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Abstract

The work of Sela & Goldhirsch (1998) is generalized by including a body force (gravity) term
in the Boltzmann equation. The constitutive relations: stress tensor, heat flux and collisional
dissipation, have been derived till Burnett order (up to second-order in small parameters) for
a smooth granular gas. To derive these relations, the approach of Sela & Goldhirsch (1998) is
followed. The pertinent Boltzmann equation is perturbatively solved by performing the (gen-
eralized) Chapman-Enskog expansion: an expansion in both the small parameters, “Knudsen
number”, K and “degree of inelasticity”, ¢ = 1 — €2, where 0 < e < 1 is the coefficient of resti-
tution. The expansion used in this work is similar to that used in Sela & Goldhirsch (1998) but
is in different form to avoid any confusion. The inclusion of body force term in the Boltzmann
equation has not affected the results and thus the constitutive relations obtained in this work
are same as that in Sela & Goldhirsch (1998) except for few minor corrections in the expression
of heat flux at Burnett order. The expression for heat flux at Burnett order derived in this
work matches with that in Chapman & Cowling (1970). The contribution of O(e?) correction
to collisional dissipation has also been derived, while it is ignored in Sela & Goldhirsch (1998).
Using these constitutive relations, for a 2-D Poiseuille flow of smooth inelastic hard disks under
gravity, it is shown that the normal stress difference is a Burnett-order effect which agrees with
Tij & Santos (2004).
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Chapter 1

Introduction

1.1 Granular Matter

A granular material is a conglomeration of discrete macroscopic (>1 mm in size) solid particles or
grains. Granular materials are commonplace in nature and industry. According to Richard et al.
(2005), “Granular materials are ubiquitous in nature and are the second-most manipulated
material in industry (the first one is water)”. They occur in all shapes and sizes ranging from
powders, sand, cement, food grains, seeds, sugar, capsules and pills, gravels, fertilizers to large
chunks of coal, sand dunes, planetary rings, asteroids, etc. Figure 1.1 shows few examples of

granular materials. Many industries rely on handling, conveying and storage of grains.

(c) Gravels

=

(d) Coal (e) Sand dunes (f) Saturn ring

(a) Food grains

Figure 1.1: Few examples of granular materials.

Granular materials may stay at rest like a solid, flow like a liquid, or behave like a gas,
depending on the rate of energy input (see figure 1.2). Of course, they can behave differently
than these states too. All these states of granular materials are discussed in detail in the review
article by Jaeger et al. (1996). In addition to practical and natural importance, they exhibit
many interesting phenomena: jamming (Corwin et al. 2005), clustering (Kudrolli et al. 1997),
mixing and segregation (Ottino & Khakhar 2000), Brazil nut and reverse Brazil nut phenomena
(Trujillo et al. 2003; Alam et al. 2006), pattern formation (Umbanhowar et al. 1996; Alam et al.
2009), granular Leidenfrost effect (Eshuis et al. 2010), etc. Despite their great importance and
applications, the mechanics of granular materials is not well understood at present. Nevertheless,

some significant progress has been made during last few decades.
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(a)

Figure 1.2: Behaviour of granular materials: (a) like a solid (heap of oranges), (b) like a liquid
(flow of sand in an hour-glass), and (c) like a gas (dust storm).

A material is called dry granular material if the interstitial fluid between the grains is a
gas, which is usually air. In dry granular media, the effects of interstitial fluid are negligible
and the dominant interactions are inelastic collisions and friction, which are short-range and
non-cohesive. On the other hand, if the voids between grains are completely filled with a liquid,
e.g., water, the material is called saturated granular material. If some of the voids are filled with
a liquid and rest of them are filled with a gas, the material is called partially saturated. Both
saturated and partially saturated materials are called wet granular materials. In wet granular
media, the interactions are cohesive due to surface tension. For the dynamics of wet granular
materials, see Herminghaus (2005). Although, in the real world, we often see the wet granular
materials, e.g., beach sand, the present work is confined to dry granular media and due to the

mathematical complicacy, similar work for wet granular materials is left for future.

1.2 Rapid Granular Flows and Kinetic Theory

Depending on the interaction between the grains, the flow of granular materials can be classified
into two regimes: (i) slow flow regime and (ii) rapid flow regime. In the slow flow regime the
particles are densely packed, i.e., the volume fraction is high; the contacts between particles occur
via sliding and rolling motion of the particles, and the particles stay in contact for a long period
of time—therefore the particles move in the form of blocks of several particles relative to each
other; the momentum and energy transfer usually occur due to frictional forces. On the other
hand, in rapid flow regime, the volume fraction is relatively small; each particle moves randomly
and the contacts between them occur via instantaneous collisions'—therefore collisions between
the particles can be considered as binary; the momentum and energy transfer take place due to
the instantaneous binary collisions between particles (see Campbell 1990).

A rapid granular flow resembles the classical picture of molecular gas and therefore fluidised
state of grains is termed as “granular gas” (Goldhirsch & Zanetti 1993). Due to this resemblance,
one can think that the methods used in the domain of statistical mechanics of molecular gases

may be useful in analysing the rapid granular flows. Despite the similarity of a granular gas to

"By “instantaneous” collisions, we mean that the time of contact between particles during collisions is much
smaller than the mean free time.
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a (classical) molecular gas, there are two significant differences between them: (i) the grains are
of macroscopic sizes and (ii) the collisions between grains are inelastic (for detailed comparison
between granular gases and molecular gases, see Haff 1983). The effects of these differences are
given below.

Due to the macroscopic size of the grains, the energy required for the movement of the grains
is much higher than the thermal energy (~ kpT*, where kp is the Boltzmann constant and T
is the thermodynamic temperature). Therefore, to set the particles of a granular system into
motion, the energy must be supplied by some external forcing, e.g., shearing the particles be-
tween plates, vibrating the bed of granular particles, etc. (Jaeger et al. 1996). Hence (ordinary)
thermodynamic temperature 1" plays no role for the granular flows. Nevertheless, in anology
with thermodynamic temperature and thermal energy of a molecular gas, (for a monodisperse
collection of grains) one can define the granular temperature from fluctuating kinetic energy

(sometimes referred to as pseudothermal energy) by (see e.g., Brilliantov & Pdschel 2004)

i 1
lem@: <§mu2>, (1.1)

where dim is the dimension of the problem (dim = 2 for disks and dim = 3 for spheres), © is
granular temperature, m is the mass of a particle, u = v — V is the fluctuating velocity of an
individual particle, v is the instantaneous velocity of that particle, V' is the mean (flow) velocity
and () represents an appropriate average (defined in §2.2).

Since collisions between the particles of granular materials are inelastic in nature, the energy
associated with granular temperature continuously dissipates by collisions between the particles.
That means if the system is left as it is, the granular temperature will drop to zero and the
system will go to a dead state (i.e, all the particles will be at rest) after some finite time. It can
easily be seen in a simple experiment—if one shakes a box containg particles (say, rice grains)
and then stops shaking, the particles will almost instantaneously cease all their motion and come
to rest. Hence to maintain a steady motion (or to maintain a steady granular temperature) of
the particles, energy must be injected continuously into the system so that the energy lost due to
dissipative collisions can be balanced with this injected energy. Therefore the only equilibrium
state for a granular material is a dead state (until external energy is not fed into the system).

In the rapid flow regime, the qualitative properties of a granular gas can be described by
the Boltzmann equation (suitably modified by taking inelastic collisions into account). One
important objective in kinetic theory of granular gases is to derive the hydrodynamic equa-
tions from the (inelastic) Boltzmann equation. As we shall see latter (in §2.2) that pressure
tensor, heat flux and collisional dissipation appear in the hydrodynamic equations in form of
ensemble averages, therefore in order to complete the hydrodynamic description, constitutive
relations through which pressure tensor (or stress tensor), heat flux and collisional dissipation
are expressed in terms of the hydrodynamic fields (number density or mass density, mean flow
velocity and granular temperature) need to be established. There are many methods to derive

constitutive relations from the Boltzmann equation. Few commonly used methods are as follows:

#The same order of energy is sufficient to set the molecules in (Brownian) motion in a molecular gas.
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1. Chapman-Enskog expansion: The Chapman-Enskog expansion of the Boltzmann equa-
tion is the most successful systematic method for obtaining the distribution function
(Goldhirsch 2003). The key idea of this method is that the time dependence of the distribu-
tion function can come only through the hydrodynamic fields. The details of this method
will be explained in the next chapter. Several authors, e.g., Chapman & Cowling (1970),
Goldshtein & Shapiro (1995), Sela et al. (1996), Sela & Goldhirsch (1998), etc. have used
this method.

2. Grad’s method of moment (Grad 1949): In this method the distribution function is
approximated by a Maxwellian distribution function times a polynomial in the components
of the fluctuating velocity. This approximation is substituted back into the Boltzmann
equation and this substitution leads to equations of motion for the coefficients of these
polynomials. The latter are then solved by using certain assumptions (e.g., a steady
state). Kogan (1969), Jenkins & Richman (1985a), Ramirez et al. (2000), etc. have used
this method.

3. Bhatnagar-Gross-Krook (BGK) model for the Boltzmann collision operator
(Bhatnagar et al. 1954): The main complexity in dealing with the Boltzmann equation
arises due to collision term (referred to as the Boltzmann collision operator). For moderate
calculation effort, the Boltzmann collision term is replaced by a BGK model. Santos et al.
(1998), Ansumali et al. (2003), Tij & Santos (2004), etc. have used this model.

1.3 Present Work and Organisation of Thesis

1.3.1 Present Work

In present work, the rapid flow of monodisperse collection of smooth inelastic hard spheres of
diameter d under gravitational force in three dimensions is considered. The mass m of the
particle is normalized to unity. Since the particles have been considered smooth in this work,
the angular velocity of each particle (about its own axes) remains unchanged, no matter what
other changes the system undergoes. Hence the angular velocities are irrelevant in the present
analysis. Also, the particles have been considered as hard spheres so that the coefficient of
(normal) restitution would be taken as a constant (note that for particles, which are not hard,
coefficient of restitution is a function of impact velocity (Brilliantov & P&schel 2004)). Following
Sela & Goldhirsch (1998), the factor 1/3 is removed from the definition of granular temperature
(cf. eq. (1.1))—of course, it does not affect the analysis. Considering the above arguments, the
granular temperature in present study is given by © = (u?). The main goal of the present
work is to derive the constitutive relations for the above mentioned problem by following a
(generalized) Chapman-Enskog expansion of the Boltzmann equation. For this purpose, mostly,
the approach of Sela & Goldhirsch (1998) is followed.
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1.3.2 Organisation of Thesis

Chapter 2

The chapter starts with collision rule for binary collision of two smooth inelastic spheres. After
this, the Boltzmann equation for granular flows and the equations of motion for the hydrody-
namic fields are briefly introduced. The constitutive relations to zeroth-order are derived. The
generalized version of Chapman-Enskog expansion method is described in detail. Using gener-
alized Chapman-Enskog expansion, the method to obtain higher-order constitutive relation is

explained.
Chapter 3

With the help of (perturbed) Boltzmann equation, the correction terms at first-order in small
parameters are obtained. Using these corrections to distribution function, the constitutive rela-

tions at first-order in small parameters are derived.
Chapter 4

In this chapter, it is shown that the linearized Boltzmann collision operator is self-adjoint.
With the help of this self-adjoint property of the linearized Boltzmann collision operator, the
constitutive relations at second-order in small parameters are derived without evaluating the

correction terms at corresponding orders.
Chapter 5

The results obtained are summarized in this chapter. Normal stress difference in 2-D granular
Poiseuille flow of smooth inelastic hard spheres is discussed at Fuler, Navier-Stokes and Burnett
order and it has been concluded that normal stress difference is Burnett order effect for this

problem. After this, the possible future work is mentioned.



Chapter 2

Boltzmann Equation and Method of

Solution

As discussed in §1.3.1, in the present problem, the inelastic collisions between the spheres are
characterized by constant coefficient of restitution e, where 0 < e < 1 with e =0 and e =1 for
the collision between perfectly inelastic and perfectly elastic spheres respectively. The binary

collision between spheres labeled 1 and 2 leads to the following velocity transformation:

1 . .

v1 = v, — (%e)(k )k, (2.1a)
1 . .

vy = vl + (2L€)(k )k, (2.1b)

where v and v}, are the velocities of the spheres 1 and 2 respectively, prior to the collision, and
v1 and vy are the corresponding velocities of the spheres 1 and 2 respectively, after the collision,
V), = v — v, and k is a unit vector pointing from centre of sphere 2 to that of sphere 1 at the
time of contact. It does not matter if k is defined from centre of sphere 1 to that of sphere 2
(Goldhirsch 2003).

Substracting eq. (2.1b) from eq. (2.1a) and taking the dot product of the resulting equation
with 12:, we get

k-vi=Fk -v,— (1+e)(k-vly)

or

~

k-viy=—e(k-vly). (2.2)

This equation shows the relation between the normal component of relative velocities before and

after the collision. Also, on squaring and adding egs. (2.1a) and (2.1b), we get

(1+ e)2

v} + 3 = +0f + (k- vy)? — (1 +e)(k - viy)?

or

(1+e)
2

1—e?) .

v'12+v§2:v%+v§—(1+e)(fc-'v’12)2{ 5

Using eq. (2.2),

1—¢?) .
v ol = v s+ a=¢) 502 ) (k- v12)%.

Let us define a small parameter “degree of inelasticity (¢)” by € = 1 —e? and in terms of €, above

equation can be written as
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2 2 2 2 l. 2
U1 +U2:Ul+?)2+ k"UlQ)

2(1—6)(

1 ~
:U%+v§+§(e+62+e3+...)(k-012)2- (2:3)

This equation will be used in interchanging the total kinetic energy of the particles before

collision into the total kinetic energy of the particles after collision and vice-versa.

2.1 Boltzmann Equation

As discussed in §1.2, the qualitative properties of the system (assuming it is dilute enough) can
be described by the (inelastic) Boltzmann equation (see Brilliantov & Pdschel 2004; Rao & Nott
2008, for derivation of the Boltzmann equation):

of

B Vitg Vi |
t k-v12>0

dogd (k- 012) (51 (0) 1 (05) = £ (00) [ (0], 2

where f = f(v,r,t) is the single-particle distribution function defined in such a way that
f(v,r,t)drdv gives the number of particles at time ¢ in an infinitesimal volume dr located
at r whose velocities belong to an infinitesimal volume in velocity space dv centred around v,
V is the gradient with respect to the spatial coordinate r and V, is the gradient with respect
to the velocity space coordinate v. The other variables are defined in egs. (2.1a), (2.1b) and
the text following them. The constraint k - v12 > 0 takes care for the impending collisions.
Eq. (2.4) is defined in such a way that precollisional velocities depend on coefficient of
restitution, while postcollisional velocities do not depend on the same. Note that the
right-hand side of eq. (2.4) depends on coefficient of restitution explicitly as well as implicitly

via relations (2.1) between the postcollisional and precollisional velocities.

2.2 Hydrodynamic Variables and the Equations of Motion

The hydrodynamic fields: the number density n(r,t), the mean flow velocity V(r,t), and the
granular temperature @ (r,t) are given by (Grad 1949; Chapman & Cowling 1970; Tij & Santos
2004; Rao & Nott 2008):

n(r,t) = /d'uf(v,r,t), (2.5)

Vr,t) = %/dfvvf(v,r,t), (2.6)
O(r,t) = %/dv('v—V)Qf('v,r,t). (2.7)

The macroscopic balance equations for these hydrodynamic fields can be derived by multiply-
ing the Boltzmann equation (eq. (2.4)) by 1, v; and v? respectively, and integrating over v
(Lun et al. 1984; Jenkins & Richman 1985a,b; Rao & Nott 2008). They are:
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Dn aV;
- =0 2.8
Dt o 37“i ’ ( )

DV; 0P
pr— > 2.9
" Dt 87“j "9 ( )

Do oV 0Q;
— +2—PF;;+2 = —nl' 2.10
"pr T or; C ar; e (2.10)

where

Py = n(uuy) = /d'v wit; f, (2.11)

are the components of pressure tensor (or stress tensor),

1 2 1 2

Q; = §n<u u;) = 3 dv uu; f, (2.12)

are the components of heat flux, w is the fluctuating velocity defined in §1.2, () is an average
with respect to f defined by (¢) = 1 Jdvpf(v,r,t), D% = % + V - V is the material derivative

n

and I is the collisional dissipation, given by

med?
r= SZ /dvldvg V3o f(v1) f(v2). (2.13)

Note that the expression for I" contains a prefactor e. Now, the goal is to determine the con-
stitutive relations (pressure tensor P;;, heat flux @); and collisional dissipation I"). Clearly, the
expressions of Pj;, Q; and I' (egs. (2.11)-(2.13)) contain the distribution function f, which is
unknown and it is not easy to obtain an exact solution for f. Therefore, in order to deter-
mine the constitutive relation, a perturbative expansion for f is assumed (see below), following
Sela & Goldhirsch (1998).

2.3 Method of Solution

The classical Chapman-Enskog expansion for molecular gases (Cercignani 1969; Kogan 1969;
Chapman & Cowling 1970; Harris 2004) involves a perturbative expansion of the distribution
function in powers of the spatial gradients of the hydrodynamic fields; the method is used for
the systems that have an equilibrium solution, which serves the zeroth-order solution of the
expansion. But as discussed in §1.2, granular systems do not have an equilibrium solution
and therefore the classical Chapman-Enskog expansion technique can not be applied directly to
granular systems. Nevertheless, we shall see below that one can obtain a zeroth-order solution
in elastic and zero Knudsen number (defined below) limit. An appropriate generalization of
Chapman-Enskog expansion (Sela & Goldhirsch 1998) along with this zeroth-order solution can
be employed in case of granular systems.

Let us define a small parameter Knudsen number (K), by K = ¢/L, where ¢ is the mean
free path given by ¢ = 1/(7nd?) and L is a macroscopic length scale in the problem. In the
present work, gravity is serving as a body force, so one can define the macroscopic length

()"

scale as L = - where vy, = is the thermal speed and ¢ is the magnitude of the
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gravitational acceleration, hence the macroscopic length scale L = %. Next, we perform a

rescaling of the Boltzmann equation (eq. (2.4)), as follows: the rescaled fluctuating velocity is
3 ~

u = (2@) (v—V), the rescaled gravity is g = g/g, and f = n(z@) f(u). Hence the Boltzmann

equation (2.4) changes to

or
3\2 [ @ 23/3\2/ 3\00 [3)\2 i
(58) {a—f” }”fi(%) (262) % * (36) {rew 9D
i 3\2/ 3 3\2 _ ;
+f(vl-Vn)}+nf <29> <—2—92> (U1-V9)+n<%> 99 -V f
=t S [ s ana) (7))  Fan) ()
k-t12>0
0 on| ;3 00 - f ;
o) {518} s foore o) s oo
+9g- Vo f| =n*d*— ’ ) daty dk (k - @12) <i2f(’&/1)f(’&/2) - f(ftl)f(’&z)>
20 Jia5>0 e

N

(2 of ffon -3 (00
Tnd? <%> [{E%-m Vf} —{E+’v1 Vn} f@{g*‘M'V@}
- ~ 1 1 B _ o
k-u12>0

Now, using the definitions of mean free path and Knudsen number, Wldg ={=K %. Therefore

K2@<2@> th“” V>f+f< o V>hm 3f<gt+vl V>m@
+gg.vvf]:l [ ki U12)<1f( O F () - f(m)f@))
7T k-t12>0
or

_@f+f@<lnn—;ln@>+K<@>2§-va:,%~’(f,f,e), (2.14)
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where

and

. K [(20\% (0

Eq. (2.14) is another form of the Boltzmann equation in terms of rescaled quantities. Here
onwards, eq. (2.14) will be referred as the rescaled Boltzmann equation. Note that Z is not a
material derivative since the velocity v1 is not the hydrodynamic velocity, rather it is the velocity
of the particle. Clearly, in the double limit ¢ — 0 and K — 0, eq. (2.14) changes to @(f, 1, 1) =
0, the solution of which is a Maxwellian distribution function (see Chapman & Cowling 1970;
Harris 2004; Rao & Nott 2008, for a derivation) given by

fo(@) = n 327 (2.17)
Hence, for K < 1 and € < 1, f can be expressed as f(@) = fo(@)(1 + @), where & is a ‘small’
perturbation. fo(ﬁ) will serve as zeroth-order solution in this work.

Since the equilibrium distribution function, fy, is defined in such a way that the hydrody-

namic fields are velocity moments of fy, i.e.,

n:/dvfo, vzl/dmfo, Qzl/dv(v—V)zfo.

n n

Therefore, it follows from eqs. (2.5)-(2.7) and the relation f(@) = fo(a)(1 + &),
/da fo(@)® = /dﬂ, wfo()P = /da @ fo(@)® = 0. (2.18)

These are called the orthogonality conditions and they should hold at all orders in Chapman-
Enskog expansion.

Next, we shall substitute f(@) = fo(@)(1 + @) in eq. (2.14) and for that, let us first simplify
the first and third terms of eq. (2.14), separately. (Here onwards, wherever there is no subscript
in w or v, they will be read as u; or v; respectively, until w and w; or v and v; appear

simultaneously in integrals.)

First Term:
9f = @{fo(a)u +¢)} = g(w)é (aﬁ +v- V) {fo(a)u + )

K (20\% [ d

—1+o) = (22) (2
<+)g<3 ot
K

= (72 ™) (14 @)
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Gf = —fya) +¢>§<

20

R0 +¢>5(

= fol@)(1+ @) |@*

o B : K /20
20 ulg 3

= fo(a)(1 + @)

= fol@)

= —fo(@)(1+ @)K(%) ég A

?)% [—2—@2(1;—V)2 <§+v~v)@

b2V (2w v) (V)] + h@ e

(1+@){2(3

20

el (0
. 3) {u@ 8t+vV@
3\z_ [0

260

);

2P 1O +2 (i) WDV

3 0

0

+ fo(ﬂ).@@

20

)Qai@m +a2921n@} oy

20—V} i (%) GV

1
20?2

= —2fo(a)(1 + )Kg-u+ fo(ﬂ)K<?) g -V,

= —2fo(@)(1 + @)K §;it; + fo(ﬂ)K(@) EQ -V, P,

3
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where we have used the following,

Substituting the above values of the first and third terms along with f(@) = fo(@)(1 + &)
in eq. (2.14), we get

fo(@)

+ foli)(1 + )9 <lnn - g ln@)

(1+ @) {2(%) LIV +a2921n@} + 99

NI

- 201+ DK+ FK () 5 Voo = B fo

(1+ o) 1+ 9P

_ 3\%_ - I A -
@lnn+2(@) ui@%—i—(u —5) 21O — 2K g1,

20 2 o
+K<?) g-V,o6=——2A(f, f,e). (2.19)
Here onwards, eq. (2.19) will be referred as the perturbed Boltzmann equation. The action

of operator 2 on the hydrodynamic fields can be evaluated with the help of eq. (2.16)
and egs. (2.8)-(2.10) as following.

~ K (26 2 0 K (26 %1 on
1 — 5 ° 9 .
Inn _g (—3) (—t+'v V)lnn g<3> n( t+'v Vn),

but from eq. (2.8), {2+ (V- -V)n} + (V- V)n=0o0r & = (V- V)n —n(V - V),

ot
hence

@lnn:5<@

)2%{—(V-V)n—n(v V) + (v- V)n}

- 5@(1)%%{(U_V).Vn—n(v-w}

(%) ('U—V)~%Vn— (%);V-V}

_Olnn 3 %(’9%
Yo <%> 37‘2}7 220
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. K [20\7[d
@%—?<?> <8t+v V)V
but from eq. (2.9), n { G + (V- V)Vi} + 5 = ng; or Gt = g,— (V- V)Vi— 15, hence
~ K (207 10P;
@vi—;(?) {a-wvoowi- 250 +<v-V>w}
K20 3\* 1P,
45 () {ov) W‘ﬁam} <—) .
20 [/ 3\? 20\ ?
Sy i ) —
() wvei() 5 } “(5)%
20 1 P,
— K2 !lag.-VV. — = i
39 {u v <29> 3@} < ) ’
20 [_av, 1 P, 26
_ g0 ) 0V 1 N O (s 2.21
- {warj ) aﬁ}+ (25 221)
and
) K (20\? (0 K [(20\:1 (06O
e =— (=2 me==—(=2) =
2In6 9(3) (at+'v V)n@ g(3)@{8t+( V)@},
but from eq. (2.10), n {52 + (V - V@}+28V'P +28QZ:—nF or %2 = —(V.V)o -
igf;Pj—%%% F,hence
- 20\ % 1 20V, 2 90
e =— _Zip. ZZei
ane 9(3)@{(V v)o o, V) }
K20/ 3\?1 29V, 2 90, 20\ 7 1
— o2 (2 2w _2%p. = _ (=) ar
g 3 (2@) @{(v V). Ve n or; n@ri} <3) e
20 2 2/ 3\20V 2 [ 3\200;
_K _ =) Zp o = (=
{(2@) (v=V): @V@ n@(QQ) or; n@( @) 8ri}

20
2 () 2
g<3) ©
20 2 /3 \78V, 2 /3\700;| K [20\?1
- K2 me— = (2) Zip, - = (= 2 (=Y 2
39 {“ Vine n@<2@) or; n@(Q@) an-} g<3) o

As we have already seen in eq. (2.13), the expression for I" contains a prefactor €, we shall

take out the factor e and replace other factors in the last term of above equation by I,

so that I" does not depend on e explicitly. Hence

20 [_ome 2 [ 3\20V 2/ 3\700; _
1 K=u, 2 - = (=) Sip, - = (= el 2.22
IO = 39 {u] or; ne <2@) or; ne <2@) or; } < (2:22)
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where )
- K [(20\?21
I'=—\(—) =I 2.2
S ( 3 ) 6 229
or 1 1 1
g0 [ 3 \? = eg@ 20/ 3 \?~ €O [20)2
I'="% (2@) == “ 34\ 20 F=={%)" (2.24)

Also, substituting the value of I" from eq. (2.13),
N 20\ 1 . K [20\? 1 med?
of = g(g)ép:g(?)é8n/w@w@ﬂmﬁm»
B 1 39 20 ;iﬂ'edQ/ @ %d~ @ %d~
a2 “20) g\ 3 ) @ s 3 ) 3)
20 3% 5 3\ 7.
NEE S o
1 3\? 1 20N [ i
=c (@) (@) ) X n? <?) /dulduz Ui’2f<u1)f<u2)

- - / Aty ity %, (i) f (1)

or

f:%/M@m@ﬂmmw) (2.25)

Next, following Sela & Goldhirsch (1998), @ is expanded in both small parameters, K and

¢ (a generalization of classical Chapman-FEnskog expansion for granular flows) as following.
=P +P. + P+ Pre+ Dee + ... (2.26)

or

D =D + el + Do + eV + 2P 4 (2.27)

In eq. (2.27), @ is written in another form to avoid any confusion. From egs. (2.26) and
(2.27), . = ecpgl), Dy = ego(lp, b = ezgo( and so on. In egs. (2.26) and (2.27), and here
onwards subscripts indicate the order of the corresponding terms in the small parameters,
e.g. P = O(K) and bracketed superscripts in eq. (2.27) are just to indicate the e order
of corresponding terms in eq. (2.26).

Similar to the expansion of @ in small parameters, Zv (Where 1 is function of the
field variables) can be expanded as: _@w @K@Z) + 9, )+ _@KK’(/} + @KE’(/) + ..., where e.g.
D) is the O(Ke) term in the expansion of 21 in powers of K and e.

For a non-negative integer n, O(e") corrections to the single particle distribution func-
tion are the Euler order terms, O(K¢e") corrections are the Navier-Stokes or Chapman-

Enskog order terms and O(K?¢") corrections are Burnett order terms.
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2.3.1 Zeroth-order Constitutive Relations

Pressure Tensor

Writing eq. (2.11) in terms of rescaled quantities, we have

e Jror {2 M} o) ) )

=29 [y fa)

Using relation f(@) = fo(@1)(1 4+ @) along with eqs. (2.17) and (2.26),

2nO
Pijzm/duuuj (1+¢K+€P +@KK+@K5+...)

2ne .
_PO 373/2 /duuu] - (P +Pe + P +Pre +...), (2.28)

where Plg is the zeroth order term in the expansion of F;;, given by

2n6 72
0 S s~
P = 532 /duu uje

Using eq. (F.9a),

0 _ JR—
B = 5oam * 3

2nO 4w e 2n@ 4w 3
(Sz‘j/ov du e U4ZWX?5Z']‘X§\/%.

This implies

P} = n@@] (2.29)

Heat Flux

Writing eq. (2.12) in terms of rescaled quantities, we have

et s = 1) s {C2)H{ () s} {o () 1)

Using relation f(@) = fo(@)(1 + @) along with eqgs. (2.17) and (2.26),

3
n (202 ~ o
szm(?) /d'u,u2 P14 e + P+ DPrie + Pree + ...

3
n [(20)\2 -9
=QY + T <—) /du W0 (P + Do+ Dyee + Pree +-..) (2.30)
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where Q¥ is the zeroth order term in the expansion of Q;, given by

3
20\ 2 o2
™

In the above integral, the integrand is an odd function of components of w. Therefore

Q=0 (2.31)

7

Collisional Dissipation

From eq. (2.25) (along with relation f(@) = fo(@)(1 + @) and eq. (2.17)), we have
~ 1 g~
I'= E /duld'uQ ui’Qf(ul)f('u,g)

_ 1_12 dity i, i3, {fo(fbl) (1+ @(’&1))} {fo(fm) (1+ @(ﬁz))}

— 5 s T (@)@ {1 + Picln) + Bl) + Pralin) + B i) + ...}

X {1l + P (ts) + Pc(t2) + P i (U2) + Pre(t2) + ...}
1 _ _
= E dﬁldﬁg lNL?Q (71'_3/2 e_“%> (71'_3/2 e_“%>{1 + ¢K(’a1) + @K(’ELQ)

+@c (1) + Pe(U2) + Pr (1) + Prerc () + Prc(Ur) Prc(U2) + ...}

=T, +

/ Aty daiy @3y e+ (B (@) + Dy (Tg) + Pe(y) + De(s)

where I} is the zeroth order term in the expansion of I, given by

. 1
Ihn =
07 1973

~ ~ o~ (72472
/dulduQ 3, e+

and using eq. (G.2), it simplifies to

Iy= 2(2)1/2 (2.33)
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Now, from egs. (2.24) and (2.32), we have

)

F:
14

20\ 2 - 1 L
20 Iy+ —— / Ay da, @3y e~ F5) (D (1) + D (o)
3 1273

+@e<ﬁ'1) —+ @6<’&2> -+ @KK('al) —+ @KK</&2) + @K<’fb1) @K<ﬁ2> + .. }

€© (20N [ o i o ;
— €+m<?) /duldugu%e (402 { P () + D (Th2)

+@c (1) + De(U2) + Prgc (1) + P (Uo) + P (1) P (W) + ...}, (2.34)

%~ i 1/2
[ ©(20\ s @ (20\F 2(2
14 3 14 3 3\

e/ 16 \'/?
Fezz<ﬁ) e3/? (2.35)

Thus, we see from egs. (2.29) and (2.31) that at zeroth-order pressure tensor is just the

where

or

mean pressure times an identity matrix and heat flux is zero. Due to the prefactor € in
the expression of I' (cf. eq. (2.13)), the lowest-order contribution to I" is of order € and

given by eq. (2.35).

2.3.2 Method for obtaining Higher-order Constitutive Relations

As it is clear from egs. (2.28), (2.30) and (2.34), that to evaluate the higher-order consti-
tutive relations, higher-order correction terms (i.e., @, @, etc.) should be known. But
we shall realize latter that it is extremely complicated to evalute the correction terms,
even to second-order in small parameters.

Therefore we shall follow Sela & Goldhirsch (1998) and evaluate the correction terms,
to first-order in small parameters using the Boltzmann equation. Then we shall use the
first-order correction terms along with the self-adjoint property of the linearized Boltz-
mann operator (defined in §4.1) to evaluate the constitutive relations directly, without
obtaining the correction terms at second-order in small parameters. For this purpose, we
shall substitute the value of @ from eqs. (2.26) and (2.27) in eq. (2.19) as following.

In the right-hand side (let us say, it is equal to A) of eq. (2.19), we shall replace ¢ by
its expansion given in eq. (2.27). A is further simplified by using Taylor-series expansion
(for its implicit dependence on €). The details are given in Appendix A and the final form
of A is given in eq. (A.1). Now, in the left-hand side of eq. (2.19), let us replace @ by its
expansion given in eq. (2.26) and 17 by its expansion given above, and A by its expression
given in eq. (A.1). Thus, eq. (2.19) changes to
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(1+¢K+¢E+¢KK+¢K€+...){(@K+@e+@KK+@KE+...>Inn
3N\ . L B
@ Uy K € KK Ke T -+ i

+2 D+ Do+ Drcic + D+ ... ) Vi

2
+<@K+-@E+-@KK+-@K6+---) (P + Pe + P + Pre+...)

+ (ﬂ2—§) (@K+QG+QKK+@KE+...> ln@—2Kgiai}

N

20\ 2.

€

. . Lo o g 1. . 2
= L(Dy) + e L) + ﬁ/ ditydk (k - o) e (1 — (k) )
n k-t12>0

. ~ . . . 1~
+eZ(@))) +€2(@x) + el(@r) + (i, @) + L (Prxc) + 5 2Dxc, Prc)
. ~ _ 1.~
+EL(e”) + 2 () + EAAY) + 52 o)
€ Y ah r N a2 N
+ —= du.dk (k . ’U,lg) e 21— (ki . ulg) -+ —<k : ’LL12) + h.O.t., (236)
7T5/2 ic-'fl,12>0 8
where
5 1 L oae o - N g . . . .
Z(P) = - / ditgdk (k - @12) e B {d(@)) + (@) — D(wy) — D(as)},  (2.37)
k-112>0
. 1 Lo i
0.0 = [ dadi (b ) e H(@)0(E) + 0(a)(E)
k-t12>0
— D(uy)(tz) — D(ug)i(w)}, (2.38)

- 1 o 1. o\ o2, B
=(P) = T/Q/ dusdk (k- w9) <1 — —(k - t12) ) e 2{P(u)) +P(u,y)} (2.39)
T k-112>0 2

and

1 1.0 ~ (D5 —a3 ~/ ~/

A(P) = -y 11_{% Py /ic-alpodUQdk (k- @) e 2{d(u)) + P(us) } (2.40)
The operator .Z in eq. (2.37) is the (standard) rescaled linearized Boltzmann operator
defined for elastically colliding particles. The operators 2 and = in egs. (2.38) and (2.39)
respectively, are also defined for elastically colliding particles (see Appendix A for details).

Here onwards, eq. (2.36) will be referred as the expanded Boltzmann equation.

2.4 Summary

The hydrodynamic equations for granular flows are the consequences of the Boltzmann

equation. The method to obtain the constitutive relations is presented in detail. Zeroth-
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order (Euler level) constitutive relations are derived. At this order, pressure tensor turns

out to be mean pressure time an identity matrix, i.e.,

1
f)zg = gn@ézj,
heat flux vanishes, i.e.,

Q; =0,

and contribution to collisional dissipation is of O(€) due to eq. (2.13) and given by

1/2
I = € ﬁ / e3/2.
(\ 27w

Expanded form of the Boltzmann equation (eq. (2.36)) is derived to obtain the higher-

order constitutive relations.



Chapter 3
Constitutive Relations at First-order
in small parameters

With the help of the expanded Boltzmann equation (2.36) and the equations of motion for
hydrodynamic fields (egs. (2.8)-(2.10)), first-order correction terms are obtained. Using these

correction terms, the constitutive relations at first-order in small parameters are derived.
3.1 Solution at O(K)

Collecting O(K) terms in eq. (2.36), we have

1
. 3\2 - 3\ - .
The operation of Zx on the hydrodynamic fields can be obtained as follows:

From eq. (2.20),

1
I lnn = K% {aiaal% - <%>§g:f}. (3.2)
From eq. (2.21),
20 [ ov; 1(3\20P) 20\
IV =K {f‘ja—v«ﬁ‘ﬁ%) W?}”‘(?) g

P
but from eq. (2.29), Pg = inOs;; = 81:;] = %%(n@élj) = %8597;9), therefore

1 1
. 20 [0V, 1/ 3\210(n0O) 20\ 2 _
L K2 22 K== .
IxVi 39 {uj or; n(?@) 3 O * < 3 ) gi
1 1
20 ) 0V, 1/20\2 1 0(nO) 20\ 2 _
39 {uj or; 2( 3 ) n® or; }+ < 3 ) gi
or 1 1
~ 20 | _ 0V, 1[20)\20In(nO) 20\ 2 _
=K du— - (2 ) T L k(22 g .
IrVi= Ko {“Jarj 2(3) ar; }+ (3) g (3:3)

Clearly, the term el in eq. (2.22) can not contribute O(K) terms. Hence from eq. (2.22),

1 1
- 20 | _0lmO 2 (3 \20V 2 (3)20Q)
1 - K2 b (N tpo = [ i
IxIn® 3g {u] or; n@<2@> or; Y no (2@) ar; }’

20
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but from egs. (2.29) and (2.31), P0 3n85w and QY = 0 respectively, therefore
1
20 olne® 2/ 3 \20V;
| K — == . 4
IO = 3g{ i ar; 3(29) 37@-} (3-4)
Substitution of egs. (3.2)-(3.4) in eq. (3.1) gives
1
~ 20 | _ 0dlnn 3 \20V;
L) =Ko, {“a—_ (@) a}
co( BN [g28 [L v 120\ omme)| | raeNE
20) " |39 1 ar, 2\ 73 or; 3 ) ¥
1
3 20 olme 2/ 3\20V;
+<u 2> K3g {uz or; 3<2@> 87‘1-} 2K gt
K2@ (9lnn 3 %8% 5 3 %ﬁﬂ‘%_ﬁaln(n@)
- Yo, \20) or 20) “or;, " on
1
3 one 2 ov; 3\20V;
g2 3\, 0mE 2 2 3 i oKan — KA
+<“ 2) Yo, 3(2@) ar; +<29> ar; | TR T 2R
_ 20 [y (B Yo Y WO (L, 3 ﬁOln@_Q 1,0V,
- 3y 260 ! j@rj ' Ory 27" Or 28 or;
r 1
.20 3N (.. 1.4 aV; 5 5\ .0l6e
Y 2<2@> {“Z“J_?,“ 5”}arj+<“ _2> o
r 1
.20 3\ 2 [ugu; + uju; ~2 oV 9 0lnoe
~ 3y 2<2@> { 2 k0ij }arj+<“ 2) " o
or )
, 20— 3 \20V; 20 5 0lne
D) = 2K Uit | ~— K (@ - 5 ) G :
Z(Pk) 3gu,uj<29> ar,; 3 <u 2> u; o (3.5)

where the overline denotes a symmetric traceless tensor (sometimes called as deviatoric tensor)

defined by A;; = 5 LA+ Aji) —

Akkéij. Note that eq. (3.5) is identical to that obtained in the

classical Chapman-Enskog expansion (of elastic systems) to first order in spatial gradients.

To solve eq. (3.5), note that the left-hand side is linear in @, and the right-hand side is

linear in gradients of velocity (V') and granular temperatute (©).

From the theory of linear

equations, the solution of eq. (3.5) is the sum of the most general solution of the corresponding
homogeneous equation % (®x) = 0 and a particular solution of eq. (3.5). From the expression
for Z (eq. (2.37)), it is clear that

P (@)) + Pic (@) — Pic (1) — P (th2) =0

satisfies the homogeneous equation; also, it is a necessary condition on functions, which qualify
to become solutions of homogeneous equation (Chapman & Cowling 1970). Consequently, the
linear combination of all the functions, which satisfy the above condition, is the most general

solution of the homogeneous equation. A function which satisfies the above condition is called



22 Chapter 3. Constitutive Relations at First-order in small parameters

summational (or collisional) invariant. Since . is defined for elastically colliding particles (see
Appendix A) and we know that the mass, momentum and energy are the conserved quantities
in the elastic collisions; consequently, 1, @ and @ are the summational invariants for elastically
colliding particles of same mass. It can be shown that they are the only independent summa-
tional invariants in this case (Chapman & Cowling 1970; Rao & Nott 2008). Therefore the most

general solution of the homogeneous equation is:
~ ~9
DKo = 01 + @z - u+ azu”,

where subscript hom in @k denotes that it is the solution of homogeneous equation, a; and as

are scalar constant, and as is a vector constant. Since ‘g}n/l and aé%@ are independently variable,
j i

the particular solution must depend linearly on them, i.e.

1
20/ 3 \z , 0V, 20 0o
P =2K—(-—=) Ajj— +K—B;——,
Kpar 39 <29> 7 or; * 39 or;

where subscript par in @k denotes that it is a particular solution of eq. (3.5), Aj; are the
components of a second-order tensor and B; are components of a vector. Therefore the general
solution of eq. (3.5) is given by:

1
2 2 ; 2 1
@<3>A6‘/; K_@Ban@

D (i) — iy 02 Lo 2 2 9Vi gne
K(u) a1 +as-u+ asu” + 20 ”arj—i_ 39 i ori s

5 (3.6)

where ay, as, a3, Aj; and B; are unknowns. Substituting the above expression for @k back into

eq. (3.5), using the fact that hydrodynamic fields are conserved and equating the coefficients of

% and 21€ on both sides, we get
T or;

L(Aji) = @iy, (3.7)

The solvability conditions for these equations are

- ~ 5
i) faad@ane =0 ad @) [aaf@ (@ -3) =0

for ¢ = 1, @, and 2. The condition (i) with ¢ = 1 and @ is satisfied using eq. (F.10), and with

1 = 1y, is satisfied because the integrand is an odd function in components of w. The condition

(i) with ¢» = 1 and @? is satisfied because the corresponding integrands are odd functions in

components of @, and with ¢ = @y, (using eq. (F.9a)) it reduces to

A / dii fol @) (fﬁ - 5) i =0,
3 %" | 2

which is identically satisfied on using eq. (2.17) and integrating over u. Hence egs. (3.7) and
(3.8) are solvable.
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It is clear from the eqgs. (3.7) and (3.8) that A;; and B;, respectively, can be the functions of

@ only. From eq. (3.7), we can see that
ZL(Ai) =0

and

L(Aji = Ayj) = L(Azi) — L(Ay) = 0.
These two equations imply that Aj; are components of a traceless (i.e., A; = 0) and symmetric
(i.e, Aj; = A;j) tensor and the only symmetric and traceless tensor which can be formed from
w is u;t;. Therefore
Aji = &,(0) @15, (3.9)
where &, (@) is unknown function of speed @ only. Similarly, the only vector which can be formed

from w is @ itself. Therefore
B: = dy(a)i, (3.10)

where &, (@) is the unknown function of speed @ only. Therefore eq. (3.6) changes to:

20 . 0V 20 . Olne
P = 2K — D, (u)u;u K—o ; .
k(a) = aj + asi; + asi’® + <29> o (W)U ]8 - + 39 () s

(3.11)

Now, we shall show that the coefficients a1, as; and ag can be set equal to zero as following.

The orthogonality conditions for @5 (cf. eq. (2.18)), which @5 must satisfy, give the following:
/d’ﬂ, fo(ﬂ)lﬂ P = /d’&, fo(ﬁ)l/) {a1 + a9;u; + a3112

1
20 L9V, 20 9o
2K 22 by (@)isty ot + K2 -
" (29) T e v } "

for ¢ = 1, @ and @2. Considering eq. (F.10) and symmetry arguments, one can ignore the
vanishing integrals in the above equation and thus using eqs. (2.17) and (F.9a), and changing

integrals into spherical polar coordinates, we get the following equations for ¢ = 1, @, and %°:

o0

/ dai® e ™ (aq + agi?) =0, (3.12)

0

® 4 —a 20 ., 0lne
/0 divite™™ {agl—l-K?) D (1) or, } 0, (3.13)
0 ~

/ da i’ e ™ (ay + agi®) = 0. (3.14)

0
Egs. (3.12) and (3.14) imply a1 = ag = 0; eq. (3.13) implies that ag; is proportional to ‘9%19

in eq. (3.11): hence

Therefore the term ag;u; can be absorbed in the term proportional to 8129

we can set az = 0, when eq. (3.13) becomes

/ daat e ™ &, (i) = 0. (3.15)
0
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Summarizing above discussions, the solution of eq. (3.5) is:

1
20/ 3 \2. oV; 20. . _0mhe

() =2K— | — | o, (0)uu4,— + K— ; 1
K (@) 3g <2@> o)ty or; + 3g H(@)t or; (3.16)

with orthogonality condition (3.15) to be satisfied.
To match the solution obtained above with that of Sela & Goldhirsch (1998), the function

Qgt can be redefined as

A <ﬁ2 — g) D.(11). (3.17)

Therefore the solution of eq. (3.5) will become

1
~ 29A ~\ <~ <~ 3 58‘/2 2@A - ~92 5 ~({9ln@

with orthogonality condition (cf. eq. (3.15))

/0 diite ™ <a2 — g) d.(i) =0 (3.19)

to be satisfied. With the help of egs. (3.9), (3.10) and (3.17), egs. (3.7) and (3.8) can be written

as

L |y (@)st; | = Wity (3.20)
Z {g@c(a) (fﬁ — g) u] = (a* - g) ;. (3.21)

As per above discussion, q%v(a) and Qgc(zl) are unknown functions of the speed @ only. Usually,
these functions are expanded in (truncated) series of Sonine polynomials (Cercignani 1969;
Kogan 1969; Chapman & Cowling 1970; Ferziger & Kaper 1972; Brilliantov & Pdschel 2004;
Harris 2004). Sela & Goldhirsch (1998) have expanded them in (truncated) series of modified
Bessel functions of first kind by considering their asymptotic properties and the fact that q%v(a)
and 5250(11) are even functions of speed @ (shown in Appendix I). Here we shall directly use the
values of these unknown functions given in Sela & Goldhirsch (1998) to evaluate the integrals
numerically (using MATHEMATICA).

3.2 Constitutive Relations at O(K)

Pressure Tensor

From egs. (2.28) and (3.18), the contribution of @i to the pressure tensor is given by

2nO - _a _
Pg:?ﬁrg/2 /duuiuje C D ()

1
20 fausis o 2 () e+ 220 (- 3) s )

T 33/2 g
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The second term on the right-hand side of the above equation is zero because the corresponding

integrand is an odd function in components of w. Hence

1
20 (202 2 = n
PE =27732K 3@ <—@> /daaiaje“ @v(a)amanal

g 3 orp,
1 J—
2 . A
o 32, <2§9> %%/0 i o by (i) (using oq. (F.12))
J
1
8 [ 2\2 [ =2 o oV,
—92l°2 (=2 ~ ~6 —1 d 1/2% Ve
{15(%) /0 duie ()} "o,
or
av;
K _ _on 1/227¢
P 2[ipnl©O o, (3.22)
where )
5 8 2\2 [ s _a22
e ol A o

The integral in eq. (3.23) has been evaluated numerically. The result is fig &~ 0.3249. Clearly

(from eq. (3.22)), pressure tensor is Newton’s law of viscosity at this order.

Heat Flux

From egs. (2.30) and (3.18), the contribution of @k to the heat flux is

20, 20V, 205 o (2 )5 OO

The first term on the right-hand side of the above equation is zero because the corresponding

integrand is an odd function in components of u. Hence

3
K__n (20172000 [ 5. (-2 5\g oy a2
@ _2773/2(3) K3y o, Jdu@mt (@ =5 e(@)e

3
n (20\2_ 200In0O 4r 5\ 2 2
= —_— K o b 02 — = @ U —u i . F.
2773/2< 3 ) 3 o 3 /0 daa <u 2) o(a)e (using eq. (F.9b))

:{3(3;)2 [ane (-3 bt } 101226
or
Qff = —konte" Qg—g (3.24)
where

1
~ 4 2 2 ~~6 [ ~2 5 2N g2
S ~2) b (@) e . 2
Ro 9<37r> /0 daa <u 2> (u)e (3.25)
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The integral in eq. (3.25) has been evaluated numerically. The result is £y ~ 0.4100. Clearly

(from eq. (3.24)), heat flux is Fourier’s law of conduction at this order.
Collisional Dissipation

Eq. (2.13) implies that the contribution of @k to collisional dissipation I" is of O(Ke€). From
eq. (2.34), the contribution of @k to collisional dissipation I" is given by

FK&

B e® @
12730\ 3

% =2 | =2
> /dfalda2 @3y e TT) (P (wy) + Py (2)} .

But since

U2 = 12| = \/{(ﬂlm — digg)? + (TU1y — z12y)2 + (1, — ﬂ2z)2}

= \/{(ﬁQx — )+ (Tgy — ﬂ1y)2 + (T, — ﬂlz)Q} = Q21| = g1,
therefore interchanging the integration variables (i.e., @) — U2),

Aty ity @y e~ T8 @ (1) = [ dapdiyy 73, e BT Gy (s)

—
—

= /dﬂgd’&l ﬂ?z ef(ﬂ%Jrﬂ%) SZSK(’&Q) = /d’&ldﬁg ﬂ?z ei(ﬂ%Jrﬂ%) @K(’ﬂ,g).

€@ (26
e — — (22
e 677?%( 3 >

Note that if one first integrates over @y then clearly, [dus @3, e~ is an isotropic function of

Therefore

I

/ Aty dig @3y e~ TH5) & (wy).

U1, i.e, one which depends on the speed @; alone. From eq. (G.4),

5\ _.2 w23+ 1202 + 4af
<a2+§> it T +4~“1+ ©) rf(iiy) (3.26)
Uy

(@) = /dﬂ,g @y e ™ =1

where erf(z) is the error function (Abramowitz & Stegun 1965, p. 297). Note that the right-hand

side of the above equation is an even function in components of ;. Hence

1
O (20?2 O ~ ~
ngh<?> /dule (i) P ()

1
69 29 2 - _aQ ~
= o757 <?> /du e x(a)
1
20 . 3 \20V; 20 . 5 0ln®
OK 2B, (00, | —— Lk ga) (a2 - 2) e 22
X{ 3g v(u)ulu]<2@> 67’j+ 3g () <u 2) Ui or; }

Clearly, the term containing temperature gradient vanishes because the corresponding integrand

is an odd function in components of w. Hence

I'xe=K

2@ @ a‘/@ ~ g2 ~\ 5 N~
egm o, /du e " x(U)Py(u)uug
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and using eq. (F.10),
I'ke=0 (3.27)

i.e., the collisional dissipation is zero at this order.

3.3 Solution at O(e)
Collecting O(e) terms in eq. (2.36), we have
1
Jelnn + 2(%) RR/AE <a2 - ;) Feno
=2 + #/  diodk (k- i) e (1 - %(12: : a12)2>
k-w12>0

or

2

ej(gogl)) =9.Inn +2<%> WDV + <ﬁ2 — ;) 9. 1n O

€

~ S8 ~ _112 1 ~ - 2
_ _7T5/2 d’u,gdk (kj . ’u,12) e 2 (1 — 5(]{; . U12) > . (328)

I;:~’L~l,12>0
It is clear from egs. (2.20)-(2.22) that Z.Inn = 2.V; = 0 and Z.In© = —elp, where I} =
2(2) Y2 from eq. (2.33). The integral on the right-hand side of eq. (3.28) is evaluated in Appendix
G. Its (final) value is given in eq. (G.6). Hence, substituting the values of each term in eq. (3.28),

we get
1/2 ~9 ~9 ~4 ~
>0 Wy _ (-2 3\) 2(2 B 3—2u _a2  (b+4u® —4a*) erf(a)
Lle) = (“ 2> { €3<w> } ‘ K saiz )¢ T 161
or
(1Y) = h(a), (3.29)
where

1/2 ) 9 4 -
oo [(2) () e B ]
The right-hand side of eq. (3.29) is orthogonal to the invariants 1, @ and @* with fo(%) serv-
ing as weight function because with invariant u, the integrand is an odd function in compo-
nents of @, and with 1 and @2, (changing the integral into spherical polar coordinates) we have
[2daah(a)e™ = [Fdaah(a)e ™ = 0. That means eq. (3.29) is solvable. In Appendix B,
it is shown that all equations that need to be solved in the framework of the perturbation theory
employed in this work are solvable.

Again, the most general solution of eq. (3.29) is the sum of the general solution of the cor-
responding homogeneous equation .% (apgl)) = 0 and a particular solution of eq. (3.29). Since .

is defined for elastically colliding particles, therefore by a similar argument as in §3.1,
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SD&)OM = by + by - @ + bgii’,
where subscript hom in gpgl) denotes that it is the solution of homogeneous equation, b; and
bs are scalar constant, and bs is a vector constant. Since the right-hand side of eq. (3.29) is a
function of speed @ only, the particular solution of eq. (3.29) will be a function of speed @ only,

ie.,
1 2 ~
P = bin(a),

where @m(&) is an unknown function of speed @ only. Therefore the most general solution of
eq. (3.29) is:
oD (@) = by + by - @+ bgii® + By (@) = byit; + (i), (3.31)

where sﬁe(ﬁ) = by + b3 + @m(ﬁ) is an unknown function of speed @ only. The orthogonality

conditions for @, (cf. eq. (2.18)), which @, must satisfy, give the following:
/ da fo(@)) @ = ¢ / da fo(@)e ;" (@) = / it fo(@) {baiit; + b.(0) } =0,

for ¢ = 1, u; and %?. Considering symmetry arguments, one can ignore the vanishing integrals
and thus using eq. (2.17), the above orthogonality condition for ¢ = 1, @; and 42 gives the

following equations:
/ dive™™ do (i) = 0, (3.32)
bgi /d’& e_f‘Q ﬂiﬂj == 0, (333)
/ da@® e d,(i) = 0. (3.34)
From eq. (3.33), bg; = 0. This implies that by = 0. Therefore eq. (3.31) becomes
W (@) = b, (i 3.35
o1 (1) = De(a1) (3.35)

with orthogonality conditions (3.32) and (3.34) to be satisfied. Thus

(1) = ey (@) = e B (1) (3.36)

with @.(@) as an unknown functions of the speed @ only. Sela & Goldhirsch (1998) have ex-
panded &,(@) also in (truncated) series of modified Bessel functions of first kind by consider-
ing its asymptotic properties and the fact that Cﬁe(ﬂ) is an even functions of speed @ (shown

in Appendix I). Here we shall directly use the value of this unknown function also given in
Sela & Goldhirsch (1998) to evaluate the integrals numerically (using MATHEMATICA).
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3.4 Constitutive Relations at O(e)

Pressure Tensor

From egs. (2.28) and (3.35), the contribution of @, to the pressure tensor is given by

Py = 20 [auniaye o) = 255 [aun; e {cb.)
= ;Z—qﬁ/daaiuj B (@) = 2:;/92;5” dai®e ™ é.(a).
Using the orthogonality condition (3.32),
P =0 (3.37)

Heat Flux

From egs. (2.30) and (3.35), the contribution of @, to the heat flux is given by

€ n 20 020 e - en (260 ST S
Qi = 2713/2< > /duu e " D (u) = 2713/2< > /duu u;e” " Po(u).

Since the integrand in the above integral is an odd function in components of w, therefore
Q; =0 (3.38)

That means, @, neither contributes to the pressure tensor nor to the heat flux.
Collisional Dissipation

Eq. (2.13) implies that the contribution of @, to collisional dissipation I' is of O(€?). From
eq. (2.34), the contribution of @, to collisional dissipation I" is given by

1
68 2@ 2 ~ ~ o~ —(T24+a2 ~ ~
I = 19237 <?> /d'U/ld'U/Q u?z e~ (U1+13) {dse(ul) + dse(UQ)} :

Again, (similar as above) on interchanging @, and g,
/ Ay dity @3y e~ (TH) & (@) = / Aty divy @3, e~ THB) B, (a1,).

Therefore

1
O (262 .
e = —6;3 ; <—> / daydit @y e~ ") @ (@)

o (26 o o (20 e
- 0 (20) [ et tin) = o (2 fa o rtinyi)

where the value of x(@;) is given in eq. (3.26). The integral over @; can be carried out by

changing it to spherical coordinate system to get
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2 2 o] ~ N
I, — %@3/2# x 4 i ity @2 e~ (i )Pe (i)

The integral in the above equation has been evaluated numerically. The result is

2
I ~ —0.0102 %@3/2 ~ —0.0322 nd203/2 (3.39)

3.5 Summary

The solutions for the correction terms at O(K) and O(e) have been obtained in terms of the
unknown functions, which depend on speed @ only. With the help of these correction terms,
the constitutive relations at these orders have been derived. The facts about the constitutive

relations obtained are the following.
At O(K):

all the analysis is of Navier-Stokes level; expression for pressure tensor, i.e,

aV;
K _ o~ 1/29Vi
P = —2ponlO© o,
is Newton’s law of viscosity; expression for heat flux, i.e,
060
QK = —Rrgnte'/? ==
61”@'

is Fourier’s law of conduction; the contribution to dissipation term is zero, i.e, I'x. = 0.
At O(e):

all the analysis is of Euler level; pressure tensor and heat flux vanish, i.e., P = Q5 = 0, and the

contribution to dissipation term is of O(€?) and given by

2
I ~ —0.0102 %@3/2 ~ —0.0322 2nd203/2.

The numerical values of coefficients obtained in the present work and that in Sela & Goldhirsch
(1998) are given in Table 3.1.

Coefficients in: | Coefficient | Sela & Goldhirsch (1998) | Present work
Pk fio 0.3249 0.3249
QK Ro 0.4101 0.4100
I —0.0352 —0.0322

Table 3.1: Comparision of coefficients



Chapter 4

Constitutive Relations at

Second-order in small parameters

Theoretically speaking, obtaining the solutions for the correction terms at second-order in small
parameters is possible but practically, it is extremely difficult to obtain due to plethora of terms
appearing in the corresponding equations, which need to be solved. In fact, after seeing the
number of terms in these equations one can feel how difficult is to even write these equations on
a piece of paper. Nevertheless, in order to evaluate the constitutive relations, one does not need
to find out the correction terms. The self-adjoint property of the linearized Boltzmann collision

operator (defined in next section) can be used to directly evaluate the constitutive relations.

4.1 Self-adjoint property of 2

Let us define an inner-product’ by
w.0) = [ w@o(@) da. (11)

Recall that the operator .Z is defined for the elastically colliding particles. Therefore, in this
section, it is assumed that the precollisional velocities of the particles are related to postcollisional

velocities via elastic collisions. From egs. (2.37) and (4.1),

. 1 . L
(7, L (®)) = divydagdk (k - @12) e 15 ()

B /2 k-t12>0
x {@(u) + D(a) — D) — P(t2)}. (4.2)
Interchanging the variables u; and us,

0, D)) = —— / ditydiny Ak (k - itay) e~ T4 @ (i1y)
wo/2 k-tio1 >0

x {@(uy) + P(a)) — D(ug) — D(w)}-
Using eq. (F.8),
T — dityditadhs (k - t12) e~ TH5) @ (i1y)
™ k-@t12>0

x {@(w)) + O(ty) — D) — D)} (4.3)

fWhen complex-valued functions are used the complex conjugate of ¢ should appear in the right-hand side of
eq. (4.1); this, however, is not important here, and we restrict ourselves to real-valued functions.

31
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Adding eqs. (4.2) and (4.3),

~ 1 - - A~ - _ aQ ,a? ~ ~
2, L (P)) = —7 k_ﬁlpoduldwdk (k- @yg) e TR W (ay) + W (ag)}

x {@(a}) + D(1) — D(tr) — P(a2)}- (4.4)

Interchanging the dummy variables @, <— @)} and ws +— @) in the above equation,

. 1 o e 12 R or A (BT e i
20 20) = 5 [ dagad (b i) e ) + 0 (3))
Y12

< { (1) + O(ty) — O(wy) — D)}

Using the relations k - @)y = —k - @19, @2 + @2 = @2 + 42 and da}da), = daday (cf. egs. (2.2),
(2.3) and (J.3) respectively),
_ 1 A -
20, P (D)) = Ay diodk (—k - @12) e TR (W (@) + W (@)}

7T5/2 I;:-'fl,lg <0

x {D(wr) + P(uz) — P(uy) — P(uy)}.

Using eq. (F.8),

~ 1

20, 2(P) = =5 divydaodk (k - @2) e~ T3 (0 (@) + ¥(ah)}

kit12>0
x {P(1) + D(th2) — O(wy) — P(a5)}- (4.5)
Adding egs. (4.4) and (4.5) and dividing both sides by 4, we have

1
475/2 k-ti12>0

< (W (@) + W (uh) — ¥ (ar) — ¥ (u) HO(w)) + D(a) — (1) — P(a2)}.  (4.6)

(7, L (®)) = divy ditgde (k - @) e (#1152

The right-hand side of eq. (4.6) shows that interchange of ¥ and @ does not change the value of
the inner-product on the left-hand side. Thus eq. (4.6) implies that

(0, 2(2)) = (2, 2(V)), (4.7)

i.c., the linearized Boltzmann collision operator & is self-adjoint with e~ serving as a weight

function.

4.2 Constitutive Relations at O(Ke)

In the following, we shall first simplify the expanded Boltzmann equation at this order.



4.2 Constitutive Relations at O(Ke) 33

4.2.1 Simplified form of eq. (2.36)

Collecting O(Ke) terms in eq. (2.36), we have

MIH

Drcelnn + 2(%) W, D Vi + <u — —> Drceln O

+¢K{@elnn+2<%>2u,@‘/+<u ——>@1n9}
6.1 Geinn+2( o
€ Knn 20

20
+ Dy, +@¢K+K< 3) gV, P,

MIH

W, Dk Vi + <u — —> D InO — QKQZQZ}

= e 2(GD) + e2(Pk) + eA(Dy) + (D, o). (4.8)

Let us first simplify the terms containing hydrodynamic variables in eq. (4.8). Clearly, the right-
hand side of eq. (2.20) does not contain any term of order Ke, this implies that Zx.Inn = 0
and since, from eq. (3.37) Pj; = 0, the right-hand side of eq. (2.21) also does not contribute
to order Ke, this implies that Zk.V; = 0. Moreover, in the light of egs. (3.27) (equivalent of
saying, I'x = 0), (3.37) and (3.38), the right-hand side of eq. (2.22) also does not contribute to
order K¢, this implies that Drceln© = 0; the quantity 173 lnn—|—2(%) %ﬁi@EVi + (112 — %) 2. 1nO
has appeared in the right-hand side of eq. (3.28) and its value is (ﬂQ — %) {—e% (%)1/2} (see the

equation following eq. (3.28)); the quantity Pk In n+2(%) %ﬂi.@KVi—i— (212 — %) P In O—-2Kg;u;
is the left-hand side of eq. (3.1), whose simpliﬁled value is the right-hand side of eq. (3.5). Next,
we need to simplify .@K(PE, .@eéK and K(%) 2g-V,®.. Let us first consider QK@E. Consider
the operation of Z on eq. (3.36). Since 2 is a differential operator, using chain rule with respect

to @2, we have

9@, = P (0)D(@?), (4.9)

where prime denotes the differentiation with respect to @2. Hence

Db, = e (1) D (02). (4.10)
But, from eq. (E.3),
7740
1
.20 dln(n®) _45_ 0O 3\2. Vi 2 o0V, .
=K 3g { i or; Ut or; 2(2@) Uity or; + 3 (2@) or; — 2Kgit
1

- 2 ~‘811171 3 \2 ﬂiﬂj%—&jul oV -9 ~‘6111@ -
B { o, _2<2@> ( 2 3“’“5”> o, @ Vus }_2Kg”“

1
20 | _ dlnn ——( 3 \20V; . _0ln6 .
= K— {u, — = QUZ’U]‘ <%> aT’j — (u2 — 1)ul 67”@' } — 2ngu,
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Next, let us evaluate Z,®x with the help of Appendix D. Using eq. (D.1),

20 . Vi 26 Vi o >
QQBK_Q@@ (“)“’“J<2@> ar]‘@K+2K3 “Z“J<2@> ar; (@) 7 ()

1
20 . Vi =0Vl 0)?2
+2K—3g¢U(u)<29> or, — G Awu;} + 2K D, (@)U it o {<—3 > }

+ok 29 o )—< 5 >§@e{am}+@@(a) <ﬁ2—§>u M@EK

3g 20 or; 3g or;

20 _0lnO & ~ 20 . Blné -,

20 . 9 olno - 9 H5\. 2 ~ (00
+K3gq§( )< —2> or ——— . + Kd.(u )<u _2>UZ39@6{6T1'}. (4.12)

Now, the action of %, on various variables can be obtained with the help of egs. (D.2)-(D.8) and
the relations, P.Inn =9V, =0and 2. InO = —e% (%)1/2. Using eq. (D.2),

- - - 2 (22 2 (22
2K =—-K(Z.lnn+ 2. 1n0) = - K —e§<—> :KE§<—> . (4.13)

m m

Using eq. (D.3),

(78 (ulu]) = U; Dt + Uj Detl; — §5zguk@Uk
1 [ 2/2\Y*) 1 2/2\?] 2 1 9/ 2\?
=uigiigl\z) (turtig\s) (T aoutgt Gl T
2/ o\Y? [ + a0 1. 2/ 2\ 2
:E§<;> < 1) 5 J __ukuk51]> —Eg(;) iUj (4 16)

Using eq. (D.6),

1
~ 2@ 2
%(?) -
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35
Using eq. (D.7),
_ [0V a /- N
€ L) = — eVe eVe 1 1 4.1
7 (3%) i (.@V>+(.9V> i <nn+ n8> (4.18)
Using eq. (D.8),
~ (00 8 0
2, <§> . (@.@6 1n@> + (@9 1n@) i (lnn+ 1n@>
0 2 /2\!/? 2/2\'?] o
= 8742 8{— g ;) } {—Eg <;> 87“2 <lnn—|— hl@)
2/2\2[ ome o 1
= _6§ <E> {9 or + 96—” <lnn+ §ln9>]
2/2\"? o 3

Substituting these values in eq. (4.12), we get

1 1 1 1
20. _——( 3\20V; 2/(2\2 20/ 3\29V, - 9 /9\3
g =228 @aa( =)V Y« k2 (2 1 ox i oy w22 (2
K 39 (a)u uj<29> or, X e3<ﬂ_> + 3guu]<29> ar,; »(1) X €t 3<7T>

1 1
20 . 3 \20V; 2/2\2—_ —0V; 1 €
2K—@,(u)| — —| = 2K
+ 3g U(u)< > or; x 63 <7T> Uity + o(@)it; ity 5 orj g { 2

1
20 . 3 \2 20 . 0lnoe 2
OK =&, (@) 50, | — o) (@2 - 2) 4, L < Kes
+ 39 U(u)u,u]<29> x0+3g (@) <u 2>u or, €3
1
20 0o ., 2/(2\2 20 . 0lno
K= (& -2)y—9d P (=) + K=o ;
* 39 <u 2> e or; o) x et 3<7T> 39 o)1 or;

20 . ~2 omoe 1 [ 272\
K P() (“ 2> ar 5“2{63(%)}
1
; 2 D5Y. 2] 2(2V50 3
)(u 2>u,3g{ e3< > 987'@ lnn—|—2ln8

- 20 2 1/2
By = Ke— =
IPx 6393<7r>

_l’_
>
&
=

or

1 1
. 3 \20V; —( 3 \20V; ,

1 1
—( 3 \20V; . ——( 3\20V; . [ o
+ 20, (0)u;u; <%> ar, D, (0)u;u, <%> ar,; +&. (1) (u - 5) U 87“,~

e
(=

X €

)
)5

1
(2
3\

0lne . a olneG 1 .
9 9 / N9 1o (5 5
+ (u 2) Uj——— or, DL(u ) + @ (u)u or, +2d50(u) (u

- Olnn 3. 5 0lnoe
_ ~ ~2 v e ~ ~2 v ~ Y
D (a) <u 2> U or; 2¢C(u) <u 2> U or.

where the underbraces denote the terms cancelling each other. Therefore
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202 Var o 3. ) — 30V
@@K—Ke?)—g(—) [2{¢U(u)u +§¢U(u)}u,uj<29> ar,

- {és;(a) (aQ - g) + isc(a)} 112121-% — d.() (fﬁ — §> UM} (4.20)

2 37“i

NI

Now let us evaluate the last term, K(TQ) g -V, @, on the left-hand side of eq. (4.8).

20\ 7 _ 20\ 7 _ . 20 9 .
K<?> g-Vvée—K<?> g-vv{eqse(u)} Ke< )

3 glaviée(u)
260 RN
_Ke<3> glgﬁ()avi

where prime denotes the differentiation with respect to u* and

o 9 (3 2y _ 3 0 2 _
dv; o (2@(”_‘/))_ (o-V)T=

3 LR )av] 3

% = ot - vni=2(5) {(25) 0w =2(5)

28 %N 2 S~ ~ ~
K 3 gV, P, =2Ked, (0)g1;. (4.21)

On substituting the above values along with the values of @k and @, from egs. (3.18) and (3.36)
respectively, the left-hand side of eq. (4.8) changes to following:

20 . (3 \0V 205 (o I o 3 272\
{QK 39@ o (W)U <%> o, +K3g (1) (u - §> ula—n}<u - —) {—e— <—> }
i 20— (3 \20V;, 20 5\ _ 0o
é.(0) 4 2K s | — LR (g2 o 2) 5l
e e(u){ 39 ulu]<2@> or; i 3g <u 2>u2 or; }

20 . Olnn aVv; 0ln©
Ke=—d&" (2){ @; ) 02 — 1), —2Ked!
9 e<u>{uz S zuj(w) o - ) } (@
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Thus simplying the left-hand side of eq. (4.8) further, it reduces to

2(9
39

i) <a2 - g) + éc(ﬁ)} i }%¥

=eSk. (let) (4.22)
Hence eq. (4.8) can be written as
€Sk = ej(gpg)) + €2(P) + eA(Py) + (D, <p§1))

or

P(GW) = S — E(@k) — A(@k) — Q@i, o). (4.23)

Eq. (4.23) is the final (simplified) form of the expanded Boltzmann equation and will be used

to derive the constitutive relations at O(Ke).

4.2.2 Constitutive Relations

Heat Flux

From eq. (2.30), the contribution of @, to the heat flux is

3
n 29 -~ ,a? en 29 2 - _a? - 5 ~
o= () fonwtne o= 255 (%) fones () o

The second equality in the above equation results from the orthogonality of @ to u;, which is,
[da fo(@)it; @ = 0 (cf. eq. (2.18)). Now, using eq. (3.21), one can write

3
. en (2032 - 2 ola 2 D) -
O = g (?) /due QZ[QSC(U) <U2_5> ui]wg)

N




38 Chapter 4. Constitutive Relations at Second-order in small parameters

and using the fact that .# is self-adjoint with o serving as a weight function (see §4.1), the

above equation changes to

3
Qe = P (29V* [qae ) (a2 =2 2V), 4.24
! 2m3/2 \ 3 2 K

Substituting the value of £ (ap%)) from eq. (4.23) in the above equation,

Qe = <@>%/da &, (i1) <a2 - g>aie‘ﬂ2 {SK — Z(Pk) - A(@xk) — 2P, wgl))}

L op3/2\ 3
where
20\ 2 5

Ke __ en == ~& (7 T P —a? g

Ke 27T3/2< 3 ) /du@c(u) <u 2> a;e” " Sk, (4.26)
3

Ke_ 0 (200> [ -5 v(-2 5\ —afz i

R /2< 3) / di b.(7) <u ) ae ™ {E@x) + i)} (4.27)
3

Ke_ e (20N\2 [ o _ (o 5)_. _p: (1)

i __271'3/2 <?> /du@c(u) (u ) Uu; € Q(¢K7‘P1 ) (4'28)

Now let us evaluate the quantities fo € ge and Qge as following. Substituting the explicit
expression of Sk from eq. (4.22) into eq. (4.26), we see that the term containing velocity gradient
vanishes because the corresponding integrand is an odd function in components of «. Hence

eq. (4.26) reduces to

3
TN (AL  PY CA PI
i _271'3/2<3> K ; dad.(a) | u 5 ) wie

or

3
Ke n 2@ 2 81n 8 ~ 2 s ~2 5 - ~ —q2 2 - ~92 5
Ke _ =)y == & i _ 2
i €€2w3/2< 3 ) ar; da®.(u) | 5 | witje P.(u) | u 5

B - 1)+ %@é{@“‘)ﬁ? (#-5) - o (a5 + 1745)}]
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Using eq. (F.9b),

3
ke, n (20 24_778111@/00 )
" _€€2w3/2<3> 3 dri Jo da

S0

(@) (fﬁ = g) it ™ [@e(ﬁ) (ff - g)
-1+ §<§>%{@(ﬁ)a2 (fﬁ - g) — ®(11) <a4 —5a% + 1745> }]

Tlan\3) 3 on
1
© e (o B\ g w22\ (5
></0 du®.(u) <u )u e {@e(u) 3<7T> D () <u 2)}
. 96 0
Ke _ 1/29% 3/2 01
Q;, ¢ = a1enl® or + B1elO or.’ (4.29)
where
4/ 2\% [ 5 5
_ A2 N L P e e L A N Ve
=g <37r> /0 duu @ (u) (u 2> e [sﬁe(u) (u 2) P, (a)(u” —1)
1
- 2<2) {éﬁ’c(a)a? (&2 — §> — &.(1) <a4 —5u2 + §> }] (4.30)
3\ 2 4
and

N[

B = g(g%) /Oooda WP, (1) (fﬁ — g) o’ {qﬁg(a) _ §<%>é<j§c(@) (fﬁ — g) } . (4.31)

The integrals in eqgs. (4.30) and (4.31) have been evaluated numerically. The result is o) ~
—0.3627 and $; ~ —0.2110. The second term contributing to QK€ is given by eq. (4.27).
The reason behind considering = and A together in eq. (4.27) is that this way one obtains a
cancelation of terms. Substituting the values of = and A from eqs. (2.39) and (2.40) respectively
in eq. (4.27), one obtains

3
202 w 1. o
ge = _€—n4 <_8> / duiduodk (k . 1],12) (1 — _(k . {“2)2) ef(u%Jru%)
2m 3 k-it12>0 2

() + o)) (i) (- 5 )

3

20\ 2 o L

_n (203, 9 / Aty ditade (k - o) e~ (@ H2)
27'('4 3 e—0 86 I;:-'ll12>0

x <¢K(a’1) n @K(a’z))iﬁc(al) (a? - g) ;.

Note that in the above equation, the velocity transformation is characterized by elastic collisons
in the first integral while that is characterized by inelastic collisons in the second integral. Hence,
to change the integration variables from postcollisional velocities to precollisional velocities—in

the first integral, relations dudiy = da)dub, k- o = —k - @)y and @2 + 43 = @2 + a are
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employed, and in the second integral, relations daiday = ed@)|diy, k - @y = —e(k - @),) and

Aoy 2 . .
@ + a3 = 02 + 4 — Le(k - @),)" are employed. In this way, one obtains

3
Ke €n 2@>§/ ~1 1~ 11 £~y ( 1 7. ) 2) — (@2 +ul2)
=== = dujdusdk (—k - u 1—-(-k-u e T2
2 271'4( 3 —k~ﬁ&2>0 1 2 ( 12) 2( 12)

N Ns (0 5
« (lah) + ou(ay)) (i) (- 5 )
3
2 2 N ~ (a2 a2 Ll )2
_ (29 limg/ e, ditydk (—eh - @) o~ (075 —elhid)’)
24 3 =0 Je felAc-ﬂ/12>0

x (@K(a’l) n @K(ag)ﬁc(al) (a% - g) i

3
20\ 2 JN 1 . o
- <7> / A, dityelk (F - }) (1 5k a’mf) o2 7)

3
en (20\2 . 0 - Le(bily)’ \ (4 ot \ a—(@2+a2)
_ﬁ<?> 1%a/kﬂ/m>oduldu2dk{(1—e)e2 i }(k-ulz)e P

X (@K(ag) v @K(ag)>qﬁc(a1) (a% - g) @15 (using eq. (F.8) and e = 1 — ¢?)

2 1 -~ _, 4 1. _, 2
=t (gl ain)” 1)+ (Gl a)’ - G an)) o
therefore
~ 7o~ 2 ~ ~/ ~/
l%%/,;~, Odfa’ldagdk{u—e)e%dk'um) }(k-%)e—wﬂﬁ (@K(a’l)Jr@K(ag))
Upp>
) 5

X @c(ﬂl) (ﬁ% — 5) ﬁli

.0 S Y — (@2 +al2) ~/ ~ 2o~ 5 D) -
—lim = [ dwjdapdk (k- @) o) (@(a) + B (@) ) bolin) (a3 - 2 )

e—0 Oe k-w),>0 2

e—0 Oe

7 1,5 ~ ~12 | ~/
+lim e/ da) daydk <—(k L) - 1> (i - i) ) o~ T +2)
ki), >0 2

a N 1 - N 2 ~ ~12 | ~12
+ lim —{ €? da)dubdk | = (k - — (k- k- a),)e (i)
lim 66{6 /1%11’12>0 ujdug (2!4( o) (k- uy,) >( Upp)e 1T
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or

8 A A ~/ ~/ 2 5
= lim / Qi dihalk (k - @) =) (D (@h) + D () ) be(in) <a% - —) o
9 k@) y>0

e—0 Je 2
~ 1 - ~ ~12 |~
vl [ a0 wi)” - 1) (b)) () + on(ay)
U7 o>
. 5 5\
X D (1) u1—§ U4

In the above equation other terms have vanished due to limit. Substituting this value in the

expression of Qfg €, we get

3
Ke en (20 2/ Y N Y. 1o 2 —(@2+a?)
Ne=——— — duyjdus,dk (k - 1-=(k- 1T
io 27T4< 3 > b, 50 uydugdk u12)< 2( uyy) |e

X <<PK(’&'1) + ¢K(ﬁ'z))<ﬁc(ﬂ1) (ﬂ? - §> Uy

2
20\% 9
~ L) im = / Ay dahydk (k - @)y) e (07 5)
27'('4 3 e—0 Oe I;:-'ll,12>0
~ o Na o[ B
X <¢K(U’1) + ¢K(U’z))¢c(m) (?ﬁ - 5) Uy
3
20 2 (1. X .
- 26—”4 (g) hr%/ da) dahdk <§(k L) — 1) (k - @)y) e~ (T +05)
m =0 Jka!,>0

() + o @) e(in) (- 3 )

In the above equation, the first integral uses elastic velocity transformation and the limit ¢ — 0
in the third integral makes the velocity transformation elastic. Hence the two integrals are equal
in magnitude and therefore the corresponding terms will cancel each other. Thus, one obtains

3
2 2 A A ~12 | ~1
fge _ <_9> lim 2/ da)duydk (k - ) o~ (@2+as)
! 24\ 3 b
k-ui,>0

x <¢K(a’1) n @K(ag))dﬁc(al) (a% - g) ;.

Now, by renaming the variables @} and @) to @; and @y respectively and vice-versa, the above

equation can be written as

3
Ke_ _n (20 limg/ divy ditpdk (k - @) e~ (F1H8)
2 274\ 3 e=0 0€ Jh.q1>0

5

 (ctan) + ctan)) i) (a2 - 3 ) (432)
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Remember that the variables are just renamed in eq. (4.32); the non-primed velocities are now
precollisional velocities and the primed velocities are now postcollisional velocities. To simplify
the integral in eq. (4.32) further, we shall make use of delta function and write the primed

quantities in terms of corresponding non-primed quantities as below.

/da §(w — ) Do (@) <a2 - g) iy = (i) <a’f - g) Uy

Since @) is the postcollisional velocity here, the left-hand side of the above equation can be
written in terms of precollisional velocity (cf. eq. (2.1a) for relation between postcollisional and

precollisional velocity) as
~ o~ ~ A~AA~~25~A~/~/25~/
du6<u —uy + q(k - u12)k) O (a) | u* — 5 )= & (uy) | uyf — 5 )
where g = % Using the above equation, eq. (4.32) can be written as

3
Ke_ _n (20N%). 0 s ditydhs (s - d1g) =) () (@ ;
i — 27‘1’4( 3> 11_I)I(1) De k_ﬂ12>0dU1dUQdk(k ulg)e 1772 <¢K(U1)+¢K(UQ))

X /df&é(ﬁ — iy + q(k - &12)1%) ) <ﬂ2 - g) Ty

3
en 29 2 . 3 - - ~ (244 ~ - LN ~ 5 ~
=51 (—) lim — /duldquue (@3+a3) <¢K(u1) + @K(ug))gﬁc(u) <u2 — 5) w1,

3 e—0 Oe
(4.33)
where
Is = / dk (k- ﬁ12)5(ﬁ — +q(fc-a12>fc). (4.34)
I;:-'ll12>0
The integral in eq. (4.33) is then split into two parts. The first part is
20\: 0 5
(I) = —% <?> lim =~ / Ay dispdis e~ @) & (411, (@) (fﬁ - 5) a1y
3
en (202 0 P21 52) A 5
— 2 im =2 [ dasdasdae @) ¢ () (a2 — 2 ) a
27T4< 3 ) lgr(l) 5% /duldquue 1T42) P (1) <u 2) wils
1
20 . 3 \20V; 20 . 5 0o
0K ==&, (t1)uyjtn | =—= | =2 + K—&. (1) (@3 — = ) tigj——— 4.
8 [ 39 (ul)u1]u1k<2@> org * 39 (i) (ul 2) b or; (4.35)

Let us define a new variable s = & — u;. We shall replace the variable w; by @ — s in the above
equation. Note that, du; = —ds and the limits of integration for each component of § will be co
to —oo. Hence, making the limits of each component of § as —oo to oo by using the property:

fabf(x) dz = — [ f(z) dz and eq. (F.3), one can write
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Ken 260 20 OV 0

N=—"""2""""""J Yim (u—38) 7”915 2" Va
(I) T 35 3 oy L 0 /dsdquue 2Q.(u )(u >uz s

x &, (o — 3|)(@; — ;) (g — 51)

3
— Ken 20 <@> 206 lim 0 /dsdquue (@-5)°-13 ¢ o(w) <u2 B g) dils

274 3g \ 3 87'] -0 De
A 5 _ 5 5 B B
<) ((@-57 - 3 ) (1~ 5.

In both the integrals, we shall first integrate over uo as following. Let the spherical coordinates
of & in the original coordinate system be (8, 0z, ¢5) and the integration over @y is performed in a
(rotated) spherical coordinate system (ag, 05, ¢5), which results from two rotations: (i) rotation
of xy-plane in positive direction (z towards y) around z-axis by an angle ¢3 and (ii) rotation
of new zz-plane in positive direction (z towards x) around new y-axis by an angle 3, so that §

coincides with the new z-axis and 3 - @2 = Sug cos 6 (see Appendix H). Hence

. oo T 2 . e . T
/d'&g e 2] :/ / / @3 sin 0 e %2 I5 dghdfhdiiy = 27?/ e / sin 0% I5 | diis.
i1=0.J0,=0J $,=0 G =0 0,=0

From eq. (C.12),
T 1 1- 5- U
/ &n@éIg:?H(ﬁg—‘( q>§+8~u'>
6,=0 q-suz q S

i12=0 q°su2 q 5
2 [ . T (00 sa)?
= == U9 e “2du2:_2~e ( q S)
Q%8 Jap=|U=t 5y 22 q°s

Therefore

(-a) g, 5a)’
Ken2@2(93V 11 or /dsdule (— 3)267(1 qs+f)
md 3g 3 6rk e—>08€q S

<yl = s)b) (- 3 ) (i - )@ - 50

Ken 20 (260 231n9 or ., (G- 5a)?
-~ == Lim Z o (a=3) ( 5+ )
Y < ) dr; =0 e ¢2 /dsdu ¢ ¢

3
i = s (-5 - 3 ) (- 5 ) ww; - 5).

Let the spherical coordinates of @ in the original coordinate system be (@, 64, ¢z) and the inte-

gration over § is performed in a (rotated) spherical coordinate system (8,6’,¢’), which results
from two rotations: (i) rotation of zy-plane in positive direction (z towards y) around z-axis by
an angle ¢z and (ii) rotation of new za-plane in positive direction (z towards x) around new
y-axis by an angle 03, so that @ coincides with the new z-axis and §-u = S cos 6’ (see Appendix
H). Hence
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. Ken 260 20 8V Pagia~~2 a1 L — (4% —2a5 cos ' +52)
([)___45?8”C 5—)066(] /du/ // / d¢'df'ds 5% sin " x e
— bg & cos @’ ~ - s ~ 2. ~ ~ [~ ~ ~ ~
% e ( PR 9) @U((uQ—Quscosé?'—i—sQ)l/Z) D.() <u2—g> @;(t; — 55)(a — k)
Ken 20 (26 261n@ I 101~ ~2 sl
ont 39 < 3 > ar; e—>0 8eq /du/ // / d¢'df’ds s*sinf

1 —(u —2u3 cos 0'+35 )e*<( qq)erucos@)

b, <(u —2a3cos @ + )1/2) b.(11)

*3
5 5
( —2a3cos ' + 5 — 5) (fﬁ - 5) i (i — 35).

Note that the components of § are the only functions of ¢’ (see Appendix H). The values of

integrations over ¢’ are given in eqs. (H.19) and (H.6) respectively. Substituting these values in

the above equation, we get

Ken 202 o e L=
(1) =— 2626 lim /du/ / d0/ds 2 sin @ x = ¢~ (#7205 cos0'+5%)
7 3g 3 0 66 q? _

(=9 % / R 5
o (452 sicose’)” gﬁv((fLQ — a5 cos 0 + 52)1/2> b.(i1) <ﬁ2 - 5) i
1 8V 1._
X 2m— 3 —L a0, {u2 —2a3cos + §%(3cos? 0 — )}
a? Ory,

3
_ Ken20 (203200 /du/ / 40'd5 5 sin ¢/
27t 3g \ 3 or; 6~>0 aeq —

(1=q) ~
7 s+ucos€> @c(({ﬂ 975 cos b’ + 52)1/2)

. 5 5 5
X (1) <a2 — 265 cos 0 + 5% — 5) <a2 — 5) i (2mit; — 2w 25 cos 0).
u

1 -2 o-z /22y —
X Ze (a*—2u5cos 0’45 )e (
S

Clearly, the term containing velocity gradient vanishes because the corresponding integrand is

an odd function in components of @ and let cos#’ = y. Therefore

2
() __Ken20 (20 28111@ 0 272 / / / dydise=(@ @225y +3?) o (( fl)eruy)
27t 39 \ 3 or;j s—>0 de ¢2 520 Jy=—1
2 (22 o= N1/2\ 2 2 oo ~2_§ ~2_§ - _f
X @c<(u 2usy + 5%) )@c(u) <u 2usy + § 2> <u 2> Uil (1 - )

Using eq. (F.9b), the integration over @ results into

3
Ken26 (20201 224 ! o
(I):__Ef_@<_@> 06,  02r i da/ dy/ dss
214 3g \ 3 or; —00e ¢ 3 =0 y=—1 5=0

(1-q) 7, ~ ~
Jsti) @c((fﬂ — 25y + 52)1/2>
122

x &, (1) <ﬂ2—2ﬂ§y+[§2—g>< —2)@4 (1—% >

(572 95zt 52 7<
% e (a*—2asy+3 )e
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or

3
() = —3i<§> 591/2(;? 00 Z / ds/ / dyée_(ﬂ2—2@5y+§2)e7<( q)eruy)
™ i e—> €

X gisc<(a2 — 2asy + 82"/ ) x &, (i) (fﬁ — Qusy + & — g) <a2 - g) @3(i — 3y). (4.36)

The differentiation with respect to € at ¢ = 0 is carried out next. Note that ¢ — 1 as € — 0.

_L+e 9 14++v1—¢€ N 0q T 1 1

2 » € € = q 2 51—%36 5%4\/1—6 4’
therefore
(=9 =, ~ (1-q) z, ~
1 ][5 m)e (P g (e
lim— |—=e “y ] = lim 1 —
e—0 e | q e—0 q Oe
_ _ 1 1 _
_ {25@ e Y 9 e*quQ} (7) = (1 - 3ay) e WY (4.37)

Using the above equation, (I) can be written as

3
(1) = —l<g> en 681/286/ ds/ du/ dyée_(ﬂ2_2a‘§y+§2)(1 — suy) e~ WY’
3T\ 3 0 _

= agen€81/2§—2, (4.38)

where

Qg = 971_\/_/ ds/ du/ dy§ﬂ3(ﬂ—§y)(1—§ﬂy)<ﬁc((u —2usy+~2)1/2)

5 5 a oz N g
X @c(,&/) <'EL2 _ Qﬂgy _|_ 52 _ 5) <'EL2 _ §> e—(u2_2usy+52) e—u2y2 ‘ (439)

The integrals in eq. (4.39) have been evaluated numerically. The result is ay &~ —0.0282. The
second part of eq. (4.33) is

20 0 24 5 2 D) -
i =—55(% ) ting 5 [dasdaadae 5 oy @b (o - 5 ) it
20 0 2 =2\ A 5
= - ~ A da o (U 03) N[ ~2 0~
= 27r4< 3 > lg% 9 /duldquue 1T2) P (1) (u 2) Uil

(4.40)

1
20 . —( 3\, | 205 , 5). 9o
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We follow the same procedure as above. Replacing w; by @ — § in the above equation and using
eq. (F.3), we get

Ken 260 20 f“)V 0 - N 5 o A
e e (a—3)? 2_ 2\~ 0 ~ N~
(I1) T 39 3 Ory 1_}0 e /dsdquue D () <u 2) e "2 @y (Ug)lgjlokls

KE’I’L2@ 20\ 29O 0 i_5)2 2 5
= (a—3) D (a2 =2 )
T3, < 3 > o, 11_% e /dsdquue D () <u 2) U;

X e*ﬂg D (ii2) (ag — g) iin; 1. (4.41)

The integrations over @y are performed in a (rotated) spherical coordinate system (i, 65, ¢h)
described in part (I) of QX such that & - @y = Sty cos by, i.c.,

Ken 20 20 8V 0 - 2 s 5
_ o Ehea A ~ 1 (a—3) ~ ~2 2\~
(1) = T 39 3 o l 1o /dsdue sﬁc(u) <u ) U;

2T
/ / / deydhdiiy 63 sin 04 e ~U3 B, (U)o ok 15
Uo=0J0,=
Ken20 (20701 i_3)2 4
et s no lim 9 /dgd'& o (@-8)? d.() [ a* — > U
2t 3g \ 3 drj =0 e 2
2T
/ / / dehydhdiiy 63 sin 04 e ~i3 o(u2) (u% - g) Ugjl5.
U2=0
The integrations over ¢4 result into (cf. eqs. (H.18) and (H.6) respectively)

Ken 2020 0V} 0 A 5
_ e e ~  —(u-3)2 ~ ~2 9\ ~.
(II) = 7T4 39 3 ark! an/deue D () (u 2>ul
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0 527 2
Ug=
Ken20 (20\201n6 0 o 22 2 5
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/ / d@diiy @3 sin 04 e i3 b.(iip) (ﬂ% - g) <27Tﬂ25—~j Cos 9§> I
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S

Using eq. (C.12),

/ sin 0% (3 cos® 0y — 1)15 6}

=
1 1-q) 5 54\’ 1-
oL {3<< q);swu) _1}H<ﬁ2_‘< q>§+s~u‘>
q°Sts q U Sug q s

and

m 1 1—q) 5 5-u 11— S - u
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0 q-suz q U2 Suz
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Substituting these values in the above expression of (I71), we get
Ken 2020 0V} 0 - 5
()= =222 00y 21 /dsdue @=9° ¢ (@) (a2 -2 ) a
7 39 3 Ory 20 e ¢2
00 ) (1- 2
x 2%  dipide B < a5 S“) 1
S ﬁzz‘“;q)ﬂ%‘ Susg
3
Ken20 (20\20In O 0 2 5
B e - lm——ﬂ/dsd'&e_(u 8 bo(a) (@ — =) @
274 3g \ 3 rj e=0 Qe ¢? 2
s; [ 5 1—q) § 5-u
x 22 diip @2 =% (7 )<a§——> <M~i+¥>. (4.42)
s 52:‘(1;q)§+5-u’ 2 q U2  SUs

The integration over § is performed in a (rotated) spherical coordinate system (3, 6’, ¢’) described
in part (I) of QgE such that -4 = 5ucosf’, i.e

*9

Ken2@298v
I[ e i / /1~ ~2 . /
(£) m™ 3¢9 3 Ory s—>036q /du/ // / d¢'df'ds 5" sinf
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Ken 2 2 3 1
_ Ken20 (203206 /du/ / / d¢'de’d5 52 sin 0/
m 39 \ 3 or; s—>0 aeq I_
—(a?—2a3cos 0'+3%) 3 (~
x e (@2 ) ¢ () <u2 _ §> ulsj =

°° 2 s 5 1-—
X / diis Gy e~ % D (u2) <ﬂ% - —> <M§ + ucos 9/> .
U= (1;q) S+ cos 0’ 2 q

Note that the components of § are the only functions of ¢’ (see Appendix H). Hence, using
egs. (H.18) and (H.6) respectively, we have

_ Ken 20 29 1 — (@2 —215 cos 6'+352)
(1) =— 3 353 e—>036q /du/ /, d¢'ds 5% sin 6’ e
. 5 520V, 1
- -9 -
X D.(0) (u - 5) U { T or, —L it (3 cos? 0 — 1)} =
) o 1_ 2
x/ dag g e™ 245( 2) 3<M§—|— cos@) — 3
112:‘ (1;(1) S+ cos 6/
2
_ Ken26 26 aln@ / / / d@’ds 5% sin 0’
m 39 \ 3 67’] 6~>0 66 q? I_

P - 1
x ef(u272u30089 +352 )@c(ﬂ) <u2 o g) <27T u] cos 0 >
U

°° 2 s 5 1-—
X / dils Gy e~ % D (u2) <ﬁ§ - —) <( 2 5+ U cos 9/> .
ﬂg:‘ (1;q) S+ cos 0’ 2 q
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Clearly, the term containing velocity gradient vanishes because the corresponding integrand is

an odd function in components of @ and let cos#’ = y. Therefore

2Ken 260 (20 3 (9111(9 5
II) = — =22 = —(a?—2a5y+32 ) ~ ~2 Y
(1) w2 39 ( 3 ) or; s—>0 8eq /du/s 0/ 71dydse 2:(8) (u 2>

.. S 1—q). . 52 )
X U=y <( q)S + uy) / e du2 U9 € “2 @c(u2) <u% — 5) .
U q lio= qq §+uy‘

2
Let us replace 3 by 43 + ((1;‘1)5 + ﬂy) . This shift results into

(II) = _QKen@ @ 2 31n9 / / / dydse_(u —2ady+352)
w2 39\ 3 or; 6%0 3eq y=——1

x B (i) <a2 - §> iy Sy <Ms+uy> /{LQOduz fige e (5ea))

Using eq. (F.9b), the integration over @ results into

s 39 3 or; e~>0 86(]2 3
_ 72 (1 Q)S i
2 u q =0
2 1/2 2
x &, a2+<(1_Q)§+ay> a§+<(1_Q)§+ay> 0
q q 2
or
8Ken 20 (20 31118

II) = — — (= 7 dy suyu®
(1) 3t 3y < 3 ) or; 6%0 Beq / / da / Yoty

=41

x (%H y> &, {a§+ <(1;Q)§+ay>2}l/2 b, (@)

2

The differentiation with respect to € at € = 0 is carried out next. Note that ¢ — 1 as € — 0. Let

1/2
o1 (0=q. N f).o (0=a. -\
1?5[;( p 8*“?/)@0 {“2+ g W

F(C e m) - ety

=A
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q q? Oe
_(U=a) ? 1-— 0
+ lim [—e (SF2s+a) <( D5+ iy (—% qﬂ
e—0 q q° Oe
5
x iy (( + 2 2)1/2) <ﬂ§ T a2y? - 5)
Here prime on @, denotes the differentiation with respect to square of its argument. Noting that
. dq 1 (as above)
im — = —— (as above
e—0 Je 4 ’

1 - . 5
A= @Y [2@ qsc<(a§ + ﬂ2y2)1/2> <a§ Faty? — 5)

+§ésc((u +a2y?)? ) (ag +aty? — g) + 2502y? 43;((% + a2y ) (ag + a2y — g)
+2502y° @c<(&% +ﬁ2y2)1/2> _ 2502y b, ((u +u2y2)1/ ) < @2 4 a%y? - g)]

(8 + )" I

Qi;((&% + ﬂ%ﬁ)”z) (@Bt a2y -3)

Hence
3
4 2 2\2 4,500 [ > > !
(I = ——en <K—@> (—) @1/2—/ dg/ da/ daz/ dy FiaiPy
3 39 3 i Js i fi2=0 y=-—1
1/
B 1 < (a3 + u’y?) ) 1
X |luy+sq = — - — _
2 c< + i2y2) 1/2) (a2 + a2y? — 2)
% <a§+a2y2 ) < ;) @2+ @2 2)1/2>Qg (@) o (@2 —2a8y+3?) —(a3+a%y?)
Now, one can integrate over s to get
o0 1 ~2,2
/ d5 §e28y=5" — 5 {1 +Vruy eV (1+ erf(ﬂy))} , (4.44a)
5=0

00 L 1 ~
/ 5 §2 2055 — 3 {ay + g(l +20%y%) "V (1 + erf(ay))} : (4.44b)
5=0
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Substituting these values in the expression of (I7), we get

o'} e’} 1
(II) = —91;\{/5567’%@1/2% / Od&[ Odﬂg/ 1dy U@y [ﬂy {1 + Ty e (1+ erf(ﬂy))}
1 u= U= y=—

S ~ ~ 1/2
@é((u% + @y?) / > 1
bo((@+azyn)'?) (W + - 3)

5 {uy + \/7%(1 +2a2y?) eV (1 4 erf(ﬂy))}] <ﬂ§ +ay? - g) (112 - g)

X gisc<(a§ + a2yt 2) b, (@) e o~ (@BF)

202 11—

+ —uvy

N |

= agen€@1/2a—8, (4.45)
T
where
4 > 1 _
ag = V2 / du/ dﬂg/ dy ety | { Gy + ﬁ(l + 20%y?) N (1 + erf(ay))
973 Jumo Tip=0 y=—1 2
Sy (g o 9\1/2
L (@) 1
“Y2 ~ Y == 12\ (52 + 7242 _ b
¢c<(ﬂ§ + a2y?) > (a3 + u?y? — 3)
+ @y + /7 @2y? Y’ (1+ erf(ﬂy))] a3+ u?y? — g) (&2 — g)
X éﬁc<(a§ + a2yt 2) b, (@) e o~ B (4.46)

The integrals in eq. (4.46) have been evaluated numerically. The result is a3z ~ 0.2849. The
third contribution to QX€ is given by eq. (4.28). Substituting the value of 2 from eq. (2.38) in
eq. (4.28), one obtains

2@ ~ ~ bl fal ~ . ,& ,& ) ~ ~ 5 ~
ge - 271'4 < 3 ) /I;:-ﬂ12>0du1dU2dk (k ‘ u12) ‘ ( %Jr %) QC(U1) <U% - §> o
x {0 () () + B (1) oV (i) — B () o\ (i) — D (o)l (1)} (4.47)

Note that eq. (4.47) uses elastic velocity transformation. The part of integral containing primed

velocities can be simplified as follows. Let
r_ ~ o~ AT (T —(@24a2) 5 (7 9 9 .
I = duidusdk (k: . u12) e 1772 @c(ul) U U1
k-@t12>0
x @)t (wh) + B () o (@)}

The integration variables in the above equation can be changed by using the relations: du;dus =

dadity, k - @1 = —k - @)y and @2 + @3 = @2 + @%. Thus
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1= / du) dithdk (—k - f,) e 1) b (iy) (ﬁ% - 5) e
k-af,<0
<A@ (un)ey (ah) + P () oy (317}
= / dw)daldk (k - @),) e~ @+ & () (a? - §> i
k-@)y>0
< Ax (u)gy (@) + Prc(@h) ey (@)} (using cqn. (F.8))
Now, changing the integration variables @} and @} to w; and s respectively, we get
. P G2 a2) 2 5
I= / divydaodk (k - @) e~ @H5) & (i) (a’f - —> i,
k w12>0 2
(1)

X {QK(ﬂl)Sﬁgl)(%) + Pk (t2)py  (U1)}.
Next, using the relation (cf. see text and equations below eq. (4.32))
A~/~/25~/ ~ o~ ~ A~AA~~25~
Do(uy) | af — 5 ) Wi = du5<u—u1+q(k-u12)k) O.(u) | u” — 5 ) @
one can write
P S s pr o~ N (@24ad) o A b~ i\ 4 9 D
I = dujdusdudk (k - wyg) e 1712 5<u —u; + (k- u12)kz) Do(u) | — = | uy
I;:'ll12>0
x Ak (@) (12) + P (2) o} (1)}

/duldmdue T (e (i1 )op\ (i) + B () ( >}¢<>(u2——)~1§°%

where

[éo) =I5(g=1) = / dk (12: . 1112)5(11, u + (k u12)i€> (4.48)
k-t12>0

Hence Qg ¢ can be written as

3
s ooy (=2 9\~ 0
X Qo(u) | @ —5 w;l

2 A o
+ — ( @> / d’ﬂ,ld’ﬂ,gdk (k . ’&12) e (u%—’—ug
27T 3 k-t12>0

s (@rc ()0 (i) + B ) )} B >(a2 5)u (4.49)

gﬁ = 4( > /duldquue (@ + %){SﬁK(Uﬂtpgl)(UQ) +¢K(U2)@gl)(ul)}

The term Qg € is split into four parts. The first part is

Ko 26
‘3 27?4 3

Njw

/ iy disgdise™ T @ (g )\ (aag) D (i) <a2 - g) a1
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52

Substituting the explicit forms of @5 and gpgl)’

(1) = T ond (238> /dﬁld%dﬁ o~ (T+) $(@13) D, (1) (ﬁz - g) 1y
20 . Pov, 20 , 5). 96
2K 3945 o(t 1)u1]u1k<2@> I +K3 () (ul 2> g,

(4.50)

Note that except for the extra term qge(ﬂg) and the above definition of Iéo), the integrand in
(4.50) is similar to that in eq. (4.35). Replacing @1 by @ — § in the above equation and using

eq. (F.3), we get
Ken 260 20 8V /dsdu2due (1—5)2 —u2¢ ( )é; ( ) <u2 . g) ﬁil(gO)

x by (|a — 3[) (@ — 5;)(ax — )

3

Ken20 (20\20InO S 2 o - -

_ neEha [ e ~ 1~ ~ —(u—38)*—1 ~ ~ ~2 Y )
2T 3g < 3 ) o /dsdugdue 2P, (Ug)Pe(10) <u 2) il

<) (@5 3) @ - 5)

First we integrate over @y (as above) to get

9 A 2 S ~ -
/d’&g e_“% @e(ﬁg)féo) = ;T / ﬁg@e(ﬁg) e_“% dﬂg.

S u
2= 5|

Let us replace @3 by 43 + (T) This shift implies that

1/2
5 A 2 S “ z.a\2 _la EEAY
/da2 e By (i19) 11" = T”/ i B, {ag + <ﬂ> } AB R} a5, (1)
S To=0 S

o=

Therefore
(1= Kn202000; [ or2—7T il i1 soa )| )
74 39 3 37%/ Tia=0 H2 e {u2+< 3 > } ¢
e 096 — sy (- 2) iy — 57) ik~ 50
Ken20 (20?0106 o ) s an2)
5 (7) e fmy [ Lt ()}

o P} @92 6 (10— 3l (a) ((a a7 - 2) (ﬁQ - g) il = 53)

The integrations over § and @ are performed by following a similar procedure as performed

following eq. (4.35). Finally, we get (cf. eq. (4.36))
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3
8 2\ 2 o6 00 00 00 1

= - enefZ 1/2_/ / / dii / dy g5

(1) 3ﬂen€<3> e o ) ds - du [ Us » Y Ul §

x o (@7 —2usy+5?) o—(a3+aty? ) @, <( — 23y + 5%) /2) q36<(a§ + ﬂ2y2)1/2>

x @, (1) <a2 — 2a8y + §* — g) <u — —) — 5y)

= a4en€@1/2@, (4.52)
37“i
where
16\/§ /oo ~/oo ~/oo ~ 1 P ~ I 1/2
oy = — ds du dug/ dy stuou” (t — sy)P.(u)P.( (v — 2usSy + §
Irv3 Jaizo  Ja=o  Jas=0 y=—1 ( )Pe() <( ) )
X @e<(ﬂ§ + &2y2)1/2) (@2 — sy + 5 — g) <ﬂ2 _ g) o (B2-2y5?) (—(@34a%?) (4 53)

The integrals in eq. (4.53) have been evaluated numerically. The result is oy &~ —0.0018. The
second part of eq. (4.49) is

2 o~ .

28 - - ~ . ﬂ ﬂ = = 5 ~
=31 < 3 ) /duldquue (@ + %)456( 1)Pc(0) <u2 — 5) uil(go)
20 . 29V, 20 . L, 5). 0le
X [2K§@v( )UQJUQk<2@> a’l“k; + K— 39 @ ( ) <u2 — 5) U2‘78—’rj

Note that except for the extra term qge(ﬂl) and the above definition of Iéo), the integrand in

(4.54)

eq. (4.54) is similar to the one in eq. (4.40). Therefore, the integrations are carried out by

following a similar procedure as performed following eq. (4.40). Finally, we get (cf. eq. (4.43))

8Ken2@ 0lne®
II) = d d d d
s T A A

Xﬂy(ﬁe((u — 2035y + 5%) 1z >Q5 <(u + @%y?) 12 )@c(u)

% (ﬂ% T ay? - g) <ﬂ2 o g) o (@ —2ady+38%) —(a3+a%y?)

= a5en€@1/22—9,

T

(4.55)
where

161/2 /°° ~/00 o 1 s oy p1/2
a5 = — ds du/ dug/ dy sust”y P, b, uy +uy
Imv3 Jimo  Jamo  Jiaz—0 y=—1 (@) (( ) >

2 2
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The integrals in eq. (4.56) have been evaluated numerically. The result is o5 &~ —0.0018. The
computation of the third and fourth parts in eq. (4.49) is much simpler than that of first and
second parts because the corresponding integrands do not contain a mixture of precollisional
and postcollisional velocities. Therefore, the integration over k is trivial in third and fourth

parts in eq. (4.49). Hence, using eq. (G.1b), the third part of eq. (4.49) reads

28 ~ ~ - —(u m ~ ~ ol ~ ~ 5 ~
(III) o 5.3 < 3 > /dulduQ U2 € ( %Jr %)QK(ul)gogl)(uQ)@c(ul) (u% — 5) Ui

Substituting the explicit forms of @x and gpgl) and using eq. (F.3),

9 o, oy 4 N
(I11) = o 3< f) / Aty ditg Giyg e~ T G, (19 De(i17) (a%-%) i

20 . 9V, 20 5 dlnoO
2K =, (i K—&(ty) (4] — = ) tj——
X [ 39 w(T 1)U1]u1k<29> Brk + 39 c(ti1) <u1 2) U1y or;

Let the spherical coordinates of @; in the original coordinate system be (1,61, ¢1) and the

integration over sy is performed in a (rotated) spherical coordinate system (g, 65, ¢5), which
results from two rotations: (i) rotation of zy-plane in positive direction (z towards y) around
z-axis by an angle ¢; and (i7) rotation of new zz-plane in positive direction (z towards z) around
new y-axis by an angle 61, so that @, coincides with the new z-axis and @ - e = ;U2 COS 0;
(cf. Appendix H). Hence

Ken 20 20 9V; o
(I11) = 3”_@_@% / dit / / / d¢,dfhdiis @3 sin 6
™ 39 3 Ory Gi=0 J0,=0 J ¢, =0

o~ A a A B 5 o
X ( — 20yl cos O + 1 )1/2 —(@i+a3) D ()P (U1 )Py () <u% — §> Uil Ug

Ken 20 oln® P
* 273 @< 3 ) or; /du1 /ug o/ /¢20d¢2dé}2du2 wasind

. . 5\ 2
X ( — 27 U9 CcOS 92 + u2)1/2 —(at+a3) @e(ﬂg)@g(ﬂl) <1~L% — §> &liﬂlj-

Clearly, the term containing velocity gradient vanishes because the corresponding integrand is
an odd function in components of @, and the integration over ¢} is just 27 in the other term.

Hence

Ken 20 Olnoe
(III) = 2 5( 3 ) 87“] /dul/ duzulzuljug

i o ) 2
X {/ A6} sin (i3 — 21y 1y cos 0 + 1 )1/2} o~ (@+a3) D, (1) D% (11y) (ﬂ% - g)
0

5=0

_ Ken20 (20\:0m6O
w2 3¢\ 3 or;j

. 5\ 2
x & (111) (a% — 5) ,

o0
/dftl/ diia 11471 i3 Ro (i1, i2) o () De(tiz)
=0
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where the function R, (41, u9) is defined as
o 2\1/2
Ry, (ty,u2) = d92 sin 0% Py (cos 05) (i3 — 2017y cos 0 + @3)
0
! 9\1/2
= [ dyPu(y) (af — 2ty +a3)"", (4.57)
—1
and P, (z) is the n'™ order Legendre polynomial. The value of R, (i1, z) is (Pekeris 1955):
210y 1 (a\" L (m\"
—= -— (= if a; >a
Cn+1) | 2n+3) iy 2n—1)\ 4 ’ Lo
R, (U1,12) = _— - (4.58)
21 1 i 1 i ¢ on e
— - = it wg > .
2n+1) | (2n+3) \ay (2n — 1) \ g ’ S
Now, using eq. (F.9b), the expression for (/1I) simplifies to
Ken 20 2916 4r
(IIT) = ?@< 3 > or, / dul/ diiy i3
o oy A 5
X Ro(iiy, i) e~ ) &, (i) B2 (i ) <U1 - §>
4 (2> 00 [ 0
- — <—> 681/2—/ diiy diiy t}
3T\ 3 67’1- i1=0 Tia=0
oo 5\
x Ro(y, Gz) e~ TH5) &, (1) % (@) (N% - 5)
00
= agenl@'/? — 4.59
agen Ors” (4.59)
where
g = du1 / dus u1u2 Ry (ul, UQ) —(at+a3) éi ( )ng (ﬂl) <2~L% (4.60)
97T\/_ u1=0
From eq. (4.58), the value of Ry(uy,u2) is given by
2 ~2
3—2f2 + 24y, i up > g,
_ a
Ro(ul, UQ) = 22212 (4.61)
L 2iy, i dp >
3UQ
The integrals in eq. (4.60) have been evaluated numerically. The result is ag ~ 0.0025. Using

eq. (G.1b), the fourth part of eq. (4.49) reads

20

(IV) = QW?)( 3> / daiyditg iy e~ T8 @ () o\ (g ) be () <a2
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Substituting the explicit forms of & and <p§1) and using eq. (F.3),

I N UDTINP U S S A W
(IV 271'3 < > duldu2 U2 € ( %Jr %) dse(ul)dsc(ul) <u% - 5) Uiq
20 .. 2 av; 20 .. 5 dlno
2K —— =P (s) (02— = ) g ——
)iy 5 ) G+ K Grein) (7 5 ) iy

The integration over wg is performed in a (rotated) spherical coordinate system (g, 65, ¢h)

X

described in part (I11) of Qge such that @ - te = U112 cos 65, i.e.,

Ken 20 20 0V,
V) = = d¢hdehdiiy 42 sin 0,
(V) 3 39337%/ /ugo/e 0//20% 2dU2 Ug S Uy

N R 5
X ( — 2U1 U CcOS (92 +u ) (u1+u2) @ (ul)sﬁ ( )Sﬁv(ﬁg) <2~L% — 5) ﬂh‘ﬂgjﬁgk

3
Ken 260 [20\201n6
_ | — d / /1~ ~2 . /
+ 973 3g< 3 > or; wy /u2 0/2_0 /2_0d¢2d92duQ U5 sin 05,

o ol ooy a5 B\ /(.o D\ _. _
X (u% — 2411 cos B + u%)2 o~ (@i +3) D (1) P (U1 )P (12) <u% — 5) <U% - §> U1 U2j.

-

Note that the components of @y are the only functions of ¢/, (see Appendix H). Hence, the
integrations over ¢/, result into (cf. eqs. (H.18) and (H.6) respectively)

Ken 260 20

7™ 39 3
NN ST T N a3 ov;

X D (1) P (1) Py (U2) (u% - 5) Uy X Wﬂ—% ors L iy i1 (3 cos? 5 — 1)

Ken20 (20200

3 8rj

o0 ™ 1 ~ ~
v diy A0% iy 72 sin 04 (72 — 2iiyiis cos 0 + @2)? o~ (@ +43)
- o2 2 2(U] 2 2
U2 =

o0 iy f
273 3¢ /df‘l /&2 0/ _Odeéd@ @3 sin 0(@f — 21ty cos Oy + G3)?
2

ooy A . . 5 5 u
« e~ (@i +a3) D (1) P (1 )P (2 <&% — 5) <ﬁ% — §> U1; X 2712—?7&” cos 0.

Clearly, the term containing velocity gradient vanishes because the corresponding integrand is

an odd function in components of w;. Hence

Ken 20 28111@
(IV) = o §< 3 ) o /dul/ d1io —ulzuljuz

™ 1
X {/ A6}, sin 6} cos 04 (13 — 2iy g cos B + 13) 2 }
0,=0

% G G (7y)b, () be(0n) (a% - g) <u§ - g)

Ken?@ 231n9/ / 1 3
72 3¢\ 3 Br] u1uuu1]u2

< B, 1z) 1) 6 (1) i >¢<2>(a%—§) (#-3)-
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Using eq. (F.9b),

3
Ken?20 (20\201n@ 47 [ 0o 1
V) = — | = - dii Qi L4531 (i

« o~ T3 G (111 )b (i )Bein) <a§ - g) <a§ - g)

4 (2 06 o0 L
= <§> 591/2 / i / diis @33 Ry 1y, fip) e~ (#152)
v uo=0

(il (i - 3) (% - 3)

172 2
= ay eneelﬁg—@, (4.62)

T

where

« du dag @3S Ry (i1, 4 (@} +a3)
T = 97‘r\/— -0 1/ 2 Uy 1( 1 2)
NN 9 D 5 D
X P (1) Pc(U1)Pe(Ug) | U] — 5)@2—35 ) (4.63)

From eq. (4.58), the value of Ry (a1, u2) is given by

243 2. .. _
TE~2 S u2, lf U > u2,
o 15a; 3
Rl(ul,uQ) = 9 3 9 (4.64)
Y24 i dg > .
15a3 3

The integrals in eq. (4.63) have been evaluated numerically. The result is a7 ~ —0.0006. Sum-

ming all the contributions to QZK €, one obtains

Qie = —6%171591/22—8 - 6%1693/26—” (4.65)

T T

where 71 ~ 0.1078 and 71 ~ 0.2110. Eq. (4.65) can be written in another form to get
Qi =—-ri5- =M, (4.66)

where k1 &~ 0.1078enl ©1/2 and \; ~ 0.2110e/ ©3/2. Heat flux has a non Fourier term propor-

tional to density gradient at this order and this term is zero in case of elastic particles.
Pressure Tensor

From eq. (2.28), the contribution of @, to the pressure tensor is given by

2nO ; 2enO oo (g + h; 1
PZ.[].(6 = i /d’& ﬂiﬂj eiu2 @Ke == —E’I’L /d’lNl/ eiu2 (7uzu] i it - —ﬂ26ij> @%)

37r3/2 T 373/2 2 3

The second equality in the above equation results from the orthogonality of @, to @2, which is
[da fo(@)@?Pr. = 0 (cf. eq. (2.18)). Noting that the quantity in brackets in the above integral
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is u;u; and using eq. (3.20), one can write

2en®
371-3/2

Ke __
Pl =

[aae 2, @mm) o

and using the fact that .Z is self-adjoint with e serving as a weight function (see §4.1), the

above equation changes to

pie _ 210 / dae™ b, (0T 2 (V). (4.67)

Substituting the value of . (ap%)) from eq. (4.23), the above equation changes to

fie = 208 [ausdu @i e ™ {5 - 2@ - A - 2,47}
=P+ PE + Pl (let) (4.68)
where
pie— ?):;/92 / di by (i) Ta; o " S, (4.69)
Pie — _2:3/92 / A, ()i o~ { 2(@x) + A@x) ). (4.70)
PKe = —;ng /dﬂ, by (W), e 2D, o). (4.71)

Substituting the explicit form of Sx from eq. (4.22) into eq. (4.69), we have

2677,@ 29 - D = _ =2
Pié‘(f =3 <K§> /du@v(u)uiuje v

R _ 0lno A/~_22%A (5 B\ | . dln
x(u 5u” + 4>>}uk s + < D (u) s\ - O (u) | 5 ) (W o |

Clearly, the terms containing number density gradient and temperature gradient vanish upon
integration beacuse the corresponding integrands are odd functions in components of w. Using

eq. (F.3) in the term containing velocity gradient, above equation reduces to

11—
den 260 20\ 2 0V, - 2
Ke _ k ~ SN U
LN T (K @) (?) o / A By ()il ©

X [<3>% (és;(a)a? — by (a)(a® — 3)) + g {gfse(a) - és’e(a)}] .

™
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Using eq. (F.12), we get

28710V, [ . _
pise = A (20 (26) 281 0V: / dad, (@)@’ e
T3 \U3g ) \3 ) 1o g

X [(%) (és;(a)a? — &, (0)(a? — 3)) + g {qﬁe(ﬂ) - @é(ﬂ)}]
v,
8—73"

=

= (entO'/? (4.72)

where

1
32/ 2\2 [ . o
=22 b, g
“ 45 (37T> /0 dua (U) ‘

1
2\2 /. . 3. .
X [G) <gb;(a)a2 — (@) (a® — 3)) +3 {sﬁe(ﬁ) - dsg(a)}] . (4.73)
The integral in eq. (4.73) has been evaluated numerically. The result is (; ~ —0.0942. The
second term contributing to P;; is given by eq. (4.70). Substituting the values of Z and A from

egs. (2.39) and (2.40) respectively, in eq. (4.70), we get

2en® A A 1 . 2 =2 ~2
Ke ~ 1~ ~ ~ —(ay+u
Pij2 = — 34 /,%-ﬂ12>0duld’u/2dk (k: . U12) (1 — g(k . U12) > e (ay+43)
X <¢K(ﬂ/1) + @K(ﬂé))éﬁv(ﬁl)ﬂliﬂlj
B 2en® . 0

/ dftldftgdk (’25 . ’&12) e—(ﬂ%-{—ﬂ%)
ic~’t~l,12>0

37‘(’4 egr(l]&
x (@rclan) + Puc(iah) ) b (i )i,
Following a similar procedure as in the derivation of Qg €, we get

2en® 0 P o -
Ke _  2en lim—/ disy ditadk (K - @) e~ (B +32)
I;:-'ll12>0

W2 T 37t €50 De
X (@rc(n) + Brc(2) ) b (). (4.74)
Note that, in eq. (4.74), the non-primed velocities are now precollisional velocities and the

primed velocities are now postcollisional velocities. To simplify the integral in eq. (4.74) further,

we use the property of delta function, i.e.,

/ da 6(@ — @)Dy (@) Titi; = Py (i1]) U,

Since @) is the postcollisional velocity here, hence using eq. (2.1a), the above equation can be

written as

/daé(ﬂ — 4y +q(k- fm)ic) D, (11) Uity = Dy (ith) Uit}

where ¢ = % Substituting this in eq. (4.74), we get
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Ke 2en® 0
72 3t 5—>036

/ divydaodk (k- yp) e (@153 (@K(al) + @K(ag))
k w12>0

X /dﬁé(ﬂ, — g+ q(k- au)l%) &, (@) Tt

_ 2O, 9 / daydiyda e~ @+ (@K(al) +¢K(a2))év(a) @ Is,  (4.75)

3t €50 Oe

where I is given in eq. (4.34). The integral in eq. (4.75) is then split into two parts. The first

part is
2 .
(I) = — ;:@ lim =~ / dayditydive BB & (i) by (1) Tyt I,
en 20 0

= -G S / daydapdae” M) b, (a) &y, Ly,

1
20 . —— 3 \20V; 20 . 5 D). O0lnoO
2K—@ — | — 4+ K—9 - = 4.76
X 3 w(U1) Uty (2@> o K3, c(u1) <U1 2) k=g, (4.76)
Replacing @; by @ — § in the above equation and using eq. (F.3), we get
2Ken 20 (26 3 avk 0 .
HN=-""—2"(Z= li sdigdi e (@971 § I
(1) ™ 3g ( 3 > Oy 30 De dsdupdue o) 1s
X QASU(”& — .§‘)(2~Lk — sk)(ul — Sl)
Ken 2020 0ln O 0 i
™ 3g 3 Orp E—% Oe /dsdu2due - ( it s
A 5 5 B 5 B B
X P.(|lu — 8|) <(u —35)? - §> (Ug — Sk)-
Following exactly similar procedure as in the derivation of Qg €, we have
i 2 o ~ (-9 s 5a)?
/dﬁQ e Iy = ;/ dpe T diy = o () )
98 Jap=| 025122 q°s

Therefore

l—
() = — 2Ken29<29> 8Vk1 0 1/~ 1

ien L @32 ()b (i — 3
39\ 3 ) o M aeqe | 18uGe (1) Py (@ — 3)

__ (=9, 5-a
X ﬂiﬂj(ﬁk — gk)(ﬁl — 51) ( q +S§u>

Ken20200me . 01 1 R
o dada — o~ (8~ 3)? ij 1)®. (| — 3
3 3g 3 org 50 Oe q? / sdu 3 ¢ (W)Pc(|u — 38|)

Ui gy am)’

X <(a —38)? - g) i (g, — 3g) (5

The integrations over § are performed in a (rotated) spherical coordinate system (3,6, ¢') de-

scribed in part (I) of Qge such that 5- @ = sucos®, i.e.,
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2K€n2@ 260 QaVk; I 1ol 1~ ~2 . /
7) = =
(I) = 39(3) (97“1 e—>086q /du/ // / d¢’'de’ds 5“ sin 6

1
X —e (u —2u5 cos 0’ +82)¢ ( )Qj ((u —QUSCOSHI—{—S )1/2>
S

- (=9 =, - 2
X Wity (g, — Sg) (W — §1) e ( st

Ken2@2@8ln@
- == d d¢'df’ds 5* sin ¢/
™ 39 3 Orp e—>086q / u/ // / ¢ oS
1 /
x e — (@ ~2u cos 0/+5° ) &, (@)D, ((u —2a5cos ) + ~2)1/2) <~ — 25 cos 0’ + & —g)

—(%g—l—ﬂcos 0’)2

X uiﬂj(ﬂk — §k) [§]

Note that the components of § are the only functions of ¢’ (see Appendix H)
egs. (H.19) and (H.6) respectively, we get

(1) =- 2K;n2@< )2' /du/ / d#’'ds s sin ¢’
7 39 \ 3 =0 D€ @2 I_

x o (@ -2u5cosO'+5%) & (7) G, <(u — 2@i5 cos ' 4 & )1/2>
= |: 1 0Vy
m=

. Hence, using

— 21 (9,—|- L 3 9/—1 <(17q)
q
u2 > " ’U,k’LLl u US CoS S ( COS )

_@@@BIHQ /du/ / df'ds5sin @’
m 39 3 Org 6%0 Beq "

Y 5
x o~ (@5 —2u5cos '+ >@v(a)@c((a2 — 2G5 cos 0 + 52)1/2> <ﬂ2 — 2G5cos + F — 5)

X ﬁiuj

2
541 cos 9’)

- ~ 5 (=D 51 aeosor)
X Uit <27Tuk — 2w =1y, cos 9'> e ( g Stucos ) .
U

Clearly, the term containing temperature gradient vanishes because the corresponding integrand
is an odd function in components of & and let cos 6’ = y. Therefore

1
4Ken 20 (26 5(9Vk
= —-"—""—
( ) us 39 < 3 > 67’1 E—)O aeq / / / dyds uzujukul

X {ﬂ2 — 2udy + %52(3312 - 1)} &, <(u — 2usy + 52)1/2) b, (1)

- . (1-q)
% e—(u2—2usy+82)e ( s+uy> )

Using eq. (F.12), the integration over @ results into

4Ken 2 2
(I)=- en_@ —@ : Wi 87T / du/ / dyds —u
72 3¢\ 3 ) arj15 6~>0 3eq 520 Jy——1

X {u —2usy+—s (3y° —1)}45 <(u —2asy + § )/2) D, (@)

. o (=q) ¢
2 2 5+
% e (a*—2asy+3 )e ( s Uy)
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or

1
32 (22 av !
- () e T
(I) T5n <3> nle : 5—>0 Beq ds da y,—1dy sut
_ _ <2 g o 1/2\ & -
x { u% — 28y + 23 2(3y% — 1)} &, ( (a® — 25y + 5°) D, ()
- JUN (a-q)
ot ) (U e) (4.78)
Using eq. (4.37),

16v2 oV, [ o0 1 1
I)=— ent@Y22 % / d§/ da/ d§a4{a2—2§a +—§232—1}
(1) T ory o™ [ Y y+55 0By - 1)

x (1 — 3iiy) b, ((a ~2usy + %)Y 2) B, (1) e~ (@ —2y+5) o—iy?

oV
= o122 4.79
CQ en a,r] ) ( )
where
= da dy sa”* < u° — 25uy + =5°(3y° — 1
G 157r\f 4t Y y+55 By - 1)
% (1 — 3ay)db, ((ﬁ2 —2agy + )" 2) b, (@) o~ (@ —2y+) o=@y (4.80)

The integrals in eq. (4.80) have been evaluated numerically. The result is (s ~ —0.1349. The
second part of Pli € is

5 )
(1I) = ?f:? i e . /d’ald%dﬁe () @ e (1) Dy () Tty s,
2 o oy o S

- ?f:? fim 686 / dadasda e %) &, (@) Tya; I,

; (4.81)

20 . 20V, 20, [, 5\_ 96
2K3gq§( )U2kU2l<2@> o +K5¢c(u2) <U2——> ok

Replacing @; by @ — § in the above equation and using eq. (F.3), we get

(H_):_ZKen@<@>28Vk 0 -

5\ 3 ) B M / dddagdae™ 3 b, ()T 1t; e~ by (i) opiio L5

Ken20200ne . 0

i 39 3 or e—)O 86

2

o P 5
/ d3diada e 3 (1) i1, 0" be(iln) <u§ - 5) Gigge 1.

(4.82)
The functions depending on 1 in the integrands of eq. (4.82) are exactly similar to the functions

depending on 4y in the integrands of eq. (4.41) (except for the indices names). Therefore the

integrations over @9 are carried out by following a similar procedure as given below eq. (4.41).
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Finally, we get (cf. eq. (4.42))

1
T @) Gl g [ dsaae o b

1I) = —
( ) md 39 3 8’1“1 61—>0 €q
o~ . o 1_ - = =\ 2
x 231 dity i3 e &, (iiy) { 3 <( 95 Sf") —1
s 112:‘(1:1)54_% q U Stug

™ 39 3 Orp 50 De ¢%

S N YN ST (1-¢)5 s-u
d 2@, - = - — . 4.83
X / U U5 e (tg) <u2 2> ( PR + o (4.83)

§2

Ken20200m6 . 9 27 / dadae~ 9" &, (a)aa,

The integrations over § are performed in a (rotated) spherical coordinate system (3,6’ ¢') de-

scribed in part (1) of QgE such that - @ = St cos#, i.e.,

2K€n 29 29 28Vk / /1~ ~2 . /
II) = — — | —
(IT) 3y < 3 ) 877 s—>066q /du/ /, / d¢’'df’ds 5° sin 6

(@225 cos 6/ 132) £/~
% e (4% —21i5 cos ' 452 )QSU(U)UZUJSkSlsg

* < a2 R~ (1—Q)~ ~ ’ ? ~9
X dag g e 2 Dy (u2) < 3 S+ucost | —us
Uo= =@ q) S+ cos 0’

_2K;_n%?8812@ Ogé/ u/ / / d¢'d6'd5 52 sin 0’
™ k e—) I

NN

, A
% e — (@225 cos 0’452 )@ ( )UinSkTQ
S

o] o 1—
></ diiy g e~ B (iip) (fé — g) <%§+&0080/>.

2—‘ (-q) 541 cos 6’

Note that the components of § are the only functions of ¢’ (see Appendix H). Hence, using

egs. (H.18) and (H.6) respectively, we get

(II) = _2en20 li /du/ / d6'ds 52 sin 0’
T 3 e—>086q =0 Jor=
1

« o~ (@ —2a5 cos 0/ +35° ) b, (@ )ulu]{ o ukul(?)cos 0 — 1)} =

= 3 (1—(1)~ A\
X dig iy e "2 &, (u2) 4 3 S+ tucosl | —us

Uo= (I_Q) S+ cos 0’

__2Ken@@81n@ /du/ / d6'ds & sin 0’
™ 39 3 Org e—>086q s—0Jo—

o~ (@2—2a5cos0'+82) G o (Q) Uit (277 um:os&)
a

o
X / diig Us o3 D (u2) (ﬂ% ~3 ( 5+ ucos 9/> .
q

Uog= (1;(1) 541 cos 6/

l\D
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Clearly, the term containing temperature gradient vanishes because the corresponding integrand

is an odd function in components of & and let cos 6’ = y. Therefore

2Ken 20 (26 2(9Vk -
I = — (= di dyds =7, 3y2 — 1), (
o o o0 . 1 —
X e—(u2_2usy+52)/ deLQ {LQ e—u% QSU(ﬁQ) 3 <( Q)s+uy
_la q)s_i_uy‘ q

Using eq. (F.12), the integration over @ results into

1
(11 = 2K 26 (26 280V, / du/ [ duas St - vy
2 39\ 3 ) 15 Br] 6%0 3eq 520 Jy=—1

i2—2asy+3?) [ a2 7 (1-1q) ? 2
x ¢ (W7~ 2usy+s >/ dily Ty e~ % @, (112) { 3 S4+ay) —al .
Uo= (1;(1) §+ﬂy’ q

2
(1;‘1 S+ ﬂy) . This shift results into

I~

Let us replace @3 by 43 + (

16Ken 20 (26 V; .
)=~ 3.\ 3 ~1)é
) 157 3g<3> or; Hoaeq / d“/s O/y_ldydssu (3y” — 1)y (1)

oo =2 ((1—q)

(42— 205y+ 32 _ . Tyt sty }

« o (@ —2udy+3 )/ dig g e { ( )
fia=0

or

16Ken 20 (26
II) = — — (= Z
(1) 157 3g<3> 87“3 6%036(1 / ds/ du/ du2/ —dysugu
) 1- ’
% (352 — 1)by () b, {a§+<( qq)§+ay> }
_ 2 . o Ja2a (=D, 5
X {2 <(1 p q)g—l—ﬁy) _ﬁ%}e_(“2—2usy+52)e { b (070 54) } (4.84)

The differentiation with respect to € at € = 0 is carried out next. Note that ¢ — 1 as ¢ — 0. Let

1
1. 1 - 2) 2 1— 2 B (1_)§ a 2
hm2 —&, | { a3+ ( q>§+&y 2 ( q>s+uy — U3 pe ( T +y> = B.
e—0 Je | ¢? q q
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q3 Oe
(1-q) N\ ra-g 50
+lim |8 {§+< q§+ay> } 2( —4q +uy>< %_q>
e— q q° Oe
x (202 — 3) e Y’
+ lim |4 ( q)§+ﬁy _50q é ((ﬂ2+ ~2 2)1/2> —i%y?
e—0 q q2 e v 2
(0= o = )2 1— o .
+ lim [—e ) 2 <( q)§+ﬂ > <—%—q>] Q%((uz +@%y?) / ) (20%y® — G3)
e—0 q q 86
Here prime on @, denotes the differentiation with respect to square of its argument. Noting
that Tim 22 = —L (a5 above)
at lim — = —— (as above
e—0 O€ 4 ’

. _ 1. _
B=-d, <(u2 +a2y?) /2) (2a2y? — &%)e‘“QyQ +§@;< @2 4+ %) 1/2 ) ays(20y? — a%)e—qﬂyQ
_|_

1
2

~ 1 ~ .
+ dy5 b, ((u2 + ~2;/2)1/2) —ity? _gaym((ag ﬂ2y2)1/2> (2a2y? — @2) eV’
1

(i
= e o, (@ + a2yh)?) Qaty? - @) + 8 (3 + a2y?) ) aps(2aty? - @)

2
+20y5d, <(u +a2y?) /2> —ayid, ((ﬂ2 v a2y2)1/2) (2a2y? — ag)}
~ &, ( (a3 + UzyQ)l/ .
e sl il 1/2> S b, (@3 + %))
2 o, <(u + U2y2) > (2a°y? — u3)
(2a*y” — @3)

1
5 - e’} e’} 00 1
(IT) = 8 . (K@> <2Q>28Vf/ ds da dﬂg/ dy siu* (3y* — 1)
S Yy
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Substituting the values of integrations over s from eqs. (4.44a) and (4.44b) in the expression of
(I1), we get

(1) = 87”3— @1/227‘2/ du/ diiy /1 71dyu2u (3y% — 1)9311(11)
i (@210 12
% {1+\/_uye v’ (1+erf(ﬁy))}—ay 1_%5 (( +a%y?) ) 2

b, (3 + 2g2)' %) @0 — 1)
{ +— (1+ 2a%y?) ™" <1+erf<ay>>}]

x b, <(u + iy ) (2a%y? — @d) e e~ (W)

4.
- (4.85)

dy @i* (3y* — 1)(2a%y” — @3)

X
—
|
=g
<
——
s3]
<
+
[\
E
—~
[a—
+
[\
) Y
[
<
)
@
[
[ V)
<
[
-
+
@
=
=
—~
=g
<
=
——

- - — — + 1+ Vray eV (1 + erf(ay))
b, (a3 +a2y2)!?) 20y =)

x gbv<(a§ +a2y?)Y 2) B, (@) e~ o~ @B+TY) (4.86)
The integrals in eq. (4.86) have been evaluated numerically. The result is (3 ~ 0.1094. The

third contribution to Pge is given by eq. (4.71). Substituting the value of 2 from eq. (2.38) i
eq. (4.71), one obtains

2en6 o B+id) G (7 \EE
pie— = / da dagdk (k - o) e T @, (i) )iz,
3 3T kﬂ12>0

x g (@)l (h) + D () (@) — D (1)l (o)

— O (a2) ol (@)}, (4.87)

In eq. (4.87), the velocity transformation corresponds to the elastic limit. Following a similar
procedure as in the derivation of QZK € one obtains

26”9 - ~ ~ (U244 ~ ~ ~
iﬁe = T34 /duldUQdue (@i+ %){¢K(U1)<Pgl)(u2) + P (u2)py Man)) b, (a )UZUJI(O)
2 . -
| 2O / dityditodh (k - ftgy) e~ @)
3 ]Ac~1~l,12>0

X {éK(ﬂl)ﬂﬂgl)(ﬁﬁ + ¢K(ﬂ2)tpgl)(ﬁ1)} b, (i1 )@y,

(4.88)

where I(go) is given in eq. (4.48). The term Pl-lj(3 ¢ is split into four parts. The first part is
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2cn6 / dity ddigdis e T8 @ e (g ) o\ (i) b (i) gty 1

I)=—
26”9 - - ~ (U244 S o N
= — 34 /duldquue (ai+3) d ( )@ (u)ulujféo)
20 . 20V, 26 . , 5\ . ome
2K—¢@ K—@ - = —_— 4.
. 3g o(@ )ulku1l<28> 87“1 * 3g o(T) <u1 2>u1k ary, (4.89)

Note that except for the extra term @, (iiz) and the above definition of Iéo), the integrand in
(4.89) is similar to that in eq. (4.76). Replacing @1 by @ — § in the above equation and using

eq. (F.3), one can write

11—
2K€TL2@ 2@ 56‘/ PO ~ —(—3)2—a2 3 /~ fa N
(I) = — — 5<?> a—;/dsdugdue (a-8)2 5@6(u2)¢v(u)uiuj 5
x Dy (1@ — 8]) (i — 5) (T — 51)
Ken 20 20 91 U
1262006 / dadagdi e~ @55 G, (i) b, (i) Tty 1.

m 39 3 Ory
< (| — 3] ((a _a o g) (i — 50).

The integral over ws is given in eq. (4.51). Hence using eq. (4.51), we get

1/2
2K en 20 (2 2 . 5.1\
- 9( @>28Vk /dsdu—7T iy fiy b, {a§+ (—38“> }
2=0

(1) =—

U=

Tt 39\ 3 ory

- 3a\2 RN N
x VB @ G (0T (1 — B) (i — 50— )

1/2
Ken 2020 91 2 . 5-a\?
en 260 @(9 né 15 d~—7T d?b?b@e {ﬁ§+<s§u> }
U2=0

R O (W) 0P| @ — 3)) ((a —5)? - g) (g — 31)-

The integrations over § and @ are performed by following a similar procedure as performed

following eq. (4.76). Finally, we get (cf. eq. (4.78))

1
4 39 ) 1 ~ o
(I) = _G_Wen€< 3 > ar, /s Odsl Odﬁ/~ B diio /: dy a9 50’ e*(u2,2usy+s2)¢v(ﬁ)

x gisv((fﬂ — 2usy + 5°) /2) &, <(u + a2y2)1/2) {u — 25dy + ; 2(3y? — 1)} o~ (@+i%y?)

= (4 entO'? gv (4.90)

Ty

where

G = 157‘(’\/—
x @, ((u — 2u5y + &%) 1z >d56 ((ﬁz + ~2y2)1/ ) b, (1) o~ (@ —205y+5%) o~ (u3+0%y%) (4.91)

4
0 \/—/ ds/ du/ duz/ dyu25u4{ —25uy—i——s 2(3y2 — 1)}
2
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The integrals in eq. (4.91) have been evaluated numerically. The result is ¢4 ~ 0.0014. The
second part of eq. (4.88) is

2en©
3md
2en@ e A e A e
=— ;”4 / day dagdie™ ") b, (i) )b, ()i 1)
s

(IT) = — /dﬂldﬂ,gdﬂ o~ (I @ (q9) o\ (@) B, ()0t 1"

20 . oV, 20 )<2 5>~ ol e (19

2QK—@ U + K—
3g o(@ )u2ku21<29> 377 3g (@ 2 2 2k ary,

0)

Note that except for the extra term @, (i) and the above definition of Ié , the integrand in
eq. (4.92) is similar to the one in eq. (4.81). Therefore, the above equation is simplified by

following a similar procedure as performed following eq. (4.81). Finally, we get (cf. eq. (4.84))

1
16K6n2@ 20 o oo 1 )
II) = d du da du 51 ~4 2_1 @U ~
S 3g<3) aT]/s i u/{m:O Uz/_l y Siai*(3y” — 1) b (@)

X 5251}((“2 + ~22/2)1/ )45 <(1~L — 2usy + 52)1/2> (2 y 2 e — (% —2ady+5?) _(ﬁ%+ﬂ2y2)

V;
(5 enlO oy’ (4.93)

where

16v/2 / / / / e Ao D 29 9
= ds da da dy susu” (3y° — 1)(24 — U
G5 157T\/— - 2 1 y Stgt” (3y ) Yy 5)

< &, <(u a8y + &) 1/2 >¢3 (( 2y ~2y2)1/2> b, (1) o~ (@ —2a5y+3%) (—(a3+a’y?) (4.94)

The integrals in eq. (4.94) have been evaluated numerically. The result is (5 ~ 0.0014. In the
third and fourth part of eq. (4.88), the integration over k is trivial. Hence, using eq. (G.1b), the
third part of eq. (4.88) reads

26”9 - - (0244 -~ ~ - -~ \=—=
(III) = 371'3 /dulduQ (APXS] ( %-f— %) @K(ul)@gl)(U,Q)@U(ul)uh‘ulj .

Substituting the explicit forms of @x and gpgl) and using eq. (F.3),

2en®
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26 . W 20. (. 5\_. 9lhe
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3 (ul)ulkull<29> o + 39 (1) <U1 2) Utg o
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The integration over @y is performed in a (rotated) spherical coordinate system (i, 65, ¢h)

described in part (I11) of Qge such that @y - @e = U172 cos 65, i.e.,

2 20 GVk _ g
(II1) = —gen <K3g> < 3 ) o / ul/u2 0/ /¢’2 Odgbéd%duQuQSmHé

- 2)\1/2 — NPT
X uuuljulkuu( — 2411 cos 0 + u%) /2 o~ (@t +a3) sﬁe(ug)sﬁ%(ul)

1 20 91
+ —en <K > Oomo / / / / A db)ydis @2 sin 0
7T 3g) 3 Ory iia=0 Joy=0 J ¢,=0

X gl j Uk (45 — 201 cos 0 + @ )1/2 o~ WD) B, (i19) b, (11 )o@ ) (u% - 5) '

Clearly, the term containing temperature gradient vanishes because the corresponding integrand

is an odd function in components of @, and the integration over ¢ is just 27 in the other term.

Hence

4 20 )%
(I1I) = —en <K5> <?> Brf /dul/ Al Uy iy it 3

X {/ A6l sin 04 (3 — 2017y cos 0 + u2)1/2} e~ (#+a3) B (iip) D2 (111

/.

1
4 (2 Vi -
= 5 (5) oG fai [~ ata T ot o) 1D )i

where R, (a1, u2) is defined in eq. (4.57) and the value of Ry(uy,u2) is given in eq. (4.61). Now,
using eq. (F.12), the expression for (I11) simplifies to

4 [ele] [ee] - - ~ ~
(I11) = V2 eneo1/287 Vi A / diiy / dito @S2 R (i, iin) e~ TH52) B, (1) D2 (it )
u1=0 U2=0

7T2\/— 15 Or;
oV
= (g enl@/2 L (4.95)
orj’
where
9 5 oy A N
CG 3 \/_ / dul/ dUQ u1u2R0(ul,UQ) (u%—f—ug) @3(@1)@6({12). (4.96)
1577\/_ u1=0

The integrals in eq. (4.96) have been evaluated numerically. The result is (4 ~ 0.0016. Using
eq. (G.1b), the fourth part of eq. (4.88) reads

26”? / ity it i e~ ) @ () o\ (g ) By (it ) igging, -

(V) =

Substituting the explicit forms of @x and gpgl) and using eq. (F.3),

2en® o, oy a .
(Iv) = ?f:i% /dﬁldﬁZaue_(u%u%)ée(al)éu(ﬂl)ﬂuﬂlj

20 . 2 OVk 20 . 9 5). 0o
2K ¢ K—o ——
39 (u2)u2ku21<2@> 87’1 + 39 e(ii2) <u2 2> 2k ory.
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The integration over @y is performed in a (rotated) spherical coordinate system (i, 65, ¢h)

described in part (I11) of Qge such that @y - @e = U172 cos 65, i.e.,

2 260 28Vk - .9 .
V)= — K de¢hdohd sin 6
av) 7T3m< 39><3> 57“l/u1/u2 o/e o/gogb2 20 PP
)

X (ﬁ% — 2U1Us CcOS 62 + u2)1/2 —(at+a3) @ (u1)¢ (ul)@v(ﬁg)ﬂliﬂljﬂgkﬂgl

1 2 |
+ —en (K ) ©omo / / / / dghdfhdiis 15 sin )
@ 3g) 3 Org ii=0 J0,=0 J ¢, =0

12_~~A~A~A~~5~~~
X ( — 2019 cos B + u2) /2 o~ (@} +i3) D (1) Py (1) Pe(Us) (u% — 5) Ui U-

Note that the components of @g are the only functions of ¢ (see Appendix H). Hence, the
integrations over ¢/, result into (cf. eqs. (H.18) and (H.6) respectively)

2 2 2
(IV) = —en <K£> ( 9) /dul/ / A6y @3 sin ) (a@? — 2a1@n cos 0 + a3)"”
s u2=0 l=

x e~ EH5) G (1)) Dy (111 )Py (T)tyitiyj ¥ 7T~2 %V Gy jyfiq (3 cos® 0 — 1)
1 20\ 20 90n6O I e 9 . _ - _9\1/2
—en | K7 | = d by diiy @3 sin 05 (@] — 2 5 05 + 113
—|—7T367”L< 3g> 3 o / ( /ﬂ2 0//220 od s U5 sin 05 (a] — 20y U cos Oy + u3)

o o\ A A A 5\ —
« o~ (A+a3) D (1) Dy (111)De (1) (ﬂ% — §> U115 X 27rg—jﬂlk cos 0.

Clearly, the term containing temperature gradient vanishes because the corresponding integrand

is an odd function in components of ;. Thus

4 oV,
(IV) = 71_2\/\/__ f@l/Q k / / dUQ ulzuljulkuu

X / doy sin 6), {
L=0

X ei(ﬂ%Jrﬂ%) SZAS (ﬁl)dg (ﬁl)év(ﬂg)

4+/2 Ve [ . [
ent@/2="E / d / iy Tyt —2

772\/— or, u; - U2 Uy uljulkulla%

X Ro(fiy, din) e~ EH5) &, (1)) Dy (111 )Py (in),

(3cos? 6 — 1)} (42 — 2iiy iy cos 0 + ~2)1/2

| =

where R, (U1, u2) is defined in eq. (4.57). Now, using eq. (F.12), the above equation changes to

4v2 87 AV
(1V) = 5 ent® e o, / dity / dity 7 2R2(u1,u2) ~EH) G, (11y )y (1) Dy (@2)

= (rent®'/ 2%, (4.97)

rj
where

322
15m/3

Cr = / diiy / dite @A R (1, o) e~ TH93) B (1)) Dy (i) Pe (111). (4.98)
u1=0 U2=0
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From eq. (4.58), the value of Ry(uy,u2) is given by

204 202
- . 35u1 15U1
Rg(ul, UQ) = 2214 2112 (4.99)
1 1 e~ ~
- L if > 1.
3543 1ouy 20 M

The integrals in eq. (4.98) have been evaluated numerically. The result is {7 ~ —0.0004. Adding

all the contributions to Pg €, we get

Vi
ple = —26,&1116(91/2% (4.100)
J

where [i; =~ 0.0578. Clearly, pressure tensor is Newton’s law of viscosity at this order also.
Collisional Dissipation

Eq. (2.13) implies that the contribution of @, to collisional dissipation I" is of O(K¢?). From
eq. (2.34), the contribution of @k to collisional dissipation I" is given by

1
6@ 2@ 2 - ~ - . ,&2 ,&2
i = gy ) [ At iy 057%

X {Pke(w1) + Pre(U2) + P (U1)Pe(t2) + Pi (U2)Pe(ur)}-

Again, (similar as above) on interchanging @, and g,

/d’&ld’&Q ﬂ%Q e—(ﬂ%—i—ﬁ%) {@Ke('&l) + @K(al)éé(aQ)}

— / dieydisy @3y e~ FH) {P e () + P (2) D (1)} -

1
€O (20?2
w=— () (L + L), 4.101
K 67r3€<3>(1+2) (4.101)
where
I = / dieydisg @3y e~ ) G (@17 (4.102)
and
I = / Ay dig @3y e~ TH) G (@)D (). (4.103)

First consider eq. (4.102). Using eq. (3.26), I; can be written as
L = /d’lh ¢~ X (111) P () = /d’& e T x () Prce(i). (4.104)

Since we do not know the explicit form of $ g, we shall use the self adjoint property of .Z as
following. The function y is orthogonal to summational invariant @, with fo(&) = r3/2 =0
serving as a weight function, because [da fo(@)x(@)@; = 0 (since the integrand is an odd function

in components of @); but x is not orthogonal to summational invariants 1 and %? because
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[dafo@n(a) =seva,
~ (4.105)
/ da fo(@)y(2)a> = 187V/2,

but one can take advantage of the orthogonality of k. to the summational invariants of .2 and
replace x in eq. (4.104) by ¥ = x + a + Bu? (where o and 8 need to be evaluated) so that y

would be orthogonal to all the summational invariants of .2, i.e.,
Jaah@x@ = [daaf@x@a ~o (4.106)

Note that the ortogonality condition with respect to summational invariant « will be identically
satisfied because of the same reason as mentioned above. We can evalute a and 3 by substituting

the value of x in eq. (4.106) and making use of eq. (4.105) which implies that

8TV2 +a /dﬂ, fola) + 8 /da fol@)a® =0,
187V2 + a/d'& fo(@)a® + B /da fo(@)a* = 0.

The integrals above can be evaluated by changing them to spherical coordinate system. The

result is

3

15

3 = a=-2mV2 and fB=—4mV2.
187V2 + ia—i—zﬁ:O

Hence x(@) = x(@) —2mv/2(1+24?%), which is orthogonal to all the summational invariants. Now,
define 7 as the unique solution of the equation .% (7) = x. By Fredholm second (uniqueness)
theorem (Harris 2004, Section 6-1), (@) is orthogonal to 1 and 42, with fo(@) = 7 3/2e %
serving as a weight function. The function 7j(%) depends on speed 4 alone and has been evaluated

in a similar way as @,. Hence eq. (4.104) can be written as
I = / da e y(@)Pre(a) = / da ™™ 2 (7)) Pre(@) = ¢ / da o™ 2(i7(a)) 'y

and using the fact that £ is self-adjoint with e serving as a weight function, the above

expression can be written as
I = / da e ™ p(a) 2 (W),
Substituting the value of j(@%)) from eq. (4.23), the above equation changes to

I = e/dﬂ, e~ 7(a) {SK — 2(Pk) — A(Pk) — (P, wgl))}

= HF + HE + HEC, (let) (4.107)
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where
HEe = ¢ / da e ™ (i) Sk (4.108)
HEe = —e/da ) {é(@K) - /I(@K)} (4.109)
HEe = —¢ / da e~ (i) 2(Dx, o1 (4.110)

Now we shall simplify H¢, HE€ and H;{(e as following. Substituting the explicit form of Sg
from eq. (4.22) into eq. (4.108), we see that the terms containing number density gradient and
temperature gradient vanish upon integration beacuse the corresponding integrands are odd

functions in components of . Hence

1
20 29V, 22
K= 2202 L da e ™ [(a) i,
L =309, (2@) ar; /d"e (@)t

x [<3>2 (gis;(a)zf — b, (@)(@% — 3)) + g {@e(ﬁ) - @é(ﬂ)}]

™

and using eq. (F.10),

HEe — 0, (4.111)
Substituting the values of 5 and A from egs. (2.39) and (2.40) respectively in eq. (4.109), one
obtains
Ke € D P AL Lo - o~ (@] +13)

H2 = 52 [ duidusdk (k: . U12) 1-— —(k . ’LL12) 1772 {@K(Ul) + QSK( )}n(ul)

7T k-t12>0 2

0 L n s
¢ lim — / duduodk (k : U12) —(ai+a3) {@K(ul) + QSK( )} n(ul)
/2 50 e Jj, 1250

Following a similar procedure as in the derivation of Qg €, one obtains

0 n A .
HEe = lim / Ay daiodk (k - @o) e TPy (@) + P (o)} (@), (4.112)
71'5/2 e—0 66 kit12>0
Note that, in eq. (4.112), the non-primed velocities are now precollisional velocities and the

primed velocities are now postcollisional velocities. To simplify the integral in eq. (4.112) further,

we use the property of delta function, i.e.,
[aasta— )@ = n(@)

Since @} is the postcollisional velocity here, hence using eq. (2.1a), the above equation can be

written as
[aas(a—a+atk- an)k) @) = ().
where ¢ = €. Substituting this in eq. (4.112), we get

HEe = lim — 0 ddy digdin e T (P g () + P () } 77(@) s, (4.113)
7'(5/2 e—0 Oe
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where I is given in eq. (4.34). The integral in eq. (4.113) is then split into two parts. The first
part is

€ 8 ~ ~ ~ (3244 ~ N/~
(1) = _mlg% Be /duldquue (@ + %)QK(ul)n(u)L;
= W; 7 lim gﬁ / daydagda e (TH5) () Iy
1
O . _ 3 \20V; 20. (5 5\. 0O
[2K 3g @ ( )Ulﬂtlj <%> a,r] + K@@c(U1) <u1 — 5) UMa—Ti (4114)

Replacing @; by © — § in the above equation and using eq. (F.3), we get

1
2Ke20 [ 3 \20V; 0 S =\2 -2
__anrtar 92 (B—38)*—u3 (1
D =-T5m 39 (2@) ar; I e | dsduaducs $) s

x &y (|a — 8)) (@ — 5)(a; - 5))
Ke 200n6O d e 5)2
=15 15 (u—38)*—u
 75/23g o lLO Oe /dsdquue 277( s

<) (@52 3 ) @5

The integral over us is given in eq. (4.77). Hence using eq. (4.77), we get

1—
2Ke20 [ 3 \20V; 01 -
_ L —(a—3)? - -
(1) 739 (—2@> o) £—>0 9 /dsdu e ()P, (| — 8|)

(Q=a)z, 5a 2
x (s — i) (a; — §5) e (Ss+52)
Ke 200mO ;. 01 1 2 -
= - —(u—38) é
72 3g o 50 de ¢? /dsdu ¢ () e(|% — 5])

x ((a — 52— §> (@ — &) o (U5seE)”

2

The integrations over § are performed in a (rotated) spherical coordinate system (3,6’ ¢') de-
scribed in part (I) of QgE such that -4 = Sucos®, i.e.,

_ 2Ke20 (3 23V Iz 2 o L (@2—2a5cos 0/ +52)
2

— (=251 dcos 6
X 7j(@) D, ((u — 205 cos 0’ + §* )1/2> (u; — 5;)(a; — 55)e ( 7ot 9)

Ke 2@3111@ e
=F 3g 37@ eaoaeq /du/ // / d¢'d9’d5 5" sin 0

1
X ge_(“ ~2a5 cos 0/+5” ) (@) P, ((u —2u5cos b + 3 )1/2)

5 (0= o o)
X <ﬁ2—2ﬁ§cosel+§2—§> (@; — 5;) e (U50stacose)

Note that the components of § are the only functions of ¢’ (see Appendix H)

. Hence, using
egs. (H.19) and (H.6) respectively, we get
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2Ke26 /
(I)=— —n 3g<29> e—>086q /du/ /, d6'd5 5% sin 6

1
x = ¢ (W-205c0s0'+5%) miyg, <(u —2ascosl + 3 )1/2)
§

1 av’l (1=9) 54 % cos 0/ :
[277 — Ul {11 — 2@5 cos O’ +—s (3cos 0 — 1)}] ( PR 9)
u* Or;

Ke QQaIHQ /
~ R 3g 37°Z e—>036q /du/ /, d0'ds5 5% sin 0

1
“3 o~ (82 —2a5cos 0"+ )ﬁ(a)¢c<(a — 2a5cost + 3 )1/2)

5 3 (-9, - N2
X <a2 — 2u5cosf + 5% — 5) (27@- — 212 d; cos 9’> e ( q S*“C"SG> )
u

Clearly, the term containing temperature gradient vanishes because the corresponding integrand

is an odd function in components of @ and let cos @’ = y. Therefore

4Ke20 [ 3 28V S 2
N= ——"—| — d dyd3s @i — — (a2 —2a3y+32)
(1) /2 3¢ (2@) 873 6~>0 3eq / u/ /_1 yds uj 2 ¢

x (@)D, <(u — 2usy + ~2)1/2> {u — 2u8y + —S 2(3y* — 1)} _((1; )§+ay> :

Using eq. (F.9¢), the integration over @ results into

1 N
(I) - 1/2 39 ( @> 3 a?”l 1*}0 86 q / du /y_ldy /gzods Y ? ¢

. -z, o
X ﬁ(&)@v((ﬁz — 2uidy + 52)1/2) {fﬁ — 2isy + 523y — 1)} (45 sra) (4.115)

2
but since = 0, we have
87’1
(I)=0.
The second part of eq. (4.113) is
€ . 3 (ﬂ2+fb2) ~ .
(II) = mlgrg) Be daydagdu e 1) P (wg) (1) I5
_ _# lim ge / divy dapda e~ FH5) () I
1
20 . 3 \290V; 20 . 5 olne
2K=——¢ il [ — L K—&(i9) | 02 — = ) ligj——— 4.116
39 o (T2) Uit (2(9) o) + 3 (@2) <u2 2> 2= ( )

Replacing @1 by @ — § in the above equation and using eq. (F.3), we get

11—

29Ke20 [ 3 \20V;, . O U

“”Z‘m@(%) o tim =L [dsdaadae @55 (), (1) iy I
J

Ke200moO . 0

- S, Mg dsdapda e @975 5(3)d,(iiy) (a; - —> dipils.  (4.117)
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The functions depending on @2 in the integrands of eq. (4.117) are exactly similar to the functions
depending on w9 in the integrands of eq. (4.41) (except for the indices names). Therefore the

integrations over iy are carried out by following a similar procedure as given below eq. (4.41).
Finally, we get (cf. eq. (4.42))

1
2Ke 20 29V, o )2
(—38)° =(~
(1) = Ry 39 <29> or, 1%0 06(] /dsdue 7(a)

5.5, [ 1—-ag) 8§ 3-u\>
X Si]  daguie B, (u2) 3<( q)i+s~~u> -1
S fLQ:’(l;q) 53 q U3 Suo

Ke 200InO© 0 27
- lim (a-8)* 5
wo/2 3g COr; 50 Oe q? /dsdue ()

o0

3 oy wra (o B\ [((1—q)§ -
Xg—;qb o digdse “géc(uQ)<u2 —> <(—q)~—+~~ > (4.118)

s s

The integrations over § are performed in a (rotated) spherical coordinate system (3,6’ ¢') de-
scribed in part (I) of QgE such that -4 = Sucos®’, i.e.,

B 2Ke20 [ 3 \2 1100 12 22 winy O a— (02 —275 cos 0/ +52)
(II)——W3/2 39 (2@> 873 eaoaeq /du/ /, / d¢’'df’'ds 5 sin @’ e
T _ o _gga o -9, N
x () —; dug uge™ 2 @y(tg) { 3| ——=5 + acost' | —uj
S ﬂg:’M@rﬂcosG’ q
2Ke200In6 . 110715 22 cin @ o (2 =205 cos 0/ +52)
) 3g o 5—>0 8eq /du/ // / d¢'df’'ds 5“sin b’ e
5. [ L T—a) .
X n(ﬁ)%/ dils iy e~ D (Us) <u§ — §> <( q)s + @ cos 9’) .
S ﬂg:‘(lgq)éJrﬂcosG’

2 q
Note that the components of § are the only functions of ¢’ (see Appendix H). Hence, using
egs. (H.18) and (H.6) respectively, we get

1
o 2Ke20 ([ 3 li 1 — (=215 cos 6" +52)
([I)—-mg(g) e_>08€q /d'U// // d@dss Sln9

x 7)(1) { 5 oV ——i;1;(3 cos® ' — 1)}

u28

0o . 1_ 2
X / dis U9 e~ D, (U2) {3 <(7q)§+ﬂcosﬁ'> —ﬂ%}
U= (17‘” §+1 cos 0’ q
2Ke 286111@ 1 —(@%—2@3 cos 0 +32%) — 1
7T3/2 39 Or; 6~>0 aeq /du/ // df'ds s sind e (a )

o 1—
x 22 ul cos 9/ s @iy e~ D (Us) (&% - §> (Qé + @ cos 9’) .

33

s+u cos 6’ 2 q
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Clearly, the term containing temperature gradient vanishes because the corresponding integrand

is an odd function in components of & and let cos 6’ = y. Therefore

2K628 3 26V ~ ~2
)= ———— [ — d dyds @, (u —243y+352)
(D) 7l/2 3g (2@) 87'] s—>0 8eq / u/s 0/ 1 yds u] az ¢

0o _ 2
x () (3y? — 1)X o il @i e~ b, (i1s) {3 <(1 p q>§—|—ﬁy> — ug} .

Ug= —q) §+ﬂy‘

Using eq. (F.9¢), the integration over @ results into

T
2Ke?2 24 . 1 0 1 0 ~ } o
(II) = __6_@(%)2_71'8‘/2 hmg_/ dﬂ/ dy d§ﬂ4ie_(u2_2usy+52)
Y

7'('1/2 3g 3 87"2‘ e—0 Oe q2 =0 -1 5=0 ’ZLQ
2
x 7j(@) (3y* — 1 h ditgiiye B (i) 43 (P51 ay) — @2\ (110
n(w) 3y~ —1) o Uiy Uz e "2 Dy (Uig) S+ay | —uayp (4.119)
dp=| 1 §+ﬂy‘ q
but since —- = 0, we have
.
' (II) = 0.
Therefore
HEe = 0. (4.120)

Substituting the value of 2 from eq. (2.38) in eq. (4.110), one obtains

€ R T —(@2+a2) = (
H?f(ﬁ = =55 [ daduqdk (k- 112) e (a+ 3)77(“1)
k-u12>0

s {@ s (i )p\D (ith) + B () oV (i) — B ()l (i) — e () o (@)} (4.121)

In eq. (4.121), the velocity transformation corresponds to the elastic limit. Following a similar

procedure as in the derivation of Qg €, one obtains

€

1 =~ [dadandae @ (@)l (@) + ex @l @)@

€

m/ Aty daigdk ( - T2) e~ ) () { D () gl (112) + Drc (12) g (@) },
k-w12>0

(4.122)

0)

where Ié is given in eq. (4.48). The term Hi¢ is split into four parts. The first part is

€

(D =-=5 / ditydipdize™ D) oy (@) p{ (@) (@) 1

- —T,f 7 / diydagda e T+5) &, (ig) (@) I

1

20 . 3 \20V; 20 . 5 0ln®

2K ¢ U101 | — 'L K22 P (1 =2 2~ Y
39 o)ty (29) ar;j * 39 () <u > Wi—p =
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Note that except for the extra term P, (iiz) and the above definition of Iéo), the integrand in
eq. (4.123) is similar to that in eq. (4.114). Replacing @; by @ — 3 in the above equation and
using eq. (F.3), we get

1
() = _2H5c20 <%> * oV / dadaydae™ @7 @, (ay)q(a)1}"

w5/2 3¢ or;
x Oy (o — 8]) (@ — ) (0 — §))
Ke 200In6©

~ 3y O / dadagda e ® 35 ¢, (i) (i) I

x &, (|t — &

=
7N
—
I~
|
e
N—
o
|
DN | Ot
~__
—
=3
S
|
W
N
S~—

The integral over us is given in eq. (4.51). Hence using eq. (4.51), we get

1 1/2
2Ke20 [ 3 \ 20V, o . A
I=-""2"( = L[ dada— d~~@e iz —
S EEY (2@) arj/ T a2 {u2+< 3 > }

x e {BHCE)'} -9 (), (1@ — 31) (@ — 50)(35 — 5)

1/2
Ke 2001 o [ . 512
‘ @‘M@/dsdfaT7T Aty iy B, {a§+<8~“> }
S S

- 75/2 3¢ Oy

The integrations over § and @ are performed by following a similar procedure as performed
following eq. (4.114). Finally, we get (cf. eq. (4.115))

8K62@ 2471'(9‘/ 0 s
I = d d d dsasut =
1) w2 39< ) 3 37“z/ uz/u 0 u/y=1 y/E:O Sut

xew—mﬁ“1>¢«u—Mw+ ) (i + aPy) )

1 T
X {a2 — 2udy + 55 (3y° — 1)} o~ (BE+3%y")

but since = 0, we have

87’1
(I)=0.

The second part of eq. (4.122) is

€ ~ ~ ~ (3244 ~ ~ s~
(IT) = —W/duldugdue ) b e (1) o\ (@ )7 (@) 1"

_ —# / da digdae” "+ & (i) )y (a) 1"

1
20 . 3\20V, 20 . 5\ . 9lno
oK% o L K26 () (02— 2 ) e 2
39 o(@ )“2’u2j<2@> ar;, T3y e(ii2) (“1 2> W2y,

(4.124)
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Note that except for the extra term @, (i) and the above definition of Iéo), the integrand in
eq. (4.124) is similar to the one in eq. (4.116). Therefore, the integrations are carried out by
following a similar procedure as performed following eq. (4.116). Finally, we get (cf. eq. (4.119))

2Ke 26 2 A OV
— — (4% —2a3y+3?)
() = /2 3g ( > 3 or / du/ 1dy/ dsu 2° (@)

x (3y? — 1)P, <(u —2usy +§ )1/2> / duag g e™ qgv(ﬂg)(?)ﬂZyQ — 13)

g =|uy|

but since = 0, we have

arl
(I1) = 0.

In the third and fourth part of eq. (4.122), the integration over k is trivial. Hence, using
eq. (G.1b), the third part of eq. (4.122) reads

(III) = —# /dﬂ,ldﬁg U192 e_(ﬂ%-ﬂlg) ﬁ( )SpK(ul)(pgl)(’&/Q)'

Substituing the explicit forms of @k and gogl) and using eq. (F.3),

(I1T) :—%ﬂ/daldazame (@43) G, ()7 (1iy )
T

1—
260 . 3 \20V; 20 . 5 Olne
2K ¢ U101 | — + K—@ 22 ) gy —2
3g (ul)uhulj (29) Br] 3g e(t) <u1 2> Ui or;

The integration over ws is performed in a (rotated) spherical coordinate system (g, 65, ¢h)

described in part (I11) of Qge such that @y - te = U112 cos 65, i.e.,

2
(II1) = — 725; ij( > gz / diyy / O / / / Od¢;degda2a2sina;
J Uu2= 2=

X (ul — 2U1 U CcoS 92 + u2)1/2 —(at+a3) @ (Z@)’F](ul)év(ﬂl)ﬂliﬂlj

Ke 20 91
_ Ke 2006 / / / / d¢yd6)diis 72 sin 0}
m3/2 3 Or; =0 J =0 J g,=0

x (62 — 2ay1i cos 0 + a2)"? e THE) G (1y)ij(ay )b (i )(a%—g> ;.

Clearly, the term containing temperature gradient vanishes because the corresponding integrand

is an odd function in components of @, and the integration over ¢ is just 27 in the other term.

_4Ke20 2 V;
(I1I) = 7 39( > ar,; /du1 /u2 o/g_odezdmuumﬂ% sin 0

X (ul — 2@y 1ip cos O + U )1/2 —(@+a3) & (ﬂg)ﬁ(ul)qgv(ul).

Hence
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Using eq. (F.9c¢), the expression for (I11) simplifies to

4Ke 260 2477(9‘/
II]) = da do,da 0,
( ) V) 3g< > 3 (97"2/ (1 /u2 0//2_0 2 u2u1u281n 2

X (ul — 201 cos B + ~2)1/2 —(a3+a3) CPe(UQ)ﬁ(ul)qgv(ul).

Vi
= 0, we have
ri

but since

(II1) = 0.
Using eq. (G.1b), the fourth part of eq. (4.122) reads

€

V)= ———
(V) =~

/ diy ditg gy e~ FH3) iy ) B (a2) 01 (101 .

Substituting the explicit forms of & and <p§1) and using eq. (F.3),

€

m/ ity fing e~ ) ()b (i)

1—
20 . 3\20V; 20 . 5 O0lnoe
0K i [ — KSR () (02— 2 ) iy
39 (2)u2u2j<2@> 8TJ+K39(P(U2) <u2 2>u2 or;

(IV) = -

The integration over wg is performed in a (rotated) spherical coordinate system (g, 65, ¢h)

described in part (I11) of Qge such that @) - wg = 41U cos b}, ie.,

2Ke 26 26V
Il = d / ! 1~ ~2 - /
(V) C13/2 3g< > 67‘]/ Uy /u2 0/ o /¢2:0d¢2d92duQ U5 sin 65

X ( — 2U71 U9 CcOS (92 + UQ) 1/2 _(u1+u2) ﬁ(ul)ée(ul)éy(ﬂg)ﬂgiﬂ%

Ke 200m6O [ N
w239 o /du1 /ag:o /95=0 /l=(Jd¢2(wzdlu2 sin by

x (@2 — 2fy @i cos 0y + a2)"? e~ @+ ()b, (@11 )Be (i) (a%-%)azi.

Note that the components of @s are the only functions of ¢ (see Appendix H). Hence, the
integrations over ¢/, result into (cf. eqs. (H.18) and (H.6) respectively)

9K €2
(V) = 7r3/26 3? <29> /dul/ / dbdiy @5 sin 0 (i? — 2aran cos b + a3)
u2=0 L=

X e —(aj+a3) ( ) ( )Q% ( ) { u2 gvzzlhzllj(?)cos 92 — 1)}

b,
Ke 20 aln@/

1/2
773/2 39 ar@ u2=0 /2—0d92dUQ 2 sin 92( N 2u1’l,L2 oS 02 + u2) /
(U 402 ) 2. ~92 5} ﬂ2 B ,
xe 2 ( ) e(ul)@c(u2) Uy — 5 27Tﬂ—1uli CcoSs 92 .

Clearly, the term containing temperature gradient vanishes because the corresponding integrand

is an odd function in components of ;. Thus
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1——
2K629353vi/~°° ™ oy 2
V)= —Fr— [ — dul/ / d05,diiy G171 —2 sin 05 (3 cos? 0, — 1
x (3 — 20y iy cos 0 + 1 )1/ (@} +i3) 77(ti1)De (1) Dy (1l2).
Using eq. (F.9¢), the expression for (I'V) simplifies to

2Ke20 2 4 Vi
(IV) = =7 39( > 5 67’1/ duy /u2 O/é_od%duzul sin 05 (3 cos? 0 — 1)

2

X (ul — 24109 cos B + ~2) — (@} +3) ﬁ(ul)@e(ul)fﬁv(uz)

= 0, we have

but since

87’1
(1v) =

Hence
HEe = 0. (4.125)

From egs. (4.111), (4.120), (4.125) and (4.107), we conclude that
I =0. (4.126)

Next we shall evaluate Iy (given in eq. (4.103)). Substituting the explicit forms of @ and P,
and using eq. (F.3), eq. (4.103) can be written as

_[2 = € /d’&ld’&z ﬂ?Q ei(ﬂ%Jrﬂ%) Qge(ﬂz)

1
20 . 5 3 \20V; 20 .
2K 39@ ( )uliulj <%> a’l“j —i—K@@c(ul) (

1
2 29V; N
=2Ke @<2@> ZZ /dulduguwe (”1+“2)@e(u2)@v(u1)u1iu1j

oo s A 5
/dftldftz ﬂ?z ef(u%Jru%) @e(ﬂz)@c(ﬂl) <Z~L% — 5) ali-

20 0ln©
Ke=Z
+ 639 o

The integrations over @y are performed in a (rotated) spherical coordinate system (i, 65, ¢h)

described in part (I11) of Qge such that @, - @e = U172 cos 65, i.e.,

I —2K— — d dhdblyd i @3 sin 6
€ <29> 870]/'1141/u2 0// /%0(;52 odig 15 sin 65

X ( — 22U Uy cos 92 + ﬁ%)?’/Q (u1+u2) @E(UQ)@v(ﬂl)ﬁuﬁlj

1 2001
@ 0 n@ / / / / A db)ydis @2 sin 0
iia=0 J0,=0 J ¢,=0

9 | =2\ A . 5
X ( — 2U1UQ COS 92 + ~2)3/2 (u1+u2) @e(ﬂz)@c(ﬂl) <1~L% — §> ali-
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Clearly, the term containing temperature gradient vanishes because the corresponding integrand

is an odd function in components of @, and the integration over ¢ is just 27 in the other term.

Iy =4rKe— | — d déldusy uy; 0!
2 Iy E <2@> 87“]/ ul/m 0/,2_0 2 u2u1 UUUQSIH 2

X (G2 — 2My 1 cos 0 + @ )3/2 (@ +a3) ¢ o (i) Dy (111).

Using eq. (F.9¢), the expression for I simplifies to

1 -
20 247 9V, [ o0 [T
12_47TK6 ( > — / day / / d0,diis @t sin 0,
20) 3 0ri Ja—o as=0Joy—0 e

% (@ — 20y i cos 0 + a2)*? e~ @+ B ()b, (11

Vi
&a: = 0, we have

but since

I, =0. (4.127)

Hence from egs. (4.126), (4.127) and (4.101),

(1129

i.e., the collisional dissipation is zero at this order also.

4.3 Constitutive Relations at O(KK)

In the following, we shall first simplify the expanded Boltzmann equation at this order.

4.3.1 Simplified form of eq. (2.36)
Collecting O(K?) terms in eq. (2.36), we have

2

~ 3
D nn + 2<%> UZQKKV + (u — —> -@KK In®

1
+ Ok {@Klnn—i—Q(%) S GV + <u - —) Pk InO — Qngal}

N[

D, Pr)

N 20 - 1
+@K¢K+K<?> gV, P =L (Prk)+ 3

= j(@KK) = -@KK Inn + 2(%) ul.@KKV + (u — —) -@KK In®

1
+ P {_@Klnn+2<239> C DV + <u - —) G In6 — 2ngal}

QPy, Pr). (4.129)

N | =

20
+9K@K+K< 3> g -V, P —
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Now, the operation of Pk on the hydrodynamic fields can be computed as following: From
eq. (2.20),
D Inn =0, (4.130)

From egs. (2.21) and (3.22),

1 1 JE—

- 201 20Pf 201/ 3\2 9 v

s = — — L= K= — 2ignlOY?
IRk Vi 3g n <2@> or; 3gn <2@> 87'] ( Hont® 6rj>

1

201 0 1 V;

= 20K o~ == 12221
Ho 3gn <2@> ary <n . 7md28 873)

=2k 3g mnd? <2@> or; (8 or;

1 R J—

20 20 3\? 1 0009V 0 0V

— K (K2 () (=2 g2 2 9%
Ko 3g< 3g><29> <291/287“j87“j+9 87"j87°j>

. 20\%_ /3\2 [0mOIV, _ & IV,
= K— | ol = 22— . 4.131
7KV ( 39> m)(?) ( Orj Or; " or; 3?“1) (4.151)

From egs. (2.22), (3.22) and (3.24),

1 1
3 IV 3 00K
I CE KQQ{ = _3>2‘9‘/pr__2 <_3>2 Q{}

-

or

39 | nO\20) or;"7 " no\20) or,
1 -
K56 (as) Lo (e 33) G )
() T ()
1
- 23:) W?de <g>2@§/z {2 @1/2gv gv + Ro (91/2%27? * ﬁ%%)}

I

N
&)

O)
~__
[\
N
N W
~__
N}

yp LOVioV . [20%0 (106 (100
Moor;or, T 0o T \Oar; ) \Oar

39
but,
#me _ o (owe) _ o (100 10006 156
87“3‘((’)7“]‘ - 87“j (37“]‘ - 87“j @ (37“]‘ - @2 (37“]‘ 87“j @ 87“2
N 162_@_621n@+ l@_@ 16_@ 621n@+61n@81n@
e 87"? - Or;0r; O Or; O Or; Or;0r; or;  Or;
Hence

_ 20\2/3\2 [8_ 3 OV, 9V, 26  0lneone
me=(K=2) (2) |Zhp—=222 4 5 do
Zkkn® ( 3g> (2) [3”028 Or; Or; +FLO{ Or;or; +3 or;  Or; H
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or

1 -
- 20\%2/3\2 /8 _ 3 9V, 0V 921n O 9lnO dn 6O
me= (k=) (2 Zho— 20 9k : . (4132
kK In® < 3g> <2> <3,u029 Brj Brj * ﬂo@rjarj +3Fo Brj Brj ) ( )

Note that the quantity in the curly brackets in eq. (4.129) is the left-hand side of eq. (3.1), whose
simplified value is the right-hand side of eq. (3.5). Hence, with the help of egs. (3.5) and (3.18),
the term containing this curly bracketed quantity in eq. (4.129) can be simplified as follows:

1
e {@Klnn—i—Q(%) 2u2@KV + <u — —) @Kln@ — QngfLZ}

1
20 . —— 29V, 20 . 5 dlnoO
2K==¢ L K=o (a) (@2 - = ) u,——
39 ()i <2@> or; i 39 o(@) <u 2) " or;

20 2 oVy, 260 _ 0lnoe
2K—u K— ——
3g Uty (29) 377 + 3g <u 2> Uk ory,

Using, eq. (F.3) and the definition u,u; = % — %ZZQ(SM, we get

1
@K{@Klnn+2<%>2uZ@Kv+<u ——)@KIHQ—QKQZQZ}
1

20\ | . 3\29V, . 5\ _ 9lnO

= (K== |2&, (@), | — : i) (9 — < ) di——
( 3g> ”<“)“’“J<2@> or; + el <“ 2>“ ar;
. %_EUQ 23Vk+u_§ﬂ31n9
i 2@ or, 20 ) o 2 ) " o,

T
—__ij )i 7
3P i G e

S, 5\ (3\T0me . [, 5 2OV 0O
+ 29, (u) (u 5 | Gtk | 5o ar, o +20.(u) | u 5 ;e Uy 2@ .

1
2. (4 B\ . 20V,0mO ./, 5\°. _ 9lnOImne6
_§¢C(u)< _§>““’<2@> e o, TP\~ 5 ) il

2 IV
<K2@> 4év(ﬂ)~-~ -~ 3 (9V aVk %é (~)~2~ ~ 3 8‘/2%

U)U”U;

20 87’] o uj%(?—r] ory,

X 3 V,0m6 . SOV, 0O
i) (a2 = 3) a0 ’ — 20, (il
+20,(@) (“ 2>“““ (2@) arj oy, (u)u’ujuk<29> 37“; Ory

(5 B\ (3\i0Wdme 2. [, 5\ , (3)\}9V;0me
+2b.(1) <u 2) %\ 56 | oy, o, (@) (@ — 5 ) 2@ o o,

+d.(a) (122 ~ §> <ﬂ2 - ;) 33, 2mOOMO ;o <ﬂ2 - g) o aln@am@]

u
J 67*@- 8’1“j
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or

1
D {@Klnn—i—Q(%) C UGV + ( g) Pk 1In6 — 2Kgia,}
4

20N\ T 3AV,OVi 4., 3 OV,0V
- <K 3g> {@”(“)“Z“J“’““b@ or; o 5 P08t 5 5 ar; ore
11—
(o 3\ . . 3\20V;0lne L 9V; 01n(noO)
2¢ 2_2) g il Yy gng)
+20,(@) (“ 2) “’“J“’“<2c—)> ar; o, (“)“Z“J“’“<2@> ar, o

. (3N\2OVdlnn . [, 5\__. _ [3\20V,0me
—i—2q5v(u)ulu]uk<%> ar, or + 20 (u) <u —§> ulu]uk<%> 8—7’] or.

2. 5 30V, 0mO 5 3 0O a6
e (a2 = 2) a2q b a2V (a2-2) aq "%
3 7(®) (“ 2>uul<2@> ary or @ 2> <u 2) "o "y

_@c(a)<a2_§> 5, 0n00In(nd) @c(a)<@2—2>ul 01n981nn}

U; U
T Or or; T Or or;

or

S
=
—N—
=
=3
3
+
[\
/‘\\
N———
Slw\
>
e
+
7N
s3]
o
|
N W
N———
@z
:T
)
|
[\
=
@
§1
—

20N\ [ . 3OVOVE 4. o, 30V
= (K=2) |49 r 7 i A
( ) { ()13l ar; o 3 oW :

1 -
N 3\20V;0Inn 9 3\ . . . 28V,~81n@
+20,, ()it Ty, <%> dr; O + 20, (u) (u — 2) R <2@> or, oy

: 1
SV, 0m(n0) - (5 5\ [ 3\28V,0lm6O
_zév(u)uiujuk< ) 6rr%+2¢6(u) <u2_§> uiuju’“(z@) o
J j i

1
2. [, 5\ ., (3\20V;0m6 . (., 5 dIn6 dlnn
52e() <“ 2)“%(2@) ar; or; FPli) (0 =5 )ty “or;

s f o B\ [ o 3\__0mOImO o [, 5 0ln O JIn(nO)
+P.(1) (u ) <u > Uil —(97“i —8T’j D.(a) | u 5 Uil —aﬁ' 787’]'

(4.133)

1

Next, let us simplify the term K (%) 2g-V, @k in the right-hand side of eq. (4.129) as following.
First, let us evaluate V, k.

V, Pk =V, {2}(2@@ ()@ j(i)mvi + 5226, @) <a2—§> ai—aln@}
g .

— 2K28 <2@> ’ gfj [ﬂzﬂj {Vv qﬁv(@)} +&,(1)V, {m}}

K%a;ié Kfﬂ - g) i {VU gisc(a)} +d.(2)V, { <ﬁ2 . g) u}] . (4.134)

Let us evaluate the following terms in eq. (4.134) separately,

Vo &,(a) = &, (@) V,(a),
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where the prime denotes the integration with respect to @2 and the value of V,(%?) is:

Hence )
V., &,() = 28, (1) (%) & (4.135)
Similarly,
1
V., b (1) = 29 (1) (%) & (4.136)

_ L )
)

- 3 =
VU U; = <% 52, (4137)
— 1, . . 1_ - N - - N -
V. {ulu]} =V, {§(uzu] + Ujt;) — gukumm = UV Uy + U; VU — U Vo Updsj
3\2 3\2. 2. /3)\2
2 o 2 o 2 .
= U; <%> 6] + u] (@) 62 — gu,lg (@ 6]4;62_]
or
1
_ 3 2 [ - o~ 2~
Vo {uluj = % U,Z‘(Sj + ujéi — gukékém (4.138)
and
-9 9\ . -9 ~ -
Vv{<u —§> uz} = < — —) Vo t; + u; Vo (a”)
1
5 3 \2- 3 \2
_ [ ~2_ Y i . -~ =
_ <u 2) ‘ <29> 61+ulx2<28>
or

=

(2o} () - Pama)
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Substituting these values in eq. (4.134), we get

Hence
20\ 2
2
K<?> g -V, Pk

1
2@ 3 \20V; N T - i AL - = - 2 _ <
J

22(98111(9 5 5 N s e LA s A -
K 3 87‘Z 2 ( @2 5 uzq§( )g-u+ D.(u)g i 5 d; + 2u;u
20 [ 3 ovi [ o) o — o o 2
:K2§<%> o) [4@’( @)t Gy, + 28, (i )(uigj +u;g; — §uk9k5i1>]
2200 O
39 87‘Z

20 ( 3 BV ~~~~~
J

200106 5\ . i . 5
1 1
20 (3 \20V; . 20 . 3 \70Vi—
=42 () S @ g et 2 Ve
=K (2@) ar, L@ Vit + 4K 3¢ P(@ )<2@> ar; 9

20 0lno . 200m6e .
+oK22Z 3 (u —§> B P! (u)u,ujgj—i—QKQ5 o D (0)U;0;Gj
0ln o

(9
2 ~2 9
+ K*— 37 D () (u 2> or Ji- (4.140)

+ K

[2 (fﬁ - g) a; D) G + (@)
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88
. 1
The simplified value of @ + K(%) 2g -V, ®k is given in Appendix E. Substituting the
values of the terms in eq. (4.129), from eqgs. (4.130)-(4.133) and (E.10), we get

OO dV; QQa—v;>

20 2
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s (3 28V 0In(nO) - 5 DY\ . . . 0V, 0In O
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2 . 5 28V OlnoO . 0ln® dlnn
e (a2 — 2 a2 & (o) [ 72 - ono
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® 2 Y 2 2 il —_ @ 2 Y it SVl
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—2( K22 b)) | = ) T iy — gl
< 39 (“)<2@> or; {““J“’“ oy J<2@> Brk}

20\°. (., 5 dlnndlne  _ 29V, 0n @
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2 0Vy P 0In(n®)
Tk ory.
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(w3 () (o (35) T -
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O0lne

2
- 1<K@ b, (il (a? - §> OO {u ;
2 g 2 87“2‘

iUj
87“j

2 (L)
28 Br]

20N\’ . /3N [_._/3\:oViav, ___ 8 av
-2(155) 2055 {“’“J%) aa—a_a}
20\*. _|_._9ommO)dme _ _ 92n(no)
B @) év(u) {uzu] 87“2‘ 87“j +uzu] 67’1'67’]'
20
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2. (BY 2
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(4.141)

2 2
2o (~2 § - 8 In®
3g > QSC(U) <u 2 Hitly 873873-

(Pk, Pr).

N 2 0V; 0ln© B
2@ or; Or;

(
s

4.3.2 Constitutive Relations

Heat Flux

From eq. (2.30), the contribution of @ik to the heat flux is

3
n (20)?2 9.
5,372 < > /duu U; e

Using the similar orthogonality relation with respect to @k i and following a similar procedure

~2
QEK = TV dkKk.

as in getting the expression for heat flux at O(Ke) (cf. eq. (4.24)), we get

3
QEE — 27:;/2 (2@> ’ /dﬂ, e g, (@) <ﬁ2 — g) 0 L (Prrc)

Substituting the value of j(@KK) from eq (4 141) into eq. (4 142), writing K@

(4.142)
=/, ignoring

integrands are odd functions in components of @) and using the orthogonality property of @c( )
(1) (@® - 3) =0), we get

o(@0) <u2 - g) ;e ™

(which is: [di il e

kx  nl? 20 .
O =smr g AU

+26.(a) <a2 - g) il g‘?‘z ‘9(;@ ;ésc(a) <ﬁ2 - 5) i, 2‘2 B ;1;]@
on IO a5
oo o2 (o-3) 0
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+20) ()0t g Uy == ar. o + 20, (0) ;0 o o

2“@62 ~ 2 A ~92 5 _,a? — e o~ o~ 8 8V
+ 5872 /du@ (0)P.(w) < — —) e uzujukularl ors

nO 190V;00 [ _ . a2 2 9D
+ 3ﬂ3/2§3—m3_m/du¢ <u )uzujukule [2915 (a) <u — 5)
—20..(@1) — 28.(11) <~2 —) + 28,( —> — 30, (1) — 2@;(&)&2]

) sl

where we have used the following simplification:

uuu@V@_@_l (9Vk6(9 a0 BV 00 1 (3Vk(3@
gHk lark or; 3 U (97% 87’] ark 87’1 3 (97% 87’]
= iyl 8_V(3_(9_1 avka@ @l<@a %_15. ~20V>8_8
37“k 87“[ 3 87“k 87“[ Tk 37“k 37“k 37“1
— i (7%% T 2, ) 0390 _ i i 00 _ gy 0¥ 9.
2 3 ory. Or; J ory, Ory J ory, Ory
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The integrals in the expression of QX% can be further simplified by using egs. (F.9b), (F.16)
and (F.17) to obtain

2 4 oo 5\ 2 _
KK _ T [ qada) (a2 — 2 ) ate
3732 3 )i 2

[,00 (20V00 2, i oV o0
ory Or; 30r, Or; 3 Or;Ory, or; Ory.

+ﬂ/ood~(ﬁ(~) ~2_§ —@2
371'3/2 o uUPLe.\u u 5 e
A, 81 8V d(nO) 2447 OV; 9(nO)
2{&, il 20, (@) — 2
” [ {2(@) - ( )} 15 87“, or; + 20, (@)u 3 Or; Orj

MmOR [* 5 5\ _p2 81 IV
+ ?,77—3/2[_0(1“@0(“)@0(“) (U - §> e u 1_56—7‘]8—7“2

2
né 8r OV; 06 / At d.(11) (fﬁ — §> @b e [24%(11) (fﬁ - g)
=0
2

3713/2 15 or; 67*]
_od (@) — 26 (q) (@2 _ 5) + 2, (1) (u — g) — 30, (@) — 2@2(11)@2}

7:;/2 (2@> /daqﬁc(a) (fﬁ . g) o ™ (g, Br)
(o

8nf? aV; 00 2l 2 5\oa a2
9771/267“]67’1/1;(1 qj( ) —§>ue

“omn {ga—n@a—rﬂ) or, a” aadi (i - 3) ate
8(2 a—‘/}a(né) ~ 2 - ~2 5 ~4 —q2 2~ al ~ ~92 z ~
B2 an o, /u Oduéc(u) (u —§> ure v [2{P,(u) — Dy(u)}u + 5Py (0)]

16nO0¢% 9 0V . . 5 o
SZS ~ @ ~ ~2 _ —u”® ~6
45712 87"3 Or; /a di &y (@)2.(2) <u 2> ¢

8nt? 9V, 0O o B\ ¢ _az 5 b
* 4571/2 or; 373/ da & (i )<u —§>u ¢ [2@ (@ )<u _§>

26, (@) — 26 (a) (@* — g) + 28, (1) <a2 —~ ;) — 30, (1) — 293;(12)@2}

_ L(?)g /duds () <u2 — g) T Pk, Prc). (4.143)

47‘r3/2

The last term in eq. (4.143) is evaluated separately as following. Substituting the value of
QD , Prc) from eq. (2.38), this term is given by

3
n 2@ 2 ~ 2 ~92 5 - 7&2 ~

3

20\ 2 . o

_n (2 / diyditadh (k - i12) e~ @+ & () (a2 — 2 ) g
27('4 3 k-t12>0 2

x {Ox () Pk () — Pi (1) P (o)}
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Note that in the above equation, the velocity transformation corresponds to the elastic limit.

Following a similar procedure as in the derivation of Qg €, one obtains

3
n [(20)\2 a9 B\ . a2~
where
3
no(20\2 [ - . o (@2ta _ N ST A
H1:2—7T4<7> /dmdwdue (H2) B e (101 ) D e (1) b (1) <u2—§> 0 (4.145)

3
2 2 PN o o
Hy = —— (—@> / dity ditgdk (- @t15) e~ (1452) B, (i) (a% = §> 0B g (1) P (@),
27'(' 3 k-t12>0 2
(4.146)
and Iéo) is given in eq. (4.48). We shall simplify H; and Hs as following. Using eqgs. (3.18) and
(F3).

3
n (20):? L @a) s o [~2 2\ = £0)
H, = ﬁ(?) /duldugdue (@+52) ¢ (7)) <u2 - §> u;l

X [2](%93@(&1)@13'@119 (%) ég;vz Kg‘ﬁc(ﬂl) (ﬂ% - g) ﬂlj%

X [21{%@(&2)@21@% <%>é;—z + K%@(ﬂz) <U§ - g) Uiy 6(1;7@
= % <?>g /dﬁld&Qdﬂ e~ (W) é (7) <ﬁ2 - g) a1y

X [4‘1311(@1)(ﬁv(ﬂz)ﬂljﬂlkﬂm@m%%%

—1—25251,(111)@0(212) <ﬁ% — g) U1 U1 ) Uy <%> %?‘283329

1
A oa 5 5\ . _ _ 3\20V, 9lne
2p o 2_Z A B B sl

+2P (U1 )Py (U2) <u1 2) ul]u2lu2m<29> T

A N 5 5 Oln® olne
_ 2 2N (2 O\ - ne
+&. (1) Pc(t2) <U1 2) <U2 2) Uy5U2) or;  on } :

We can ignore the first and fourth terms in the square brackets above because ultimately after
manipulation corresponding integrands become odd functions in components of @ (cf. §4.2).
Therefore

n€2 298—‘/Jaln9 ~ ~ -~ ﬁ2+a2 S ~ ~9 5 ~ (0)
Hl = ??8—% arl /duld’quue ( 1 2) @c(u) (u — 5 UZ'I(;

s a5 B\ . . s a9 B\ _. . _
X [‘Pv(m)@c(uz) (u% - §> U1l gl + Pty )Py (T2) (u% - 5) ullu2ju2k:| -
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Replacing w; by w — s, we get

20020V, 00 [ as2a2 s o 9 D
= o on / dsdipdie™ ("5 o (a) (“27) ¥

|l = st (7 - ) s = 500 ~ )i
+ (it — 3])By (i) <(a _s)2— g) iyt fiog (i — 51)} .

The integration over @y is performed in a (rotated) spherical coordinate system (g, 65, ¢h)

described in part (I) of QX such that & - @y = Sty cos by, i.c.,

1=

2nl? 9V; 6(9/ / / / o =22 A
———2— [dsdu de,d0,diig @2 sin 0, e~ (@8~ ¢ (5
3wt Ory, Oy iia=0 J04=0 J ¢,=0 ¢rdbpdiy 2 (@)

« <a2 - g) 10 [cpv(m — ). (i) <a§ _ g) i1y (it — 3;) (i, — 51l

+&.(|1 — 3|)P, (1in) ((a -3 g) it (T — 50} :

Note that the components of @y are the only functions of ¢/, (see Appendix H). Therefore the

integrations over ¢, give (cf. eqs. (H.6) and (H.18))

1=

202 DV; 06 N T
Wa_rka_m / dada / diiy / | dbyassinghen IR @, (a) <u2 B 5) i

o l)bn) (18 - 3 ) i — 5500 — 50) (20 2 cos03)
v )b (az) (5 -9 - 3 ) 1 s su(3eos’ 0y~ 1)} (- 30)

2n% 9V .
:n_ﬂ%@/dsdu/ diig @ e (%31 3 (g )(u _§>

Using eq.

371'3 87“k 87“1
[245 (| — 3))D.(Ti2) <&% - g) % </ do sin 0% cos 9§I§0)>
L =0
e e o B a3
XU (t; — 55) (U — 85)51 + Pe(|u — 3])Py(U2) | (w— 3)" — 3) 2

)
x {/ d6), sin 0)(3 cos? 0, — 1)1(0)}a,§j§k(al - §l)] .
(%

4=0

(C.12),

2nl* V; s g2 -
H, = n__]ﬁ_@ /dsdu/ - |duQ u2€ —(a—38)% -3 b (1) <ﬁ2 _ g)
Uo= su

371'3 aT’k 8’1“1

y [2 B, (it — 8))be(iia) <u2 - 2> SiQ <3 ' “> 1311y — 5) (g, — 3)3

4 be(Jii — 3 (i) ((a s g) %{3(5%:)2 - 1}11@-5]»5;9(@1 - sn}
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or

37‘1’3 8’1“k 8’1“1

X {2 b, (|0 — 8|) D, (iln) <u§ - g) = (S f) it — §5) (e — 5)51

32
+ &o(|t — 3|)D, (i12) ((a —3)% - g) %{3(5 ;‘)2 - ag}aigjgk(al - 51)} .

Let us replace @3 by 43 + (T) This shift implies that

s

202 V; 9O 2 {a+(2) }A (2 B
H =—-2-—" [dad di u-8) 2T\ 2=
L= 37‘(3 87% 87“[ / y u/u2 0 2 UQ ¢ U) (u 2)

2 AT
H, = %8_‘/8_@/(13(1”/ s |du2u26 (a—5)? *Uggs( )(u _g>
u2 su

The integration over § is performed in a (rotated) spherical coordinate system (3, 6’, ¢’) described

in part (I) of QgE such that -4 = 5ucosf’, i.e.,

2nl? oV, I
H, = n_ﬁ%@ /du/ du2/ / / d¢,d9,d§§2 Sin@lﬁg e—(u2—2usc059 +35?)
371'3 37“k 37“1 /I
x ¢~ (@+i? cos®0') G (@) <u2 — 5) [2@ ((u — 25 cos O + 2)1/2>
X éﬁc((ag + @2 cos? 9’)1/2> <a§ +a2cos2 ¢ — g) i cos 0/ (ii; — ) (i, — 1)

) . 5
+ @c<(ﬂ2 — 2u5cos b + 52)1/2> b, ((ag + @2 cos? 9’)1/2> <a2 — 2uGcosd + 3 — 5)

—_

x = (2a? cos? ' — ag)aigjgk(al—gl)].

w
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The integrations over ¢’ are given in eqgs. (H.25) and (H.26). Hence using these equations,

2nl? 240 :
3” - /du/ dUQ/ / d6'd3 sin 0’ g e — (@2 —213 cos ' 452 ) —(@3+a? cos? 0")
a ug = =0 5=0 /=

x B, (1) <u2 — g) [2@ ((u — 25 cos b + 3 )1/2) o, <(u2 + 4% cos® 0 )1/2)

5 oV; 00
u2 + a2 cos? 0 — 5) U COS 9’{277%6—7% ar) Uy U Ty Uy

X <112 cos 0 — 2u3= (3 cos’ — 1) +3 —(5 cos® 0’ — 3cos 9'))
— 2 — = — U (0 — Scos® )(1— cos? 9/)}

R - )
+ ¢c<(ﬂ2 — 2u5cos b + 52)1/2) 5151)((21% + @2 cos? 9/)1/2) <112 — 2U5cos b + 5% — 5)

32
é(Zu cos? ' — ~2){2 ﬁg—};g?um]ukul< ~(3cos?0 —1) — §%(560839,—3C089/)>
§° 0V, 00
—9 ° 7"y 2 nl )
T s 8rkulu] cos 0’ (1 — cos G)H

Let cos @ = y. This implies that

2
4n€ /du/ dUQ/ ds/ dy fig e~ (@ —205y+5%) o —(B3+2°y?) (@) <ﬁ2_g>

&
X [24% ((ﬂ2 — 2udy + 3) /2> qsc(@g + a2y2)1/2) ( +aly? — g) ay

5 9V; 00 51
— 20 -1 3
{u3 Ory 011 —— Uyl Uy Uy (u Yy — 2u8= (3y )+ 3§ 2(5y 3y)>
s2ov;00 _ 2
"% Oy oy S )}

+&e ((u — 2udy + ) /2) o, ((u + ﬁ2y2)1/2> (fﬁ — 208y + 5 — g)

1, B 52 0V; 00 1
x=(2u'y* - ){ug Fre o LUl < 5By = 1) =550y - 3y)>
5°0V; 00 )
2z 1— .
w Org Ory. ulu]y( y )H
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Using egs. (F.9b) and (F.16), the integrals over @ simplify to

4 2
= nﬁ / du/ dug/ ds/ dy @ig e~ P -2usy ) o~ (B34+0%7) & D () (&2—§>
U 5=0 =—1
x [242,((@2 = 2asy + ))& (@3 + @2y?)'?) <u§ + %y — g) ity

{s 8w AV} 38~6<
X a

1 1
-2 32 — 1)+ 52=(5y° -3
@ 15 or; ar; wy USQ( Y )5 2( Y y)>

§% 47 9V; 0O o 2
_ﬂ 3 87“2‘ aT’j (u )(1_y )}
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+&, <(u —2usy +§ )1/2> @U((ug—l— 292) /2> <u2 — 205y + 5% — 5)

1 o [§28TOV; 00 4 (.1, , 1.,
xs(2uy _“2){$Eam B—Qu u§(3y —1)—55(5y — 3y)
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1 2 AT/, [eS) 1 o8] o0 N S 9| ~ ~
H, = 6nl 6V] @ / d§/ dy/ dﬂ/ diis s e*(u2,2usy+52) ef(ungu?yz) D ()
45w Or; Orj Jomo  Jy=—1 ~ Ju=o Jio=
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x {(2a%y — 2a3(3y* — 1) + §°(5y® — 3y)) — 53(a — dy)(1 — y*)}

+ qgc((ﬂ2 — 2a8y + 52)1/2> b, ((u + u2y2)1/2) (fﬁ — 25y + & — g)

x (20%y* — a3) { (a(3y* — 1) — 3(5y° — 3y)) — 5y (1 — yQ)}]

or

2 a7/ 00 1 o0 oo - . . ~ ~ A
Hl _ 32”6 8% 6_@ / d§/ dy/ dﬁ/ deQ 5,113,[12 ef(u272usy+32) ef(ungu?y?) @c(ﬁ)
45w Or; Orj Jomo  Jy=—1 ~ Ju=0  Jas=0

5\ [ i 5
x (&2 - 5) [@v<(a2 —2asy +5)'"7) &, ( (@ + a%y)?) <~2 +ii%y? — 5) iiy
x (2a*y — udy® — 3us + 25%y)

) ) 5
+gbc<(a2 — 2ady + 52)1/2> b, ((ag + ﬁ2y2)1/2> <a2 — iy + 52 — 5)

x (20%y? — 3) {ﬂ%(?)yZ —1) - sy}] : (4.147)

Next, consider eq. (4.146). The integration over k is trivial. Hence using eq. (G.1b)

n

3
Hy = 373 <?> /duldug U2 € (a3-+3) PDe(1) <U% 2> U1 P ()P (U2).

Substituting the value of @k from eq. (3.18) and using eq. (F.3),
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3
n (20?2 o (@24a2) & ~ 5
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3>2avj 20 . <~2 5>~ 2n e
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N 9 D5\ (.o 5\. . 0lnGIMO
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X [4‘1311(@1)(ﬁv(ﬂz)ﬂljﬂlkﬂm@m

We can ignore the first and fourth terms in the square brackets above because ultimately after
manipulation corresponding integrands become odd functions in components of @; (cf. §4.2).
Therefore

MEDV;00 [ e s [y 5.
szwa—ma—n/dulduzuue (@H02) . (117) <u1—§> uy;

s oo~ .5 B\ . . . s a9 DY . _ _
X [@U(ul)éc(m) <u§ — 5) U1 UTE U2 + @c(ul)@v(uQ) <u% — 5) u1lu2jU2k:| .

The integration over @y is performed in a (rotated) spherical coordinate system (g, 65, ¢h)

described in part (I11) of Qge such that @, - @e = U172 cos 65, i.e.,

_ 2”632 00 / dity / / / 7 A, dBhdiis @2 sin 0(@2 — 2a1is cos B + a2)"
3m3 Ory i12=0 J0,=0
o) G () (u% - g) [@(anqﬁc(@) (a% - g) gt iz ‘;‘g
+&, (111 ) Dy (112) (ﬁ% - g) U4 (uzjﬁ%g—:;) uu]
The integrals over ¢/, result into (cf. eqs. (H.18) and (H.6)),

2nl? 0O P
" /du1 / / A6diiy 13 sin 05 (3 — 2017y cos 0 + @ )1/2 —(aj+a3)
773 87"[ U= 0 !

. - - u aV;
X @C(ﬂl) (ﬁ% — g) [@U(ﬂl)éc(ﬁg) <1~L% — g) ﬁlialjalk <27TZ—?2~LU COS 9&) 8—7“2

NP . 5\ . av; ~
+P (1) Py (U2) <u% — —) U1 { zfQ o kUIJU1k(3 cos 92 — 1)} Ull:|
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Hy =
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or
4nl? oV U p2a2) » 5
HQ = n——ja—é /dul/ dUQ uhuljulkull (U%Jru%) @c(ﬁl) QNL% — =
371'2 8’1“k 8’1“1

X [&1@ (1) P (ii2) <u2 - g) </0/ 0d92 sin 0% cos 04 (3 — iy cos 0 + &%)1/2>
=

7T 1
x{ // Od@é sin 05 <§(3 cos? 0 — 1)) (@3 — 2ii g cos 0 + ~2)1/2}]
=

MmEIVOO [ [F @ a5
= 3.2 6—7716_77/(1"1 /112001%2 Witttz © ~H) B (i) <u1 ——>

X [algﬁv(al)é&c(ag) <u§ - §> Ry (i1, ) 4 o@D (111 ) Dy (112) (a? — g) RQ(al,aQ)} ,

where R, (u1,12) is defined in eq. (4.57) and the values of Ry (a1, us) and Ra(uq,ug) are given

in egs. (4.64) and (4.99) respectively. The integration over @; results into (cf. eq. (F.16)),

Anl? 8x BV 00 a3 . 5
Ho = da di (ul+u2)¢5c i 2 2
2T Ba2 15 o 0 Ja o /u2 » L % (i) (“1 2

x [alqﬁv(al)qﬁc(@) <a§ - g) R iy, fia) + tiae (it )by (i) <a§ - g) Rz(al,az)}

32n(* 9V; 06 _(@1i2) 2 5
— U U SZS =z
451 Or; Or; / din /ug Odm EE AR <U1 )

X [algﬁv(al)@(ag) <u§ — —) Ry (g, tip) + tioPe (i1 )Py (i) (a? — —> RQ(al,aQ)} .

Hence from eqgs. (4.143), (4.144), (4.147) and (4.148),

QKK_Q gQaan 0y g2{2i<@a_v> 28‘/]-@}

drj Or; 3 0r; or; Or; Or;
AV, 9(no) o vy aV; 00 (.149)
0302 L =2 1 Oynl*0———"L 1 Gsnl?
s Oor;  Or; an @arj or; 0am or; 67']
where 9
b= [ aad@ (a2 ate (4.1500)
L= g [ Gue{ Ty e T S
0 ——i/wd@?c) 20\ e (4.150b)
Sy N A Y '
Gy S / " dad @ (@ - 2)ate ™ [2{43’ (@) — by (@)}a* + 5& (ﬂ)] (4.150¢)
3 457T1/2 a0 c 2 v v v 9 .

~ 1 S ” ” .
[ / At b, (@) b, (i) (fﬁ — §> e ™ (4.150d)
u=0
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Gy — ﬁ‘m /;O dii &, (@) ( 2 — g) i o [zgﬁc(a) <ﬁ2 - g) — 26.(@)

i (@) (fﬁ B §> 28, (1) (@2 - g) — 30,(1) — 243;(11)@2}

/ ds/ dy/ du/ diip 50309 e — (@ -2u5y+5?) o—(@+ay?) Qgc(zl)
457T =0 —1 u2=0
5 12\ 5 (2 1 ~2,2\1/2 " 5) -
2 9 B 2 2 9 ) 2.2  °
(D) ) ) (-

x (202y — sy? — 305 + 25%y)

+<ﬁc((ﬂ2 — 205y + 52)1/2> &, ((u2 + @’ 2)1/2) <a2 — 208y + 5 — g)

x (2ay* — a3) {&1(3312 —1) - sy}]

/ dul/ diip 403 e~ (“1+“2)é5( )<~ —;)

X [alév(al)@(az) <a§ — g) Ry (@i, 2) + tiaDe (it )Py (112) (a? — g) Rg(ﬁl,ﬁg)] :

(4.150e)

0, are evaluated numerically. Their values are: 0, ~ 1.2312, Oy ~ —0.6156, 03 ~ —0.3270,
94 0.2551 and 95 ~ 2.56067.

Pressure Tensor

From eq. (2.28), the contribution of @k to the pressure tensor is given by

2n6 . a2
PZ-[].(K = 33 /duulu]e Y Pk,

Using the similar orthogonality relation with respect to @k i and following a similar procedure

as in getting the expression for pressure tensor at O(Ke) (cf. eq. (4.67)), we get

2 2 _
Pi" = 3:3(72 /d’& " b, (@) Wil £ (Prr). (4.151)

Substituting the value of j(QKK) from eq. (4 141) into eq. (4. 151) writing K@ = ¢, and

sponding integrands are odd functions in components of ) or @;ti; (because of symmetry), w

get
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PR = QQZT—?f [aae b @i, [4{@%(@) - ) ukalamy;’@%—‘ji
+. (i) <ﬂ2 - g) <a2 — §> am(;z SZ g?l @c(a)a%mlég_ig_fl
—%@C(ﬂ) <~2 - g) &z{z@lg SZ g: P (1) <a2 - g) a%kalég—ig_s
20 5) e 0 2
() asp BOE aiann  ()
O e |
ne a2 -
e / dive™™ &, (i) i, (P, Br). (4.152)

In the above simplification, (along with eqgs. (F.3)-(F.2)) the following are used:

n OV, OV, 1u2u ov; oV, . oV, . oVj, B 11125 oVj,
RSy T g gy, T Mg |y, T 3 Ry,
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Now, eq. (4.152) can be written as

KK_ 4”6 8V avk-/ e =2 A
* w312 Oy, Oy
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_ 2t {li (la(”@)> 1 Vi OV, ) Vi OV } /dfa o™ B () gy
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202 0(n®) 00 [ o2 , 5 5 sy T\ —.
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2nl? 90 0O L a2 s -
373/20 ark (97"1 /due Pu(@)

N 1 1 N
X {@c(a) <a4 _ By —5> — () (fﬁ — §> 112} Uty Ty
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Anl® Vi Vi 2 S\ ——
7-1-3/2 67’1 8rn / u u {év(u) - @v(u)} uzujukulumun
_ o
373/2

/d'&e_“ by, ()11, 2D, Prc).
Using egs. (F.12) and (F.15), the integrations over @ result into

OV OVi 32 o
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" Oy Orj 153/ Jo
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da e=® o2 (u)a®

10 (10(nO) ov; oV, ov; dVy, 16 a2 29,
? = 2 due™ @
{387"2 <n or; ) Orp, Or; N Ory, Or; } 15v/7 Jo “e o)
8 @ 16 o0 ~92 A N 5
2 o - N f~2 2 ~6
+ nt drdr; B Jo da e ™ @y (a)P.(u) (u 2> u
Z2ome)oe 16 [ . (- (.4 5 (o T\ -6
+ o o 6_7‘]'45\/E ; du e " @,(a) {Cﬁc(u) <u - §> — (1) <u - 5) } 0
2 1 00 o
nl< 060 00 16 4 o= b, (@)

0 o, 0, B

x {gisc(a) (a“ - ?4 + %) — dL(1) <a2 - g) aQ} a®

OV OV, 128 [ . )
2 YVk ~ —U ~ ~ AN
b, () { &, (i) — &
TS TV S (@) {2 - & (@)} @
ne@ . g2 s
— 5 | due " Sy (@)wuQ(Prc, Prc). (4.154)

The last term in eq. (4.154) is evaluated separately as following. Substituting the value of
QPg, ) from eq. (2.38), this term is given by

ne R G —
371_—3/2 /due ’ SZSU(U,)UZUJQ(@K,@K)
_ 2n0O

i) Aty ditgdk (K - @19) e~ %) &, (0 )Ty { P (@)) P () — P (1) P () }-
k-t12>0
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Note that in the above equation, the velocity transformation corresponds to the elastic limit.

Following a similar procedure as in the derivation of Qg €, one obtains

ne O N
373/2 /due Py (w)uit; 2(Pr, Pr) = My — Mo, (4.155)
where 1O

My = —3"4 / iy digdive™ ") &y ()P (o) Dy (@) ity 1., (4.156)

s

2nO e P P — ) )

My = vy duidusdk (k . ’u,12) e \UiTU2 @U(ul)uuulj SpK(ul)dsK(’UQ), (4_157)

3m k-it15>0

and I(go) is given in eq. (4.48). We shall simplify M; and My as following. Using egs. (3.18) and
(F.3),

M, = ﬁ div dipda e ) ¢, (@) ;1)
X 2K§@v(ﬁ1)ﬁ1kﬂu <%> %%:‘:f + Kgéc(ﬁl) <@% - g) Uy Balr;k@
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+20, (111 ) De (i) (&% - g) Uy U1y Uom, <%> : %—‘7{? aal:m@
+20(iiy ) Dy (i) (fﬁ - g) U g Uz Up <%> %?8;%;9
+&.(i11) P (fip) (ﬂ% - g) (ﬁ% - g) ﬁlkﬁ2m¥a§:}m9] :

We can ignore the the second and third terms in the square brackets above because ultimately
after manipulation corresponding integrands become odd functions in components of @ (cf. §4.2).

Therefore

Anl? OVy, OV,
M, = 22 YVk TVm
! w4 Or; Ory,
2002 9InO dIn O
3md Or,  Orp,

PN _ ) - 5\ . .
X Po(Uy)Pe(U2) <u% — 5) <u% - 5) U U -

/ daydigdae” %) b, ()i, 10 b, (1) Dy (i10) i lia TamTion

0)
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Replacing w; by w — s, we get

Anl? R
nt” Ovi OV / dadagda e @95 b, (a) iz, 1"

L= "0 B or,
X By (|@ — 8|) Dy (2) (g — 3x) (T — 51)liamlion
o2nl? 9O HO

24 u—3s > == 1(0)

< ([ 3))B (i) ((a S 2) (u - g) (10— 0.

The integrations over @y are performed in a (rotated) spherical coordinate system (g, 65, ¢5)

described in part (I) of Qge such that 8- @y = Sug cos ), i.e.,

4 o -
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Note that the components of @y are the only functions of ¢/, (see Appendix H). Therefore the
integrations over ¢, give (cf. egs. (H.6) and (H.18))
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z 00 Y 5 T
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Using eq. (C.12),
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Let us replace @3 by 43 + (T) This shift implies that

S

AVy, OV, 4 . S
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The integrations over § are performed in a (rotated) spherical coordinate system (3,6’ ¢') de-

scribed in part (I) of Qge such that - @ = sucos®, i.e.,

4 ~ . ;-
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The values of integrals over ¢ are given in eqs. (H.17) and (H.23). Hence using these equations,

4 00 ™ - . /=9y A o
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The values of integrals over @ are given in egs. (F.10), (F.12) and (F.15). Hence using these

equations,
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or

Vi 32 /
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Next, consider eq. (4.157). The integration over k is trivial. Hence using eq. (G.1b),

_ 2n0O

Mz = 373

/ ey Aty Tiyg e~ T &, (1) )iggin; D (1 )P (he)

Substituting the value of @ from eq. (3.18) and using eq. (F.3),
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We can ignore the second and third terms in the square brackets above because ultimately after

manipulation corresponding integrands become odd functions in components of @; (cf. §4.2).

Therefore

4 297 AV o ~2y A A
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The integrations over @y are performed in a (rotated) spherical coordinate system (g, 65, ¢5)

described in part (I11) of Qge such that @y - te = U112 cos 65, i.e.,
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The integrals over ¢, result into (cf. eqs. (H.18) and (H.6)),
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where R, (11, us2) is defined in eq. (4.57) and the values of Rj(ty,us2) and Ro(ty,Ug) are given

in eqgs. (4.64) and (4.99) respectively. The integrations over @; result into (cf. egs. (F.15) and
(F.12)),
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Hence, from egs. (4.154), (4.155), (4.158) and (4.159),
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w; are evaluated numerically. Their values are: @1 ~ 1.2850, Wy =~ 0.6425, w3 ~ 0.2551,
Wy ~ 0.0719, w5 ~ 0.0248 and wg ~ 2.3498.
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Collisional Dissipation

Eq. (2.13) implies that the contribution of @k ¢ to collisional dissipation I is of O(K %¢). From
eq. (2.34), the contribution of @k to collisional dissipation I" is given by

€O
12734

29 % - - ~3 7('&24’»1’22) - ~ ~ ~
I'kge= 3 /du1du2 Ujge TR P () + Prr () + P (t1)Pr (w2)} .

Again, (similar as above) on interchanging @; and o,

2

/d’&ldﬁgﬂ?ze (H83) B e g (Tay) = /dﬂ1dﬂzﬁ§’2€ (340) @ g e (g

1
€0 [(20\:?2
Iige=— | =2) (21 + 1), 4.162
KK 127T3£< 3> (20 + I2) (4.162)
where
I = / divyding @y e T Gy e (1) (4.163)
and
I = / divyditg @3, e~ T8 @ (@)D (). (4.164)

First consider eq. (4.163). Using eq. (3.26), I; can be written as
I — / ity o~ (it )Brc e (i) = / dit e () B c (i), (4.165)

Since we do not know the explicit form of ®x g, we shall use the self adjoint property of Z.
Using the similar orthogonality relation with respect to @i i and following a similar procedure,

as below eq. (4.104), we can write

L= / dit o= 7(0) 2(Bre ). (4.166)

Substituting the value of .2 (P k) from eq. (4.141) into eq. (4.166), using the orthogonality rela-
tions <fd11 e ¥ q(a) = [daa? e ™ ij(a) = O), writing K% = ¢ and ignoring the terms whose
tensorial structure is: @; or @;u;u) (because the corresponding integrands are odd functions in

components of @) or @;u; (because of symmetry), we get

I =02 / da e~ f(a) [4@v(a)aiajakali%% — & (a) <ﬂ2 - g) Uil _6(1;1(978 h;(n@)
. rj

- (.5 5\ [. OlnO dn O Sy 3 0V; 0V,
3 2 ° 2 _° - — 49’
+0. (i) (u 2) (u 2) Ul o o (@)Ut 5z ar; on

.39V, WV . 5o (2 D _ 0ln® dIn(nO)
— 4y ()i ]2@ ark 67’] + {@c(u)_FQSC(u) (u B 2)} Uit or; or;

- OlnOdlnnO) . (45 5\ .. 0°hneO
2_ v 2N 2_ Y i
() <u > ar; ar; + Pe(@) <u 2) Uitly Or;Or;

1
2
- ) A 3 ) 0lnOJ0Ine
_ SZS/~~2 ~2__ SZS ~ _~2__ =
{ (e (u 2>+ c(u)<2u 4)}%% Ori  Or; ]
1
2

da e () 2Py, Pre). (4.167)
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In the above simplification, eqs. (F.3)-(F.2), (4.153a) and (4.153b) are used. Now, using
egs. (F.9b), (F.9¢), (F.14a) and (F.14b), I; can be written as

s 3 81 _¢0V; OVi é 47 _,0In O 91In(nO)
L=02] die™ A, @b at e
! /0 e (@) [ @361 ar, ar, ( ) 3 o o
- 5 3\ 4r 6ln@8ln@ 3 81 _,0V; OV,
Sl (a2 (a2_2) 2 i
(@) (“ 2> (“ 2) 3" Tor, o 48, (1) 35 75 ar; or;
3 4mw _,0V; 0V 47 81n931n(n8)
—4&, (@i at o P (4 at —
(@553 0 8rk8r1+{ (@) + < >} ar;

2 (.o 5 ~2611&8(9111(71@) A A 482111(9
@) (“ 2>4 or; e R

1
3 c(u
A 5 N 5 47 BIHQBIHQ
_ ¢/~~2 ~2__ @ _~2__ -
{ (@) <u 2> ( 4)} 3 or;  0Or; ]
1
2

Note that

ov; ov; oV [1 [V,  IV; 1 oVy,
orj Or; N or; [_ <87"j + 873) — 3% ory, ] or; Or; + orj Or; 3 or; 87"k
B 1 (8—1/28% aV; ov; > 0= IV; OV; B IV; OV,
or;j Or; (973 Oor; orj Ory  Ory Oy

1 /9V;0Vi 9V 0V;\ 10V, dV
2
V;

Therefore

3 9V, oV, [16m [ i 2 . . .
1:2_ ? (2 B ~ —U° =~ ) ~_d§/~ ~6_d§ ~\~4
= oo g |5 [Cane ) {2 @) - duay - st}
Olne@olneE Arn

2 T SN SV R § s 99 D
& = —$ 2
+/ or, or oy ; du e " f(u)u { (1) <u 5 U+ 5> (a)a <u 2>}
0In©® 901In(nO) R NI
27 YA U
+/ or or. X 27?/0 da e 7n(a)
X E {és;(a) <ﬁ2 — g) — d.(0) (&2 — g) } it + &, () (fﬁ - g) Nﬂ
2 00 ~ .
1 i .
-3 / da e 7(a) 2(Prc, Prc). (4.168)

We shall simplify the last term in eq. (4.168) separately. Substituting the value of f)(@ K, PK)
from eq. (2.38),

1 _ -
: / aa e 7 (@) (i, Prc)
1

= =% / da daadk (k - @12) e ) (i) { D (@)D (h) — Pre (1 )P (in) } -
™ k-t12>0

Note that in the above equation, the velocity transformation corresponds to the elastic limit.

Following a similar procedure as in the derivation of Qg €, one obtains
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%/da P R@) (P, By ) = Jy — Ja, (4.169)

where
Jy = # / iy dagdie™ ") & ()P ()7 () 1", (4.170)
Jy = # k-a12>oda1da2di€ (k - @10) e TH) (00 )P (1) D i (o), (4.171)

and Iéo) is given in eq. (4.48). We shall simplify J; and Jo as following. Using egs. (3.18) and
(F3),

1 L
=5 / daty ditgdi e~ T+ () 11

1
20 . 3 \20V; 20 é 5 0ln®
IKZZD (i1 it s | —— 7 22 g2
X [ 3g U(ul)uhulj<2@> or; 3g (i) <u1 2> i or;

20 . oVy, 20 . 9 H). 06
2K=" ¢ — +K—9@ - =
X [ 39 (UZ)U2kU2l<29> or, + 39 c(ti2) <U2 2) U2k ore

/2 P . R 3 9V, OV,
_ ~ 1~ o~ —(WEU3) S~ [(0) 4. (i11)P P k
7 /duldquue ) ()l v (1) Py (U2 U1 j Uk lior 5 20 or; on

1

PN - 5 3\20V;0lnO©
+20, (1) Pc(U2) <U§—§> Uu“u“%( ) -

2@ (373 a’l“k

s s [ D OV Oln O

b)) <u%_ 2> ulzu%u”(m) B o,

s fy B\N[., 5\. . OlnOOIO
+¢c(u1)@c(u2) <u% - 5) <u% - §> UUU%a—T‘Z’@—m] .

We can ignore the second and third terms in the square brackets above because ultimately after

manipulation corresponding integrands become odd functions in components of @ (cf. §4.2).
Therefore

462 3 8V avk ~ ~ - _1'12 aQ i~ 0) 2 ~ 2 ~ ~ ~ ~ ~
71220 dr; Oy /duldu2due @4 () 10 b (111 ) By (1) a1 jlow oy
2 9In®dInoO

o oae e —(@4ad) 570G (2 \d (ay(72 2\ (72 2\ o
+ 7T5/2 a’l“i aT’j /duldugdue ( 1+ 2) n(u)16 Qjc(ul)@c(UQ) <u% — 5) <u% — §>u1iu2j.

1=

Replacing w; by w — s, we get
402 . o - . R
Tf 7 239 ‘;‘f %‘gf / dadagda e @5 p(i) 1\, (|@ — 3()b, (i) (it — 5:) (b — 5, )iigxiia

EQ aln@aln@ - ~ —(—3)2—q2 _,~ 2 ~ ~\F [~
t o o / dadagdae 9% g(a) 1V, (4 — 3|)®.(iiy)
[ J

X ((a -5 - g) <u§ — g) (1 — 5;)tia;.

1=
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The integrations over @y are performed in a (rotated) spherical coordinate system (i, 65, ¢h)

described in part (I) of QX such that & - @y = Sty cos by, i.c.,

AP 3V OVy [ [0 T[T o (a2 -
J1 = W@@r* 8—Tj/d8du/a2 0/ - // d¢5dO5d s U5 sin 05 e 2q(a)

x (1@ — 8|)By (1) (11 — 3:) (it — §; )iy ")

N 72 8ln@8ln@/d di / /
7®/2 Or; sau G9=0

2

(i sl (@572~ 3) (8- 5 ) (0 - 51

/ Ay d6)diis @3 sin 0 e~ (#=8)° 5 (g
=0 2—0

Note that the components of 49 are the only functions of ¢, (see Appendix H). Therefore the
integrations over ¢/, give (cf. egs. (H.6) and (H.18))

402 3 9V;
— )2—a3
J1—7T5/22 87" /dsdu/u2 0/ d6,d iy @3 sin Oy e~ (u—8)"~u; (i)

32 o
2 9lnOOIn6O
7®/2 Or;  Orj

2_4q

x By (|t — 8|)By (o) (@ —s)(aj—gj){ a5 OVi 7k 51.51(3 cos? 92—1)}1§°>

n(a)

ds du/ / d0hdiig 3 sin 0 e~ (@3
U2=0 J 0,

X &, (|a — 3|)D.(iia) ((’& —35)? - g) <ﬂ§ — g) (@ — 5;) <2wu—~2§j cos 9;) Iéo)
3
or

42 3 3V, 0V, B o A -
= "an50 arj o /deue n(@)Py(|a — 8[)(a; — 8;)(a; — 55)

X % / 3 e % B, (Tiz) {/ sin 05(3 cos® 0 — 1)[§0) deé} das
i =0 /=0
20° 91n6 Hln O i 5
S % _ R W
e e [asdae 9 a3 (@9 - 3 ) (- 5)

% TJ/ @Be a3 G o(is) (ﬂ% _ §> / sin 0% cos Hél(go) del, & diis
S Jas=0 2 05=0

Using eq. (C.12),

AP 39V 9V,
1™ 13220 or;j o,

o (88?2 DD (e o 9 .
e e [asdae @ a3 (@9 - 3 ) (- 5)
5 72 0= G (i 9 D\ (s uw)
L (2-3) (55 ) o
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Let us replace @3 by 43 + (5{‘)2 This shift implies that

s

AP 3 OV Vi [ e (82 i (1 ae e s
= = b — — 5 -
73/220 Or; Or /dsdue N()Py(|u — 8)(d; — 3;) (%) — 35)

Sk [ TINEEAL 5.a\2) " 5w\’
x L dpe 1B} g {u§+< . ) } {2( ~ ) _ag}d@
S u2=0 S S
202 9InO 0O [ a2~ s
+7r3/2 e o, /dsdue (@=8)" 5(a) b, (|a — 3]) <(u—s) -

5. [° =2, (5w)2 5.0\ 2 12
x 22 e () }@C {ang <8 ~u> }
- 5

1

The integrations over § are performed in a (rotated) spherical coordinate system (3,6’ ¢') de-

scribed in part (1) of QgE such that - @ = Sucos#, i.e.,

4023 0V; 0V, _ [T o 11012 22 ain ! o— (@2 —203 cos 0'+52)
Jp = m%am Th/du/go/'o/'od¢d6 d55°sinf' e

) 1
x (1) ((ﬁ2 — 2u5cos ' + 52)1/2> (i1 = 5:) (@i = ;)5 =5

o0
X / iy o @B+ 05 0') @U((a§+a2cos29’)1/2> (242 cos? 0’ — a2)ddi
U2=0

2 [ele] T 21 ~ —— 7~
n 202 0ln©® 9In O /d’&/ / / dgb,d@,dg §2 sin 6’ e—(u2—2usc050 +52)
73/2 9r;  Orj 5=0Jor=0 Jor=0

1
X ﬁ(&)sﬁc<(ﬁ2 — 2u5cos @' + 52)1/2> <a2 — 2u5cosd + 5 — —> (i = 5:)5) =

e’} B B A 5

X / Ug o (@3+? cos? 6) @c((ﬂg + 4? cos® 9’)1/2> (&% + % cos? 0/ — 5) @ cos 0’ diig.
li2=0

Note that the components of 8 are the only functions of ¢/. We shall evaluate the parts of J;

containing velocity gradients and temperature gradients separately.

First consider the part of J; containing velocity gradients. Let

402 3 9V, 0V, oo w2 e
_ 2 YV YV qd dé’'do’ds 32 sin 0 —(a*—2u5 cos 0'+57%)
le 773/2 28 67‘] 67‘1 / “ AZO //:0 //:0 ¢ 55 sl ¢

R 1
x (@), ( (@ — 2a5 cos 0’ + )% (@ — 50) (@ )5k

- —(U3+1u2% cos? 0') 3 9 | =2 2 ,n1/2 ~2 20 ~2\ -~
X/ Uge "2 ¢U<(u2—|—u cos” 0") )(2u cos” @' — u3) dug

u2=0
a3 [ [ [T L g . o
= =58 /du /§0d5 /Iodﬁl /1120du2 ~ sin 0’ (242 cos® 0’ — a3)q(a)
x &, <(ﬂ2 —2a5cos b + 52)1/2) ®, <(ﬂ§ + @2 cos? 9/)1/2) o (@ —2udcos 0/ +5%)

— (U412 cos? 0’ a—‘/ZaVk °n o~ YLy 3:)5.3
(u3+ 0") or, By /qyod(bl(m — 5i)(U; — ;)55

X e
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Using eq. (H.23),

/ ~ —/~
Ji, = 713/22(9 /du/ ds// dH/ duz—s1n9(2u cos® 0 — u3) 7 (1)

x QSU((U — 2agcos ' + 5 )1/2> QSU((UQ + @2 cos 9) i >

~2 Y - v -
X e_(112—211§ cos 0’ 432) e—(ﬂ%—i—fﬂ cos? 6") [2 8V avk: IO

e 873 ory By
o1 2 g 1 3 L 4 g 2 o
X <1 5(3008 0 —1)—2us§(5cos 0" —3cosf)+s §(35cos 6" —30cos” 0’ + 3)

S 3V 8Vk~ -

T3 Iy, O, —— i1 (1 — cos? 0'){5(5cos? @ — 1) — 4diicos 0"} + 254(1 — cos? 9')2% oV

87“j 8’1“2‘

Using eqs. (F.9b) and (F.14b),

_ / / r -
Ji, = 713/2 2@/ du/ ds/l dé / du2—51n9(2u cos? 0" — u3)7 (1)
x &, ((u — 245 cos @ + 5 )1/2> b, ((u2 + 4% cos® 0 )1/2>

o~ (@2 —2u5cos 0'+52) (@3 +? cos? 0) [2 5% 87 9V; 9V a8

at 15 drj or;

1
X {u 5(3005 9/—1)—2us (5cos® ¢/ —3(3089)—|—§2§(35COS49/—3060829/+3)}

—a*(1 — cos?#) {5(5 cos®§ — 1) — 4 cos o'}

= 3/22@/ du/ ds/ dﬂ// du2—51n9(2u cos® 0’ — 27 (i)
™ = i

x &, ((“ — 285 cosf + ~2)1/2> ((uz +@% cos? 0) /2> o~ (#*~2us cos 0'+5%)

Xe—(a§+a2cos )3‘/ 8V 26252 1 [ { 3cos 9 — 1)
or; 87“,

—2u5— (5 cos® 0’ — 3cos ) + 525(35 cos* ' — 30cos? 0 + 3)}

+205(1 — cos®§') {5(5 cos? 0 — 1) — 4iicos 0’} + 305%(1 — 2 cos® ' + cos* 9/)}

AL i e >
_ 1? 60, 5 /0 dii / ds / ay /u e in30° sin 0/ (22 cos? 0 — @2)

% 77(@) by <(a2 —2ascosd + &)Y 2) éz,((ag +a2cos? @)Y 2) o (@25 cos 0/ +5%)

x e~ (@3 +E’ cos® &) [52{2(35 cos® ' —30cos? 0’ + 3) + 20(1 — cos? 0')(5cos? 0’ — 1)

+30(1 — 2cos? @' + cos? 9')} —16as {(5 cos® 0 — 3cos ') + 5cos (1 — cos? ')}

+16 {fﬂ%(?) cos® ' — 1)} }
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or

4%\ /7 3 9V; oV, / o
- 20 9
LTI o [ [ o [ gy i

X 77(21)45 <(u — 2@5cos O’ + 2) 1/2 )45 <(u2 + 42 cos 9) /2) —(62—2ii3 cos 0 +32)

1
« o~ (@3+a? cos? ') [163 — 16u5(2 cos 6’ ) + 16 {ﬁ2§(3 cos? 0 — 1)}] .

Let cos @ = y, hence
6402/ 3 9V, OV, [ o0 1 o0
J da [ ds d diip G080” (20%y* — U3
1y = 15 20 or; 07", / u/go S/y_1 y/ago Ug U8U~(20"y” — u3)
x (@) by <(a — 2ady + 52)1/2> b, ((ﬁ% n a2y2)1/2> o— (@2 —25y+352)

o 1
x e~ (B+E%Y?) {52 — 2dy + i (3y” 1)} .

or

dy / ORTRTEN) / diig 1 (2u%y* — 43)
-1 u=0 u2=0

2 Y. A1/ [© 1
J1:64eﬁiav;av;/ d§§/
v 15 260 87“j 87“j 5=0 y=

x {52 — 25y + %ﬁ2(3y2 = 1)} b, (@2 - 25y +3)') b, (3 + @2y)'"?)

% e—(a2—2a§y+§2) e—(a§+a2y2) .

Next consider the part of J; containing temperature gradient. Let

202 01 1 9 o pls
Ji, = &9 n@ / / / / d¢/d0'ds 82 sin ¢ o~ (W —2acos0'+57)

73/2 Or;

2 5 1
x ﬁ(@)@c<(ﬂ2 — 205 cos 0 + 52)1/2> <ﬂ2 — 2a5cos® + 5§ — 5) (U — 5:)3;=
3

e’} B 5 Noa 5
X / g o~ (834" cos? 0") @c((a§ + @? cos® 0’)1/2> <&% + @2 cos 0/ — 5) @ cos 0’ diis.
9=

Note that the components of 8 are the only functions of ¢’. Therefore the integration over ¢’ is

carried out using eq. (H.17). This implies that

22
_ 2 /du/ / d0'd3 sin @ e~ (@285 c0s0'+5%) 17\ <(a2—2a5cos9’+52)1/2)

I = " 32
5){ 29O IO

X <ﬂ2 — 2u5cosf + 5% — 3 .

5 0lnG OO . .1 .
-5 ~1
T3 o o —— Ul {ucos@ 28(3008 0 )H

o) L oA 5
X / il @~ (@+0 cos? ") @c((ﬂ% + @2 cos? 0’)1/2> <&% + @2 cos® ' — 5) @ cos 0’ diis.
T —

(1 —cos?#)
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Let cos @ =y,
1 = 216/22 /d“/ dS/ y/a:odﬂz o~ (W 20848 g, <(a2 —2ﬂ§y+§2)1/2)
X <ﬂ2 — 20sy + §° — g) Us o (@3 +E%y?) qgc((ﬂg I ﬂ2y2)1/2) <ﬂ% L g) .
N

Using eq. (F.9b),
262 o0 .
. / du/ ds/ dy[ Oda2 e — (4% —2ady+3 )ﬁ(u)@c((ﬂ2 o 2ﬂ§y+ 52)1/2)
u=
5

e = 172

X (fﬁ — 2udy + § — 5) g ¢~ (@BFTY) @c(@g + 222y2)1/2) (u% +ay? — g) Sy
OlnO IInO 241 0InO IIn O 1
A2 1y 247 0n0 i) e LE3? — 1
[ e e P U R S T T {“y 250y )H
or
202 81 0InO O0lnO [*
g =" da @ 55 d diia 1
Le 7/2 3 Or;  Or; /110 a i / Ss/y yy/Q e
x &, ((u — 2a8y + §%) /2) sﬁc<(ﬂ§+ﬁ2y <u — 2a5y + & —§>
2
< 2+ >e_(ﬁ2_2@§y+§2)e_(ﬁ%+“ v [ 55(1— y?) + dy — 5= (3y - 1)]
or
1602,/Tr 9InO© dlnO [*° ! > >
Ji, = / d§[§/ dyy/ daa’i(a / dig o (iy — 3
3 Ori  0ri Js—g y=—1 =0 (@) i19=0 ( )
x B, <(u — 203y + 5°) /2> qﬁc((ag + ﬂ2y2)1/2) <ﬂ2 — 208y + 5 — §>
2
(&% ﬁ2y2 - _> ef(a272a§y+§2) ef(ﬂ%+ﬁ2y2) )
Hence

6402w 3 QV; OV, [ ! S > 22 2
Jy = — dss d da @7 diig T (202y* — i
T 5 2001 oy /go SS/y B y/“ a (@) /MO ip 2 (20”y” — 3)
1 A .

—(u?—2a5y+52?) e—(a§+a2y2)

X e

2 [e§) 1 )
| 166VTOmOIE d§§/ dyy/ aa%(a)/ dily s (ity — 3)
3 8Ti 3 y= u2=0
x &, ((u — 203y + 5°) /2> qﬁc(( 2+ &2y2)1/2) <ﬂ2 — 205y + §° — g)

+ 4y

l\’)l\’)

> o~ (@2 —2a5y+5%) —(a3+a’y?®)

(it

(4.172)
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Next, consider eq. (4.171). The integration over k is trivial. Hence using eq. (G.1b),

1 ~ ~  ~ —(us+us) =/~ ~ ~
J2 = m /dulduQ U2 € ( %+ %) n(ul)@K(ul)CﬁK(UQ)

Substituting the value of @5 from eq. (3.18) and using eq. (F.3),

1

T2 =35 / day ding figg e T (1))
73/2
1
260 . 3 \20V; 20 . 5 OlnoO
IK=—, i | — C b K=&, () | 4f — = ) i
3g ()i ulj<2@> aTj+ 39 () (ul 2>U1 Ori
1
20. [ 3\0V; 20. [, 5. 9le
2K—, — | —+K—&, - =
X[ 39 (UQ)U2kU2l<2@> - + 39 (2) (Uz 2) U2 Oy
=L iy g e @) ()
iy 1dU2 U12 nuy
PO 3 9V, (9Vk
X [4Q5v(u1)q5 (UQ)Ulz’LLlJUQk;UQl 20 67‘] 67’1
R R 5 28V oln®
20, (111 )P (s) | 0
20 (i1) e (iz) (“2 2> “““““”‘“(2@) ar; oy

NP ~ 5 28V 0ln®
+20 (11 )Py (U2) <u% - 2) ulzu2ku21<28> 67’? B

&, (i1 ) (1) (a? . §> (ag - §> aua%alﬂmn@] .

2 2 87“2‘ 87“k

We can ignore the second and third terms in the square brackets above because ultimately after

manipulation corresponding integrands become odd functions in components of @; (cf. §4.2).
Therefore

w3 W
73/220 Or; O

? 9In®0In 6O - . 5 5
~ 1~ — (@2 +a2) ~ ~2 © ~2 Y\~ o~
+ 7 o, or; /duld’U,g Uy e T2 (0 )Po(Uy )P (T2) (ul 2) <u2 2) Uity

The integrations over @y are performed in a (rotated) spherical coordinate system (s, 65, ¢})
described in part (I11) of Qge such that @, - @e = U172 cos 6}, i.e.,

A3 9V; OV, o
o= /2 20 or; Oy / /u2 0/ /¢’2 Od¢2d92d 2 U3 sin 0

x (@3 — 2iiyiiy cos 0 + a3) /7 e~ FTH) (1) @y (1) Py (102) a0 Tk Ty

72 aln@aln@ o
TR o, /du1 /uz 0/2—0 /’2=0d¢2d92du2 wsin by

x (112 — 20y 1ig cos 0y + @ )1/ e~ (@+33) 71(t1 )P (i1 ) Do) (ﬂ% - §> (ﬂ% - §> Ui Ug;.

5 = /d’&ldﬁg U129 ei(u1+u2) ( )QA5 ( 1)@U(ﬂ2)ﬂ1iﬂ1jﬁ2kﬁ2[

2
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The integrals over ¢/, result into (cf. eqs. (H.6) and (H.18)),

A2 3 0V; L
Jo = 3220 07" /du1 /u2 0/9 0d92duQ 3 sin 04 (a3 — 21y @iy cos B + 13) /

—(@2483) =7\ (5B (7N 5 i3 Vi -
e~ (@t 3)n(ul)%(m)@u(w)uuulj{ @D f“lkull(?)cos 0 — 1)}

2 aln@aln@ .
T 32 or, / /u2 0/ _0d92du2 @3 sin 04 (43 — 2a1 1y cos O 4 43) /
—(@2+a2) (= - - 5 O 5 5\ . ~ L
x o~ (0 ) e (@) () ( @F — 5 ) (5 — 5 ) QWTulj cos 0
862 3 0V; OV,

w1220 dr; or /dul/ du? ~277 (ain) e~ ) &, (11y )y (1) iy 1y 1 Ty
o 1/2
X {// de;, 51n92 (3cos 0 — 1)( — 2019 cos B +u2) }
202 31n931n8 o e ) 5 i 5
+ 2 o, /dul/ du2 —77 i) e —(af+a3) b, (1) D, (Tiz) (u% _ _> <u2 )

X U115 {/ de sin 6 cos 02( — 2yl cos O + ~2)1/2}

86238V8Vk ~ U (a2am2) A e R e e o N
717220 9r; dn /du1 /u2 Odu2 T%U(uﬂe @A) @, (1) )P, (T )i jiia g tin Ra (@, i)

202 61n931n8 o (0 5\ [, 5
TR o / d“l/ d“2~—’7 1) e ) @ity ) be(iiz) (u%—5> (“5‘5>

X ﬁliﬁlj‘Rl (U17 u2)7

where R, (a1, U2) is defined in eq. (4.57) and the values of Ry (11, @2) and Ra(uy,U2) are given in
egs. (4.64) and (4.99), respectively. The integrations over @, are carried out by using eqs. (F.14b)
and (F.9b), respectively. Hence J, changes to

82 3 8x dV; 9V, oo s .
J: — di dii o~ @+8) G (711)b, (119) 0 Ry (1ly , @
> 7 7122015 Or; or; /u1 . /Q;Q 0 N%n W) (@) Py (1)1 R, )

2
n 216/2 6(1311(98111@47?/ dul/ dity _77 e —(a2+a2) Sﬁc(ﬁl)éc(fm)
T

5 5 - 5\ _ L
X <U% - §> (u% - 5) Uy Ry (T, ta)

or

640%\/7 3 9V; OV, > 44 (a2ea2) 2 .
= B AR di diio a4 TR PRY 10y @I+53) ¢ (711) D, (i
J2 15 2@ (97’"7 aT] /@1:0 Uy /122:0 U2 U1U2R2(u1aU2)77(u1) € (ul) (UQ)

82 /rdInO@ OO [* [ . s
* 3\/_ dr;  0Or; / odU1/ odu2 U?U%Rl(ul’w)n(ul)e (ai+a3)
¢ ¢ U= lio=

X B (111) D, (Ti2) (a? — g) s — g) . (4.173)
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From eqs. (4.168), (4.169), (4.172) and (4.173),

[ 3OOV, L 9mOIME | ImOI(nO) | - e (17
200r; Or; ° Or Or | Or Or “oror; '
where
~ 16m [ g2 TN N S|
a1 =—~ da e ™ 7(a) {(P (u) — & (u)}u’ — @y(a)a
0
4 o
M d§§/ dy/ da 7%7(a / s o (2022 — 2)
5=0 ——1 u2=0
X {s — 2asy + 2u 23y 1)} &, ((u — 2a5y + §%) /2> b, ((u +u2y2)1/2)
% ef(a272a§y+§2) ef(ﬂngﬂQyQ)
64 I N .
1\5/_ du1/ diiy {3 Ro (i1, )7 (@1 ) e~ 1) By (@) b, (1), (4.175a)
U=
4 [° . . 11 .
o= — [ di e pla)i {qﬁc(a) <a4 — A 5) — &L (a)i (fﬁ - §>}
3 Jo 2 2
1 [e.e]
6vm dss/ dyy/ aa%(a)/ diig iy Ty — 3)
3 5 -1 =0 u2=0
x B, ((u — 203y + 5°) /2>Q5 ((u + @%y?) /2) <ﬂ2—2&§y+§2— §>
2
% &% + &2y2 . g) ef(a272a§y+§2) ef(ﬂ%+ﬂ2y2)
TAAL diiy / dile @3 Ry (@iy, i) (i ) e~ (B3 H2)
3 Ja=o l15=0
NS 9 O 9 O
X Do(t1)Pe(uz) | uy — 3 275 ) (4.175b)
00 ~ 9 N . R
dg = 27r/ di e p(a) |24 P a) (a2 — EA d.() [ a* - ) Ly . (0) (@ — o) g2 ,
0 3 2 2 2
(4.175¢)
and A - .
fy = % dii e (i) d.(1) <a2 — 5) at. (4.175d)
0

aq, @g, ag and a4 are evaluated numerically. Their values are: a; =~ 12.6475, &y ~ 73.1660,
a3 ~ —19.0093 and a4 ~ 15.7585.

Next, we consider eq. (4.164). The integrations in the right-hand side of eq. (4.164) are
carried out by following exactly same process as in the simplification of Js. The simplified value

of Is is (cf. eq. (4.173))



4.3 Constitutive Relations at O(K K) 121

647202 3 9V, OV, [ o0 T .
i i di diio G273 S0 (i1 . 1) e~ @HE3) & é
15 20 Br] 670] ~/ﬁ1 0 " ~/1120 2t Q(U17 UQ) ¢ ( ) ( )

87202 9InO dlneO [ o0 . )
T negn / diiy / ditg @333 S (i, G2) e~ T8) & (11 )b, (din)
3. 0 =0 i2=0

X (af — g) (ag — g) : (4.176)

3/2

where

>
—~
=g
=
<
)
S—
I1l

/ d}y sin 0% P, (cos 0%) (413 — 2iiyig cos B + 13)
0

1
= / dy P, (y) (@3 — 201Gy + u2)3/2. (4.177)
-1

Eq. (4.176) can be written as

~ 3 9V; 0V; 0lnOone
_ )2 2
Iy =1¢ <,81 26 o, o, + Br—— or o, > (4.178)
where
~ 6471'2 ~ o ~ 44 -~ —(a?+a2) 5
,812 duy dUQu1UQSQ(U1,UQ) 172 @( )515( ) (4.179&)
15 Ja—o f12=0
and
P A Y e I o @i s s o2 B\ [ B
By = ?/~ Odul/ Odugug’ug’Sl(ul,ug)e (@ + %)éc(ul)sﬁc(ug) (u%—§> <u3—5>
U1 = Ug=
(4.179b)

1 and Py are evaluated numerically. Their values are: 1 ~ 12.9619 and s ~ 4.8612.
Substituting the values of I; and I from eqs. (4.174) and (4.178) respectively, into eq. (4.162),

1
- 25(2) [T 20
+2&381n © 01n(nO) % 32 ln 8]
37“i 37“i 87“2‘87“2‘
3/2
. -y
+2&3L@3(n8) 260 <l 829 1 06 89)]
nOG2 or; Or; O dr;or; 02 0r; o

or

,OV; OV, o 9000 . ol 000(ne)

920
~ f 1/2
o o, e an on T PueiEon o O oo

(4.180)

ke = prelO?
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where

1

5 L (3 “(2a1 + B1) ~ 0.1259

P1—127T3 5 aq 1)~ V. )

5 L (2 %(2~ + By — 2a4) ~ 0.2626

r=15733 Qg + P2 — 204) = 0.2626,
1

1 /2\?

3= —( =) a3~ —0.0834

P3 67T3<3> as )

b L (2)"4, ~ 00692

/04 67T3 3 Qy ~

4.4 Constitutive Relations at O(ee)

In the following, we shall first simplify the expanded Boltzmann equation at this order.

4.4.1 Simplified form of eq. (2.36)

Collecting O(ee€) terms in eq. (2.36), we have

1
.@66 Inn + 2<%> QUZQ“V + <u — —> .@Ee In©

1
D, {_@elnn+2<%> 2uz.@ V; + <u — —> @ 111(9} —i—.@e@e

- ~ ~ 1 . -
= 22(p7) + () + A1) + 222, o)

E2

7572

l\')

. _ . 1 .
n datodk (k - @) o <1 (k- a) + (k- a12)4> . (4.181)

k-@t12>0

Clearly (cf. eqs. (2.20)-(2.22)), ZecInn = DeVi = 0 and Zec In @ = —el,; but from eq. (2.23),

1

~ 20\ 1
F o _Fee

g<3> o

and using eq. (3.39),

1
20\ 2 3\ 2 20 1
I~ 102 —60%24 = —0.0102( 2 ) & (K== x = | = —ae?
€ g<3>9{ 00059 } OOO<2>6 3gX€ ae”,

where a = 0.01024/(3/2) ~ 0.0125. Therefore PcInO = ae?. The quantity in curly brackets in

q. (4.181), has appeared in the right-hand side of eq. (3.28) and its value is (a*—32) {—eg (%) 1/2}
(see the equation following eq. (3.28)). From eq. (4.9), the quantity 2.®. in eq. (4.181) is given
by

Jun

Db, = e (1) De(0?),

where prime denotes the differentiation with respect to @2. Using eq. (4.14),
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~ . 1/2 1/2 .
9D, = D (1) {efﬂ; <3> } = §<3> P (7).
T T

Substituting these values in eq. (4.181), we get

X 2/2\"?] 2/2\"?, .
<ﬁ2 - g) x ae’ 4 e P (i) x <112 - g) {—eg <;> } + 3 <;> 2P (1)

15~
= E2(e7) + P2 + (o) + 50, o)

—_

d’ﬂ,gd’% (’23 . ’&12) e_ﬂ% (1 — (’23 . ’&12)2 —(k U12)4>

I;:-'ll12>0

or

A 1 1
2, eiV).

The value of integral in the right-hand side of above equation is given in eq. (G.7). Hence using

eq. (G.7), above equation can be written as

L) = 5(a) — 2V — Ap) = 2021V, oY), (4.182)

where

() =a (a2 - g) i ;(;) v {fﬁé;(a) - (ﬂ2 - ;) qﬁe(a)}

{ (-15 — 68a% + 4a4> i (63 — 10242 — 132a* + 8a) erf(q) }
— (§

4.183
192 7r1/2 384u ( )

is function of speed « only.

4.4.2 Constitutive Relations

Heat Flux

From eq. (2.30), the contribution of @, to the heat flux is

3
20\ 2 -
Q=3 ’;/2 <?> /dfaa% 7 .
Y

Using the similar orthogonality relation with respect to @, and following a similar procedure as

in getting the expression for heat flux at O(Ke) (cf. eq. (4.24)), we get

e en (20
@ = 273/2 (?)

[SIY

/ dive— &, (i) <u2 - g) i 2. (4.184)
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Substituting the value of . (@52)) from eq. (4.182) in the above equation, we get

0 - ;2;}2(2@)7@@( ) (8- 3) awe™ {8@) - S - Aot - 3226l o)

— EE Q Qza? (let) (4185)
where

oo En (20} dad (@) (@ -2 ) ae ™ 5(a 4.186
T 92\ 3 ue(a) (@ =g J e S@), (4.186)
ce en 20\ [ . o O\ @z (1), x (1)
o= _277—3/2<?> /du@c(u) <u — §> ;e {:((,01 ) + Ay )}, (4.187)
ce En (20N [ o B\ a4y )
i3 = T 43/2 (?) /du@c(u) <u - 5) aie™" 20017, 017). (4.188)

€€ €€

Now we shall evaluate the quantities QfF, Qs

Clearly, from eqs. (4.183) and (4.186),

and Q: as following.

€ — ), (4.189)

11

because the integrand is an odd function in components of &. Substituting the values of = and

A from eqs. (2.39) and (2.40) respectively, in eq. (4.187), one obtains

20 A 1 . 9 Y
€€ _ _ Ty Y 1— (k- —(ay+a3)
i 27‘1’ ( 3 > /,;-ﬂ12>0d’11;1d’u,2dk (k ’u,12) < 2(k: 'u,12) )e 1TUR

- 9\ .
x otV (@) + oV (ah) }be(iin) <u% - 5) i

20 0 P o
< ) lim — / diydiydk (k - dy0) e~ (#+72)
27T 3 kit12>0
1), - D mr 4 [~ o D) -
ot @)+ ol @) (a2 - 3 )
Following a similar procedure as in the derivation of Qg €, we get

ce 20 0 e e (@24@2 - 5\ .
in T oo 4( 3 > E%E/duldwdue @D (oM (@) + o1 (@) (@) <UQ a 5) wils.
(4.190)

where I5 is given in eq. (4.34). The integral in eq. (4.190) is then split into two parts. The first

part is
20 (20\2. O P . 5
(1) = —ﬂ<—> 1im—/da1da2dae—(u?+“3> o ()b (@) <u2 - 5) ;15

9 3
S <@> * lim g /d&ldﬂ,gdﬂ, e~ @D B (71)B, (1) <u2 - g) als.  (4.191)
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Replacing w; by @ — s in the above equation, we get

20 0 a_3)2_72 2 ~ 5
= . ~ 17 ~ —(u—s) -4 ~ - -9 2 -
(I) 27T ( 3 > lg% e /dsdugdue 2 (|lu — 8|)P.(u) <u 2) w;ls.

Using eq. (4.77),

20\2.. 01 1 o z2 = . 5\ - 7<7(1*‘1)§+L'}1>2
_ 1 @3 2_ D\ :
(1) 27r3< 3 > lim /dsdu —e D.(|u — 3|)P.(u )< 2>u,e a .

e—0 36 q

The integration over § is performed in a (rotated) spherical coordinate system (3,6’ ¢') described

in part (I) of QE€ such that §- @ = 5icosf', i.e.,

20 22 90 cos 0/ 432
7) = lim /1 (u —245 cos 0'45°)
(I) 27r3<3> s—>066q /du/ // / d¢'de’ds 52 sm@

. (0951 gcoser)
xsﬁe((u — 2015 cos 0’ + & )1/2> D (11) <u2—§> ;e ( q S*“COS(;) .

The integration over ¢’ is just 2w and let cos @’ = y. Therefore

_ _€n 26 — (% —2usy+352)
(1) = 7T2<3> eaoaeq /du/ ds/ 1

2
X @e<(u — 2a8y + §%) /2) P.(11) <u2 — 5) ;e <(qu) s+“y> =0

because the integrand above is an odd function in components of . The second part of Qff is

(II) = 271' <29> lim 2 /df&ldf&Qdf&e—(ﬂ?‘i‘ﬂ%) SDg )( )(ﬁ (4) <u2 -~ g) il

3 e—0 Jde

3 e—0 Jde

9 o
T ond ( 9) hmaﬁ/dﬂldﬂ?dﬁe_(umg’d%(ﬁz)@( )(ﬁ—%) G5 (4.192)
7T

Replacing w; by w — s in the above equation, we get

26 0 = \2 =9 A ~ 5
2 sditdig e~ (8—8)°—1 = N2 2~
(1) = 27r ( 3 ) I e / dsdusdue 2 e (tig)Pe(tn) (u 2) ;1.

Using eq. (4.77),

m\ 3 ) 00eq 2
1 [~ s a2 o

— U P (o) e "2 duy

S Ja ,‘( q)§+%

The integration over § is performed in a (rotated) spherical coordinate system (3, 6’, ¢’) described

in part (I) of QgE such that -4 = 5ucosf’, ie.,
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un = < 3 > hn% (9_ 2 /du / / / d¢/'df’ds 5% sin ¢’ o~ (%25 cos 6'+5%)
€—r € q /—

< > UQQSQ(ZNLQ) eiﬂ% dﬂQ.

U2 —’( —a) S+ cos 0’

The integration over ¢’ is just 2w and let cos @’ = y. Therefore

2¢2n (20 I (4% —215y+352)
=22 S o]

x &, (1) <u2 - §> ul/ TigP, (i) € ~U3 iy, (4.193)
2 112:‘(;5-1-1131’

This implies that
(II)=0

because the integrand above is an odd function in components of @. Hence

€ — . (4.194)

12

The third contribution to QS€ is given by eq. (4.188). Substituting the value of 2 from eq. (2.38)
in eq. (4.188), one obtains

= <29> / dtngditadk (k- 1) o~ T B <ﬂ% - §> i
27T 3 125~’L~l,12>0 2
~ 1), ~ 1), ~ 1), ~
x (ot (@)t (ah) — o () (12)}- (4.195)

Note that eq. (4.195) uses elastic velocity transformation. Following a similar procedure as in

the derivation of Qg €, one obtains
€€ 29 - - - _ aQ 112 ) - - 5 - 1 - 1 - 0
€= 27r ( 3 > /duldquue (ag+a3) D () <u2 — 5) U; gog )(ul)gog )(uQ)Ié )
20 AN o ooy A 5
+ = < ) / diy dagdk (k - @y2) e~ @15) (1) <a$ - —> i
27T 3 k- 12>0 2

x oM (@)l (@s), (4.196)

0)

where Ié is given in eq. (4.48). The term QS is split into two parts. The first part is

28 - - - ﬂ? 4@ oY 5 - 1 - 1 - 0
(I) = %4( . > /duldugdue @) G, (1 )<u2 - 5) i o1 ()t (o) 13
2 oo a . .
= -2 4< f) / diydiadi e @) § (1) (fﬁ - g) iy B (i) B (ig) IV, (4.197)
Note that except for the extra term @, (i) and the definition of I(go), the integrand in eq. (4.197)

is similar to that in eq. (4.192). Hence, by following a similar procedure as below eq. (4.192),
we get (cf. eq. (4.193))
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3
2 2 9 5 o] 1 ~ oy .
() =-=~ <_9>2 /dﬂ,/ d§/ dy s~ (@ -205+5%) ¢ (g )<u2 - 5) i
m 3 i=0  Jy=—1 2

o0
X gbe<(a2 — 2usy + 52)1/2) / o, (i) e~ diig = 0

tg=|dy|

because the integrand above is still an odd function in components of @. The second part of
eq. (4.196) is

20 O 2P A
U0 = gt / ity (- 12) =0T (i) (a7~ 2 ) o) (@)l ).
2m 3 k-w12>0 2

In the above equation, the integration over k is trivial. Hence, using eq. (G.1b),
26 o (@24a2) &~ 9 O (1) (1)~
(1) = 27r3< 3 > /d’u;ld’UQ Ty e (W1 112) D (1) <u1 2> ey (W) (w2)
26 P NN 5 - «
= a1 da Gip e T1T%) @ (@ 02 — = ) 4P (1) Pe (2).
%3( 3 ) /dmduQ e c(1) <u1 2) 11 Pe (1) Pe (Ti2)

The integration over ws is performed in a (rotated) spherical coordinate system (g, 65, ¢h)

described in part (I11) of Qge such that @) - @y = @1Ug cos b)), ie.,

2
(I) == < @> /du1 / / / depydfhdiiy 13 sin O (62 — 2417y cos O + ~2)1/2
2m i12=0 J0,=0 J ¢, =0

C(@24a2) A i~ NA o~ 9 -
x e W) & (7)) b, (i) (711 ) ( 2 5) i =0
because the integrand above is an odd function in components of %;. Hence

. (4.198)

13

Therefore, from egs. (4.185), (4.189), (4.194) and (4.198),
Q=0 (4.199)

Pressure Tensor

From eq. (2.28), the contribution of @, to the pressure tensor is given by

e 2n0O . a2
P = W/duuiuje Y P

Using the similar orthogonality relation with respect to @ and following a similar procedure as

in getting the expression for pressure tensor at O(Ke) (cf. eq. (4.67)), we get

ce 2€2n9 - _g2 2 N
Pf = 377—3// due™ &, (@)i;1; 2 (p1). (4.200)



128 Chapter 4. Constitutive Relations at Second-order in small parameters

Substituting the value of . (@52)) from eq. (4.182) in the above equation, we get

- 2¢2nO U R pp—— S =, (1) T (1) La @
Py =Sy [aue ™ b @i {5 - Z61) - Ah) - 326001

= P;;l + PZ-66 Pff , (let) (4.201)
where

e 2¢2nO D S

P, =332 / due™ &, (u)u;u; S(w), (4.202)
ce 262719 L a2 2 == ~ 1 - 1

P, = T 32 /due Dy ()t {:(gpg )) + A(gog ))} , (4.203)

pee — _62n@ dﬁe_m dg (ﬁ)ﬂ'ﬁ‘ f)( (1) (1)) (4 204)
i3 T 373/2 v iUy Y1 5% )- .

Now we shall evaluate the quantities Pff , Psz and P66 as following.
Clearly, from eqgs. (4.202) and (F.10),
P =0. (4.205)

J1

Substituting the values of =5 and A from egs. (2.39) and (2.40) respectively, in eq. (4.203), one

obtains
2¢2nO .. 1 . 5 Y
pee — == 7 Ty Y 1— (k- -u —(a1+1u3)
ijo 37‘(‘4 /kﬁ12>0d’u,1d’u,2dk (k ’ulg) ( 2(k ’u,12) >e 17%2
X{(l) ~/ D (@ Nd ()T
p1 () + @1 () }Py (1) U1t
2¢2n0 . 0 PSP (@+a2)
- ! duydugdk (k- wi2)e” {90 ( )—Hp(l)( DYD, (i )Tt -

im —
37T4 e—0 66 ,;:_ﬂ12>0
Following a similar procedure as in the simplification of Qg €, we get

e 2¢2n6 0 L a2y
P, = -2t L [amdaadae O (o) @) + o (@) b @TiT 1, (4200

where I is given in eq. (4.34). The integral in eq. (4.206) is then split into two parts. The first

part is
2¢? o )
(I) = _;TZ@ lg% 686 /d’l]ld’INleﬁe(“%Jr“z) (1)( )@ ( )uzu] I(S
2¢’nO 0 o oy a R
T 2:4 i 5 De /dﬁld&?d&e_(u%ﬂ%) D (T )Py ()10 15 (4.207)

Replacing w; by @ — s in the above equation, we get

) ~ .
(I) = — 3:@ goge dédandae™ @9~ & (|a — 3|)d, (@) w0, I5.

Using eq. (4.77),

2 ~ ~
(I):—26 n@h 01 /dsdu—e (@-3)

373 e0 Oe q2
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The integration over § is performed in a (rotated) spherical coordinate system (3, 6’, ¢’) described
in part (I) of QgE such that -4 = 5ucosf', ie.,

2¢2nO

1 =2 on 152
_ 332 1+ —(a*—2as cos §'+35%)
(I)= 33 eleoﬁeq /du/ // / d¢'dd’ds s Sln9§e

b (=2 s ~ N\ 2
Xée((u — 2u5cos ' + & )1/2)45 (@0) iz e ( p S+ucos€> .

The integration over ¢’ is just 27 and let cos @’ = y. Therefore

46 n@
I) = d d (4% —215y+352)
() 3r2 6%086(] /u/ S/_l

x b, ((u — 205y + 5%) /2> @, (W), ¢ <(1 Q)S+uy) .

The integration over @ in the above equation vanishes using eq. (F.10). Hence

(I)=0.
The second part of P;jz is
2¢2 ) o )
(II) = - ;7:28 lgl(l] a /dftldﬁgdﬁ ef(“%JF“%) ¢§1)(a2)¢v(ﬂ)—ﬂiﬂj L;
262 o .
- _ 63:49 15% 886 /daldfmdae—(uﬂué) b (iig) P (W) Ui L. (4.208)

Replacing w; by @ — s in the above equation, we get

(1) = _26 ne lim 0

sdiodie @ 8°~9 & (7.)d I
3t €50 36 /deUQdue ? E(UQ) ( )uzu] 4

Using eq. (4.77),

4e2nO 01

1 [ . ,,
lim dada e (") b, (@) a0, —/ lioBe (1) e~ %2 dig.
3m3 €m0 8eq / e W@t x s m:‘i“;‘ﬁﬁ% rabelia)e "

(IT) = —

The integration over § is performed in a (rotated) spherical coordinate system (3,6’ ¢') described
in part (I) of Qge such that -4 = 5ucosf', i

e.,

(1) = = 4§n@ oa / d“‘/ / / d¢/d0/'ds 5% sin ¢ e~ (72050505 G, (i) ip; i
7T E—) Eq ’—

iUj
1
X =
S ﬂg:’ 7(1;‘1) 5+ cos 0’

Z@@e( ) a3 dus.
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The integration over ¢’ is just 27 and let cos @’ = y. Therefore

_ 86 n@ (@%—2a5y+35%) & (VTais
(II) = 5.2 6%0 aeq /du/ ds/ B Dy ()0t

X/ UQQSQ(UQ) 3 dts. (4209)
n 7‘ (1-q)

The integration over @ in the above equation vanishes using eq. (F.10). Hence

(II) = 0.
Therefore
P = 0. (4.210)

The third contribution to P is given by eq. (4.204). Substituting the value of 2 from eq. (2.38)
in eq. (4.204), one obtains

2 ~ A~ ~ ~ A~
Pfje = —26 719 / dﬁldﬂgdk (k . {l/12) e—(u%—i—ug) @v(al)ﬂliﬂlj
3 3 k- “w12>0
x {etV @)t (@) — oY ()t (@2)}- (4.211)

Note that eq. (4.211) uses elastic velocity transformation. Following a similar procedure as in

the derivation of Qg €, one obtains

2€2n9 - ~ ~ —(2+a2) » N~ = ~ ~
B, =-—1 / dandidive "D @ (@), o (@) ey (a) 1
2¢2nO P

37 /k Odﬁldﬂadﬁ:(é-mz)e*(“l*%)@vwl)auauso&”(zmso%”(az), (4.212)
u12>

where I\ is given in eq. (4.48). The term Pff is split into two parts. The first part is
6 g 173

2 2n9 Y ~ ~ uy+u S =
(D= _ET/dulde“e @) b, (a)aiay o (wn)el (@)1
2
:‘2354@ / diydipdave ) b (@)Giit; b (i) D (i) I (4.213)

Note that except for the extra term @, (i) and the definition of Iéo), the integrand in eq. (4.213)
is similar to that in eq. (4.208). Hence, by following a similar procedure as below eq. (4.208),
we get (cf. eq. (4.209))

() - 86 ne /du/ ds/ yge—(a2_2a§y+§2)@v(ﬁ)&iﬁj@e«m _2&§y+§2)1/2>
y=—1

X/ U,QSZSE( ) i3 dus.
To=|uy|

Again, the integration over @ in the above equation vanishes using eq. (F.10). Hence

(I) = 0.
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The second part of eq. (4.212) is

2¢2nO

(1) = 34

L dtdigds - e e b o )l ).
k-u12>0

In the above equation, the integration over k is trivial. Hence, using eq. (G.1b),

26277,@ - - ~ _ fb fb oy ~ _ =< ~ ~
) ==5 /duldu2 iz ) b (@ )anstin o ()l (o)
2¢2nO ~o o .

== /d’lhd’&z T e (1 T12) qgv(ﬂl)ﬂlmlj @e(ﬂl)(ﬁe(ﬂﬂ.

The integration over @y is performed in a (rotated) spherical coordinate system (i, 65, ¢h)

described in part (I11) of Qge such that @ - @e = U172 cos 65, i.e.,

2 e
en /d’u1 / / / dehdfbdiiy 13 sin 05 (3 — 2411y cos 64 ~2)1/2
u2=0 0, =0 2_0 _l.

33

x o~ (@+E) G (ti1) Ty tinj De (i1 ) Pe (Tia).

Again, the integration over @ in the above equation vanishes using eq. (F.10). Hence

(II) =0.
Hence
Psz =0. (4.214)

Therefore, from eqgs. (4.201), (4.205), (4.210) and (4.214),

Pf=0 (4.215)

Collisional Dissipation

Eq. (2.13) implies that the contribution of @ to collisional dissipation I" is of O(e?). Since the
collisional dissipation is of O(€®), it is ignored in Sela & Goldhirsch (1998), but here we shall

evaluate this also. From eq. (2.34), the contribution of @, to collisional dissipation I is given

by
@ (20
L = 193 (?)

Again, (similar as above) on interchanging @; and o,

N[

/ Aty ity @3y e~ THE) (B, (1) + Pee(Tn) + De (1) Pe ()} -

/ Ay diy @3y e~ TH3) §, (q4) = / Ay diy @3y e~ FH3) &, (q1y).

1
€0 (20?2
‘e = To37 <?> (21 + 1), (4.216)
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where
2

I = / ditydig @3y e~ FTH5) &, (@1y) (4.217)

and
I = / Ay dag @3y e~ @) b (7)) D (@) (4.218)

First consider eq. (4.217). Using eq. (3.26), I; can be written as

I = / day ™™ y (i) Pee (1) = / diw ™™ x (1) Pec (@) = € / da e x(a)e{ (@), (4.219)
Since we do not know the explicit form of @, we shall use the self adjoint property of .Z. Using

the similar orthogonality relation with respect to @.. and following a similar procedure, as below

eq. (4.104), we can write

Substituting the value of j(@§2)) from eq. (4.182),

a2 N = ~ 1~
n=¢ [aae ™ @ {80 - 26" - Ael”) - 326404}

=N, +0,+15,, (4.220)
where
I, =é / da e 7(@)S(q), (4.221)
B, = ¢ [da ™ g@(E@) + A, (4222)
B =5 [au e 5@ 2660 o) (1223)

Now we shall evaluate the quantities I1,, I;, and I;, as following. Substituting the value of S(a)

from eq. (4.183) and using the orthogonality relations: [da e () = [duu? e~ (@) = 0,

eq. (4.221) changes to
£2)" {evio (#-2)oco)

—15 — 6842 + 4a*\ _-» (63 — 10202 — 132a* + 8ub) erf(@
— e u +
192 71/2 3841

I, = é / diw e~ 7(a)

}] =1€2, (4.224)

where (after changing the above integral into spherical polar coordinates)

9, = dn /0 " di e (i) [; <%)1/2 {fﬁqﬁ;(a) _ (fﬂ - ;) éie(a)}

{ (-15 — 68a% + 4a4> e (63 — 10242 — 132a* + 8a) erf(q) }]
— (§] .

4.225
192 71/2 384u ( )
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91 is evaluated numerically. Its value is: ¢; &~ 10.7915. The second contribution to [ is given
by eq. (4.222). Substituting the values of = and A from egs. (2.39) and (2.40) respectively, in
eq. (4.222), one obtains

62 ~ ~ bl fal ~ 1 il ~ 2 . ,l"l ﬂ ~ ~ ~
o= b ) (1 06 ) D (D )+ D ot
“u12>
62 3 - - S - — (02 +02 ~ ~ s~
~ oz e /k  dindipdk (k- anz) TG (@) + 01 (@) ()
€ ui2>

Following a similar procedure as in the derivation of Qfg €, we get

2
L = ——_tim 2 [ da,dagdae @) {8 (i) + 1Y (da2) }7 () I, (4.226)
b 71'5/2 e—0 Oe

where I5 is given in eq. (4.34). The integral in eq. (4.206) is then split into two parts. The first

part is
¢ 4 o ditodig e (@1 1+3) (1) -
(I) = ) ll_)r% D daijdasdu e 142 (@y)7() 15
€2 0 I A NP
=5 lm o [ dindusda e P (4)7(a) L. (4.227)

Replacing w1 by @ — § in the above equation, we get

62

(1) =~ i o [ dsdandae 9" b ((a - s))a(a)1s

Using eq. (4.77),

e 01 1 s e = g.;.ﬂQ
(1=~ lim g [asaa ce e b spame ()

The integration over § is performed in a (rotated) spherical coordinate system (3, 6’, ¢’) described

in part (I) of QgE such that -4 = 5ucosf', ie.,

o e i ~ =2 /1 — (@2 —2a3 cos 0'+52)
(I)=- 73/26H036q / / /, / d¢'df’ds s smﬂge

2
(1;(1) 541 cos 0’) ‘

X qﬁe((fﬁ — 2ucos + 52)1/2> (@) e

The integration over ¢’ is just 2w and let cos @’ = y. Therefore

. 2¢2 lim 2 _205y-+52)
() =- 1/2Hoaeq /d“/ ds/_l

(1-q) S+uy>

x b, ((u — 203y + 5%) /Q)ﬁ(ﬂ)e (

Changing into spherical coordinate system, the integration over u results into
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Using eq. (4.37),

(I) = —4r'/2¢ 2/ du/ ds/ dy 5(1 — say) 7(a)

x P, ((u — 203y + 5°) /2> o~ (W -205y+5%) o—0%y% _ 9, 2 (4.228)
where

00 00 1
9y = 42 / di / d / dy 5(1 - 5ay) 7(7)
=0 5=0 y=—1

X iie ((’[12 _ zﬁgy + 52)1/2> ef(ﬂ2,2ﬂ§y+§2) efﬂ2y2 .

(4.229)
¥ is evaluated numerically. Its value is: Y9 ~ —0.9578. The second part of Iy, is
62 0 - - - _(ﬂ2+ﬂ2) 1)/~ \=/~
(1) = R 11_% e daydagdae™ 172 oy (o) ()5
2
- 77 lim = / diydagdi e "H5) &, (i) (@) 1s. (4.230)
s €—> €

Replacing w1 by @ — § in the above equation, we get

2
(IT) = 7:5 7 lim 886 / dsdiadi e~ @3~ & (1y)7 (@) I5.

Using eq. (4.77),

2
(1) = 2¢ lim 01

@5 pay = [ 6. (5.1 o= 4
 7w3/2 ¢50 Oe 2 /dsdue (@) §/u ,‘(1 U-a);z, 5a Uy Pe(tiz) €™ dp.

The integration over § is performed in a (rotated) spherical coordinate system (3, 6’, ¢’) described
in part (I) of QE€ such that §- @ = St cosf', i

, L.e.,

ID = ﬂse/z fim, Beq / d“/ / . / A/ d0'd5 32 sin ¢f o~ (7 ~2050050'+3%)
1

< j/
S u*‘( Q)s-l—ﬂcose’

The integration over ¢’ is just 2w and let cos @’ = y. Therefore

6 — (02 —2a5y+352) =
(1) = 1/25~>08€q /du/ ds/ dyse (e )77( )

X/ 515( 2)6 quQNLQ.
u —‘( s+uy‘

U9 515@ (UQ) i3 dus.

(4.231)
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2
Let us replace @3 by @3 + ((1;(;)5 + ﬁy) . This shift results into

4¢? 1 < [ 2 —25y+3
(0 =2 o fau [Tas [ agse@ e )
S Y

0 a2 (0= 5 o\ _ 2 1/2
x/ iy Gy © {§+< = +y> }fﬁe {ﬂ§+<(1QQ)s+uy> }

2=0

Changing into spherical coordinate system, the integration over « results into

e—0 Eq

(IT) = —167"/2¢ 2hm / du/ , / 1dyse (i —2usy+5° ) 73(@)
y=—
1/2

></;o diiy g e {“2+( e >} b, {ﬁ%+<(1;Q)§+ﬁy>2} . (4.232)

2=0

The differentiation with respect to € at € = 0 is carried out next. Note that ¢ — 1 as € — 0. Let

1
o1, (1-q 2] 2 =)
q q
or

C = lim (-3@> éie<(ﬂ§ + a2y2)1/2) —wy

1/2
. 5 ~9 (1—q)_, - ? (1—q)_  _ _i@ —a2y?
=0 | ¢ {u2+< q 5+uy>} 2< g TWI\TEe )| ¢

+ lim [_e (52 5t)” 2 <(1 _q)s—i—uy) (—%%)} @e((ﬂ%—l—ﬁQyQ)l/Q).

q

Here prime on &, denotes the differentiation with respect to square of its argument. Noting that
dq 1

y—m 9c 4’
€= %@((ﬁ% + ﬁ2yz)1/2) e +%@é((ﬁ§ + 42 2)1/2> G @Y’
_ %ayg 436((11% n ﬁ2y2)1/2) o
— 1 —a2y? [(1 — suy) (ﬁe ((ﬂ% + 32 2)1/2) © sy <(a2 L 2)1/2>]
Hence

o (B2—20sy+5 )e—(a§+a V') = 9s€2, (4.233)
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where

oo 00 o] 1
U3 = —8%1/2/ d§/ dﬂ/ dﬂz/ dy stom ()
5=0 u=0 u2=0 y=—1

~ 1 ~ 1
x [(1 — say) b, ((ag + a2y2)2> + ity @’e<(ﬂ§ + ﬂ2y2)2)]

 o— (@2 —2a5y+3?) —(a3+a%y?) (4.234)

3 is evaluated numerically. Its value is: 3 ~ —0.2918. Therefore
Ilb = (’192 + 193)62. (4235)

The third contribution to I'. is given by eq. (4.223). Substituting the value of 2 from eq. (2.38)
in eq. (4.223), one obtains

62

- dinditadl (k - 1) e~ "D ) o) (@)l () - o1 () (@),

-i12>0

I

(4.236)

Note that eq. (4.236) uses elastic velocity transformation. Following a similar procedure as in

the derivation of Qg € one obtains

I, = _;5_2 / diyditsdave ") (i) o (@) (112
+ 65—2/2 o daydiagdk (k - @2) e @+ (i) ol (@)l (), (4.237)
72 Jhetigs>0
where Igo) is given in eq. (4.48). The term I3, is split into two parts. The first part is
(1) = —;5—2/2 / diyditpdize™ ) (@) o (@) (@) 1
_ _;5—2 / dadipda e~ 5 (i) b, (i), (ia) 1L, (4.238)

Note that except for the extra term @, (i) and the definition of Iéo), the integrand in eq. (4.238)
is similar to that in eq. (4.230). Hence, by following a similar procedure as below eq. (4.230),
we get (cf. eq. (4.232))

o] o] 1 ~ L R
(I) = —167%/2¢2 / d / d3 / dy § e~ (#-205y+5%) ﬁ(a)dse((fﬂ — 2a5y + 8" 2)
a=0 Ji=0 Jy=—1

o0
X / dity g 6~ @+ gbe<(a§ +azy)Y 2) — 42, (4.239)
u2=0

where

[e%¢) o] 00 1
94 = —1671/2 / d3 / di / diis / dy 511277(12)956((222 — 2asy + 82)" 2)
=0 Jai=o Jas—=0 y=—1

X gi56<(a§ +a2y?)Y 2) o~ (BP=25y+5%) o~ (@F+i%y?) (4.240)
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Y4 is evaluated numerically. Its value is: ¥4 ~ 0.0860. The second part of eq. (4.237) is

62

/ Aty diiadk (k - T12) =5 f(diy ) o (@) o ().
k-u12>0

In the above equation, the integration over k is trivial. Hence, using eq. (G.1b),

62

(11) = 5 [ ins e ) ) (o)

62 2

=) / dity ditgiiyg e ) ()b (1) D (1) (4.241)

The integration over @y is performed in a (rotated) spherical coordinate system (i, 65, ¢h)

described in part (I11) of Qge such that @, - @e = U172 cos 65, i.e.,
62 00 ™ 2 ) ) 9 1/2
(II) = — / duy / / / dohdfhdiis 5 sin 04 (] — 2111 cos 0 + 15 )
/2 =0 J 04,=0 J ¢4, =0
x e~ H8) (@ )b (11 ) D (1)
The integration over ¢ is just 27 and let cos @), = y. Therefore
9 2 00 T
(I1) = ﬂl—eﬂ/dal/ diia 2 {/ A6}, sin 04 (a2 — 24y s cos9§+a§)1/2}
i =0 0,=0
x o~ W) (71 )b, (11 ) Be (Tin)

262 - > - o~ - ~ (T2 4T2) =/~ X 2
= m/d’u,lf OdUQ U%Ro(ul,UQ)e ( %Jr %) n(ul)sﬁe(ul)@e(m),
Ug=

where R, (u1,us2) is defined in eq. (4.57) and the value of Rg(u1,72) is given in eq. (4.61).

Changing into spherical polar coordinate system, the integration over @; results into
o] [e'e) oo N N
(1) = 8r'/2¢2 / diiy / diig @3 Ro (i, tip) €=+ %2) (11 )b () ) Pe (i) = I5€?,  (4.242)
u1=0 =0
where
[e'e) [e'e) R . .
V5 = 8r'/? / diiy / diip @3 Ro (@i, tig) e~ T1H92) 50y )b, (i) ) Pe (02 ). (4.243)
u1=0 u2=0
U5 is evaluated numerically. Its value is: 15 &~ 0.1984. Hence
I, = (04 + U5)€. (4.244)
Therefore, from eqgs. (4.220), (4.224), (4.235) and (4.244), we have

I = (U1 + Y2+ U3+ 94+ 195)62. (4.245)
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Next, consider eq. (4.218). Substituting the value of @, eq. (4.218) changes to
_[2 = 62 /d’&ld’&g ﬂ%Q e_(ﬂi—’—ﬁ%) ée(ﬂl)@e(ﬂg).

The integrals over w; and w2 in the above equation are simplified by following a similar procedure
as in the (I7) part of I;,. The simplified value of I5 is

Iy = Vg€, (4.246)

where

Vg = 8 / diiy / iy @2 So iy, dip) e~ 152 &, (i) D (1i2) (4.247)
u1=0 u2=0

and Sy, (U1, a2) is defined in eq. (4.177). ¢ is evaluated numerically. Its value is: Jg ~ 1.2233.
Therefore, from eqgs. (4.216), (4.245) and (4.246),

1
€@ (20?2 e
_ P\ 2 _ =32 4.24
€ee 1271'36(3) { (791+792+793+194+795)+796}6 g(f@ )’ ( 8)
where )
1 2\ 2
&= o3 <§> {2(01 + 92 + U3+ V4 + J5) + U6} =~ 0.0458. (4.249)

Eq. (4.248) can be written in another form to get

3
jre 0.04586793/2 ~ 0.1439¢3nd%63/2 (4.250)

4.5 Summary

The constitutive relations at O(Ke), O(K?) and O(e?) (second-order in small parameters) have
been derived without evaluating the correction terms at these orders. The facts about the

constitutive relations obtained are the following.
At O(Ke):

all the analysis is of Navier-Stokes level; expression for heat flux, i.e.,

Qe = —eklnfél/zg—é — e%1£@3/2§—n

T T3
contains a term proportional to gradient of number density and this term is non-Fourier contri-

bution to heat flux; expression for pressure tensor, i.e.,

oV;
Ke __ ~ 1/2 i

is still Newton’s law of viscosity; the contribution to dissipation term vanishes, i.e., I'xe = 0.
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At O(KK):

all the analysis is of Burnett level; expression for heat flux, pressure tensor and collisional

dissipation are given by

QH = g 2199 g, 52{2 0 (9%>+23Vj8—@}

rj Or; 30r; or; or; Or;
aV;0(ne) | - o v V; 96
+ 0502 =2 + 0ml?O0——2L 1 Gsnl?
or; Or; an @&"j ar; tosn ar; 87"3
oV, IV, 19 [10(n@)\ V.0V, _OV,dVi
PEE — Gini2=k 2 - EALI) AL ad.
Ory, Or; T wan 3 87‘Z n Or; + Ory, Or; + Ory, Or;
g2 PO LOWO) 06 | nPDODE | 0V OVi
S oror; O oy ory O Or; or Ory, Or;
and
- V; OV;  _ el 0000 _ el 00 O(n@) _ 0’0
I _ 1/2 oo 12 99
KK = DO o TP e g o P ne2 an o, TP o

respectively. The last three terms in the expression of heat flux obtained in this work are
different from that obtained in Kogan (1969) and Sela & Goldhirsch (1998) but match with
Chapman & Cowling (1970). These minor corrections might be results of typographical or
calculation mistake in Kogan (1969) and Sela & Goldhirsch (1998). These corrections make
sense, because otherwise these terms in Kogan (1969) and Sela & Goldhirsch (1998) could be
included in the first two terms of expression for heat flux and it could not be required to write

them separately.
At O(ee):

all the analysis is of Euler level; heat flux and pressure tensor vanish, i.e., Q5 = P =0; the

contribution to dissipation term is of O(€®) and given by

3
[ m 0.0458%@3/2 ~ 0.143963nd263/2,

Note that the contribution to dissipation term at this order is ignored in Sela & Goldhirsch
(1998).

The numerical values of coefficients obtained in the present work and that in Sela & Goldhirsch
(1998) are given in Table 4.1.
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Coefficients in: | Coefficient | Sela & Goldhirsch (1998) | Present work
ai —0.3619 —0.3627

B —0.2110 —0.2110

s —0.0282 —0.0282

as 0.2849 0.2849

QK o —0.0016 —0.0018
as —0.0016 —0.0018

o 0.0018 0.0025

a7 —0.0006 —0.0006

Fi1 0.1072 0.1078

fi1 0.2110 0.2110

1 —0.0935 —0.0942

C2 —0.1349 —0.1349

(3 0.1094 0.1094

PpKe Ca 0.0015 0.0014
v G5 0.0015 0.0014
Co 0.0010 0.0016

7 —0.0003 —0.0004

fi1 0.0576 0.0578

6, 1.2291 1.2312

0y —0.6146 —0.6156

QrE 05 —0.3262 —0.3270
04 0.2552 0.2551

05 2.6555 2.5667

1 1.2845 1.2850

@o 0.6422 0.6425

PKK @3 0.2552 0.2551
* Q4 0.0719 0.0719
@5 0.0231 0.0248

@6 2.3510 2.3498

) 12.6469 12.6475

& 73.1575 73.1660

as —19.0089 —19.0093

duy 15.7588 15.7585

e By 15.3412 12.9619
B2 —3.4190 4.8612

o1 0.1338 0.1259

o 0.2444 0.2626

b3 —0.0834 —0.0834

4 0.0692 0.0692

Table 4.1: Comparision of coefficients




Chapter 5

Conclusion and Future Work

5.1 Conclusion

This thesis is devoted to the study of granular flows belonging to rapid flow regime. The flow
considered in this work is restricted to monodisperse collection of smooth inelastic (nearly elas-
tic) hard spheres. The interaction between the particles is assumed to be characterized by
instantaneous binary collisions. The work is mostly based on the paper by Sela & Goldhirsch
(1998), though a body force term (gravity) is added in the Boltzmann equation. The macro-
scopic length scale in the problem is defined as a function of thermal velocity and hence it
depends on position vector and time (see second paragraph of §2.3), while it has been taken as
a constant in Sela & Goldhirsch (1998). Due to this difference, the complicacy in calculations
is increased a bit. Although we could also consider the macroscopic length scale as a constant
but then to rescale the body force term we could end up with a scale depending upon position
vector and time, i.e., the level of complicacy in calculations could remain the same.

To complete the hydrodynamic description of the above mentioned flow, the constitutive
relations till second-order (which includes Burnett order description) in small parameters are
derived in detail. At O(Ke), the expression for heat flux contains a term proportional to the
gradient of number density, which was not present at O(K); therefore this term is a non-Fourier
contribution to the heat flux and is identically zero for flows of elastic particles (because it con-
tains € in its coefficient); thus one can say that this term is a consequence of inelasticity. The
contribution to collisional dissipation due to O(ee) correction to distribution function is also eval-
uated while it is ignored in Sela & Goldhirsch (1998) because collisional dissipation is of O(€?).
The constitutive relations obtained in this work match with those obtained in Sela & Goldhirsch
(1998) except for few minor corrections in the last three terms of the expression for heat flux
at Burnett order. These corrections make sense, because otherwise there was no need to write
them separately and they could be included in the first two terms. The expression for heat flux
at Burnett order obtained in this work matches with that in Chapman & Cowling (1970). As
expected, addition of body force term in the Boltzmann equation does not affect the constitutive

relations.

5.1.1 Constitutive Relations

Summarizing the results obtained in previous chapters, the constitutive relations corrected to

second order in small parameters are as follows:
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Heat Flux

Q; = —gne(—)m‘;—@ s

T 8ri
ov: 00 - 2 0 6V oV: 060
0 62—— Gom b2 — o—J =
+on orj Or; + oo {3 or; (Q 87°]> + or; 873}
(9V (9( e) - 0 (9V IV; 0O
+ 0302 =L Oynl*60— + Osnl?—L == 1
(97"2 8rj + an @aT’j (97"2 8ri 6rj’ (5 )

where 7 &~ 0.4100 4+ 0.1078¢, A ~ 0.2110¢, 6, ~ 1.2312, 05 ~ —0.6156, 05 ~ —0.3270, 64 ~ 0.2551
and 05 ~ 2.5667.

Pressure Tensor
aV;
Py = —n@(SZ] — 2mte? = 5

T

2V av; ®2n€2{1i<l8(n9)> Vi Vi OV, avk}

ory, Or; 30r; \ n or; ory, 8—7"3 * ory, 0—7“3

PO, )08 ,  ni*9000 v, oV,
ynl? 99 L 2R 9999 | pene? 2
T TG o o, TG am o, T Gy o, (5:2)

where 1 = 0.3249 4 0.0578¢, w1 ~ 1.2850, Wy ~ 0.6425, w3 ~ 0.2551, w4 ~ 0.0719, w5 ~ 0.0248
and @g ~ 2.3498.

Collisional Dissipation

or; or; 202 or; or; et o or Orior;’

5
I = 283/2 + et (5.3)
where § ~ (25)"%¢ — 0.0102¢ + 0.0458¢3, j; ~ 0.1259, jy ~ 0.2626, js ~ —0.0834 and
4~ 0.0692.

5.1.2 Normal Stress Difference in 2-D Granular Poiseuille Flow

under Gravity

Consider the 2-D rapid granular (Poiseuille) flow of monodispersed smooth inelastic hard disks
enclosed in a slab under the action of gravity. We assume that the granular gas is enclosed
between two infinite parallel plates normal to y-axis. A constant external force per unit mass
(e.g., gravity) g = g is acting along a direction & parallel to the plates. The geometry of the
problem is sketched in figure 5.1.

We consider 2-D (zy plane), fully developed ( %() = 0) granular poiseuille flow under gravity.

Hence the components of mean velocity V' are

Ve =Va(y) =V (say) and V,=0.
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Figure 5.1: Sketch of the planar Poiseuille flow induced by a gravitational force.

Therefore for this problem:
ov; oV, 9V, IV,

= -7 — 4
or; ox * oy + 0z 0 (54)
and L
OV _ L (Vi OV;\ 1 0V L (Vi 0V,
or; 2 \0r;  Or 3Yory  2\0r;  Ori )’
hence
oV, 1[0V, 0V,
Oz _§<8x 8:{3>_0 (5:5)
and
oV, 1[0V, 0V,\
By_2<8y+8y>_0' (5.6)

Normal Stress Difference till Euler-order

To Euler order,
Py = P+ P+ Fff.

From egs. (2.29), (3.37) and (4.215),
1 1
P, = gn@&m +04+0= gn@,
1 1
Py, = -nBd,, +0+0 = gnQ.

3

Hence
P, — Py, =0.

Therefore normal stress difference vanishes, if we consider stress tensor corrected till Euler order.
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Normal Stress Difference till Navier-Stokes order
To Navier-Stokes order,

Pj = Pj+ Py + Pjj+ Pj“ + P,
From egs. (2.29), (3.22), (3.37), (4.100) and (4.215),

1 oV, oV,
Py = =108, — 2fignlO/? oV, oV,
3 ox

ox

Using eq. (5.5),
1

Similarly, from eqgs. (2.29), (3.22), (3.37), (4.100) and (4.215),

1 aV, v,
Pyy = 3160, ~ 2ﬂ0n€@1/28—y‘y +0 — 2efynte'/? =L 7 !
Using eq. (5.6),
1
Pyy == gn@

Hence
P, — Py, =0.

— 26ﬂ1n€@1/2—x +

0.

+0.

Therefore normal stress difference again vanishes, even if we consider stress tensor corrected till

Navier-Stokes order.
Normal Stress Difference till Burnett order

[o Burnett order,
P po . pK | p K KK
iy = Lij T 5+ iej+PijE+Pij +Pi€jg'

From eqs. (2.29), (3.22), (3.37), (4.100), (4.160) and (4.215),

Py, = lneam 2fionlO'/? %V +0 — 2efntO'/? %V

€T
o0V o (175 (T000)Y | V0V, OV, 0V
ory Or 2 30z \n Oz ory O ory O
PO, FOw0)06 | nfI000 0V 0
~ 2 ~ Y 2
t @t et s e o T ar oe T G B TO

Using egs. (5.4) and (5.5), and the fact that %() =0,

P.. = —n6.
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Similarly, from eqgs. (2.29), (3.22), (3.37), (4.100), (4.160) and (4.215),

, _ _
Pyy = 300, - 2fiontO" 2%—? +0— 2eﬂ1ne@1/2%

Y
OV, 19 [10(n®)\ 9V, Vi _dV,dV
29VEYVy 2 y YVE y YVk
k7Y (= YTk L 9 YR
it dri Oy want {333/ <n oy ) ary Oy ori Oy }
T o CTON | nETOW DG
U oyoy T te oy oy © oy oy ' O Orp Oy

Using egs. (5.4) and (5.6), and the fact that V,, = 0, Using egs. (5.6),

0 (10(nO) - 020  _ ?9(nO®) 0O _ nl? 96 0O
Py = =16 — ~ont? 2 I = S i
v n@ oy <n dy ) +owsn 0ydy +w4@ oy Oy e G dy Oy
Hence
1 9 (19(noO) ., 020 0?2 9(nO) 06 nt? 06 06
Py — P 2 - = R Mt
we = By = 30nl5 <n y > a 3y 6 8y oy 5@ oy oy

Therefore normal stress difference is non zero at Burnett order, i.e., normal stress difference is
Burnett order effect for 2-D fully developed rapid granular (Poiseuille) flow of monodispersed
smooth inelastic hard disks under gravity. This result agrees with Tij & Santos (2004).

5.2 Future Work

This work can be applied to obtain the hydrodynamic profiles for the above defined 2-D gran-
ular Poiseuille flow problem and to verify the temperature anisotropy, which is captured by
kinetic theory but not by Navier-Stokes level hydrodynamic theory (Tij & Santos 2004). The
correction terms at second-order in small parameters can be evaluated and thus velocity distri-
bution function correct to Burnett order would be known. Then the symmetry in tails of the
velocity distribution function can be checked and compared with the simulation results (e.g.,
Alam & Chikkadi 2010).



Appendix A
Right-hand side of equation (2.19)

With the help of eq. (2.15), the right-hand side (let us say, it is equal to A) of eq. (2.19) can be
written as
1 ~ 1

;o7 ~ P~ L os i 0 Fl~ NP~
A= fo(ﬂl)%)(f’f’e) = o) /l%-a12>odu2dk (k- a12) <€—2f(u1)f(uz) - f(u1)f(u2)> .

Substituting f(@) = fo()(1 4+ ¢(@)), we have

. ~1
7 fo(t1)
= o) (1 + B(i)) () (1 + ¢<a2>>}-

Using eq. (2.17), above expression changes to

p— / disdie (K - 1112){% e~ TPHIE) (1 4 (@) (1 + D(h))
ic-'fl,12>0 €

5/2 o—ui

— e I (1 4+ P(ay))(1 + @(ag))}.

Using the relation (cf. eq. (2.3)): 4 + @5 = @3 + @3 + S(e+ e +...)(k - d12)?,

1 - > > - 7,&2 1 1 2 > - 2
A:m k-a12>0dU2dk(k‘u12)e 2 [6—2exp{—§(e+e +..)(k-1a12) }

(14 D)) (1 + B(ih)) — (1 + Blaan) (1 +@<a2>>].

Here,

1 1 A
gexp{—i(e—i—g +...)(k- u12)2}

= (1—6)16Xp{—%(6—|—62—|—...)(]23"l~1,12)2}
:(1—|—6—|—62+...){1—%(64—624-...)(]2:-'&12)2+i(6+62+...)2(k-’a12)4—...}

1 - - 1 .
:14—6(1—5(’6-’&12)2)4-62 (1—(k-1112)2+§(k-ﬁ12)4>—l—...
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Therefore
1 PP -2
A= ——+ duydk (k . ’ulg) e U2

75/2 ic-'fl,12>0

{1 +e (1 - %(l%-amf) + e <1 (k- an) + é(ic-au)‘l) +}

x {1 + (W) + D) + @(aﬁ)@(ag)} - {1 + B(a1g) + Bling) + 515(&1)45(112)}]

1 / o )
= duodk (k: . U12) e 2
75/2 k-12>0

te (1 - %(ic-'&lg)Q)

+é (1 (k) +

{1 + &(a)) + P(ay) + di(ﬁ’l)@(ﬁ’z)}

1+ o(ay) + b(ay) + D(a )45(11’2)}

—

OO|P—‘

(k - u12)>{1+¢( )+ (i) + (@) (@) | + .

- {1 + @(1y) + P(u2) + 45(111)45(&2)}

- 7T51/2 /k >0d112dl% (k@) e ™
< { (@) + o) +p(a)o(w) — @) - @) - 45(&1)45(&2)}

_|__

d’ﬂ,gd’% ’23 U12
/2 -it12>0 (

€

+ == [ diipdk (k - i12) 1- k 3] {‘15(’&/1) + d(ay) + 95(’&/1)95(’&/2)}
w5/2 k-u12>0
€2 P 1 4
+ 2 dusdk (k U12 (1 k u12 —(k U12) >
™ I;:-fl,12>0 8
€2 P 1 4
+ 2 dusdk (k U12 (1 k u12 —(k U12) >
7T I;:-fl,12>0 8

x { () + @(h) + @(a’l)@(uz)} +hodt.

Substituting expansion for @ given in eq. (2.27),

1 o )
A=— ditpdk (K - @iy0) e ™
i / ic~'l~l,12>0

[ {ontat) + el @) + drntan + el @) + o @) + ..
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X {451((’&2) + Etpg )(UQ) + Pk () + Etp( )( 9)+e€ 2 (2) (ug)+ ... }]

PN . 1
+ % d’&gdk (k . 1],12) e_“% (1 —(k U12)2>
i / ic-'fl,12>0 2
€ A A ~2 1 2
- / daodk (k- u1z)e ™ (1 S (k- ) >
775/2 k-u12>0 2

[ {ontat) + ol @) + duntany + el @) + o @) + ..
+ { @) + ep” (@) + Drcre(h) + el (@h) + 2 (@h) + ... |
+ { @) + et (@) + Prcac(@n) + el (@) + P (@) + ..

x { @i (ith) + etV (i) + Brcrc () + ep (i) + 2P (@ >+...}]

2 T ~ s 2 1 . 4
—|—# o Od’quk (kﬁ"LLm)e_u% <1—(k-’LL12) +§(ku12) ) + h.o.t.
u12>
or
1 ~ (D —u2 ~/ ~/ ~ ~
A== | diadk (k- @) o™ {@pc(@h) + Pr(h) — () — Prc(iz) }
n k-112>0
€ ~ &N ~
t diipdle (k - @12) ™ {io{! (@) + 1" (@) — o @) — o (12) }
™ ku12>0
€ - ~ oA - _112 -~ ~ ~
+ = [ duedk (ke wn) e {fd @) + o} (@) — i (@) — o (@) }
i k-t12>0
1 PP _a - - . .
+ 5/2/ dquk(k-ulg)e %{SZSKK(Ull)—F@KK(u/z)—@KK(Ul)—@KK(’UQ)}
n k-w12>0
2
€ - A~ ~ 7&2 - ~ - -
t = [ diadk (k- az)e ™ {oP @) + o (@) - o (@) - ¢ (@)}
™ k-w12>0
1 e B . . N
+ =73 ity (k - @) o™ { @y (@) P (h) — P (i01) P (2) }
™ ku12>0
+ < d’&gdiﬁ (’AC : 1],12) e_a%

75/2 k- “w12>0

< i (@)el! (@) + Pre (@)l (@) — B (@)l (@) — D)o} (@) §
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+ / dftzd’% (’25 . ’&12) e 2
775/2 k-u12>0

€ P o
— duodk (k: . ’&12) e "2
75/2 k-t12>0

_|_

5/2 [~ _
o/ k-t12>0
€2 PN o

R duodk (k . 1],12) e "2
k-t12>0

+m
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PN 2
+ / duodk (k- 1) e "2
775/2 k-t12>0 ( )

{

(
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Since @, @), are functions of @1, @y and also of e. That means pre-collisional velocities are im-
plicit functions of € and therefore, for further simplification one can apply Taylor series expansion
around € = 0 (i.e7 f(e) = £(0) +ef'(0) + £e2f"(0) + .. > Thus we get

lim d’&gdiﬁ (’AC . 1],12) e_“%

P [
7T5/2 =0 ic-'fl,12>0

—

Brclith) + Brclithy) — Breliin) — Dre(iin) }

A~ ~

+elim 2 / dﬂzd/% (k- w12) e {QSK({L&) + QSK(']%)}]
k-112>0

e—0 Oe

b [t [ b e ana) e % (@) + o a) - ol @) - o)}
™ k-w12>0

e—0

) - _
telim = / Qaiadlk (k- i) % {0 (@) + wﬁl)(ﬂé)}]
k-t12>0

e—0 Oe

€ . a3 [, (1) = MW mry W=y (1)
+ 7T5/2 |:11_)I% /,;:.ﬁ12>0d’u,2dk (k ’u12)e 2 {SDK (ul) + P (u2) PK (ul) Pr (’U,Q)}:|
.. - - _a _
+ﬁ[hm/ dusdk (k u12)e 5 {@KK(ull) —{—QSKK(’U,Q) _@KK(ul) —@KK(Uz)}}
i e—0 k 1112>0
2 ~
= [hm [ ddk (- a) e (o (@) + o (@5) - (@) - o7 w}]
7'(' =0 k-t12>0
1 . 7,&2 ~/
+ Y [ll_)r%/kﬁlpoduadk (k-tp)e™ ™ {@K(ul)@K(UQ) - @K(ul)QK(ug)}]
€ . - i ~ -
Ry [hm/ dagdk (k- w12) e 3 {@K(u’l)gpgl)(ué) + @K(ué)gpgl)(uﬁ)
T e—0 k-it12>0

- atin)el @) - 2@l @)

2 ~
+ 65—/2 [hm / dagdk (k - @t12) e {wgl)(ﬁi)wgl)(ﬁé) - wﬁl)(ﬂl)wﬁl)(ﬂz)}}
Q k-112>0

e—0
€ - Pl Pl - 7,&2 1 Pl - 2
+ m k-ﬂ12>0d’UJ2dk (k . u12) e 2 (1 — g(k . u12) >
—i—i lim/ d’ﬂ,gd’% (’%-ﬂlg)e_a% 1-— 1(’%-’&12)2 {@K(ﬂ/)+¢[((ﬂ,)}
7'['5/2 e—0 I;Z"ll12>0 2 1 2
oy aodhs (B - o) e (1 - Lk W ey + o
TR [lgf%/,%_ﬁlpodwdk (k- wip)e™ (1 5 (k- a2) > {@1 (w]) + ¢y (Uz)}
€2 N a2 ~ 2 1. 4
+ﬁ dqukz(k:-ulg)e 2 1—(k ulg) —i——(k-ulg) + h.o.t
T / I;:~'l~l,12>0 8
Let us define the following operators:
~ 1 - A oA - 7&2 ~/ ~/ ~ ~
Z(P) = 7 [. dugdk(k - u12) e "2 {@(ul) + P(u) — P(uy) — @(UQ)},
T k-u12>0
_ 1 P 4 . ~ 3 ~
0@,0) = — | ABadi(k - @z) e {@(@ (@) + Blab)u(a))
T k-t12>0

— D) (@) — B()ib (@) },
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Appendix A. Right-hand side of equation (2.19)

and

1 A A 1.~ _ 2 _a N N
(?) = =7 [. daodk (k - u12) <1 — —(k-u12) ) e~ {@(u'l) + @(u’z)},
T k-u12>0 2

[

1 .. 0

A(P) = —= lim —
() 71'5/251—I>I(1)86

/ dtpdk (k - G12) e {@(a’l) + @(ag)},
k w12>0

where the operators £, 2 and Z are defined for elastically colliding particles*. The operator

£ is the (standard) rescaled linearized Boltzmann operator for elastically colliding particles.

Hence A can be written as

or

A

A:

= 2(@10) + A(@rc) + e L) + EAAY) + e Lo)) + L (@rcac) + EL 77
1 - 1
§Q(¢K,¢K)+€Q(¢K,¢g))+ 200, 1Y)
1 . .
toig [ duadk (k- @) ( — (k- o) >+65(¢K)+625(<p§1>)
™ k-t12>0 2
€2 1, . 4
+ 5/2/ dUQdk k u12 < k u12 —(k-’u,m) ) + h.o.t.
™ k-w12>0 8

> > ~ s ~ iy 1 -~ ~ 2
L@x) +e L) + =5 ditodk (k - 1) e~ (1 — 5 ko) >

I;:~’L~l,12 >0

+ e 2(¢0) + e2(Bk) + (@) + eQ(Dre, 01)) + L (@) +

- ~ ~ 1
+E2(07) + 25(p1) + 2 A(pV) + € (", oM

62

T s 4 A2
+ — 5 /k: dusdk (k . U12) e : (1 — (k: . U12)
w12>0

- %(12: : a12)4> +h.o.t. (A1)

“These are equivalent representations of the terms appearing in the expression of A, for example, limit € — 0 in

1 T~ —a2 ~ ~/ ~ ~
5/2 613(1) k- u12>0du2dk (k-wi2)e” "2 {Pr(0]) + Pr (Us) — P (1) — Pr (U2)}

takes care of the inelastic collisons and this expression is equal to j(@K).



Appendix B
Proof of Solvability

In this appendix it is shown that the generalized Chapman-Enskog expansion results in soluble

equations to all orders in the expansion.
From eq. (2.15),
7 (F F (7 F 1 ~ 7T~ Frod N Fl! Fime NPl
FulF. By = B Fe=1 =2 [ dadk (k- @) (Fa)f(a) - Fa)flan)
k-t12>0

Now, let us simplify Z,;(f, f) by substituting f(@) = fo(@)(1 + $(1@)).

Balf. )= Aol (F - 1) [ o) (1 + B(@))) o) (1 + D))

3| e

k-@t12>0

= foln) (1 + ®(an) foliz) (1 + D(@z) |,
but for elastic case fo(@))fo(ih) = fo(@i1)fo(iis), hence
ZaGof) =2 [ daadh () i) ot [+ 0(ad) + 0(at) + o(at ()}
k-u12>0
— {14 (@) + (@) + (i) @(12)} |
Taking fo(i;) out of the integral and using eq. (2.17) to replace fo(iz), we get

Ba(f. f) = fﬂif/“)/w >0d odk (k - @12) e { (@) + D) — D) — Dan) }

- f;(;/t;) /ku12>0d’&2d’% (k- i) ™" {D () P(i) — (i) Do) }

= fo(@) Z(®) + fo( )22, 9),

where the definition of {2 is given in eq. (2.38). Hence

folin) L(D) = Bu(f. f) - % 0(11)92(9, D).

With the help of eq. (2.14) above equation can be written as

20

3> g-V,f. (B.1)

o >+K(
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Eq. (B.1) is soluble only if right-hand side of it is orthogonal to all the summational invariants
(1, @ and @2) of .2 . The integral over @ of the first term on the RHS of (B.1) times any of the
summational invariants can be carried out as follows:

Consider the integration involving the summational invariant, 1.
3\ 2 K (20\: (0 1/20) 2

/d“@f:/{<%> d”}{;(?> (W”'V>}{ﬁ(?> f}
[ACADEYEARS
ot Uz@m n\ 3

3

) /fdv}+i{—<29> /fvld'u}]

or;

INECACN ST BYECAL
n\ 3 " or; |n\ 3 i
20\2| 9 [[20)\?
) }*a?{(?) V}

i
=

Q| e Qe

> Yo Yo ?
————— =

B e

RN efR =X «|m «x /F «|n <

g e

al
_K 3 [(20\t00 | 20\i0e  (20)\iv;
g 20 3 ot ‘\3 ) on 3 ) o,
- ) ,
3 [/20\7 (0 B) 20\ 2 9V,
T 920 <?> <§+Via_7"i>8+ <?> or;
_K(3)\* Do 200V
T g \26 Dt ' 3 Or
1
3?2 2 0V, 200Q; 200V, .
=) [Tty = (2.1
<2@> { n or; ij nor 3 87“2} (using eq. (2.10))
But from eq. (2.23), %f;%(%)%p Hence,
1
JO- g 3 =~ 2 K 3 2 av’l 1 an
= —el — —— | — “p._ = -
/du@f 26 ng <2@> {87“] < ij 371852]) —+ 87a2:|
or 1
L Df = 2K 2 (0V; / 0Q; 3 =
/dugf_ - <2@> <8ijij+ 8ri> B 2€F (B.2)

where PZ’J = P — %n@ézj is the deviatoric stress tensor. Similarly, the integration involving the

() (o)

summational invariant, @ is
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or

Let us evaluate the integral involved in the third term on the RHS of above expression separately,

/fuid'v:/f(vi—Vi)d'u:/fvidv—Vi/fdv:nVi—Vin:O

/fvivj dv = /f(ui—FVi)(uj +Vj)dv
:/fuiujd'v—i—‘/}/fujdv%—vj/fuidv+Vﬂ/j/fdv:PZ-]'—FO—FO—i-nViVj

= /fvivj dv = P;; +nV;Vj.

Hence,
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3 3
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n\ 3 or; 3 ]87“j
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K [ DV 1 dn 3 a@ OP;;
E[n Dt mar 260 8%]
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1K Olnn 30ln®
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] (Using eq. (2.9))
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/dﬂﬁi@f:Kgi—leP”aa <3ln9 lnn> (B.3)
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and the integration involving the summational invariant, @2 is

fousat= [{Ge) e} oo 5 (5)

o [1/20)2 )
%(?)2/fdv}+vz%{%<?> fvid'u}

o [1/20\2 o [1/20\2
_QX/JE{E(?) /fvjdv}—ﬂ/ja—m{g<?> /fvivjd'v}]

Let us evaluate the following integrals involved in the above equation separately,

[retao = [fusvirav= [+ Ve 200 av

:/qud'v—FVQ/fdv—i-QVj/fujdv:n9+V2><n+2Vj><0:n(9+V2),

and
/fUQUZ‘ dv = /f(u + V) (u; + V) do = /f(u2 + V24 2u,V5) (u; + Vi) dw
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Hence
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3 3 3
0 |1/20\2 0 |1/20)\?2 0 |1/20\2
2_ R —_— 2_ — [ . —_ . —_— —_ —_ .
v 8t{n<3> " +V8m{n<3> nVZ} 2Vj@t{n<3> an}
3
0 |1/20\2
_2‘/6_77{5(?) (P +”ViVj)}
K/ 3\*[a 2@3@2 9 [1/20)2
—?<%> g <?>( +V7) 25 E<?> (Qi + VjPy)
2 )g
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(©+V?) (?) 8—9+<23>%%(@+v2)
() oeo(3) e fhes )
e (F) 52 (3) Frivio v (5)
*Vz‘@‘(? v () " i () G- (5

ins(5) i) fir) e (5

_2V2<2@>zav W, (2@)25%

1
2@)26_@ 2

3 or; 3 or;

SG) [orn(F) G ()%
w(5) G e(F) e () 5 (E)
ls)

2(5) w i} in(5) Ge(S) T ()5
() () B (5) oD
() G (5) S (5) S l5) i)
() 2w () ()12
where the colored underbraces show the corresponding terms cancelling with each other. Hence
fuszi 5 o) [ () 50 () (e vir) 2o ()
el(5) R () S (D) e (2)
(%) ()

1
K/ 3 )2 3 Do D@ 3 2 on 20Q; 2 _ 0V
L o9z cp 2l

g <2@> [(9+V )2(9 Dt + @Qzﬁrz nQQlari * n Or; i n " or;

v, .3 D@}

-V

+6 or; 20 Dt
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Appendix B. Proof of Solvability

Using eq. (2.10),

o~ K /[3 20V, 2 0Q); 20V, 2 00Q);
29f=— (= J R —I—
/duu 7] g( @) { ( n or; n8r2>+< nar] n(97“2>
on 2 (%2@ % A%
+ Q or; QQZ i n 87’1 PZ 6 887}-]
_5 i > §p_ Vi 38@1 —Q EQ@ V;
g \20 2 Fij 87"3 n or; nO 287" n2 " or; ar;
1
K/ 3)\2 5 ov; 3 (%22 OlnoO Jdlnn
= — _— —F _— - =
g ( @) { 2 n ( n8523> or; n 87’1 Ql or; an or; ]
CK(3)\:2[ 3,0V, 30Q _Qaln@ DInn _55 EARH
S g\20) n ” or; © 2 0y b ory b Or 260 ’
where P/, = P;; — %n@&zj is the deviatoric stress tensor. From eq. (2.23), %ef = %(%)%F,
therefore
1
9~z K/ 3 8lnn 8ln9 3 , 0V 300, 15
2 _ 2 vf 29
/d““ 2= (2@> {QZ Q’ i ar, 2 8m~] . (B4

The integral over u of the second term on the RHS of eq. (B.1) times any of the summational

invariants can be carried out as follows:

Let us first simplify the

9 <lnn— gm@)

term 2 (Inn — 21InO) using egs. (2.20) and (2.22).

Kz@ Ol (3 2oV
N (97"2 26 61”@'
C3[g2e [ ome 2 s N\iavi, 2 (3RQi]
2 3g | 7 Or neO\20) or;" "7 no\20/) or
3 3 3
20 | _ 0lnn 20 29V, 3_0meO 2/3\2_ 0V, 2/ 3\200Q;
- K22 . o2 2 ) pa a2
39 L or; 3 (29) 87“35 2u2 or; +n<29> Zjarj+n<28> Bri]
—|—gef
20 | _ 0dlnn 3_0lnG 2/ 3 \2 ov;, 2/ 3 0Q;
=K— |tj— — =t;—— + — | — P;; 0 —| = —F
39 [u or; 2" or; +n<2@> < n@ ]> 87°j+n<29> 87",] ‘
.20 | _9dlnn 3_0lmO 2/ 3 , o0V, 23 EaQi 3 -
3y lul or; P or; +n<2@> P”(9r]+n<2@> or; +2EF'

Now, the integration (o

fos

2

f 274 term of eq. (B.1)) involving the summational invariant, 1 is:

) &) {32} o200

3

20

20

Vel {i(F

3



157

or

% <lnn— —ln8>

/

K2 a2 0m0 . 2( 2N 2 2( 2V 0 0 s
:Kg<8;:;“—%823?)%/dv{(%f@f—W}f
(i) o) s i s (reries
-5 (G 32) (s5) (3 foens— g fuos}
: Kg{%%mzr;+%<2@>2%%}+—w L
5 (35 ) oo i)

3
0 L2( L) not e 2(h) 22

or

/dﬁf@ <lnn—§ln8> :25<
2 n g

3
20

) (s

K 8rj

Qi
* or;

)+ Bt

(B.5)

Similarly, the integration (of 2°¢ term of eq. (B.1)) involving the summational invariant, @ is:

20

>§f}@<lnn—gln8>

0Qi
ar;

)

1

2

> %/dvukf

20
20 omn 3 ome 203\, am-+2
3g Ui ar; 2ul or; n\ 20 ij@rj 2
1 1
20 (dlnn 30Ine 3\21 3\2
3g ( or; 2 Or; > (28) n/dv{<28> uz}ukf
r 3
20 12/ 3 \2_,0V, 2 0Q; 3
K—{Z|=) P.—+= ! Sel| [ =
N 39 {n<29> Y Or; * n<29> or; } e (29
20 (dlnn 30In6e 3
- K@ < ar; 2 or; ) 2ne /d'vukuif
5 i
20 12/ 3\2_,0V, 2 28@ 3
K—{Z=) P.—+= ! Zell| [ =
* 39 {n<2(9> Y Or; i n<2(9> or; } ‘ <2(9
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Here, [dvugu;f = Py; and [dvugf = 0 as above. Hence,

I~ 3 20 (Olnn  30nEY\ 3
/uu f@(lnn—§ln@>—K§< o 2 o >2n(9PM

/dﬁﬂj@(lnn—gln@): %ia(ﬁj( Ino — lnn> (B.6)

and the integration (of 2°¢ term of eq. (B.1)) involving the summational invariant, @ is:
- 3
du u”f9 lnn—iln@
3\: 3 1/20): 3
_ 2 2 ) .2 Bl e 7 _z
-[{Gs) o=} {(5) N () 1} (o= 3me)

or

3 2
_2n9/dvuf
3
20 | . 0lnn  3_.0mlmeE 2/ 3 3 \2 0Q); 3 -
K2 gt 2q, (= A R A
39 {“ o 2" o n< @) ”a (2@) am}Jrze
20 (Olnn 30ln6O 3
_K_<87", S 2 an->2n@/d”{ _9> }
3
2

_|_

3
20 12/ 3\2 _,0V; 2 0Q;
K202 2 ) p. 22 el d
39 {n<2(9> 7 Or; o <2(9> or; } 3 2n@/ v
Using the definitions of granular temperature (eq. (2.7)) and heat flux (eq. (2.12)),
_ 9z 3
da @*f2 lnn——an

B K@ Olnn _ §61n(9
N or; 2 Or; 2n9

3
20 12/ 3\2_,0V, 2/(3 26@ 3
K—<{=(—=) P. = . el | —
* 39 {n(Q@) Y Or; * n( 8) or; }+ 20 ne
1
K[ 32 Olnn 3 _(9111(9 3 _,0V; 3(%2@
- <2@> n [Ql or; QQZ ar; 2Pij orj 2 0r; ] + 3l (B.7)

The integral over w; of the third term on the RHS of eq. (B.1) times any of the summational
invariants vanishes as following. Let 1(11) be any of the summational invariants: 1, @; and %3,
and I = [4(a1)3 fo(iin)2(P,P) diy. Substituting the values of fo and 2 from egs. (2.17) and
(2.38) respectively, I changes to

1 A~ A o

I=— iy ditgdk (K - @19)t) (@ ) e~ T+ {®(a))D(uy) — D(w)D(us)} - (*1)

T Jktt12>0
Further let us interchange the dummy variables w; and @, in the above equation. Note that,
(even for the inelastic case) @) +— wo = @) +— @), which can be seen as follows. By the
definitions of @} and @} (cf. egs. (2.1) and (2.2)),
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@, = @ — (1;’66) (12:-«112) k

1 . .
i =y 1+ L) <k;.ﬂ,12)k.
2e

Now if we interchange %) and w9, @) and @), change as follows

@ o 112—(1+e) <];.ﬁ21)12::’&2+(1+e) (’23"&12>’27:’&/2

2e 2e
1 - N 1 A A
ﬂlz — ﬁl-l-( ;_6) <k-ﬂ21)k:ﬂ1—(2ﬁ(k-’ﬂqg)k:’ﬂ,/l.
e e

That means, on interchanging @, and s, @} and @) interchange by themselves and vice-versa.

Therefore, on interchanging the dummy variables @, and s in eq. (*1), we get

1 - - & & - - _ ﬂQ ,&2 - - - -
I=—| dispdaydke (k - 1) (@2) e~ 25 L@ (ah)D(w]) — P(ue)P(01) }
k-121>0
1 - - & > - - _ aQ 112 - - - -
= — / diydadk (—k - @12)1h(t2) e~ %) Lo(@)) () — P )P(us) } -
k-a12<0

v
Using eq. (F.8),

=L /k ] Odaldagdk (k - 1) t(n) e~ THID) LD (@) )B(ah) — By )D(aa)} . (¥2)

4

Adding egs. (*1) and (*2),

o = L [ dundnd (betua) (o))} e O {0(a 0 (at) - Ba)0@)} (9

s

and now interchanging the dummy variables @, <— @} and s +— a5,

He i/fc  dupdasdk (k- wa){0(@) + (@)} e T {@(@)2(w2) - b(a)o(a))}
Uy >

T

but since the above integral uses the elastic velocity transformation, we can again change the
integration variables using the relations, k- @)y = —k- @9, @) +h = @) + g, W2 + U2 = 43+ 03
and du)day = duydus. Thus

2I= 14/,;  dwdidk (k) {p(@1) + (@) e @ (@)@ () —@(@)2(5)}
w12<

T
Using eq. (F.8),

o1 = L /,c Qi diadhe (k- o) {0 (@) + (@)} o~ T+ () B(n) — B(@, )P (i)}
“u12>0

™

Adding egs. (*3) and (*4), we get

k-u12>0

P

< {@(an)Bian) — Bl )D(ith) )
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Note that the above integral uses elastic velocity transformation and therefore for any of the

summational invariants: 1, @; and @?,
(1) + P(t2) — () — (i) = 0
due to conservation of mass, momentum and energy, respectively. Hence
4I=0 or I=0

or

/¢(a1)%fo(a1)r}(@,q§) dig =0 for (i) = 1, @y and i2. (B.8)

The integral over @ of the fourth term on the RHS of eq. (B.1) times any of the summational
invariants also vanishes due to the conservation of mass, momentum and energy for the elastic
particles. To verify this one can simply replace 7 and @ by 7 and f respectively, and following

a similar procedure as above. Thus
/ U(@1)Be(f, f)diny =0 for (1) =1, @y and . (B.9)

The integral over @; of the fifth term on the right-hand side of (B.1) times any of the summational
invariants can be carried out as follows:

Consider the integration involving the summational invariant, 1.

Jawm g =% [ dudind e an) 576 ) - fa) @)

™

= Il —IQ, (let)

where

) I
I ==~ / duydusdk (k - u12)—2f(u’1)f(u’2),
k-t12>0 €

™

Iy = 1/ daydagdk (k - @12) f (@) f(ws).
k-t12>0

T
Note that the integrals I; and I use inelastic velocity transformation. In /7, one can change

the integration variables using the relations, k - @1y = —e(k - @)y) (cf. eq. (2.2)) and daday =
eda)dab (cf. eq. (J.2)). Thus one obtains

1 _ ~ ~ ~ - 1 5/~ T~
N[ eawiaaa {e(e @)} 5@
k-u)5<0 ¢

s

1 o, A ~ ~
. / diy daylhe (— e - i) F () F(i)).
k-af,<0

™

Changing the dummy variables @} and @), to @ and w9 respectively,

1 A A e N Ty
j _/ daydaodk (—k - @12) f(@1) f(w2).
k-t12<0

™
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Using eq. (F.8),
I = —[ daydagdk (k- w12) f(@1) f(@2) = Is.
k-w12>0

T
Hence

/da1 B(f, fre)=1I —I,=0. (B.10)

Next, consider the integration involving the summational invariant, ;.

Let [day W B(f, f,e) = I. Hence

ey | dindidh (k)i (e—ﬂfwa)f(a’z) - f(m)fwz)) - (*5)

T
Interchanging the variables w; <— w2, consequently w; <— w9, and hence

1
™

1~~/

Bt [ dddiadi e aana (@) (@) - ) f)).
k-u21>0 e

Using eq. (F.8),

Iy = %/k ~ Odfhdfmd’% (k- @12) iy (6—12,);(’&/1)!)2:(@/2) - f(%)ﬂ%)) : (*6)
U2 >
Adding egs. (*5) and (*6), we get
1 P . . 1 -, %, PPN
o= 2 [ dandandh (b aae) @ +a2) (@) — ) faw)
m k-t12>0 €
= I4 — I5, (1et)
where
1 PN 1 - -
Iy = ; /1;.ﬁ12>0dﬂ1dﬂ2dk (k . ’ﬂ,lg)(’fn + ﬂg)e—Qf(ull)f(’ﬂ,/Q),
Is = l/ daydagdk ( - @a) (@ + @) f (1) f (o).
T Jlkit12>0

Note that the integrals I, and I5 use inelastic velocity transformation. In I4, one can change the
integration variables using the relations, k - 1o = —e(k - @)y) (cf. eq. (2.2)), @1 4 @y = @) + @)

(momentum conservation) and duidiay = edw)da) (cf. eq. (J.2)). Thus one obtains

s

. . 1 - _
D= [ cduaadh { ek a) ) (@ + ) F(@) fa)
k@) y<0 €

1 N N ~ -
— 2 [ dadagi (ke i) @)+ )7 () (i),
k-u},<0

s

Changing the dummy variables @} and @}, to @1 and us respectively,

I = l/ diydaodk (—k - @12) (@1 + @2) f (1) f (2).
k-1u12<0

™
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Using eq. (F.8),

I, = l / df&ld’&gd];: (]2: “U9)(wg + a2)f(a1)f(a2) =Is.
k-t12>0

™

Hence
213 =1, —1I5=0

or

/df&l w B(f, f,e) = 0. (B.11)

Next, consider the integration involving the summational invariant, 3.

Let [day &%,@(f, f,e) = Is. Hence

1 Lo s L 1~ 5. PO
o= x| dmdind e a)at (i @) - faf@). o)
T Jk-w12>0 €
Interchanging the variables w; <— w2, consequently w; <— w9, and hence
1 ~ ~ 7 (1 o ~2 1z ~IN F~] T~ Nl
Is=— [ dagdurdk (k- w21)us | — f(uy) f(u)) — f(a)f(@1) ) .
T Jk-w21>0 €
Using eq. (F.8),
1 S A~ Al (L . o (L g P~ NP *
Is=— | daydagdk (k - @12)0; | — f(a)) f(as) — (@) f(az) (*8)
™ k-t12>0 €

Adding egs. (*7) and (*8), we get

1 oo
20 = — / daydaadk (k - w19) (03 + 43) (
m k-t12>0

= I7 — Ig, (1et)

where

o A A B ol ~ o~
Ir = —/ dandigdk (k - @12) (G + @)= f(a)) f (@),
k-t12>0 €

™

Is = —/ diy dudk (k - 1) (] + @3) f(@1) f(t2).
T Jkit12>0
Note that the integrals I7 and Ig use inelastic velocity transformation. In I7, one can change
the integration variables using the relations, k - @12 = —e(k - @)y) (cf. eq. (2.2)), @2 + @3 =
- 2
af + i — 5(k-uly)” and daydag = edajdal (cf. eq. (J.2)). Thus one obtains

1 - . € - 2y 1 - ~
I _ d~/d~/dk o k ~/ ~/2 ~/12 = k ~ / _ ~/ ~/
7 W/l%-a/12<oe uduy { e( U12)} {Ul + U 2( Uy) }egf(ul)f(U’Q)
1 €

~ ~ > L ~ - ~ 2Y ~, . L
— 2 [ dadabak (- aiy) {af + i - (k@) @) (@),
ka),<0

™



163

Changing the dummy variables @} and u}, to @1 and us respectively,

1 o A - - €.~ . 2) . oxa
I7 = —/ duldugdk (—k . u12) {u% + u% — 5(’6 . u12) }f(ul)f(ug)
k-112<0

Using eq. (F.8),

1 B 5 N N ~ ~ ~ € ~ - 2 S/~ 5~
b= [ dudugdk ki) (@ 4+ 33— 50k @)} F@n) faa)
k-t12>0
€ S N B R
= I — 5 /. duydugdk (k- w12) f(wy)f(w2).
T Jk-t12>0

Using eq. (G.1c),
€

T [ 3 i\ F-
I; =1Ig — 7= X3 /duldug w3y f (1) f (o).

Using eq. (2.25),
1 ~ ~ ~3 ~ ~ - ~ -~
I7 = 18 — 3e X E dulduQ u12f(u1)f(uQ) = 18 — 3el’.

Hence
2Ig = I; — Iy = —3el’

or

/du1u1 (f, f, )——;ef’. (B.12)

Finally, the integral over @ of the sixth term on the RHS of (B.1) times any of the summational
invariants can be carried out as follovving Let 1(@) be any of the summational invariant: 1, @

and @2, and Iy = [¢(a)K (29) 1 V., f dii. Hence

B [vax(%) gzgfdu—K [u@y
— Kg / i (Fo(@)) disda;diy - K, / 7
— g [ (Fo@)" " _dda, - K3

U;=—00

(Fo@) - %5 b aa

0
= Kg; —
g/{auz

d'& (1,7 and k are different.)

51,1)
a~

because f(@) = fo(@)(1+ @) and fo(@) = n3/2e~%. Now substituting the values of ¢(@) as 1,

@ and @2 separately, one obtains

/K(?)ig-vvfdﬁ:—f(gi/f%(—;:dﬁ:

(B.13)
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1 ~
/ajK<?>2§-vvfda: K /f?ff di = —K§, /féijdﬁ: ~K3 /fd'&
Us
1/20) 2 3\?
:_ng/{ﬂ?) f}{(%) d"}
21 21 -
:—ng_/deZ—ng—X“:—ng
n n
or

/uK<?> 5g -V, fdu = —Ki (B.14)

and

92 _ 7 _ _
- Ky, /f 8:; dit = — K3 /f2aj Zﬂ dit = — K /f2aj5ijdfa: 9K, /fal-da
1720\ 3\2 3\ 2
Z—ng‘/{;<?> f} (@) (Ui_%)}{<%> dv}
/3\21 /3\2/1 1
:_K9i<%> E/f(vi—vi)dvz_Kgi<%> <E/fvidv—‘/%ﬁ/fdv>

1
2 /1 1
(—an}—V}—xn)
n n

/fﬁK(?)ig-vadﬁ: 0. (B.15)

e From egs. (B.2), (B.5), (B.8), (B.9), (B.10) and (B.13), we see that that the RHS of

eq. (B.1) times the summational invariant, 1 is equal to zero.

or

e From egs. (B.3), (B.6), (B.8), (B.9), (B.11) and (B.14), we see that that the RHS of

eq. (B.1) times the summational invariant, @ is equal to zero.

e From egs. (B.4), (B.7), (B.8), (B.9), (B.12) and (B.15), we see that that the RHS of

eq. (B.1) times the summational invariant, @ is equal to zero.

That means the right-hand side of eq. (B.1) is orthogonal to all the summational invariants of

Z.



Appendix C
The Integral /s

In this appendix we shall evaluate the integral I5 defined as

Is = / d’% (’23"1112)5(’&—’111 +Q(i€ "&12)’%) , (Cl)
k-t12>0

where ¢ = %

Upon expressing the delta function as é(x) = ( 271)3 [dwe™® and defining

s=u—uy, we get

JU 1 P,
= [ k() <y [dwet @k
k-@t12>0 (27‘()
1

- /dw eiw-.'é/ d’;ﬁ (’; . ,&12) eiq(fc.'&m)(fc.w) ) (02)
(277) E-it12>0

The integration over k is performed in a spherical polar coordinate system (]AC, 0,¢), whose z-
axis coincides with @19 (see fig. C.1). Let w, and w,; be the components of w parallel and
perpendicular to @12 respectively and x be the azimuthal angle of the projection of w on the

plane normal to @i2. Hence

k= sinf cosp & 4 sinfsin gy + cosd 2
Uiy = U2 2

w=w) cosXT+w,sinxyy+w,2
k-’lNl/12 :ﬂu cos 0

k-w=w, sinf (cos¢cosx + sinpsiny) + w, cosd = w, sinf cos (¢ — x) + w, cos 6.

Substituting these values in (C.2), we get

w/2 r27+x o ) R
5 (2 /dw e / / / {19 cOS g olqtin2 cos 6 (w, sinf cos (p—x)+w cos ) sin 6 d¢ d6 dk.
T k=0J 6=

Let ¢ — x = w, hence

2
1.5 N U12 / / dk) /ﬂ/ / Slnacoseeiqﬂlg cos 6 (w_ sin 6 cos w+w cos 0) dw dé
k=0 0

~ 21
_ U123 /dw ezw-s / sin @ cos eezqwzulg cos? 0 {/ ei(quﬂlg sin 6 cos ) cosw dw} d6.
(2m) 0=0 w=0

165
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Figure C.1: Spherical Coordinate System (lAc, 0,0)

Since the Bessel function of first kind is defined as

1 27 ) ) 1 o '
In(z) = : / i COs ¢ ing do = Jo(z) = _/ oiT oS do,
2m™ Jo 27 Jy
therefore,
Is = 1 dw ™8 " in @ g elaw=t12 Cos2€J ~ n o 0)do C3
§= (27)? we - sinfcosfe o(qwt2sinf cos ) do. (C.3)

The integration over w is performed in a cylindrical coordinate system (w |, x, w,), whose z-axis

coincides with @15 (see fig. C.2).
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Figure C.2: Cylindrical Coordinate System (w, , x,w,)

Let 5, and §, be the components of § parallel and perpendicular to @5 respectively and n be

the azimuthal angle of the projection of § on the plane normal to @5. Hence

W=w,| COSXT+w,sinyy+w,2
s=3§1cosnx+ S5, sinny+ 5, 2

w-8§=w,§) cosycosn+ w8 sinysing+w,5, =w, 8§, cos(x —n) + w,S,.

Therefore

1o 00 27+n  poo ) ~ _
Is = / / / ez(stl cos (x—n)+wz3z) w dw, dy dw
0J/x

=n W, =—00

/2

. iqu.iing cos? _

X / sin 6 cos § e/ 4W=1120570 Jo (g | 9 sin 0 cos 0) d6.
0=0
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Let x —n = u. Hence

0o 0o 2m ~ ~
2/ dwz/ wide/ ez(stlcos,quwzsz) d,u
W, =—00 wy =0 n=0
w/2

. ow. 2 L.
X / sin 6 cos § 'qw=tzcos™6 g (qw | 112 sin 6 cos 0) df
0=0

i 0o 0o 2m ~
_ (2 122 / dwz/ w, {/ ez(wlsL)cosu d#} dwl
7T) Wz=—00 w, =0 n=0

w/2 ] ~ ~
X / sin 0 cos f ¢tw= (3= atiz cos® 0) Jo(qw 1 G192 sin 6 cos 6) dO
0=0

Is = U12
m)

2

= U2 dwz/ U}J_Jo(wj_gj_) dwl

27 Wy=—00 w =0

w/2 o ~
X / sin 6 cos § = (5= Fainz cos”0) Jo(qw T2 sinf cos 0) Ao (as above)
0=0

0 /2
= ﬁlg/ leo(wJ_él)dwl/ sin 6 cos 0.Jy(qw | 112 sin 0 cos 0) A
w, =0 6=0

1 0 e s 2
% %/ ezwz(sz—l—qulg cos® 0) dwz

W, =—00

0o w/2
= ﬁlg/ leO(wJ_él)dwl/ sin @ cos 0.Jo(qw 1 i1 sin 6 cos 0)8(5., + qiigz cos® 0) df

w | =0 0=0

because §(z) = 5 [ ™ dw. Let 3, + qiiya cos® 0 = ¢.

t—3 iy — (t— 3§
cosf = — Sz, sinf = qulQN—(Sz) and — 2qu1osinfcosdf = dt.
qu12 qu12

o0
Is =ﬂ12/ w Jo(w 5, )dw
5 dt 1o — (t—5,) [t—3
/ (‘ i >"° qusiny [T, L5 ) 5
=5, +qiin \  2qU12 qu12 qu12

1 [ 5z g — (t — S t—3s
= — / U)J_JO(’LUJ_gl) de_/ JO quu_ﬁlg g2 ~( Sz) = 5 5(t) dt.
29 Juw, =0 t=58,+qii12 qu12 qu2

Note that §, is the projection of § on w19, i.e.,

R N . 2

$-u Uw—u)-u k-up)k-u -5 k-u

R 12 _ ( ~1) 12 :_Q( 12) 2 52 _ ( ~212) > 0.
U12 U12 U12 qui2 UTo

Now, to simplify the integral over t, we use the property of delta function and for this we shall
change the limits of integration to (—oo, 00) with the help of Heaviside functions. Since we know

that Heaviside function is defined as

H(x) 1 ifx>0
xTr) =
0 ifz<0



169

we have,
s 1 ifz;fgzo ort>3§,
i) -
qui2 A _
0 lfqaf2<0 ort <5,
and _
s 1 ifl—tq;ﬁzo or t < 3§, + qlyo
H<1— — Z):
qi1a , s .
0 1f1—qﬂ—1;<0 ort> s, + quia.

Using these two Heaviside functions, the expression for Is can be written as

1 o

Is wi Jo(w 5, )dwy

B 2q w | =0

o t—3 t—3 iy — (t—3,) [t—3
x/ H( _ sZ) H(l —— Sz) Jo <qw¢ﬂ12\/qu12 ~( sz)\/ ~ SZ) o(t)dt
t=—o00 qu12 qui2 qui2 qui2
1 o0

= — wy Jo(wy 5,) dle<_~—5Z> H(l + éj—z> Jo <QwaL12\/quu~+ ik \/ _:SZ)
29 Juw, =0 qu12 qu12 qu12 qu12
1 -5, S, o - —— =

= —H| — H{1l+ — leo(stL)J()(wl —sz(qu12+sz)> dw .
2¢  \qui2 qu12 ) Juw | =0

The orthogonality property of the Bessel function of first kind, which is [;* z.Jo(ax)Jo(bx) dz =
15(a — b), implies that

Iy— — H< _§Z> H<1 v S—) 6(:& — /=5 (qurs + 52)) . (C.4)

= 245,

qu12 qu12
Now we see that for delta function to be nonzero, we must have, §; — \/—5§,(q12 + 5,) = 0 or
§2l = —qS, U192 — sg or —qS,uU1s = §2l + sg = 52 and hence
< ) ) = =2 )
5 5 5 s s S
-z =z :TZZO and 14 —= :1—~—§:~—520.
qui2 qszui2 S qu12 S S

That means, for I5 to be nonzero, if the condition on the argument of delta function is satisfied,
the conditions on the arguments of the Heaviside functions (so that the values of the Heaviside
functions are nonzero) are automatically satisfied. Thus the Heaviside functions are redundant
in eq. (C.4). Therefore eq. (C.4) simplifies to

1
295,

Is 6(51— V=5 lgina +52)) (C.5)

Next we use the following property of delta function to get another form of Iy.
1
[ (o)

Let f(z) = —2%, 2 = —/—3.(qli12 + 3.) and 29 = =5, so f'(xg) = —2xg = 25,. For these

values, eq. (C.6) gives,

6(f(x) = f(xo)) = o(x — o). (C.6)
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5(-{— —5.(quaz + 52)}2 - (—51)) . (—v/=5(ginz +52) - (=51))

25,
or 1
3(~ {=8ulaing + 5.} + 51) = 5 (gl — /=5 (qurs + gz))
or 1
5(53_ + 32 + qua12) = T (gj_ - —§Z(qﬁ12 + §Z))
51
or
9 L 1 /. — =
§(3% 4¢3 - uy2) = oF (Si -/ —3.(qu2 + Sz)) ) (C.7)

From egs. (C.5) and (C.7), we get
1 ~2 ~ ~
Is = 55(3 + ¢35 - U12). (C.8)

Let 05 be the angle between § and @y. So

S - U

cos 0y =

Su9
But since s = u — w1 and @12 = w1 — w9, we have 1y = ] — W19 = U — S — Wy2. Thus

5-(W—3—wp) 3-a (32435 1)

cos 0 = — =— - —
SUo Su9 SU2
and the condition on delta function in eq. (C.8) implies that & - w12 = —%52, hence
212
S-u (S g5 > S-u 1-— S
cos by = — — — =—+ a = (C.9)
Su9 SU9 SU9 q u9

< 1, hence eq. (C.9)

Since we know that |cos@)| < 1, which implies that % + <%) <

M)

restricts the values of @y to gy > ‘% + <%> S ‘

Next, consider the following integral over 65,
s 1 s
/ sin 0 F(cos 04)15 A0 = / sin 0% F(cos 05) 8(58% + 3 - w12) A6}, (C.10)
0 qJo
where F' is a smooth function. Let 32 + ¢35 - @12 = p.
2 N N R = s 22 /
= p=5+qE-u—5 -85y =5 +q(8-u—5 — Suycosby)

(1-q)5*+q3-u—p
qsus

=  dp=q3ugsinfydf; and cosb =

hence

/sin@éF(cosGé)I(gd%: 32n
0

(1—q)3%+q3-u+qsts 1 — )32 3.4 —
q)s“+qgs-u—p

/ F<< ) )6@) ap.

q-su2 J(

1—q)32+q3-u—qsis qsuz
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Again, to simplify the integral over p, we use the property of delta function and for this we

change the limits of integration to (—oo, 00) with the help of Heaviside function as following.

1 ifaz—(“;q)ﬂ%—% >0
1_
(o5t )
q 5 qs o
0 if@—(%‘”ﬂ%—% <0
The condition uy — ‘ (1-q) 5 + 3% _ P\ >()can be simplified as following.
q S qs
1— 5 1— =y
ﬁ2_‘( Q)§+3~u_£~ >0= ( q>§+8~u—£~ < 2
q S qs q S qs
or . B
—ﬂz_( —q)§+s u—gﬁﬂz
q S qs
o 1 u 1 S-u
gé( _Q)~+8~ +up and £~2( _Q)§+S~u—ﬂ2
qs q S qs q S
or

(1—q)5%+q5-u—qdig < p < (1 — q)5* + ¢5 - & + ¢5ils.

Similarly, the condition @y — U0z % — % < 0 simplifies to

p<(1—q)5d®+q¢s-u—qduy or p>(1—q)5>+¢5-u+ qsis.
With these simplified conditions the above Heaviside function can be rewritten as,
1— - U
O E N )
q

s qs
1 if (1—¢)8% 4¢3 -0 —qdus <p<(1—q)5%+qé-u+ qdiy

0 if p<(1—q)8+qgs-u—qdiy or p>(1—q)5®+¢d -0+ qdus.
Using this Heaviside function eq. (C.11) can be written as,
/ sin 0 F(cos 0415 d6)
0

L [a(Umetear) |0 e

— 00

1 1 —q)§2 S - U 1-— S - U
S F(( 935" + 43 “)H<a2—‘( q)§+SNUD
q©susy qsu2 q S
or

/ sin 0 F(cos 04) 15 6} = 1 F<(1 — Q)i + s;u) H(ﬂg - '(1 — q>§+ 5 ~uD . (C.12)
0 2 S

q3s1 qg Uy  Su

From eq. (C.8),

I =I5(g=1) = 6(5° + 5 - @1) (C.13)
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and the argument of delta function in eq. (C.13) can be written in another form as following:

i —w1)” + (@ — @) - (1 — Gs)

= (@—w)*+ (& — ) [(@— ) — (& — @1)]
=(@—w)? + (@—aw) - (@—a) — (@—au)* = (a—
where ¢ = @ — 49. Hence

1 = 5((a— @) - ). (C.14)

Let 67 be the angle between t and ;. So

cos ] = =

and the condition on delta function in eq. (C.14) implies that £ - @ = % - @, hence

cos ) = # (C.15)
tu1
Since we know that |cos€]| < 1, which implies that ‘ ‘ < 1, hence eq. (C.15) restricts the
values of 1y to u; > ‘Tﬁ‘
Next, consider the following integral over 67,
™ 0 ™ ~
/ sin @] F(cos 07)1; 1t )dH' = / sin#] F(cos6])d((a —uy) - t) doy, (C.16)
0 0
where F is a smooth function. Let (@ — @) -t = p.
= p=t-u—ti;cosd; and dp = taysinddd;.
Hence S
™ 1 tatin i
/ sin @] F(cos0))I (O)dG’ dpF<M> o(p). (C.17)
0 tiy Jia—ia Ly

Again, to simplify the integral over p, we use the property of delta function and for this we

change the limits of integration to (—oo, c0) with the help of Heaviside function as following.

1 1f<u1>‘t“ p‘:>t w—tiy <p<t-u —|—£~1)

0 if <u1 <

—tu1 orp>t u+tu1)

Using this Heaviside function eq. (C.17) can be written as,

/O:mal F(cos0)) 1" do}, = —/ dp F<'5Z‘TP>H<U1—'M%'> 5(p)

:ip(%)ff(ul—'t%) (C.18)
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Action of operator 2

Eq. (3.18) implies that
1
~ 20 . —f 3 EOV 20 . 22 (9111(9
and since 2 is a differential operator, one can write
1
20 - oV; ~ 20— 3 \20V; ~ (~ ,_
P =2"—"0o U — P
Pic = 25 P(@)0 ]<2@> ar, 3g " (2@) ar]g{ (@)}
1
20 . ov; —JV; 20
+2K5@v(u)<2@> 8TJ@{UZUJ}+2K¢ (a)u uJaTJ@{ (2@) }

+ 2K@qﬁv(a)m<i> 7 { 6%} + @dﬁc(a) (fﬁ - 5) 52O g
39

5 0 o or;
rx5 (#-3) afé‘;%{m )R e ()
e (- 5) Gfsn o (v oo {575
= 2%@@)@@(%)222 3@W<%> Zng; PP (E)
+ 2K§@v(ﬂ)<%>;gg-@{u2%} + 2K, (4)a; Jg—Z? { (?)é}
+ 2K%fﬁv(ﬂ)@i@j (%) %9 { g};} + %QSC“‘) (ﬂQ N g) aia}%@@(
+ K% <a2 - g) ai%%i@q%’c(a).@(a?) + K%éc(ﬂ)ﬂi ag;i@ (@)
+ Ké(jsﬁc(u) <ﬁ2 — 5) agf@uz + K.(1) <u2 - g) ai%@ {g—:} (D.1)

where prime denotes differentiation with respect to #?. Now using eq. (2.16), the action of 17

on various variables can be obtained as following.
1

~ ~ (4 K [(20\2 (0 0 1 3¢
K: —_ _ — _— J— [ -
o=2(7) =5 (%) (G vn) (mmsd)

K (20 39 (0 AYE! 20\ 39 (1 (9 )
-5 (5) i o) Ga) =5 (5) s (i) (5o e

1 3¢ 20 0 0

=— — — )1

<md2 29) ( 3 ) <8t “’“ark) n(n6)
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or

9K = -KP2In(n®) = —K(ZInn+ Z1n0). (D.2)

2 /9 B 3 )
(52 ) {262~V
5 (0 0N e v (e )
[29 <8t+vk8rk>(vz Vi) +-V) <8t+vk8rk> 2@}
3

x 552w = Vi) <Q + Uki> (Vi)

)é < (v—V)? (—%) (% +vk%> 6
) {<%><U—V)} {%(?) (5+um) V}
(e ) (3w

1
= —2<i> i PV — P 6. (D.3)

2 (9 B 3\ 2

(57 +a) {(%) “’f‘vf')}

K (20\2 [ 8 9

5 (%) (o) o
1 1

20\ 2 1/3\ 2 3 1 0 0

—> “’J‘—VJB(@) Xi(‘@) (5*”’@@—%)9

3
) (@) o2 (e
()’

N
=g
N
Il
DO
©)

X =X <X

1
2

1§ =& =

| N /N 7N 7 N
@ N—— N— 7
N[

_l’_

Il

|

[\
/\Q
8‘0‘3/\ o
~__ w‘w

8B
g1
<
Il
| =
‘I\D
N———
|

3 ~ 1. -~
7 = ~z~ ~~z 1~ ~ ~ S5~ ~ S~ ~ =~ ~
@{@Zﬂ]} = @{u Y 42—u]u — gukuk5z‘j} = U; Duj + uj Du; — 3 dijty, Dy, (D.5)

= =[x <X
/N N N
[\
©)
N— ~—
NI [N
X 7N
Sl
+
=
BN
ﬁ‘Q;
B
N——
N
[\
ks
+ N———
ol

18 |8 =

|
= g

N
)
w‘@ o
~~_
N
@ | x
N
|
~— w
N
N
2|
~
(4
ES
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ES
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=3
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G(V) _K(20\t (0 0NV K(\*d (0 9\,
or; g\ 3 ot k@rk 87"j_ g\ 3 or; \ ot kaﬁg ’
_ o [K(eNiro oyl

_(97“j g\ 3 ot k@rk ! g

where

nor, 200,

20 2 oln 196
3 87“j 2 (37“]‘

) 5
(v * 382,

Hence

0 0 20\2 0 1

20\? (0 9 9 1

S0, 0\0O _K(20V: 09
ot kark or; g or;

and hence

o
9 (a@> - g (6716) + (67m0) <lnn+ %m@) . (D.8)

ar; T

o
(37“1'



Appendix E
1
The term: Yy P + K % 2§ -V P

Using eq. (D.1), we have

1

29 3\ 20V, 9— 8V
1
+2K @ ( >2

3 v 1 20\ 2
)i s (1)

+2K @ (%) { } @i%(ﬁ) <ﬁ2 - —) i 8IHQQKK
20 . 0lnée -

or;
BT (0) + K bl@)7

20 . ([ o Bln@ 5 5\ . 2 - 00
—|—K39<Pc(u)<u—2> or. @KUZ+K¢()< —2>ul @K{ }

26 . Wip o 294 5\ . 0ln6 -
= 2=, (1) U1y —¢ 2 u———9xK
3¢ ”(“)“’“J<29> ar; "3 ()<“ 2> Uy, 2K

20 3V 260 5 O0lno . ~
2K == 0,1 K— -5 ) U @, (u i’
+ 3 u,uj<2@> ar, b P (0) Dk (0?) + 3 < 2> U B () Pk ()
@ 8111@ ~

- 2 5\ 0mO . _
3g " or P )+K3 e (i )(u 2> or; Pt

20
g
20 . . 29V, - 9V 1 - 20\ 2

+2K3@¢ (@ )—<22>59K{22}+K@c(a) (fﬁ-%) iy — 2 e {gg}. (E.1)

The action of Zx on various variables can be obtained with the help of eqs. (D.2)-(D.8). Using
eq. (D.2),

Ik K = —KFgIn(n®) = —K (@K Inn+ JxIn @) .

Therefore, using egs. (3.2) and (3.4),
;20 ), 0mn (3 29V, L 20, 0me 2(3 29V,
3 "o \20) o, 39 | or: 3\20) o,

20 [[ omn (s)\:ovi) [ ome 2(3\iv
! 67*@- 26 87“2‘ ’ 67*@- 3\ 20 67*@-

IxK = —K

39
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Using eq. (D.3),

S

Ix (0?) = 4(%) i D Vi — 0> P In 6.

Therefore, using egs. (3.3) and (3.4),
() o 2 (5-1(2) 252} ()
’ K%{“Ggﬂ‘g 2@)é }

:—K?s {2<%>%~%3Vz uzaTm
K_@{g_@(@> zg;j}

1
= KQQ {ﬂiialn(ne) —ﬂZﬂ'alna — 2<i>2ﬂf’% + §<—> 2V } — 2K g;u;.

} - 2K gu;

3g or; b Ory 26 Ui or; 26 or;

Using eq. (D.4),
- 3\2 - 1. -
.@Kuj = — % .@KVJ — §u].@]( InO.

Therefore, using egs. (3.3) and (3.4),

NI

1 1
- 3 20 )% 20\ 2 01n(nO) 20\ 2 _
R K i B Sl K22 )
Zr; (2@) { o 2( 3 > ar; }+ ( 3 ) 9i
1 [0 [, ome 203 \iov
9 39 i or; 3\20 ) O0r;

1
20 | 190ln(n®) 1_ _ 0lnO 3 ov; 1/ 3\2_0V -
_ g2 1 _Laia. (3 L3V il ko (B4
9{2 o, 2" o, <2@> 87°Z+3<28> “Jam} g (B4)

Using eq. (D.5),

- - 9 -
.@K(ﬂiu]) = U; Dk uj + ﬂj Dty — g 6ijak Dy,

Hence, using eq. (E.4),

i)

i 10 Lo () (2) o)
32 (10 L 0 () () -]

20 [10m(nO) 1. _ome (3N v 1(3\i ovi|
3¢ itk 20 ) “or, 260 ) ""on T

5 87“k 2 87“[

2

géijuk K

Wl =
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(3 (32000 5, 2001 1, o))

3g 2 or; b ory, 3 ary,
1 (.. _.0mnG _ _ _0heG 2 0ln®
—5 U U U5 ujukuia—rk 5Uukuluk
IV an 2 a2 250,02
260 UZUkaT‘k J k&rk ik 181
PV a2 a2 25,0,0,20
3\ 26 Hitly ory. J Z@r Kl karl
wigy +u;g; 1. .
- 2K (% - gfsz‘jukgk>
_ K@ aln(nQ) k@ln@ Uil + Uity 15411211
3g or; ory, 2 37
26 ) "M gy, T UGy, T 30Ut

1
20 3 \20V, [uuy;+uu; 1. . —
ol B o _9KTie
+3<2@> B { 2 gt i1

(20 [ 0mm8) . 9O 2 (3 )30V,
3y Ui or; Hitljt ory, 377\ 20 ) or

20( BNT(L LAV Lo Vi 2 L OV
Hittk 87“k J k@rk 3 i l@rl

> —2K1u;3;. (E.5)

Using eq. (D.6),

Therefore, using eq. (3.4),
1 1 1
- (20\2 1/20)\:? 20 0lne 2 29V,
bl B bt K )l 2
@K<3> 2<3> 3¢ {“ ar; (2@) am}

1
20 (20\% [ ome 2 29V,
_ 20\2 ), 06 2 , E.
2 3g<3> {“ ar; (2@) am} (E-6)

Using eq. (D.7),

D <ZZ> 53] (@Kv> (.@Kv) a(z] <lnn+ 1n@>.

Therefore, using eq. (3.3),
~ oV 0 20 av; 1 (9 2 (9ln ne)
I <a> o | %39 { ark_§<_ } 3 i

3
K2(9 B l _@ 2(9111 ne) _@ B
ark 2\ 3 3 ) 9

+

<lnn + —1In 9>
or;
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or

~ . 2
o (22) - 20
arj

Brjark + 8—73 ory, Or;0r; or;  0Or;

+ aaVi_E@ F9mme)| 0 (. L 0 [ (20):
For, 2\ 3 or; [ or; gy 3
26 oV (9ln ne) 0

K3 - = -

+ { (37“k 2< }6 lnn+ 111@)

20\2_ 8
0 1 ‘
+K<3> g@rj <lnn+2ln@>

Now, let us simplify the following terms in the above expression, separately.

92V, Oy OV 3{(_@) 2 92 In( n9)+81n(n9)i<29>%}
213

1 1 1
T 3\2 IERLE: 1/3\°2/ 3\ 06
or; o, {( @> (”’“_V’“)} - <2@> Br]( Vi) + (v = Vie)g <2@> (‘2@2> or;

- tov, 1 i%( _yylome 20V 1. 0me
- 2@ ar;  21\20) T M T T 2(9 ar; 2" o,
0 (20)F_1(20)7F200 1201106 1 (26)i0m6
ary 2\ 3 30r; 2\ 3 ) ©0r; 2\ 3 orj

0 ( 20)_ 9 (1 \_ 1 ( 1\on __ 1 ohn__ 200In
or; 3g) Orj \mnd2) nd? n?) dr;  wnd? Or; 3g Orj

and

- OV, 20 [ 0%V 3\20V, 1_ 9o\ av
K20 (3N 1
I <87°]> ar]arfr{ (2@) o, 2" ar, }ark
120 5821n(n8)+81n(n8) 1/20\20Im6
2 3 arj((’)?“i (37“1' 2 3 (37“]‘
Lo 120 2 91n(no) _209In
k@rk 2\ 3 ar; 3g Or;
20\2
k(2
+g{ <3> 67'] (lnn+ 111(9)}
1
20 aV; 20\20In(nO®) | 0 1
Ko i I N G RS
* { aT’k 2(3) 61”@' }8rj<nn+2n8>

20 0 1
K 1 —
+ <3> gz(%j<nn+21n8>
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or

PV (if@viavk 1.0V, 0lme
20

or; arjark 8rk8—7°j_§uk8—7"k or;
1 @ 202I(n®) 1/20\%9In(n6)dme
2\ 3 Or;Or; 4\ 3 or; or;
20 [1_9V;0lmO 1(20\29In(n6) e
3 kaT’k 87“] 4 3 61”@' 6rj
G20 Vi (3\:0Viovi  1(20)6°In(ne)
3y k@rj(%k 20 ) Ory, Or; 2 3 Or;Or;
1
©\20In(nO)JdneO
—= —_— . E.
2( 3 > 67*@- aT’j } ( 7)

Using eq. (D.8),

D (a—@) - a% (67km6) + (67x6) 8‘22 <1nn + —ln @)

Therefore, using eq. (3.4),
_ (00) O 20 [ 9me 2 20V,

I <(97“2> T o © {KQ (u] or; (2@) 67’]>}
20 Olne® 2 2 )%

© {K§ <uj (973 3 <_> or; ) }

_ [, ome 2 (2006 0 (20

R or; 2@ 87’] 3g (97“Z 87‘1- 3g

04;0ln0 PO 20V, 9 ( >l g( 3 >% 92V,
20

or; Orj T j@m@rj _gﬁ—rja_n 20 or;Or;

1
260 81n8 2/ 3\20V; | O
K— — | == 1 1
+0 3g {u] or; <29> or; } ar; <nn+ n8>

1
olne 2/ 3 \20V; 2001n O 20 01lnn
= Uj——— = =— K— K—
{u] or; 3(28) arj}{@ 3g Or; +@< 3g Or; >}

29V aln@}mn@ 9’6

* 87“2

9 <lnn—|— —ln@>

2
+9K ©

61”@' _QUJ 61”@' 8rj +uj8ri8rj

20V, [ 1(3\7100) 2(3\:
387“j 2\ 26 @87“2 3\ 26 87“2‘87“j

1
20 Olne 2/ 3\20V;| 0O
K o 22 ) 22 1 1
+6 g{ - 3(29> 87"j}87“2<nn+ n@) (as above)




181

or
1 1
_ /00 20 [(_ome 2/3\iav;| o 3\*0V; 0me
9N _or22 |15, 0 _2( 2V 9y ey () 2
@K<am> oK, {“J or; 3(29) arj}am( nn+n6) (2@) or; or;

1. 0ln®IolneGE 821n6)+1 3 %avjalne 2( 3 2 62Vj
-y Us Y —_J _ - —
2 J 87“2‘ (37“]‘ J (37“1'((’)7“]‘ 3 2@ 87“j 87“2‘ 3 2@ 87“2‘((’)73‘

J 8rj 3\ 20 6rj 8ri 2
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Now, we shall simplify each term on the right-hand side of eq. (E.1), with the help of egs. (E.2)-
(E.8) and (F.3), separately.

e 15 term in eq. (E.1):
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e 2% term in eq. (E.1):
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e 4' term in eq. (E.1):

20 | _ 0In(nO) dlne
i aT’j u J 67’]

3\ _ oV, 2 LoV o
_2<%> u]uka + - <%> U o, } —2ngu]]
20\ 2. 5\ 9ln @ olne 2 29V
- (kY ) (a2-2 200, T 22
< 3g> c() <u 2) or; {u Hitly or; 3 (2@) (973 }

20\*., (., 5 29V;0ln6  _ _ dlnOdn(nO)
- (K@> D () <u —§> {Qu,u]uk<28> e o _umja—?“iT"j

—2K% = (fﬁ - g) mn?qﬁ’ (@)1, (E.9d)




183

58 term in eq. (E.1):
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Now, using the simplification
L OGOV VIOV 2 ooV
! kf’)?“j 87“k J k@rj aTk 3 F lan‘ 87“[
_aa.avi aVk a@%%_g@ ﬂ.)ﬂ.%%
Oy Oy 7 or; org 3 ik 7 Or or;
ey 1 %+8Vk _1 ) @ %_2@@.@%
N v 87“k (37“1' 3 ik 87“[ 87“j N ! J@rk (37“]‘,
and egs. (F.3) and (F.2), we get
20 . 2 oV, ~
IKZ b, (i T
3¢ (“)<2@> ar; {““}
o520V 6 (2 [V [, omme) o 9me 2. (8 )PV
N 3g 20 or; or; iRtk ory. 3 20 ) Ory
o) —

3\2 IV, 0V

_<%> X 2u;U ](%k (973 2K6—Tjulg]
3V [, o (3 OVioVe 9V 9ln(nO)

“I\20 ) Ory or; “Or, Oy

20
=2(K b, (a) [ ==
( 39> (u)<29
29V, _0me 2. _ [ 3\20V;
it —3"%\20) oy

20\” .
-2(K 7 =
(x5) 0 (55) T o
1
20 . 3 \2V;
—AK? = ()| — ) =75, . E.
3g U(U)<2@> 87"juzg] (E-92)
e 8" term in eq. (E.1):
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e 9% term in eq. (E.1):
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Adding egs. (E.9a)-(E.9j), we get
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In the above equation, the numbers below the underbraces represent the order, in which the
8th

/

terms will appear in the next step, e.g., all the terms in the blue underbraces contribute the
term in the next step. The terms in the red underbraces cancel each other and the terms in

green underbraces simplify to the following (see eq. (4.140)):
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Eqn. (E.10) can be written in another form, to compare it with the equations in Appendix E of
Sela & Goldhirsch (1998).
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Appendix F

Few Claims and their Proofs

Claim 1.
Aij Bij = Aij By; (F.1)

where A;j and B;j are the components of the second order tensors.

Proof.

As a consequence of eq. (F.1), we have the following:

222Oln(n@) i _ ﬂialn(né) 8VZ~’ (F.2)
(37“]‘ (37“]‘ arj arj
ov, 9V
;o = F.
Uil ar; Witl; —— o, (F.3)
_OV; 0V . _ OV, 0V
T — F.4
ity ory, Or; ity T Ory 87"] (F-4)
—— __ 0 Vi
UzU] —8’[“k —67‘] = U; U a’rk 67’] (FS)
9?’In(n®) _ _ 92In(nO)
_— —_— F.
itly Or;Or; - it Or;0r; (£6)
and
_— 0In©® 0In(nO) 0ln O J01ln(nO) 0lno 8ln(n(9)
Y — ik S A — F.
ity or; or; = it g, or; or; = it or; or; (F.7)

The second equality in the above equation can be obtained by interchanging the dummy indices

7 and j in the middle term.

Claim 2.

/ ks (= - duy)" = / ke (k - it1s)" (F.8)
I;:~'l~l,12<0 I;:~'l~l,12>0
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Proof. Let us transform the above integrations over k to the spherical polar coordinate system
(];5,9,(;5), whose z-axis coincides with @12 (see Appendix C for the figure and the following

equations). Hence

k= sinf cos ¢ & + sinfsin ¢y + cos b 2,

k- ’&12 = Z~L12 cos 0.

First, consider LHS of eq. (F.8),

/ dl%( / / / —119 cos ) 51n9d¢d9df<:.
k-t12<0 k=0 JOo=n/2 J p=

Let —cosf =t = sin6df = dt, hence

1
/ dk( / dk‘/ u12t dt/ d¢:2ﬂ'/ (ﬂlgt)mdt. (*)
k-i12<0 k=0 t=0 $=0 0

Similarly, consider RHS of eq. (F.8),

w/2 .
/ dk k u12 / / / (112 cos 0)™ sin O d¢ d dk.
k-t12>0 k=0J6=0 Jo¢=

Let cos@ = p = —sinfdf = dp, hence

1 0 2w 1
/ dk (k . ’&12) = / dk / (ﬁlgp)m(—dp)/ d¢ = 271'/ (ﬁlgp)mdp. (**)
k-u12>0 k=0 p=1 »=0 0

From egs. (*) and (**), we see that

/ ks (—F - iuy)" = / ks (k - o)™ 0
k-u12<0 k-t12>0
Claim 3. A -
/ di f (i1)it;ii; = ?ﬂazj /0 da f ()@ (F.9a)
and therefore
L 47 4
a;j [da f(u)u;u; = 5 % da f(a)u®, (F.9Db)
0
T 47 4
Aij | du f(a)ua; = 314“ da f(a)a (F.9¢)
0

where aj and A;j are the components of a vector and a second order tensor, respectively.

Proof. Consider the left-hand side of eq. (F.9a). For i # j the integral vanishes because in this

case integrand is an odd function in components of &, and because of symmetry,

/dﬂ, f(a)a2 = /dﬂ flayas = /dﬂ fa)as,
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therefore one can write
[daf@ma; =5, [aa s
Let us transform the integration over @ to the spherical polar coordinate system (u, 6, ¢). This

transformation implies that

U1 = U sin 0 cos ¢

iy = U sin O sin ¢ (**%)
U3 = U cos 0.
Hence
/duf —5”/ / / dadf d¢a®sin 6 f (@) (@ sin® 0 cos? ¢)
0=0 J =0
T 2
zam/ da f ()i / d9s1n39/ d¢ cos® ¢
=0 =0 $=0
zaij/ da f(a)a* x Vg 4—”@-/ da f(a)a
3 3 0
Therefore A - A -
a; /df& £ (@) iigii; = aj?”éij/o dai f(a)it = ?ﬂaz/o da f(a)al
and A - A -
0 0
Claim 4.
/ da f () ity = (F.10)
Proof.

/duf( ) Uit = /d&f(ﬁ) (W - %@ﬂi) = /daf(a)aiaj - %@j da f(a)a?

4 1 o0
= %5@/ da f(a)a* — —51] X 47‘(‘/ da f(a)a* = 0. [
0 0
Claim 5. A .
/d’& f(ﬂ)ﬂiﬂjﬂkﬂl = %(623'6191 + 6ik5jl + 5i15jk)/ da f(ﬂ)ﬂG (F.ll)
0

Proof. The integral on the left-hand side of eq. (F.11) will be nonzero only if either (i = j =
E=lor(i=j&k=10or(i=k&j=1)or (i=1& j=k); in any other case the integrand
is an odd function in components of @, which results into vanishing integral. The combination
of delta functions, (0;;0x; + 0;xdj + 0;10;1) takes care of all these conditions. Also, because of

symimetry,
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Note that for i = j = k = [ case, 0;;0k1 + 0;105; + 050, = 3, hence in this case
N 1 N
/du f(u)uiujukul = g(éijékl + 5ik5jl + 5i15jk) /du f(u)uzll

Let us transform the integration over @ to the spherical polar coordinate system (a, 6, ¢). Using

eq. (***), we get

/ da f(@)at; i
= é(5¢j5kz+5ik5jl+5u(5jk)/ / / daddde a®sin 6 f(a)(a* sin* 0 cos? @)
U= ¢=0

1 o0
= —(5ij5kz + 03k 61 + 6i10;1) /

=0

T 27
da f (w)a® / df sin® 6 / d¢ cost ¢
6=0 @

=0

> 16 3
(5,j5kl + ikbj1 + 6101 / da f(2)ab x — x =

U=

1_5(5ij5kl + 03051 + 5il5jk)/ da f(a)ad
0

Next consider the case: (i=j& k=10 or (i=k& j=1)or (i=1& j=k)butalofij,k
and [ are not equal. In this case d;j0x; + 0;10;; + 0495, = 1, hence in this case

/d’& (@) tujunty = (0506 + 0ikxdj1 + 0idjk) /du flayatas.

Let us transform the integration over @ to the spherical polar coordinate system (a, 6, ¢). Using
eq. (***), we get
/dﬁ f() ;0T
= (0401 + 0ir0j1 + 0irdjk) / / / dadfde o> sinf f(u )(u sin? 6 cos? ¢ sin® ®)
¢=0

= (0ij0k1 + dirbj; + 5il5jk)/

u=0

e 16

™ 2
da f(u)u /9 OdG sin® 9/(Zb d¢ sin? ¢ cos? ¢

=0
4

= (5z‘j5kl + 5ik5jl + 5il5jk)/ du f( )u X 1—5 X % = G (5215k‘l + 5zk5]l + 5@15]k)/ du f(ﬂ)ﬂG
u= 0
Therefore, in any case
N~~~ 4 A
/du fla)u;uyu,t = %(5@'5}91 + 0indj + 5z‘l5jk)/ da f ()b, |
0

Claim 6.

=y /du £ () iy iy = gA_Z-j di f(a)is, (F.12)
0

where A;; are the components of a second order tensor.
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Proof. Since

using egs. (F.9¢) and (F.11),
Akl /du f(ﬂ)ﬂlﬂjﬂkﬂl
< 4 o
= Ap— (5zj5kl+5zk5l+5il5jk)/ da f(a)a’ 5@]14% / da f(a)a’
0 0
47T 5 & ~ ~\ ~6
51]Akk + Azg + Ajl - _5ijAkk duf(u)u
15 3 0
_ Ar 2 RN
=15 <A” + Aj; — géijAkk> /0 da f(@)a®
Aij —{—Aﬂ 1 6
T T s A
15 ( 5 3% kk>/0 da f(a)u
dm—— [
Sy o F ()0
154 |, da f(u)u
Similarly,
~~~~~ S | RSN S
Ap /du f @)ttt = Ak /du f(a)u;uju,n; — géklAkl /du f(u)uQuiuj
1
= Ay /df& £ (@)t — gAkk /df& f(@) a2ty
Using egs. (F.9a) and (F.11),
Akl /du f(ﬁ)ﬁzﬂ]ﬂkﬁl
= Akl (5”5“ + 0ik i1 + 0iudjr) / da f(a)a® Akk 5” da f(a)a®
0

0

{n___ [
= %Aij/ da f(@)a®.  (same as above)
0

Now using the above results and the fact that (Aij) = Ajj,

Akl /duf(ﬁ)ﬂlﬂ]ﬁkﬁl Akl /duf(ﬁ)ﬂlﬂ]ﬁkﬁl = AU/ duf( ) [ |
0
Claim 7. A -
/dﬂ‘ f(a)alﬁjﬁkalamun = il zgklmn/ da f(ﬁ)ag, (Fl?))
105 )
where

Tijktmn = 0ij (0r16mn + OkmOin + Okndim) + 0ik(8510mn + 8jmOin + 6jn0im)
+ 051 (810mn + IjmOkn + 0jn0km) + Oim (8j£0m + 0j10kn + 0jndki)
+ 0in (0j£01m + 0510km + 0jmOki).
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Proof. Consider the left-hand side of eq. (F.13). The tensorial structure, and even or odd nature
of the integrand on the left-hand side are taken care by the combination of delta functions given

by Tijkimn above. Also, because of symmetry,

[aa @ = [aa @i - [aas@as
and
[aaf@atas = [aa @ - [da @
- [aas@a - [da @i - [aas@isal
Note that for i = j = k =1 = m = n, Tjjkmn = 15, hence in this case
N e 1 JERN
duf(u)uzujukulumun = ETijklmn duf(u)ul

Let us transform the integration over @ to the spherical polar coordinate system (a, 6, ¢). Using

eq. (***), we get

/d’&f(ﬂ)@zﬂ]ﬂkﬂlﬂmun =15 Z]klmn/ / / dadf de % sin 6 f (@) (a8 sin® @ cos® ¢)
0=0 J =0

g 2
= 15 zgklmn/ duf( ) A Ode Sin76 5 Od¢ COSG¢
u= = —
1 o 32 5w
= —T;; da f(a)ad x == x =—
15 igklmn /ﬁ:() Uf(U)u X 35 X 3
a7 &
= T ikl / da f(ﬁ)ﬁ8
105 ijklmn 0

Next consider the case: (i = j =k =1& m = n & i # m) or any similar case. In this case

T jkimn = 3, hence in this case

e e 1
/du J (@) 0T Ug Ty Uy T, = gTz‘jklmn /du f(@)aias.

Let us transform the integration over @ to the spherical polar coordinate system (a, 6, ¢). Using

eq. (***%), we get

/dﬁf(&)ﬁ,ﬁjﬂkﬁlﬁmun = éTijklmn/ / / dadfdeé a?sin 6 f(a)(ad sin 69 cos? ¢ sin? o)
=0 J0=0 Jp=0

1 [e’s) T 2
= ~Tijkimn / da f (a)a® / df sin” @ / d¢ sin® ¢ cos* ¢
=0 6=0 ¢=0

3
1 & 32
— gnjklmnA duf( )u X g X

47  p ~
= —Tijklmn/ duf(u)u
0

s
8

105
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Next consider the case: (i = j& k=1&m=n&i# k& i+# m&k # m)or any similar

case. In this case Tjjjimn = 1, hence in this case

/d’INL f(ﬂ)ﬂzﬂjﬂkﬂlﬂmun = szklmn /du f( )u1u2u3

Let us transform the integration over @ to the spherical polar coordinate system (u, 6, ¢). Using

eq. (***%), we get
/ it f (i) by g iy o i
= ijklmn/ / / dadf de¢ @ sin 6 f (@) (a8 sin* 0 cos? § cos? ¢ sin? ¢)
=0 J6=0 J p—

= z‘jklmn/ da f(a)a® / df sin® 6 cos? 9/ d¢ sin® ¢ cos® ¢
=0 6=0

o0 16 7 4« R
= ijklmn/u duf( )u X ﬁ Z = ﬁTijklmn/O duf(u)u8
Therefore, in any case
4 [e.e]
/ At f (i) ity g iy o Ty = —= Tt / i f(@)a®. m
105 0
Claim 8.
. oV Vi [ 8roV; oV [ _ . . 6
d or = — d F.14
() Gy [au s =22 SR [ (F.142)
o OV OV [ 8r oV, oV; [ _ . . . 8T oV; oV; [ _ . . _
d iU =—— 1 d 6 — 2 2/ d 6
(#) or; ar, / w ()t g 15 Or; an-/o af(mu 15 dr; or; Jy fmu
(F.14b)
Proof. Using eq. (F.11) and the facts: ZZ =0 and ((99‘7“/2 g)«f’
L oV Vi [ oo 4T ov; oV, [ _ . . .
(Z) 87“J 37“1 /du f(U)UQUz‘Ujukul = B((Sij(;kl + 6ik5jl + (52‘1(53‘]9)6—”—874[ / duf(u)’uG

o 47 8—‘/28‘/2 8—‘/23V7 & ~ ~\ ~6
_15 <8rj8rj+8rj 87“2)/ de(U)U

A (9Vi 0V, +a—viav 20V; OV, / aii f(2)if
1 orj Or; ~ Or; Or; 3 ar; Brk

_ 8w oVi {1 (9Vi  OV; _l”%/ - (6
~ 15 or {2 (arj + ari> 3% ark} f du f(a)

SR IV [,
15 0r; Orj / di f (@)
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(37“]‘ (37“1

Ar (Vi OV, Vi OV [ . g
N 5 (aT’j aT’j + aT’j 8Tz>/0 duf(u)u

_ 8movi 9V, / dii f (@)

OV, 9V, o 4 oV, OV, [ .
(i) “rk /du f(u)u2uiujukul = B(@j&kl + 0ikdj1 + 0itdjn) m— —k/o da f(u)u6

15 aT’j 61”@'
& 9V, OV, [
= — - da f(a)ab. [ ]
15 87“j 87“j / Uf(u)u
Claim 9. __
Ve OVy [ 327w OV; OV}, /°° o prrn 8
_ 2Em O Ok F.1

877 or, /du f(u)u,u]ukulumun 105 9y, O da f(a)u®, (F.15)

Proof. Consider the left-hand side of eq. (F.15).

‘?Z“ %‘:n / At f (@) gty g g o, T,
%‘2“ (?9‘:” / At f ()T g Ty T, Ty, — é&ij%—‘gf %‘:n / At f ()@ g, Ty T, T (#)
Using eq. (F.13),
aVk av ~~~~~~ o 47T aVk aV > ~ ~\ ~8
67’1 o, /du f(u)uzujukulumun =~ 105 87“1 orn szklmn/o duf(u)u 5
where
Vi, OV oV, OV,

ijklmn — 5 & 626 5mn 6m5n 6n5m
O, Or, M or Brn{ 3 (Ok10mn + Okmin + Opndim)

+ 5ik(5jl5mn + 5jm5ln + 5jn5lm) + 5zl(5]k5mn + 5jm5kn + 5jn5km)
+ 0im (0jk01n + 0510kn + 0jn0k1) + Oin (Ok01m + 0510km + 5jm5kl)}-

- v
i he facts: — = L=
Using the facts or 0 an o, ar:’
WV 8VmTH 5 oV, OVy, | OV, OV, . oV (0V; . v
or; Orp igktmn = Oij ar; Ory ary Ory, or, \ or, or;

Vi (OV; Vi) OV (OV; OVi\ Ve (OV; OV
Or; \Ory  Orj Orp, \Or,  Orj or; \Orp, ~ Orj
oV, Vi oV; OV oVy, OV oVv; oV, oVy 0V
2 — 42 —= +2 —+2 —
i 87“[ 87“k aTk (37“]‘ + 87“2‘ 87“k + 87“k 87“j + (37“1' aTk
_ 0, 0O, (Vi OVe | DV, O
87“k 87“[ 87“k (37“]‘ aTk (37“1'
OV, OV OV, OVi\ 1, OV OVi\| 14, DV OV
N ory. (973 ory, Or; 370, On 3 Y or, Or
v %+E R
N aTk 87“j 3 Y aTk (37“1 '

= 26;
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Hence

Ve Vo [ pio o Ax | OV; OV, 14 9V OV /00 U

With above equation and eq. (F.14b), eq. (#) changes to

(?9_‘2 ‘2‘;’: / At f ()0, iyl i
Cdn [ OV OV, 14 9V, 9V, /°° g 1 H87r6—Vz8Vk/°° - (o8
105 {88rk or; * 3 0 ory, Brl} 0 dit f(@)a 35” 15 0ry, Orp Jo di f(u)
3200V, OV [ _ . g
= — _ . .
105 9ry /0 dif(@)a
Claim 10. . .
ov,00 [ . . . _ _ _ 8w dV; 00 [ g
e o /du f@)uau,t = 15 or 57“]'/0 da f(a)u (F.16)

Proof. Using eq. (F.11),

g::”/lig_fz /dﬁ fla)uiug gt = 3:2(;_: X %(5@5“ + Gikdj1 + 6i1djk) /Ooodﬁ fla)a®
= %2‘2 g—z /Oooda flayas. m

Similarly,

j SN 8t 0 OV; [*. .. . | ¢

— iU =——— . F.1
Or, 07y /duf(u)uzujukul 5 r; o /o du f(u)a (F.17)




Appendix G

The Evaluation of some Integrals

1. / dk (k- @15)" =?, where n € N.
I;:-'ll12>0

Let / dk (12: . ﬁlg)n = I; and let us transform the integral over kina spherical coordinate
k-t12>0

system (/2:, 0, ») whose z-axis coincides with @19 (see Appendix C). Hence

k =sinflcos¢px +sinfsinpy + cos b z,
U2 = U2 2,

k- ’&12 = ﬂ12 cos 6.

Note that k varies from 0 to 1 because k is a unit vector. Therefore

1 w/2 2w .
I = / / / sin @ d¢ df dk (12 cos 0)"
k=0 J6=0 J¢p=0

1 . 71'/2 2 1 1
:ﬂ?g/ dk/ sianos"HdH/ dgzbzﬂ%XlX—B(n—i_ ,1) X 2m,
k=0 Jo=0 $=0 2 2

L(2)I'(y)
T'(z+y)

where B(z,y) = is beta function and I'(x) is gamma function (Abramowitz & Stegun

1965). Hence

I (=) (1) () %1 2
I = muyy 2n 3 = Ty 7, 12 ntly Ut
(%) ()T () e+
or
/ dks (k- it1)" = — ) for meN (C.1a)
s U2 = —U or n . da
I;:~'l~l,12>0 (n+ 1) 12
In particular,
/ d];? (’25 . ’ljl/lz) == 7TZ~L12, (Glb)
k-it12>0
Ao 3 ™ .
/ dk (k . ’ulg) = 5 U%Q, (G.lc)
k-t12>0
PPN T e
E-it12>0 3

199
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2. / divydisg @3, e~ (FH3) =2

Let us make the transformation (@, @2) — (g;,9g5) such that,

g, = Uy + ug,

92 :’il;l —’il;Q.

Squaring and adding the above equations, we get g7 + g3 = 2(%3 + @3), and @12 = |0 — Ug| =

|ga| = g2. Using eq. (J.5), we have
~ ~ 1 1
/d’ald’&2 i3 o (@) — /(gdg1d92> 95 o398 +93) — 3 /dg1 0391 x /dg2 gs o395

Changing both the integrals to spherical polar coordinate systems (g1, 61, 1), (92,02, ¢2) respec-
tively, we get

- - o~ (72472
/dulduQ @3y e~ (0HE3)

1 00 T 21 L o 00 T 2 1o
= — / / / g% e 291 sin 61 dgy df; d¢y / / / gg e 292 gin 6y dgo dfs dgo
8 91=0 J01=0 J $1=0 g2=0 J02=0 J $2=0
o] 1 T 2T [e'e) 19 T 21
/ g% e 291 dgq / sin 61 d6y / d¢q / gg e 292 dgo / sin 6, dfy / doo
g1=0 01=0 ¢1=0 g2=0 02=0 $2=0

x\/§x2x2wx8x2x2w

/df&ldf&g @3, e (1113) = 8\/2 15/2 (G.2)

1
8
1
8

or

- - _2
3. /dUQ Ujpe vz =7

o a2 - - -
Let /du2 e "2 = Iy and @19 = 4 — Uy = g. Hence

o0 S o0 "
I, = / / / dioy, dﬁgy ditg, U9 e~ "2
U2, =—00 J Ugy=—00 U2, =—00

:/ / / (—dgz)(—dgy)(—dg:) g o (@ +g>~2ii1-g)
=00 v gy =00 =00

N o o o0 2 2%
=e / / dgs dgydg. g e™? ™19
gz=—00 J gy =—00

=—00 vV gz=

Let us replace w1 by w for simplicity. Therefore

—u? > > - 9% 2ug
Ihb=ce dg,dgydg.ge 9 e .
Je=—"0 J gy=—00 J g=—
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Changing the above integral to spherical polar coordinate system (g, 6, ¢), whose z-axis coincides

with u, i.e.,
uU=1uz,

g =gsinfcosp& + gsinfsinpy + gcosh z.

Therefore

o0

/ / ged ngucose) (92 sinf d¢ df dg)
0Jo=0Jp=0

i

e’} 2
/ ge e {/ 2gucc’sesiné?dé?}dg/ do.
9=0 0=0 $=0

Let cos = —t = sin6 df = dt, hence

> ! 00 —2gut 1
12 = e7u2 / g3 6792 {/ 672gut dt} dg % 21 — e,u2 / 93 eig2 [e :| dg
9=0 t=—1 9=0 —2qu |,_

2

e U 00
_ ™ / 92 e—g ( 2gu _e—Zgu) dg
u g=0

> 2 —(u?+g%®—2gu) > 2 —(u?+g*+2gu)
g-e dg — g-e dg
g=0 g=0

/ e dg - = / g 0T dg.
g=0 g=0

Let g — u =z and g + u = y, hence

213 =213

I = z/ (ﬂv—i-u)Qe*:’““2 dz — z/ (y—u)Qe*y2 dy
T Y

U Sy U Jy—y

[e.9]

0
_T [/ (z 4 u)? e dz + (3: + u)? e’ dx}

u —

_E[/ (y —w)e " dy — /
U y=0 Y 0
0 2
[/ (z+u)?e® dx—i—/ —u)?e Y dy]

T=—u y=0
—|—E[/ (z 4 u)? 7 dg — / 2o dey].
U | Jz=0 y=0

Now, replacing = by —y in the first term above, we see that

—u) e_y2 dy]

S

S

/: (z+u)le™ dz = /yo (—y +u)le ¥ (~dy) = /yu (y — u)? e dy.

= B =0

Therefore

12:—/2: (y—u)Qedey—i—%/;o [(:U—i—u)Q—(:v—u)Q} e dz

=0
2 o0
= —WIga + z/ dug e~ dx,
u u
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u
where Iy, = / (y — u)2 eV dy. Hence
y=0
2 > 2 > 2
I = —sza + 271/ 2re % dg = —ﬂba + 277/ e tdt = —sza + 2.
U =0 (z?=t) U t=0 U

We shall evaluate I, separately.

u u
Iy = / (y—w)?e ™ dy = / (v = 2yu+u?)e ¥ dy
y=0 y=0

w 2 2 w 2 2 w 2
:/ ye Y dy—2u/ ye Y dy+u /ey dy.
0 0 0

Let us evaluate the integrals on the right-hand side of the above equation separately.

u 1/2
. / enydy:W—erf(u),

0 2

gy = L[l L L e
s fvetdy Z g, A=l =g,

v 2 —y? 1 [ 2 1 2 L “ g2
o |yt dy=—5 [ y(=2ye " )dy=—3 {ye } — [ eV dy

0 0 0 0

1 2 7T1/2 1 2 771/2
=3 [ue —Terf(u)] = —§ue —i—Terf(u).

Substituting these values of the integrals in the expression of I»,, we get

1 e 71/2 1 2 ) rl/2
I, = <—§ue +T erf(”)) —2u {5(1 —e )} +u (T erf(u)

1 2 w/2(1 4 2u?)

= §ue*“ +f erf(u) — u.

Therefore

27 |1 V2(1 4 2u?

I, = T iye —i—werf(u) —u| +27
u |2 4
1/2 1 9 2 1/2 1 9 2
=7 |e _,_M erf(u)| —2r+2r =m e’ +w erf(u)
2u 2u

or

_ _ 1/2(1 £ 942
/d’&g ﬂlg e_“% =T [e_“% —i—Lj—ul) erf(zll)] (G?))
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- o~ _ =2
4. /d'U/Q U3y e %2 =7

.3 _g2 - - -
Let /dug u‘rf‘Qe Y2 = J3 and @12 = w1 — Uy = g. Hence

00 00 [eS) y
I3 = / / / diio, dﬂgy duo, ﬁ:{’Q e U2
U24=—00 J Ugy=—00 J U2, =—00

= / / / (_dgx)(—dgy)(_dgz)gi% o (@92~ 2i1-g)
Ga=00 J gy=00 J gz=00

N o o0 o 2 ~
=e " / dg, dg, dg, g> e e*19
9z 0

=—00 Jgy=—00 JGgz=—

Let us replace wy by w for simplicity.

2 00 00 00 3 0 dug
I3=¢ dg,dgydg.g’e 7 e .
Gz=—00 J gy=—00 v/ gz=—00

Changing the above integral to spherical polar coordinate system (g, 6, ¢), whose z-axis coincides

with wu, i.e.,

uU=1uz,

g =gsinfcospx + gsinfsinpy + gcosh z.

Therefore

g

T 2
Iy=e " / / / <g3 e 9 629”0039) (9% sinfdedo dg)
9=0J6=0J¢p=0
2 /
=e
g

o'} T 2m
g N {/ e29ucosfgin g dH} dg / do.
=0 0=0 »=0

Let cos = —t = sin6df = dt, hence

o0 1 o0 —2gut 1
I3 = e v’ / q° e ¢’ {/ e 29ut dt} dg x 27 = 27 e v’ / q° e 9 [e } dg
9=0 t=—1 9=0 —29u |,y

2

_ ﬂe*u /OO g4 6_92 (ngu _e_qu) dg
0

u =
T e 4 2 2 2 e 4 2 2 2
U 1J/g=0 9=0
[e.e] [e.e]
_T / feawiqy T / et 4.

Let g — u =z and g + u = y, hence

1321/ <~’C+U)4e_x2dx‘z/ (y—u)'e™ dy
T uy

u ——u =u
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or

&
I
=13

0 00

[/ :c—l—u xdx—l—/ (z+u) _”Cde}

z[/ (y —u)* eydy / Yy —u) e_dey]

U y=0 y= 0
0 4 2 4 2

[/ (x+u)"e™ dx—i—/ (y—u)e™ dy]
T=—u y=0

+z / (z 4 u)* 7 dg — / enydy .
U | Jz=0 y=0

Now, replacing x by —y in the first term above we see that

S

/: (z+u)ite™ dz = /yo (—y +u) eV (~dy) = /yu (y — )t e ¥ dy.

=—u =u =0

Therefore
o [ 0
Iy==" / (y—uw)te ¥ dy+ = / [(:c +u)t — (z — u)4] e da
U Jy=0 U Jr=0
o [ %0
== / (y —u)* eV dy + u / Sux(z? + u?) e dx
U y=0 U Jz=0
2 “ o 9
== / (y—ue ™ dy+8n / (@ + 2u?) e ™ do = = Iy, + 87 I3,
U Jy=0 =0 u
2 e 3 2 2
where I3, = / —u)te ¥ dy and I3, = / (x° + zu®) e dx. We shall evaluate I3, and
y=0 =0

13, separately.
“ 4 2 Yo 3 2.2 3 4 2
I3a:/ (y—u) e Y dy:/ (y —4yu+6uy —4uy+u)e_y dy
y=0 y=0

u u u u u
= / yte ™V dy - 4“/ y*e V" dy + 6u? / yre v dy — du® / ye ¥ dy + u4/ eV dy.
0 0 0 0 0

Let us evaluate the integrals on the right-hand side of the above equation separately.

u 1/2
. / eV’ dy = 7TTerf(u),

1 /M _ 1 w2 1 2
/yeydy —ti/ e tdtzi[—e t]g 25(1—6“),

1 [« 2 1 2) U v 2
2 —y d ___/ ) -y dy = —= |: -y _/ -y d ]
Y Yy ye Yy ye € Yy
A 2 0 ( ) 2 { }0 0
1

[e=]



205

0
1 1 1/2 1
2 [u3 efu2 _3 <—§UGUQ +7TT erf(u))] _ __u3 7u2

w 4 1 /v 3 —y2 1 3 2% u 2 42
o [ YV dy=—5 [ y'(-2ye ¥V )dy=—3 {y e } — [ 3y"e ¥ dy
0 2 Jo 2 0

3
U e e e v’ +§771/2 erf(u).

Substituting these values of the integrals in the expression of I3,, we get

1 3 3 1 1 1
I3, <—§u3 e 74 e —|—§7T1/2 erf(u)) —4du <—§u2 e’ 3 e —{—5)
1 1/2 1 1/2
+ 6u? | —cue 1 — erf(u) | —4u?{ = (1 — e_u2) NI erf(u)
2 4 2 2
1 3 3 1
——ud = S 20+ 2u — 36+ 2u® ) e —2u — 203 + 1!/2 erf(u) ( = + =u?+ —ul
2 4 8 2 2
1 5 34 12u® 4 4u?
“u? + Su) e al/? erf(u) Cisb Gl U 2u(1 4 u?)
2 4 8
1 5 3+ 12u® + 4u?
= —u(u?+2)e ™ 472 erf(u) ST AN 2u(1 + u?)
2 2 8
and

[e.e] 1 [ee]
I3 / (x3+xu2)e_$2 dz = —/ (t +u®) et dt
2=0 e?=t 2 Ji—o
1 2 —ty 1~ > | L 2
—5[{<’f+“ =ef - {e }t:o] =5t

Substituting the values of I3, and I3, in the expression of I3, we get

2m [1 5 3+ 12u? + 4o 1
I3 = Tou (w42 ) e 412 erf(u) e U 2u(1 +u?)| + 81 x = (1 +u?)
u |2 2 8 2
5 V2(3 4+ 120% + 4u?
=l (w2 r2) e 4L (84 12" +4u )erf(u)
2 4y
or

- 1/2 12"2 4"'4
P P S e B VWO
2 4u1

(G.4)

- o~ _ 2
5. /d'U/Q W5y e =27

This integral can be evaluated by following a similar procedure as in evaluating the integrals in
eqs. (G.3) and (G.4). The result is':

- o~ _ 72
/duQuize 2=

L i 12(1 02 ~4 ~6

60 erf(a1)| | (G.5)

"This result is obtained by using the generating function given in Appendix E of Bar-Lev (2005) and Mathematica.
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. _ 1 .
6. / ditydk (k - @y0) e (1 — (k- @,12)2) —9
it12>0 2

L ; 1
Let / ditadk (k- @y0) e (1 -
e-it12>0 2

k-
egs. (G.1b) and (G.1c). Hence using these equations

. 1 . - .
I4 = /d’lNLQ (71' ﬂlz) eiu% — 5 /d’&z <g &:152) eiu% = 7T/d’l~L2 Z~L12 eiu% — % /d’lNLQ ﬂ?z eiu% .

Now, with the help of egs. (G.3) and (G.4),

~ 1/2(1 L 972
Ij=mxm {e_”% + werf(ﬂl)}

~ 2 ~
(k- u12) > = I;. The integrations over k are given in

2y

5 . 1/2(3 4+ 1202 + 4u4
T { (ﬂ% + —) e~ 4 ™ +4QU1 +4i) erf ()
1

~2 ~ 1/2 12"2 4"'4
= 72 [< —ﬂ—§> eiu% +L {14'2@%— Chs il U1)}erf(a1)]
u

2 1/2 ~2 44
2U1 8

or

~ A~ - 1 A
/ dftzdk (k: . ’&12) e_u§ <1 - _(k : ’l~L12)2>
I;:-fl,12>0 2

gy 3 — 2u? i 4 (5 + 4u? — 4~a‘11) erf (i)
8l/2 160,

(G.6)
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(k - a12)4> =7

ool

7. / daodk (k - w2) o1 <1 — (k- ’&12)2 +
/;:-’1112>0

I _ . 1 . 4 A
Let / duodk (k - w12) e~ <1 — (k- ’&12)2 + g(k: “U12) > = I5. The integrations over k
k-t12>0
are given in egs. (G.1b)-(G.1d). Hence using these equations
_ 1 _
[5 = /d’ag (7‘(’ 2112) e_“% — /d’l]g <g Q?Q) e_“% +§ /d’l]g <% Q?Q) e_“%

2 s

. - . 2 T . 2
:W/dUQU12e U2 —E/dugu:fze UQ—{—ﬁ/dugu?ze Y2,

Now, with the help of egs. (G.3)-(G.5),

~ 1/2 1+ 272
Is=7nxm {e_u% + m 70+ 2a) erf(ﬂl)}

211y
5\ . 1/2(3 + 1202 + 4t
— g xw{<ﬂ%—|—§> (3_“%-|-7T ( +4211U1+ @) erf(ay)
T 1 N a2 w215 49043 + 60at 4 8a§)
+ YRkl {§(33 + 2802 + 4di7) e + 1(15&1 L L erf(ay)
~2 ~2 ~4
2 ul 5 33 7U1 ul _112
= 1—-2 -4+ — 4442 1
i K 2 1t T Tw)C
ml/? o (341243 +4ad) (154 9042 + 60at 4 8af)
Z 02— £(1
+ 2 {1 + 247 1 + 19 } erf ()
_ (—15 — 6843 + 4af) o +7r1~/2 (63 — 102a2 — 13247 + 81) exf (i)
192 211 192

or

.. ] . 1 .
/ dasdk (k - t12) o <1 — (k- ’&12)2 + = (k- ’1112)4)
/;:-1212>0 8

_ s [(15- 682 + 4ui iy (63 — 102a3 — 13247 + 848) erf(ay)
192 71/2 38411y

(G.7)




Appendix H

Integrals over an Azimuthal angle in
doubly rotated Spherical Coordinate
System

In this appendix, few expressions used in the evaluation of integrals in Chapter 4 are derived.

The following identities will be used latter in this Appendix:

2m 2m 2m
/ sinxdxr = / cosxdx = / sinxcosxdr =0 (H.1a)
0 0 0

2 2
/ sin?z de = / cos’xdr =7 (H.1b)
0 0

Let the spherical coordinates of @ in the original coordinate system be (@, 0y, ¢4) and the inte-
gration over § is performed in a (rotated) spherical coordinate system (8,6, ¢'), which results
from two rotations: (i) rotation of zy-plane in positive direction (z towards y) around z-axis by
an angle ¢z and (i) rotation of new zz-plane in positive direction (z towards z) around new

y-axis by an angle 65, so that @ coincides with the new z-axis (figure H.1) and §- @ = St cos€'.

Figure H.1: (a) The original coordinate system xyz, (b) The new coordinate system x*y*z*,
obtained by rotation of zy-plane in positive direction (z towards y) around z-axis by an angle
¢a, and (c) The new coordinate system z'y’z’, obtained by rotation of z*z*-plane in positive
direction (z* towards z*) around y*-axis by an angle ;.

Note that, 8’ and ¢ are the spherical angles of 5 in the rotated frame of reference. Hence

Uy = U Sin O cos ¢y § = §sin@ cos ¢’

~ ~ . . ~/ ~ . /. /

Uy = Usin Oy sin ¢y and 8, = §sinf sin ¢ (H.2)
1, = 1 cos O 5, = 3cost.
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The rotation matrix for “the rotation of zy-plane in positive direction (z towards y) around
z-axis by an angle ¢z is:
cos¢y singg 0
R,=| —singg cospg 0
0 0 1
and the rotation matrix for “the rotation of new zz-plane in positive direction (z towards x)

around new y-axis by an angle 0;” is:

cosf; 0 —sinfy
R, = 0 1 0

sinf; 0 cosfy

Hence the cartesian-components of any vector § in this new coordinate system are given by

g 3
s, =415 |, where A= RyR.. (H.3)
5, 3

In the above equation (3;,3,,5.) and (8},5,,5,) denote the cartesian-components of & in the

original and rotated coordinate system respectively. Now

cos Oz cos ¢z cosBysing; —sinfy
A=RyR. = —sin ¢y cos ¢y 0

sinfj cos ¢z sinfgsingy  cosfy

and since the rotation matrices are orthogonal,

cosbgcosy —singy sinbgcos ¢y
A= AT = | cosf;sin oz cos¢y  sinfgsin dg
—sinf; 0 cos 0

Hence (34, 3y, 5-) in terms of (5, 5, 5,) are given by

Sa sl 5a cos Bz cos ¢z —singg sinfg cos ¢y s
- A=l | - B . . . ~
S5 | =A s = 5y | = | cosfzsingy cosgy sinfysingg 8y
3, g, 5, —sin 0y 0 cos 63 g,
or
~ ~ ~ . ~ .
Sy = 523 cos 0 cos gz — 5, sin oa + 5, sin Oy cos ¢y
~ ~/ . ~ ~ . .
8y = 5, cos g sin ¢z + 5, cos ¢z + &, sin Oz sin ¢y (H.4)

~ . ~
S, = —38,sinf;z + S/Z cos 0.



210

Appendix H. Integrals over an Azimuthal angle in doubly rotated Spherical Coordinate System

Using eq. (H.2), eq. (H.4) can be written as

5, = 5sin @ cos ¢’ cos O cos g — 5sin @' sin ¢’ sin ¢z + 5 cos 6’ sin O cos ¢
§y = §sin®’ cos ¢’ cos O sin ¢y + §sin @’ sin ¢’ cos ¢y + 5 cos @' sin O sin ¢y (H.5)

5, = —5sin @ cos ¢ sin Oz + 5 cos 0’ cos 0.

Using the identities given in eq. (H.1a), and eq. (H.2),

21 ~
- - . U
/ 5, d¢’ = 2m5 cos 0’ sin O cos oz = 25— cos ¢,
¢'=0 u

21 ~
- ~ . . LU
/ 8y d¢’ = 275 cos 0’ sin O sin ¢ = 2773531 cos ',
¢'=0

27 ~
- - U
5,d¢’ = 2m5cosf cosly = 2152 cos 0,
#'=0 U

that means one can conclude that

2
/ §;d¢ = 27201 cos 0. (H.6)
¢'=0 u

From eq. (H.5),

SyS, =

gzsx =

32 (Sim2 0’ cos? ¢’ cos? 0 cos® ¢y + sin? 0’ sin? ¢ sin? ¢y + cos? 0 sin? 0 cos? dy
—25in? 0’ sin ¢’ cos ¢’ cos O sin ¢y cos ¢y — 2sin 0’ cos 6’ sin ¢’ sin O sin g cos oy
+sin @’ cos 0’ cos ¢ sin 0 cos O cos> qﬁa) ,
32 (sin2 0’ cos? ¢’ cos? 0 sin? ¢y + sin’ 0’ sin? ¢’ cos? ¢z + cos? 0 sin? 0 sin? ¢y
+2sin% 0’ sin ¢’ cos @' cos O sin ¢z cos ¢z + 2sin @ cos @ sin ¢’ sin O sin ¢ cos O
+sin @’ cos &' cos ¢’ sin 0 cos 0 sin? qﬁa) ,
~2 -20/ 2 /-20~ 20/ 20~ 24i 0/ 0/ ! _: 0~ 0~
S (sm cos” ¢ sin” Oy + cos” 0" cos” 0; — 2sin 0’ cos @' cos ¢’ sin O cos u) ,
§ (sin® @' cos® ¢/ cos® O sin ¢ cos ¢ + sin® ' sin ¢’ cos ¢’ cos O cos® ¢
+sin @’ cos 0’ cos ¢ sin B cos Oy sin ¢ cos ¢y — sin? 0’ sin ¢ cos ¢ cos O sin? ¢y
s 20 52 ) s sl Ps s 22
— sin“ 6" sin” ¢’ sin ¢ cos ¢z — sin ' cos O sin @' sin 05 sin” ¢y
+sin 0’ cos &' cos ¢’ sin O cos O sin ¢z cos ¢z + sin 0’ cos &' sin ¢’ sin O3 cos? oy
cos” 6" sin“ 0 sin ¢y cos ¢y
+ 2 9/ 2 A ,
32 (— sin? ¢’ cos? @' sin @ cos 05 sin ¢g + sin @’ cos @’ cos ¢’ cos? Bz sin oy
sin“ 0" sin ¢ cos ¢ sin O sin ¢z — sin 0’ cos 6 sin ¢’ cos O sin ¢
+ 2 0/ / / 9 0/ 0/ / 0
3 / / /] .2 . 2l :
—sin 6’ cos 0 cos ¢’ sin” O sin ¢ + cos” 0’ sin 0 cos O sin ¢ﬂ) ,
32 (— sin? 0’ cos? ¢ sin 6 cos 0 cos ¢y + sin? 0’ sin ¢’ cos ¢’ sin O sin g
—sin 6’ cos 0’ cos ¢’ sin? O cos ¢y + sin 0’ cos 0’ cos ¢’ cos? 0 cos by

—sin ' cos 0’ sin ¢’ cos O sin ¢z + cos® 0’ sin O cos O cos qba) .
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Using the identities given in egs. (H.1a), (H.1b), and eq. (H.2),
21
/ §i d¢/ = § (7T sin? 0’ cos? 05 cos® Gy + 7 sin? @’ sin? oq + 27 cos? 0’ sin? 6 cos® qﬁa)
/=0
= 752 [sm 0’ { — sin? 0z) cos? ¢y + (1-— cos? qﬁa)} + 2cos? 0 sin? 6 cos? ¢a]

= 7§° (1 —cos 6? {— sin? 0 cos? ¢ + 1} + 2 cos? 0’ sin? 0;; cos® ¢a]
32

:1

— cos? @' — sin® 0 cos® ¢y + 3 cos? 0’ sin? O cos ¢u]
,a2
52 [1 —cos? 0 + (3cos? @ — 1)=%

w2 |’

2w
/ 52 d¢/ = § (7T sin? @’ cos? 0 sin? ¢y + 7sin® 0’ cos® ¢y + 2 cos? 0’ sin? 0;; sin? qﬁa)
/=0

S [sm o' { — sin? 0z) sin? ¢g + (1— sin? (bﬂ)} + 2cos? @' sin? 0 sin® ¢a]

~2

=m§" |(1 — cos 2y {— sin? 0z sin® ¢g + 1} + 2cos? 0’ sin? 0 sin? (bﬁ]

2

:1

1 — cos? @' — sin? 0 sin? ¢ + 3 cos? 0’ sin’ 0 sin (bu]

a2

,&2
52 |1 —cos®0 + (3cos?0' — 1)L |,
2m
/ 53 d¢’ = 32 (7T sin? @’ sin? 6 + 27 cos® §' cos® Ha)
'=0
= 7§? [(1- cos?0')(1 — cos? 63) + 2 cos? 6’ cos? 0]
= 75" [1— cos® 0’ + (3cos® 0’ — 1) cos® ]

2
32 2 gt /
= 1-— 0 + (3cos?6 —1
73§ [ cos” 0’ + (3 cos )uQ} ,

that means one can conclude that

/— 'LL2

2 ﬂ2
/ 53 d¢' = 75 [1 —cos? 0 + (3 cos? @' — 1)~—j] ; (H.7)
and

2T
/ 525y d¢' = 32 (7r sin? 0’ cos? 0 sin dg cos oy —m sin? 0 sin ¢y cos o
¢'=0

+27 cos? @' sin? 0 sin ¢y cos qﬁa)
= 152 sin ¢y cos ¢y {sin2 6'((:082 O —1)+2 cos? ' sin? (9@}
= §°(sin 0 cos ¢z ) (sin O sin ¢z) { —(1 — cos® 0') + 2 cos® 0’}
=2

:W%%%way—m

27
/ 5452 d¢' = 32 (—7T sin? @' sin 6 cos 05 sin oq + 27 cos? 0’ sin 0 cos 0 sin qﬁa)

— 757 (sin A sin ¢og) cos O3 {-(1- cos?0') + 2 cos? 0'}
§2 ~ o~ 2 n/
Wﬁuyuz(i’) cos 0 —1),
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21
/ 5,5,d¢' = 32 (—7T sin? @’ sin 0 cos 05 cos Oi + 21 cos? 0’ sin 0 cos B cos ¢ﬂ)
¢

= 752 cos Bz (sin Bz cos ¢g) {—-(1- cos? 0') + 2 cos? 0'}

§2

= il (3 cos® 0 — 1),

that means (for i # j) one can conclude that
2m §2
/ 5i8; ¢/ = m—51,ii;(3cos* 6’ — 1). (H.8)
'—0 u

The integrals involving 3 and 4 components of § can be evaluated by following similar procedure

as above and using expressions (H.5) and (H.2). The results are:

27 TRTRT
/ 55,5, d¢’ = 7753%(5 cos®0 —3cos®'), for i#j#k (H.9)
=0

2 2 ~
/ 5255 d¢/ = 733 123] (5cos® 0 —3cos ) + 7753% cos0'(1 —cos® @), for i#j. (H.10)
=0

2m 3
/ §2d¢ =73 —=(5cos 30/ —3cost) + 37552 cos 0/ (1 —cos?#). (H.11)
/— U U

21
/ §:5,82d¢ = Z~4M(35cos 0 — 30cos?0 + 3)
¢'=0

+ %5412? (5cos 0 —1)(1 —cos® @), for i#j+#k. (H.12)

27 T ﬁ?ﬁz T 2
/ §757d¢ = —5'—2(35cos" 0 — 30cos® ' + 3) + 154(1 — cos? #")
a

o 4
a? + u?
+ Z~4(l~72j)(5 cos?0 —1)(1 —cos® @), for i#j. (H.13)
a
2m @@3
/ 553dg = —5'—2 4J (35cos? @' — 30cos? ' + 3)

'=0
3
Zﬂ§4uzuj (5cos® @ —1)(1 —cos? @), for i+ j. (H.14)

2 ~4
: 3
/,0521 d¢' = %54%(35 cos? 0’ —30cos? 0’ + 3) + %54(1 — cos?0)’
+ 3—7T —Z(5 cos? 0’ —1)(1 — cos? @) (H.15)
= . .

Next, applying eqs. (H.6)-(H.15) and using the facts (for a second order tensor A): A; = 0 and
A], = AZ], we shall evaluate few integrals which have appeared while deriving the constitutive
relations of O(Ke¢) and O(KK).
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21

e Let A;; be the components of a second order tensor. Then Aj;; d¢’ §;8; =7
¢'=0
Since
27 27 27
Aij/ d¢' 3;5; = ZA“/ de’ 55 + Z A,j/ d¢’ 5:3;,
= 1,7=1 =0
i#]

using eqs. (H.7) and (H.8),

27 3 ~2
Aij / d¢’ 5i8; = Z A;ms? [1 —cos? 0 + (3 cos? ' — 1)%]
i=1

'=0
3 52
+ Z Aijﬂ'ﬁaiaj (3 COS2 9/ - 1)
i,j=1
i#]
3 52 3
= 7T§2(1 — COS2 9/) Z A” + 7'l'~—2 Z Azjﬂlﬂ](?) COS2 9/ — 1)
1=1 u 1,j=1
52

= 152 Ayi(1 — cos? 0') + 75 Aijlitl (3 cos? 0 —1). (H.16)

Therefore, using eqs. (H.6) and (H.16),

2T

Aij/ d¢’ (; — 5;)3;
'—0
= )
s - ! =2 2 1 S -~ 2 ot

= 27— AUt cos @ — w57 Ay (1 — cos® ') — 7= Aijuitj(3cos” 0 — 1)
U U

1
= —7m5% A (1 — cos? 0') + 27T Awuzuj {& cos 0’ — 55(3 cos? 0 — 1)} . (H.17)

Wi [T
° ar, /, de¢' §;8; =

Replacing A;; by g:y; in eq. (H.16),

v [ v, POV,
ar,; /, Od(b, 5i8; = 7752(1 — cos? ') or, +7 2 o, — ;1 (3 cos 29 — 1)
2V
= Wﬁ gz ;1 (3 cos® 0" — 1). (H.18)

Therefore using egs. (H.6) and (H.18),

Wi [T | P
oV 3 3 29V,
= g:ﬂfl {277122‘11]' - 27721%1% cos ' — 2#%%2@ cos @ + 7T~—2 gV U5 (3 cos 2o — )}
j

10V, 1
=2 gv iyl {ﬁ2 — 205 cos 0’ + 5% (3cos” ¢ - 1)} : (H.19)
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8V BVk
do’ 515,55 =7
87"3 87“1 /, ¢ SitlSkS
Since
ov; vy, [ ., _
Yk de’ 3;1i;
aT’j 67’1 /¢>'=0 ¢ SitljSkSI

oy (WO VOV OV V. OV OV Vi OVe | OV Vi)
N or; Orp  Orj Or, ~ Orj Orp  Or; Or;  Orj Ory 87'] ri

ik l=1
i kAl
m oV, OV, OV}, OV;  OV; OV} 2
d K3 3 s’ ~ d / ~Z ~2
X// ¢ 8idudi + Z ((973 or; + Or; Ory, +(97“j ark>uj//:0 ¢ 8isi,
z;ék
ov; oV, . [T
Yy do' &
Z 67'] 67‘1 //:0 QS 5

using eqgs. (H.9)-(H.11),

gfj %—‘Z“ /Q5 ?:Odqb' 817815
_ Z‘”’: <av;%+avi@ Vi, Vi avk(91/l+%ax/i+%ax/,€>~
e orj Orp  Or; Or,, ~ Orj O Orj Or;  Orj Ory ~ Or; Ory
itkAlFi
x 153 UzZi;Ul (5cos® @ — 3cos )

3
oV OV, ovi. 0V, 9V, 9V,
+Z< % OV e k)

b1 aT’j 87“2‘ + 87“j aT’k + 67’] 8’1“k

z;ék
;U3 L 2
X T35 [ u3k (5cos® 0 — 3cos ') + E COSH( — cos 9')}
3 ~
+ Zzl g:/; (;ZZ ﬂjﬂ'§ [—g(5 cos® @' — 3cos ') + 3% cos #'(1 — cos? 9')]
_.2 23: 44 8Vkﬁﬁ gt (5 cos® 0’ — 3cos 0')
_ﬂaglkl_ 87"]8 iUy WUl
5 3
S 8Vk 8Vk 8Vk BV; 8VZ 8Vk -~ 2
T U Z (((’)7“]‘ (37“1' (37“]‘ 87“k + 87“j 87“k> Hitly COSH ( —cos™d )
i,k=1
B3OV, OV, . .

=T 5 —— {01y (5 cos® 0’ — 3cos 0)
" rj Or

mk oV 8V]g~ -
2 1—
T ( : T‘k> ET’] U,ZUJ COSH ( COS 9 )

23 g—z %Zk Uit Ug Uy (5 cos 30" — 3cosb') + 2 Z g:; g‘:j a;t; cos 0'(1 —cos?#)

(H.20)
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and hence

ov; oV, [* ov; OV, [T
—k/ d¢’ ;5755 = 87"7 a—rf/ de’ ;5,58
/— 7 ¢’'=0

87“j 8’1“1
s@V@Vk~~~ 3oV, OV, _
— _ 1 _
T3 ar; —— Qi gy (5 cos® 0" — 3cos 0') @ Oy o, —— ;@ cos 0'(1 — cos? 0).
(H.21)
Wi Vi [
° o, 8—7’1 /¢'od¢ 5i5j515] =
Since
oV, Vi, [P,
o, 8—7’1 /qs/:0d¢ 5i8j5L5]
B ZB: 9V, OV, OV, Vi OV, OV;, OV, OV, OV; dVi 9V 9V,
N il 87“k 87“2‘ aT’k 67*@- 87“2‘ 87“k aT’j aT’Z' aT’k 8’1“k aT’j 8’1“k
i Ak
2m
X / d¢’ 33,53
'=0
ov; ov;  oV; oV oV, oV OV, OV / /s, ~3
ij=1 <67’j 67*@- + aT’j aT’j * 8’1“2‘ 8’1“j * 8’1“j 8’1“j d¢
i#]
3
ov; ov; oV; oV - oV; 9V, 9.9 aV; oV, /4
— d .
+”,Zl <6TZ' or; + Or; Or; + or; (9rj>/ ¢ %i Z or; Or; // d¢’5;

i
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Using egs. (H.12)-(H.15),

Vi OV [P
Yk d¢’ 5;3.
aT’j 67’1 /45/:0 ¢ 5185k
B 23: V.V, OV, Vy OV, OVi, Vi, Vi OV Vi _ OVi 9V,
N il 87“k 87“2‘ aT’k 67*@- 87“2‘ 87“k aT’j aT’Z' aT’k 8’1“k aT’j 8’1“k
i Akt
L4 Uit} 4 2 1 T4 Uil 20 2
X [4 e (35cos™ 0" — 30 cos” +3)+4s = (5cos“ @ — 1)(1 — cos 0)}
3
Ly (TE GV GV oV,
ij=1 aT’j 67*@- aT’j aT’j 8’1“2‘ 8’1“j 8’1“j 8’1“j
i
;s
X [%§4~—4J(35 cos®® —30cos? 0 + 3) + 3: 5 ulu] (5cos?@" — 1)(1 — cos? 9')]
0
3 ~2~2
avi ov; 9V; aVi  OV; OV |« 4%% , 9
+ Z <67’Z aT’j 87“2‘ 8’1“j 8’1“J 8’1“J> (35 cos 9 30 cos 9 +3)
1,j=1
i
Uz + uj
+-5%(1 — cos? 9’)2 + 284(~72)(5 cos? @' — 1)(1 — cos? 9')]
a
aV aV ~4'LL / 37T ‘2 / 2
Zarl or. { (35005 0 —30cos®0 +3) + — 15 541 — cos*#')
ST (500520 — 1)(1 - cos? 6/
+— —2( cos“ 0 —1)(1 — cos“0")
aV; OV,
- Z‘; o 8Tkﬁ,ﬁ]&kul(35cos 0 — 30cos6 + 3)
23: Vv, dv; 9V, 9V, 9V, dVy DV, 9V, OV, Vi 9V, Y,
i kel aTk (37“1' 87“k (37“1' (37“1' aTk 87“j (37“1' 87“k aTk 87“j 87“k
i Ak
X E~4%(5 cos? 0 —1)(1 — cos* @)
by (W0, OV OV OV 0V OV OV
87“j 87“2‘ 87“j 87“j (37“1' (37“]‘ (37“]‘ (37“]‘

i,j=1
i#j
3T 4 U

o |27 gty
4

. 23: av; av;  av; av; Vi av;
ij=1 67*@- aT’j 87“2‘ 8’1“j 8’1“j 8’1“j
i

+
X [ 541 — cos? 0) %s‘lw Y )

oV, IV,
or; Or;

Z

{ 54(1 — cos? 9/)2 + 5

2
3—7Ts4—;(5 cos?# —1)(1 — cos? 9')}

5~ (5 cos 20’ —1)(1 — cos? 0’)}

)

I (5cos? 0 — 1)(1 — cos? 9')]
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or
vV, OV, [T
(37“]‘ 8—7:// d(b, SiS;jSkSI
_773 aV@Vk~~~ A gt 2 g/ Tyl 2 g/ 2 g/
=17 37} or, —— Uyl Uyt (35 cos™ 0" — 30 cos™ 0" + 3) + 15 222(5005 0" —1)(1 —cos*€)
y ZB: Vi 0V; | OV; Vi | OV, Vi | OVi OVi | OV; Vi OV OV;\ o
i el 87“k 87“2‘ aT’k 67*@- 87“2‘ 87“k aT’j aT’Z' aT’k 8’1“k aT’j 8’1“k J
ey
3
ov; ov; 0V; oV,  OV; OV OV, OV . -
+2;1 <87“J ary i Or; Or;  Or; Orj 87'] 8r]> "
i#]
3
ov; ovy  oV; oV OV; OV aV; Vi 612
+”Z (87@ or; * or; Or; * or; 87°]> +Z or; 87“,
i
3
T4y 202 av; ov;  9Vv; oV, 9V; 0V, aV; IV,
* 47 (1= cos™6) Z_; <8ri or; ~ Or; Or; * Jr; Or; Z Or; Or;
i
_Wsavavk~~~ 4 nt 2 nl 41 / 2 nl
1@ or, on Uit (35 cos™ 0 — 30 cos” 0" + 3) + 5z —(5cos 0" —1)(1 — cos*§)
i AV, dv; 9V, 9V, OV, Vi, DV, 9V, OV Vi _ dVi Y,
i kel aTk (37“1' 87“k 87“2‘ (37“1' aTk 87“j 87“2‘ 87“k aTk 87“j aTk
Ty 9 12 ov; ovy oV; oV OV, OV
i+ 2541 = cos2 vy
i * 45 ( o8 ) ‘Zl (((’)TZ 87“j + 87“2‘ 87“j + 87“j (37“]‘
_WS(?V(?V 9 Tl 9 9
13t or; o ulu]ukul(35cos 0" —30cos” 0" + 3) + 18 §(5COS 0" —1)(1 — cos* )
oV, OV, IV OV, IV, OV, DGOV
aTk (37“1' (37“]‘ (37“1' aTk 87“k (37“]‘ 87“k J
Ty 9 12 (O0V; 0V; 0V, OV,
D541 — cos2 B s
* 45 ( o8 ) (((’)TZ (37“]‘ - (37“]‘ 87“j
or
Vi WV [T
or, (9—7: /qs/—0d¢/ 5i5j515]
- Z‘S 4(21/ %Vkﬁ,ﬁ]ﬁkul(% cos* 0 — 30cos? 0 + 3)
a* or; or
oV, oV T 20V; IV,
# L (500820 = 1)(1 —cos?0) 2 WV 4 Tsdy el H.22
+ 75 = (5cos” 6 )(1 — cos* ) . Uil 5%(1 — cos® 0") ar, or, ( )
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Therefore using eqs. (H.18) and (H.20)-(H.22),

oV, OV, [
o) (9—7“1 /¢>'=0d¢ (@ — 8;)(a; — 55)5k5

aV; 9V, SO
— 5 a—rf / d¢/ (uiujsksl — SjU;jSKS] — U;SjSkS] + sisjsksl)
7 / —
— 22 g}f %‘Zkalaﬂkul(?} cos ' — 1)
J
23 (;7‘"/] %‘:’“ @ittty (5 cos 39" —3cos b ) 2 g:; (?9‘7"/: Uil cos 0’ (1 — cos 2y )
23 g}; %‘:k ittty (5 cos® 0 — 3 cos ) 2 g:; g‘:j @i cos 0’ (1 — cos® §')
+ 224 gr %V’“ g1y (35 cos* 0/ — 30 cos2 ¢ + 3)
7 Tl
. OV OVy . . m 20V; 0V
+ 7T54?(5 cos? 0’ —1)(1 — cos? @) o B—Quzuj + 554(1 —cos?¥) o Brj

or

aV; OV, [T o
or; or // d¢’ (@; — &)(a; — 5;)3%5
1 1
24 g:,/] %‘:k Uiyt {ﬁ2§(3 cos? 0 — 1) — 2&55(5 cos® @' — 3cosd)
+§2§(35 cos*#' — 30cos? 0 + 3)}

s V; OV _ ~ 2 o

) oy or; ——U;U;(1 — cos 20" {5(5cos? 0’ — 1) — 4iicos 6’}

SOV OV

I : H.23
a’l"j 87“2‘ ( )

+ 554(1 —cos®0)

6V 00 PR
) —9
Y AR
Since
ov; 00 [
a—T’k,a_rl/,_ dQS SJSkSl

B Z‘”’: oV;00 Vi 00  DVi0e DV 06 DV, 00 IV 06
N (97% (97“1 Orj Orp  OriOr;  Orp Orj O (9rk Or; Ory,

k=1
JFkF#IF]
2 ov; 00 9V, 00 9V, 00 P
. //_ A¢ 5351 + Z <(9rk org o, or; oy t o org (973) / A9 555k
J#k

aV; 06 s
Z < Or; Or; / 9755,



using eqs. (H.9)-(H.11),

ov;00 [
a—’rka—rl /,_ dgb SJSkSl
i <8V 00 L 0V, 00 LM oV, 00 0V, 00 (9V 00 0V, 89)

jikl=1 Ory Ory ~ Ory O Ory Or; "o r, or; T on dry dry "o, Or; Ory,
iy
x 8> u]u il

(5cos® @’ — 3cosd)

. Z oV; 00 8Vk 00 L Ve oV}, 00
, 87"k Brk Br] 87"k ory, Br]
Jik=1
J#k

- U,’LL
X7T83 Jk:
3

(5¢cos® 0 —3cos ) + Y cos 6'(1 — cos? 9/)]
a

i’ U
]Z_: g}; gf] g b I (5cos2 0 —3cosf) + 3%] cos 0'(1 — cos” 9/)]
B 3

aV; 00 ,
_Wﬁ Z o o —— iy (5 cos® 0’ — 3cos 0')

Js ,l=

5 ov; 00 0V, 00 0V, 00 , 9
_— -4 ~ . 1 _ /
tr E < Ory Oy + or; Oy + ry _87"j> @jcos B’ (1 — cos™0')

jik=
~38V88 , § (ov, oVy\ 0O 2 o
=T o, amujukul(f)cos 0" —3cosb) +m— <8rk +8—r]> o kuj cos ' (1 — cos” ')
or
av;00 [T
e o 29 5
§30V; 00 §30V; 00

7Tu3 87“k 87“[ u]ukul(5 COs ‘9 3 cos 6 ) + 27 Ea—rka—rku] COS 9/( (3082 9/) (H.24)

Hence using egs. (H.18) and (H.24),

V; 00 R
o J, ¢ =)
. 00 520V, ,
uularl X T arkujuk(?)cos 0 —1)
_ [ 80V, 00 _ #IV; 00
_u-{ B O on g1y (5 cos” 0’ —30059)—#27758—%6—%%0059(1—(:05 9)}
520V, 00

1 / o ~l 3pr /
”ug Bry, Oy S Uit Ukl { 2(3 cos> ' — 1) 82(5 cos® 0 — 3cosd)
3oV, oV; 00

- (9rk o, —— U cos @’ (1 — cos? 6’).

(H.25)
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Also, using eqgs. (H.6), (H.16) and (H.24),

2:22—: /; d¢’ a;(t; — 5;)(ar — 5k)5
= g;vzg—?lulu]uk X 27riul cos 6’
Uil {7752(3—22—2(1 cos? ') + ”ﬁg_rkg_g“k“l(?’ cos? 6§/ — )}
— Uil {7752?‘26—2(1 —cos? ') + Wu—zg—:;g?l (3 cos? 0 — 1)}
+ ﬂz{ :; g}; g? gty (5 cos® 0" — 3cos0') + 2 ;j g}; 272 iij cos 0'(1 — cos® 9/)}
ﬂ%g—xgg?ul%ukul {u cos 0’ — 2us (3 cos’0 — 1)+ 3 —(5 cos® 0 — 3cos 9')}

s (9V 06

_——ul

T O, o i (i — 5cos0')(1 — cos? 0").

(H.26)



Appendix 1
Fredholm-form of operator ¥

In this Appendix we shall transform the operator < into a Fredholm-type integral operator (in
few equations), following a similar idea as in Sela et al. (1996) and then we shall show that the
unknown functions are even. In fact, when we say that the unknown functions @U, 9250, &, and n
are functions of speed u alone, that itself means that the functions are even because magnitude
of velocity can not be negative. Nevertheless, we shall use the Fredholm form of operator £ to

show mathematically that these functions are even.

I.1 Fredholm-form of operator %

Consider eq. (3.20). This equation can be written as

j[ésv(al)aualj] = Ty (L1)

Using the definition of operator .Z (eq. (2.37)), the left-hand side of eq. (I.1) can be written as

k7 év(al)alialj] = L4[®(w1)] + Ls[®(w1)] — Ly [P(11)] — Lao[®(@1)], (1.2)
where )
B = =75 | dtigdk(k - @2) ™™ &, (@), (1.3a)
7T k-w12>0
- 1 ~ 1i/E o~ G2 3 o ~INTT =T
pB(@)] = 575 | dasdk(k-d)e 2 b, (th) ity (1.3b)
7T k-112>0
- 1 P a2 2 e =
Ll[é(ul)] = m - >Od’u,2dk(k . ulg)e gsﬁv(ul)uuuu, (I.3C)
‘w12
- 1 P a2 s . ==
Lz[é(ul)] = ﬁ/ . d’LLQdk(k . U12)e gqjv(UQ)UQiUQj. (13(1)
Q k-w12>0

First consider L/[®(@;)]. Multiplying eq. (I.3a) by fo(@1)d(@ — 1) (where fo() is given in

eq. (2.17)), and integrating over @, one obtains

. 1 o .
Fo(@ L [D(@)] = — / divy dtiadk(k - @12) =12 b, () )i, al, (@ — ).
k-t12>0

4

Since the operator 2 is defined for elastic collisions, one may replace k-t by —12:-11’12, duidus

by da}du), and @3 + 43 by @ + @4, and using eq. (2.1) with e = 1, we get

221
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S

(@)L [ (@

/ Odu’ldagdk (—k - i) e~ W) B (@) Wiy, 5(& — @)+ (k- a’12)12:) .
u12<

>L| —_

In the above integral, if we replace k by —k and adjust the limits of integrations over the

components of k accordingly, we get

fo(@ L} [@(a)]
1 ~ ) 1~ AT (T —(@RPHERY & (INFT T S TR
=— [ dajdusdk (k- a)y) e W1 T2 sﬁv(ul)uuuljé(u—ul—i—(k u12)k>.
T JEk-i)y>0

Since @} and @} are integration variables, we can omit the prime signs to get

Jo(@) Ly [@(w))

==/ dftldftgdk (’25 . ’&12) e—(ﬂ%-{—ﬂ%) év(ﬂl)ﬂliﬂlj(;(fl/ —uy + (’;3 . ’&12)123)
™ k-12>0

=3 / daty iy e %) &, (it g, 1.7,

(0)

where I is given in eq. (4.48). Let § = & — 1w and the spherical coordinates of § in the original
coordinate system be (8, 6z, ¢5) and the integration over ws is performed in a (rotated) spherical
coordinate system (ag, 05, ¢5), which results from two rotations: (i) rotation of zy-plane in
positive direction (x towards y) around z-axis by an angle ¢z and (i7) rotation of new zz-plane
in positive direction (z towards x) around new y-axis by an angle 3, so that § coincides with

the new z-axis (see figure H.1) and & - @y = 51y cos 6. Hence

fo(@Li[2(w)] = _/ dul/ o/eu o/@, 0 0 i @3 sin 0 ¢~ T 5) B (g gy I
U= 5

2 S— R 72 L -
=— [du e~ P, (1)1t u% e U2 sin 65 éo)dﬂg dig.
T i=0 64=0
2

Using eq. (C.12),
/ 51119 d9 H(ﬂg —
9//_0 2

Hence
1 —o . 1 [ S-u
fol@) Ly [@(w)] = — / dity e &, (i) anan; = / (22) e “2H<a2 —|2 “D diiy
T S Tia=0 S
1 . =1 [ _ 02 -
= — [duje ™ @v(ul)uliulj = (2UQ) e "2 duy

Let ﬂ% =t = 2ugy due = dt. This implies that

Fol@) L [0 ()] = % / dity e &, (it )i %e—ﬂ?f ,
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Therefore
- 1 T NP — e SRS WA
1o(@)] = 32 /dule U1y (7 )Ty 4 ge“ (%)
1 L 2 2 E— 1 a2 ((@-apa)?
:ﬁﬁ/&uewﬂﬁwmmur_&ﬂe (%)

Since u; is the integration variable, we can change it to ws, i.e.,

_ 1 P S 1 o ((a—ag)-a)?
Lll[é(u)] = m /du26 Uz év(UQ)'UQZ"UQj meu ( [e—ug] ) s

~ 1 R 7 R — 1 o ((a—ug) a3
Ly[@(wy)] = m/dﬂae 2 @U(UQ)UQiUQjmeul ( 6] —ag] ) _

Let |@; — @] = R. Here

> Cm—mymy_1
W=\ —==] =%
|1 — s

1 1
7 Eﬂﬁ@—ﬁ@mﬁ@
Wudsin? 0y |y X @l 9
= R2 = R2 = W s
where ¢/, is the angle between @1 and %9 and w = {”LR@. Hence
! ~ 1 _— _aQ 1 w2
Ll [@(ul)] 7T3/2 dus @ (u2)u2iu2j e 2 E e . (14)

Next consider Ly[®(@;)]. Multiplying eq. (I.3b) by fo(@1)0(@ — ;) and integrating over @, one

obtains

_ ) 1 L 2 -
fo(w)Ls[@(w)] = —4/ da dagdk(k - @yg) e ™ i+3) ¢ (U )u21u2] N —uy).
k-t12>0

By using similar procedure as above, we get

£~ ~ 1 ~ ~ —(@s4+a5) & (7 \7mm .
fo(u)Lé[@(u)] = F/dulduQe ( %Jr %) @U(UQ)UQiUQjI(gO)

Let t = @ — @ and the spherical coordinates of ¢ in the original coordinate system be (Z, 0z, 07)
and the integration over @ is performed in a (rotated) spherical coordinate system (a1, 67, ¢7),
which results from two rotations: (i) rotation of xy-plane in positive direction (z towards y)
around z-axis by an angle ¢; and (i) rotation of new zz-plane in positive direction (z towards
x) around new y-axis by an angle 6}, so that t coincides with the new z-axis (see figure H.1)

and t - 41 = tii cos 0. Hence

fol®) L[ /mm/ OAHOAHO $1A0} Aty @3 sin 0] o TT5) &, (iig )iinitin 1"
U=
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or

B 2) . e’} ~ ™
fola)Lh@(a)] = = / Aty €~ &, (i) i iay / @2 e~ ( /6 . sin 0’{1§°>d9’{> diiy.
[ 1=

Using eq. (C.18),

Hence
~ / - 1 7,&2 LS — 1 > ~ ~ t u
fo(@) Ly[®(u)] = — [ dage™ "2 &, (o) ls;lizj = (2u1)e ™ H{uy — |——| ) duy
™ U Jay =0
1 <2 . 1 [
== dus e_”% @U(f@)ﬂglf@j = / o (2’[11) e “1duy
T t le:"T"’

Let 42 = z = 2@ dii; = dz. This implies that

ho@ le@)] == [dae b i i+ (7).

3
Therefore
1 P 1 g2 (ta)?
Lyfo )] = =5y [aie b o)y o ()
T
1 T P — 1 a2— (a—tp) @ 2
= m/d’UJQe us @U(U/Q)U2ZU2jme ( [w—wg] )
~ 1 L a2 A . = 1 a2 (((B1—tp)ay)?
o[@(ur)] = m/dwe 2 ¢U(U2)U2iu2jme ()
ie.,
Lhb(in)] = —— | dity B (1) Tmriin; ¢ B — o (L5)
2 1 - 7T3/2 2 v 2 21 2] R . .

Next consider L;[®(@;)]. In eq. (I.3¢), the integration over k is trivial. Using eq. (G.1b),

~ 1 ~ ~ > ~ = =<  —1
Ll[sﬁ(ul)] = m /d’UQ (AP @U(ul)uuulj € u% .

The integration over @ is given in eq. (G.3); using that, we get

Ll[ds(’ﬂ,l)] = erf(zll)] éy(ﬂl)ﬁliﬂlj

o +7T1/2(1 +2af)
2u,

Qi )Py (1 )t (1.6)

S Sl

where Q(u) = o~ —|—ﬁ 2 4 1) erf(@). Next consider Lo[®(w;)]. In eq. (I.3d) also, the inte-
2 U

gration over k is trivial. Using eq. (G.1b) and the relation: 419 = |t1 — us| = R,

1 2 1

Ly[®(11)] = /d'&g g By () Tgiting €2 = -

T 13/2 /dftz (ﬁv(f@)ﬂziﬂzj e % R, (I.7)
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Substituting the values of L} [®(w1)], L5[®(w1)], L1[®(@1)] and Lo[P(w;)] from egs. (1.4)-(1.7)
respectively, into eq. (1.2), we get

O 1 2 (2 | R
f[@,(ul)uuuu] = 3/2 /d’u,gd5 (’LLQ)UQZ‘UQJ‘G %<—e 2—R> —ﬁQ(ul)@v(ul)uuulj.

Hence eq. (I.1) can be written as

1 ~ x ~ \ = =~ 1 ~ x ~ \~ =~ -1 2 = =<
— ﬁ [Q(ul)sﬁv(ul)uumj + ; /d’u,g SZSU(UQ)UQZ‘U,Q]‘ € u% <R — E ew2>:| = uliulj. (1.8)
We shall multiply both sides of eq. (I1.8)
resulted from comparing the coefficients g},/; in egs. (3.5) and (3.18).

g;/; for further simplification; recall that eq. (I.1)

1 ~ 2 ~ \ = =~ — 1 ~ 2 PO e~ 7&2 2 w2 6V — 8‘/
_ \/—E [Q(ul)@v(ul)uliulj + ;/dUQ QSU(UQ)UQZ'UQJ- e 2 (R — E (6] >:| 67‘] ullulj 8 (I 9)

Next, we shall simplify the integral in the left-hand side of eq. (1.9) as following. Let

oV A = 2 2 2
I, = iy B, T e B (R— 2 ew?) .
" Uy Py (o) Ug;tigj € < 7 e )

Using eq. (F.3), the above equation can be written as

e ) i 9
Iv = g:"/; d’l~l/2 @v(ﬂg)ﬂgiﬂgj e_”% <R - E ew2> .

The integration over wg is performed in a (rotated) spherical coordinate system (g, 65, ¢h)

described in part (I11) of Qge such that @y - te = U112 cos 65, i.e.,

) 2
I, ddad~~ 0L b, (1o )iingtin; e 2 | R — = @ ).

Note that only components of 49 are the functions of ¢. Hence the integration over ¢/, results

into (cf. eq. (H.18))

o0 e . - ~ 2
I, :/ / deédﬂg ﬂ% sin Hé QSU(QQ) { u2 av; ﬂlzﬂlj (3 Cos 92 _ 1)} —a2 (R @ ew2> .
U=0/05=0 ay Or; R

Again, using eq. (F.3), I, can be written as

2 e e] R ™ 2 ~
I, = iyt gV uﬂ / iy Dy (1) {/ sin 6}, <R % ew2> Ps(cos 65) d%} e~ A,
75 UT Jaz=0 ,=0

/
o=

where P(x) = %(31‘2 — 1) is the second order Legendre polynomial. Let

Ay (g, u9) = / sin 65 (R - %ew2> P, (cos 6}) dos,. (1.10)
0

4=0
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Therefore

— oV;2m [ 4. o s
Iv = uliulja—l~—2 / u% @v(UQ)AQ(u1, UQ) e 42 dUQ.
Ty Uy Jas=0

Using the above equation, eq. (1.9) reduces to

- % [Q(al)é%(al) +ﬁ3% /0 ™ ity i by (i) As (i ) e~ | = 1. 1)

Eq. (I.11) is the Fredholm-form of eq. (I.1), where, in particular, As(ay,us) (for @3 > g) is
given by (Pekeris 1955):

1 [2 2
Ay (g, lp) = — ) — U503 + 3uths — 3@ + 18
o (U, u2) FE [35u2 15u2u1+ Uity — 3us + 181y
+g(—6ﬁ§ + 20303 — 300% + 1505 — 18) %3 erf(ﬂg)] : (1.12)

The value of Ay(u,u9) for 4y < g is obtained from eq. (I.12) by interchanging @; and as.

Next, consider eq. (3.21). This equation can be written as

Z [gﬁc(al) (a% - g) au] = (a% - g) Ty (1.13)

Using the definition of operator .2 (eq. (2.37)), the left-hand side of eq. (I1.13) can be written as

. ~ 5\ _ ~ ~ ~ ~
2|t (3 - 5 ) | = Lhl0G@)] + ()] - Lifo@)] - Lo, (114)
where
- 1 N T a2 s e - 5 .
1P(wr)] = 575 [ duedk(k-an)e 2, (ii)) ( 7 5) a5, (1.15a)
™ k-t12>0
/ ~ 1 ~ T~ —a2 5 (! DY\
T k-ui2>0
~ 1 ~ -~ - ~ 7& ot ~ ~ 5 ~
Li[@(@)] = 5—/2/ ~ dagdk(k-az)e 2 (iiy) (u% - —> Ui, (1.15¢)
Q0 k-u12>0 2
Lo [®( ! ol (o - g e~ B b.(a) (@2 — 2 ) a I
2[ (ul)] = 5—/2 . d’UQdk(k : ulg)e C(UQ) Uy — 5 Ui - ( .15d)
i k-t12>0

First consider L) [®(w)]. Multiplying eq. (I.15a) by fo(@1)d(@ — @1) and integrating over

one obtains

Foli) L [0(@)] = — / Aty daiodk (k- @y2) e~ @5 & (i) (a’f - g) i, 6( — ).
k-112>0

Since the operator 2 is defined for elastic collisions, one may replace k-t by —k )y, dudas

by da}da), and @3 + @3 by @ + @; following a similar procedure as above, we get
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fo(a) Ly [@(w)]
1 ~ ~ ~/ ~/ ~ ~ ~
= —4/ dajdaydk (k - @)y) e~ (@ +a7) . (1]) (a’f — g) a’ua(a —a) + (k- 11'12)k:).
T J k@), >0

Since @} and @} are integration parameters, we can omit the prime signs to get

Fol@) L, [@(a)] = ~ / ditydity =TT &, (i) (a% - g) i,

T4

The integration over us is performed in a rotated spherical coordinate system (g, 65, ¢45) (defined

as above), whose z-axis coincides with § so that § - @y = Sy cos 6. Hence

1 o] T 27 o ~ 5
=~ [day / / A0} diiy @3 sin 04 e~ (1H5) B (i) (a? - 5) iy 1"
[%

12=0 J0y=0 J ¢}=0

2 - 2 2~ o D) - ) > ~2 —72 LY 0) 791\ 1~
— [dure ™ & (i) | a7 — 5 | uze "2 sin Oy 157 d6y | das.
i 2 ’[12:0 05’10

We integrate over 65 and s by following exactly similar procedure as above and get

Fola) Ly [®(w)] = % /dfa1 o~ G, (1) (a? - g) ahé o (554)

or

1 22 . 5 1 g2 ((a—ay)-a)?
L] =~z [dme i) (- ) oo o ()

Since @ is the integration variable, we can change it to ws, i.e.,

1 o . 5 1 2o ((a—ag)-a)\?
Lll [@('INI/)] = m /d'INI/Q e—u% @c(ﬂg) <ﬂ% — —> ﬂ22u7~ eu ( [a—1o] > ,

1 a2 2 5 1 a2 ((@1—wy)ag)?
L/l [ds(ﬂ‘l)] - m /d'&Q eiu% @c(ﬂg) (ﬁ% — 5) Ugj———— eu1 ( |2 —ag| )

1 . 5 21
= =5 / ity Be(iis) <u§ - 5) T = e (1.16)

Next consider Lj[®(w1)]. Multiplying eq. (1.15b) by fo(@1)0(@ — @) and integrating over

one obtains

5 1 A ooy A
Fo(@)Ly[®(a)] = — /k ) Odaldank(kz Cdgo) e W) $ (7)) (ag - g) ity 6(@ — @)
“uU12>

T4
By using similar procedure as above, we get

7o~ ~ 1 ~ g~ (@A) B [ ~ 5 -
Jo(@ Ly[(@)] = — / dit dits e~ @) B (1) <u§ - 5) g T
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The integration over 4, is performed in a rotated spherical coordinate system (a1, 67, ¢7) (defined

as above), whose z-axis coincides with ¢ so that ¢ -4, = {1 cos 0. Hence

fo(@)Ly[@(w)]

)
1 o0] ™ 27 o . o

a1=0 J07=0 J ¢//=0

2 [diye B (i) (@2 -2 [ @e ([ smorr®der) da
— [ duge c(ag) (a5 — = | g uje sin 0y 157 doy | diy.
T 2 i1 =0 07/=0

We integrate over 6] and u; by following exactly similar procedure as above and get

ol L f(a)) = / diiy o B, (i) <ug _ §> gy Lo ()

2 t
or
- 1 P NP . 5\ _ 1 s2_ ((a—ag) 4
Lyl (@)] = m/duQe B b, (i) <u§— 5) i o © S="»
1 -2 o 5 1 g2 (g —tg)-a1 )2
oD (u ——/d P (12) ( U5 7 ()
o[P(11)] 32 Uz e c(u2) | 43 U2 |ﬁ1—112|e 1-u2
1 s 9 O\ . g2l 0
= 32 /dUZ D (tz) <U2 - 5) Ugje "2 Eew . (I.17)

Next consider L;[®(@;)]. In eq. (I.15¢), the integration over k is trivial. Using eq. (G.1b),
-~ 1 ~ o~ 2~ ~ ~9 5 - 7,&2
Ll[é(ul)] = 3—/2 dusy o sﬁc(ul) uy— < Jup e 2.
0 2

The integration over @ is given in eq. (G.3); using that we get

= —Q(it)Po(11) <a% - g) ;.- (1.18)

Next consider Lo[®(@,)]. In eq. (I.15d) also, the integration over k is trivial. Using eq. (G.1b),

. 1 (e B\ . 4
LQ[QS(’U;l)] = m /d’u,g U112 @c(UQ) <u% — 5) U9; € %
1 ~ fal - - 5 - _aQ
= m /dUQ @c(UQ) (u% — 5) Ug; € 2 R. (119)

Substituting the values of L) [@(w1)], L5[@(w1)], L1[P(w1)] and La[P(w;)] from egs. (1.16)-(1.19)
respectively, into eq. (I.14), we get
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Next, we shall simplify the integral in the left-hand side of eq. (1.20). Let

A - 2
I / ity B, (iiy) (ag - g) PR <R -2 ew2> . (1.21)

The integration over @y is performed in a (rotated) spherical coordinate system (g, 6%, ¢h)

described in part (I11) of Qge such that @ - @e = U172 cos 65, i.e.,

2

S ™ 27 R ) ,
L= / / / dgbdbldiis @2 sin 0 o (iiz) (ug _ §> - ( 2 ew2> |
U2=0 J05,=0 J ¢,=0 9 7

Note that only components of @y are the functions of ¢, (see Appendix H). The integration
over ¢4 results into (cf. eq. (H.6))

o0 T . 5 B ) 2
I. = / / d6}d iy @3 sin 0 D () <ﬁ% — —) <2W2ﬁ1i coS 0§> o~ U3 <R 2 ew2>
2=0 J0,=0 2 iy Ia

2 o° 5\ - & 2 _
= ~—7T211,/ T <ﬂ% — —> D (Us) / sin 05 (R - = ew2> Py (cos 05) A6} e diis,
g f15=0 2 0)=0 R

where P;(x) = z is the first order Legendre polynomial. Hence

27T - o0 ~3 ~2 5 = ~ ~ ~ 71’22 ~
1. = —uy; Uy | up— 3 D (tg) A (tr,uz) e 2 dag.
Uo=

or
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Eq. (I.22) is the Fredholm-form of eq. (I.13), where, in particular, A; (@, d2) (for a3 > ag) is
given by (Pekeris 1955):
1 2 2 _
A (i, l9) = —— [—ag — St — 4 {az + ﬁ(ag —1)e® erf(ﬂg)H : (1.23)
ujus |15 3 2
The value of A;(u1,u2) for 4 < Uy is obtained from eq. (1.23) by interchanging @; and as.

Next, we shall change the operator .Z in eq. (3.29) into a Fredholm-type integral operator.
Using eq. (3.35), eq. (3.29) can be written as

g[ése(al)} — h(an), (1.24)

where h(@) is given in eq. (3.30). Using the definition of operator .2 (eq. (2.37)), the left-hand

side of eq. (I.24) can be written as

L ()| = Ly@(@)] + Ly[@(@)] — Ly[@(@)] — Lo[@(an)], (1.25)
where )
Life(an)) = —75 | ditpdk(k - @2) e b (i), (1.26a)
7T k-112>0
_ 1 s _aaa
pb(@) = =5 | dasdk(k-dn)e 2, (i1h), (1.26b)
™ k-w12>0
_ 1 L en o
Lifd(an)] = =75 /  duadk(k - 1) e B, (1), (1.26¢)
Q k-112>0
_ 1 e _aaa
Lo@()] = =7 [ duedk(k-duz)e 2 &, (ils). (1.26d)
Q k-112>0

First consider L)[®(i;)]. Multiplying eq. (1.26a) by fo(@1)8(@ — @) and integrating over it
one obtains
1 ~ - A~ - 7(1’224,»'&2) 2 ~/ ~ -
— duldugdk(kz . U12) e 1772 @e(ul) 5(u — ul).
k-@t12>0

P

fol@)Ly[@(a)] =

Since the operator 2 is defined for elastic collisions, one may replace k- @ by —k )y, dudis

by du)day and @2 + 43 by 4 + u; following a similar procedure as above, we get

1

fo(@)Li[@(@)] = — /k | daddabdk(h - ay) e b () 5 (@ — @l + (k- ala)k)
Uyp>

P

Since w) and @} are integration parameters, we can omit the prime signs to get

1 5 oy A
h@Li#@)] = — / dandiy e T & (1) 117

The integration over @ is performed in a rotated spherical coordinate system (g, 65, ¢4) (defined

as above), whose z-axis coincides with § so that § - @y = Sig cos 0. Hence
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fo(a) Ly [®(a)] = —/dul/ / / g U5 sin 05 e (@ +a3) ¢ (@ )Iéo)
@2=0J04=0 J ¢j=0

) Y T
= 3/dule i 1), (T )/ 3 e / sin 6 I(O)dé? dig.
n G2=0 04=0

We integrate over 65 and s by following exactly similar procedure as above and get

fola) L4 [(a)] = / iy o () L o (5

or

1 T 1 az_((ﬁ;ﬂl)-ﬂf
— /| d Y _ .
773/2/ e ell) E g

Since u; is the integration variable, we can change it to ws, i.e.,

Ly[@(a)] =

~ 1 - =2 A 1 ~9 ((a—ug)-u 2
L/l[ds(u)] = m/dUQG u% @e(U,Q)meu ( [a—g| ) ,

1 G2 a 1 g2 ((B1=up) @)
()] = W/dﬂ@ e~ B, (iip) meul (“5zm)
1 1
32 /du2¢ (iip) e~ }—%ew2- (1.27)

Next consider Lj[®(w1)]. Multiplying eq. (1.26b) by fo(1)0(@ — @) and integrating over

one obtains

fol@)Lh[@(@)] = i4 / Ay ditadk(k - @y2) e 5§, () 6( — wy).
T Jkw12>0

By using similar procedure as above, we get

Fol@)Ly[®(w)] = % / iy ditg e~ FTH53) &, (1) 117,

The integration over u; is performed in a rotated spherical coordinate system (a1, 67, ¢) (defined

as above), whose z-axis coincides with t so that t - @y = ta; cos 0]. Hence
fo(@Ly[@(w)] = — / dits / / / #d0) Aty @2 sin 6 ¢~ FTH2) &, (1) 11
i1=0Jo7=0J¢/'=0

) _ _ T
= 3/du2 e @e(ﬂg)/ s e i </ sin 9’1/I§0)d9/1/> day.
n i1=0 07=0

We integrate over 6] and u; by following exactly similar procedure as above and get

fo(@) L[ (w)] = % /dﬂ,Q e~ B, (ily) % ()

or
1 02 1 _o  ((a—dp)@)?
é[é(ﬁ)] = /d’&Q eiug @e('&g) feu ( "‘7'_"%2‘ > .

w3/2 | — s
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L 2 & 1 2 (g —tg)-a )2
- 3/2 /dﬁ2e_ugée(a2)ﬁeul ( [ty —ag| )
g Uy — U2

1 - 22 1
= —Q /d’&g @e(ﬂg) e_“% E ew2 .

- (1.28)

Next consider L;[®(@,)]. In eq. (1.26¢), the integration over k is trivial. Using eq. (G.1b),

_ 1 O
Ll[@(ul)] = m /dUQ U112 @e(ul)e %

The integration over @ is given in eq. (G.3); using that we get

1 2 m2(1 4 2a3)

Li[®(a)] = —— [e_ul + Q)b (), (1.29)

\/7_1' 2uq

erf(&l)] Do(iiy) =

where Q(i1) = e % —1—4 (2a + L) erf(@). Next consider Lo[®(@;)]. In eq. (1.26d) also, the
integration over k is trivial. Using eq. (G.1b),

Lofd(it))] = — / ity Gy Pe(iin) €™ = —— / dity D (i) e ™ R. (1.30)

Substituting the values of L) [@(w1)], L5[@(w1)], L1[P(w1)] and La[P(w;)] from egs. (1.27)-(1.30)
respectively, into eq. (1.25), we get

. L[ a2, 1
z[@e(ul)] - m/dw B, (1) e <Ee : —R> — 2 Q) (@),
Hence eq. (I.24) can be written as

—% [Q(al)@(ﬁl) - % / dity Pe(iip) ™2 (R - %Wﬂ = h(t). (L.31)

Next, we shall simplify the integral in the left-hand side of eq. (I.31). Let

2

. . 2
Ie = /d’&g @e(ﬂg) e U2 <R — E ew2> . (132)

The integration over @y is performed in a (rotated) spherical coordinate system (g, 6%, ¢h)

described in part (I11) of Qge such that @, - te = U172 cos 65, i.e.,

o] T 21 R ~ 2
I, = / / / Ay d6diis 2 sin 0B, (iiy) e~ <R - = ew2>
ii2=0 J0,=0 J py=0 R

[e%¢) m R ~ 9
= 2r / / 40} diiy 42 sin 0)d. (iiz) e~ (R -z ew2>
tia=0 J 04,=0 R

00 ~ IS 9 ~
= 271/ w3 b, (iiy) / sin 6 (R - = ew2> Poy(cos 05) A6} e dily,
ii2=0 0,=0 R

where Py(x) = 1 is the zeroth order Legendre polynomial. Hence
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(o]
I, =21 / @2 Do (in) Ao (i1, tin) e~ diy.
u2=0

Hence eq. (I1.31) changes to

o0

1 A

1 ot 2 |
VT [ (f)e(d) 12=0

Eq. (1.33) is the Fredholm-form of eq. (I.24), where, in particular Ag(u1,u2) (for a1 > ug) is

given by (Pekeris 1955):

dils @2 @e(aQ)Ao(al,az)eﬂg} = (i) (1.33)

1 ]2 )
Ag (i, Tip) = o {gag + 202y — 2/ erf(ﬁg)] . (1.34)

The value of Ag(u1,u2) for 4y < gy is obtained from eq. (1.23) by interchanging @; and as.
Since the form of () is similar to ®.(i), the Fredholm-form of equation .Z(77) = ¥ can be

obtained by following a similar procedure.

1.2 To show that the unknown functions are even

Consider eq. (I.11). Replacing @1 by —a in eq. (I.11), it changes to

- % {Q(—%)@(—al) " u% /0 " diiy i} gzsv@Q)AQ(_al,aQ)e—az} _1 s

Now, from the definition of @ (@) and the fact that error function is an odd funtion we see that

Q(—it) = e @ +\/7E (—2@ 1 ﬁ) erf(—i) = e +\/7E <2a + %) erf(@) = Q(@), (1.36)

i.e., Q(u) is an even function. Next, from the definition of A,, given in eq. (1.10),

T 2
As(ty, ) = / sin 0 (R % ew2> Ps(cos 6) A6}

0,=0
— /ﬂ sin 0 \/(a2 — 2{i17g cos B + U3) — 2
6,0 ! 20 @ = 2avis cos 0 + @2)

2

,-.,2,-., . 2 /
Ujus sin® 05 AN
X ex Ps(cos 65) dbs.

p(ﬂ%—Q&ﬂbcosGé—kﬂ%) } el 2) 403

Let cos 6, = y. Hence

1
2
Ag(ﬁl,ﬁg):/ \/(a2—2a1a2y+a2)— —
LA UV = 20y + )

<o ﬁ@“‘“)>}&@my

a3 — 2oy + U3




234 Appendix I. Fredholm-form of operator .2

Therefore

1
2
A2<—a1,az):/ V(@ + ity + ) - e
y=—1 \/(u% + 201 Toy + U3)

e }P2<y> dy.

U3 + 21 toy + U3

Substituting y = —x in the above equation and using the fact that Py(—xz) = Pa(x),

2
~2 o~ ~ ~9
uy — 2uiUsx + us) —
{\/( ! ) T i )

x exp< L ki) ) }Pg(x) (—dz)

U} — 20y tgx + U3

1
2
~2 ~ o~ ~2
= uy — 2uitox + us) —
/x_ {\/( ' ) V(@3 — 20y Gigw + U3)

> }Pg(m) dz = Ay(tay, us),

— 20w + U3
i.e., Ag(ty,u2) is an even function in ;. Using these, eq. (1.35) changes to

- % [Q(ﬁl)év(—ﬂl) + % /Ooodﬁg ﬁ% @v(ﬂg)AQ(&hf@) eﬂ%] — 1. (1.37)

A ~

Comparing eqs. (I.11) and (1.37), we see that @,(—i1) = ®,(@i1), i.e., D, (1) is an even function
in ﬂl.

Next, consider eq. (1.22). Replacing 4 by —4 in eq. (1.22), it changes to

2 © - /. 5\ - o .
ﬁ/ﬂ dug u% <u% — 5) D (ug)Ar(—Uy,u2)e %] — 1.

2=0

As above Q(—u) = Q(u) and from the definition of A,, given in eq. (1.10),

4 2
A1 (U, u9) = / sin 0 <R % ew2> Py (cos 6) d6.
0

=0

Following exactly similar procedure as above and noting that P;(—z) = —P;(z), we get
Ay (=g, ) = — Ay (T, U2),
i.e., Aj(uy,us2) is an odd function in ;. Using these arguments, eq. (I1.38) changes to

1 NS 5 2 o af. 9\ ~ . - N —&
_ ﬁ Q(m)@c(—ul) + m X OdUQ u% <u§ — 5) @C(UQ)Al(?M,UQ) e % =1. (1.39)
1 2 U=

A

Comparing eqs. (1.22) and (1.39), we see that $.(—ii;) = Dc(y), i.e., De(y) is an even function

in ﬂl.
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Next, consider eq. (I1.33). Replacing 41 by —a; in eq. (1.33), it changes to

_% Q(—11)Pe(—1iy) +2/:Oda2 i3 ée(az)Ao(—al,aQ)e—ﬂg} = h(—1). (1.40)

As above Q(—u) = Q(u) and from the definition of A4,, given in eq. (1.10),

T 2
Ap(ay,u2) = / sin 65 (R - = e“’2> Py(cos 0) A6,
04=0 R

Following exactly similar procedure as above and noting that Py(—z) = Py(x), we get
Ao(—ﬂl, ﬂg) = Ao(ﬂl, ﬂg).

i.e., Ag(uy,usz) is an even function in ;. Also, from eq. (3.30),

i 2\ 2 (2 (3—2a%) .o (5+4a2 — 4a4) erf(—q)
h(=i) = = [(?) <§“2 - 1) L=V 16(—a)

and since erf(z) is an odd function, the above equation changes to

M) = [(g)m (gﬂQ - 1> G 20%) s e + 432 — 4114)erf(11)] _ h@),

T 3 ]rl/2 164

i.e., h(a) is also an even function. Using these, eq. (I1.40) changes to

o0

_ L [Q(al)éﬁe(—al) +2/

diig @2 @e(az)Ao(al,az)e—ﬂg] = h(i). (1.41)
\/7_T u2=0

Comparing eqs. (1.33) and (1.41), we see that @o(—1i;) = De(iy), i.e., Pe(@i) is an even function
in ﬂl.
Since the form of 7(@) is similar to @, (i), one can show by following a similar procedure

that 77(@) is also an even function.
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Jacobian of Transformations

In the component form eqns. (2.1a) and (2.1b) can be written as follows:

where n = 1€ The relation between dv,dvy and dvdv), is given by
n 2 14Y2
dvidvg = |J| dvdv,
where
vz Ouviz  Ouix  Ouiz  Ouiz  Ouix
v, 8v’1y ovy, ol Bvéy ovl,
8v1y 8v1y 6v1y 8U1y 8U1y 8v1y
v, Bv’ly ovy, ol Bvéy ovly,
Oviz  Oviz Qv vz vz Ouie
J— 8(”17'02) _ | Ovi, 0vy, Ovy, Ovy, vy Ovy,
T (s ol | Ouvay  Ovox  Ouay Qo  Ouvoy  Ouay
d(vy, v5) azﬁ #ﬁy #%12 &% BZ—Zy %Zz
8v2y 8v2y 6v2y 8U2y 8U2y 8v2y
v, Bv’ly ovy, ol Bvéy ovly,
Ougz  Ougz  Oupz  Ougz  Ougz  Ouge
v, Bv’ly ovy, ol Bvéy ovly,
or
11— kxkxn _kaﬁkyn _kxkzn kxkarn kaﬁkyn kxkzn
—kyk.sn 1 —kykyn —kyk.n kykzn kykyn kyk.n
J = _kzkarn _kzkyn 1- kzkzn kzkarn kzkyn kzkzn
kzkzn kykyn kik.n 1 —kgken  —kikyn —k k.
kyken kykyn kyk.n —kyken 1 —kykyn  —kyk.n
k. kym k. kyn k. k.n —k. k. —kkyn 1 —k.k.n
Ry — Ry + R4, Ry — Rs + Rs, R3 — R3 + Rg imply that
1 0 0 1 0
0 1 0 0 0
g 0 0 1 0 1
kka kaﬁkyn kxkzn 1- kxkxn _kxkyn _kxkzn
kykyn  kykyn kyk.n  —kyken 1 —kykyn  —kyk.n
kzkxn kzkyn kzkzn _kzkarn _kzkyn 1- kzkzn

236

(J.1)
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Cy— Cy—Cy, C5 = Cs5 — Oy, Cg — Cg — C5 imply that

1 0 0 0 0 0
0 1 0 0 0 0
7o 0 0 1 0 0 0
koken  kokyn  keken 1 —2kgken =2k kyn =2k k.n
kyken  kykyn kyk.n  —2kyken 1 —2kykyn -2k k.n
k.kem  k.kyn k.k.n o —2k.k.n  —2k.kyn 1 —2k.k.n
or
1 =2k, kym =2k kyn —2k.k.m
J=1 =2kyk,n 1-2kykyn —2kyk.n
—2k k.m —2k.kyn 1 -2k k.n
or

J = (1 = 2kgkyn) (1 — 2kykyn — 2k k.n) + 2k kyn(—2kykyn) — 2k k.n(2k.kyn)
=1 — 2kgkgn — 2kykyn — 2k k.n =1 — 2n(k2 + k] + k2)

:1—2x<1;6>x1:—a

Hence from eqn. (J.1),

dvidvs = edv|dv) (J.2)

and hence for elastic case (i.e., e =1)
dvidvy = dvdv). (J.3)

Let us find out the Jacobian of another velocity transformation, through which velocities (w1, @2)

transform to (g, gs) such that,

g; = U1 + U

go = Uy — Us.

The relation between dg,dg, and du;dus is given by

dg,dgy = |J|duiday, (J.4)
where
aglz 8glz 8911 aglz 8911 8911
Ol 8ﬂ1y Ot » Oty 6ﬂ2y Ola
agly 8gly 3g1y 8g1y agly 8g1y
Ol 8ﬂ1y Ot » Oty 6ﬂ2y Ola
991 091z 9912  Ogq1= 091z Ogis
J—= 9(91,92) _ | s dury Our. Ouzg Ouzy Ouos
- Y 'Y - 392x 89290 89290 ang 89290 89290
a(ul’ ’LL2) Ol 8ﬂ1y Ot~ Oty 6ﬂ2y Ola,
892y 89211 aQQy 892y 892y 8g2y
Ol 8ﬂ1y Ot » Oty 6ﬂ2y Ola
092: 092  O0g2: 0g2: 092 092
Ol Bﬁly ot Oy aﬁgy Olo,
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or

1 0 0 0 0
010 1 0
001 0 0 1
J p—
1 0 0 —1 0 0
010 0 -1 0
001 0 0 -1
Cy— Cy—Cq, C5 = C5 — Cy, Cg — Cg — Cg imply that
1 0 0 O 0 0
01 0 0 0 0
00 1 0 0 0
J =
1 00 -2 0 0
010 0 -2 0
001 0 0 -2
or
J=(-2)°=-8

Hence from eqn. (J.4),
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