4), ..., wopn(L)) = = (3.26)

(ii) If fi > fo (and fy), the fitness w; (1) is a record. The next record
depends on the sign of 2f; — fo — f3. From (3.10) and (3.11), it follows that
if 2f1 — fo— f3 < 0, the fitness wg (D) is a record for all even D and wy (D)

for all odd D with probability

Q(w10(1),w0(2), ..., w1 o(L — 1), woo(L))

_ /udfop(fo) / () /ﬁdfzp(fz) / dfsp(fs)  (3.27)

l fo l 2f1—fo

If 2f; — fo — f3 > 0, due to (3.8) and (3.9), the fitnesses wp (D) for all
D < L/2 and wy_po(D) for all D > L/2 are records. This event occurs with

probability

Q(wl,o(l), ey wL/Zo(L/Q), wL/g_l,o(L/Z + 1), . wo,o(L))

— [t /f dhwiss) [ " () / ffl_fo dfp(fy)  (3.29)

From the above discussion, it is evident that the total number of records
(ignoring the one at D = 0) can be either L/2 (due to (3.25) and (3.26)) or L
(see (3.27) and (3.28)). The probability Ng(n) of total number n of records
is independent of underlying block fitness distribution and is given by

Nu(L/2) =2 G + 21—4) _ % | Na(L) = 12—2 - é (3.29)
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where we have used that twice the sum of (3.27) and (3.28) equals (3.19).
The average number R of records can be found using Ngz(n) or Pr(D) and

is given by

for any even L.

3.4 Statistics of the jumps

As discussed in Chapter 2, all records are contenders for being a leader; how-
ever only those records for which the overtaking time is minimised qualifies
to be a jump [4-6]. Like records, the statistics of jumps depends on the
location of the global maximum. If fy is the fittest block, the unmutated
sequence with fitness wo(0) = fy is the leader throughout.

If f1(> fo) is the global maximum, the last record and hence the last jump
occurs at D = L/2. Since the time of intersection 7'(0, D) of the population
E(D,t),D < L/2 with the population F(0,t) given by

D L
wpo(D) —wop(0) — 2(f1 — fo)

T, = T(0, D) = ,D<L/2 (3.31)

is independent of D, all the populations overtake the population of the initial
sequence at the same point. Thus all the record populations participate in
the evolutionary race. But as the population E(L/2,t) has the largest fitness,
it becomes the final leader thus leading to a single jump when f; (or f3) is

the largest fitness.
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If the global maximum is f3 which occurs at D = L, the following cases
as discussed in Sec. 3.3.3 arise:
(i) If fi < fo, the population with the record fitness woo(D),D < L

overtakes that with the initial fitness wg(0) at a time given by

D L
D<L (3.32)

T3, =T(0,D) = wo,0(D) — wo(0) - fs—=Jfo o T

so that all the populations with record fitness wg o(D) intersect at the same
time and the population of the global maximum at D = L takes over in a
single jump.

(ii) If f1 > fo and 2f; — fy — f3 < 0, the population with fitness wq (D)
for all even D and wy o(D) for all odd D intersects E(0,t) at the following

intersection time:

D
T(O’ D) - w170(D) — ’LU070(0)
LD
B (D-=Dfs+2fi=(D+1)fo’ for odd D (3.33)
7(0,D) — b L foreven D (3.34)

wo,o(D) - wo,o(o) N I3 — fo

By virtue of the condition 2f; — fo — f3 < 0, the intersection time for odd

D is greater than that for even D. Therefore the current leader at D = 0 is

overtaken by D = L resulting in a single jump at time T35 = L/(f5 — fo)-
If 2f; — fo — f3 > 0, the record fitnesses are wp (D) for D < L/2 and

wr—po(D) for D > L/2. The populations corresponding to these fitnesses
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overtake the leader at D = 0 at time

T(0,D) = X#%E,Dng (3.35)
DL

T(0,D) = @D—Uﬁ+%L—Mﬁ—Lﬁ’D>Lm (3.36)

As the intersection time for D < L/2 is minimum amongst the rest and
wr2,0(L/2) is the largest fitness, the first jump occurs when the population
of the sequence with fitness wy, /2 o(L/2) overtakes £(0,¢). The next change in
leader occurs at the point of intersection of populations involving the fitness

wr-po(D), D > L/2 with the current leader at a time

Tyy = T(L)2,D) — 2(TL—f1) D12 (3.37)

which is again D independent. Thus the population E(L,t) is the leader

after £(L/2,t) and the global maximum is reached in two jumps.

3.4.1 Distribution of the number of jumps

It is obvious that when any block fitness other than f is the globally largest
fitness, there will be at least one jump (corresponding to globally fittest being
the final leader) so that the probability of at least one jump equals 3/4. In
addition, there can be one more jump when f3 is the global maximum and

2f1 — fo— f3 > 0 (see (3.37)). Due to (3.28), the probability p, of the second
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jump is given by

u u 1 2fi—
p=2 [Cawt) [t [ arwiy [T drwtgen -2 + )
" 1 (3.38)
Thus the average number J of jumps is given by (3/4) + ps. As ps is inde-
pendent of L, the average number of jumps is of order unity for any under-
lying distribution but the constant p, is not universal. For instance, when
the block fitnesses are chosen from an exponential probability distribution,

pa = 5/72 = 0.069 while for uniform distribution, it equals 5/48 ~ 0.104.

3.4.2 Temporal jump distribution

We are interested in the probability P(¢) that the last jump occurs at time
t > 0 shown in Fig. 3.4 for p(f) = e~/. This distribution is a sum of the
probability P4(t) that the last jump occurs at ¢t when f; or fy is a global
maximum and Pg(t) when f5 is a global maximum. We first consider the
cumulative probability Pa(t) = f(f dt' P4(t") which on using that f; (or fa) is

a global maximum and (3.31) gives

U f-% fi fi
:2/1 dflp(f1)/l dfop(fo)/l df2p(f2)/l dfsp(fs)  (3.39)

+3
Differentiating P4 (t) with respect to time ¢ yields

_ u f 2
“LdPa_ L dfp(f)p(f —e) ( /l dgp(g)) (3.40)

Pyt) = ——2 =
A0 =554 T e
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where we have defined ¢ = L/(2t). For large times ¢ > L/2, the integral
on the right hand side of the above equation reduces to the probability G/(0)
that the gap between the globally largest and the second largest in a set
of i.i.d. random variables is zero [5]. Thus the probability P4(t) decays as
~ LG(0)/t* at large times.

When f3 is the largest fitness (and f; > f»), the last jump can occur at
times given by (3.32), (3.34) and (3.37). As T3, = T3, the corresponding
conditions (discussed in Sec. 3.3.3) on the block fitnesses can be combined

to give the following cumulative probability

P = [t [ T i /

+2e¢

fotfs
2

fi1
dfup(f) /l dfap(f2) (3.41)

and the probability distribution

u fa—e fi
P1(t) = t%/z df3p(f3)p(f3 - 26)/l dflp(fl)/l df2p(f2) (3-42)

+2e

which also decays as 1/t* at large times. An expression for the distribution
for the last jump time 73 3 can also be written down in an analogous manner

and reads as

u f1—€ fl
Pyt) = = / dfp(F)p(fs + / dfopfo) / dfap(f2) =0 2 G(0)(3.43)

2t 22

Clearly the distribution Pg(t) = 2(Pi(t) + Py(t)) ~ t~2. Thus the probability
distribution P(t) = Pa(t) + Pg(t) obeys the inverse square law for any block

fitness distribution.
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Figure 3.4: Log-log plot of the distribution P(t) of the last jump for p(f) =
e~/ and L = 100. The broken line has a slope —2.

3.5 Discussion

In this Chapter we have studied a deterministic model [4] describing the evo-

lution of a population of self-replicating sequences on a class of strongly cor-

related fitness landscapes with several fitness peaks [7]. The broad questions

addressed have been studied on completely uncorrelated fitness landscapes

in previous works [4-6]. Here we are interested in finding how the various

evolutionary properties are affected when the sequence fitnesses are strongly

correlated.

We are primarily interested in the evolutionary dynamics and in partic-

ular, the properties of jumps that occur in the population fitness when the

most populated sequence changes. As discussed in Chapter 2, the largest
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fitness at a constant mutational distance from the initial sequence only need
to be considered for this purpose. This led us to consider the problem of the
extreme statistics of correlated random variables [8,9] which has been much
less studied than its uncorrelated counterpart. We found that the extreme
value distribution is not of the Gumbel form which is obtained when the ran-
dom variables are i.i.d. and their distribution decays faster than a power law.
In fact, we expect that the universal scaling distributions which depend only
on the nature of the tail of the underlying distribution do not exist for such
correlated random variables as the number of independent variables namely
the block fitnesses is too small.

As the minimum requirement of a sequence to qualify as a leader is that
it must be a record, we also studied several record properties of correlated
variables. Recently the statistics of record events when the number of ob-
servations added at each time step increases either deterministically [10] or
stochastically [11] have been studied. The records defined in the shell model
are an example of the former category as the number of observations changes
as (g) with D. It was shown that when the block fitnesses are position in-
dependent the probability for a record to occur in a shell with D mutations
is not a continuous function unlike the record distributions for independent
random variables [5]; however the universality property that the distribution
is independent of block fitness distribution continues to hold. The average
number of records was found to increase linearly with L as in the maximally
uncorrelated case but with the prefactor given by (1 —In2) & 0.306 for the

latter case which is smaller than in (3.30).
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Figure 3.5: Average number of jumps as a function of B for the block model
with position dependent block fitness chosen from exponential distribution
and fixed Lp = 2. The line has a slope given by 3/4 + p, = 0.819.

In the uncorrelated and the weakly correlated fitness models, the L de-
pendence of the average number of jumps was seen to depend on the class of
the fitness distribution p(f). For p(f) decaying faster than a power law, the
average number of jumps increased as /L [4,5]. In contrast, for the strongly
correlated case the average number of jumps was shown to be independent of
L for any choice of block fitness distribution p(f) although the value of the
constant was found to be nonuniversal. These results suggest that for block
fitness distributions decaying faster than a power law, the average number
of records increases but the average number of jumps decreases with increas-
ing correlations. But the result of our numerical simulations shows that the

average number of jumps increases linearly with the number of blocks when
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the fitness of the blocks depend on their position in the sequence. How-
ever the prefactor is given by the average number of jumps obtained in the
position independent block fitness model namely (3/4) + po (see Fig. 3.5).
This suggests that the different blocks behave independently in the position
dependent block fitness model.

The temporal distribution for the last jump to occur at time ¢ obeys
t~2 law for infinite (and finite) populations evolving on uncorrelated fitness
landscapes [4-6]. Here we have shown that on a class of strongly correlated
fitness landscapes, the same law is obeyed. The origin of this power law can
be understood using a simple scaling argument when the fitness variables
are independent variables [4] but it is not obvious at the outset that such an
argument can be used here since the sequence fitnesses are correlated. But it
turns out that the jump time involves the i.i.d. block fitnesses and therefore
t=2 law is obtained here as well.

So far we have studied infinitely large populations but stochastically
evolving finite populations will be the focus of our next Chapter and we

study their properties till they evolve to reach a local fitness peak.
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Chapter 4

Adaptive walk on correlated
and uncorrelated fitness

landscapes

4.1 Introduction

In this Chapter we present our results [1] on the adaptive walk model in which
beneficial mutations arise sequentially and fix rapidly [2]. As explained in
Chapter 2, if the mutation rate is small and the selection coefficient is large
(compared to the inverse population size), it is a good approximation to
assume that only the one-step mutants are accessible at any time and the
population is localised at a single genotype. Such a monomorphic population
performs an adaptive walk by moving uphill on a fitness landscape until no
more beneficial mutations can be found.

The results from the limiting cases of choosing the beneficial mutation

)
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in the next step, namely the greedy [3] and the random [4] adaptive walks
have been discussed in Chapter 2 . As already mentioned in Chapter 2,
adaptive walk is a more realistic model whose first step is well studied [5,6].
However as the properties of the entire walk are required to design a drug or a
biomolecule [7] and as experimental data on multiple adaptive substitutions
is becoming available [8,9], it is important to extend the existing theory
to address the statistical properties of the entire walk. With this aim, we
present our results on the entire adaptive walk on rugged fitness landscapes
with many local fitness optima [1]. An important difference between our
work and the previous ones is that we start the adaptive walk with low
fitness to describe the adaptation process in novel environments such as when
antibiotics are introduced [10,11] whereas the initial fitness is assumed to be
high in other studies [2,5,12,13].

For generic fitness distributions, we argue that the average number of
adaptive steps increases logarithmically with sequence length with a prefac-
tor that depends on the choice of fitness distribution. Although our argument
does not capture the proportionality constant correctly, the logarithmic de-
pendence is seen to be in excellent agreement with the simulation results. We
also present detailed results on the statistical properties of entire walk for
exponentially and uniformly distributed fitnesses as these two distributions
lend themselves to an analytic treatment and are also consistent with the
experiments [14, 15]. Following the approach of [4], we write a recursion re-
lation for the fitness distribution of fized beneficial mutations at an adaptive
step which is valid for long sequences and fitness distributions with a finite

mean. For the above mentioned distributions, we also find the distribution
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of walk length. The average walk length calculated using this approach gives
a prefactor consistent with the numerical results.

Although in most part of this Chapter we consider uncorrelated fitnesses
and assume that the distribution of the fitness does not change during the
course of evolution, the effect of correlations is also discussed. As discussed
in Chapter 2, experiments support an intermediate degree of correlations in
fitness landscapes [16,17] and changing fitness distributions may be modeled
by correlated fitnesses [12], we calculate the average number of steps to an
optimum on a fitness landscape generated by the block model of correlated
fitnesses in which a sequence is divided into several independent blocks and
correlations arise when two sequences share some blocks [18]. The average
walk length has been measured using numerical simulations in a block model
in [12] and it was speculated that the average number of adaptive steps is
independent of the underlying fitness distribution and increases linearly with
the number of blocks. We show that while the latter result is roughly correct,
the average number of steps to a local optimum is not independent of the
fitness distribution which is a consequence of the result discussed above for

the uncorrelated fitness landscapes.

4.2 Adaptive walk model for long sequences

As explained in Chapter 2 we work with haploid binary sequences of length
L in the strong selection-weak mutation (SSWM) regime [1]. If the fitnesses
of the wild type sequence and its L one-mutant neighbors are arranged in

a descending order with the best fitness assigned the rank 1, the transition
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probability that the population moves from the wild type with fitness rank
i and value f(7) to a mutant with rank j < i and value f(j) is proportional
to the fixation probability which is well approximated by 2(f(j) — f(2))/f(4)
in the strong selection limit [2]. The normalised transition probability from
fitness f(i) to fitness f(j) is given by

fG)— 1)

T(f(])Hf(Z)): i—1 f(k)—f(l)

L 1<j<i—1 (4.1)

Once the population has moved to a mutant sequence with fitness f(j) with
probability T'(f(j) < f(7)), it produces a set of new mutants which are rank
ordered and chosen according to (4.1) and the process repeats itself until
the population reaches a local optimum whose nearest neighbors are all less
fit than itself. Note that the parameters N and p have dropped out of the
picture and the properties of the model depend on the sequence length (or
the initial rank) and the distribution of sequence fitnesses.

The model described above has been studied using (4.1) and EVT (Ex-
treme Value Theory )in previous works [2,5,12,13] assuming the initial fitness
to be high (small 7). In contrast, we start with a low fitness and write a re-
cursion relation for the probability P;(f) that an adaptive walk has at least
J steps and the fitness is [ at the Jth step, following [4] who studied this
distribution for random adaptive walks as explained in Chapter 2. In the
following discussion, it is assumed that the sequence length is large which
allows the following two simplifications: first, the events in which a sequence
is backtracked can be ignored and second, the transition rates can be written

in terms of absolute fitnesses instead of fitness ranks. Consider a population
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at the Jth adaptive step and with fitness h. It can proceed to the next step
provided at least one fitter mutant is available. If ¢(h) = flh dg p(g), this
event occurs with a probability 1 — ¢¥(h) where it is assumed that at each
step in the evolutionary process, L novel mutants are available which have
not been encountered before. While this is true at the first step, the number
of novel mutants is L — 1 at the second step since one of the mutants is the
parent sequence itself which is not an allowed descendant as the walk always
proceeds uphill. In fact for any J > 2, some of the mutants have already
been probed but the error introduced by ignoring this complication is of the
order of 1/L which is negligible for large L [4]. Then for long sequences we

can write

f
Prf) = / dh p(YT(f —h) (1—q*(R)Py(R) . J>0  (42)

where the underlying fitness of the sequences is chosen from one of following

three distributions

G-DA+H°  ,5>2 (Fréchet) (4.3)
p(f)= S yf e , v >0 (Gumbel) (4.4)
v(l— f)r! ,v>0,f<1 (Weibull) (4.5)

In (4.2), p(f)T(f < h) gives the probability that a mutant with fitness f > h
is chosen. Furthermore for large L, it is a good approximation to replace the

sum in the denominator of (4.1) by an integral and we may write

T(f — h) = L f>h (4.6)
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Thus we work with absolute fitnesses instead of fitness ranks. Since the tran-
sition probability (4.6) is undefined for slowly decaying fitness distributions
p(f) ~ f79, § <2, we restrict § > 2 in (4.3). Using (4.6) in (4.2), we finally

obtain

(f = hp(f)

Jn dg (g~ h)()(1_'C]L(h))p”’(h)"]20 (4.7)

PJH(f):/fdh

The above equation is the central equation of this part of the Chapter
and we will employ it to obtain various results on the statistical properties of
adaptive walks. In the following, we assume the initial condition Py(f) = 0(f)
corresponding to zero initial fitness. As P;(f) obeys an integral equation
which are harder to analyse, we may try to write a differential equation for

P;(f). Differentiating (4.7) with respect to f, we get:

(f =h)p'(f) +p(f)
[, dg (9 —h) p(g)

Pio(f) = / an Y ; W) L2 3 gt 1))y )

P = [an (1= g U P(h) . J = 0(48)

» dg (9 =) p(g)
p(f)(1 —a"(f))
[i dg (9 - ﬂp@fWﬂ S=t 9

where prime denotes a f-derivative. On using (4.7) and (4.8) in (4.9), we

find
’ RGO ') (PO
Pralf) = 205 Prn(D+ 1005 2(p(f)) Pra(f)
p(£)(1 = g4 (F)
Jds tg— D otg) 7= o
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The first derivative term in the above equation can be eliminated by writing

Py(f) = p(f)P;(f) which finally yields

5 oy PO = d () %
Prn(f) = Ty (9~ 1) p(g)PJ(f), J>1 (4.11)

Here we will restrict our attention to exponentially and uniformly dis-
tributed fitnesses as these two fitness distributions are consistent with the
available empirical data. We show that due to (4.11), a second order or-
dinary differential equation is obeyed by a generating function of P;(f) for
these two distributions which can be solved within an approximation subject

to the following boundary conditions:

Py(flyg= = 0, J>1 (4.12)
PPl = 7 d]g’(;’p(g) 52 (4.13)

where (4.12) is a direct consequence of (4.7) and the equation (4.13) arises
on using the initial condition in (4.8).

Besides P;(f), we also find the walk length distribution @); and the av-
erage fitness f; at the Jth step which can be related to Py(f) as explained

below. Integrating over f on both sides of (4.7), we get

P = /udf Pria(f) (4.14)

_ h)p(f) i’
_ /dh/ f o dgg g (IR (415)

= [ =gt mpi) = P~ [ ah P (416)

l l
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Then the walk length probability (); that exactly J steps are taken is given
by

Qs=P;— P :/ludh q"(h)P;(h) (4.17)

with Qo = 0 since the initial fitness is zero. The above equation has a simple
interpretation: Since Pj(h) is the probability that at least J steps are taken
and the fitness at the Jth step is h, exactly J steps will be taken if all the L
mutants of the sequence at the Jth step carry a fitness smaller than h from
which (4.17) follows. The average walk length .J = Z?,L:O JQr=> 7 ,JQ,
for large L. The average fitness f; is defined as f; = [5df fPs(f). Using

(4.7), we can write

N LY Nt N
o = [ s [ an gt B (=g )P (419

* L= (1) Py (h) B
/zdhf:dg(g_h)p(g)/h df f(f = h)p(f) (4.19)

Note that neither (4.17) nor (4.19) are closed equations.

Our analytical results are also compared with numerical simulations which
were performed using an exact procedure for . < 10 and an approximate
method outlined in [5] for larger L as explained. While simulating short
sequences of length L < 10 and uncorrelated fitnesses, a randomly chosen
sequence was assigned a fitness equal to zero. Then the rest of the fitness
landscape comprising of 2% — 1 fitnesses was generated by drawing random
variables independently from a common distribution p(f). The transition

probability from the initial sequence to each of the better sequences among
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the L nearest neighbors was calculated according to (4.1) and the fixed se-
quence at the first step in the adaptive walk was chosen. Then the tran-
sition probability from the chosen mutant sequence to its better neighbors
was calculated and this process was repeated until a fitter sequence was not
available. To simulate sequences with length L > 102, we followed an ap-
proximate procedure outlined in [5] as the total number of sequences 2% is
prohibitively large for long sequences. Starting with zero fitness, L i.i.d. ran-
dom variables were generated and a higher fitness f was chosen according to
the transition probability (4.1). During the next step in the process, L new
i.i.d. random variables were generated and the transition probability from f
to a better fitness was calculated. These steps were repeated until the new
set of random fitnesses does not exceed the currently fixed fitness. The block
model was simulated to generate weakly correlated fitnesses by assigning in-
dependent fitnesses to each block sequence. In all the simulations, the data
was collected using 10° independent realisations of the fitness landscape and
the results obtained were used to verify the theoretical claims as explained

below.

4.3 Average fitness and walk length for gen-
eral fitness distributions

For a broad class of fitness distributions, the average fitness for an infinitely
long sequence can be computed. Although this limit is biologically unreal-

istic, it provides a good approximation to the average fitness f; for small
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J (see Fig. 4.1) as the population can not sense the finiteness of sequence
length far from the local optimum. On taking the limit L — oo in (4.19) and

denoting the average fitness in this limit by F;, we obtain

Fr = /u dh & 7~ Bl Py(h)| 1o (4.20)
z

[, dg (g —h)p(g)

Algebraically decaying fitness distributions: On substituting (4.3) in

(4.20) and performing the integrals involving p(f), we get

© 24 (6—1)h 2 -1
F :/ dh 2 Py(h) | = —— + Fy,6>3 (421
J+1 o 5—3 J ‘L —3 5—3 J ( )

where we have used that Pj|; .., = 1 due to (4.16) and the initial condition

Py = 1. Repeated iteration with Fy = 0 yields
-1\’
Fr=——| —1 4.22
= (53) (4.22)

which increases geometrically with J. This result is compared in Fig. 4.1a
with the average fitness for finite sequences which shows that the number of
steps up to which f; and F; match increases with L.
Exponential fitness distribution: For fitness distributions given by (4.4),
the equation for F; does not close except for v = 1. For p(f) = e/, we get
Fy =2+ F;_1 which gives

F;=2J (4.23)

Fig. 4.1b shows that the rate of increase of fitness f; is slower than a constant

at larger J’s.
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Figure 4.1: Evolution of average fitness with the number of adaptive steps
starting from zero initial fitness obtained numerically (points) and compared
with the average fitness in infinite sequence length limit (lines) for (a) power
law distributed fitness with 6 = 6, equation (4.22) (b) exponentially, equation
(4.23) and (c) uniformly distributed fitness, equation (4.25).
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Bounded fitness distributions: A calculation similar to above for p(f) in

(4.5) gives
Froy = 2;:’5 J (4.24)
and therefore ;
Fr=1- (211/) (4.25)

For uniformly distributed fitness (v = 1), we find that 1 — F;; = 37/ in good
agreement with the numerical data in Fig. 4.1(c) for small J.

We now give an argument to estimate the average walk length J using the
above results for the average fitness F; and the EVT [4]. We first note that
since Pyl = 1 for all J, every step in the adaptive walk is definitely taken
for infinitely long sequences and hence the average walk length is expected
to diverge with L. For a sequence of finite length, the adaptive walk stops
when the population has reached a local optimum whose fitness is the largest
among L+11i.i.d. random variables. But since the average number of fitnesses

with value > f is given by (L+1)(1—q(f)), at a local optimum we have [19]

1) [ =1 (4.26)

-

where we have approximated f; by F7. The above equation yields

L1 —1 (Algebraic) (4.27)
Fr~<InL (Exponential) (4.28)
1—L % (Bounded) (4.29)

On matching the expected fitness F; with the F; obtained in the above
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discussion for various distributions, we get

InL

N\
‘ .

Algebrai 4.
(5—1ln(§:§) (Algebraic) (4.30)
= 1
J = 3 InL (Exponential) (4.31)
1 InL
- (&) (Bounded) (4.32)

\

Thus the above argument shows that for large L,

J~alnL (4.33)

where the prefactor a depends on p(f). We note that caigebraic < Qexponential <
Opbounded Which implies that smaller number of substitutions occur for fat-
tailed fitness distributions than the bounded ones. To understand this qual-
itative trend, consider the transition probability for the first step given by
T(f <« 0)p(f) ~ fp(f). At large f, this probability is higher for slowly
decaying distributions and thus a large fitness gain occurs initially. But as
the probability to exceed the high fitness achieved at the first step is small,
the walk terminates sooner for broad distributions.

The results of our numerical simulations for J shown in Fig. 4.2 are
in agreement with the logarithmic dependence on L but the value of the
prefactor does not match with that obtained above (except for p(f) = e~ /).
The prefactor « is expected to interpolate between the two limiting cases of
adaptive walks namely greedy walk in which the best mutant is chosen with
probability one and random adaptive walk in which all better mutants are

chosen with equal probability. As explained in Chapter 2, the former limit
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Figure 4.2: Average number J of adaptive steps as a function of sequence
length L for various fitness distributions when the fitnesses are uncorrelated.
The points show the data obtained using numerical simulations and the lines
are the best fit to the function J = alnL + 3. The results for greedy
walk and random adaptive walk (up to an additive constant) are also shown.
The numerical fit for the prefactor a for exponential and uniform fitness
distribution matches well with the analytical results given by (4.46) and
(4.56) respectively.

is obtained when 6 — 1 in (4.3) and the latter when v — 0 in (4.5) [13].
Since the average walk length for a greedy walker is a finite constant equal to
e—1 ~ 1.718 for infinitely long sequences [3], the prefactor o = 0 while & = 1
for random adaptive walk. In the following sections, we find that o = 1/2
for exponentially distributed fitness and 2/3 for the uniform case which are
consistent with the results in Fig. 4.2 and the analytical results of [20] which
are obtained using a simpler version of the adaptive walk model considered

here.
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4.4 Distribution of fitness and walk length

We now present our calculation for the distribution of the walk length and
the fitness at the J™ step of the walk. Our results obtained using an ap-
proximation work well as long as the walker is not close to the local fitness

optimum. If we consider the whole population to have an initial fitness fy,

using Py(f) = 6(f — fo) in (4.7) we have

(f - fo)P(f)(l - QL(fo))
[ dg gp(g)

P(f) = o (f = fo)p(f) (4.34)

The above fitness distribution at the first step is nonmonotonic for all fitness
distributions in (4.3)-(4.5) except for truncated distributions with v < 1.
The implications of this result are examined in Sec.4.6. Though the solution
for the first step is trivial, it is complicated for J > 1 and we have used
certain approximations to solve it for uniform and exponential distributions

as shall be explained in the next few sections.

4.4.1 Entire walk with exponentially distributed fit-

ness

For p(f) = e/, from (4.11) we obtain

~ 1 ~

Pyo(f) =@ =a"(Ps(f), T =1 (4.35)

where ¢(f) = 1—e/. Due to (4.12) and (4.13), the boundary conditions are

PJ(O) = (0 and P}(O) = (SJJ.
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We define a generating function G(z, f) = Y7, Py(f)z’ , x < 1 which

obeys the following second order ordinary differential equation:

G (2, f) = 2(1 = ¢"())G(a, f) (4.36)

To arrive at the above equation, we have used that Py(f) = f which is
obtained on using the initial condition in (4.7). The generating function
G(z, f) obeys a Schrédinger equation for the wave function of a particle in
a one-dimensional potential V(f) ~ 1 — ¢*(f) and energy zero [21]. Since
1—q¢l(f) =~ 1 - e~ L™’ s close to unity for f < InL and vanishes for
f > In L, the potential V(f) decreases smoothly from one to zero and moves
rightwards with increasing L. Similar potentials also arise when two materials
with different transport properties are joined together and in such systems, an
analytical solution is obtained within a step function potential approximation
[22,23]. We follow this approach here and approximate the distribution
1 — ¢*(f) by the Heaviside theta function @(f — f) where f = In L. Within

this step distribution approximation, we have

G (z, f) = (4.37)

For f < f, the differential equation (4.37) has a solution of the form
G (z, f) = areV® +a_e V*/ which reduces to G (z, f) = csinh(y/zf) since
G(z,0) = 0 due to P;(0) = 0. Since the solution for f < f can not depend

on f , we appeal to the infinite sequence length limit to fix the proportionality
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constant ¢. As noted earlier, the distribution P;|, ., = 1 for all J > 0 which

implies that
x

/ TG ) = (4.38)

0 1—x
and therefore

G(x, f) = Vasinh(vZf) (4.39)

We check that the boundary condition P}(0) = P}(0) = §,, which is equiv-
alent to G'(z,0) = x is also satisfied by the above solution.

For f > f, the solution G- (x,f) = af + b where the constants of in-
tegration a,b can be fixed by matching the solutions G- and G~ and their
first derivative at f = f . Thus the constant a and b are determined by the

following conditions:

Go(z,f) = Go(z,f)=af +b (4.40)

Gl Nlp=f = Gl f)ljzj=a (4.41)

A simple algebra shows that

G (z, f) = weosh(Vaf)(f — f) + Vasinh(Vz ) (4.42)

Using the above expressions for G(z, f), the fitness distribution P;(f) for
the fixed beneficial mutations can be calculated. On expanding (4.39) and

(4.42) in a power series about # = 0 and picking the coefficient of z7/, we
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Figure 4.3: Main: Comparison of the distribution P;(f) for J = 1,2,3,5
obtained numerically (points) and analytically (lines) given by (4.43) for
exponentially distributed fitness and sequence length L = 1000. Inset: Nu-
merical data for P;(f) for J = 4,5,6 to show that the fitness distribution
does not shift appreciably beyond J ~ 4.6 as local optimum with average
fitness ~ 7 is approached.

have

—f £2J-1 1 ,r<1
Py(f) = e X (4.43)

2J = 1)!
( ) (2J_17,);Ji(12j_2) LT > 1

where r = f/f. Figure 4.3 shows our numerical results for P;(f) for the first
few adaptive steps. As the walk proceeds, the distribution moves rightwards
as expected and its amplitude decreases since the probability ¢~ (f) that the
walker can not find a better neighbor approac