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Synopsis

Strongly correlated electron systems exhibit a wide panorama of exotic and emer-
gent behaviour which arises due to the quantum entanglement across the whole sys-
tem which in turn leads to quantum many-body dynamics in these systems. Such
dynamics is very intricate and shows strong renormalization effects due to which
physics changes at different scales. Strong correlation leads to new energy scales as
well. A typical example is the Kondo scale which gets dynamically generated in the
strong coupling regime of the Kondo model. Renormalization group methods be-
come natural to deal with such systems. In this thesis, we have used renormalization
group methods to study various emergent phenomena in quantum impurity systems
which are a special class of strongly correlated electron systems. We have used poor
man scaling method and Wegner’s flow equation method to do the renormalization
studies.

A brief introduction to the strongly correlated electron systems is provided in the
first chapter. A detailed description of the renormalization group methods as applied
to study the strong correlation physics of the quantum impurity systems follows the
introduction in chapter 2. Our interest has been to explore the interplay between
valence fluctuations and Kondo effect in heavy fermion systems and also the interplay
between Kondo effect and topological order. For the lattice Hamiltonian, we have

used dynamical mean field theory which is a very important method that takes

X



local quantum fluctuations into consideration while neglecting non-local dynamical
spatial fluctuations. We have used continuous time quantum Monte Carlo(CT-

QMC) method as the impurity solver for DMFT.

In chapter 3, we have carried out perturbative renormalization of the extended
single impurity Anderson model (e-STAM), which has a Hubbard repulsion between
conduction and impurity electrons in addition to the usual kinetic energy, site-energy,
local Coulomb repulsion on the impurity and the hybridization terms. The moti-
vation for this study comes from recent experiments and related theoretical studies
which suggest that valence fluctuations could play a crucial role for the quantum
criticality in heavy fermion systems. There is also a lot of interest in quantum dots
where a rich interplay between spin and charge Kondo effect leads to SU(4) Kondo
effect and this interplay has also motivated our study. We have extended Haldane’s
and Jefferson’s scaling approach to our model. We find that renormalization flow of
this model is determined by three scaling invariants. Using the scaling invariants,
we calculate the Kondo scale in the local moment regime of the model. We find
that Uy, interaction leads to an increase in the Kondo scale through a renormaliza-
tion of the prefactor. Enhancement of Kondo scale due to Uy, interaction has been
found by earlier numerical renormalization calculations as well. We have carried
out Schrieffer-Wolff transformation to obtain the effective Hamiltonian correspond-
ing to the strong coupling fixed point of e-SIAM and we find that strong coupling
physics of e-SIAM is governed by spin-charge Kondo model which has the interplay
between spin and charge Kondo interactions in contrast to the Anderson impurity
model where spin fluctuations dominate the strong coupling regime of the model.
We also find that valence fluctuations mediated charge Kondo effect co-exists with
spin Kondo effect and can lead to SU(4) Kondo effect in quantum dots where as
phonon mediated charge Kondo effect can not co-exist with spin Kondo effect and

hence can not lead to SU(4) Kondo effect.



In chapter 4 |, we study the lattice version of e-SIAM which is called extended
Periodic Anderson model. We employed dynamical mean field theory approach
which maps e-PAM to an impurity model with self-consistent hybridization. We use,
the continuous time quantum Monte Carlo(CT-QMC) as an impurity solver. We find
that electron occupation of localized( f) electrons decreases with valence fluctuations
and as valence fluctuations become stronger we find abrupt jumps in f electron
occupancy which signals a phase transition. We confirm the existence of the phase
transition from valence susceptibility which diverges close to transition. Further,
valence fluctuations also lead to strong renormalization of the quasiparticle weight
which increases with valence fluctuations, hence signifying the renormalization of

local Hubbard repulsion of f electrons.

In chapter 5, we have explored Z, topological order in the Kitaev p-wave chain
model. In this chapter, we ask the question why there is topological order in Kitaev
chain model and not in the Transverse Field Ising model(TFIM) when both these
models are related by Jordan-Wigner transformation. We find that there are extra
fermionic symmetries in Kitaev chain model. These symmetry operators are actually
Majorana mode operators which commute with Hamiltonian and change the parity
states. The same symmetry leads to the doubling of the entire spectrum of the
Kitaev, chain model. We also explored how the topological order is related to
topological entanglement as given by Yang-Baxter equation. We find that Majorana
braiding representation arises only in the topological phase of the Kitaev chain. That
leads us to propose a new characterization of topological order as an order which

gives rise to the solutions of Yang-Baxter equation.

In chapter 6, we have studied the interplay between Kondo effect and Majorana
fermions in a setup where quantum dot is connected to a normal lead on one side
and a topological superconductor on another side. The motivation of our study was

to find unambiguous ways for the detection of Majorana fermions and find out ex-
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perimentally feasible ways of probing the signatures of Majorana fermions. We first
write down the Hamiltonian for a setup in which the quantum dot is side-coupled
to the topological superconductor and to a normal lead on another side. Project-
ing this Hamiltonian to its Kondo regime gives us an effective Hamiltonian which
has new interactions in addition to the standard Kondo interaction. One of the
important signatures of Majorana fermion in this model is the relevance of particle-
hole asymmetry for Kondo effect. At the particle-hole symmetric point, Zeeman
field and Andreev scattering term vanish at effective Hamiltonian level. We have
carried out flow equation renormalization study of Majorana-Kondo model, and we
find that flow equations are different for particle-hole symmetric and asymmetric
cases. One of our important findings is that even though Zeeman field vanishes at
the particle-hole symmetric case, however, it emerges again along the unitary flow
of the coupling constants of Majorana-Kondo model and hence making the Kondo
physics anisotropic. It also leads to an important observation about the flow equa-
tions of the model. These equations have essential instability towards the particle-
hole asymmetry, and slightest asymmetry leads to the emergence of Zeeman field
and drives the system away from the particle-hole symmetric point. It has physical
implications for the realistic experimental situations where asymmetry is generic
and particle-hole symmetry being a very special case. Our results suggest that Ma-
jorana fermion produces significant renormalization of Kondo couplings even in the
particle-hole symmetric case and hence there is no need to detune the gate voltage
of the system as had been proposed in earlier studies. Away from particle-hole sym-
metry, the renormalization effects of Kondo couplings are even stronger due to the
contribution of Andreev scattering term to the flow equations. Spin susceptibility
is an experimentally accessible quantity, and hence we have calculated this quantity
for Majorana-Kondo model, both in particle-hole symmetric and asymmetric cases,

to capture the signatures of Majorana fermion in it. Flow equation method gives
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access to renormalization of observables as well. We calculated the flow equations
for Kondo spin operator, and after solving them numerically, we calculate dynamic
spin susceptibility. There are clear signatures of Majorana fermion in this quan-
tity. Our flow equation renormalization studies have confirmed and consolidated
the interplay between Majorana fermion and Kondo effect and proposed feasible

and unambiguous ways for the detection of Majorana fermion in quantum dots.
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1.1 Introduction

Strongly correlated electron systems(SCES) comprise a range of materials which
exhibit panorama of exotic and emergent behaviour. These systems include Mott
insulators, high T, superconductors, heavy fermion systems, spin liquids, magnetic
materials, fractional quantum Hall fluids. Band theory, based entirely on the quan-
tum theory of solids which have periodic lattice structures, has been a huge success
because of the broad range of solid state systems whose transport properties were
understood based on this theory. But when it comes to strongly correlated electron
systems, band theory fails. The Mott insulating state and Anderson insulators are
just two examples which can not be explained on the basis of band theory because
there are new physical principles at work. The principles of quantum many-body
systems were laid out by many pioneers of this field including Landau, Anderson and
Wilson. These principles include adiabatic continuity on which is based Fermi liquid
theory, Spontaneous symmetry breaking which is the paradigm for understanding
the ordered states of matter, Renormalization group which is the natural framework
to study the effects of strong interactions. These principles have been discussed at
length in a very beautiful book by Anderson[l]. In this thesis, we have employed
renormalization group methods to study the interplay between Kondo effect, valence

fluctuations and topological order.

Strong correlation makes the system a quantum many-body system which can
not be described by single particle theories. Consequently, the dynamic interplay
between the various degrees of freedom leads to a collective behaviour in these sys-
tems. Collective behaviour can not occur without interactions, and neither can be
described without taking interactions into consideration. P. W. Anderson, one of
the pioneers of modern condensed matter physics, has expressed very succinctly in
his famous phrase, “More is different” [2]. Emergent behaviour is another term used

to express the collective behaviour of strongly correlated systems in which new prop-



erties emerge in the system which are not exhibited by the individual components
of which the whole system is made up of. Consequently, in a strongly correlated
system, one is not concerned with the constituents themselves, rather with their
collective excitations which are the “quasiparticles” of the system. Quasiparticles
are not particles in the sense of elementary particles, but they are rather more real
because in the presence of interactions, bare particles get dressed or renormalized
and the physics is described in terms of quasiparticles rather than the bare particles.
This is another feature of strong interactions, which will be discussed in detail in
chapter 2 of this thesis, that interactions lead to the renormalization of the bare

quantities of the constituents of a system.

Strong correlation leads to quantum many-body dynamics which is very intricate
and has the interplay of various energy scales. Strong correlation also dynamically
generates new energy scales. Kondo scale being the typical example of such a scale
which emerges out of the quantum many-body dynamics of Kondo effect. Stan-
dard perturbation theory does not treat all energy scales and consequently leads to
logarithmic divergences. One is forced to employ strong coupling expansions like
a Schrieffer-Wolff transformation which gives a controlled method to calculate the
effective Hamiltonian in the strong coupling regime of the given model. In a strongly
correlated electron system, quantum fluctuations are vital for dynamics and need to
be taken into consideration. Renormalization group is a well-suited method which
takes quantum fluctuations into consideration and hence becomes natural to deal
with strong correlation. Kondo effect in which physics is governed by spin fluctua-
tions was finally understood by various renormalization group methods, particularly
the numerical renormalization group which was able to capture the Kondo resonance

peak in the spectrum of the Kondo model.

Strong correlations also lead to quantum fluctuations, and one needs to go be-

yond a mean field theory description. The Mott insulating phase is one typical
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example where quantum fluctuations become very important, and hence this phase
can not be understood based on static mean field theory. In low dimensional sys-
tems, quantum fluctuations become even more important and lead to new phases.
In one dimensional systems, strong correlation leads to the formation of Luttinger
liquid which is entirely different from Fermi liquids which occur in higher dimen-
sions. The effect of quantum fluctuations in one dimensional systems is so strong
that there is no order that can take place in one dimensional systems. Rather a very
exotic phenomenon happens: spin-charge separation which is basically that charge
and spin degrees of freedom behave independently.

In this chapter, we will describe the strong correlation physics based on the
quantum many-body Hamiltonians which have been introduced for strongly cor-
related electron systems. Even though these Hamiltonians are minimal models to
capture the physics of SCES, still they have been crucial for the understanding of
strong correlation physics. There are two kinds of quantum many-body Hamiltoni-
ans: Impurity and Lattice Hamiltonians. We will mainly focus on quantum impurity
models. We will also show how in dynamical mean field theory framework, lattice
models can be mapped to quantum impurity models which are easier to understand
because there is just one quantum impurity in the model which is interacting with
conduction electrons which are free fermions. Hence quantum impurity models are

of central importance in the field of strongly correlated electron systems.

1.2 Quantum Many-body Hamiltonians

Quantum impurity systems are a special class of strongly correlated electron systems
which have been very crucial for the understanding of physics of strongly correlated
electron systems. Hence they have been extensively studied. Though they are simple
in the sense that there is a single impurity, there is full quantum many-body physics

involved because quantum impurity gets coupled to the conduction electrons and
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leads to the formation of the quantum many-body ground state. Kondo effect is
a prototypical example of such quantum many-body phenomena in which impurity
electron forms a Kondo singlet with conduction fermion sea, and it manifests in the

spectrum as resonance peak at the Fermi level.

Quantum impurity systems necessitated the need for renormalization group meth-
ods in quantum condensed matter physics, and they have been a testing ground for
so many different renormalization schemes. Renormalization group is needed be-
cause there is the interplay of various energy scales and due to strong correlation
emergent scales also also come into play. Also, quantum fluctuations determine the
dynamics, and hence renormalization group method becomes natural to study these
systems. In fact, Anderson applied renormalization methods to Kondo model[1]
before Wilson made renormalization group(RG) well-known by applying it to crit-
ical phenomena in statistical physics and Kondo model[3]. There is one important
difference in renormalization of quantum impurity systems as compared to the sta-
tistical physics models. In quantum impurity models, it is the quantum(temporal)
fluctuations which need to be dealt with rather than spatial fluctuations in case
of statistical mechanical lattice models. That makes the actual implementation of

renormalization different for quantum impurity models.

We will present two very important Hamiltonians of quantum impurity sys-
tems, Single impurity Anderson model(SIAM) and Kondo model. Though these
models were introduced in different contexts, it was shown using Schrieffer-Wolff
transformation[4] that Anderson impurity model gets mapped to Kondo model in
its strong coupling regime where valence fluctuations get frozen. To understand the

relation between these models, we will also present Schrieffer-Wolff transformation.



1.2.1 Anderson impurity model

Single impurity Anderson model was introduced[5] to understand the fate of local
magnetic moment in metals. Blandin and Friedel[6] understood the key aspect of
the physics based on scattering theory and they found that there is virtual bound
state formation. However, as was customary that time they proposed that there
is a ferromagnetic exchange between conduction and impurity electrons. Anderson
proposed a Hamiltonian which provided the microscopic understanding of quantum
impurity physics. Anderson based on mean field theory was also able to explain the
formation of virtual bound state, but he found that the exchange term is of antiferro-
magnetic nature which was later confirmed based on Schrieffer-Wolff transformation

and plays a very important role in Kondo physics.

H = Z EkCLUC]w + Z Vk(CLJdU + h.C.) + Z Gdd:rjdg + UndTndi (1.1)

ko ko o

In this model, there are two species of fermions, and hence we can divide the model
into two sectors: Impurity sector and conduction electron sector. The new ingredi-
ent in this model, introduced by Anderson is the hybridization term which couples
the two sectors and this term is important for the formation of virtual bound state.
Hybridization term gives the coupling between localized impurity orbital and Bloch
wavefunction of conduction electrons. In the absence of the interactions, hybridiza-

tion leads to the broadening of the impurity state with width given by
A=m> (| Vi [)?5(e - &) (1.2)
k

To understand the physics of Anderson model better, it becomes natural to take
local picture approach where we start with the atomic picture of the Hamiltonian

and then adiabatically turn on the hybridization to the conduction band electrons.
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1.2.2 Atomic limit

Hilbert space of impurity electron is four dimensional: | 0),|1),[]),| 2) which cor-
responds to empty state, singly occupied state with up or down spin and doubly
occupied state. For the case of zero hybridization, conduction and impurity sectors
get decoupled. The impurity part of the Anderson model for V' = 0 is the atomic

limit of the model and its local Hilbert space is four dimensional as given above.

H, = Z EddzdJ + UndTn(u (13)

g

Energies of the four states are:

|2) E=2e¢+U (1.4)
10) E= (1.5)
1.4 E=e (1.6)

When hybridization is switched on, there are transitions between the states deter-
mined by the energetics and quantum fluctuations. Since impurity electrons can
make transitions to other two states so we can ask under what conditions will local

moment be there.

Eg—Ei=0—¢;>0=U/2>eq+U/2 (1.7)

EQ—El:2€d+U—€d:>€d+U/2>—U/2 (18)

So in atomic limit the condition for the existence of the local moment is

U/2>e+U/2>-U/2 (1.9)



Now the question which Anderson answered using mean field theory is what hap-
pens to the local moments when we switch on the hybridization. However, mean
field theory can not be trusted when interaction becomes stronger than hybridiza-
tion strength. Since quantum impurity models are the simplest examples of quantum
many-body systems and hence to deal with quantum fluctuations in the presence
of interactions one has to resort to renormalization methods. In the case of An-
derson model, such a scheme was introduced by Schrieffer and Wolff who used a
unitary transformation to integrate out the valence fluctuations and found the ef-
fective model for the strong coupling regime of the model. The significance of this
transformation is that not only it helped to understand the strong coupling regime of
quantum many-body Hamiltonian, but it also provided the connection between two
important models which were studied in different contexts. We will come back to
Schrieffer-Wolff transformation later in this chapter. Understanding the connection
between Anderson model and Kondo model was phenomenal because it showed that
the low energy physics of Anderson model is governed by Kondo spin interaction and
hence in renormalization sense, the strong coupling physics of the model is governed
by Kondo fixed point. This physics was later on confirmed by perturbative RG and
finally by Numerical Renormalization group of Wilson. Based on NRG it is known
that STAM has four fixed points which correspond to four parameter regimes of the
model. 1. Empty orbital fixed point 2. Local moment fixed point 3. Mixed valent
fixed point 4. Kondo fixed point which is the strong coupling fixed point and is very

stable to repulsive interactions|7][8].

Though SIAM was introduced to understand the physics of magnetic moments
in metals, its significance and applicability have gone beyond this physical context.
The same model is used to study the quantum transport in quantum dots where the
quantum dot is represented by impurity part of the Hamiltonian; lead electrons are

represented by conduction part of the Hamiltonian. This way it became possible
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to understand the Kondo effect in quantum dots as well even though the actual
situation is more complicated because of other energy scales. This way SIAM has

gained interest in quantum transport in quantum dots.

Another reason which made STAM of central importance in the field of strongly
correlated electron systems is that within dynamical mean field theory framework,
Hubbard model gets mapped to STAM in a self-consistent manner. We will come

back to this aspect of Anderson impurity model in a later section in this chapter.

1.2.3 Kondo model

Kondo model has been a paradigmatic model of condensed matter physics which
exhibits the quantum many-body effects of strong correlation. At Kondo temper-
ature, there is the formation of quantum many-body resonance peak at the Fermi
level which is due to the anti-ferromagnetic exchange between the impurity spin and

the conduction electrons of the host metal.

H =" el cre + JS.5(0) (1.10)
ko

S is the Kondo impurity spin and s(0) = > ;> 1o 02, o/ Too'Cko is the conduction
electron spin density at the site of Kondo impurity. Kondo model challenged the-
orists for many decades but has held immense fascination as well. It is a model
for which the theorist’s favourite method, perturbation theory broke down and
they got pushed to develop renormalization group method. Kondo physics is non-
perturbative and is intimately tied to renormalization group methods. It was for
this model that Kenneth Wilson developed his Numerical Renormalization group|3]
and got the full quantitative understanding of the dynamics and thermodynamics
of this model. Before Wilson, Anderson and collaborators had already applied the

renormalization group methods to Kondo model and had got some analytical in-
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sights into the non-perturbative physics of the model. Anderson’s poor man scaling
method became standard perturbative renormalization scheme in this field but due
to its perturbative nature could not access the regime below Kondo scale. Renormal-
ization group methods brought out the scaling properties of the Kondo model. The
logarithmic divergences in perturbation theory are usually symptoms of scale invari-
ance of the model. Renormalization group method introduces a scale/cut-off such
that physics does not depend on the cut-off, but this procedure helps to construct
the new model which has same physics but is supposed to be tractable as compared
to the original model. It was found that Kondo coupling constant grows under this
renormalization flow of Kondo model and at a particular scale when Kondo sin-
glet is formed, local moment gets completely quenched. This scenario is similar to
asymptotic freedom in quantum chromodynamics. Renormalization group methods
were instrumental in the exploration of Kondo physics. However, there were other
methods and approaches which also played very important role to understand other
aspects of rich physics of Kondo model. Phil Noziéries’ local Fermi liquid theory
approach also helped to have an intuitive understanding of the Kondo physics. He
used familiar methods from scattering theory and Landaus Fermi liquid theory to

show the information about the Kondo singlet formation is in phase shifts.

1.3 Methods for Calculating the Effective Hamiltonians

In this section, we will present two important methods to calculate the effective
Hamiltonians for strongly correlated electron systems: Schrieffer-Wolff transforma-
tion and Projection operator method. In Schrieffer-Wolff transformation, effective
Hamiltonian is calculated by projecting out the high energy excitations using a uni-
tary transformation while as in projection operator method, effective Hamiltonian is
obtained by projecting the Hamiltonian into the desired subspace of the full Hilbert

space.

10



1.3.1 Schrieffer-Wolff transformation

Schrieffer-Wolff transformation(SWT) was introduced in[4] to relate Anderson im-
purity model and Kondo model. Since then this transformation has been used
very extensively in condensed matter physics to calculate the effective Hamiltoni-
ans. SWT is a version of degenerate perturbation theory[9], but here we would like
to emphasize its connection to renormalization group[10]. The reason being that, in
the case of strongly correlated electron systems there are emergent scales and SWT
is used to obtain the effective Hamiltonian which results out of the renormalization
process and is associated with new energy scale. SWT integrates out the high energy
excitations by decoupling the high energy and low energy subspaces. Due to the de-
coupling, there is renormalization of the low energy sector of the model. SWT is
a generic method for calculating the effective Hamiltonians of quantum many-body
systems, so we will give a detailed discussion of this transformation. SWT will be
later on used to calculate the effective Hamiltonians for the systems of our interest.
Schrieffer-Wolff transformation being very important transformation has been gen-
eralized in various ways. One very important generalization was done by Wegner|[11]
and Glazek and Wilson[12] independently. The new method has been called Flow
equation method by Wegner and Similarity Renormalization by Glazek and Wilson.
In flow equation method the unitary transformation is once again used, but it is
done in a continuous fashion because the generator depends on the flow parame-
ter. The relation between SW transformation and flow equation method has been
worked out in [13]. SWT has been applied to dissipative systems[14], periodically
driven systems[15]and has also been given a path integral formulation[16]. In [9] the
authors have given a mathematically rigorous treatment of the transformation and

have applied SWT to quantum spin systems.
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1.3.2 SWT as unitary transformation

Unitary transformation is the standard method for diagonalization in quantum me-
chanics and condensed matter physics[17]. By the unitary transformation, one
changes to the basis in which the given Hamiltonian becomes diagonal and one
achieves diagonalization in a one step process. However, this is not possible for
all Hamiltonians. So in latter case, one tries to diagonalize the Hamiltonian in a
perturbative manner. One can still use unitary transformation to achieve this goal.
Schrieffer-Wolff transformation is such a method. It has been used extensively in
different areas of physics under different names[9]. In relativistic Quantum Mechan-
ics, it is called Foldy-Wutheysen transformation[18], in Semiconductor physics, it is
called k.p perturbation theory[19] and in condensed matter physics it has been used
as Frohlich transformation for electron-phonon problem|[20]. Schrieffer-Wolff trans-
formation not only diagonalizes the Hamiltonian in a perturbative manner in which
case it is unitary perturbation theory but it also renormalizes the parameters in the
Hamiltonian and hence is a kind of renormalization procedure. SW transformation
in the latter sense is used to get the effective Hamiltonian of the given quantum
many-body Hamiltonian[4].

Schrieffer-Wolff transformation is a unitary transformation. So one chooses the
proper unitary operator which can either fully diagonalize the Hamiltonian or to

some desired order.

H =U'HU (1.11)

H =eSHe (1.12)

where S is the generator of this transformation and is an anti-hermitian operator.

Usually one requires of this transformation to cancel the off-diagonal terms to the

12



first order so that following condition is satisfied.
[S, Ho| = —H, (1.13)

Expanding the operator exponential using Baker-Campbell-Haussdorff(BCH) for-

mula one gets series expansion for the transformed Hamiltonian H’
, 1 1
H' = Ho + 5 [S, Ho] + 2 [9, S, Holl + ... (1.14)

where Hy and H, are diagonal and off-diagonal parts of the Hamiltonian H. Since
the off-diagonal term gets cancelled to the first order so the effective Hamiltonian

to the second order is given by

1
Hepy = Ho + 5 [S, Ho (1.15)

1.3.3 How to get the generator?

The most crucial step in doing SW transformation is to get the generator of the
transformation. Once the generator is calculated the rest of the calculation is quite
straightforward. So having an explicit method for calculating the generator is of
immense value. In this section we will present a systematic method to calculate the
generator of Schrieffer-Wolff transformation for a general Hamiltonian and then will
apply this method to Anderson impurity model.

Let H be our full Hamiltonian and Hy be the diagonal part and H, be the off-
diagonal part of the full Hamiltonian. To obtain the generator, we will proceed in
two steps. In the first step, we will find the commutator [Hy, H,| and call it 7. In
the second step, we will impose the condition of removing the off-diagonal part till
first order on 1. To do that we will have to keep the coefficients undetermined and

they will be determined by the above condition. So 7 has to statisfy [, Hy] = —H,

13



in order to be the generator of the transformation. The latter condition determines
the coefficients and we get the generator for SW transformation of the given Hamil-
tonian. In the next section we will calculate the generator of SW transformation
for Single Impurity Anderson Model for which the transformation was carried out

in the original paper[4].

1.3.4 Generator for Anderson Impurity Model

We will first write down the single impurity Anderson Hamiltonian in second quan-

tized notation:
H = Z Ekczgckza + Z edd;l;-da' + Z Vk(CLUdU + dlckg) + UndTnCu (1.16)
ko o ko

The Hamiltonian has one off-diagonal term which we call as H, and diagonal terms

which together we call Hy.

Hy = Z EkCLUCkU + Z Gdd:;dg + UndTnCu (1.17)
ko o
H, = Vi(cl,do + dic) (1.18)
ko

Now the first step is to calculate n which is basically commutator of diagonal part

with off-diagonal part of the Hamiltonian.

" (19
n= Z Ekclgckg + Z eddldg + Ungyngy, Z Vk(c;rwdg + dlckg) (1.20)
ko o ko
n= Z(ek — €4 — Und(—,)Vk(cZUdg —d! cky) (1.21)
ko

In the second step we will impose the condition of removing the off-diagonal term to

the first order. To do that we will keep the coefficients undetermined and actually
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they will get determined automatically once 7 satisfies the condition. We will label
it with S to emphasize that it is not actually n which is the generator rather it is S

with correct coefficients. What n has similar to S is the form of the operators.

S =" (Ax — Binas)Vi(ch,do — dicie) (1.22)
ko

Now we will impose the condition on S to determine A; and By,

S, Ho) = —H, (1.23)

= Z Ak<€d — Gk) + Z(AkU — Bk<€d — € + U)nda) (Vk(CLO—dO' + d:[,c;m)

ko ko
(1.24)
= =D _Vilcl,do + docf,,) (1.25)

ko
= Ak(ed — 6k> + (AkU + Bk(ed — € + U)nda =-1 (1.26)
Solving for A and By we obtain:
Ap = —2 (1.27)
B €L — €4 ’
1 1

By = (1.28)

€, —€eq—U €. —€q

In this way we have calculated the generator of SW transformation for Single Impu-
rity Anderson Model. We can write the generator in the same form as was written

in[4] by using extra index « which takes two values.

Vi
S = Z i ngﬁczgdg — h.c. (1.29)

€L — €
koa k a
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NG5 = Ndg €ea=€+U a=+

:1—7’Ld5- €a =€ Q= —

Summing over o we get S in the same form as we have calculated.

_ Vi A
S = % [Ek s L M

Vi

(1-— nd(—,)czgdg} — h.c.
€k — €d

1.3.5 SW Transformation of STAM

To carry out SWT we will have to calculate the following commutator:

(S, H,]

= Z(Ak + Bk”d&)Vk(C]deo — dlckg), Z Vier (CL/o.ldo'/ + d;:l;_lcklo-/)

ko k'a’

[S, H,]

=" AViVi (el + he) = > AVE(ddy + hoc.)—
kk'o ko

> BV (nasdlde + hc) + > BiViVio(dhcpzch,do + hoc)—
ko kk'o

Z B Vi, Vi (CL’6d5CLadU + h.C.) + Z B Vi, Vi (ngck/gnda + h.C.)
kk'oc kk'oc

Switching to Nambu Spinor representation:

T T

c C d d
“ v, = | vl = |1 |
Ck¢ Ck| di d¢
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(1.31)

(1.32)

(1.33)

(1.34)

(1.35)



We get the Kondo exchange term

=3 (hswn ) (whswa) (1.36)
kk'

where exchange constant is given by

1 1 1 1
Jpw = ViV — — 1.37
Kk kk(fd—Ek‘i‘U_'_Gd—Ek/"i‘U €qd — €k ed—ek/> ( )

In addition to the Kondo exchange term the commutator [S, H,| also has following

terms which correspond to other scattering processes:

Hdir = Z (AkaVk' =+ BkaVk/ndU—;nda> ngcklg + h.c. (138)
kk'c
Hpop = — Y Vi (Ak + Binds) nas + h.c. (1.39)
ko
Hep =Y BiViVis (C]ngd&c;/gda> + h.c. (1.40)
kk'oc

1.3.6 Projection Operator Method

In this section we will calculate the low energy effective model of e-SIAM using
projection operator method as given in[21]. The Hilbert space of the impurity con-
sists of empty state, singly occupied state and doubly occupied state which can
be written [0),] 1),] 1), T{). To get the low energy effective Hamiltonian we will
project out excitations to empty and doubly occupied subspaces and restrict the

dynamics to singly occupied subspace which corresponds to the Kondo regime. The
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corresponding projection operators are:

Po = 10){0] = (1 = nat)(1 — nay) (1.41)
Py =|1(t | = (nay)(1 — nay) (1.42)
P =11 = (na)(1 - nar) (1.43)
Py =[1H (M| =nang, (1.44)

Completeness of the local Hilbert space is given byPjo + Pjy + Pj, + Pjg =1

Schrodinger equation for the impurity electron can be written as

HV = EV (1.45)
2
> Hyn%m = EV, where Hypy=P,HPy, (1.46)
m=0
HypoVo+ Hp V1 + HpVy = EV (147)
HoVo+ H1 V1 + Hi2¥o = BV, (1.48)
Hoyo Vo + Ho W1 + HopWo = EVy (1.49)

Since there is no term in the Hamiltonian which connects empty and doubly occupied
sub-spaces therefore we get Hyo = Hog = 0.

Schrodinger equation in |0) subspace is

HyVUo+ Hp ¥ = EYg (150)
(HOO - E)\IJO =—Hyn ¥, (1.51)
= Uy = (E — Hy) ' Ho1 ¥y (1.52)
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Schrodinger equation in |2) subspace is given by

Ho1 U + HyoWy = EVUy (153)
(E — Ha)Vy = Hy W (1.54)
= Uy = (E — Hyy) 'Ho ¥y (1.55)

Schrodinger equation in the |1) subspace is given by
HoVo+ H1¥y + Hi9¥o = BV, (1.56)
Substituting for ¥y and Yo in equation 1.48 we obtain:

1
|:H10 Hoy + Hyy + Ho————-+Hy | |V1) =E| ¥y) (1.57)
0 E — Hy

1
E — Hy

The projected terms of the Hamiltonian are :

Hyo = PyHPy =Y _ excl,cho (1.58)
ko

Hyy=PiHPL =) epngg + € (1.59)
ko

Hy=PHP, = Z €LNky + 264 + U (1.60)
ko

H12 = PlHPQ = Z chladg’nda H21 = HI2 (161)
k

Hoy = RHP =Y Vil do(1 — ngs) Hyo = HJ, (1.62)
k

19



To evaluate the effective Hamiltonian we need following commutators:

[Hi2, Hyo] = Z Viel_donas, Z €pMpror + 26 + U (1.63)
ko k!o!
=-> Vien)eh, domnas (1.64)
ko
[Ho, Hoo] = Z Vird!  cpror (1 — a4 ) > ekczgc;w] (1.65)
ko
= er(Vidicro(1 = ng,)) (1.66)
ko
1
Hiy—H 1.67
125 s 12 ( )
1
= ZZVk/ck, /dona, de CkoMdy (1.68)
ko ko’ E— H00_2€d_U
_Vk/Vk E— H(]o —€d\_1 1
= (1- oo, db . 1.69
Z:,ZU—i—Ed—Ek/ U+€d_€k/) Cko’ O'nda/ o CkoNda ( )
Vi Vi
== Z Z U+ lzd C]-l;;/ /da’nd;,djfckandg (1.70)
ko ko
Vka/ f t
= 1/2 g — S. 1CL! 51 1.71
%;U—&-ed—ely </ Zf:ckcck” g;, o (O) oo Ciro ( )

Similarly first term in equation 1.57 can be calculated. It incorporates the excitations

between empty state and singly occupied state. The contribution of this term is given

by:
Hio—H (1.72)
10E — HOO 01 .
= Z Z Vk/Vk(E — Hyy — Ek/)fldi,ck/alcladg(l — nd(;,)(l — ndﬁ) (173)
ko k'o’

From this term one gets contribution to Kondo exchange term and potential scat-
tering term. Potential scattering term will be dropped down from the effective

Hamiltonian. Putting all the terms together one gets the following effective Hamil-
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tonian.

H= Z Z EkCLUCkU -+ Jkk/S.CLU(U)gU/Ck/g/ (1.74)
ko ko’

where the coupling constant given by

1 1
i = ViV 1.75
kk kk(U+€d—€k’+€k_€d> ( )

Using the projection operator method we obtain only Kondo exchange term and
potential scattering term in the effective Hamiltonian which is because we have re-
stricted the Hamiltonian to the singly occupied subspace. In contrast, the effective
Hamiltonian which we have obtained via Schrieffer-Wolff transformation has other
terms in addition to Kondo exchange term. However, both methods yield Kondo
exchange interaction which determies the strong coupling physics of Anderson im-
purity model.

In previous sections we have introduced two important quantum impurity mod-
els and then using Schrieffer-Wolff transformation and projection operator method,
shown how Kondo model arises as an effective Hamiltonian in the strong coupling
regime of Anderson impurity model. Now we turn to lattice models and present a

paradigmatic model for strongly correlated electron systems.

1.4 Hubbard model and Dynamical Mean Field theory

Hubbard model is the simplest lattice model which was introduced for strongly

correlated electron systems|[22].
H=— Z tij(cjacja + C;-(,Cw) +U Z NN — ,LLZ c};acw (1.76)
(ig)o i i
t;; is the hopping amplitude and U is the local Hubbard interaction and p is the
chemical potential.
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However, the Hubbard model is exactly solvable only in one dimension[23]. For
higher dimensions, we need to rely on different methods which can not capture the
full phase diagram of the model. Hence it came as a great breakthrough when it
was shown by Metzner and Vollhardt[24] that in infinite dimensions, self-energy and
vertex function for the Hubbard model become local. Later on it was shown that
Hubbard model can be mapped to single impurity Anderson with self-consistent
hybridization[25]. This formalism of mapping lattice models to impurity Anderson
model with self-consistency has been very successful to study the various lattice
models of SCES and has particularly helped to understand interaction driven Mott
transition. This formalism is called dynamical mean field theory(DMFT) because
it treats spatial fluctuations in mean field way but takes into consideration local
quantum fluctuations which lead to the phenomena like Mott transition. There are
many ways to derive and understand this mapping of lattice models to quantum

impurity models, we will follow cavity method[25].

1.4.1 DMFT Mapping and Self-Consistency Conditions

In this section we derive the effective action of Anderson impurity model from the
Hubbard model and in that way we map the lattice model to a quantum impurity
model. Important in this derivation is the infinite dimensional limit which makes the
dynamic quantities like Green’s functions and self-energies local. Since we are not
taking into consideration the momentum dependence and hence spatial fluctuations
can not be treated and DMFT becomes an approximation which takes only local

dynamical fluctuations into account.

e m;_>%_

> tiici, (T)cjo(T +ZU¢ T)ei(7)eiy (T)eiy (7) (1.77)

ijo
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;. and c¢;; are Grassmann variables. The action for Hubbard model can be divided

into three parts.

S =8+AS+ 8" (1.78)

B
So = /0 ZCSO’(T) <(§T - ,U> COO’(T) + UCBT(T)COT(T)CEL(T)CO¢<T) (1'79)

B
AS = — /O dr 3 (tocis (T)eos (7) + trciy (7)cio(7) (1.80)
0— B’T i (t 9 Cig(T) — ci (T)ein (T
S _/0 d #ZO;U w()<aT M) io(T) %:w()w( )+
Uci(T)eir(T)ciy (T)eiy(T) (1.81)

1 = tipcoo plays the role of the source field which is coupled to cja. After integrating

out the fermions at all the sites except for cavity site ,we obtain the effective action:

o0
Serr=3_ > / 0L (oot} (7o )0, (752 )y (5, )G2 o (Tay Ty T T )+

n=111...jn

So + const. (1.82)

In this form this result is not useful because we still need to calculate the full cavity
Green’s function. However something very interesting happens when we take the
limit of infinite co-ordination number. In this limit the hopping amplitude needs to
be rescaled as #;; ﬁ This scaling of #;; ensures that Greens functions scales
as GY (%)‘i_j | and hence the leading term is of the order unity and all other
higher order terms have é decay. So in the infinite dimensions limit only the leading

order terms survive and the effective action simplifies to:

Seff = /deT/CSU —0r + n— Z tOitOjGo Coo + /dTUHOTn0¢(T) (183)
ij
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Here we introduce important quantity in DMFT: Weiss field which is related to the

Greens’s function of the Hubbard model with one site removed.
go(z‘wn) =iwn +p — ZtOitOjG?j (ZW) (1.84)
ij
However we still have to calculate G? and the full lattice Green’s function for the

Hubbard model. For a general lattice the relation between the cavity and full Green’s

functions is given by:

GioGoj
Goo

W =g, -

v

(1.85)
Substituting for cavity Green’s function in equation 1.84, we relate Weiss field with

lattice Green’s function.

GioGoj
Goo

GO (iwn) ™t = iwn + p — Z toitoj (Gij —
ij

) (1.86)

Taking the Fourier transform of hopping amplitude and Green’s function we arrive

at:

1
Z.Wn +p— €k — Eiwn

Gk, iwn) = (1.87)

Where we have used the local self-energy ¥(iw,) = X(k,iw,). Using the Dyson

equation

Y(iwn) = G%(iwy) t — Gliw) ™t (1.88)

we arrive at the full lattice Green’s function

N b . D(e)
G(iwn) = /Ood FaS—— Z(iwn) (1.89)
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D(e) is the density of states and depends on the choice of the lattice. The set of
equations we have derived constitute the self-consistent equations of DMFT and
lead to what is called DMFT self-consistency loop. The main step in the DMFT
loop is to solve the quantum impurity model which has been obtained after DMFT
mapping.

DMFT loop can be written as an algorithm which consists of following steps and

can be written as flow diagram as shown in Figure 1.1.

Solve
Impurity | s G
Problem

Figure 1.1: DMFT self-consistency loop.(Figure adapted from Phd thesis of N. S. Vidhyad-
hiraja)

Step 1: Start with non-interacting Green’s function for the quantum impurity
model.
Step 2: Using impurity solver calculate the full Green’s function for impurity model.
Step 3: Using the Dyson equation calculate the self-energy.
Step 4: Using Hilbert transform to calculate the local Green’s function of the lattice
model. (In this step DMFT approximation is used which equates impurity self-
energy with Lattice model self-energy).
Step 5: Using Dyson equation calculate the bath Green’s function for the next

iteration.
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Step 6: Run the DMFT loop iteration until convergence is reached.

We have written this algorithm in terms of Green’s function, but it can also be
done in terms of hybridization function. The main step in DMFT computations
is to solve the quantum impurity model. There are many impurity solvers which
have been used within DMFT. Notable among them are numerical renormalization
group method(NRG), Exact diagonalization method(ED), quantum Monte Carlo

method(QMC), density matrix renormalization group (DMRG)method.

1.5 Summary

In this chapter, we have given a brief introduction to strongly correlated electron
systems and how strong correlation physics leads to new emergent phenomena which
need new methods for their exploration. To show the concrete examples of strongly
correlated systems we have discussed three important Hamiltonians for strongly
correlated electron systems, namely Anderson impurity model, Kondo model and
Hubbard model. We have presented two methods for the calculation of effective
Hamiltonians and based on them showed how Anderson impurity model is related
to Kondo model. We have also discussed how within the dynamical mean field theory
framework, Hubbard model(lattice model) gets mapped to Single impurity Anderson
model in a self-consistent manner. This mapping is very important because quantum
impurity models are well-understood models and within DMFT one can use quantum

impurity models to understand lattice models.
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2.1 Introduction

Strong correlation leads to the renormalization of the bare quantities of the elec-
trons in real systems. Landau’s Fermi liquid theory, which has been a corner stone
of condensed matter physics, is based on the renormalization of the free fermions due
to weak correlation. The effective description of Fermi liquid theory is in terms of
“quasiparticles” which have got dressed due to renormalization effects. Similarly, all
the bare properties of free electrons like mass, charge and lifetime also get renormal-
ized, and it is these renormalized quantities which are physical rather than the bare
quantities. At the level of quantum many-body Hamiltonian, the model parameters
get renormalized, and as the energy scales of the model are changed, the parameters
undergo renormalization flows. In the field of strongly correlated electron systems,
renormalization group methods were first applied by Anderson[1][2] to get an un-
derstanding of Kondo model for which perturbation methods had given divergent
results. Hence renormalization method played a very important role in understand-
ing the quantum many-body physics of Kondo effect. Later on Wilson[3] came up
with an even more robust method of renormalization called Numerical renormaliza-
tion group(NRG) which helped eventually to solve what had been called “Kondo
problem”.

Renormalization methods become natural when we deal with many-body systems
where there is an interplay between various degrees of freedom at different scales

present in the system. The logarithmic divergence in the perturbation theory is a
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symptom of the many energy scales. The divergent integral takes the form [ %
and as the energy scale goes to the infrared limit, there is a divergence. Another
feature of these systems where renormalization group becomes important is the lack
of an energy scale or in other words scale invariance. Critical phenomena are the
prime examples where there is no energy scale (hence scale invariance) and that is
why understanding phase transitions necessitated scaling and renormalization group
methods|[4][5][6]. In strongly correlated electron systems, Kondo physics was the first
such phenomenon which exhibited scale invariance and hence the universality[2][8].
Renormalization group methods capture these scale invariant aspects of the systems
by calculating the scaling equations and the scaling invariants of the quantum many-

body system.

Renormalization group method finds extensive application in quantum field the-
ory, statistical physics, condensed matter physics, non-linear dynamics[12]. By now,
there are many different methods to do the renormalization group study in condensed
matter physics which include, most importantly poor man scaling [8][7], flow equa-
tion method [13], functional renormalization group [14], numerical renormalization
group [15] and density matrix renormalization group [16]. However, the underly-
ing philosophy in all the methods is similar. One identifies high energy(ultraviolet)
and low energy scales in the system. Then the high energy states are integrated
out iteratively. This leads to a series of effective Hamiltonians which scale towards
a fixed point where the scaling flow stops. However, a fixed point can be stable,
unstable or marginal depending on what happens to the scaling flow under a per-
turbation. This gives the fixed point structure of the Hamiltonian and determines
the scaling behaviour. A Hamiltonian flows towards stable fixed point. The scaling
flow of a given Hamiltonian can be written as a differential equation, often called
beta function which can be solved to calculate the scaling invariants for the given

model.
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In this chapter, we will discuss renormalization methods for the quantum impu-
rity models which were introduced in the previous chapter. In quantum impurity
models, renormalization group methods have played a very important role. In quan-
tum impurity models, there are two main energy scales associated with charge and
spin fluctuations. The energy scale associated with the charge fluctuations is higher
as compared to that of spin fluctuations which survive down to the low energy scales.
As seen in the last chapter, Schrieffer-Wolff transformation projects out the high en-
ergy real charge excitations and generates an effective Hamiltonian which has spin
fluctuations alone. The scaling procedure can be continued on the effective Hamil-
tonian. That we will do for Kondo model by applying Anderson’s poor man scaling
method of perturbative renormalization. We will extract the Kondo scale from the
beta function of Kondo model. Then we will carry out scaling analysis of Anderson
impurity model directly without integrating out the charge excitations.

Next, we will introduce another renormalization method which is an extension
of Poor man scaling method. This method is called flow equation renormalization
method. We will apply this method to Kondo model and show how we capture
aspects of scaling behaviour of Kondo model which do not get captured in poor
man scaling method. We will especially solve the flow equations for the Kondo spin

operator and from them calculate dynamic spin susceptibility for Kondo model.

2.2 Renormalization group methods for quantum impu-

rity systems

Perturbation theory of quantum impurity Hamiltonians leads to logarithmic diver-
gences. This logarithmic dependence comes from the scaling properties of these
models. The low energy physics, which is also the strong coupling regime of these

models, does not depend on the bare parameters only. Strong coupling physics de-
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pends on renormalized parameters which have the renormalization effects of high
energy states as well. These renormalized quantities which determine the low en-
ergy physics are the scaling invariants of the Hamiltonian. In the process of scal-
ing, though the parameters of the Hamiltonian get renormalized, however, physics
remains same. The scaling transformations not only renormalize the bare param-
eters of the model but also produce retardation effects and generate new terms as
well. So the scaling transformation is an iterative map which starting with a given
Hamiltonian generates a series of effective Hamiltonians as the high energy states
are projected out, and the parameters of the effective Hamiltonians keep getting
renormalized. All these effective Hamiltonians lie on scaling trajectories which are
determined by scaling invariants of the Hamiltonian. The iterative scaling transfor-
mations can be written as differential equations for the coupling constants of the
model. Kondo model is one of the celebrated models which shows this kind of scaling
behaviour. For Kondo model, Anderson based on his poor man’s scaling analysis
calculated the flow equation for Kondo coupling.

dg 2
= — 2.1
dinD g (2.1)

where J is Kondo coupling constant, ¢ = Jpg is dimensionless Kondo coupling
constant and pg is the density of states at Fermi level. Though this differential
equation looks very common and simple, its solution is very interesting and gave

very important physical insights into Kondo physics.

_ 90
9<D)_ 1—90111(%) (2'2)

Here D is the running band-width and Dy is the initial band-width. The solution
shows that as the band width is decreased and hence the high energy states are

projected out, Kondo coupling constant grows and in fact it diverges logarithmically
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as the band-width approaches zero. This is the well- known Kondo divergence which
plagues perturbative expansions and is symptomatic of the the formation of Kondo
singlet. Later on, it was confirmed that Kondo coupling actually diverges when
Kondo effect takes place and consequently Kondo singlet is formed. We can define
Kondo scale as the energy scale at which flow of coupling enters strong coupling
regime. So Kondo scale is the energy scale at which coupling constant diverges, and
perturbation expansion breaks down. Kondo scale itself is a scaling invariant and

hence does not depend on band-width.

2.3 Poor Man’s Scaling of Kondo model

In this section, we will carry out the poor man’s scaling analysis of Kondo model[1].
In literature, this method has been called Poor man’s scaling and poor man scaling
method, so we will use these names interchangeably. Poor man scaling method
being very important method has been discussed by many authors including[7—11].
Particularly the last two authors have done a critical study of this method. We will
mainly follow [8] and [9] in this section. First, we will show how Anderson arrived at
renormalized interaction using the T matrix and projection operator algebra. Then
we will calculate the scaling equation for the Kondo couplings by considering the

renormalization effects on various spin scattering processes.

Since Kondo effect involves spin scattering, so one introduces the T matrix which

incorporates the scattering effects due to interactions.

T(w) = Vint + VintGo(w)T'(w) (2.3)

Go(w) =

1. ) . _ T
s el the resolvent operator corresponding to Hy = ), €xc; Cro for
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the conduction electrons. For the Kondo model V;,; is given by:
Ji + = -t Z o2
th:7(5 sT+S7sT)+ J.S5%s (2.4)

To project out the high energy states from the conduction band we need to introduce
a projection operator Psp which projects onto the states which have at least one
particle in the range(D-dD,D) or one hole in the range(-D,-D+0D). (1 — Psp) is the
projection operator for orthogonal subspace. Using the properties of the projection

operators, T matrix can be written as:
T = ‘/int + V:mt(]- - P&D)GOT + V;ntP(SDGOT (25)
Substituting for T matrix in third term we get:

T = Vipt + Vine(1 — Psp)GoT + Vine PspGoVint

+ Vint PspGoVint(1 — Psp)GoT + Vipt PspGoVint PspGoT (2.6)
Re-arranging the terms, T matrix can be written as:

T = Vint + ‘/intPcSDGOV;nt + (V;nt + ‘/intPJDGOVint)(l - PéD)GOT

+ Vint PspGoVint PspGoT (2.7)

We can define V), = Vipt + Vine PspGoVint as the renormalized interaction and after

neglecting the last term, T matrix takes the form.

T = Vi + Vi (1 = Psp)GoT (2.8)

int

T matrix is of the same form as in equation 2.3, however the interaction has got

renormalized. Projecting out the high energy states renormalizes the interaction
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while keeping the form of T matrix same. AV, = V/

o+ — Vint gives the renormalized

interaction: AVt = Vit PspGoVine

Fsp
AV = Z Z Z 02202 (7')020(:@.3%}_7}[0020(7')(,01 Chyoy (2.9)

kooo k101 ko

We have used the Abrikosov’s pseudofermion representation for conduction electrons.

1

S% = 5(6%% —chyen) ST =cpen ST =dan (2.10)

This is how renormalized interaction was derived by Anderson [1]. Though Ander-
son arrived at the renormalized interation using T matrix and the fact that it should
remain invariant under scaling transformation, we can obtain the renormalized in-
teraction using effective Hamiltonion theory[8][19]. This method was later on used
by Haldane[17] and Jefferson[18] to do the scaling analysis of asymmetric Ander-
son impurity model and by Kuramoto[19] for the renormalization of multi-channel
Kondo models. The details of this method can be found in [8][9]. In this chapter
and chapter 3, we will apply the effective Hamiltonian way of doing the poor man
scaling analysis of quantum impurity models. The effective Hamiltonian formulation
of poor man scaling is an iterative way of generating effective Hamiltonians in which
using the projection operators, the high energy states are being projected out and
the resulting effective Hamiltonian acts on smaller Hilbert space. The renormaliza-
tion effects of the projected out states gets incorporated in the coupling constants.
So unlike Anderson’s original formulation in terms of T matrix, where the original
problem is being mapped to a simpler problem keeping the physics(T matrix) in-
variant, in the effective Hamiltonian method, one maps the original Hamiltonian
to low energy effective Hamiltonian which has smaller Hilbert space and is simpler
than the original Hamiltonian, the physics is kept invariant by incorporating the

effects of the high energy states on the coupling constants of the low energy effective
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Hamiltonian. The effective Hamiltonian can be calculated as[18][19]:

Heff(D) = (1 — P(;D)H(l — P(;D) + (1 — P(;D)HP(;D—I-

(1 - Psp)HPsp PspH(1 — Pyp) (2.11)

E — PspHPFsp

The renormalized interaction is given by the third term. When we substitute Kondo
interaction for Hy in above equation, we arrive at the renormalized interaction cal-
culated using T matrix approach. To carry out the poor man scaling analysis of
Kondo model, we need to consider the renormalization effects of all the spin scat-
tering processes. Spin conserving scattering processes will renormalize longitudinal
Kondo coupling while as the transverse Kondo coupling will get renormalized due

to spin flip(transverse) scattering processes.

2.3.1 Renormalization of J,

In this case only those scattering processes will contribute which are spin conserving

and hence involve two spin flip scattering.

— % 1
J+J_ Z S Ck/chiw — Ho Z S+CZ'¢CM (2.12)
q q

The sum on q over the intermediate states is restricted within § D from the top of the

band. Because the band edge states are originally unoccupied, we get cch

g = Oqq’

Using the commutator [Hy, c:;,icm] = (eg — ek)cj],icm, Equation 2.12 simplifies to

T J_0DpoS™ ST el eri (B — g — e — Hy) ™ (2.13)

Setting €, = D and using the relation S~St = %2 — hS?, we arrive at

z

S _
)eher(E—D+e) 7 (2.14)

1
J+J_51)p0h2(5 -
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Similar contribution when the holes are involved in scattering is given below.

z

1 S _
JJJDWM%+me¢4E—D_W)1 (2.15)

Here we have set ¢, = —D and STS~ = %2 + hSZ.

Similar contribution from the down spin electrons and holes are:

1 5 1
_6Dpoh?(= + 2)el, gy ————— 2.1
T+ d-0Dpoh™(5 + S )ek o = p e (2.16)

1 S* 1
JoJ_8Dpoh?(= — Z=)ep el ——— 2.17
+J-0Dpol™ (5 = Jr)em e = o (2.17)

Summing the contributions from all these terms and comparing with the original

Hamiltonian we obtain the renormalized longitudinal coupling.

1 1
6L—JJWﬁD<E_D+E_D) (2.18)

Renormalized transverse Kondo coupling can be obtained in a similar manner by

considering all spin-flip scattering processes.

1 1 1
0J4 = §JiJZp05D <E -D + o D> (2.19)

The renormalized Kondo couplings are energy dependent which shows that the renor-
malization leads to retardation of effective interaction. For low energy excitations
close to Fermi level, E dependence can be neglected compared to D and €, €, can
be set to zero. In this case the the scaling equations for anisotropic Kondo model

become:

dJ,
o =2 (2.20)
dJs

— 900, 2.21
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Dividing these two scaling equations and integrating gives the scaling trajectories

which are hyberbolic curves.

J2—Ji =k (2.22)

J, always increases as the band-width is decreased. In case of ferromagnetic models,
J, <0 and |J,| > Ji, the above equation shows that Ji vanishes along the scaling
flow. While as for antiferromagnetic case, Kondo coupling grows and leads to di-
vergence for the perturbative renormalization methods. For the antiferromagnetic

case, scaling equation can be solved for J4 = J,

d;anD = —J%pg (2.23)
J(D) = J (Do) (2.24)

1+ poJ(Dp)In (DQO)

Scaling trajectories are characterised by a scaling invariant which also defines the

Kondo scale T}.
-1 ~ =l
D62J[J() — D62JPO = kBTk,‘ (225)

Kondo temperature is the only energy scale present in the Kondo regime, and ther-

modynamic quantities depend only on this scale and hence show universality.

2.4 Scaling analysis of Anderson model

In this section, we will extend perturbative renormalization to Anderson impurity
model where valence fluctuations are also present in addition to spin fluctuations.
The local Hilbert space of this model is larger, and it also has bigger parameter

space as compared to the Kondo model. Consequently, this model has richer fixed
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point structure. There are other fixed points and hence parameter regimes apart
from the Kondo regime which corresponds to the strong coupling fixed point of An-
derson impurity model. As we have seen in previous chapter that Kondo model is
related to Anderson impurity model via Schrieffer-Wolff transformation. Poor man
scaling analysis of SIAM was first done by Haldane[17] and Jefferson[18]. Though
both papers had a similar motivation of understanding the mixed valence regime
of asymmetric STAM, in [17] the scaling invariants and scaling trajectories of the
model parameters have been calculated. Perturbative renormalization was done till
second order where hybridization was not found to get renormalized. Renormaliza-
tion of impurity energy levels was also calculated. In [18] third order perturbative
renormalization of the model was done, and scaling equation was also obtained for
hybridization.

In this section, we will apply poor man scaling method to study the scaling
behaviour of Anderson impurity model following[8][17]. We will calculate the scaling
equations for the model parameters and also the renormalization of impurity energy
levels. We begin with a calculation of the renormalization of the impurity energy
levels. This will allow us to extract the scaling equations for the orbital energy, €4
and the Hubbard U. As mentioned in the previous section, projecting out the high
lying conduction band states yields an effective interaction as follows:

. 1
H,(D)=(1- Fsp)H,F,
AP = o) o bo0 g Py — Hus

PspHy(1 - Psp) (2.26)

where H. is the Hamiltonian for conduction electrons and Hj, is the the Hamiltonian
for the impurity. Since there are real charge fluctuations involved in this model, the
natural choice for representing impurity operators is through Hubbard operators.

These are generalized projection operators and satisfy the following superalgebra:

[XP9, XM = 6, XP™ — §,,, X1 (2.27)
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The usual fermionic operators can also be represented in X operator representation

as:
dl = X0 4 nx%e (2.28)

Where 11 = F for for down and up spin respectively. In the new representation, the

hybridization term becomes:

Hv = Z (VkCLU(XO:U + UXJ:Z)) + Vk* (XO’!O + an:&)cko)) (229)
ko

This implies that

Hy = Viel, X% (2.30)
ko

Hy = Z VinX* g (2.31)
ko

Similarly the local part of the Hamiltonian can be written in Hubbard operator

representation:

Hloc = Z €qNdos + UndTndi (2.32)

[

=B X"+ B X7 + By X® (2.33)

o

where Fq, Fo, E3 are the energies of empty, singly occupied and doubly occupied

enegy impurity states.
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The contribution from the term H leHOQHm is

1

; VX 40X e E — PspH.Psp — Hioc ; Vel (X7 +nX72)

_ ; VoV (X0 pchziw o)

+ zq: V Vi (X*0 X2 — P(SDHCP(SDl e g Eq) (2.34)
= Zq:VqVq*E_:q_'_GdX”:“ + Zq:%‘/q*E v j_ — UX2:2

The contribution from the term His m}bl

(2.36)

zq: Vacua (X724 nX5) E— PaDHclPaD — Hjpe Eq: V;J*CEU(XOZJ +1X7?)
- Zq: VqV‘;XUZOX&aE — P(;DHCP(;; e —U~—eq

+ g VoV X7 X2 o P(;DHCP(;; —ea—U+e

- Zq: VaVy <—D —1ed —"tp +1ed T UXM)

The contribution of the term Hl?WIHOQHOl

1 _
* .t 0: 2 :0 2:
Eq Vy el (X7 40X 72) g quVq(X" +nX7)¢yo)

. . 1 . = 1
_ Z ‘/q* ‘/qX0.0'XO'.O + XU.2X2.0'
—€q — €4 —€g—€a—U

q
1 5= 1
— VV*XO:O V. QXJ:U
qu( —eq—ed+z| | —€q—€eq—U
q q

1 = 1
— V. V* XO:Oi xoo_ -
v (X X )
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Summing up all the contributions from all the terms and comparing them with the
local Hamiltonian given in equation 2.33, we get the following equations for the

renormalization of the quantum impurity energy levels:

9N | 6D |

El=E, - = 2.

0 T Diey (2.39)
AlSD|/ 1 1

E,=FE; — 2.4

1= (D—ed D+ed+U) (2.40)
9N | 6D | 1

[ —

By = £ T (D — €4 — U) (241)

where Ey, F1, Ey are the energies of empty, singly occupied and doubly occupied
impurity electron states. Given these renormalized energies, the scaling equations
for the interaction strength and the orbital energy, may be obtained through e¢; =

E| — E, and U = E, — 2E/ + E}, [8] as:

ﬂ__% 1 + 1 _ 1 1 (2.42)
dD 7w \D—¢; D+e;+U D—e;—U D+Heq '

deg A 2 1 1
—_— = — 2.43
dD 7T<D—|—6d D—6d+D+6d+U> ( )

In chapter 3 we will come back to these equations and they will be solved numerically.
There we will also extend the scaling analysis done here to an extended version of

Anderson impurity model.

2.5 Flow Equation Renormalization Method

In the previous sections we have used poor man scaling method, which is a per-
turbative renormalization scheme to understand the scaling behaviour of quantum
impurity models. The perturbative renormalization methods are very important in
getting analytical insights into renormalization of quantum many-body Hamiltoni-
ans. However due to their perturbative nature they break down in the strong cou-

pling regime. So it becomes natural to ask whether there are methods which can be
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used to study the renormalization flows of the models which exhibit strong coupling
physics. In this section we will introduce one such method which has recently found
extensive applications in quantum many-body physics. This method is called flow
equation renormalization group (FERG) method or flow equation method (FEM)
for short[13]. We will present the formalism of this method and apply it to study

the renormalization flow of Kondo model which exhibits strong coupling physics.

This method is an extension of poor man scaling method as it can be applied to
situations where perturbative methods either fail or need to be modified. One very
important example where flow equation method describes the physics in a natural
manner is non-equilibrium quantum many-body dynamics [13][23][24][25]. Pertur-
bative methods fail here by their very construction as they depend on projecting
out the high energy states which can not be done in the non-equilibrium situation.
Flow equation renormalization method is a non-perturbative method and hence is
able to capture the strong coupling regime of Kondo model[22] and other models like
Sine-Gordon model[13]. Hence FEM captures the full crossover from weak-coupling
to strong coupling fixed points. While poor man scaling is applicable only in weak
coupling and breaks down precisely at the strong coupling fixed point where the

coupling constant diverges.

Flow equation method also integrates very well with bosonization. In fact, FERG
is similar to bosonization in the sense that it is a non-perturbative method to calcu-
late effective Hamiltonians of quantum many-body systems. So mathematically it
gives us a quadratic form for a fermionic system whose Hamiltonian also has quartic
interaction terms. Bosonization uses Kac-Moody algebras(current algebras)[26] to
write down the Hamiltonian, and when we do the same procedure in FERG, we end
up having closed form solutions to flow equations. The flow equations for the Kondo
model written in bosonized form, have closed form solutions and Kondo coupling

constant flows to Toulouse point which turns out to be the strong coupling fixed
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point.

In flow equation method we can also study the renormalization of observables
and calculate correlation and response functions. This is one of the distinct advan-
tages of flow equation method over perturbative methods like poor man scaling in
which we can only study the renormalization flows of the coupling constants. In
flow equation method, there is an expansion of observables which is very similar to
operator product expansion(OPE). However, this expansion of observables has to
satisfy mathematical consistency and physical plausibility conditions. The expan-
sion has to conserve canonical commutation(bosons)or anti-commutation(fermions)
relations. Similarly, the expansion has to respect the sum rules as applicable to cor-
relation and response functions. Since flow equation method is more general method
than poor man scaling so the scaling equations of latter can be recovered in a limit
called infrared parametrization in which case momentum/energy is restricted close

to Fermi level.

Recently there have been many new applications and developments of flow equa-
tion method. It has been used to calculate the entanglement entropy for quantum
many-body systems, and hence a new direction called “flow equation holography”
[27] has opened up which looks very promising for bringing holographic methods
to quantum many-body systems. In a similar vein, flow equation method has been
integrated with tensor network renormalization methods[28] and the corresponding
scheme has been called “Entanglement Continuous unitary transformation” (e-CUT
for short). Since flow equation method brings the quantum many-body Hamilto-
nian in the diagonal or block-diagonal form, so it was used[29] with density matrix
renormalization group and there have been many applications of this FEM-DMRG

scheme in quantum chemistry[30].
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2.5.1 Formalism

Flow equation method is Hamiltonian renormalization method which was introduced
by Wegner[20] and Glazek and Wilson[21]. It uses unitary transformations to bring
the Hamiltonian in a diagonal or band diagonal form. It does not integrate out the
states as in Wilsonian RG. Rather it removes the interaction matrix elements and

hence attains the diagonalization.

H(l)=U0)HO0)U(I) (2.44)

where [ is the continous parameter. H(0) is the original Hamiltonian for [ = 0

dH
—r = (1), H()] (2.45)
dl
where 7(l) = %Z(I)UT. One can see that n(l) is an anti-hermitian operator.
dut(1) au
() =U() =~ =——U'(l) = —n(l) (2.46)

Here comes the important contribution of Franz Wegner[20] who gave the method to
calculate the canonical generator. Wegner’s generator 7 is given by the commutator

of diagonal and off-diagonal terms of the Hamiltonian.

n(l) = [Ho(l), Hy(1)] (2.47)
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Wegner’s generator removes the off-diagonal matrix elements and hence in the limit

I — oo, Hamiltonian is either diagonal or band-diagonal.

MO _ oy, 1) (2.45)
<ddl> = (nH)ij — (Hn)ij (2.49)
Z — e)hirhi; — (er — €j)hijhir (2.50)
= _(ei € = 2e)hihi (2.51)

K

So the evolution of matrix elements is given by:

dh;
dl = ;(61 +e€ — QEk)hikhkj (2.52)

From this equation we can write down the flow of diagonal and off-diagonal elements:

de; dVij
- = g 2(e; — ex)hikhgi a ;(ei + €5 — 2€x) highi; (2.53)

One of the very important properties of Wegner’s generator is that it leads to the
decay of the off-diagonal elements. That can bee shown by using the invariance of

trace under unitary transformations.

=D P =3 et 3 hah (2.54)
ik

ik,i#k
d

aTr(H?) Z;ll(hkh’“) 0 (2.55)
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Invariance of trace under the unitary flow leads to following relation between the

flow and diagonal and off-diagonal elements in Equation 2.53.

Zgﬁz:— > i<hikhki)
- dl dl

ik ki

de? B dey,

d
@Zei =2 (e —e)? v [*>0
! ik

(2.56)

(2.57)

(2.58)

One can see from the last equation that the off-diagonal elements decrease propor-

tional to the energy differences between the two levels. The interaction elements

with largest energy differences vanish first and this process continues until only di-

agonal elements remain. Thus, Wegner’s choice of the generator is appropriate to

calculate the flow equations of Hamiltonians. There are other choices of the gener-

ator for flow equations like as the one by Glazek and Wilson[21], in this thesis, we

will always use Wegner’s choice of generator.

2.5.2 Flow Equation Method treatment of Kondo Model

In this section we will carry out flow equation renormalization of Kondo model

following [13]. We write Kondo model as:
where

Hy = E etc;facta

t,a

Hznt(l) = th/t(l) : S.St/t :

t't
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(2.60)

(2.61)



Here t and t’ are general indices which in this case represent momenta. One should
note that normal ordering prescription which is used for quantum many-body sys-

tems has been incorporated. The conduction electron spin desnity is given by:

o
Syt = Z Cixaigﬁ B (2.62)
a,B

2.5.3 1-loop calculation

First we calculate the generator for flow equations of Kondo model.

n'(1) = [Ho, Hine (1)] (2.63)
n"(1) = np(: Sesu ) (2.64)

where 1}, (1) = (e¢ — €)Jy¢(1). The commutator of generator with the diagonal part

of the Hamiltonian is

[ﬁl(l)aHO] = - Z(Et/ - Et)QJt't(l) 0 S.spy (2.65)

t't

To calculate the commutator of the generator with the interaction term needs work-

ing out some algebra which has been done in following.

Cl = [ﬁl(l),Hmt(l)] (266)

— [771([) 1 S.syy 5 Z Ju/u(l) 1 S.Suu :] (2,67)
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We need to work out the following commutator:

B! = [: S.spt 1,0 S.sury 1]

LN ot s0h, S i i i
— - J : .. R . )
=3 €ijkT a3 (1 CuCp i CyrpCuv 1 Cup Cup 35 Cpr i CeB )

ijk
3
+ E ;(6&# : CI’QCUQ T =0y CL/aCtCM :)
3 !/
+ g0t du(n(t)) = n(1)) (2.68)

After doing the normal ordering one gets

Bl =i S.(sp0 X Sura)

+ 0 S8t O (n(t) — 1/2)— 1 Sesyry 2 Sy (n(t') — 1/2)

i i i
+ 6 2 (Otur * CpCua * =0t * Crp Ctar *)
3 /
+ Sbuduu(n(t) —n() (2.69)

Fermi functions arise due to the normal ordering prescription which is used in flow
equation method. Plugging in the expression of B! in the the commutator C' we

obtain:

Cl =i Z (e — €1)JypJury = S-(Sprp X Syra) -

t,t' u,u’

+ > (er + € — 2e0) Ty Jur(n(v) = 1/2) : Sespy -

t'tw
+i Z (e + €1 — 2€y)Jy J,g'cJr Cta -

16 t v/)Jtvdot - by Cla -

t'tw,«a
3

+2x & > (261 — 2¢,) T Jun(t) (2.70)

t,v
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The flow equation for Kondo coupling till first loop is:

dJy
d;t = —(ey — €t)2Jt’t+
D (ew + & — 2€,) Ty Ju(n(v) — 1/2) (2.71)

v

Unlike poor man scaling where Kondo coupling is momentum independent and hence
there is only one scaling equation for isotropic Kondo model, the flow equation given
above is actually a system of equations corresponding to different momenta. The
set of equations in non-linear and coupled. Hence analytical solution is not possible
except in some special cases. Infrared limit is one such special case and we will now

discuss that in next section.

2.5.4 Infrared parametrization

To get the scaling behaviour of the coupling constant at energies close to Fermi
level(infrared limit) we will use infrared parametrization and calculate the beta
function to the leading order. We will extract the Kondo scale from the flow equation
which we obtain after infrared parametrization.

Jii(l) = J%\;R(l)e_l(gt’_“)2 (2.72)

where Jyg is the Kondo coupling close to Fermi level(t = ¢’ = 0). Substituting it in

the flow equation one gets:

1 1

dJk e

7 == —2JI2RN EV €p€ 2 V(TL(Q/) - 5) (273)
1

Y- / deple)ee™ (n(e) — ) (2.74)

To proceed further, we need to specify density of states. We take the constant density

of states with conduction band width 2D (e € [-D, D]) and set the temperature to
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be zero. That makes electron occupation function a step function.

dg  ¢* —2D?
Y9 _ T q_ 2,
I 21( e ) (2.75)

Where g = pJrg is dimensionless Kondo coupling. For I < D~2 flow is negligible.

dg g

We can obtain the poor man scaling equation by noting that RG scale A is related

to flow parameter as A = =3 and dl = —2ldinA

dg 2

dink ~ 7 2.77)

This is one-loop scaling equation for isotropic Kondo model. This is the scaling
equation which we obtained from poor man scaling analysis of isotropic Kondo

model.

2.5.5 Extraction of Kondo Scale

Flow equation can be solved for running coupling constant.

[#=].
g0 92 DSZ 21
1 1 D

()

g 9 Dy
1
g= 5 (2.78)
o — ()

Energy scale can not be continuously decreased, and there is special energy scale at

which coupling constant diverges. This scale is called Kondo scale T}, and physically
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corresponds to the Kondo singlet formation.
1
Ty ~ Dge 9 (2.79)

We have seen that in infrared limit, flow equations recover poor man scaling equa-
tions. Infrared parametrization of flow equations is important for another reason as
well. As shown above we can extract Kondo scale from flow equations in this limit
by using the definition of Kondo scale as the scale at which flow equations diverge
in infrared limit, as used in poor man scaling. Based on this idea, we have come
up with a numerical procedure for extraction of Kondo scale from the numerical
solution of flow equations as well. We will describe the details of this numerical

procedure in next section.

2.5.6 Numerical Solution of Flow equations of Kondo Model

Flow equations are coupled non-linear differential equations. They generally can not
be solved analytically except in some special limits e.g. in the infrared limit when the
momentum of the coupling constants is restricted to be close to Fermi level. In this
case, flow equations reproduce the results of the conventional scaling methods like
poor man scaling. Flow equations can be solved by numerical methods like as Runga-
Kutta methods. The number of flow equations to be solved scales as O(N?) where
N is the number of energy states of the conduction band in case of Kondo model.
Since flow equations are renormalization flows and hence they meet many different
energy scales during the unitary flow and hence become stiff also. In this section,
we solve the flow equations of Kondo model numerically. We have used DOPRI5
Fortran subroutine as the solver. DOPRI5 is based on fifth order Runga-Kutta
method. As we have seen above that in the infrared limit, flow equations recover
poor man scaling equation of Kondo model. Kondo coupling grows logarithmically

and finally diverges at Kondo scale. Numerical solution of flow equations gives access
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Figure 2.1: Kondo coupling has been plotted versus flow parameter. In the left panel, the
effect of increasing initial value of Kondo coupling can be seen. In right panel,
temperature T has been varied.

to all the Kondo couplings for different momenta. However to see the divergence
of the Kondo coupling we did infrared parametrization numerically by restricting
momenta to Fermi level(e;, = 0 = €;/). And as shown in the Figure 2.1, we find the
divergence as expected. In the left panel of this figure, we find that as we increase the
Kondo coupling, Kondo divergence becomes steeper and also occurs at different flow
parameter value which is because Kondo scale also changes with Kondo coupling.

The arrows point to the values of flow parameter /. where Kondo divergence occurs.

However, the main significance of our numerical procedure is that we can extract

Kondo scale from the numerical solution of flow equations. From the solution of

flow equation in infrared limit as given in Equation 2.78, we find that T = \1ﬁ

where [, is the flow parameter value where Kondo coupling diverges. In the inset is
plotted the Kondo scale which we have extracted from our procedure, versus inverse
Kondo coupling and as can be seen that it a straight line. We also found that slope
of this straight line is 2(within numerical error) as expected from the expression
InTy, = InD — 2%. Our procedure can be used to extract Kondo scale for the
cases where poor man scaling can not be applied. In chapter 6, we have applied this

procedure to extract Kondo scale for Majorana-Kondo model.
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In right panel of Figure 2.1, we see that as temperature is increased, there is
softening of Kondo divergence which is because of going away from Kondo tempera-
ture and also there are incoherent thermal fluctuations which dominate over Kondo

spin fluctuations.

2.5.7 Flow equation for Observables

In the flow equation method, we can calculate the renormalization flows of observ-
ables as well. The way observables and their time evolution is calculated in FEM is
quite different than that of conventional many-body methods. Solving the Heisen-
berg equations of motion for observables is easier in the flow equation method. The
reason for that is the in FEM Hamiltonian is brought in diagonal(or block-diagonal)
form and then evaluating the dynamics with quadratic Hamiltonian becomes easier.
While as to evaluate the dynamics with the original Hamiltonian is very difficult. In
this section, we will present the formalism for calculating the renormalization flows
of the observables. And then we will apply this formalism to calculate the dynamical
spin susceptibility of Kondo model.

Zero Temperature expectation value of observable O is given by:

(O)as = (Yas|O|¥gs) (2.80)

|Wes) is the ground state of the full interacting Hamiltonian.

HV¢s) = Egs|¥as) (2.81)

Since flow equation method basically diagonalizes the Hamiltonian so we can write

H|Wgs) = EasVas (2.82)
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where |¥gs) = UT(1)|¥5s) Now comes the important idea: In FEM the observables
also get transformed under the unitary flow. So to calculate the expectation value

of the observable we use the transformed basis.

(Ocs) = (¥as|O[¥as) (2.83)

O =U(l = 00)OUT (I = o) (2.84)

The observable O satisfies the flow equation

—= =), 0()] (2.85)

So under the unitary flow the observable O becomes a linear combination of infinitely

many operators denoted by 7.
O(l — 0) =Y ta(O)T,, (2.86)
a

The coefficients t, depend on the observable. Since H is in the diagonal form we get
[ﬁ[,Ta} = QT (2.87)

So we can write the expectation value as:
(O)as =Y ta(0)(Vas|Ta|Ves) (2.88)

a

C(t1,t2) = (O1(t1)02(t2)) (2.89)

The operators are in the Heisenberg representation

O(t;) = etltiQe~ it (2.90)
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Transforming to the diagonal basis:

C(t1,t2) = (Ugs|O1(t1)Oa(t2) [T is)
— <®Gs‘ezgt1 éle_ig(tl_tQ)ONQG_igt2 |¢GS>

— <@GS‘Olei(ﬁ*EGs)(h*tl)Oz ‘ @GS>
Employing the expansion for transformed observables:

Clt1,ta) = \PG5|Zta1T ei-Fas)t=t) Ny T [Bgs)

a2

=D ta ) taye TR (UG | Ty, Ty | Vas)

al a2

Similarly one can also write down the (retarded) Greens function.

Gk’k’( ) *Z@ Ztaltag \I’GS|{ ai» a2}|‘1}GS>

ayjaz

Taking the Fourier transform one gets

(‘I’GS!{TauTag}\‘Pcs>
Gy t
b Z a( w— Qq, + i€

ai1a2

2.5.8 Finite Temperature Formalism

(2.91)
(2.92)

(2.93)

(2.94)

(2.95)

(2.96)

(2.97)

In this section we will extend the formalism of previous section for non-zero tem-

perature. The expectation value of observable O at finite temperature is given by:

(0) = Tr(p0) = 5 3 nle™Oln)

n

(2.98)

where p is the density matrix and Z is the partition function of the system. Us-

ing the fact that trace is invariant under cyclic permutation we insert the unitary
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transformation and get:

%Zwe—ﬁfl Oln) (2.99)

Using the expansion for the observable we get the final expression for the expectation

value of the observable at finite temperature.
1
0) ==Y t,(0)) e Pr(n|T,n 2.100
0) == zﬂ: ( )zn: (n|Ta|n) (2.100)

Here Z is the partition function with transformed Hamiltonian. Similarly the equa-

tions for correlation functions can also be generalized to finite temperature.
1
C(tl,tQ) = ZT?“(pol(tl)Og(tz)) (2.101)
Using the operator expansion one gets

1 .
C(t1,t2) = z D ta,(01)tay (0g)e PEn =10 (=t2) (| T, T, ) (2.102)

n aiaz

2.5.9 Spin Dynamics

In this section we will calculate the flow equation for Kondo impurity spin operator
and then calculate the dynamic spin susceptibility from the numerical solution of

the flow equations.
dse(l)
dl

= [, S*(1)] (2.103)

We will use the one loop generator, given in equation 2.64 to evaluate the above

commutator. We use the following ansatz for spin operator:

S = h(1)S* +i > Ywall) : (S X sya)” : (2.104)
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The flow equations for the coefficients are

% = (ev — ) Tpryen(t')(1 = n(t)) (2.105)
dype

a h(ﬁt’ - Et)Jt't

- i Z((Eu’ - Eu)Jt’u’Yt’u)(l - 2”(“))) (2.106)

Using the above formalism we can calculate spin-spin correlation function.
1
C(t) = 5(5°(0), 5*(1)) (2.107)

Plugging the ansatz of spin operator in equation 2.102 and Fourier transforming to

frequency domain, we obtain:

Cw) = —% 2 e NN (1= 00)aru(l — 00)

tt' uu’

X (n] @ (S X spy)® it (S X syry)? 1 n)

X (0w =€y +6e) +d(w+ ey —€y)) (2.108)

Clw) = %Z'ﬁﬁw,eu (1 = 00) x (n(ew)(1 = nlew + w)(1 — n(ey) (2.109)

The quantity which we are interested in and which we have calculated is imaginary
part of the dynamic spin susceptibility x(w). Fluctuation-dissipation theorm relates
X(w) to the spin-spin correlation function C'(w) calculated above.

w

X(w) = tanh (2T

) C(w) (2.110)

Spin susceptibility is plotted in Figure 2.2. As we decrease Kondo coupling and

hence Kondo effect becomes weaker, spin susceptibility gets enhanced. We want to
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Figure 2.2: Spin susceptibility of isotropic Kondo model is plotted as function of frequency.
Kondo coupling Jj, is increasing from top to bottom. g = % = 78.0 has been
used .

point out that we obtained these curves with out any broadening which has been

done in[13][22].

2.6 Summary

In this chapter we have given discussion about the renormalization group methods
which have been used in this thesis. Anderson’s poor man scaling method has been
discussed and then applied to calculate the scaling equations for Kondo coupling.
Solving the scaling equation we have calculated Kondo scale. We have also carried
out scaling analysis of Anderson impurity model. Then we have discussed about
flow equation renormalization method and shown how it is an extension of poor
man scaling method. After presenting the formalism of this method we have done
the flow equation renormalization of Kondo model and showed how in infrared limit,
we recover poor man scaling results. We also presented our numerical procedure to
extract Kondo scale from the numerical solutions of flow equations of Kondo model.

Our numerical procedure can be applied to extract Kondo scale for cases where poor
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man scaling can not be applied. One distinct advantage of FERG is that we can also
study the renormalization behaviour of observables and hence calculate correlation
and response functions. For the Kondo model, we have calculated the flow equation
for spin observable and then solving those equations numerically, we obtain dynamic
spin susceptibility. Within flow equation method we can calculate flow equations at
finite temperature as well and they give reliable behaviour for temperatures above

Kondo scale.
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3.1 Introduction

The Doniach phase diagram provides a natural framework to understand the physics
of heavy fermion systems|1, 2], where spin fluctuations govern the low energy Kondo
physics[3]. Though one can understand a broad range of phenomenology in rare-
earths in terms of spin fluctuations alone, there are many experimental observations
such as first order valence transition, unconventional superconductivity in CeCusSes
and quantum criticality in YbRhoSia, f — YbAIB, and Celrlng [4, 5], that require
incorporating valence fluctuations on an equal footing. Historically the Falicov-
Kimball(FK) model was introduced to investigate valence fluctuations. But, the
FK model has spinless electrons; hence to get a realistic description, the Anderson
model is a more appropriate choice. The latter exhibits a mixed valent phase in
which valence fluctuations are dominant. However, they do not lead to any phase
transition. To capture stronger effects of valence fluctuations, the Anderson Hamil-
tonian has been extended by including a Hubbard repulsion between localized f
and itinerant ¢ electrons in the Anderson model[6, 7]. In the literature, this term is
called the Falicov-Kimball(FK) term or the Uy, term. We will change these terms

interchangeably.

Several theoretical studies of the extended single-impurity Anderson model (e-
SIAM) have been carried out. In Ref [7], the authors have carried out a numerical
renormalization group(NRG) study of the e-SIAM, and they found that the Uy, term
does not lead to significant effect on spectral and thermodynamic properties. They
could fit their results to the Anderson impurity model with renormalized parameters.
In Ref [8], the authors have used renormalized perturbation theory (RPT) to study
the effect of Uy, term and they found that there is no change in the low energy fixed
point of the Anderson model due to this term and all it does is the renormalization
of the parameters of Anderson impurity model. However, in Ref [9] a scaling anal-

ysis of STAM with FK interaction showed that hybridization and hence the Kondo
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scale gets heavily renormalized. Later on, a complete study of the asymmetric STAM
using NRG[10] found that the FK interaction affects thermodynamic properties like
specific heat. The authors have suggested that due to the FK interaction, there
are excitonic excitations which lead to this renormalization. Thus, the role of the
Uf. term and the ensuing valence fluctuations in the extended SIAM is still de-
batable. We have addressed this debate by using a complementary set of methods
which include perturbative renormalization methods as given in Refs [12-14] and

the Schrieffer-Wolff transformation [15, 16].

Though the standard model for heavy fermions is the periodic Anderson model(PAM),
we have considered the single impurity version of this model. There are many mo-
tivations to do so. One important reason is that in dynamical mean field theory
(DMFT), which is one of the most important methods to study lattice models, the
PAM is mapped to impurity Anderson model, so it becomes very important to un-
derstand the latter. There is yet another interesting reason to study the SIAM
which comes from a recent study of Ref[17]. The authors in the latter show that a
charge Kondo effect can arise due to pair hopping mechanism. They have consid-
ered an extended Anderson impurity along with pair hopping terms. In the isospin
representation, the Uy, term is the longitudinal component of the charge Kondo in-
teraction which is I?1% = (ngs — 1)(ngs — 1) where I. and I are isospin operators of
conduction electrons and impurity respectively. Since charge (valence) fluctuations
play a significant role in quantum transport, the effect of Uy, interaction has been
studied in this context [18-21]. Quantum criticality has also been found in impurity
Anderson models with particular forms of the density of states [22]. This gives an

added motivation for this work.

In this chapter, we have employed perturbative renormalization methods of
Refs. [13, 14] to study the scaling behaviour of e-SIAM, with a focus on the dif-

ferences introduced by the Uy, interaction term. Scaling trajectories of any Hamil-
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tonian are governed by the scaling invariants of that model and hence to explore the
effect of valence fluctuations in e-SIAM, we have calculated its scaling invariants.
We find that they differ from those of STAM. Since the strong coupling regime of the
STAM is governed by Kondo physics, we have explored the renormalization of the
Kondo scale due to valence fluctuations and one of the very important findings of
this work is that Kondo scale of e-STAM gets enhanced due to valence fluctuations.
The Kondo scale has been extracted from the scaling invariants of e-STAM rather
than from the corresponding Kondo model. The motivation for this is as follows:
to explore the effect of valence fluctuations on Kondo scale, we have to incorporate
valence fluctuations, which is not the case when we use the Kondo model which
is obtained via Schrieffer-Wolff transformation that projects out first order valence
fluctuations. It is known for the case of STAM, that the hybridization does not get
renormalized at second order level[13][15] and that is what we found for e-STAM
as well. Nevertheless, we wanted to explore the renormalization effects of Uy, on
hybridization so using Jefferson’s method[14] we did a third order scaling analysis of
e-SIAM and calculated a scaling equation for the hybridization as well. Our pertur-
bative renormalization calculations show that the Uy, interaction does have strong
renormalization effects on the model parameters of e-STAM, and hence the Kondo

scale also gets renormalized.

To explore these renormalization effects at an effective Hamiltonian level, we em-
ployed Schrieffer-Wolff transformation and found that the strong coupling physics of
e-STAM is not governed by Kondo model rather it is the spin-charge Kondo model
which has an interplay of spin and charge Kondo effects which govern the strong
coupling physics of this model. We also found that if one uses only projection oper-
ator method, what one gets is the standard Kondo model with renormalized Kondo
coupling which does not capture the full effect of Uy, interaction because projection

operator method projects the Hamiltonian to the singly occupied subspace. That
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is why we had to calculate the effective Hamiltonian using unitary transformation.
Based on all these methods, we have done a detailed perturbative renormalization
study of e-SIAM and explored the role of the valence fluctuations in this model.
The rest of this chapter is being organized as follows: First we introduce the
model we have studied. Then based on projection operator method, we have calcu-
lated the Kondo model and the Kondo scale. Next, we have carried out Schrieffer-
Wolff transformation of the model. Then we have done the perturbative renormal-
ization of the model and calculated the scaling equations and the scaling invariants
of the model. Using Hubbard operator representation we have also found the renor-
malization of impurity energy levels. Finally, we have summarized our results and

given the discussion about them.

3.2 Hamiltonian and the Methods

The Hamiltonian we have studied is the extended single impurity Anderson impurity
(e-SIAM) model in which a Uy, term is added to the usual(standard) Anderson
model to capture the effect of valence fluctuations. In second quantized notation,

the Hamiltonian is written below:

H = Z 6kchrwcka + Z Gddgdg + Z Vk(cloda + dlcka) + Unagrng, + Z Ugengondos
ko o ko

koo’

(3.1)

The extended STAM captures the dynamics of a local impurity hybridising with a sea
of free fermions which have dispersion but no interactions. These itinerant electrons
are written as c electrons, and the first term corresponds to them. The impurity
which is a localized d electron has no dispersion, but there is on-site Hubbard inter-
action between d electrons.The local impurity is represented by second and fourth

terms. The hybridization between itinerant and localized electrons is written as
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the third term. The last term is the Uy, term which captures the Hubbard repul-
sion between itinerant and localized electrons. The standard SIAM(Uy, = 0) has
three main regimes called Kondo regime, the mixed valent regime and local moment

regime which is connected by smooth crossovers.

3.3 Effective Hamiltonian through a Schrieffer-Wolf trans-

formation

The Schrieffer-Wolff transformation(SWT) is a method which gives the low energy
effective Hamiltonian of a given quantum many-body Hamiltonian by projecting out
the high energy excitations. In case of STAM this transformation maps the model
to Kondo model which lies at strong coupling fixed point of STAM. To understand
the strong coupling regime of e-SIAM we have used SWT and calculated the corre-
sponding Kondo model and found out how does the valence fluctuations renormalize
the Kondo exchange coupling. There are at least two different ways of doing SWT:
1)One can use unitary transformation method as used in[16] or 2) One can use
projection operator method[15]. We have used both of these methods. To map e-
SIAM to the corresponding Kondo model we used projection operator method and
to map e-STAM with assisted hopping we have used unitary transformation method.
In STAM Kondo scale is the low energy scale which is an emergent scale and gets
dynamically generated by the interplay of local Hubbard interaction at the impurity
site and hybridization of local moments with the free conduction electrons. Kondo
scale is the most prominent signature of many-body dynamics in this model. Kondo
scale signals the formation of Kondo singlet as manifested in Kondo resonance in
the spectral function of the model. At the Kondo scale the system goes from the
local moment regime to the localized Fermi liquid regime. Anderson’s poor man

scaling[12](which is a perturbative renormalization method) gives the scaling equa-
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tion of the coupling constant from which Kondo scale can be extracted. However we
have directly done perturbative renormalization of the e-SIAM and calculated the
Kondo scale. So we have studied the effect of valence fluctuations on Kondo scale
both in Kondo regime as well in mixed valent regime. We have also found out the

scaling invariants of e-SIAM.

In this section we carry out Schrieffer-Wolff transformation of e-SIAM. The de-
tails of this method are given in chapter 2. We have calculated the generator of SW

transformation for the extended SIAM.

S = Z(Ak + Bkndg)Vk(cLUd(, — d:r,c;w) (3.2)
ko

where Ay and By are given below:

1

€L — €4
1 1
B = — (3.4)
ek—ﬁd—i-Ufc—U €L — €4

Ag =

To carry out the transformation we need to evaluate the commutator,[S, Hy] as is

done below:

S, Hy) = > AViVi (el + hoc) = > AVE(dldy + hoc.)

kk'oc ko

— > BV (nasddy + hoc) =Y BiViVie(cl,dach do + h.c)+
ko kk'oc

+ " BiViVie(dewocl,do + hoo) + Y BiViVie(cl, cronas + hc.)  (3.5)
kk'o kk'oc

As shown in the previous chapter, we need to use Nambu Spinor notation to write
the Kondo exchange term in terms of Spin operators. There are other terms also

present in [S, H,] commutator. Combining all of them we have the following terms
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in the effective Hamiltonian:

Heff = HO + Heﬂv + HpOt + Hdir + Hchar (36)
Hy = Z ekczgc;w (3.7)
ko
Hep =Y Je (9S00 (Whs0,) (3.8)
kk'o
1
Hy, = Z <Wkk;’ + 2J1€k/ndg> CLUC;C/U + h.c. (3.9)
kk'o
1
Hpop = — ; <Wkk + 2Jkknd0) Ndo (3.10)
1
Hopor = 5 Z Jr (cJ]rgad&Cch’adU) + h.c. (311)
kk'o

where Jir and Wy are given by:

1 1 1 1
Ji = ViV =+ _ _
Kk KTk <6k—6d+Ufc—U ék/—ﬁd—i-Ufc—U €L — €4 6k1—6d>

(3.12)
1 1
€, — €4 €l — €4
Choosing k = k' Kondo coupling constant becomes
1 1
Jp =2V} - 3.14
k k(ek—ed—i-Ufc—U Ck:—ﬁd) ( )

What needs to be immediately noted that as compared to SWT of SIAM we have
charge Kondo interaction term also in the effective Hamiltonian(in Hp) which when
combined with H., gives the full charge Kondo interaction. It is usually ignored
by arguing that spin Kondo model lives in ngy = 1 subspace of Anderson Hamilto-
nian. However as noted in [25] in a system with valence fluctuations both Kondo
interactions are significant. From symmetry point of view charge Kondo interaction

has su(2). symmetry which commutes with symmetry of spin Kondo interaction[26].
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Charge Kondo interaction interacts with isopsin(pairing) part of the conduction bath
and gives rise to Kondo effect[24]. So we have obtained the spin-charge Kondo model
in which spin and charge Kondo effects co-exist as was been already found in NRG
calculations[17]. Our results show that spin-charge Kondo model can arise in a sys-
tem with repulsive interactions alone and there is no need for phononic mechanisms

to have attractive interaction.

3.3.1 Effective Hamiltonian through projection operator method

A minor point that we would like to emphasise is that the elimination of charge
fluctuations can be done in multiple ways, and there are subtle differences between
the methods. For example, the projection operator method, introduced in chapter-2
does yield the Kondo model, when applied to the conventional STAM. However, since
the projection to the ng = 1 subspace is built into the method, the charge Kondo
terms automatically vanish. This is in contrast to the SWT, which is a unitary
transformation and until a projection to the singly occupied subspace is carried out,
all the quartic operators remain. This implies that the projection operator method,

yields only a renormalized Kondo model (ignoring potential scattering),

H =3 (ekhyCho + T S-Chy(0)gorcivor (3.15)
ko ko’

where the coupling constant is given by

1 1
/= — / .1
ik ViV <U +eq — € — 2Up, + €k — ed) (3:16)

and not the full spin-charge Kondo model given by the SWT.

73



3.4 Perturbative scaling of the E-SIAM: Finite U

In the last chapter we discussed the methods for perturbative renormalization of
the Kondo model and the Anderson impurity model. In this section, we will apply
the same method to the e-SIAM. Our focus will be on the changes in the scaling
equations and the corresponding scaling invariants due to the Uy, interaction. We
begin with a calculation of the renormalization of the impurity energy levels. This
will allow us to extract the scaling equations for the orbital energy, ¢; and the
Hubbard U. Following the same procedure of poor man scaling for e-SIAM as
done for Anderson impurity model in previous chapter, we obtain the renormalized

impurity energy levels:

2A 10D |
E)=FEy— — 3.17
o=Fo-—p . (3.17)
A]0D | 1 1
Ey=FE; — 3.18
! ! T <D+Ufc—€d+D+2Ufc+€d—|—U> ( )
; _2A|5D| 1
By = £ T (D—G—QUfc—ed—U) (3.19)

where Fy,F1,FE- are the energies of empty, singly occupied and doubly occupied
impurity electron states and A = 22 | V2 | where pg is the density of the states
at the Fermi level. Given these renormalized energies, the scaling equations for the
interaction strength and the orbital energy, may be obtained through ¢; = E} — E
and U = Ef) — 2F] + E| [15] as:

w21 ! _ ! o1
dD 7 \D+Ufpe—€4 D+2Use+e+U D+2Use—€a—U D+ey
(3.20)

deg A 2 1 1
-— = —— — + (3.21)
dD T \D+¢q D+Ufc—€d D+2Ufc+€d+U
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These equations may be solved easily using the Euler’s discretization, and the results

are presented below.

3.4.1 Particle-hole symmetric case

For the particle-hole (ph) symmetric case, e = —U/2 is maintained even during the
flow, hence we can focus only on the interaction strength. With Uy, = 0, the flow
should be the same as that of the conventional Anderson model. Figure 3.1 shows
the flow of U with decreasing bandwidth for various initial D values. We see that if
the orbital energy is within the initial band, the interaction strength flows to lower
values and eventually vanishes, implying a flow to a non-interacting system and
hence the strong coupling fixed point. While if the initial bandwidth, D is smaller
than |eg4], the interaction strength flows to higher values, and this may be interpreted
as a flow to the local moment fixed point. Hence the separatrix is D = —¢4. It is well
known (e.g from NRG calculations) that a separatrix is absent in the STAM, and for
all initial values in the ph-symmetric case, the system flows to the strong coupling
fixed point. The flow to the LM fixed point seen in figure 3.1 is an artefact of the
perturbative renormalization employed here. Next, we investigate the effect of Uy, on
the scaling trajectories. For Uy, = 0, we have seen from figure 3.1 that for D < —¢y,
the flow is always towards the LM fixed point, since the U increases monotonically
with decreasing bandwidth. The Falicov-Kimball interactions changes the flow as
shown below. The left panel of figure 3.2 shows that for the same parameter regime
( D = 2.5, such that D < —¢g4), a new separatrix is introduced at a finite value of
Uyf., which separates the upward renormalization from the downward flow. However,
a difference with the Uy, = 0 case is that the D — 0 value of U is finite instead of
vanishing as in figure 3.1. Nevertheless, as Uy, increases, the system always flows
towards lower interaction strengths, implying an increase in valence fluctuations.

This observation is reiterated in the right panel of figure 3.2 (D = 3.1 such that
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Figure 3.1: Scaling flow of U for the particle-hole symmetric case with U = 6,¢4 = —U/2
for Uy. = 0.

D > —¢g4), where increasing Uy, leads to uniformly downward renormalization and

progressively smaller values of the interaction strength as D — 0.

3.4.2 Particle-hole asymmetric case

In the p-h symmetric case, the d-occupancy is 1, and the asymmetry, defined as
n = 1+ 2¢4/U vanishes. In the asymmetric case, ¢ # —U/2, hence n # 0 and the
occupancy ng deviates from unity, becoming either electron doped (ng > 1) or hole
doped (nq < 1). Before we investigate the effects of Uy, for n # 0, the behaviour of
the scaling equations for Uy, = 0 should be understood. We show the scaling flow
of U and ¢4 for decreasing bandwidth in the top and bottom panels respectively of
figure 3.3. In contrast to the symmetric case, the flows here are seen to be quite non-
monotonic and interesting. Although D = —¢y is still a separatrix, the D << |eg]
flows show initial downward renormalization, but as D — 0, the interaction strength
grows and saturates at a finite value higher than the initial value. For all D > |e4]

however, the U eventually vanishes. So, qualitatively, the infrared flows are exactly
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Uy,

C

Figure 3.2: Scaling flow of U with decreasing bandwidth, for various Uy. values in the ph-
symmetric case. The initial bandwidth in the left panel is D = 2.5, such that
D < —€4 and in the right panel, D = 3.1, such that D > —eg,.

the same for the symmetric and the asymmetric case. The lower panel of figure 3.3
showing €; mirrors the flows seen for the symmetric case. For an initial impurity
energy within the band, the flow is towards €; — 0, while for initial ¢; below the
band, the renormalization is towards the LM fixed point. Next we turn on Uy.. The
effect of Uy, is expected to be far more significant in the p-h asymmetric case, since
valence fluctuations are much more favourable when ng # 1. Figure 3.4 shows the
flow of U with decreasing bandwidth for U = 10.0, and n = 0.58, which implies
€q = —2.1. The left panel shows results for D < —¢4, such that the d-level lies below
the conduction band. In the absence of Uy, the system flows to the LM fixed point,
but with increasing Uy., a separatrix is introduced at Uy, ~ 2.9 in parallel to the
p-h symmetric case. Since the U flows downward beyond this separatrix, we can
interpret this as Uy, driven increase in valence fluctuations. For, D > —¢4, such
that the d-level lies within the conduction band, the flow in the absence of Uy, (as
seen in the right panel of figure 3.4) is non-monotonic. The U decreases initially,
bu as the bandwidth reduces, the interaction strength goes through a shallow dip
and increases steeply as D — 0. Again this behaviour changes qualitatively with

increasing Uy.. Although there is no separatrix, the U decreases monotonically for
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Figure 3.3: Scaling flow of U and ¢4 for asymmetric case with Uy, = 0.

larger Uy, again leading to the interpretation that valence fluctuations are enhanced.
In the next section, we will consider the U — oo limit so that we will study the

effect of valence fluctuations between the empty and singly occupied states only.

3.5 Perturbative scaling of the E-SIAM: Infinite U limit

We consider the U — oo limit due to which doubly occupied states get decoupled so
the renormalization of Hubbard repulsion is not a consideration in the following. In
this section, we will first get the scaling equation for ¢4, and subsequently investigate

the renormalization of hybridization.
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Figure 3.4: Scaling flow of U with decreasing bandwidth for various Uy, values in the ph-
asymmetric case with initial asymmetry of 0.58. The initial bandwidth in the
left panel is D = 2.0 such that D < —e4 and in the right panel, D = 3.0, such
that D > —eg4. The initial interaction strength is U = 10.0.

3.5.1 Scaling flow of ¢,

Following Jefferson[14] we will calculate the scaling equation for e; by calculating
the effective Hamiltonian till second order and comparing with the bare Hamiltonian

given in Equation 3.1.

HZp = QspHy Y GaHyQsp (3.22)
o
=3 "> QspdicyoGel,deQsp + Qsnclyy e GdaceoQsp (3.23)
qo q'o’
=SS (egthds ol dpdlc ) (3.24)
qo g'o’ oo —Gq_Ufc+6d g0’ T —€q — €d

where G, = EQP+DHO‘ Uisng the fact that there are no particles/holes in the high
energy states and after summing over the intermediate states, the above effective

Hamiltonian gives us the renormalized Hamiltonian written below:
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H(D) = Z ekczgckg + Z Utengongs + Z V,?(c};adg + h.c.)+ (3.25)
ko koo! k

Z(EO + ,00V25D . 2p0V26D

d —D—Ufc—|—€d —D — ¢4

)Ndo (3.26)

o

where Vko and 62 are bare values of hybridization and impurity orbital energy and
k is restricted to model space. It is easy to see that the impurity energy has got
renormalized. After comparing with the bare Hamiltonian(Equation 3.1) we can

write down the effect due to renormalization.

1

6€d = pDV26D(D—|—6d - D—|— Uf — Ed)

(3.27)

This equation is identical to the one obtained before 3.21 in the limit of U — co. We
have solved this equation numerically and the results are presented in Figure 3.5.
As is shown in figure 3.5, the effect of Uy, is stronger in the mixed valent regime
(D > —eg4, top panel) while for the local moment regime (D < —¢g4, bottom panel),
where the impurity energy level lies deeper below the band, the effect of Uy, is
insignificant. A few analytical forms may be obtained in a limiting case, namely

D > |eg4|. The scaling equation for €5 becomes in this case:

deg A2 1
- (=__- 2
D~ (D D+Ufc> ’ (3:28)

where A = mpgV2. A scaling invariant can be obtained through this equation.

A D D Do+ Uy,
€q+ - {nDO—i— n(DO D+Ufc):| cons (3.29)
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Figure 3.5: Scaling flow of €; for mixed valent regime(D > —¢4, top panel) and local moment
regime (D > —¢q4, bottom panel).

Using the fact that Uy, is small as compared to bandwidth D which is the largest

enery scale of the model, we can further simplify this expression of scaling invariant.

. A D AUy
ed:ed—{—?ln———

(3.30)

The scaling invariant of e-SIAM has been written in this form to see its relation with
the corresponding scaling invariant for SIAM where Uy, = 0. The first two terms
constitute the scaling invariant for SIAM and third term gives the contribution of
Ut term. From the scaling analysis of STAM[13][14][15], it is known that e; increases
with scaling and the impurity energy level moves closer to the Fermi level and hence

inreasing the valence fluctuations. From the above equation we can see that the effect
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of Uy, term is to further enhance the increase in ¢; and hence Uy, term enhances
the valence fluctuations even further.

We have already calculated first scaling invariant for our model. At second
order, there is no renormalization of hybridization so A is another scaling invariant.
In our model, we have third scaling invariant as well which is Uy, interaction itself.
So the renormalization flow of e-SIAM is characterized by three scaling invariants.
Later on, we will see the hybridization gets renormalized and we will find out the

scaling behaviour of hybridization at the third order level.

3.5.2 Renormalization of Hybridization

The hybridization does not get renormalized at the second order level and hence is
taken as a scaling invariant for the Anderson impurity model[13]. In the e-SIAM
also, we did not get any renormalization of hybridization at the second order of per-
turbative renormalization and hence hybridization is once again a scaling invariant
of this model. However at third order, hybridization does get renormalized and for
the conventional Anderson impurity model, Jefferson has calculated the correspond-
ing scaling equations[14]. In this section we will calculate the scaling equations for
hybridization in the e-STAM. Here also we will continue to keep doubly occupied
state decoupled and hence there will be no contributions of the processes to/from

that state. The third order contributions to the effective Hamiltonian are given by:
Hy(D) = (1— Psp)Hy Y  GaH,GoHy(1 - P5p) (3.31)
«
- (1 - P&D)Hv ZGa(Z Ga’Hv(l - PzSaL/))Hv(l - PgD)
«Q o'

where G, = Ef ‘ifl’qo is the projected resolvent and «a,a’ are the indices for the

degenerate states. Since we have excluded the doubly occupied state, the first term

in the above equation will not contribute. So the second term is the only third order
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contribution to the effective Hamiltonian. To get the scaling equation, we need to
calculate this term for our model. We will see that the two terms of the hybridization
(CL ,do and its Hermitian conjugate) get renormalized in different ways so we write

them as follows and find the scaling equations separately for them.

H, = Vil do + Viad}cpo (3.32)
ko

Hp = 3" > (= ViaViaVieQondi crioGaGar ey dg QSpdy creQSp - (3.33)

kk'qoo’ aa’
— Via Vi Vi Qs ¢l do GoGardb ke Q5 pel,Q5p)
dTCqO' Cj]a dos dl’ Cko C:r]a’dgldz’cqalc;rcado'

— > ViaViaVia
(_Eq —Ufpc+ Ed)(‘fq — k) qzk; (_eq - ek)(_eq — €q)

== ViaViaVie
kqo

(3.34)

Once again using the fact there are no particles/holes in high energy states and sum-
ming over the intermediate states, we get the renormalized hybridization expressions

as follows:

—p0V1V22(5D
Vo — Vo = 3.35
2N D U - ) (D =) (3:39)
-2 26D
TR L L L (3.36)

(D +€4)(D + €g)

The scaling equations for the hybridization can then be written from the above

equations:

dve _ poVi V3 (3.37)
dD (D+Ufc—6d)<D—€k) '

dD ~ (D +¢)(D + &)

83



We will first present two analytically tractable limits for these equations, which will

provide qualitative insight and the third scaling invariant.

I. In the mixed valent regime, and close to the Fermi level, we can choose
€x = 0,e4 = 0. In this regime also, we have two limits. First when D >> Uy,
in which case the scaling equation reduces to that of the SIAM as given in [14].
In the second case, when Uy, is comparable to the bandwidth, the scaling equa-
tions have different solutions and are given below. Also if we divide the two scaling
equations for hybridizations and integrate, we find that V; and V5 are related as
Vi = va This relation implies that V5 and V) renormalize in exactly the same way
in this limit (¢4 = 0 or |eg| < D). It also needs to be noted that we have ignored the
momentum dependence of the hybridization amplitudes which is physically reason-

able in this regime because of the closeness to Fermi level. So the scaling equation

for V5 becomes:

dva  V@Vipo

— = 3.39
dD  D(D + Uy,.) ( )
Solving for hybridization we obtain:
1 1 — D Do+ Uy,
e n<0+ f) (3.40)
Ve Ve 4WUpe \ Do D+ Upe

Once again using the fact that bandwidth is the largest energy scale of the model,we

arrive at the simplified expression for hybridization.

1 —p/1 1 Uep (1 12
=== — = 3.41
Vi 4y, <D0 D> T \Dy D (341)

We notice that Uy, enters this expression for hybridization at second order. For the

case of vanishing Uy., we arrive at following scaling invariant for Anderson impurity
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model.

L po 1 po
VP AV,D V@ 4VyD,

(3.42)

Solving for V5 we arrive at the following equation which was obtained by Jefferson[14].

V2 (D 173
VQ:%<1+ZDOO<D°—1>> (3.43)

As was shown by Jefferson for Uy, = 0, the hybridization becomes weaker under the
scaling flow. The first term on the RHS of equation 3.41 shows that as D — 0, V5
also decreases. The second term is the contribution of Uy., which is seen to enhance
the reduction of V5 even further. Combined with the fact that |eg| < D implies a
flow to the empty orbital regime (see figure 3.5), we deduce that in presence of Uy,,

valence fluctuations get enhanced.

II. In the LM regime, i.e |eq| > D, equations 3.37,3.38 lead to a very different
relation between V5 and Vi, namely V1V22 = VO?’. Thus in this regime, V; and V5
renormalize in opposite ways. So if Vi diverges, V5 vanishes and vice-versa. For

Us. = 0, we can solve equation 3.37 to get

5D
PV 4, D (3.44)

Vo=Vp—
2 0 >y Do

Since €5 < 0, Vo decreases logarithmically as D decreases. As discussed above, V}
increases concomitantly. Eventually, Vo — 0 as D — Tk, and hence V; diverges.
As is well known, this divergence is inherent in perturbative renormalization, and

yields a closed form for the Kondo scale as

Tk ~ Dgexp <| d|> . (3.45)

So, for U, = 0, the usual expression for Kondo scale is reproduced[15][30]. For
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finite Uy., we obtain the flows through a numerical solution of equations 3.37 and

3.38 in the next subsection.

3.5.3 Numerical solution

We use the usual Euler discretization to solve equations 3.37 and 3.38. Again, we
restrict to flows of hybridization close to the Fermi level, so ¢, = 0. It is important
to note that ¢4, which also enters these equations, is also a function of D, but its
flow is determined by a second order equation. So, we compute the flow of ¢, first
keeping V7 = V5 = Vj constant, and use this flow to solve for the flow of V7 and V5.
Another issue is the discretization of the bandwidth. Since the Kondo scale is an
exponentially small scale, the D — 0 the regime must be sampled densely, while the
non-universal scales can be sampled coarsely. Thus, a highly non-uniform the grid
has been used to discretize the conduction band, which gets progressively dense as
D — 0.

We fix the initial V; = V5 = 0.35, and investigate the effect of varying the initial
€q on the flow of hybridization in the left panel of figure 3.6. For |e4| > D, the V;
diverges at a finite scale. As discussed in section 3.5.2, this scale is indeed the Kondo
scale, and we will establish this shortly. For |e¢4| < D, the hybridization vanishes
algebraically, and as we know from section 3.5.1, the impurity orbital energy also
vanishes as D — 0, thus implying a flow to the empty orbital regime. It is interesting
to note that in the flow to the empty orbital, the hybridization vanishes as D'/2
while the divergence in the LM regime is ~ (D — Tk )2 as shown in the right panel
of figure 3.6.

We can now investigate the effect of Uy, on the Kondo scale in the regime of
leq] > D. We fix the initial ¢ = —2.4, and D = 0.375, and find the Kondo scale as a
function of several initial V' values ranging from 0.35 to 0.55. The results presented

in the left panel of figure 3.7 show the Kondo scale (Tk) as a function of 1/V? for
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Figure 3.6: Left panel: Scaling flow of V; for various values of ¢; with an initial value of
Vo = 0.35 and the bare bandwidth, D = 0.375. Right panel: The divergence
of V7 shown in the left panel is analysed and it is found to be of the form
(D — TK>_2.

three Uy, values of 0 (black circles), 0.5 (red squares) and 1.0 (triangles). The linear
dependence of T on 1/V2 when plotted on a linear-log scale indicates an exponential
dependence, and indeed, the slope correlates with €; (not shown). Again, the slope
being independent of Uy, indicates that it does not enter the exponential, but in the
prefactor. However, it is clear that the Kondo scale increases with increasing Uy..
This is shown in the right panel of figure 3.7, where T — Tk (with Tk being the
Use =0 scale) is seen to depend on Uf. as a power law, i.e Tx = Tko + AU]C. The
exponent vy decreases with increasing V. The Uy, driven upward renormalization of
the Kondo scale maybe interpreted as a crossover to a weaker coupling regime, and

hence increased charge/valence fluctuations.

3.6 Summary

In this chapter, we have investigated the effect of a repulsive interaction between
the correlated impurity electrons and the non-interacting conduction electrons in the
extended single impurity Anderson model(e-SIAM) through unitary transformations

and perturbative renormalization of the model. A Schrieffer-Wolff transformation
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Figure 3.7: Left panel: Kondo scale as a function of 1/V? for three Uy, values. Right panel:
Kondo scale as a function of Uy, for two V values.

of the e-STAM shows that the strong coupling regime is governed by a spin-charge
Kondo model, unlike the Anderson impurity model where spin fluctuations domi-
nate the strong coupling physics. Through perturbative renormalization to second
and third order (following Haldane and Jefferson respectively), we found the scaling
equations of the model parameters, with a focus on the effect of Uy, on the renor-
malization flows. The scaling invariants of the model were also found. A divergence
in the flow of hybridization, signalling the breakdown of perturbative renormaliza-
tion, can be used to identify a low energy scale, and is shown to be the Kondo scale,
through analytical arguments and a numerical solution of the scaling flows. The Uy,
interaction leads to an increase in the Kondo scale through a renormalization of the
prefactor, and hence may be interpreted as leading to enhanced valence fluctuations.
Our results are in agreement with NRG studies from Katsnelson’s group who have
found that enhanced valence fluctuations due to Falicov-Kimball interaction lead
to the significant renormalization of the Anderson model parameters and hence of
Kondo scale, which was found to increase with increasing Uy.. However, earlier NRG
studies from Hewson’s group have shown that though Kondo scale gets enhanced
due to Uy, the physics in the presence of Uy interaction is still described by Ander-

son impurity model, albeit with renormalized parameters which is not in complete
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agreement with our studies. From the numerical solution of the scaling equations of

e-STAM, we find that the system flows to the mixed valent regime. However, based

on our perturbative renormalization method we were not able to show conclusively

that Kondo fixed point becomes unstable to Uy, interaction. In future, we would

like to do flow equation renormalization study of e-SIAM to explore the regimes

when Uy, interaction becomes stronger or comparable to Hubbard repulsion.
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4.1 Introduction

Heavy fermion systems(HFS) is another class of strongly correlated electron sys-
tems(SCES) in which the interactions cause the enhancement of electron mass by a
very huge factor of three orders of magnitude. But they also constitute an extreme
case where Fermi liquid theory(FLT) theory holds. Heavy fermion systems have
competing interactions like Kondo and RKKY interaction. Due to these competing
interactions, heavy fermion systems are very close to quantum phase transitions.
In fact most of the quantum phase transitions have been studied in these systems
only[1-3]. Doniach phase diagram[4] is considered standard phase diagram for heavy
fermion systems. But it is based on Kondo lattice model and takes only spin fluctu-
ations into consideration. The conventional theory of quantum criticality in heavy
fermions is also based on spin fluctuations only[3]. But there are many systems
which exhibit phase transitions which can not be explained on the basis of spin
fluctuations alone. Valence/charge fluctuations play a very important role in such
systems.

The prototypical example where valence fluctuations lead to phase transition is
elemental Cerium in which there is an isostructural phase transition between o and
~ phases. In high temperature a phase Cerium is metallic and spin susceptibility
is temperature independent(Pauli type). In 7 phase which is at low temperature
Cerium develops local moments and spin susceptibility becomes temperature de-
pendent(Curie type). This transition has been known for a long time but there is
no unanimous microscopic understanding of the transition[5, 6]. Many experimen-
tal techniques have been used to investigate this transition and different theoretical
models have been put forward to explain this transition. Two very important models

are Hubbard-Mott scenario[7] and Kondo Volume Collapse(KVC)[8][9]. In Hubbard-
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Mott picture, f electron of Cerium is delocalized in « phase and gets localized as
Cerium changes to v phase. In KVC the hybridization(and hence Kondo effect) be-
tween f electron and spd electrons plays an important role. In this picture f electron
gets hybridized by spd electrons and leads to Kondo resonance in o phase while as
in 7 phase there is no quenching of local moments. Recent optical spectroscopy[11]
and X-ray emission spectroscopy[12] experiments are in support of KVC picture.
But the microscopic mechanism of the valence transitions is still debated. Crystal
symmetry[13] and phonons[14][15] are also thought to play a role in this transition.

It has also been suggested that valence transition can be Lifshitz transition[16].

Valence fluctuations are also believed to lead to unconventional superconductiv-
ity in CeCugSis [17] and its isoelectronic compound CeCusGey [18]. CeCuaSis
is the first discovered heavy fermion superconductor, but its superconductivity has
remained a puzzle for conventional theory based on spin fluctuations. It shows
anomalous behaviour in residual resistivity, Sommerfeld coefficient of resistivity and
Kadowaki-Woods ratio [17][19]. In the doped case CeCusa(Sii—_zGez)2 [20][21] the
superconducting phase is split into two domes. In addition to a dome closer to
anti-ferromagnetic(AF) quantum critical point (QCP), there is another dome which
occurs at higher pressure and can not be related to spin fluctuations. There are other
heavy fermion compounds with anomalous behaviour which can not be explained
by the conventional theory of quantum criticality based on spin fluctuations alone.
Many theoretical scenarios like local criticality theory[22][23], the theory of tricrit-
ical point[24] and others have been put forward to understand this unconventional
quantum criticality. But these theories do not give a comprehensive understanding
of the anomalies in these systems. So, an alternative theory based on critical valence
fluctuations has been put forward which explains the critical exponents of the tem-
perature dependence of resistivity, specific heat and susceptibility[25][26]. In a recent

work[27] role of valence fluctuations in various transport properties in CeCuySis,
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was experimentally probed. They have consolidated the role of valence fluctuations
in the unconventional superconductivity of CeCugSis. In [28], review of the valence
fluctuation theory of unconventional quantum criticality in heavy fermion systems

has been presented.

To understand the role of valence fluctuations in heavy fermion systems, Miyake
et al[29] have extended the periodic Anderson model by Uy, term which is the Hub-
bard repulsion between localized and itinerant electrons. This extended PAM(e-
PAM) has been studied by many analytical and numerical methods. Analytical
methods include Slave Boson mean field theory(SBMFT) [29][30], Gutzwiller vari-
ational method [31][32], Projection Renormalization group(PRM) [33]. Numeri-
cal methods include Density Matrix Renormalization Group(DMRG)[34] and Dy-
namical mean field theory(DMFT) with exact diagonalization(ED) as an impurity
solver[35]. Though all these methods have investigated different aspects of valence
fluctuations and have also confirmed that valence fluctuations lead to first order
transition. But there is scope for more investigations because none of these methods
can explore the full parameter regime of the model. SBMFT taking infinite U limit
exclude the double occupancies and hence does not look at the competition between
onsite Hubbard interaction Uyy and inter-orbital interaction Uy, which exists in real
materials. Though DMFT takes into consideration the quantum fluctuations but
using ED as impurity solver restricts it to small system sizes. Similarly, DMRG
has been done only for one-dimensional case which can overestimate the role of va-
lence fluctuations. Gutzwiller variational method is biased towards strong coupling
regime while as valence transition takes place in the mixed valent regime. PRM
like SBMFT does not consider finite U and being perturbative is being truncated
after some order. All the calculations using above methods are at zero temperature
which does not allow to see the effect of valence fluctuations in real materials which

are at finite temperature. Considering all these limitations of the methods valence
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fluctuations need to be investigated by a more powerful method which can explore
a broader range of parameter space of the given model. We have chosen contin-
uous time quantum Monte Carlo(CT-QMC) method which has been used within
the framework of DMFT. CT-QMC is a very robust method and is a numerically
exact method. It has been used to study other quantum phase transitions in spin
systems. Though there has been a CT-QMC study of e-PAM[36] but in that study,

only Kondo regime was explored, and the focus was on charge ordered phases.

In the previous chapter, we studied the effect of valence fluctuations in a quantum
impurity model. In this chapter, we will extend that study and consider a lattice
model for heavy fermion systems in which valence fluctuations lead to instabilities
as well. We have considered extended PAM(e-PAM) which is the lattice version of
extended STAM which was studied in the previous chapter. Since within dynamical
mean field theory (DMFT), e-PAM gets mapped to e-SIAM so the results of the last
chapter become important for e-PAM as well. The rest of this chapter is organized
in following way. We will give a brief description of algorithm and implementation of
embedding CT-HYB quantum impurity solver with our DMFT code. Then we will
present the results of our computations and discuss them in view of the questions

we have asked in this chapter. Finally, we give the summary of our results.

4.2 Model and methods

Minimal model for heavy fermion systems is periodic Anderson model(PAM). In HF'S
there are two kinds of fermions called ¢ and f electrons where former are itinerant
electrons and latter are localized electrons. Hybridization between these two kinds

of electrons leads to Kondo physics.

10

H=> eclycro+ > erfhfio +t VOO el fio+he)+ Y Unlnd  (41)
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The first term gives the kinetic energy of conduction electrons; second term gives
the energy of localized f electrons, the third term is the hybridization terms which
is important for Kondo physics and the final term gives the local Hubbard repulsion
for the localized electrons. PAM has both Valence as well as Spin fluctuations.
But valence fluctuations only lead to “Crossovers” from Kondo regime to Mixed-
Valent Regime. So to capture the effects of valence fluctuations in heavy fermion
systems, we need to extend this model by a Hubbard repulsion term between ¢ and

f electrons. This term is called Uy, term.

Hy, = U Y nénl, (4.2)

oo’
This interaction term was first introduced in Falicov-Kimball model for valence tran-

sitions [37] and is also called Falicov-Kimball interaction. This interaction term was

later on used by Miyake[29] for Periodic Anderson Model for valence fluctuations.

4.2.1 DMFT and CT-QMC

In this section, we give the details of the DMFT self-consistency loop which we
have used for our calculations. Since we are dealing with a multi-orbital model so
what we are using in this chapter is the matrix extension of DMFT equations given
in chapter 1 which were for single-orbital Hubbard model. DMFT computations
were done for finite temperature, and hence all the quantities are computed over

Matsubara frequencies. Greens function for itinerant c electron is

(4.3)

GC:Z 1

. W+ o — €c — Mjfe — vz

iw+u—6f—sz
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Greens function for localized f electron is

5 (4.4)
wHp—ep—X

1
Gf:;iw—i—u—ef—sz—
where iw are Matsubara frequencies, u is chemical potential, €. is the conduction
electron energy, € is the f orbital energy, X is the self-energy of f electrons due
to local Hubbard interaction, X ¢, is the self-energy due to Uy, interaction and V is
the hybridization between f and ¢ electrons. We have used hybridization expansion
Quantum Monte Carlo , CT-HYB impurity solver from ALPS[38]. To embed the
solver with our DMFT code we have used the following algorithm which is slightly
different from the standard DMFT self-consistency loop as given in chapter 1 because
CT-QMC solver needs hybridization function on Matsubara time and returns self-
energies and other quantities also on Matsubara time, and hence we need to take
Fourier transform to bring them to Matsubara frequency domain used in DMFT
computations.

The algorithm which we followed is given below:
1. Start with non-interacting Lattice Green’s functions.
2. Using the Dyson equation get the Host Green’s function.
3. Obtain hybridization function from host Green’s function.

4. Fourier transform the hybridization function to Matsubara time domain and
pass it on to the hybridization expansion ct-QMC solver which returns impu-

rity self-energy and Green’s functions on Matsubara time axis.

5. Fourier transform the self-energy obtained from solver to Matsubara frequency

domain.

6. Obtain the full lattice Green’s function with a new chemical potential obtained

from Broyden solver.
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7. Take Hilbert transform to obtain the local full Greens function.

8. Go to the next DMFT iteration and run the iterations until convergence is

obtained.

In this DMFT algorithm convergence criterion was implemented using Greens func-
tion which is smoother function as compared to self-energy. To decrease the noise in
data, we switched to Legendre function basis. Since we explored the mixed valent
regime of our model, so we had to calculate the chemical potential as well to fix the
total occupancy of electrons, ns:. In our computations we have taken n;,; = 1.8. To
fix nyor we used Broyden solver[39] which was also part of the DMFT loop. Broyden
solver was used in each DMFT iteration to calculate the chemical potential before
hybridization was sent to the solver and after the solver had returned the interacting
Greens functions, the chemical potential was again calculated. This increased the

runtime of our DMFT computations.

4.3 Results and Discussion

In this section, we discuss the results of our computations. These computations
were done using the high performance computing facilities from Louisiana State
University[40]. Close to the first order phase transition we faced convergence is-
sues which are known to happen from similar studies of Mott transition in case of
Hubbard model. We, however, did capture the signatures of the first order valence

transition in our computations.

4.3.1 Effect of Uy, on f electron Occupancy

Since valence fluctuations change the occupancy of the f electrons, so we, first of all,
computed the effect of Uy, on f-level occupancy ny. As shown in Figure 4.1, ny

decreases with increasing Uy.. This happens because, in presence of Uy, f level gets
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shifted towards the Fermi level and hence the valence fluctuations get enhanced.
We have already seen for the e-SIAM in the previous chapter that in the presence
of Uy, the impurity energy level €4 gets shifted toward Fermi level. As we kept
increasing Uy, we found the signatures of the first order valence transition as can be
seen from Figure 4.1, for Uy, = 3.0 and higher, there is an abrupt jump in f electron
occupancy. Our results are in agreement with other calculations[25][26][34][28] who
have found based on slave boson mean field theory and DMRG computations that
Uy, enhances valence fluctuations and eventually leads to first order phase transition.
Earlier DMFT calculations[35] have also confirmed that Uy, leads to abrupt jumps
in f level occupancy and eventually leads to first order transition. However, the
model parameters that have been used are unrealistically high. They had to take
Uf. = 9 which is very high value in view of that fact that Uy, is a weaker interaction
as compared to local Hubbard interaction which typically is taken to be U = 6
in DMFT calculations. While in our case we see signatures of first order valence
transition at Uy, = 3 which is very reasonable value. Similarly, Hubbard interaction
parameter U = 20 which has been taken to get consistent results is very unrealistic.
We did not face any sign problems which they had faced in their computations.
It is known for PAM that as f level is moved closer to Fermi level, due to the
valence fluctuations, there is cross-over from Kondo regime to Mixed valent regime.
However, there is no valence transition in that model. In the presence of enhanced
valence fluctuations due to Uy, cross-over between Kondo and mixed valent regimes
happens for lower values of €;. From Figure 4.1 we can see that for fixed €7 , as we

increase Uy, the system moves away from Kondo regime even further.

4.3.2 Effect of U;. on Valence Susceptibility

The dynamical quantity for the valence transition is the valence susceptibility which

diverges close to first order phase transition. Valence susceptibility ¥, is defined as:
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Figure 4.1: f orbital occupancy ny is plotted versus f orbital energy €y for increasing values of
Ujc. Other model parameters for this plot are: U = 6.0, V = 0.77, 8 = % = 100.

d . .. .
Yo = — L. As can been seen from Figure 4.2, as Uy, is increased, valence suscepti-
dEf ? f ’

bility also increases and finally jumps abruptly which is the signature of the valence
transition. Though a similar behaviour of valence susceptibility has been reported
before[35] but the values of Uy, were unrealistically high. Critical valence fluctua-
tions leading to diverging valence susceptibility has been found in other studies[17].

It has been shown[41] that resistivity is related to valence susceptibility:

ony
— N
<3€f>,/ !

where the co-efficient B depends on the band structure of host metal,ny,, is the

po = Biigny [u(0)|* In + o (4.5)

concentration of the impurities with u(q) being the scattering potential. Ny is the
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Figure 4.2: Valence susceptibility x, is plotted versus f orbital energy € for increasing values
of Ug.. Other model parameters for this plot are : U = 6.0, V = 0.77, 8 = % =
100.

density of states at Fermi level and pi™® is the residual resistivity. As can been from

the above relation that valence susceptibility contributes to the resistivity and hence
the critical valence fluctuations near the valence transition enhance the resistivity
by coupling to the impurities or disorder. The enhancement in resistivity is hence

directly related to the sharpness of the valence transition.

4.3.3 Enhancement of Quasiparticle Weight

Quasiparticle weight is another important quantity which captures the renormal-
ization effects of interactions and hence is related to self-energy. In Quantum

Monte Carlo, quasiparticle weight Z is extracted from the following expression:
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Figure 4.3: Quasiparticle weight of f electrons is plotted versus the f orbital energy e for
increasing values of Uy.. Other parameters are same as Figure 4.1

Z = @ When the local interactions are strong, quasiparticle weight de-
creases dueﬁto the renormalization effects of the interaction. But, as confirmed by
other studies[17][19][32], quasiparticle weight increases when valence fluctuations
become stronger and hence taking the systems from the correlated regime to a less
correlated one. We have also found that quasiparticle weight gets enhanced as we
increase Uy, as is shown in Figure 4.2. This behaviour can be understood from
the fact that in the presence of Uy, local Hubbard interaction U scales downwards

and hence gets renormalized to a weaker interaction as shown in the previous chap-

ter. This enhancement in the effective mass(quasiparticle weight) has been used to
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explain the anomalies in the Sommerfeld co-efficient[17].

4.4 Conclusion

In this chapter, we have studied the extended Periodic Anderson model(e-PAM) to
explore the role of valence fluctuations in heavy fermions systems, in view of recent
measurements in which anomalous quantum critical behaviour (exponents) has been
found. We have employed dynamical mean field theory within which, e-PAM gets
mapped to a multi-orbital Anderson impurity model. For the impurity solver, we
have used continuous time Quantum Monte Carlo, which is a state of art method
for exploring the finite temperature dynamics of quantum impurity models. Ex-
ploring the effect of enhanced valence fluctuations due to Uy, we have found that f
orbital occupancy ny decreases and the system moves to the mixed valent regime,
and as we increase Uy, there is an abrupt jump in ny which signals the first or-
der valence transition(FOVT). Near the FOVT, valence susceptibility is supposed
to show divergence and that is what we found that as we increase Uy, valence sus-
ceptibility undergoes abrupt jump above the critical Uy.. Our computations have
confirmed that even for mild values of Uy, critical valence fluctuations can lead to
valence transitions. These critical valence fluctuations lead to the enhancement of
the resistivity. Similarly, there is also a huge renormalization of quasiparticle weight
due to the critical valence fluctuations which is consistent with our perturbative
renormalization studies of extended Anderson impurity model where we have found
that valence fluctuations lead to the downward renormalization of local Hubbard
repulsion, as the systems moves away from the strong coupling fixed point. The
enhancement in quasiparticle weight which we have found explains the renormal-
ization of the Sommerfeld co-efficient due to valence fluctuations. Our studies have
confirmed that valence fluctuations can lead to renormalizations of the resistivity

and Sommerfeld coefficients and this renormalization has to be different than the
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one due to spin fluctuations because as found in this chapter and previous chapter
that the Uy, drives the system to the mixed valent regime where valence fluctuations

are stronger.
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5.1 Introduction

Landau’s symmetry breaking theory has been the paradigm for the classification of
phases in condensed matter physics. Magnetic and superconducting orders are the
prime examples which have been understood within this paradigm. However, the
discovery of the quantum Hall effect gave rise to a counter example for symmetry
breaking order. In this case, there is no symmetry breaking involved, and the classi-
fication is based on topology rather than on symmetry. The discovery of topological
insulators[1, 2Jhas added more examples to the list for topological order, although in
the latter case the order is not same as that of the quantum Hall fluid. Topological
order in topological insulators and superconductors is called Zs topological order
because it is associated with a Z, topological invariant. Discovery of topological
insulators and superconductors has boosted the research in topological order. And
more importantly, many model Hamiltonians have been shown to exhibit topological
order. What is very interesting about these Hamiltonians is that they are quadratic,
and hence can be analytically solved. Based on K-theory and Clifford algebras, by
now there is a full classification for the topological order that arises in these Hamil-
tonians in various dimensions[3]. This classification came as the real breakthrough
in understanding topological properties of matter. Nevertheless, the difficult task of
taking interactions into considerations is going to take a lot more work.

In this Chapter, we will consider a Kitaev chain Hamiltonian[4] which, though
simple and quadratic, has a topological phase in which there are Majorana modes
at the edges of the chain. Kitaev employed a Majorana fermion representation to
diagonalize the Hamiltonian and showed that there are Majorana edge modes. The
Kitaev model is not an entirely new model. It can be obtained from the transverse

field Ising model(TFIM) using a Jordan-Wigner transformation. So what Kitaev
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did is that he took fermions as degrees of freedom instead of spins. This novel
point of view opened up the way to understand the topological order in a well-
known system. TFIM exhibits only Landau order, and the ordered phase arises
due to the symmetry breaking of the model. The immediate question which comes
to mind is how is Landau order in TFIM related to the topological order, or how
does topological order arise in the Kitaev Chain when one maps to a fermionic
representation. One important aspect of Kitaev’s work is that he considered fermions
as degrees of freedom, rather than spins in the TFIM model. But the question
is how does the transformation from spin to fermionic representation give rise to
topological order? This question has been asked in a recent work[5]. There it is
concluded that spectral properties of the two models are same, which we will find
below is not correct. Using duality, this question has been addressed by [6]. They
find that in topological order one gets a non-local order parameter. So one tries to
understand topological order from the symmetry point of view and tries to find out
whether there are different kinds of symmetry breaking involved in the topological
order. In [7] Fendley has come up with an algebraic approach for topological order
in a Majorana chain and more generally for a parafermion chain. He identifies an
operator which is a Majorana mode operator and its presence leads to topological
order. This approach is close to our approach, and below we will show how we
have also found an operator which satisfies the same algebra as that of the Fendley
operator. We will show in this chapter that on the fermionic side, the algebra is
larger and hence there are more symmetries and hence more conserved quantities
which are non-local as compared to the spin model. We will show that in the Kitaev
chain model there is an additional element in the algebra which had not been taken
into consideration by Kitaev. That operator leads to topological degeneracy and
edge modes. Hence we answer the question why there is topological order in Kitaev

chain and not in its spin equivalent. The strength of our approach is that it can
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be generalized to parafermion chains as well. Our construction holds good for the
interacting case also.

The rest of this chapter is organized as follows: First, we briefly discuss the Kitaev
chain model, its symmetries, and topological order. Then in the next section, we
show how the algebra of Majorana fermions is conceptually incomplete, and we
present the full Clifford algebra. In Section 4 we compare our results with Fendley’s
results and show that the operator which we introduce to complete the algebra of
Majorana fermions satisfies the same algebra as that of the Majorana edge mode
operator of Fendley. Then we briefly show how our construction can be generalized
to parafermions as well. In the next section, we discuss the connection between
topological order and the Yang-Baxter equation. In the final section, we summarize

our results and conclusions.

5.2 Kitaev p-wave chain model

To study the relation between Landau order and topological order, we introduce
two Hamiltonians which are related to each other by Jordan-Wigner transformation.
Two models are transverse field Ising model(TFIM) and Kitaev p-wave chain model.
Following Kitaev we will diagonalize Kiatev chain model using Majorana fermion
representation and that way we will show that in its topological phase, Kitaev chain
model has Majorana edge mode and also topological degeneracy. We will look
closely at the algebra of Majorana fermions and how they are different from the
standard (Dirac)fermions.

The Hamiltonian for the transverse field Ising model is:
N—1 N
H=-J)Y ofofyy—h.» o} (5.1)
i=1

=1
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Where J is the ferromagnetic exchange constant and h, is the Zeeman field in the Z
direction. This model has Z5 symmetry, due to which the global symmetry operator

commutes with the Hamiltonian.

!H af,H] =0 (5.2)

The global symmetry operator flips all the spins. There is a doubly degenerate
ground state. This model exhibits two phases which can be understood on the basis
of Landau’s symmetry breaking theory. There is a ferromagnetically ordered phase
which arises when the symmetry of the model is broken.There is a disordered phase
in which symmetry is intact. We will now apply the Jordan-Wigner transformation
to this model to map it to a fermionic model which will turn out to be the Kitaev
chain model. The Jordan-Wigner transform maps the spin operators into Fermionic

ones:

i—1 i—1
¢ = O'J H o; c} =0, H o; (5.3)
j=1 Jj=1
N-1 N-1 N
H=—t Z (cjclurl + h.e)+ A Z C;[CZ_H + h.c. — ,chchi
i=0 i=0 i=0

where t, A, i are hopping strength,superconducting order parameter and chemical
potential respectively. Kitaev employed a Majorana fermion representation to diag-

onalize this Hamiltonian.

Vi~ 24+ Vi T2
— = 5.4
=T (54)

C; =
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In the Majorana representation the Hamiltonian gets transformed to:

N—1 N—1
H =1t Z (V1,672,641 — V2,iV1,i41) + 1A Z (V1,672,641 + 72,i71,i4+1)
i=0 =0
N
— Z(i —iV1,i72,i) (5.5)
=0

The Hamiltonian has trivial phase and topological phase. Trivial phase is obtained
for the choice of parameters: ¢ = A = 0. In this case two Majorana fermions at each
site couple together to form a complex fermion, and there is no topological phase

as there are no Majorana edge modes. Choosing ;= 0 and ¢t = A the Hamiltonian

becomes.
N—1
H = 2t Z V1,572,041 (5.6)
i=0
We can define a complex fermion:
a; = V2,i+1 — 11,4 (5.7)

V2

The Hamiltonian becomes:

N-1 1
H= Ta; — = .
(tgala 2) (5.8)

We can see that ground state of this Hamiltonian has no a-fermions. But there is
more to the story because there are two Majorana fermions which have not been
included in the Hamiltonian. Taking them together we can form another fermion

which is non-local, residing at the two ends of the chain.

Y1,N — 72,0

ao
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So there is boundary term Hj corresponding to two Majorana edge modes. The
presence of boundary term due to the bulk topology is another feature of topological

order in which there is a bulk-boundary correspondence.
H, = egagao =20 (5.10)

With this boundary term included in the Hamiltonian, we can see that it has a
doubly degenerate ground state depending on presence or absence of the edge mode.
It is this edge mode which is the feature of the topological phase of Kitaev chain
and is related to the topological invariant of the bulk spectrum. The two ground
states can be distinguished by a parity operator. They have even and odd parity
respectively. | 0) has no ag fermion and hence an even number of fermions while as
| 1) has one aq fermion and hence odd parity. So the presence of an edge mode gives
rise to double degeneracy. This degeneracy is an example of topological degeneracy
because it is protected by a topological invariant. Since the topological invariant
comes from a particle-hole symmetry which is a discrete symmetry, such topological

order has been called symmetry protected topological order.

5.2.1 Majorana fermions versus complex fermions

Majorana fermions can be taken algebraically as building blocks of (standard) Dirac
fermions. The algebra of Majorana fermions makes them very different from the

Dirac fermions. Dirac Fermions obey the Grassmann algebra:

7

{ci,cz =6y o= (cg)2 =0 N=cl¢e N?=N (5.11)
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where ¢f,c and N are creation, annihilation and number operator for a fermion.

)=c0) [0)=c|1) (5.12)

cl0)=c|1)=0 (5.13)

Fermions have a vacuum state. Creation and annihilation operators are used to con-
struct the states of fermions. Fermions have U(1) symmetry, and hence the number
of fermions is conserved, and occupation number is a well-defined quantum number.
The number of fermions in a state is given by the eigenvalue of the number operator.
Here the number operator is idempotent, and hence there are only two eigenvalues:
0, 1. Also, different fermion operators anti-commute with each other and hence obey
Fermi-Dirac statistics.

Majoranas are very different because they are self-hermitian and hence creation and
annihilation operators are the same, which means that a Majorana fermion is its
own anti-particle. A fermionic vacuum can not be defined for Majorana fermions
because there is no well-defined number operator, or in other words, the number of
Majorana fermions is not a well-defined quantity, and hence not a quantum number
which can be used to label Majorana fermions. Majorana fermions don’t have U(1)
symmetry, and hence a number operator can not be defined for them. However, they
have Zs symmetry; parity is conserved for Majorana fermions. Majorana fermions
also anti-commute among each other. However, Majorana fermions generate non-
abelian braid statistics. They generate a braid group representation [16][17][18].
When taken abstractly Majorana fermions appear to be very unrealistic particles,
but physically they can appear as Bogoliubov quasiparticles which exist as zero
modes in topological superconductors. They are zero energy solutions of the BdG
equation and are different from Majorana spinors which are solutions of the Dirac
equation.

For a general choice of parameters, one finds that the Hamiltonian is an antisym-
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metric matrix and hence has doubled spectrum. For every energy state, there is
another degenerate eigenstate. So one can say that the presence of particle-hole
symmetry turns a Hermitian matrix into a real anti-symmetric matrix which has
doubled spectrum. The number of Majorana modes is a topological invariant called

the Zy invariant, and is given by a Pfaffian of the Hamiltonian.

5.3 Algebra of Majorana doubling

In this section, we will revisit the algebra of Majorana fermions and see that in the
way it is usually presented some of the significant higher order products are not

used. In the Kitaev paper, the algebra of Majorana fermions is written as

{ai,a;} = 264 (5.14)

This equation defines the Clifford algebra of Majorana fermions. The full algebra
is generated by all the ordered products of these operators. For the case of three

Majorana fermions the full Clifford algebra is described below:

{1771 = a1,2 = az,73 = as,vyiz2 = aiaz,y23 = a20a3, Y31 = azai,vyi23 = a1a2a3}

(5.15)

The Clifford algebra of three Majorana fermions is 8 dimensional, with these eight
independent generators. There are three bivectors v12,723,731 and one tri-vector(also
called pseudoscalar) 7123. Bivectors are related to rotations and trivector will turn
out to be very important for our discussion on topological order because it is a
chirality operator which distinguishes between even and odd parity. We refer to
[9] for more discussion on the role of chirality operator and Zs grading of Clifford
algebra.

We ask whether there is a way to understand how topological order arises in the
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Kitaev chain model as we do an algebraic transformation from TFIM. During this
transformation, the degrees of freedom or the quasiparticles also get transformed.
To answer this question, we revisit the algebra of Kitaev chain.

In [8] Lee and Wilczek gave an illuminating analysis of doubled spectrum of the
Kitaev chain model. They showed that the algebra which has been considered
for the Kitaev chain model is conceptually incomplete. Using the case of three
Majorana fermions which are at the edges of superconducting wires, it is shown
that the Hamiltonian of these Majorana fermions has more algebraic structure than
anticipated. The difference lies in another Majorana operator which was missed in
the Kitaev paper. This Majorana operator has been called Emergent Majorana for
the reason that it obeys all the properties of a Majorana fermion. We briefly review
their analysis here and later on generalize it. Let bi,bo and b3 are three Majorana

fermions which can occur at the ends of three wires. They obey Clifford algebra:

{bj, b} = 200, (5.16)

We can write down a Hamiltonian for these interacting Majorana fermions coming

from three different wires.

H,, = —i(()éb1b2 + Bbobs + ’ybgbl) (5.17)

Now it is known that Majorana bilinears generate a spin algebra so one would
naively think that it is a spin Hamiltonian. But the spin Hamiltonian neither has
edge modes nor any topological degeneracy. To understand this one needs to realize
that the Clifford algebra generated by Majorana fermions is larger than what is
present in equation 5.14. There are other generators of the algebra. Physically
the full implications of the parity operator need to be taken into consideration to

conceptually complete the algebra. There is a special operator I' in the algebra
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which we call as Emergent Majorana because it has all the properties of a Majorana

fermion.

= —iblebg (5'18)

r’=1 [I,b)]=0 [,H, =0 {T,P}=0 (5.19)

The emergent Majorana operator commutes with the Hamiltonian, and hence there
is an additional symmetry present, as it anti-commutes with the parity operator and
hence it shifts among the parity states. Both the P and I' operators commute with
Hamiltonian but anti-commute with each other due to which there is doubling of the
spectrum. The presence of this extra symmetry leads to the doubled spectrum. This
doubling is different from Kramer’s doubling[10] because no time reversal symmetry
is needed. In the basis in which P is diagonal with +1 eigenvalues, the I" operator
takes the states into degenerate eigenstates with eigenvalues F1.

The doubled spectrum of the Kitaev chain Hamiltonian comes from this algebraic
structure which leads to extra symmetries. This algebraic structure is non-perturbative,
and hence is robust to perturbations as long as they preserve the discrete symmetry.
This algebraic structure survives the interactions also, though there can be dressing
of the Majorana operators. So these properties are present in the Kitaev chain with

interactions well. I' operator can be defined for the interacting chain as well.

5.4 Topological order and I' operator

What we have already found is that the complete algebra of Majorana fermions has
extra operators which has been called as emergent Majorana fermions and repre-
sented by I' operators. Emergent Majorana fermions have all the properties of the
Majorana mode operators, and in fact, they are more robust to the effects of the envi-

ronment. That is why it has been proposed to use them for quantum computing[11].
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Due to the robustness of emergent Majorana fermions, they have been the focus of
research recently [12][13][14][15] where their robustness to the environment and in-
teractions has been studied in detail. Interesting things about emergent Majorana
fermions is that they survive interactions as well while as Majorana fermions exist
as zero modes of the mean-field(quadratic) Hamiltonians [12][13]. So it is clear that
emergent Majorana fermions have something to do with topological order and in this
section, we are going to make that connection explicit and rigorous. Though topo-
logical order has different definitions, we will use the definition as given in [7]. The
presence of edge modes is a very important signature of topological order. First, we
give a definition of fermionic zero mode, and then we will show how that is related
to Emergent Majorana fermions or the Gamma operator. A fermionic zero mode is

an operator I' such that
e Commutes with Hamiltonian:[H,I'] =0
e anti-commutes with parity:{P,T'} =0
e has finite "normalization” even in the L — oo limit:I''T" = 1.

Now we can easily see that the first two properties are the defining properties of the
I' operator and hence are satisfied. I', like a Majorana operator, squares to unity
and so is always normalized. So our I' operator satisfies all the properties of the zero
edge mode. We will reformulate the conditions in terms of the emergent Majoranas.

A system is said to be topologically ordered if there exists a zero mode which is
giwven by an operator I' which is an emergent Majorana fermion and satisfies the
above properties. Therefore topological order is not just the presence of Majorana
edge modes, rather it is the presence of emergent Majorana fermion that leads to
the topological order in Kitaev chain model.

There are a few things that need to be understood here. Though there is a duality

mapping between the spin model and the Fermion model, the algebra and hence the
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symmetries and observables are not same. On the fermionic side, there is larger
algebra in which there are extra operators which give rise to topological order while
as there are spin analogues of these operators.The Jordan-Wigner transformation
takes local observables to non-local observables, but it cannot give rise to a new
algebra or the gamma operator. The Duality mapping can not find topological
order because all it does is map observables on one side to other observables on

another side.

5.5 Topological order and Yang-Baxter equation

Majorana fermions have been the focus of interest in research in topological quantum
computation because as shown in [16] [18] that Majorana fermions have non-abelian
braid statistics and generate representation of braid group. Kitaev chain realization
of Majorana fermions have given ways to engineer Majorana fermions and there
has already been some progress on that front[19]. It has also been realized[20] that
the Majorana representation of braid group is different than the ones known in the
literature. This representation has been called a type-II representation. Now the
question which has been asked is that is the topological order which arises from
quantum entanglement also related to topological entanglement which arises from
the solutions of Yang-Baxter equation. Majorana fermions give new solutions to
Yang-Baxter equations and hence the new type of topological entanglement. When
there is topological order, we get a representation of braid group and also solutions

to YBE.

Braiding operators arise from a row of Majorana Fermions {71, - - -, } as follows:
Let
oi = (1/V2)(1 + vit17)-
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Note that if we define

Ak = Yit1%i

for i =1,---n with v,4+1 = 71, then

and

)\i)\j + )\j/\Z =0
where ¢ # j. From this it is easy to see that
0i0i410; = 03410041

for all ¢ and that 0;0; = 0;0; when |i — j| > 2. Thus we have constructed a represen-
tation of the Artin braid group from a row of Majorana fermions. This construction

is due to Ivanov [18] and he notes that

o; = e(T/4)vit17%i
In [20] authors make the further observation that if we define

Ri(6) = 69%+m,

Then Rl(ﬁ) satisfies the full Yang-Baxter equation with rapidity parameter . That

is, we have the equation

Ri(01) Ris1(62) Ri(03) = Ris1(03) Ri(02) Rit1 (61).

This makes if very clear that }v%l(Q) has physical significance, and suggests examining
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the physical process for a temporal evolution of the unitary operator }VBZ(G)

In fact, following [20], we can construct a Kitaev chain based on the solution R;(6) of
the Yang-Baxter Equation. Let a unitary evolution be governed by R,(G) When 6
in the unitary operator R;(6) is time-dependent, we define a state |¢(t)) by |1h(t)) =
R;|1(0)). With the Schrodinger equation ih%]w(t)) = H(t)|(t)) one obtains:

ihg; [Ril1(0))] = H(t)Ri4(0)). (5.20)

Then the Hamiltonian H;(t) related to the unitary operator R;(#) is obtained by
the formula:

H,(t) = ih2 Rt (5.21)
Substituting R;(0) = exp(67;+17;) into equation (5.21), we have:

H;(t) = ihfi17i- (5.22)

This Hamiltonian describes the interaction between i-th and (i + 1)-th sites via the

s
R

parameter . When 6 = n x =, the unitary evolution corresponds to the braiding
progress of two nearest Majorana fermion sites in the system as we have described
it above. Here n is an integer and signifies the time of the braiding operation. We
remark that it is interesting to examine this periodicity of the appearance of the
topological phase in the time evolution of this Hamiltonian. For applications, one
may consider processes that let the Hamiltonian take the the system right to one
of these topological points and then this Hamiltonian cuts off. One may also think

of a mode of observation that is tuned in frequency with the appearances of the

topological phase.

In [20] authors also point out that if we only consider the nearest-neighbour

interactions between Majorana Fermions, and extend equation (5.22) to an inhomo-

123



geneous chain with 2V sites, the derived model is expressed as:

N

H =10 (0172kY2k—1 + O272k4172k)5 (5.23)
k=1

with 6; and 6, describing odd-even and even-odd pairs, respectively.

They then analyze the above chain model in two cases:

1. 91>0,92:O.

In this case, the Hamiltonian is:

N

H = ihz 172k Yok—1- (5.24)
k

The Majorana operators yo,_1 and 79 come from the same ordinary fermion
site k, ivoryor—1 = 2a£ak —1 (a}; and ai are spinless ordinary fermion opera-
tors). H, simply means the total occupancy of ordinary fermions in the chain
and has U(1) symmetry, a; — e*®a;. Specifically, when 6;(t) = T, the unitary
evolution e?172k72k-1 corresponds to the braiding operation of two Majorana
sites from the same k-th ordinary fermion site. The ground state represents the
ordinary fermion occupation number 0. In comparison to 1D Kitaev model,
this Hamiltonian corresponds to the trivial case of Kitaev’s. This Hamiltonian
is described by the intersecting lines above the dashed line, where the inter-
secting lines correspond to interactions. The unitary evolution of the system

e~/ Mdt gtands for the exchange process of odd-even Majorana sites.

2. 6, =0, 6, > 0.
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In this case, the Hamiltonian is:

N

Hy =ih ) f2vari172k- (5.25)
K

This Hamiltonian corresponds to the topological phase of 1D Kitaev model and
has Zo symmetry, a; — —a;. Here the operators v; and y2y are absent in H,.
The Hamiltonian has two degenerate ground state, |0) and |1) = df|0), df =
e~ “/2(~y; — iyan) /2. This mode is the so-called Majorana mode in 1D Kitaev
chain model. When 0(t) = 7, the unitary evolution ef272k+172k corresponds
to the braiding operation of two Majorana sites o and yox41 from k-th and

(k + 1)-th ordinary fermion sites, respectively.

Thus the Hamiltonian derived from R;(6(t)) corresponding to the braiding of
nearest Majorana fermion sites is exactly the same as the 1D wire proposed by Ki-
taev, and 61 = 6 corresponds to the phase transition point in the “superconducting”
chain. By choosing different time-dependent parameter 67 and 65, one finds that the
Hamiltonian H corresponds to different phases. These observations of Mo-Lin Ge
give physical substance and significance to the Majorana Fermion braiding operators
discovered by Ivanov [18], putting them into a robust context of Hamiltonian evolu-
tion via the simple Yang-Baxterization RZ(Q) = e?i+1% . Yu and Mo-lin Ge[20] make
another observation, that we wish to point out. In [21], Kauffman and Lomonaco
observe that the Bell Basis Change Matrix in the quantum information context is
a solution to the Yang-Baxter equation. Remarkably this solution can be seen as a

4 x 4 matrix representation for the operator R;(6).

This lets one can ask whether there is relation between topological order and
quantum entanglement and braiding [21] which is the case for the Kitaev chain

where non-local Majorana modes are entangled and also braiding.
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The Bell-Basis Matrix By is given as follows:

1 0 01
1 0 1 10 1
B =— =—T+M) (M*=-1 (5.26)
o 410 S M) )
-1 0 0 1
and
MMy = —MgM;, M? = —I, (5.27)
M;M; = M;M; |i—j|>2. (5.28)

Remarks. The operators M; take the place here of the products of Majorana

Fermions ~;17; in the Ivanov picture of braid group representation in the form

o = (1/V2)(1 + vig1%)-

This observation of authors in [20] gives a concrete interpretation of these braiding
operators and relates them to a Hamiltonian for the physical system. This goes
beyond the work of Ivanov, who examines the representation on Majoranas obtained
by conjugating by these operators. The Ivanov representation is of order two, while
this representation is of order eight. The reader may wish to compare this remark
with the contents of [22] where we associate Majorana fermions with elementary
periodic processes. These processes can be regarded as prior to the periodic process

associated with the Hamiltonian of Yu and Mo-Lin Ge[20].
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5.5.1 Topological order and topological entanglement

To understand the relation between quantum entanglement in Kitaev chain and
the corresponding topological entanglement which manifests as braid group repre-
sentation,we point out that it is only in the topological phase of the Kitaev chain
braid group representation arises while as in topologically trivial phase there are no
Majorana edge modes and hence no braid representation. To see this relation math-
ematically, we rewrite the Kitaev chain Hamiltonian corresponding to topological

phase.

N-1

H =2t Z V14172, (5.29)
1=0

and now find out that for Majorana representation as shown by Ivanov we need
the operator of the form 1 + 7;417; which arises only in topological phase. So
this brings out the relation between topological order and the topological entangle-
ment (braiding).

Using this relation we give a new characterization of topological order. A system
s said to be topological ordered if it also gives a solution to Yang-Baxter equation.
This is true both for Kitaev chain and its parafermion generalization. In both cases,

there are edge modes which give a solution to Yang-Baxter equation.

5.6 Conclusion

In this chapter, we answer the question of how topological order and Landau order
are related in the context of Kitaev p-wave chain. We show that on the fermionic side
there are extra symmetries and particularly we identify v operator which is needed
to have topological order. The same gamma operator was shown to lead to doubled
spectrum for the Kitaev chain Hamiltonian. It is interesting to note that the -y

operator which we have used to define topological order has same algebraic properties
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as W operator which Fendley has defined. Our construction can be easily generalized
to parafermion case as well. We have also shown how non-locality of Majorana
fermions(quantum entangelemt) is related to topological entangelent which arises
for the solutions of Yang-Baxter equation. Since understanding topological order is
very important not only for the topological quantum computation rather is is also
very important within condensed matter physics where more and more systems are
being discovered which exhibit topological order. In that direction, our work is very
important because it clearly shows how topological order occurs when there are more

symmetries and larger algebra.
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6.1 Introduction

Majorana fermions(Majorana zero modes) have recently attracted a lot of atten-
tion in condensed matter physics community due to their special topological prop-
erties which make them a promising candidate for quantum computing. Majo-
rana fermions make topological qubits which can store the information non-locally
and hence are immune to local perturbations. Their topological protection comes
from Zs parity symmetry. Majorana fermions are Ising anyons and obey non-
abelian statistics. Though it was known that Majorana fermions exist in topological
superconductors(1][2] but after Kitaev[3] introduced a simple Hamiltonian and it
was realized that it could be experimentally realized[4], it gave a boost to the re-
search on Majorana fermions. So the search for Majorana fermions in solid state
systems started. Since as of now there is no conclusive evidence for the topological
superconductivity in nature, it was realized that we could engineer systems which
harbour Majorana fermions. The recent successes in the detection and control of
the Majorana fermions[5][6][7] have created a lot of hope about Majorana fermion
based quantum computing[8]. However, the experimental detection of Majorana
fermions is based on spectroscopic signatures, and there are physical effects which
contribute to the zero-bias spectral peaks including Kondo impurities and disorder.
So the search for unambiguous signatures of Majorana fermions is still on. In [11] it
was proposed that Kondo effect can be used for the detection of Majorana fermions.
Kondo effect is known to have a high level of experimental tunability in quantum
dots. So quantum dot systems offer a very feasible and controllable way for the de-

tection of Majorana fermions.There are other reasons also to consider a setup where
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Majorana fermions are coupled to quantum dots. It was shown in[9][10] that Ma-
jorana fermions tunnel-coupled to conduction leads do not preserve the information
in qubit and also parity time of Majorana fermions can not be determined in those
experiments. They proposed an experimental setup in which Majorana fermions
are coupled to quantum dot which can be coupled to normal lead(s) as well. To
explore the signatures of Majorana fermions in Kondo effect and hence the interplay
between Majorana fermions and Kondo effect, there have been recent theoretical
studies [11][12][13][14]. In [11] poor man’s scaling was applied to study the stability
of Kondo effect. Though they find that Majorana fermions have a drastic effect on
Kondo effect, they have got the same scaling equations as for the standard Kondo
model. In [12] based on numerical renormalization group(NRG) calculations, it has
been found that there is Majorana fermion induced Zeeman field which shifts the
spectral function of one species of fermions and also there is the contribution of
Majorana fermions to differential conductance. In [14] similar results have been
obtained using recursive Greens function method. However, none of these studies
has found a new fixed point arising due to the Majorana fermions. In [13] based
on perturbative renormalization, slave boson mean field theory and density matrix
renormalization group calculations, the authors have come to the conclusion that
in the strong Majorana-Dot coupling regime, physics of the system is governed by
a new fixed point rather than Kondo fixed point. The signatures of the new fixed
point can be found in spin susceptibility, and they find that, quite unlike Kondo fixed

point, spin susceptibility is dependent on gate-voltage(particle-hole asymmetry).

There are still many questions which have not been addressed in these studies.
The existence of a new fixed point needs to be put on more firm analytical and
computational basis and needs to be confirmed by more direct ways than has been
done. Since Kondo effect is associated with the strong coupling fixed point and

hence to capture the effects of Majorana fermions, we need to employ a method
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which can capture the physics in the strong coupling regime where perturbative
renormalization methods can not be relied upon. Similarly, it has been realized that
dynamic spin susceptibility is an important quantity which can be used to capture
the signatures of Majorana fermions. However, a detailed study of this quantity
has not been done. Yet another aspect of the interplay between Majorana fermions
and Kondo effect which needs further exploration is the particle-hole asymmetry.
In the presence of Majorana fermions, particle-hole asymmetry becomes a relevant
perturbation for Kondo physics. Physics is different for the cases when particle-hole
symmetry is present or absent. Motivated by these questions which need detailed
study, we employed flow equation renormalization method to study the interplay
between Majorana fermions and Kondo effect. Flow equation method retains the
full momentum dependence of the coupling constants of the Hamiltonian and is not
restricted to the excitations closer to the Fermi level, as is the case with perturba-
tive renormalization methods like poor man’s scaling. Due to this restriction, many
renormalization processes are not captured. In our present study, flow equation
method has brought out one important difference between the particle-hole sym-
metric and asymmetric cases. In other studies, it has been found that the emergent
Zeeman field which arises due to the Majorana fermions vanishes at particle-hole
symmetry and hence does not contribute to the renormalization of the Kondo cou-
plings. However, in flow equation method studies we have found that even though
the emergent field is zero initially, it emerges again under the renormalization flow
and hence leads to anisotropic Kondo model. So while other studies have found that
Majorana fermions have drastic effects only away from particle-hole symmetry, our
results show that even at the particle-hole symmetric case, Majorana fermions lead
to significant renormalization of Kondo couplings and hence dynamic spin suscep-
tibility also changes. And to see the effect of Majorana fermions on Kondo effect

in quantum dots, there is no need to tune the gate voltage, as has been shown in
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other works. This is one of the main results of our studies, and it brings out the
new aspects of the renormalization effects of Majorana fermions on Kondo physics
which were not explored in literature and due to which there was an impression that
to see the strong renormalization effects of Majorana fermions, we need to tune the
gate voltage away from particle-hole symmetric point. Flow equation method gives
us access to the renormalization flow of observables and correlation and response
functions. Since spin susceptibility is a key observable which can be used in the
experiment for the unambiguous detection of Majorana fermions, we have done a
detailed study of spin susceptibility both at the particle-hole symmetric point and
away from it. Once again though there were some results about how away from the
particle-hole symmetric point, the emergent Zeeman field will effect the spin suscep-
tibility, a detailed study of the signatures of Majorana fermions in spin susceptibility

was lacking and has been done in this chapter.

The rest of this chapter is organized in following way. First, we consider the
Hamiltonian for the system in which a quantum dot is coupled to a normal lead on
one side and is side-coupled to the topological superconductor. In the long chain
limit, there is only one Majorana fermion in the topological superconductor. We
calculate the effective Hamiltonian, Majorana-Kondo model, which has both Kondo
interaction and terms arising from the coupling to Majorana fermion. To find the
stability of Kondo fixed point in the presence of Majorana fermions, we calculate
the flow equations for the couplings constants of the Majorana-Kondo model. We
solve the flow equations numerically. Then we calculate the flow equations of Kondo
spin observable and solving the flow equations numerically, we calculate dynamic
spin susceptibility, and we find clear signatures of Majorana fermions in this key
observable quantity. Once again we explore both the cases, with particle-hole sym-
metry being present and absent. Finally, we summarize our conclusions and discuss

the interplay between Majorana fermions and Kondo effect and hence point to the
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unambiguous ways for the detection of Majorana fermions.

6.2 Hamiltonian for Normal Lead-Quantum Dot-Topological

Superconductor System

We consider a set-up in which a quantum dot is connected to a topological supercon-
ductor on one side and to a normal lead on another side. Topological superconductor
is an experimental realization of Kitaev chain model and hence has two Majorana
fermions on the edges of the chain. We work in the long chain limit and couple only
one of the Majorana fermions to the quantum dot. The Hamiltonian for this system

is:

H= Z ekczac,w + Z eqdl dy + Ungng +t Z(ciad(, + h.c.) + Z iNgy(d, +dl)
ko o ko o

(6.1)
The first four terms constitute the Anderson impurity model for quantum dot con-
nected to a normal lead. The last term represents the coupling of Majorana fermion
with quantum dot electron, A being the coupling strength. We have taken general
coupling, but later on, we will see that Majorana fermion gets coupled to only one
species of electrons. To get an insight into the effect of Majorana fermions on the
dynamics of our system, we first consider the case when Majorana fermions are
coupled to quantum dot only[9]. The Hamiltonian for this system is:

7

H:HD+2

N2+ Aey(dy +db) (6.2)

Where Hp is the Hamiltonian for the quantum dot which is actually the impurity
part of the Anderson impurity model. For the case A = 0, all the terms commute
among themselves and hence can be diagonalized. We denote the eigenstates of the

Hamiltonian as | ngns) where ny is the number operator for the fermionic state
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corresponding to Majorana fermion. In the absence of the Majorana fermion, local
Hilbert space of the quantum dot is four dimensional corresponding to the empty,
singly occupied(up and down) and doubly occupied states. But due to the parity
conservation in the presence of Majorana fermions, Majorana-dot Hamiltonian will
be block-diagonal where the two blocks refer to the even and odd parity sectors.
Since number of their fermions is not conserved, it is only the parity which is a good
quantum number for this system. The tunnelling part of the Hamiltonian connects
even and odd parity sectors by changing the occupation by F1. We have assumed
the long chain limit of topological superconductor in which case the two Majorana
edge modes are degenerate, and this degeneracy breaks for the case of finite chain
and the Majorana edge modes have actually finite energy. Like Anderson impurity
model, our Hamiltonian has many parameter regimes but to study the interplay
between Majorana fermions and Kondo effect; we need to project our Hamiltonian
into its Kondo regime. We will use the projection operator method to calculate the
effective Hamiltonian in the Kondo regime of our model. The details of the projection
operator method have been given in chapter 3 where it was used to calculate the
effective Hamiltonian for another extended version of Anderson impurity model.

Effective Hamiltonian in singly occupied space is given by

1
Hepp = Hu + Hio 0H01 + Hio——F—Hxn (6.3)

1
E — Hp E — Hy

To get the effective Hamiltonian we need to calculate the projected Hamiltonian
terms Hiy and Hjpg. Since there are only two tunneling terms so only these will

contribute to off-diagonal part of the effective Hamiltonian.

H12 = Z(tCLU + i)\g’}/)dgndg H21 = H;r2 (6.4)

(e
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Hyy = Z(tcza +iXsY)do(1 —ngs) Hig = Hg1 (6.5)

[

To calculate the effective Hamiltonian, we need to evaluate following two terms.

1
Hyo mH 21
= ZU: tc;gad(,nd(—,Ele ;:, tdl,ckxarndc;,
+ Z tczadandﬁE_le Z i)\(,/’ydz,ck/(,/ndc;/
ko k'o!
+ %: i/\U’ydgnd(;E_le ;:’ ita/dl,ck/a/nd(;,

. 1 .
+ Z Z)\U’ngndgm Z Z)\U/dl,ndc;/

ko k'o’
(6.6)
H ! H
10E — HOO 01
= dfcpo (1 (1 - g
S D) WIS W
ko k'o!
.
+ Z Z tdLCko—(l — nda-)E_iﬂ,ooZ)\g/’}/do-/(l — nd(;/)
ko k'o’
) 1
+ Z Z Z)\O—’Ydl.Cko—(l — ndg)thL/oldo/(l — ndav)
ko k'o’
. .
+ Z Z Z)\ofyd];cka(l - nd6)E—7E’00Z>\0l’7d0/(1 - nd&’)
ko k'o’
(6.7)
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Using the Abrikosov’s fermion representation of spin operators, we can write the

effective Hamiltonian as(also calculated in[12][13]):

Hepp =" J(k,K)S.spr — hS* + > Ji(k)iry(cry + ch)+
kk' k

S" ha(k)iy(er + cj) 87+ D Js(k)in(ch, ST + ey ST)  (6.8)
k k

where J(k, k') = t2C14, h = N2C_, Jy = tAC, Jo = J3 = tACay.

. 1
H__ed—!—U—e;C €1 — €4
1 1

6.9

ed+U—6k/+ek/—ed (6.9)

Cot = ! + ! (6.10)

2+_6d+U—6k €L — €4 '
1 1

(= - (6.11)

€q+U —€n  €n—€q
6.2.1 Majorana-Kondo Model

The effective Hamiltonian that we have obtained has terms arising from the Quan-

tum Dot-Majorana coupling. We call this model Majorana-Kondo model (MKM).

Hepp = Z €rChy o + Ji Z S.spp —  h:ST + Z J1 (i) (crr + cLT) +

ko kK Zeeman term k
Kondo model Andreev term
J i f)5? J3(iX)y(ch st 5
2(7) (ert + ) S% + ) J3(iA)v(cp ST + ey S7)
k k

In Majorana-Kondo model there are four other terms in addition to the standard
Kondo interaction term. 1. Zeeman term which has Majorana induced Zeeman field.
2. Andreev Scattering term. Since there is no direct tunneling between lead and
Majorana so this term arises due to the virtual charge fluctuations. 3. Then there are

two more terms in which impurity spin couples both to Majorana and lead electrons.
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To get insight into last two terms it is helpful to consider Majorana-Kondo model
in particle-hole symmetric limit. The particle-hole symmetric case gives an insight
into the dynamics of Majorana fermion and also about the competition between
Majorana and Kondo physics. In this case (— = 0 and hence there is no Zeeman
field and Andreev scattering at the effective Hamiltonian level which has only two
Majorana terms. We will ignore the Kondo term for now and study the Majorana

terms alone.
H=iJs ((coT + b 7S + (e St + co is—yy) (6.12)

We can switch to Majorana fermion representation for lead electrons as well.

cor + czrm = (6.13)
coy + ¢y = 1a (6.14)
z'(cgi —cop) =My (6.15)

In Majorana representation Hamiltonian takes the following form:

H=il3) .8 ac(z,y,2) (6.16)

This Hamiltonian has not only particle-hole symmetry but also an emergent time
reversal due to which (S) = 0 and hence there are impurity spin fluctuations. So
at particle-hole symmetric point, there is no impurity spin polarization due to the
emergent time reversal symmetry. Impurity spin gets entangled with the parity of
the lead electrons which can be seen from Majorana representation of Hamiltonian.
Since there are two Majorana fermions present for each spin direction hence, there
are four fermion states which are present, but due to the parity constraint, only

linear combinations of these states are eigenstates of the Hamiltonian. Impurity
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spin couples with these two states of the lead electrons. Four states are: | 00), |

11),] 10),| 01) . Parity states: | even) =| 00)+ | 11),| odd) =| 10)+ | 01).

Particle-hole asymmetry is not relevant perturbation for Kondo physics (model)
while it is a relevant perturbation for Majorana physics. In the case of Kondo
model(zero Majorana coupling) detuning of the gate voltage away from particle-
hole symmetric point does not change impurity magnetization while in presence of
Majorana coupling impurity magnetization is different for particle-hole symmetric
and asymmetric case. So impurity susceptibility has the signatures of Majorana

physics.

6.3 Flow equations for Majorana-Kondo Model

In this section, we will apply the flow equation renormalization group method to
Majorana-Kondo model. We will calculate the flow equations for the parameters
of the model. In chapter 2 we have given the formalism of this method and cal-
culated the flow equations for Kondo model. We have seen that Kondo couplings
show divergence which is one important signature of Kondo effect. In the case of
Majorana-Kondo model, our interest is to explore the interplay between the Kondo
effect and Majorana fermions, so we will find out what happens to Kondo diver-
gence(scale) in the presence of Majorana fermions. We will increase the QD-TSC
coupling A and find out whether Kondo effect survives in the strong A regime. To

calculate the flow equation for our model, we first need to calculate the generator.
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Generator for the flow equations for Majorana-Kondo model is given below:

77:§Z(EP_6q)(JT(p7 q): TTCqT —J‘L(p, q): T¢Cq¢ 1) S*

rq

+ = Z —eg+h) I, q)(: CLTC,”:S’_— :CZ¢CPT:S+)
+ D 1 (p) (09 (el — cpp) + epT2(p) (i) (chy — ¢1)S7
p

+ > (ep + h)Js(p)(i7)(ch, ST — ¢y 5-) (6.17)

p

0 =1l + 0 + ke + i+ i (6.18)
In equation 6.18 flow equation generator has been written as sum of generators
corresponding to different terms in the interaction of the Hamiltonian. To calculate
the flow equations we need to evaluate the commutators of the generators with the
full Hamiltonian. These commutators have been evaluated in Appendix A. Putting
all the commutators together and comparing with the original Hamiltonian we obtain
the flow equations for the Majorana-Kondo Hamiltonian.

For spin-up Kondo coupling, the flow equation is

dJ'(p,q)

dl = (ep - eq)2JT(p7 q)+

53 (2e 1)~ (e + ) T (0, 5) T (@ 5)(1 ~20(s)) (6.19)

Similarly for spin down Kondo Coupling, flow equation is

dJ*(p, q
c(ll) =— (6 — €)°T*(p, @)+

fz( (65 + 1) = (6 + €)) T (5,) T (5,0) (1 = 2n(s) ) (6.20)
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Flow equation for transverse Kondo coupling is

dJ*(p,q)

dl = (ep_eq_‘_h)QJl(paQ)'{_

10 = 2mg() [ 2y — (e eq) + 0T (5,0)T (5, )

+ (265 — (& +€g) = W) (T (p, ) T* (¢, 9)) (6.21)

Fot the Majorana induced Zeeman field, flow equation has contributions both from

Kondo interaction as well as Majorana coupling terms.

@ _2 Z — g+ h)(n(p) + nlg) — 2n(p)n(0)) (J1 (P, 0))+

(ep + )2 J3(1 — 2n(p)) (6.22)

Flow equation for Andreev scattering term is

dJCIll(P =—ei(p) + % Z<€P - €q)JT(P, q)J2(q) + % Z(ﬁp — €+ h)Jg(q)Ji(p, q)

q

q
- 72 €+ h)J3(q)J  (p, q ~1 Zqug D, q) (6.23)

~—

Flow equation for Majorana couplings Js is:

dJ>(p
dl( ) =—¢epJa(p +Z o —€)J (0, q)J1(q Zqul D, q)

_Z —eq—|—h Jg( )JL(p,Q)(l_Qn(Q))

+ ) (&g + h)Js(q) T (p, q)(1 — 2n(q)) (6.24)

q
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Flow equation for Majorana coupling J3 is:

djfzz(p) =~ Jsp) - ;D — eg)(1 = 2n(0))(J*(p, ) J3(q)

_Z — e+ h)J (g, p)N1(q)
+ = Z — €p + h)J (g, p)J2(q) (1 — 2n(q))+

- (@700 - 5 3 o (@) 4,p) (1 20(0))

q

-5 Z(eq + 1) J3(q) T4 (p, q) (1 — 2n(q)) (6.25)

6.3.1 Numerical Solution of Flow Equations

As we have seen in chapter 2 where we have solved flow equations for Kondo model,
flow equations need to be solved numerically because they are non-linear coupled
differential equations and analytical solution can be obtained only in some special
limits like infrared limit where momentum dependence of coupling constants can
be dropped off. In case of Majorana-Kondo model, since there is larger number of
coupling constants so the system of differential equations becomes larger and even
more coupled which increases the computational complexity of the problem. Also
there are more energy scales in addition to the Kondo scale. Due to the interplay
of various energy scales present in the system flow equations generally become stiff.
For the numerical solution of the flow equation of Majorana-Kondo model we have
taken conduction bath to have flat density of states. Conduction band has been
discretized and typically we have kept 200 energy states and since number of flow
equations to be solved scales as O(N?) where N is the number of states kept in
conduction band, the dimension of systems of flow equations is of the order 10%.
The computational expense however scales as ON3. We have used DOPRI5 which

is the fifth order Runga-Kutta method for solving ODEs. The method has proved
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stable for the flow equations except that due to the stiffness of the flow equations we
often had to tweak the discretization of the flow parameter [ grid so that the lowest
energy scale gets resolved.

Particle-hole asymmetry is not a relevant perturbation for Kondo model and hence in
chapter 2 we solved the Kondo model without incorporating it. However as shown
above for Majorana-Kondo model, particle-hole asymmetry becomes relevant and
hence we need to solve the flow equations separately for the two cases. We will first
solve the flow equations for particle-hole symmetric case and then for the general

case.

6.3.2 Particle-hole symmetric Case

At particle-hole symmetric point, Andreev scattering term vanishes because {_ = 0.
Similarly emergent Zeeman field is also zero initially. However, as can been seen from
the flow equation for the Zeeman field, it grows under unitary flow and hence needs
to be taken into consideration even at particle-hole symmetric case. This is one of
the main differences between our studies and earlier studies in which they have found
that Zeeman field does not contribute to renormalization at particle-hole symmetric
case because it vanishes at the effective Hamiltonian level. Using the flow equation
method, we have been able to capture the effect of emergent Zeeman field on Kondo
fixed point even at particle-hole symmetric case where perturbative renormalization
have missed it because Zeeman field does not have a scaling equation and hence
does not grow. Consequently the scaling equations for the Kondo couplings which
were obtained using poor man’s scaling[11] or other perturbative renormalization
method|[13], are same as that of isotropic Kondo model. So the effect of Majorana
fermions on Kondo effect and the consequent emhancement of Kondo scale even at
particle-hole symmetric point is one of the main results of our work. It shows that

the effect of Majorana fermions of Kondo effect is stronger than has been anticipated
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by earlier works. Later on we will see that the signatures of Majorana fermions are
present in spin susceptibility even at partice-hole symmetric case.

Now we will present the numerical solutions of the flow equations. In Figure 6.1,

ooy=00" |~ " T U] 0-0)-00"
6 1=0.0001 46— 1=0.0001
100 A=0.0005 100 A=0.0005 7]
= <4< A=0.001 <4< 2=0.001
g 6 1=0.003 B gl 2=22=0.003
§ 80| g
%D %D 60
S 60 5
o o 40
= o
2 40 g
S M
N 20
20
AR 0
iR SO IS I I N P N S U SO S SRS E R R
30 40 50 60 70 80 280 300 320 340 360 380 400
Flow parameter Flow parameter

Figure 6.1: In left panel, longitudinal Kondo coupling is plotted versus flow parameter. In
right panel, transverse Kondo coupling is plotted versus flow parameter. Other
parameters are: U= 6.0, 4= -3.0, t= 3.0.

Kondo couplings, both longitudinal and transverse have been plotted versus flow pa-
rameter. First thing to be noted is that longitudinal and transverse Kondo couplings
get renormalized in an anisotropic way due to Majorana fermions. This behaviour
was not captured by earlier studies[11][13][14]. Since there is Majorana fermion
induced Zeeman field which is contributing to the renormalization flow of Kondo
couplings, we find that the Kondo divergence is being cut off as shown in Figure 6.1.
As X increases, divergence gets cut off earlier in the renormalization flow which is
tantamount to the change in Kondo scale. Kondo scale has been calculated from

longitudinal Kondo coupling using the expression g = ﬁ g is dimensionless

90 To
Kondo coupling and [, is the value of the flow parameter where Kondo divergence
occurs. We have also used the relation D = % which relates energy scale D with
flow parameter [. We have plotted Kondo scale versus A in Figure 6.2, and as can be

seen, Kondo scale increases in the presence of Majorana fermion. Similar enhance-
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ment of Kondo scale has been found in [14] where recursive Green’s function method
has been used. Through curve fitting we found that Tj,(\) = T(A = 0) + AX? where
0 ~ 0.15. So the dependence of Kondo scale on QD-TSC coupling A is sub-linear.
In Figure 6.2(left panel) flow of the emergent Zeeman field has been plotted. It is
interesting to note that Zeeman field is zero until certain scale which is roughly same
scale at which longitudinal Kondo coupling gets cut off, and Zeeman field makes an
abrupt jump. Even more interesting is the fact that smaller is the value of A, the
higher is the value to which Zeeman field jumps to. Zeeman field finally saturates

to a universal value at which all curves collapse.

The plots corresponding to A = 0T in Figure 6.1 also show the Kondo divergence
gets cut off. However, this is known in case of anisotropic Kondo model, h(l) = 0,
J'(p,q) = J*(p,q) and J*(p,q) = J*-(q,p) are fulfilled during the flow for the
case h(l = 0) = 0. The relations J'(p,q) = J'(q,p) and J¥(p,q) = J*(q,p) are
always fulfilled due to hermiticity[16]. So what we see in these plots shows that
flow equations have essential instability to particle-hole asymmetry. The slightest
asymmetry makes the Zeeman field to grow. Since in numerical solutions of flow
equations the condition J*(p,q) = J*(g,p) which holds for zero initial field, is
maintained only within the machine error which propagates along the flow and
leads to the flow of the field as well. That is what we see in the plots for A = 0. This
result has physical implications for the experimental situations where particle-hole
asymmetry is generic, and consequently Majorana physics is going to dominate over
Kondo physics even for weaker QD-TSC coupling. This is one of our important
observations which gives the insight into the interplay between Majorana fermions

and Kondo physics.
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Figure 6.2: In the left panel, flow of Zeeman field has been plotted. In the right panel,
Kondo scale has been plotted as a function of A, coupling of quantum Dot to
the topological superconductor. Other parameters are same as given in Figure
6.1

6.3.3 Particle-hole asymmetric case

Away from particle-hole symmetry, both Zeeman field and Andreev scattering terms
are present in the Majorana-Kondo model and hence both contribute to the flow
equations of Kondo couplings. In Figure 6.3 longitudinal (left panel) and trans-
verse(right panel), Kondo couplings for asymmetric Majorana-Kondo model are plot-
ted versus the flow parameter. We once again see that Kondo divergence gets cut off.
However, what needs to be noted is that as compared to the similar plots for particle-
hole symmetric case(Figure 6.1), Kondo divergence gets cut off at different values of
flow parameter for the same values of A which signifies the change in Kondo scale.
This is because in asymmetric case Andreev scattering also contributes to the renor-
malization of Kondo couplings. Earlier renormalization studies[11][13] have explored
the particle-hole asymmetric case of Majorana-Kondo model and found how Majo-
rana fermions renormalize Kondo couplings. However what was not found in those
studies is that Majorana fermions renormalize Kondo couplings in anisotropic man-
ner. The conclusion that Kondo fixed point becomes unstable to Majorana fermion

coupling was arrived by looking at renormalization flow of Majorana fermions rather
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Figure 6.3: Flow of the Kondo couplings for the asymmetric case of Majorana-Kondo model:
In the left panel, longitudinal Kondo coupling is plotted versus the flow param-
eter. In the right panel, transverse Kondo coupling versus flow parameter is
plotted. Other parameters are: U = 6.0 , ¢4 = -3.1, t= 3.0

than directly from the scaling equations of Kondo couplings which were found to
be same as for the isotropic Kondo model. In our studies, we have found the effect
of Majorana fermion induced couplings directly from the flow equations of Kondo
couplings, and as shown in Figure 6.3 we see clearly how Kondo divergence gets cut
off, and hence Kondo scale also changes. Kondo scale for the asymmetric case is
plotted in Figure 6.4(right panel). Kondo scale has been extracted by following the
procedure of the particle-hole symmetric case. Kondo scale gets enhanced, but the
dependence of Kondo scale on A is linear in this case which needs to be compared
with the symmetric case where we have found sub-linear dependence. Similarly, the
behaviour of emergent Zeeman field, shown in Figure 6.4(right panel) is also different
than the symmetric case. However, Zeeman field once again makes an abrupt jump
and the higher values to which it jumps are for lower values of A. Again the value of
flow parameter at which Zeeman field jumps is roughly same as the one where the

divergence of longitudinal Kondo coupling gets cut off.
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6.4 Flow equations for Kondo impurity spin

One main difference between flow equations and conventional renormalization meth-
ods is that in flow equations observables also undergo unitary flow and hence renor-
malization. In the case of fermionic systems, fermion operators get transformed
under unitary flow. The new fermion operators are then written as operator prod-
uct expansion of fermion operators. In the case of Kondo model, the spin operator
gets transformed under unitary flow. To check the consistency, there are many
checks which one can make using the properties of the unitary flow. Unitary flow
keeps the operator algebra(commutation/anti-commutation) invariant. There are
other sum rules also which can be used to check the consistency of the operator
product expansion. There are physical plausibility arguments as well which can be
used to make sense of these operator product expansions. In the case of Kondo
model, it is known that as renormalization flow proceeds to strong coupling fixed
point, the magnetic moment of Kondo impurity gets quenched. This physical pro-
cess has an algebraic mapping in flow equation method as shown below. Using the

transformed observables, we can calculate correlation and response functions for a
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given Hamiltonian. In chapter 2 dynamic spin susceptibility was obtained from the
numerical solution of the flow equations for the isotropic Kondo model. In this sec-
tion, we will calculate flow equations for the Kondo impurity spin and upon solving
the flow equations, obtain the dynamic spin susceptibility for the Majorana-Kondo
model. This quantity will give us access to the signatures of Majorana fermions
which can be detected easily in an experiment. Hence dynamic spin susceptibility is
a very important quantity to understand the interplay between Majorana fermions

and Kondo effect and hence for the detection of Majorana fermions.

We make following ansatz for the spin operator S?:
S*(l) = h*(1)S* + — T vaq(l)(: CLTC(N ST+ C(TNCPT : S)
pq

+ > G e + b)) + D mp(D (e ST+ 657 (6.26)

where h*(l = 0) = 1 and initial values of all other parameters are zero. For the
Kondo model, the ansatz for the spin operator[15] is motivated by the fact that
Kondo effect quenches the magnetic moment. So for isotropic Kondo model, the
decomposition of the spin operator has only two terms referring to the Kondo spin
and the Kondo interaction. We have used this ansatz in chapter 2 of this thesis.
For the anisotropic case, since there is Zeeman field and hence magnetization also,
so the ansatz for spin observable needs to include these terms as well[16]. For the
case of Majorana-Kondo model, there are Majorana fermion induced couplings due
to which Kondo impurity spin couples to Majorana fermion also and hence these
interactions need to be included in the ansatz. Andreev scattering term does not
couple to Kondo impurity spi and hence has not been included in the ansatz.

To calculate the flow equation of the spin operator , we will use one-loop generator
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as given in equation 6.17. .

s+ ]
- = [, (1) (6:27)

The commutators are evaluated in Appendix A. In the following we will present the
flow equations for the various parameters in Equation 6.26.

Flow equation for magnetization is:

M

— =2_(0(p) = (@) (ep — & + h)TL(P, 1) pa (1)
+ Y (ep+ D)np(1) T3 (p) (6.28)

Flow equation for h?® co-efficient is:

dc?lz _ 2(61) —€g+ 1) (JL(Dp, Q) vpqg) (n(p) + n(q) — 2n(p)n(q))
+ 36+ M)~ 2n0(p) 6.29)

Flow equation for v co-efficient is:

Dos 5™ (1) e — )all) + 7 e — @) (1~ 20(g))

T

L6y — e+ W) (0, )0 (1) (6.30)

3

Flow equation for { co-efficient is:

Bo S eg + W01~ 20(a)) (6:31)
q

= (ep— g+ 1)L (p, a)ng(1 — 2n(q)) (6.32)
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Flow equation for 7 co-efficient is:

dnp(l) _
cIl)l — (ep + h)J3(p Z €qJ1(q)vgp(l (6.33)

—%}j%bmw@ma—2mm>
+ 5 }j — &g+ h)JL(p, )¢ (1) (1 — 2n(q)) (6.34)

—*EZ »— €) THp, @)ng (1 — 2n(q)) (6.35)

6.4.1 Numerical solution

In this section we will solve the flow equations for the spin operator and calculate
the dynamic spin susceptibility. The formalism for the calculation of correlation and
response functions is given in chapter 2. For the Majorana-Kondo model, dynamical

spin susceptibility is given by:

:”“‘?m“”%j@;wwﬁm@mu—nﬂ@+w+ﬁw

x(w)

—ﬁwwwwﬂ%mfwﬂw—w+hﬂ

1+sgn m(1+ sgn(h))
ST (7 oo (ep +w+ B)(1 = ng(ey)
p

~ 7 (L= (@) (g6 —w+ 1)) (6.36)

It is the imaginary part of the Fourier transformed response function[16]. To com-
pute dynamic susceptibility we need the solve the flow equations for the spin ob-
servable numerically. Once again the flow equations need to be solved separately for

the particle-hole symmetric and asymmetric cases.
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Figure 6.5: Dynamical spin susceptibility plots for Majorana-Kondo model at particle-hole
symmetric point: In left panel, spin susceptibility has been plotted on frequency
axis for different Js coupling constants. In right panel, spin susceptibility has
been plotted for increasing values of Zeeman field.

6.4.2 Particle-hole symmetric case

To capture the effects of Majorana fermions in spin susceptibility we have plotted
dynamic spin susceptibility on frequency axis in Figure 6.5 . In left panel, we see
the effect of increasing Jo Majorana coupling. As we increase Jo, spin susceptibility
increases because as we have shown earlier in section 6.2.1 that coupling to the
topological superconductor lets Kondo spin to interact with Majorana fermion which
competes with Kondo effect which arises from the interaction between Kondo spin
and lead electrons consequently Kondo effect weakenes. Similarly, as we increase
Zeeman field, we find that dynamic spin susceptibility gets enhanced. What is very
interesting to note is that very small values of Zeeman field lead to quite significant
effects on spin susceptibility which shows the effect of Majorana fermions on Kondo

effect is quite strong.

6.4.3 Particle-Hole Asymmetric Case

Away from the particle-hole symmetry, we expect that the effects of Majorana

fermions on spin susceptibility will be even stronger because Andreev scattering
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term is also present at the effective Hamiltonian level and contributes to the flow
equations of the spin operator as well. As can be seen from the Figure 6.6, spin
susceptibility has huge effects even for smaller values of Jy(left panel) and Zeeman
field(right panel). These values are the order of magnitude smaller than the ones

shown in plots in Figure 6.5 for the particle-hole symmetric case.

6.5 Conclusion

In this chapter, we have done a detailed study of the interplay between Majorana
fermions and Kondo effects considering an experimental set-up in which a quantum
dot is coupled to a normal lead on one side and tunnel-coupled to a topological super-
conductor, which itself is an experimental realization of Kitaev p-wave chain model.
Our motivation comes from the recent surge in the research on Majorana fermions as
being the promising candidates for topological quantum computing. Hence searching
for umambiguous ways of their detection has assumed utmost importance. Kondo
effect in quantum dots offers a lot of tunability and hence very feasible way to detect

Majorana fermions. However, to single out the signatures of Majorana fermions in
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Kondo physics, needs careful and detailed study. There are questions which need to
be addressed to have conclusive evidence for the signatures of Majorana fermions.
Firstly Kondo effect is associated with the strong coupling fixed point of Anderson
impurity model and is very stable to perturbations and hence to show that Majo-
rana fermions make Kondo fixed point unstable and lead to new fixed point, one
has to take recourse to methods which can be relied upon in the strong coupling
regime of the model. In our work, we have employed flow equation method which
has already been applied to Kondo model to study its strong coupling physics both
in equilibrium and non-equilibrium. Based on this method we did the renormaliza-
tion group study of the Majorana-Kondo model which is the effective Hamiltonian
in the strong coupling regime of the Hamiltonian for NL-QD-TSC system. We cal-
culated the flow equations for the coupling constants of the Majorana-Kondo model,
and after solving them numerically, we clearly found how Majorana fermion induced
terms, cut off Kondo divergence and also change the Kondo scale. One important
signature of Majorana fermions in Kondo physics is that they make particle-hole
asymmetry relevant for Kondo effect. Away from the particle-hole symmetric point,
there is a Majorana fermion induced Zeeman field and also Andreev scattering term
, both of which vanish at particle-hole symmetry. Hence the renormalization effects
of Kondo couplings in both cases are different. One of our novel results of our works
is that though Andreev scattering vanishes at particle-hole symmetric point and
hence does not contribute to the renormalization flow of the Kondo couplings, the
same is not true for the Zeeman field which initially is zero, but it gets generated
during the flow and hence contributes to the renormalization of Kondo couplings.
In fact, Zeeman field makes the renormalization flow of the Kondo couplings same
as that of anisotropic Kondo model which is what earlier studies have missed due to
the nature of perturbative renormalization methods. In the presence of Majorana

fermions, particle-hole asymmetry becomes relevant perturbation for Kondo effect
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which is not true for the standard Kondo fixed point for which particle-hole asym-
metry is irrelevant. We explored both particle-hole symmetric and asymmetric cases
and found that Kondo couplings renormalize differently in two cases. Also, Kondo
scale shows a different kind of dependence on QD-TSC coupling parameter. From the
numerical solution of flow equations of Kondo couplings of Majorana-Kondo model,
we have made an important observation that these flow equations have an essential
instability to particle-hole asymmetry due to which Majorana fermions dominate
the physics even in the QD-TSC coupling regime. This observation has physical
implications for the realistic experimental situations where particle-hole asymmetry
being generic and particle-hole symmetric point being a very special point.
Dynamic spin susceptibility is an experimentally accessible quantity. We find
clear signatures of Majorana fermions in this quantity and we propose these sig-
natures can be feasibly found in experiments on quantum dots. Our studies have
confirmed and consolidated the interplay between Majorana fermions and Kondo ef-
fect and hence showed that Kondo effect in quantum dots provides an experimentally

feasible and unambiguous way for the detection of Majorana fermions.
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Chapter

Summary

The research work reported in the thesis belongs to the broad area of strongly
correlated electron systems. Kondo physics is the underlying theme of the thesis and
renormalization group method is the main method applied to explore the interplay
of Kondo physics with other quantum fluctuations. The thesis can be divided into
two sections : the first section is about the interplay between Kondo physics, and
valence fluctuations which is explored in chapters 3 and 4 and the other section
is about the interplay between Kondo physics and the topological order which is
explored in chapter 6 and chapter 5 sets the background for that work. Introduction
to the field of strongly correlated electron systems is given in chapter 1 where the
various models are described which include quantum impurity models as well as
Hubbard model. There is also a brief description of dynamical mean field theory
which is used in chapter 4 to study the lattice model for heavy fermion systems. A
detailed discussion of the various renormalization group methods used in the thesis
is given in chapter 2. In this chapter, we will summarise the main results of the
research projects described in chapter 3 to chapter 6. We will also discuss the future

directions of these projects.

In chapter 3 the main goal of the project is to understand the role of valence
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fluctuations on the Kondo fixed point and to find out whether valence fluctuations
can lead to quantum criticality in the lattice case. To capture the effects of the
valence fluctuations, a local, Hubbard repulsive interaction term between conduc-
tion electrons and impurity electrons is added to Anderson impurity model and this
way we get what has been called extended Anderson impurity model (e-STAM). We
have employed Haldane’s and Jefferson’s perturbative renormalization methods to
e-STAM and have calculated scaling equations for various parameters of the model.
The scaling equations have been solved both numerically and analytically, and ef-
fects of the valence fluctuations on the Kondo scale have been explored, since this
would yield information about the stability of the Kondo fixed point. We have
found that the Kondo scale gets enhanced due to valence fluctuations. To get the
effective Hamiltonian in the strong coupling regime of e-SIAM, we have carried out
Schrieffer-Wolff transformation and found that the strong coupling physics of the
model is governed by spin-charge Kondo model which has anisotropic charge Kondo
interaction in addition to the spin Kondo interaction. Our scaling equations did not
confirm these results from SWT because our scaling analysis is restricted to infinite
U case due to which the doubly occupied subspace gets decoupled. So, in future, we
would like to explore the finite U case and confirm the co-existence of the spin and
charge Kondo effects together. We are planning to apply flow equation renormal-
ization method and see if the spin-charge Kondo model arises in the flow equations

as well.

In chapter 4 we have explored the lattice version of extended single impurity
Anderson model. The lattice version is called extended Periodic Anderson model.
Once again the motivation here was to explore the role of the valence fluctuations in
the quantum criticality in heavy fermions systems for which the Periodic Anderson
model is the minimal model. We have employed the framework of dynamical mean

field theory(DMFT) in which e-PAM gets mapped to e-STAM. Hybridization ex-
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pansion continuous time quantum Monte Carlo has been used as quantum impurity
solver. We find that as we increase the Uy, interaction and hence as the valence
fluctuations get enhanced, the occupancy of the f electrons decreases which signifies
that f electron level is getting closer to the Fermi level, in agreement with the scaling
behaviour of the impurity energy level of e-SIAM, as found in the chapter 3. Based
on slave boson mean field theory studies of e-PAM, it has been found that critical
valence fluctuations lead to first order phase transition where the valence suscep-
tibility diverges. We also calculated this quantity and found that at some critical
value of Uy, valence susceptibility diverges. We also calculated quasiparticle weight
and once again, in agreement with our renormalization calculations of e-STAM, we
found that quasiparticle weight increases and hence the system moves away from
the strong coupling regime. Though our results suggest that valence fluctuations
can lead to quantum criticality in heavy fermion systems, in future, we would like to
carry out a more detailed study of e-PAM and actually locate the quantum critical
point in the phase diagram. We would also like to see how the valence fluctuations
mediated charge Kondo effect, which we have found in case of e-STAM, manifests
in case of lattice model and what are the physical implications of the competition

between spin and charge Kondo effects for the heavy fermion systems.

In chapter 5 we have explored two models which are related to each other via
Jordan-Wigner transformation. One model is the transverse field Ising model which
has been studied extensively as a model for the quantum phase transition. Another
model is the Kitaev chain model which has become the celebrated model which ex-
hibits Zs topological order and has Majorana edge modes. The natural question
which one can ask is that why there is topological order in Kitaev chain model while
there is only Landau symmetry broken order in the Jordan-Wigner dual spin model.
We explore the algebra of the Majorana fermions of the Kitaev chain model, and we

find that these two models do not have the same symmetries. The fermionic model
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has extra symmetries which are important for the topological order. We particularly
identify some symmetry operators which commute with the Hamiltonian and anti-
commute with parity operator and hence lead to the doubling of the spectrum in
Kitaev chain model. We have also explored the implication of these fermionic sym-
metries for the Majorana fermion braid group representations. In future, we would
like to extend our work to parafermion systems and show that same formalism can
be applied there also to explain the topological order in parafermion models. Simi-
larly we would like to extend our formalism to two dimensional model like toric code
model and Kitaev spin model and show that Z5 topological order can be explained

based on our formalism.

In chapter 6 we explore the interplay between Kondo physics and Z5 topologi-
cal order in topological superconductors. The motivation of this study comes from
the recent surge in the interest of Majorana fermions as the promising candidates
for topological quantum computing. So their detection in unambiguous ways and
their stability in realistic situations where interactions are also present becomes
inevitable. In this chapter, we have considered a setup in which quantum dot is
coupled to normal lead on one side and to topological superconductor(TSC) on an-
other side. We calculated the effective Hamiltonian for the system corresponding to
the Kondo regime. The effective Hamiltonian is called Majorana-Kondo model and
has extra terms coming from the coupling to the TSC. Employing the flow equa-
tion renormalization method, we calculated the flow equations for the parameters
of the Majorana-Kondo model. We find that particle-hole asymmetry is the rele-
vant perturbation for the Majorana-Kondo model which is one of the signatures of
the Majorana fermions. It is known from the renormalization group study of the
Kondo model that particle-hole asymmetry is not a relevant perturbation for the
Kondo fixed point. In the Majorana-Kondo model, there is an emergent Zeeman

field which suppresses the transverse spin fluctuations and hence in the strong Ma-
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jorana coupling regime, the physics is governed by Majorana couplings rather than
Kondo coupling. From the numerical solutions of the flow equations of Majorana-
Kondo model, we find that Kondo divergence gets suppressed as we increase the
coupling strength to TSC.

Flow equation renormalization method gives us access to dynamic spin suscepti-
bility, and hence we explored the signatures of Majorana fermions in this quantity.
These signatures can be probed in experiments on quantum dots, and hence our
studies offer another way for the detection of Majorana fermions in quantum dots.
Though we found that Majorana fermions have strong renormalization effects on the
Kondo fixed point, however, we were not able to confirm the existence of Andreev
fixed point which was found in one research group based on perturbative renormal-
ization and other related methods. In future, we would like to do a more detailed
study of other parameter regimes of the model to find out whether flow equations
of Majorana-Kondo model lead to instability of the Kondo fixed point and Andreev

fixed point determines the low energy physics of Majorana-Kondo model.
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Appendix A

Commutators for Flow Equations for Majorana-Kondo

model

In this appendix we have evaluated all the commutators needed to calculate the flow
equations for the coupling constants and spin dynamics of Majorana-Kondo model.

The generator for the Majorana-Kondo model is:

=52 = )T (0 0) Geqr s =T p.0) s ey cqy DS
pq

(ep —€q+h)JL(p,q)(: c;chL :ST— CjNCpT : ST+
ep 1 (D) (i) (el — cpr) + €2 (p) () (c — cpp) 7+

(ep + hﬂ:&(ﬁ)(ﬂ)(cly —cpyS-) (A1)
For convenience we have divided the generator in following way:

n =m0k 40k + i+ i (A.2)
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= —Z — e + 1) J3(@) (0, @) (i) (el + )7 (1 = 2n(a)+

+ 5 Z — eq+ h)J3(q) T (p, @) () (el + epy) (A.12)
Zp: epJ1(P) (1) (chy — et %: echoch] = Z Ji(p s ) (A13)

Z epJa(p — cpt)S? Z echach] = Z Ja(p z'y CpT +cpr)S*

qo

_ (A.14)
Zp:(% +h) T2 (p) (i) (e}, ST — ey 57), ZEqCIpcqa]

fZJQ pleple + h)(iv)(ch ST + ¢ 57) (A.15)
[Z(ﬁp + 1) Ja(p) (i7)(ch ST = ¢y57), —hSz]
= Z Jo(p)(ep + h)h(iv)(cl, + ) S (A.16)
[Z Ty (ke (i) (el — ext), %: T (p, q)CLTCmSZ]
= —ZEle )T (0, 9) (1) (chy + ep) 57 (A.17)
[Zk: ek 1 (k) (i7) (el — exp)s D T (0, 9)(ehyeq ST + CZ¢CpTS+]

ra

=- Z J1(q) T (0 p)eg(i7)(ch ST + ¢, 57) (A.18)
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!Z eng(k:)(i'y)(cLT —cip)S%, Z J(p,q) : c%ch : SZ]

k Pq

=2 e (o)7' o 0)(i7)(ehy + ept) (A.19)

[Z exJ1(k) (i) Cm — Ckts Z Jt (p,Q)(: CLTCN D57+ CZWPT : S+]
pq

—ZGle ) (0, @) (i7)(cq1S™ + cf S7) (A.20)

[Z erJ2(k) (i) CkT — i) S*® ZJ p,q)(: Lchi ST+ C(LCpT : S+)]
pq

:_,Z% )T (0, @) (1) (el ST + ¢q . S7)(1 — 2n(p)) (A.21)

[Z(ek + h)Jg(k)(w)(ckiS - S7) ZJ¢ (p,q) cq¢ S* )]

k

= —% Y e+ 1) a(@) TH P, @) (i7)(ch ST+ ¢,057)(1 = 2n(q)) (A.22)

rq

[Z(ek + h)t]g(k:)(iv)(czish|r - ST) z:JL D,q)( pTC‘LL S7+: c:rncm St
k

= Z €q + 1) J2(a)T(p, @) (i) (chy + ¢y) (1 = 2n(q)) 5

- Z (eq + 1) J2(a) T (p, @) (i) (chy + enr) (A.23)

[Z(ep + 1) T (p) () (e} ST = epS7), Y (g + h)Ja(@) (i) (el ST+ ¢q157)

p q

=2 (& + 123 (0)S* + Y (& +h)*J3(p) (A.24)
pq p
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A.1 Commutators for the Spin dynamics

(1), h(1)S*] = = > (& — €q + W) TP, (D) (: chpcqy + ST+ ¢l jepy + ST)

- Z( + h)J3(p)h(1) (i) (ch ST+ ¢, 87) (A.25)
[Zem( — ), vaq telicq ST el e S )]
=—ZeTJ1 M) (i) (ch ST+ ¢.57) (A.26)
[Z@JQ( )(i7)(e)y — 1) S, vaq pelicq i ST H (el e S*)]
,ZM (D7) (1 = 20(r)(e] 57+ cy57) (A.27)

[Zm + 1) J3(r) () (el S — eSS gD chicgy 1 ST 1 el e - S*]

pgr pq

(A.28)

= 3 (e + W) (D1 = 20(r) (9) (el + c1)57) (A.29)

pgr

[Z —eg+h)JED, q)(: CLTCl]i:S__:C:;J/CPT:S ZQ (iy)( CTT+CT )S* ]

3 Z — eq + )T (1, 0)G (1)1 = 2n(r)) (e ST+ ¢l S) (A.30)

[Z(er + h)Jg(r)(m)(c;[iS"' - S7) an (iy)( T S+ +cpST)

T

= > (e + h)np(1)J5(r)(25%(1 = 2n(p)) + (e + h)p(1) J3(r)) (A.31)

r
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