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Synopsis

Martensitic transformations (MTs) form an important class of first-order structural
phase transformations exhibited by crystalline solids that involve breaking of symme-
try upon cooling (quenching) or applying external stresses on the high-temperature
phases. The structures stable above and below the transformation temperature are
called austenite and martensite respectively. Symmetry breaking of the austenite
phase is a result of diffusionless (cooperative) atomic displacements within the pe-
riodic unit cell and its deformation typically without breaking any bonds. These
features define an MT as distinct from other transformations. Examples of MTs
are seen in steel, shape memory alloys, many elemental metals and their alloys, and
ferroelectric materials. These materials are of great importance to advanced tech-
nologies ranging from medical applications, robotic structures to automotive and
aerospace industries. Immense technological relevance of materials undergoing MT
and its singular impact on their behavior make MT one of the most widely studied
phenomena in metallurgy and materials science. Our focus in this thesis is on the
MTs exhibited by shape memory alloys and group IV B transition metals (Ti, Zr
and Hf).

It is now quite well-established that first-principles density functional theory
(DFT) and simulations are capable of accurate prediction of ground state prop-
erties of materials arising from mechanisms operating at various scales. Though
computing resources have advanced greatly, the cost of these simulations limit their
efficacy in determination of properties of materials primarily at low temperatures. It
is generally impractical to do first-principles Monte Carlo simulations and Molecular
Dynamics requiring large system sizes to study of finite temperature properties like
structural phase transformations. Indeed, DF'T does provide important information

that can be used in estimation of finite temperature properties. The main theme

vil



of this thesis is devoted to determination of the finite-temperature phase transfor-
mations in metallic materials within the framework of statistical mechanics using
models derived from the results of first-principles DF'T calculations.

In this thesis, we make extensive use of first-principles DFT calculations, and
have developed three significantly important techniques to study martensitic struc-
tural transformations governed by the physics of coupled unstable phonons and
strain exhibiting nonlinear elasticity in the materials: (i) Quantum mechanical anal-
ysis of unstable phonons (w? < 0) to determine their free energy, where the harmonic
approximation is not valid, (ii) Construction a materials-specific effective Hamilto-
nian as a function of coupled phonons and strain modes using the method of lattice
Wannier functions (LWFs) to capture the low energy physics of martensitic transfor-
mations in metallic materials, and (iii) A periodic generalization of Landau theory
that can describe energetics of microstructure and martensitic transformations in
materials. These methods provide a significant advance in studies of thermody-
namic properties, microstructures relevant to shape memory effect and physics of
martensitic transformations in metallic materials. We note that methods (i) and
(iii) are new and based on innovative ideas and have general applicability. Method
(i) and (ii) were used in resolving the relative stability issues of various martensite
phases and investigation of MTs in NiTi (chapter 3) and PtTi (chapter 4) shape
memory alloys respectively. Method (ii) was also employed in our analysis of an MT
in Ti elemental metal (chapter 5). Method (iii) was used to model the energy along

path of martensitic transformations in group IV B transition metals (chapter 6).
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Chapter 1

Introduction

Martensitic transformation (MT) is a first-order displacive structural transforma-
tion in crystalline solids which involves breaking of symmetry, induced by cool-
ing (quenching) or applying external stresses on the high-temperature phases [1-3].
The structures stable above and below the transformation temperature are called
austenite (named after W. C. Roberts-Austen) and martensite (named after Adolf
Martens), respectively. Symmetry breaking of the austenite phase is a result of dif-
fusionless (cooperative) atomic movement and deformation in which atoms displace
relative to each other without breaking the bonds and not exceeding the inter-
atomic distance. These features distinguish an MT from other transformations. It
commonly occurs in steel, shape memory alloys, many elemental metals and their
alloys, and ferroelectric [4] materials. The set of materials known to undergo MT is
continuously increasing. These materials are of great importance to advanced tech-
nologies ranging from medical applications to robotic structures, automotive and
aerospace industries. The immense technological relevance of materials undergoing
MT and interesting features associated with it make MT one of the most widely

studied phenomena by metallurgists and materials scientists.
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1.1 Crystallography of martensitic transformation

Crystal structures of austenite and martensite phases depend strongly on the type
of materials and of martensitic transformation. Generally in metals and their alloys,
austenite phases have the cubic crystal lattices (B2, BCC or FCC), the martensite
phase is characterized by reduced symmetry of distorted cubic lattice. Consequently,
martensite phases may have tetragonal, orthorhombic, rhombohedral, monoclinic,
hexagonal or BCC crystal lattices, which depend on the chemistry of material and
structure of the austenite phase. For example, (i) ferrous alloys (iron-carbon alloys,
commonly known as steel) transform from face-centered cubic (FCC) structure to
body-centered cubic (BCC) or base-centered tetragonal (BCT) structure through an
MT, (ii) most of the shape memory alloys have B2 (CsCl lattice type) structure in
the austenite phase and B19 (orthorhombic) or/and B19’ (monoclinic) structures in
the martensite phases, (iii) Group IV B transition metals (Ti, Zr and Hf) undergo
a martensitic transformation from BCC (or §) structure to hexagonal close-packed
(HCP or «) and hexagonal open-packed (HOP or w) structures. Our focus in this

thesis is on categories (ii) and (iii).

1.2 Experimental observations

The phenomenon of martensitic transformations in metallic alloys has a long his-
tory, and was a mystery for metallurgists until middle of 19" century due to the lack
of experimental techniques. The first notable experimental observation was made
on steel (iron-carbon alloys) by Henry Clifton Sorby in 1863 [5] using the reflected
light microscopy, revealing a bulk metallic microstructure. After that, a series of
experimental observations using optical microscopy and a high degree of hardness
of the martensite steel was interpreted in terms of its microstructure. The major

breakthrough in this field came after the discovery of X-ray diffraction (XRD) in
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1912. XRD, used to determining crystal structures, was very soon adopted by sci-
entists to study martensitic transformations. Westgren (1921) [6] and Westgren and
Phragmen (1922, 1924) [7,8] successfully explained the crystallography of allotropes
of iron. In 1950’s transmission electron microscopy (TEM) augmented XRD and
inspired new theories and approaches in this field. Apart from steel, MTs then
were demonstrated in other alloys such as InTl, CuAl, CuZn and many elemental
metals and their alloys. Another breakthrough impacting engineering applications
occurred with the discovery of NiTi by Buehler in 1963 [9], which was shown to be a
remarkable shape memory alloy exhibiting a reversible martensitic transformation.
The commercial success and vast applications of NiTi in technologies spearheaded
intense research activity in shape memory alloys, making them widely investigated

alloys.

1.3 Theoretical developments

Experimental evidence in the crystallography of austenite and martensite structures
motivated scientists to find the theoretical explanation of MTs. The very first theory
was proposed by Bain in 1924 [10] using the concept of lattice correspondence (LC)
that builds a relationship between austenite and martensite lattices and provides an
important link between them through a lattice distortion. He successfully explained
the diffusionless character of MT in steel and illustrated the homogeneous defor-
mation of the FCC austenite phase to the BCC martensite phase, now called the
Bain strain. A simple deformation mechanism proposed by Bain failed to explain
shear deformation, invariant planes between austenite and martensite phases and
twinning, and it was considered as an oversimplified theory but yet important work

to understand MTs. Kurdjumov and Sachs in 1930 [11] and Nishiyama in 1934 [12]
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proposed mechanisms based on orientation relationship (OR) between the marten-
site and austenite phases that include rotation of the transforming portion of the
material leading to shear deformation. Though the OR theories of Kurdjumov and
Sachs, and Nishiyama explained shear deformation in MTs it failed to explain the
invariant planes and twinning.

Thereafter in the 1950’s when mathematical concepts were adapted by metallur-
gists and material scientists, two famous works proposed phenomenological theories
of martensite crystallography (PTMC) of MTs: (i) by Wechsler, Lieberman and
Read (WLR) [13,14] and (ii) by Bowles and Mackenzie (BM) [15-17], independently.
The WLR theory of crystallography of MTs was formulated in real space while the
BM theory was formulated in the reciprocal space. Though the two formulations
are different they are proven to be equivalent [18]. In these theories, deformation
and rotation of austenite lattice are represented by matrices as operators acting on
an arbitrary vector, and the invariant plane is the interface between austenite and
martensite phases which is undistorted and unrotated. PTMC is one of the most
successful theories based on geometrical crystallography with well established math-
ematical framework. Though PTMC theory is very sucssefull in explaining the MT's
where only lattice distortion take place, in shape memory and many other alloys
atomic displacements also take place along with lattice distortions, and the PTMC
theory does not quite explain their MTs. With advances in first-principles simu-
lations methods to study properties of materials, atomic displacements described
in terms of phonons became readily accessible. First-principles calculations have
become a very useful tool to study MTs in materials.

It is now quite well-established that first-principles based density functional the-
ory (DFT) is capable of predicting ground state properties of materials at various
scales with remarkable accuracy. It is (a) predictive, (b) complementary to experi-

ments, and (c) helpful in understanding mechanisms. Some properties are the direct
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outcome of DFT simulations including total energy, electronic structure, phonon fre-
quencies, stress and forces etc. Though computing resources have advanced greatly,
DFT is still tool to determine properties of materials primarily at T=0 K and it
is impractical to do first-principles Monte Carlo (MC) simulations and Molecular
Dynamics (MD) that require large system sizes to study of finite temperature prop-
erties, e.g. structural phase transformations. Of course, DFT provides important
information that can be used in estimation of finite temperature properties. The
main work of this thesis is devoted to determining the finite temperature behavior of
materials within the framework of statistical mechanics using models derived from
the results of DFT calculations.

Rabe and Joahnopouos [19,20] developed an ab initio effective Hamiltonian ap-
proach which takes a subset of the degrees of freedom which are relevant to the phase
transformation. They constructed an effective Hamiltonian as a function of these
degrees of freedom, determined its parameters from first-principles and successfully
explained the ferroelectric structural transformation in GeTe. Following this ap-
proach Zhong, Vanderbilt and Rabe [21] constructed an effective Hamiltonian to
explain the ferroelectric phase transition in BaTiOs. Rabe and Waghmare [22]
took forward this idea and developed an effective Hamiltonian scheme based on
lattice Wannier functions (LWFs), and used it to study phase transformations in
ferroelectric PbT'iO5 [23] and antiferroelectric PbZrO; [24]. Though this approach
became quite popular in the field of ferroelectric phase transformations, it has been
challenging to generalize this to other structural phase transformation. We have
taken it further here and constructed an effective Hamiltonian using LWF's to study
martensitic transformation in shape memory alloys (NiTi and PiTi) and titanium

an elemental metal.
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1.4 Overview of the thesis

In this thesis, we make extensive use of first-principles DFT calculations, and have
developed three significantly important techniques to study martensitic structural
transformations governed by the physics of coupled unstable phonons and strain
exhibiting nonlinear elasticity in the materials: (i) Quantum mechanical analysis
of unstable phonons (w? < 0) to determine their free energy, where the harmonic
approximation is not valid, (ii) Construction a materials-specific effective Hamil-
tonian as a function of coupled phonons and strain modes using the method of
lattice Wannier functions (LWFSs) to capture the low energy physics of martensitic
transformations in metallic materials, and (iii) A periodic generalization of Lan-
dau theory (Fourier-Landau theory) that can describe energetics of microstructure
and martensitic transformations in materials. These methods provide a significant
advance in studies of thermodynamic properties, microstructures relevant to shape
memory effect and physics of martensitic transformations in metallic materials. We
note that methods (i) and (iii) are new and based on innovative ideas and have gen-
eral applicability. Method (i) and (ii) were used in resolving the relative stability
issues of various martensite phases and investigation of MTs in NiTi and PtTi shape
memory alloys respectively. Method (ii) was also employed in our analysis of an MT
in Ti elemental metal. Method (iii) was used to model the energy along path of
martensitic transformations in group IV B transition metals.

In Chapter 2, we present a brief description of first-principles methods used in
this work, starting with Hohenberg-Kohn theorems and foundations of Kohn-Sham
density functional theory (DFT) that replace the interacting many-body problem
with an effective non-interacting electron problem. In the second part, the formalism
used in the estimation of free-energies of unstable phonons. In the third part, we

will review the method of construction of an effective Hamiltonian that is used in
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investigation of martensitic transformations in shape memory alloys and in pure
titanium. Finally, we will present the basis of periodic generalization of Landau
theory that is used to study MTs in IV B group transition metals.

In Chapter 3, we present a phonon-based model and its statistical mechanical
analysis to obtain atomistic insights into martensite phases and transformation in
NiTi, uncovering seven order parameters that are relevant to its M'T. With Monte
Carlo simulations of an effective Hamiltonian derived to capture its low energy land-
scape, we determine its soft phonons and establish the cell-doubling M5 mode as
the primary order parameter. Using Landau theoretical analysis, we show that rel-
ative strengths of its third-order coupling with secondary order parameters (e.g.,
strain) determine the specific symmetry of low-T martensite structures emerging at
the MT. Our pressure-dependent Monte Carlo simulations show that negative pres-
sure enhances the martensitic transformation temperature, while positive pressure
can stabilize B19 as an intermediate phase during the MT. We present analysis of
microstructures of NiTi using the effective Hamiltonian approach and show that
the domain walls separating domains with distinct orientations of order parame-
ters identified here are essentially the twinning or stacking faults relevant to the
microstructures governing martensitic transformation.

In Chapter 4, we present a theoretical analysis of martensitic transformation in
PtTi, a high-temperature shape memory alloy. Similar to NiTi, PtTi also occurs in
the B2 structure at high temperature. However, its ground state is the monoclinic
(B19) structure. We show that vibrational entropy of soft modes stabilizes the
orthorhombic (B19) structure at T > 112 K, the experimentally known ground state.
We use the same form of effective Hamiltonian as one used for NiTi, with parameters
specific to PtTi determined from first-principles, and present its analysis with Monte
Carlo simulations to determine the T-dependent MT. Landau theoretical analysis

of effective Hamiltonian reveals important phonon instabilities and their couplings
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with strain, and confirm that the relative strengths of primary order parameter’s
(Ms) third-order coupling with secondary order parameters indeed determine the
stability of B19 structure. We have identified four order parameters relevant to the
MT exhibited by PtTi.

In Chapter 5, we present a detailed statistical mechanical analysis of an effec-
tive Hamiltonian derived to capture the low energy physics of Ti and investigate its
martensitic transformation from the body-centered cubic (BCC or /) to hexagonal
close-packed (HCP or «) structure. Analysis of phonon modes and strains of the 3
structure reveals that a-phase corresponds to a specific amplitude of unstable My,
phonon mode and values of strains. We present Monte Carlo simulations of the
effective Hamiltonian of Ti demonstrating § to a martensitic transformation iden-
tifying the relevant soft modes and their behavior near martensitic transformation
temperature.

In Chapter 6, we present a Fourier generalization of Landau theoretical energy
function that is essential for a single description that captures the translational
symmetry and physics of microstructure and of the martensitic transformations in
materials. We apply this theory to two martensitic transformations in Group IV B
transition metals: (i) f — «, and (ii) f# — w. Finally, we summarize highlighting
the achievements in this thesis and limitations of the methods used, and present our

perspective on the opportunities of further work in chapter 7.



Chapter 2

Methods and Formalism

In this chapter, we describe theoretical and computational methods that we used in
our calculations or developed to determine the various properties of materials: (i)
at T = 0 K within the framework of first-principles density functional theory, and

(ii) T-dependent phenomena (e.g. martensitic transformations).

2.1 First-principles methods

Materials are described as a collection of nuclei and electrons that interact via the
electromagnetic fields, and the various properties of it can be determined by their
motions and interactions among them. The collection of electrons and nuclei makes
it a many-body problem, and the fundamental Hamiltonian of this problem that

describes their motion and interactions is given by [25],

hz Zje
‘Tmzw Zm—m 2R

Z[Zje
_ 2.1
Z Y Z R R (2.1)
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where m, and e are the mass and charge of an electron respectively, and A is the
reduced Planck constant. r; is the position vector of i electron. R;, M; and Z;
are the position vector, mass and atomic number of the I*" nucleus, respectively.
The first and fourth terms in Eq. (2.1) are the kinetic energy of electrons and nuclei
respectively. Second, third and fifth terms represent electron-electron, electron-
nuclei and nuclei-nuclei Coulomb interactions, respectively.

Though the many-body Hamiltonian (Eq. 2.1) looks simple, its solution is al-
most impossible for a material that consists of the large number of electrons and
nuclei. Therefore, we sovle Eq. (2.1) within the Born-Oppenheimer approximation
(adiabatic approximation) [26]. This approximation has been made considering the
fact that M; >> m,, the kinetic energy of nuclei is much lower than that of elec-
trons, and can be ignored. Thus, electrons and nuclei can be treated as quantum
and classical particles, respectively. Consequently, the total energy of a given set of
atoms in a material is the sum of the nuclei-nuclei Coulomb interaction and elec-
tronic ground state energy. To estimate the electronic ground state energy, the form

of many-body electronic Hamiltonian can be written as:

He - Te + ‘Znt + ‘A/e:vta (22)

where Te, ‘A/mt and ‘A/m denote kinetic energy, electron-electron interations and
potential acting on the electrons due to nuclei, respectively. The many-body wave-

functions of electrons are obtained by time-independent Schrodinger equation:

~

HU(R,1) = ¢U(R, 1), (2.3)

where € and (R, r) are the ground state energy eigenvalue and wavefunction
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of the electrons, respectively. R and r are the position vectors of nuclei and elec-
trons in the materials respectively. Since, the electrons are fermions, ¥)(R, r) must
be antisymmetric under exchange of two electronic coordinates r;. Though Born-
Oppenheimer approximation reduces the difficulty to determine the ground state for
a given set of atoms and their positions, quantum mechanical solution of Eq. (2.3)
for the large number of atoms is still a challenge. Therefore, determination of the

ground state is quite hard and requires additional approximations.

2.2 Density functional theory

Density functional theory (DFT) is one of the most popular and versatile quantum
mechanical modeling methods to investigate the electronic structure and properties
of materials. DFT was developed by Hohenberg and Kohn in 1964 [27], Kohn and
Sham in 1965 [28] replacing an interacting many-body problem into a set of single-
particle problems treating charge density of electron gas as fundamental, including

many-body effects in the exchange-correlation energy functional of density.

2.2.1 Hohenberg-Kohn theorems

The framework of DFT is based on two powerful theorems:

Theorem I: The external potential V., (r) of any system of interacting particles
can be determined uniquely by the ground state particle density ng(r) within an
additive constant.

Theorem II: For any given external potential V,,(r), the universal functional for
energy E[n| of the system can be defined in terms of particle density n(r). The exact
ground state energy of the system is the global minimum value of this functional,
and the density n(r) that minimizes this functional is the exact ground state particle

density ny(r).
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Based on these two theorems, the 3N, (N, is number of electrons) variables in
the problem are reduced to a problem involving function of only three variables of

n(r), and the total energy functional can be written:

EHK[H] = FHK[TZ] + /d?’rvezt(r)n(r) + E[[, (24)

where Ej; is the nuclei-nuclei Coulomb interactions. Functional Fp[n] includes
kinetic T'[n| and potential F;,;[n] energies of interacting particles system. Though
these two theorems prove existence of an universal functional Fy[n] (only a func-
tional of density n(r)), they do not provide a practical scheme for determining the
ground state density ng(r), In 1965, Kohn and Sham proposed an anstaz for the

ground state density ng(r) to simplify this.

2.2.2 Kohn-Sham ansatz

Kohn-Sham ansatz [28] is a mathematical assumption that replaces the ground state
density of an original interacting many-body system by a system of auxiliary non-
interacting particles. Thus, calculations of an original system can be performed on

an auxiliary non-interacting particles system with the total energy functional given

by,

Exs = Tuln] + / AV (D)n(r) + Excln] + Enln] + Enr. (2.6)

Terms in Eq. (2.6) are described below:
n(r) is charge density of auxiliary system determined by the sum of square of N,

non-interacting electrons’ wavefuctions (¢;(r)):
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n(r) = Z [0i(r)[?, and N, = /dr n(r). (2.7)

Ti[n] is the kinetic energy of N, non-interacting electrons, and given by,

p2 Qe

Tiln] = —o— > (W(x) | V?[¢i(x)). (2.8)

2m
€ =1

Ey[n] is the Hartree energy, classical interaction energy of the electron density

interacting with itself, and define as,

2

Eyln] =< / o) g (2.9)

2 r —r/|

Excn] is the exchange-correlation energy of electrons that takes into account of
(i) difference in kinetic energy of the many-body interacting system and set of non-
interacting system, and (ii) residual energy contributions due to the exchange asym-

metry and correlations. Ex¢ is given by,

Excln] = (Tn] = Tu[n]) + (Ein(n] — Enn]), (2.10)

where [n] denotes a functional of the electron density n(r). The exact form of
Exc[n] is unknown, and will be discussed shortly. In this approch, the Hamiltonian
of an auxiliary non-interacting particles is called Kohn-Sham Hamiltonian (Hgg),
and written as,

h2
Hgg = )

V2 + Vis(r), (2.11)

€

where Vi g(r) is Kohn-Sham potential expressed as,
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VK5<F) = Vm(r) + VH(I') + ch(r), (2.12)

where V. (r), Vg(r) and Vxeo(r) = 8?&? g"] are external, Hartree and exchange-
correlation potentials, respectively. Now, one can write single-particle Kohn-Sham

equations as,

HKS¢¢(I‘) = Eﬂﬂi(r), (2'13)

the solution of Eq. (2.13) is a self-consistent iterative method, and illustrated in

Figure 2.1.

2.2.3 Exchange-correlation energy functionals

As mentioned earlier, the exact form of Exc[n] is unknown, and it requires fur-
ther approximations. Towards this, many approximations have been proposed, and
among all available approximations, local density approximation (LDA) [29-31] and
generalized gradient approximation (GGA) [32] are the most commonly and widely
used schemes to estimate the exchange-correlation energy. In LDA, the exchange-
correlation energy density is approximated as that of the uniform electron gas given
by its density, while in GGA, it considered as a function of both density and its
gradient at each point in the space. GGA leads to a notable improvement over LDA
in estimation of energies, and improve the accuracy of many of the ground state

properties of materials.

2.2.4 Pseudopotential approximation

Based on the nature of chemical activity of electrons in a material, they can be
divided into two types, (i) core electrons, and (ii) valence electrons. It is an es-

tablished fact that most of the properties of a material can be determined by the
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'

Solve Kohn-Sham Hamiltonian
1
[—E Vi+ Vi (r)]W.(r)=¢, W (r)

l

Calculated electron density

Z\‘P | =0, (1)

Self-consistent?

nnew ( r) oId | <6

No

Output quantities
Energy, forces, stresses, ...

Figure 2.1: Flow chart of the iterative solution of Kohn-Sham equations to achieve
self-consistency.
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Figure 2.2: Schematic representation of an all electron potential (dotted line) and
pseudopotential (solid line) along with corresponding wavefunction. Source of figure:
https://en.wikipedia.org/wiki/Pseudopotential.

valence electrons of its atoms, while core electrons are sort of inert. Pseudopotential
approximation [33] takes this into account, and removes core electrons by replacing
their effects and strong ionic potential by a weak and smooth pseudopotential that
act on a group of pseudo wavefunctions of valence electrons (See Fig. 2.2).

The behavior of pseudopotential in different regions of radius r (see Fig. 2.2) is
defined by a cut-off radius (r.). For r > r., all-electron and pseudo wavefunctions
of valence electrons are identical. For r < r., energy eigenvalues and scattering
properties are conserved by the pseudo-wavefunctions. If the charge density of each
pseudo wavefunction is equal to the charge density of the actual wavefunction inside
the region r < r., the pseudopotential is known as a norm-conserving pseudopo-
tential [34]. This is generalized in ultrasoft pseudopotentials [35], where the total
charge in r < r. region is conserved along with augmented charge density. Ultrasoft
pseudopotentials reduce the computational cost significantly while maintaining the

accuracy.
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2.2.5 Basis set

The basis set is a set of functions that can be used to represent the Kohn-Sham
wavefunctions, and transforms the Kohn-Sham equation into the algebraic equation
appropriate for computational simulations. Among many possible basis sets, plane-
waves [36], atomic orbitals [37,38] and their combination (mixed basis) [39] are
commonly used in first-principles based computational simulations within DFT.
Plane-wave basis set is widely used in the simulations of materials that have
periodicity at least in one dimension. In this basis set, Kohn-sham wavefunction of

a particle can be represent as,

Yir(r) =Y Cieraye’ ™A™, (2.14)
1G]

where G and k are reciprocal lattice vector and Bloch wave-vector in the Brillouin
zone, respectively, and C; 1) is an expansion coefficient. In practice the sum is
truncated by introducing a kinetic energy cutoff (E.,;) which determines the number

of plane-waves satisfying the following condition:

h2
2me,

k + GJ]* < E.u. (2.15)

The cutoff energy (FE.,;) is increased until the calculated energy differences converge
to a desired accuracy. Atomic orbitals are used to expand Kohn-Sham wavefunc-
tions of molecules and atomic clusters to calculate their electronic properties. In
mixed basis sets, atomic orbitals are incorporated near the nucleus while plane-

waves are away from the nucleus as implemented in Linearized Augmented Plane-

wave (LAPW) method [40,41].
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2.3 Phonons

Phonon is a quasiparticle and quantum of vibrational energy associated with col-
lective motion of atoms in materials. The concept of phonons provides a powerful
tool to study the properties of materials which are governed by atomic displace-
ments. Phonon-dispersion, behavior of vibrational frequency (w) versus wave-vector
(q), reveals interesting physics of materials that governs stability of structures, ther-
modynamic properties and structural phase transformation of crystalline materials.
There are two types of phonons: (i) stable phonons (w? > 0) and (ii) unstable
phonons (w? < 0). Frozen-phonon and linear-response methods are the two meth-

ods which are commonly used to calculate phonons from first-principles.

2.3.1 Frozen-phonon method

This method involves explicit displacements of each of the atoms in a given crystal
structure to calculate induced forces on every atom using Hellmann-Feynman theo-
rem [42]. The force constant matrix (K, ;s(R)), R denotes real space, is the second
derivative of total energy E with respect to atomic displacements,

OF; 0’E

Kioi =— =— : 2.16
:Jﬁ(R’) aujﬁ auiaaujﬁ ( )

where i and j are the atomic indexes, and « and [ are their cartesian coordinates.
Kia js(R) is the force acting on the a coordinate of i atom due to the displacement
u;s in the 8 direction of j atom. Phonon frequencies (w) at any wave-vector (q)
can be determined by taking square root of eigenvalues of the dynamical matrix
(Dja,jp(q)) that is the Forurier transformation of K%‘*](\Z)
This method requires a set of total energy calculations using DFT that depends

on the number of atoms in the system, and is suitable for the phonon calculations

at q = 0, called I'-point in the Brillouin zone. To calculate phonons where q # 0,
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we need to use a supercell and its size will be defined by the wave-vector q. In
this case, the number of atoms increases rapidly and require a large number of total
energy calculations which are computationally expensive and time-consuming. The
linear-response method overcomes this drawback and provides a computationally

feasible tool to calculate full phonon-dispersion.

2.3.2 Linear-response

DFT linear-response (DFT-LR) [43] is an approach to computing the second deriva-
tive of the total energy with respect to a given perturbation. Since the force constant
matrix is a second derivative of ground state energy with respect to atomic displace-
ments (u), the linear-response provides a powerful mechanism to calculate phonons
at an arbitrary wave-vector (q). This method is efficient and hence widely used
in first-principles calculations, and also known as density functional perturbation

theory (DFPT). In this approach, the force constant matrix (K, js) is:

2 2p. 2
KiaJ/B _ 0°F . 0 Ezonfzon + / 0 ‘/ezt(r) drn(r) i / 877/(1') a‘/ext<r)

= —=dr. (2.17
aumujg 8uiaujg Gumujg auia aujﬁ ' ( )

It is clear from Eq. (2.17) that Kj, jz dependes on the ground state charge density

(n(r)) and its first-derivative (linear-response) with respect to atomic displacement

9nlr) " To caleulate Kiq g, Eq. (2.17) is evaluated within the frame work of first-

principles calculations by solving first-order Kohn-Sham equations [28].

2.4 Free-energy

The direct outputs from DFT and DFPT calculations determine the properties of

materials at T=0 K. To calculate properties at T > 0 K, free-energy becomes an
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important quantity. Using phonons, one can estimate free-energy of stable phonons
readily using the harmonic approximation. On the other hand, free-energy of un-
stable phonons is not quite possible because harmonic approximation is not valid
for these phonons.

To estimate contributions of stable phonons to vibrational free energy, we use

harmonic approximation treating them as quantum oscillators [44]:

kgT o hwgy
Fg;bze = % Z l”@“”ﬂﬁ)]a (2.18)

v

where Fﬁ’;ble vibrational free energy of stable phonons of the optimized structure.
Wy, is the frequency of v phonon mode at ¢ wave-vector, and N, is the number of
q wave-vectors. Since Eq. (2.18) does not hold for unstable phonons (w? < 0), we
determine* [45] their contributions to vibrational free energies by treating them as
quantum anharmonic oscillators (QAQOs). We include fourth-order anharmonic term

in Hamiltonian of unstable modes:

1R 9
H = ————— ), 2.1
2 M, 02, V(ug) (2.19)
]' 2 2 1 4
V(”QV) = _§Mquqyuqy + Zkﬁluqyy (220)

where V' (ug,), My, wg and ug, are anharmonic potential, effective mass, imag-
inary part of frequency and amplitude of the normalized eigenvector (|d, >) of
unstable phonon mode v at ¢ wave-vector in BZ, respectively. k4 is the coefficient of
fourth-order anharmonic force constant of v, and it must be positive. The effective

mass (M) of a phonon mode is My, =< g |M|i, >, where M is the diagonal

*Published in Materialia 9,100602 (2020)
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mass matrix. We used values of w,,,, M and |d, > from the DFT-LR calculations,
and the value of k4 was estimated by fitting to the double-well potential calculated
by freezing unstable phonon modes.

To solve Schrodinger equation of Hamiltonian of unstable modes, we used higher-
order finite difference formula of the kinetic energy operator on a uniform grid in

real-space [46] of ug,:

32

2
ouz,

N
1
Yailg) = 35 > Cotbanltigam) + OV (221)
n=—N

where h is the grid spacing, g,i(ugi) Is quantum mechanical wavefunction of
the I excited state of phonon v at ¢g-point in BZ. C,, being the coefficients of finite
difference formula [46], N is the order of finite difference approximation, which is
accurate to O(h?*M*2). We use N=6 and employ Eq. (2.19) and (2.21) in setting up

the Schrodinger equation as follows.

N

1 R?
_2_hQM Z anql/l(uqu(zﬁrnh)) + V(uqu),lvbfwl (uqui) - qu/ﬂ/}ql/l(qu’)a (222)
Y p=nN

where E,,; is the ['" energy eigenvalue of v phonon mode at g-point. We diago-
nalized H matrix and find its energy spectrum. Using this spectrum, we calculate

the partition function Z,, as,

H
Zy = Y e Paoilhsl (2.23)
=0

H
qu/ — e*Equo/kBT{l_i_Ze*(Equl*EquO)/kBT}’ (224)
=1
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H
InZy = —Egpof/kT +1In{l+ Y e Far=Fuol/ksT), (2.25)
=1

where H labels the highest energy excited state in our analysis of phonon v. E,
is ground state energy of v phonon at ¢ wave vector in BZ. Factoring it out of the
logarithmic function in Eq. (2.25), we ensure that (1 + i e~ (Eai=Ewo)/ksT) > () for
all excited states, enabling estimations of logarthimic flj;i:tion. We choose the cut-

off exciting state (H) such that exp(—E,,;/kpT) is negligible at room temperature,

and calculate contribution to free energy of each unstable phonon mode v as,

unstable N

kpT
Frh = -2 "InZ,, (2.26)
4 4.

H
1 Z
F’fjllstable = F[ qu/() — kBT g ln[l _|_ E 6_(Equl—EL1u0)/kJBT]’ <227)
1 qu qu =1

where N, is the number of ¢ wave vectors in the BZ, using Eq. (2.27), we calculate
the free energy of unstable phonons. Using Eq. (2.18) and (2.27), we estimate the
total free energy as follows:

FH:E+F£Zble+th

unstable’

(2.28)

where F and Fpy are the total and Helmholtz-free energies of the optimized

structure, respectively.

2.5 Method of lattice Wannier functions

Lattice Wannier functions (LWFs) are the localized modes in the real space, obtained

through Fourier transformation of phonon normal modes [47-49], and a phonon
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analogue of electronic Wannier functions [50,51]. The lattice Wannier basis vectors
span in an invarient subspace of atomic displacements, and is determined by phonon

normal modes. For a phonon mode the Wannier basis vector can be written as,

1 _
wiy = = explidy(])exp(—iq- Ri)ez,, (2:29)

N
where w; ,, is the Wannier basis vector in the 7" unit cell of crystal structure in
real space corresponding to frequency band of phonon modes v. ¢,(q) is a phase
factor in reciprocal space, and its value always chosen typically to maximize the
localization of w;,. This localized basis in real space facilitates construction of an
effective Hamiltonian to study the structural transformations in which the product

phase is linked by lattice distortion and atomic displacements in the parent phase.

2.5.1 Effective Hamiltonian approach

The form and invariant subspace of effective Hamiltonian (H.rs) constructed using
LWFs to study the structural transformations are material-specific. These depend
strongly on the crystal symmetry of the parent structure of materials and its unstable
phonon modes involved in this transformation. In this approach, the Wannier basis
coordinates span an invariant subspace containing the unstable phonon modes that
link parent and product structures through lattice distortions that occur during
the transformation. Localized Wannier basis coordinates that define the invariant
subspace can be determined using Eq. 2.29 for a set of phonon modes (v) at high-
symmetry ¢ wave-vectors.

We implemented this effective Hamiltonian approach to investigate the important
physics of martensitic transformation in MTi (M = Ni and Pt) shape memory alloys

and pure titanium. We follow the scheme of lattice Wannier functions (LWFs) in
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Ref. [22], and identify the symmetry invariant subspaces of the relevant degrees of
freedom using full phonon dispersion of the cubic lattice (B2 for shape memory alloys
and two atoms basis 3 for titanium) obtained along the high-symmetry directions in
the BZ. The symmetry analysis of the invariant subspaces of the B2 structure of MTi
that have two non-identical atoms in the unit cell allows us to divide LWF's into two
subspaces labelled by atomic positions (M and Ti) with irreducible representations
of a vector. Using symmetries and eigenvectors of the zone boundary phonons, we
determine M-centric {7} and Ti-centric {7} localized LWF's to span these subspaces
of B2 structure’s phonons. Using the cubic symmetry, we express H. ;¢ as an explicit
symmetry invariant Taylor expansion in 7j;, 7; and homogeneous strains (,5), i

indicates the lattice unit cell 77; and 7; belong to. H.rs consists of four parts:

Heff — Hé\}[f(ﬁz) + HeTfo<7_—;) + Hspc(ﬁia 7_-;7 5&5) + Helastic(gaﬁ)u (23())

where H2{(7;) and H/;(7;) operate in subspaces of phonons dominated by M
(Ni and Pt) and Ti atomic displacements, respectively. Hejstic(€ap) contains linear
and nonlinear elastic energy of homogeneous strain €,4, and the coupling of ,3 with
both sets of LWF's is included in Hyp,(7;, 7, €ag). The detailed derivation of H. sy and
a procedure for determining its material specific parameters are presented in Section
3.5 of chapter 3, and the same form of this Hamiltonian is also used in analysis of
MT in PtTi (chapter 4). In contrast to NiTi and PtTi, BCC structure of Ti has
identical atoms at M and Ti sites of conventional unit cell of its parent phase. In
the effective Hamiltonian of Ti, we thus do not distinguish the two LWFs subspace,
and use the modified form of Eq. 2.30 to investigate martensitic transformation in

titanium and its full details are presented in chapter 5.
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2.6 Monte-Carlo simulations

Temperature-dependent properties of a material can be calculated using its parti-
tion function, once the material-specific Hamiltonian in terms of relevant degrees of
freedom is available. This Hamiltonian can be readily simulated using Monte Carlo
simulations to study temperature-dependent phenomena. Monte Carlo simulations
are based on stochastic integration sampling with random numbers and provide es-
timates of the statistical averages of physical quantities of a model material. In our
work, we studied martensitic transformations exhibited by the effective Hamilto-
nian with Monte Carlo simulations on the L x L x L periodic system of the parent
phase using the Metropolis algorithm for updating the configurational variables in

the model system.

2.7 Periodic generalization of Landau theory: Fourier-
Landau theory

Landau theory models free energy function of the order parameters of phase trans-
formations typically expressed as symmetry allowed polynomial using the parent
phase as the reference. It captures the physics of all symmetry equivalent ordered
states. In some phase transformations (chapter 6), it has been found that free energy
is a periodic function of order-parameter. In this case, conventional Landau theory
needs to be generalized to a Fourier series to capture the translational symmetry of
the crystalline lattice, we called it Fourier-Landau theory, and the free energy per

unit volume becomes,

2 2 d
Tl + ;{ancos(ul:u) + bnsin(uL:u)} + g/dw|£|2, (2.31)
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where Fy, a,’s and b, are the Fourier coefficients. V is volume of unit cell, ug
denotes the translational symmetry of the crystal lattice. Last term denotes the
kinetic energy, for g > 0, its clear that energy will be minimized if |u| does not vary
along x. Coefficients in Eq. 2.31 can be determined easily by first-principles calcu-
lations. The Fourier-Landau theory provides a unified description of microstructure

and structural transformations.



Chapter 3

Martensitic Structural
Transformation in NiTi: A Shape

Memory Alloy

3.1 Introduction

Shape Memory Alloys (SMAs) are of great importance to technologies ranging from
medical stents to smart structures in the aerospace industry. They exhibit a shape
memory effect (SME), in which a highly deformed material recovers its predeter-
mined shape upon heating [52]. Fundamental to the SME is the martensitic trans-
formation (MT), in which the high-temperature cubic austenite structure changes
to a low-temperature martensite structure [53] through a non-diffusive first-order
phase transition involving atomic displacements (phonons) and large deformations
in the crystal shape (strain) [54]. MT in SMAs has been investigated through ex-
perimental [55-59] and theoretical studies over the past few decades [60-64]. While

Nitinol (NiTi) is the prototypical member of an important class of SMAs, a clear

*This work has been published in Materialia, 9, 100602 (2020). Reproduced by permission of
Elsevier, URL: https://doi.org/10.1016/j.mtla.2020.100602
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understanding of the precise mechanisms of M'T and relative stability of its various
low-symmetry structures relevant to its SME are still lacking.

Depending on the composition of NiTi-based alloys, their MT involves five crys-
tal structures: B2 (cubic, space group (SG) Pm3m), R (trigonal, SG P3) [65], B19
(orthorhombic, SG Pmma), B19' (monoclinic, SG P2;/m) and BCO (base-centered
orthorhombic, SG Cmem) [66], a special case of B19" structure with lattice parame-
ters satisfying certain geometric conditions. At high-temperatures, these alloys have
the cubic B2 structure, which deforms spontaneously through one of the three tran-
sition pathways (Fig. 36 of Ref. [67]) to low-symmetry structures upon cooling. The
transformation from B2 — B19" occurs in quenched NiTi, B2 —+ R — B19’ occurs in
NisTiz and B2 — B19 — B19" occurs in ternary T'igg5Nis55Cus9 and quaternary
Ti50NigyCusAl alloys [68]. Fundamental understanding of the microscopic coupling
governing these transition pathways is essential to design of improved NiTi-based
shape memory alloys.

Several first-principles studies of NiTi [65,66,69-71] focused on accurate predic-
tion of structural parameters of its low-temperature phases and their electronic and
vibrational properties, complementing the experimental results. In earlier theoreti-
cal works on NiTi [72,73], B19 phase was found to be a relevant metastable phase,
and it was suggested that the MT occurs in two steps B2 — B19 — B19’. However,
this was suggested to be unlikely in a recent work of Strachan et al. [69], who showed
that B19 phase is unstable. Seminal first-principles theoretical analysis of Huang
et al. [66] showed that the BCO structure is the ground state of NiTi, while it is
yet to be observed experimentally. More importantly, single crystal BCO structure
can not store shape memory at atomic-scale because it is connected to B2 structure
along non-unique atomistic paths of transformation.

Thus, theoretical prediction of BCO as the ground state structure of NiTi had

been a puzzling result. Haskins et al. [63] resolved this puzzle by determining the
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free energies of B19" and BCO structure using thermodynamic integration within
ab initio molecular dynamics (AIMD). They confirmed that BCO is the ground
state structure of NiTi, while B19" structure gains stability at 7" > 75 K. Some
of the recent theoretical works used molecular dynamics (MD) [74-76] to simulate
temperature-dependent structural phase transformation in NiTi, with a semiempiri-
cal model derived from the second-moment approximation of tight-binding method.
With focus primarily on the transition temperature (T)), their estimates of Ty, are
in good agreement with experiment of NiTi. Haskins et al. [63] performed AIMD
simulations to estimate free energies along the path of transformation between B2
and B19’ structures. Their estimate of the transformation temperature is approxi-
mately 500 K, which is about 180 K above experimental results [77]. However, the
microscopic picture and interactions governing the M'T are not quite clear.

The monoclinic B19’ structure of NiTi stores its shape memory, as it undergoes
a reversible transformation upon heating to the B2 phase involving {011}<011>
shuffle and {100}<011> non-basal shear. In the absence of non-basal shear, B2
transforms into the B19 structure [78,79]. Elastic moduli of the cubic structure
corresponding to {011}<011> basal shear and {100}<011> non-basal shear are
C'=(C11 — C12)/2 and Cyy respectively, and their ratio is called the anisotropy fac-
tor A= Cyy/C". Ren and Otsuka [80] presented a Landau-like model to study MT
in NiTi taking into account {011}<011> shuffle, {100}<011> non-basal shear and
{011}<011> basal shear as three order parameters, and determined their contribu-
tions in different phases of NiTi. Otsuka et al. [67] proposed that a material with
10 < A < 20 exhibits a B2 to B19 transformation, while a material with the smaller
value of A (~ 2) exhibits B2 to B19" transformation. Anisotropy factor (A) is a
physically sensible macroscopic descriptor, as its large value essentially means sta-
bilizing B19 structure as the non-basal shear is suppressed in the low-temperature

phase due to high energy (o< Cyy) cost. They also highlighted that {011}<011>
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shuffle is related to softening of M-point phonons [67]. Though strain and phonon
softening provide important information relevant to the MT, it is not clear (i) what
the primary and secondary order parameters are, and (ii) which strain-phonon cou-
pling drives the MT to B19 versus B19" structures. Indeed, the pathway of MT
depends on a delicate competition between different microscoping couplings be-
tween phonons and strain, and a quantitatively accurate microscopic model and its
theoretical analysis are needed to understand the material-specific physics of MT.
In this chapter, we present detailed ab initio and Landau theoretical analysis
of the MT in NiTi with focus to uncover microscopic mechanisms and couplings.
While the martensitic transformation involves twin and planar fault structures de-
viating from the single crystalline phases, our goal here is to analyze the single
crystal structural transformation the B19" phase to B2 phase with temperature. In
Sec. 3.2, we present details of the methodology used in our first-principles calcula-
tions, structural parameters and energies of NiTi phases. In Sec. 3.3, we present
T-dependent vibrational free energies of B19, B19' and BCO structures, adding to
the resolution of puzzling issue of their relative stability of B19” and BCO structures
of NiTi. In Sec. 3.4, we uncover the relevant order parameters of M'T and their rela-
tionship with phonons and strain. In Sec. 3.5, we present an effective Hamiltonian
(H.ss) with parameters determined to capture the low energy landscape of various
NiTi structures. In Sec. 3.6, we present results of Monte Carlo simulations of Hs¢
to determine temperature and pressure dependent MT, uncovering the soft mode
behavior. We present Landau theoretical analysis in Sec. 3.7 to identify specific
couplings in H.s; that stabilize B19 and B19" phases. In Sec. 3.8, we present re-
sults of structural disorder and microstructures relevant to MT in NiTi using H,s

analysis, and finally conclude our work in Sec. 3.9.
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3.2 First-principles computational details and struc-
tural parameters

Our first-principles calculations within the density functional theory (DFT) were
performed with a plane-wave pseudopotential scheme implemented in the Quan-
tum Espresso (QE) package [81], with a generalized gradient approximation (GGA)
and Perdew-Burke-Ernzerhof (PBE) [32] form of exchange-correlation energy func-
tional. In self-consistent Kohn-Sham (KS) calculations with primitive unit cells, the
Brillouin Zone (BZ) integrations were sampled on uniform meshes of 18 x 18 x 18
k-meshes for B2 structure, and 18 x 12 x 12 k-meshes for B19, B19’ and BCO
structures, and note that these uniform k-meshes include I'-point.

To check the accuracy of our quantum-mechanical calculations, specially the
energy of B19” (at 7 =~ 101°, a monoclinic structure intermediate to B19’ and
BCO [69]) relative to B19’ (at v =~ 97.8°) and BCO structures (which is within
~1 meV), we tested the convergence of total energies with respect to energy cutoffs
used to truncate the plane-wave basis representing the Kohn-Sham wave functions
(Fig. 3.1). While total energies of these structures shifted with increasing the energy
cutoff and converged at 100 Ry (Fig. 3.1), their relative energies do not change
above the cutoff energy of 40 Ry. We thus performed the structural optimization
calculations at energy cutoffs of 40 Ry.

We relaxed B19’ structure to minimize energy with respect to atomic positions
keeping lattice parameters fixed at these in Ref. [66] until the force on each atom is
less than 2 meV/A. At these lattice parameters of B19', shear stresses (0, = —10.5
kbar) are a bit high, and the structure is thus not completely optimized. When B19’
structure is relaxed with respect to both lattice parameters and atomic positions
until the magnitude of stresses are less than 0.1 kbar (and force on each atom is

less than 2 meV/A), it transforms into B19” structure. Thus, it is clear that B19/
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at experimental lattice parameters is unstable with respect to B19” (Table 3.1).
Optimization of the BCO structure with respect to its atomic positions and lattice
parameters relaxed until the magnitude of stresses are less than 0.1 kbar (and force
on each atom is less than 1 meV/A), and it is lower in energy with respect to B19”

structure (Table 3.1).
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Figure 3.1: Total energies of B19' (black), B19” (red) and BCO (blue) structures of
NiTi with respect to B19” at 40 Ry energy cutoff.

We reconfirm structural parameters and relative energies of the structures of
NiTi using (i) local density approximation (LDA) as parametrized by Perdew-Zunger
[82] pseudopotential implemented in QE at energy cutoffs of 50 Ry and 400 Ry to
truncate the plane-wave basis set for representing Kohn-Sham wavefunctions and
charge density respectively at the uniform mesh of 20 x 16 x 16 k-points, and (ii)
SCAN meta-GGA exchange-correlation functional [83,84] as implemented in the
VASP code [85,86] along with projector augmented wave (PAW) potentials [87].
Our estimates of structural parameters and energies of B2, B19, B19’, B19” and
BCO phases of NiTi agree well with earlier theoretical works [69,88-90], structural

parameters of B2 and B19’ structures agree well with experiments [55,57] as well,
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and reconfirm that BCO is the most stable of the structures of NiTi (Table 3.1),
though their relative energies depend on the flavor choice of (exchange-correlation
energy functional) of DET. We refer to B19” as B19' in our rest of analysis, as both

the structures are monoclinic and exhibit SME [69].

Table 3.1: Structural parameters (4 atoms per unit cell) and energies of B2, B19,
B19, B19” and BCO phases of NiTi relative to B19” structure as a reference, ob-
tained with different computational schemes.

Phase Space group Method a(A) b(A) c(A) v E — Epgn
(meV/f.u)
B2 Pm3m PBE-GGA 3.004  4.248 4.248 90 75.3
PZ-LDA 2.937 4.153 4.153 90 112.1
SCAN metaGGA 2.966 4.195 4.195 90 156.7
USPP-GGA [66] 3.009 4.255 4.255 90 84.0
Exp [55] 3.015 4.264 4.264 90
B19 Pmma PBE-GGA 2.832 4.589 4.168 90 28.3
PZ-LDA 2.644 4.553 4.165 90 19.8
SCAN metaGGA 2.805 4.565 4.097 90 45.9
USPP-GGA [66] 2.776 4.631 4.221 90 24.0
B19 P2:/m PBE-GGA 2.929 4.686 4.048 97.8 4.9
USPP-GGA [66] 2.929 4.686 4.048 97.8 0.0
PAW-GGA [69] 2.929 4.686 4.048 97.8 1.6
PBE-GGA [8§] 2.933 4.678 4.067 98.3 6.0
PBE-GGA [89] 2.732 4.672 4.234 95.3 16.0
Exp [57] 2.898 4.646 4.108 97.8
B19” P2;/m PBE-GGA 2.935 4.733 4.027 100.9 0.0
PZ-LDA 2.846 4.722 3.932 103.8 0.0

SCAN metaGGA 2.907 4.726 3.953 101.9 0.0
PAW-GGA [69] 2.945 4.769 4.034 101.8 0.0

PBE-GGA [88] 2923 4801  4.042 1024 0.0
PBE-GGA [89) 2917 4780  4.047  100.0 0.0
PAW-GGA [90] 2916  4.767  4.032 1022 0.0
BCO  Cmem PBE-GGA 2928 4910  4.006 1071  -16
PZ-LDA 2851 4813 3923 1071  -2.2
SCAN metaGGA  2.891  4.888 3937  107.3  -04
USPP-GGA [66] 2940 4936  3.997  107.0  -16.0
PAW-GGA [69] 2932 4926 4012 1073  -2.2
PBE-GGA [88] 2928 4923  4.017 1066  -5.0
PBE-GGA [89) 2914 4927 4021 1073 -1.0
PAW-GGA [90] 2916  4.901 4015 1073  -1.0

We determined dynamical matrices and phonon spectra within the framework

of DFT linear response (DFT-LR) at g-points on a 6 x 6 x 6 mesh for B2, and
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2 x 2 x 2 mesh in the BZ for B19, B19’ and BCO structures implemented in QE.

We estimated the free-energies of B19, B19" and BCO structures of NiTi using,

G(S) = E(S) + Flu(S) + F2 (), (3.1)

where E(S) and G(S) are the total and free energies of the optimized structures

S, respectively. F2" (S) and F*"

B abie(S) are the vibrational free energies of stable

and unstable phonons, respectively (details of methods to compute these terms are

presented in Chapter 2, Sec 2.4).

3.3 Resolution of the puzzle of relative stability

of B19' and BCO structures

Each Ti atom in B19’ phase has seven first nearest neighbor (NN) Ni atoms (three
in (001)1 plane and four in (010) ¢ plane) at a distance 2.55 A and one second
NN Ni atom in (001) g1 plane at a distance 4.27 A (Fig. 3.2a), which are related to
eight of its first NN Ni atoms at a distance 2.60 A (v/3a/2) in the B2 structure (a
is the lattice parameter of B2 structure). In B2 to B19" transformation, one of the
eight NN Ni atoms in B2 structure becomes the second NN in B19’ structure and
vice versa. Since only one Ni atom (per Ti atom) is involved in the change in the
NN environment of the B19" structure, it allows to remember the structural path
of transformation and the shape of the B2 structure. In contrast, each Ti atom in
the BCO structure has seven first NN Ni atoms (three in (001)pco plane and four
in (010)pco plane) at a distance 2.56 A, and two identical second NN Ni atoms
in (001)pco plane at a distance 3.89 A (Fig. 3.2b). During the transformation of
BCO to B2 structure, either of the second NN Ni atoms can become the first NN Ni

atom of Ti in B2 structure. Thus, the BCO to B2 transformation can occur along
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more than one symmetry equivalent atomistic pathways, involving evolution of any
one of the two Ni atoms in the second shell of Ti in BCO to the first neighbour
Ni of B2 structure, and hence the BCO structure does not memorize at the atomic
scale the shape of B2 phase uniquely, as shown in Ref. [66]. However, the shape
memory could be stored at micro-structural level and through its transformation to

B19’ phase stabilized under residual internal stresses.

Figure 3.2: Subtle difference between B19" (at v = 100.9%) (a) and BCO (at v =
107.3%) (b) structures of NiTi. Blue and red bonds connect a Ti (blue) atom with its
first and second nearest neighbors Ni (red) atoms respectively. The second nearest
neighbor sites of Ti are occupied by two and one Ni atoms in BCO and B19’ structure
respectively.

We note that the puzzling issue of BCO as the ground state structure of NiTi has
been resolved by Haskins et al. [63], who obtained free energies of these structures
from AIMD and showing that the B19’ structure stabilizes above T > 75 K. We
note that their analysis is based on classical statistical mechanics, and we comple-
ment it here with quantum statistical mechanics, in which Bose-Einstein statistics
of phonons is used. We determined their phonon spectra using DF'T linear response
(DFT-LR), and confirm the results of Ref. [61,63-65] that Mj; phonon mode is
the strongest lattice instability of B2 structure (w ~57i cm™!, Fig. 3.3a). In B19
structure, one of the transverse acoustic (TA) phonon branches is weakly unstable

(w ~33i em™!) along T' — Y direction (Fig. 3.3b), little different from the results
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of Ref. [65] which do not show any imaginary frequency along I' — Y direction.
A TA phonon branch in I' — E direction of B19’ structure exhibits a weak insta-
bility (w ~8i em™!, Fig. 3.3c) in our analysis, slight different from the results of
Ref. [63-65] (where no imaginary frequency phonons found along I' — E direction).
We note that unstable modes are expected in the phonon spectra of B19 and B19/
as they are consistent with this instability (against shear strain) of these structures
with respect to BCO structure [66]. Our calculated phonon dispersion of the BCO
structure, the ground state, exhibits no instability anywhere in the BZ (Fig. 3.3c),

and is in good agreement with Ref. [63,64].
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Figure 3.3: Phonon spectra along high-symmetry lines of B2 (a), B19 (b), B19’
(black) and BCO (red) (c) structures of NiTi obtained using DFT-LR calculations.
Unstable modes with imaginary frequencies (w? < 0) are shown with negative values.
Difference between free-energies of B19 and B19’ structures (black line) and BCO
and B19' structures (red line) (d).

We now estimate the free energies of B19, B19" and BCO structures using
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Eq. (3.1), and we find AG = Gpgjg — Gpio> 18 meV/fu. at T up to tempera-
tures 400 K, and thus conclude that B19 structure is unlikely to occur at low-T. At
T =0K, AG = Gpeco — Gy = -0.10 meV /f.u. (while this is within the error of
our computations, we have tested its convergence with respect to g-mesh), revealing
nearly equal stability of BCO and B19’ structures within our error bars. However,
at T > 43 K B19’ structure gain the stability over BCO structure (Fig. 3.3d). We
confirm the transformation from BCO to B19" structure as it was studied earlier
using AIMD [63], and quasi-harmonic approximation (QHA) [64]. Our estimate of
transformation temperature from BCO to B19’ is lower than that in Ref. [63] because
of the quantum statistical approach used here versus classical approach used in their
work (zero-point motion typically suppress the ordering at low-T), and Ref. [64] (at
T = 100 K). However, the BCO phase deforms readily and transforms to B19" phase
in the response to stresses, and shape memory effect is thus strongly influenced by

stresses and planar twining faults.

3.4 Identification of order parameters

We now identify the order parameters of the MT in NiTi by deriving atomic posi-
tions and lattice vectors of its low-symmetry B19 and B19" structures as changes
or distortions of the reference B2 structure expressed in terms of its phonon modes
and strains respectively. While M5/, My and My phonons are involved in the trans-
formation of B2 to B19’ (Fig. 3.4a-3.4c, 3.4e), My phonon alone drives the B2 to
B19 structural transformation (Fig. 3.4a, 3.4d). Dominant structural instability of
My mode makes it the order parameter common to both B2 — B19 and B2 — B19’
phase transformations. The quantitative estimation of phonons and strains involved
in transformations to B19 and B19’ structures of NiTi are listed in Table 3.2. While

we find that {011}<011> basal shear does not constitute an order parameter of any
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of these structures, it can arise when the transformation occurs under applied stress
as seen in earlier reports [78,79]. It is evident from our analysis that Bain strain,
pure shear and hydrostatic strains are involved in B2 to B19 (and B19’) transfor-
mations. In B2 to B19 transformation, we find only four order parameters (Ms, s,
s3 and s4), while in B2 to B19" seven order parameters (Ms, My, My, So, S3, S4
and s5) are involved. Thus the couplings of {100} <011> non-basal shear deforma-
tion with My and My phonons are expected to be relevant to the transformation
to B19’ structure. The dependence of secondary order parameters on the primary
order parameter is nonlinear (See Fig. 3.5); hence we can not combine them into a

single one as a linear combination.

.Nl

[100]
| Zmln
011] ‘%

Figure 3.4: Order parameters of B2 — B19 and B2 — B19’ structural transforma-
tions. Atomic displacements of M (a), My (b) and My (c) modes at ¢'= Z(011),
shown in 1xv/2x /2 supercell of B2 structure. While M5 phonon and orthorhombic
strain of supercell of B2 give B19 structure (d), My, My, My modes and monoclinic
strain together give B19’ structure (e). The planar unit shaded with light red colour
at ¢/2 distance along [0 1 1] direction contains one Ti (blue) and one Ni (red) atom
on its edges-centers.
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Figure 3.5: Dependence of secondary order parameters, My and My (a) strain
order parameter (b) on the primary order parameter My . In B2 structure all order
parameters are zero.

3.5 Construction of effective Hamiltonian

Having identified the relevant phonons and strains, we now construct an effective
Hamiltonian (H.ss) that models the low-energy landscape of NiTi with special at-
tention to these phonons, strains and their interactions. Since the BCO structure
occurs in a vanishingly small subspace of configurations given by certain geometric
conditions on B19’ structural parameters, and their relative stability depends on
quantum vibrational energy not captured by Monte Carlo or Molecular dynamics,
we will focus our attention on the energy landscape and paths relevant to B2, B19/
and B19 phases in our statistical mechanical analysis of the MT.

We follow here the scheme of the lattice Wannier functions (LWFs) in Ref.
[22], and identify the symmetry invariant subspaces of the relevant degrees of free-
dom starting with full phonon dispersion of B2 structure obtained along the high-
symmetry lines (' - X - M — T — R — M, see Fig. 3.3a) in the BZ. Subspaces
of acoustic and optical phonons are separated by a gap in frequencies and involve

modes dominated by Ni and Ti displacements respectively. Using symmetries and



40 Chapter 3.

Table 3.2: Order parameters (M-point phonon modes at ¢ = Z(011) of the
cubic B2 structure and strain tensor components) associated with various low-
symmetry structures of NiTi, obtained from first-principles calculations. The am-
plitudes of phonon eigenmodes are in unit of lattice constant of B2 structure,
and phonon eigenmodes are expressed in terms of atomic displacements é,, =
|Tiy, Ty, Ty, Nig, Niy,, Ni, >. The strain eigenmodes s = |e1,¢2,€3,€4,65,6 >,
are in the Voigt notation. (g1 = €44, €2 = Eyys €3 = Euz, €4 = 26y, €5 = 2¢,, and
g — 28$y).

Modes Eigenmode Character B2 B19 B1Y
Ms  10,0.33,0.33,0,0.94,0.94 > {011}<011> Basal shuffle 0 0.075 -0.095
My |0,0,0,1,0,0 > {011}<100>, Ni displacements 0 0 0.066
My [1,0,0,0,0,0 > {011}<100>, Ti displacements 0 0 -0.096

s1 %\O, 1,-1,0,0,0 > {011}<011> Basal shear 0 0 0

S9 %\ —-2,1,1,0,0,0 > Bain strain 0 0.072 0.047
83 %H, 1,1,0,0,0 > Hydrostatic strain 0 0.003 0.017
S4 |0,0,0,1,0,0 > {010} <001> Pure shear 0 0.099 0.162
S5 %|O, 0,0,0,1,1 > {100}<011> Non-basal shear 0 0 -0.199

eigenvectors of the zone boundary phonons, we determine Ni-centric {77} and Ti-
centric {7} localized LWFs to span these subspaces of phonons.

Using the cubic symmetry (of B2 phase), we express H. s as an explicit symmetry
invariant Taylor expansion in 7j;, 7; and homogeneous strains (£,4), ¢ indicating the

lattice unit cell to which 7j; and 7; belong. H.ss consists of four parts:

Heff = Hc{\jffzf(ﬁl) + H;Ffzf(ﬁ) + Hspc(ﬁia 7_-;;’ 5045) + Helastic(faﬂ)a (32)

where H[j%(7;) and H}/(7;) operate in the subspaces of acoustic and optic
phonons respectively. Hepstic(€ap) 1s the linear and nonlinear elastic energy of ho-
mogeneous strain €,4, and the coupling of €, with both sets of LWF's is included
in Hgpe(7:, Ti, €ap). We note that inhomogeneous (spatially varying) strain field is
captured here by the acoustic phonons: €,5(r) = %(g%; + griz). Energetics of €,4(r)

captured in H e]\jfff has to be consistent with the energies of homogeneous strain €,
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captured in H.qs.. This is achieved by ensuring the equivalence between H.jqspic

and HN of f, Hgpe in the long-wavelength limit.

3.5.1 Effective Hamiltonian of acoustic modes: Hef s

HJJ(77;) represents energetics of acoustic phonons (and inhomogeneous strain),
which include all the lattice instabilities in NiTi, i.e. unstable modes (Fig. 3.3a),
This part of effective Hamiltonian is invariant under translational and rotational
symmetries. It includes harmonic and anharmonic terms, which relate to linear and
nonlinear elastic energy terms in Hejqsc in the long-wavelength (continuum) limit.
To impose the translational symmetry, we express its terms using differences in 7j;’s
at neighboring sites and their dot products. In the harmonic part, we consider dif-
ferences between 77;’s up to third NN sites, with a general form permitted by the

symmetry of space group Pm3m as follows:

N
. 1
HhaT(n) = _Z Z{A11’7717,]’ +A12<7711j dl])}
i=1 j=

12
+ Z{Am(ﬁm‘j : Csz)z + Ao (72ij - CZ21j)2 + Aoz (72 - 62223‘)2}

J=1

8
+ Z{A31|773ij|2 + Asa (1345 - d3j)2}]a (3.3)

=1

\)

where 7145, 725, 73:; denote the LWF's differences between 7; at site ¢ and its 7;
first, second and third NNs at site j respectively. chj, de,ngj denote unit vectors
along the directions of first, second and third NN sites j respectively. cizlj and
cfggj are unit vectors perpendicular to cigj. A;;’s are the harmonic coefficients in
Hef %, and determined from force constants of acoustic phonons at high symmetry

g-points (M and R) and ¢z = 3-(0,1,1). Linear combinations of these coefficients

give the corresponding eigenvalues of acoustic phonons. Since we have six equations
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Table 3.3: Linear combinations of coefficients in the harmonic terms in H[Y) at a
g-point give the eigenvalue of corresponding phonon. My and My represent TA,
and doubly degenerate unstable (LA and TA;) modes at M-point, respectively. ¥,
Y3 and Y4 represent LA , TA; and TA, modes at Y-point respectively, and Ras
represents triply degenerate acoustic mode at R-point.

Acoustic phonon Linear combination of the coefficients Eigenvalue of acoustic phonon
(eV/fu)
My 4A11 +4A9 +4A9 9.22
My 4A1 4+ 2A19 + 2491 + 2A99 + 4 A9 -4.19
)N TA 4 YA+ A+ FAgs + L Ags + 2451 + A 7.24
PO TA1 4 FA + FAg + Agy + $As + 245 0.80
2 %An + %Am + %A22 + %A23 + %A;n + %A32 1.95
Ry 6A11 + 2412 4 843 + S A3 5.65

(Table 3.3) and seven coefficients, we use singular value decomposition (SVD) to
determine these coefficients, and have listed them in Table 3.7.

In the anharmonic part of H gff, we considered differences in 7;’s up to third
NN sites in the third-, and fourth-order terms, which are needed to include inho-
mogeneous strain correctly in the long-wavelength limit (interaction of the first and
second NN sites is zero for shear strain in third-order terms (See Table 3.4), and
hence we need the third NN sites interaction). Due to cubic symmetry, odd-order
terms do not contribute to the energy of phonons at high-symmetry g-point, but
do contribute in the long-wavelength limit. We approximated interaction in the
third-order terms by considering the dominant term in interaction with NN sites al-
lowed by the cubic symmetry. Fourth-order interaction terms include the full cubic
anisotropy for the first NNs and isotropic terms for the second and third NNs. We
simplified sixth- and eighth-order terms restricting to the isotropic ones in differ-
ences between 7j;’s up to first NNs. Since our nonlinear elastic energy includes terms
up to fourth-order, we did not include fifth- and seventh-order terms in the anhar-
monic part of H e]\}zf Moreover, the MT in NiTi is primarily governed by unstable
M-point phonons, which are not affected by the fifth- and seventh-order terms. We

have tested that the errors associated with such truncation are less than 1% of the
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energy differences.

N 6 12 8
Honn () = Z[le Z(ﬁu‘j . dlj)3 + B3 Z(ﬁ%]‘ : d2j)3 + Bs3 Z(ﬁSij : de)3
i=1 j=1 j=1 j=1
6

+ 2{341(77111‘3‘3: + ni‘jy + nfijz) + B42(n%ijx7ﬁijy + n%ijyn%ijz + n%ijzn%ijm)

=1
A ) 12 8
+  Bus(uij - di)* + Bualiiui)*(7aij - dij)?} + Bas Z |72i;* + Bus Z |35
j=1 j=1
6
+ Z{Bﬁl\ﬁuj\b + B [7151*}], (3.4)
j=1

where B;;’s are coefficients of anharmonic terms. Third-order terms of H, é\}lf
coefficients are related to the nonlinear elastic moduli. Thus, these third-order coef-
ficients (Bs;, B3y and Bss) are obtained from the corresponding third-order elastic
moduli. Since there are only three coefficients, we use three inequivalent strain
modes (hydrostatic strain, Bain strain and shear strain) to calculate these coeffi-
cients (See Table 3.4). Fourth-order terms in H, é\}’f contribute to energy of phonons
at both high-symmetry g-points and long-wavelength limit. We have six fourth-
order coefficients in the H é\]fff, which are calculated by freezing doubly degenerate
unstable Ms (n, and 7, ), stable My (n,) acoustic phonons and their linear combina-
tions (Fig. 3.6). We fitted the total energy of configurations obtained as structural
distortions with these phonon modes to a polynomial of 8" order. We used two
strain modes (hydrostatic and shear strain modes) to connect with behavior in the
long wavelength limit (Table 3.5). To determine the coefficients of sixth- and eight-
order terms in H2Y%, (128 Bg; = —3.7x 10* eV /f.u) and (512Bg; = 8.3 x 10° eV /f.u),
we fit the polynomial to double-well energy of Ms mode. We used gnuplot soft-
ware for fitting these data to polynomials (values of all these coefficients are listed
in Table 3.7), and find that the maximum fitting errors in second-, fourth-, sixth-

and eight-order coefficients are 4+0.13%, 4:0.31%, 4+1.58% and 43.85% respectively.
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These are negligible and do not affect the energy landscape and its impact on the

MT.
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Figure 3.6: Total energies of cell-doubling structural distortions (77 at ¢ = 2(0,1,1)).

Lines represent the fits obtained with the 4, 6" and 8" anharmonic parameters in

Heff.

’

Table 3.4: Strain mode is represented with s = |e1,e9,€3,64,65,66 >, in the
Voigt notation. Hydrostatic, Bain and shear strain modes are represented by
Shydro = €]1,1,1,0,0,0 >, Spein = €| —2,1,1,0,0,0 > and Sgpeqr = €/0,0,0,1,1,1 >
respectively. Coefficients of the 3" order terms in H, ej\}lf are linear combinations of

the 3™ order elastic moduli.

Strain mode Linear combination of Linear combination of
37 order coefficients 37 order elastic moduli
Shydro 6Bs1 +33.94B35 +41.57Bss 30111 + 3C112 + Chas
SBain —12B3; + 8.49B3; —Ch11 + 3C112 — 2093
Sshear 9.24 B33 Cise

3.5.2 Effective Hamiltonian of optical phonons: HeTfif

H};(7;) models the energetics of optical phonons which are all stable (w* > 0).

Hence, we include only harmonic interactions between 7;’s up to third nearest neigh-

bor sites with a general form permitted by the symmetry of Pm3m space group [23]:



3.5 Construction of effective Hamiltonian 45

Table 3.5: The amplitudes of phonon eigenmodes are in unit of lattice constant
of B2 structure, and phonon eigenmodes are expressed in terms of atomic dis-
placements é,, = [T, Ti,, Ti,, Niy, Niy,, Ni, >. The eigenmodes at M-point
(2(011)) are n, = 10,0,0,1,0,0 > of My phonon, 5, = |0,0,0.33,0,0.94,0 > and
n. =10,0.33,0,0,0,0.94 > of doubly degenerate My mode. Spygro and Sgpeqr are two
strain modes.

Mode Linear combination of 4" order coefficients 4" order fitting coefficients in
in polynomial (eV/f.u)
Ne 32By1 + 64Bys 468.68
7y 32841 + 16843 + 16 Byy + 64Bys 1057.35
\%(T]y + 772) 16B41 + 8342 + 8B43 + 16B44 + 64345 999.11
J5(ne+my)  16Bu + 8By + 4Bug + 8By + 64Bys 637.52
Shydro 6By1 + 6By3 + 6By + 192By5 + 648Bsg 2Ciin1 + Ciinz + 3Ch1as + £C1123=815.68
Sshear 0.75B41 4+ 0.375B45 4+ 30.75By5 + 168 Byg %04444 + 304455211234
1 N 6
Ti (= A =2 1 - 12 A - 7 32
Hefp(T) = 3 D a7l + ) {Aulfiyl® + A (7 - di))*)
i=1 j=1
12 8
A = 1 = 7 \2 1A =
+ > {An| B + Ana(Fa - doy)} + D As| Ty, (3.5)
Jj=1 Jj=1

where 7; denotes Ti-centric LWFs at site ¢, 715, 725, T3;; denote the LWFs differ-
ences between 7; and 7; at its first, second and third NN sites j respectively. flij’s are
the coefficients of harmonic interactions in HeTJff(?). To determine the coefficients of
terms in H eT]?f(ﬁ»), we use force constants of optical phonons at high symmetric g-
points (I', X, M and R). The linear combinations of the harmonic coefficients in HeTfif
subspace give the eigenvalues of optical phonons (See Table 3.6) at the respective

g-points. The values of these coefficients are listed in Table 3.7.
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Table 3.6: Linear combinations of coefficients in the harmonic terms in HeTfif at a
g-point give to the corresponding eigenvalues of optical phonons.

g-point Linear combination of the coefficients Eigenvalue of optical phonon
(eV/f.u)
Tis 14 37.77
Xy LAg 42411 + 2415 + 84y + 44,5, + 84y 65.32
X 1Ag1 + 2411 + 84y + 245 + 84y 20.30
My %Am + 4A1; + 84y + 44y 17.18
M %Am + 441, + 2415 + 845, + 24, 55.52
Ris 1Ap + 6411 + 2415 + 84y 49.95

Table 3.7: Coeflicients of harmonic and anharmonic terms in effective Hamiltonian
in unit of eV /f.u..

Coeff. Values Coefl. Values Coeff. Values
Ay 2.6 Ay 4.5 B 11.3
Ass 3.3 Ao 20.8 Bis 1.6
Ag 4.6 Ay 1.2 Bys -16.9
Aoy 0.3 Ays 1.7 B 53.7
Ao 2.6 Asy -0.3 Bys 1.7
Asy 0.8 B 0.8 Bus 0.3
Asy 3.2 Bss -6.9 By -286.1
Ap 75.6 Bss 3.7 Bgi 1614.3

3.5.3 Hamiltonian of homogeneous strain: linear and non-

linear elastic energy

Large deformations (homogeneous strain) are involved during MT in NiTi as a
result of its soft second-order elastic moduli. We considered non-linear elasticity
(Heastic(€ap)) With terms upto fourth order allowed by the cubic symmetry [91-96].
Using the Voigt notation (e1 = €44, €2 = €4y, €3 = €2z, €4 = 26y, €5 = 26,, and

€6 = 2e4y), elastic energy is expressed as:
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Heastic(e) = NCi(er+e2+€3)

N
+ 5{011(5% + E% + 8%) + 2012(5152 + €963 + 5351) + 044(52 + Eg + Eg)}

+

N
g{Cm(si’ + &b+ ed) +3C1a(e3(eg +€3) + e3(es +€1) +e3(e1 + €2))

2 2 2
60123518263 + 30144(6154 =+ €25 + 5356)

+ o+

30155(51 (E% + Eg) + 82(6% + Ei) + 83(53 + Eg)) + 60456845586}

ﬂ{CHH(E‘f + 5+ €3) +4C112(3 (e + £3) + 3(e3 + £1) + €3(e1 + £2))

+

601122(6%6% + 6%5% + 536%) + 1201123616263(51 + €9 + 63)

+

6C1144(e3e] + 562 + e3e8) + 6C1155(c1 (€2 + €5) + €5(c5 + €3) + €5(e] +€2))

+ o+

1201255(5152 (EZ + E%) + €9€3 (Eg + 52) + €361 (Eg + EZ))

+

1201256(616253 + 62838421 + 63815?) + 2401456848566(51 + &9 + €3>

+ C4444(Ei + Eg + Eé) + 604455(€ZE§ + EgEg + EgEZ)}, (36)

where N is the number of unit cells, Cj;, Cjjr and Cjjy are second-, third- and
fourth-order elastic moduli, C} represents a pressure term. To calculate elastic
moduli, we fit the total energy of structures distorted along different strain modes
to fourth-order polynomial in €. The linear combinations of second-, third- and
fourth-order elastic moduli give second-, third- and fourth-order coefficient of the
polynomial respectively (See Table 3.8), fit to energy of each strain mode using
gnuplot software. We find the maximum fitting errors in first-, second-, third- and
fourth-order coefficients to be +0.14%, +0.10%, £5.05% and £5.10% respectively,
which are negligible. Our estimates of these compliances are listed in Table 3.9.
While third- and fourth-order elastic moduli of NiTi have not been determined
theoretically and experimentally to the best of our knowledge, our estimates of
the linear elastic moduli are in good agreement with earlier theoretical [60,97] and

experimental works [98] (Table 3.10).
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Table 3.8: In each type of strain modes s,(¢) = |e1,e9,€3,64,65,66 >, the total
energy is expressed as a polynomial function of €. The linear combinations of second,
third and forth order elastic moduli are equal to the values of second-, third- and
forth- order coefficients of polynomial fit to the data.

Strain mode Linear combination of C;; Linear combination of Cjjp, Linear combination of Cjjj

sq =€/1,0,0,0,0,0 > 10 0 201

sy =¢[1,1,0,0,0,0 > Ci +Crp %Clll + Chi2 ﬁcnn + %01112 + %01122
sc=¢[1,-1,0,0,0,0 > Cn —C 0 +Cim — 3Cn12 + 1Cnz
sq=¢[1,1,1,0,0,0 > 301 +3Ch 1C11 + 3C12 + Cias 1C111 + Ciie + 1Chias + 3C1103
s¢ = €]0,0,0,1,0,0 > Exem 0 2% Cuau

sy =¢[0,0,0,1,1,1> 3Cu Cuse L1Cu + 3Cuna

s, =¢[1,0,0,1,0,0 >
sn=¢/1,0,0,0,0,1 >

si=¢]1,1,0,1,0,0 >

s;=¢€1,1,0,0,0,1 >

sp=¢/1,0,0,1,1,1 >

%Cn + %044

%Cn + %044

Ci+ Cra + %044

Cn+Cr+ %044

%Cn + 2044

1 1
01+ 5C1u
1 1

Ci1 + 5C1s5

+Ci1 + Criz + 5C1u
+3Cis5

éCuL + Cii2 + 3Ciss

30 + Ciiz + 3C1u
+C155 + Cuse

1 1 1
5701111 + 01144 + 5;Cuaaa
1 1 L

57011 + §Cniss + 55;Cu4s

1 1 1 1
16C1 + 302 + 1C122 + 7C114s
1 1 1
+ 5C1s5 + 5C1255 + 5;C1aa4

1 1 1
16C111 + 5C12 + 1Cuz
1 1 1
+5C1155 + 5C1266 + 57C1aa4

1 1 1

5101111 + 7C1144 + 5C1s5
1 3

+ Cuase + §Cua44 + [Cusss

Table 3.9: Elastic moludi of Heyusiic(¢) in GPa, determined from first-principles.

Coeft. Values Coeff Values Coeft. Values
C1 -1 Clua -205 Cliaa 2081
Cu 174 Ciss -201 C1iss 1700
Cio 155 Ciyse -201 Clas5 2174
Cu 48 Ciin 15515 Clo66 458
Cin -464 Chiii2 -1806 Clase 617
Cii2 -544 Chi2 4732 Claaaa 2145
Clo3 -386 Chi23 760 Cluss 528

3.5.4 Coupling of homogeneous strain with phonons

Homogeneous strain and its coupling with LWF's (77's and 7's) play a crucial role in
MT. In Hp.(7;, T, €ap), we include couplings between homogeneous strains and (i)

quadratic terms in 7;’s (differences between 7); at site ¢ and 7; at its first NN sites
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Table 3.10: Second-order elastic moduli of B2 structure of NiT1i in unit of GPa.

Method Cy  Cip "= 3(Cn —Ci) Cuy

Present 174 154 10 48
Ref. [60] 183 146 19 46
Ref. [97] 168 144 12 50
Exp [98] 162 129 16.5 34

7, see Eq. (3.7)), and (ii) with products of Ti and Ni-centric LWFs (See Eq. 3.8).
The former captures the coupling between primary order parameter, M5 mode and
strain, while the latter gives mixing between acoustic and optical phonons due to
strain distortions. We find that the third-order strain-phonon coupling terms are not
sufficient to capture the details of low energy phases, and hence include fourth-order

coupling between axial strain and Ni-centric LWFs (See Eq. 3.9).

N 6

ngc(ﬁa 6) = 22{931(51+52+53)|ﬁ1ij|2

i=1 j=1

932(5177%1‘3'90 + 5277%@'3; + 5377%1'3'2)

gss(e1 + €2 + €3) (715 - 621]')2

934(€1nfijmd%jx + 5277%z'jyd%jy + €3n%ijzd%jz)

935(51(71%1']@ + nfz‘jz)d%jx + 52(”%@']‘7; + nijx)d%jy + 53(77%]‘1 + nfijy)d%jz)

936(EaMijyMijz + €5MijzMije + E6MijaMijy)

+ o+ 4+ o+ o+ o+

gs7(€amijyMij=ds s, + E5MiszMijadsj, + E6Miaizydis,) ) (3.7)
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N 8
HY(7,76) = > [hailer + 2+ e3){niw ¥ (Tjydyy + 7j2d;)dja + c.p}
i=1 j=1
8
+ hgg{é‘lnm Z(ijdjy + szdjz)djx + C.p}
j=1
8
+ hgg{mx Z(EQijdjy + EgTjZdjz)djx + C.p}
j=1
8
+ haa{eanis Z Tjwdjyd;. + c.p}
j=1
8
+ h35{£4 Z(ninjy + niszz)djydjz + C‘p}
j=1

8

+ h36{€477ix E (ijdjz + szdjy)djz + Cp}
=1
8

+  har{nix Z(€5ij + €6sz)djydjz + c.p}l, (3.8)

Jj=1

N 6

Hs4pc(ﬁ: 5) = Z 2{941(6% + Eg + €§)|ﬁ1ij|2

i=1 j=1
+ 942(5%77%@@ + 5377%@'3; + 5577%#)
+  gaz(er(ea + 53)77%1']'93 +éea(e3 + gl)n%ijy +es(e1 + 52)7lijz)

+  gu(ereaniy, + E283M50 + 3517155, (3.9)

where g;;’s denote couplings of strain with Ni-centric LWFs, and h;;’s are the
third-order coupling that cause strain-induced mixing between acoustic and optic
phonons. These coefficients were determined from calculations of structures obtained
by freezing M-point phonon eigenvectors at the different values of strain. Values of
the third- and fourth-order coupling coefficients (See Table 3.12) are obtained as first
and second derivatives of harmonic coefficients with respect to strain respectively

(See Table 3.11).
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Table 3.11: At each type of strain modes s,(¢) = |e1,62,€3,€4,65,66 >, value of
third- and fourth-order strain-phonon coupling coefficients are obtained as first
and second derivatives of harmonic force constants at different M-point phonon
modes. 7, = 10,0,0,1,0,0 > and 7, = |1,0,0,0,0,0 > span the subspace of
My and My phonons respectively, 7, and 7, span the subspace of doubly de-
generate unstable acoustic phonon, while 7, = |0,—0.94,0,0,0,0.33 > and 7, =
|0,0,—0.94,0,0.33,0,0 > span the subspace of doubly degenerate most stable opti-
cal phonon at M-point (Z(011).

Strain mode Phonon mode Linear combination of the coefficients 1%t derivative of
eigenvalue (eV/f.u)

$q =€]1,0,0,0,0,0 > Ne 8¢31 + 8732 -85.78
$q =€]1,0,0,0,0,0 > Ty 8¢31 + 4¢33 58.21

s, =¢[0,1,0,0,0,0 > My 8931 + 8gs2 + 4933 + 4gus -107.87
se=¢0,1,1,0,0,0 > Ne 16g31 + 8¢3s5 -134.16
se=¢[0,1,1,0,0,0 > Ty 16g31 + 8¢32 + 8933 + 4934 + 4g3s5 -94.31
sq=¢/0,0,0,1,0,0 > %(ny +n.) 4gs6 -71.83
se =€(0,0,0,0,0,1 > %(m +ny) 4g36 + 2937 -31.57
5. =¢[1,0,0,0,0,0> L(n, +m. +7,+17) 4931 + 2933 + $hat -1.05

sp=¢€/0,1,0,0,0,0 > Ty +72) 4gs1 + 4gs2 + 2953 + 2934 -39.03

+3ha1 + Sha

sy =¢/0,1,1,0,0,0 > %(ny+7]z+7'y+rz) 8931 + 4gso + 4gsz + 2934 1.98
+2935 + Shat + 3haa + Shas

sq¢ = ¢€/0,0,0,1,0,0 > %(771 +72) §h34 14.00
sq4=¢/0,0,0,1,0,0 > %(ny +7y) 3hgs -11.22
sy =¢2[0,0,0,0,1,0 > %(ny +72) Shss 34.34
sy =¢[0,0,0,0,1,0 > %(m +7) §h37 -21.86
Strain mode Phonon mode Linear combination of the coefficients ~ 2"¢ derivative of
eigenvalue (eV/f.u)
Sa = ¢|1,0,0,0,0,0 > Ty 8gn 117.52
sy = €/0,1,0,0,0,0 > My 891 + 892 1.16x103
Sh 25‘17071,07070 > Ny 16941 +8g43 -9.11

si =¢[1,1,1,0,0,0 > Ty 24941 + 87a2 + 8943 + 16944 985.18




52 Chapter 3.

Table 3.12: Coefficients of strain-phonon couplings part of effective Hamiltonian in
unit of eV /f.u..

Coeft. Values Coeft. Values Coeft. Values
J31 -2.8 937 20.1 hs3o 33.8
J32 -7.9 a1 14.7 hss 48.3
933 20.2 J42 130.5 hsy 10.5
J34 -25.7 943 -30.5 hss -8.4
935 -11.2 Ju4 -10.4 hss 25.8
936 -18.0 hs1 -22.6 hs7 -16.4

While our H.¢s does not capture the details of BCO structure well, it reproduces
the lattice parameters and energies of B2, B19 and B19’ structures with negligible

errors relative to the DFT results (Table 3.13).

Table 3.13: Structural parameters (4 atoms per unit cell) and energies of B2, B19
and B19’ phases relative to B19', obtained using DFT and H, ;.

Phase Method a(A) b(A) c¢(A) ~° E — Epgy(meV/fu)

B2  DFT 3004 4248 4248 90 75.34
H.p 3.004 4.248 4.248 90 82.48
B19  DFT 2832 4589 4.168 90 28.34
H.p 2812 4713 4101 90 35.00
B19  FT 2935 4733 4.027 100.9 0.0
H.p  2.947 4.873 3.935 103.6 0.0

3.6 Monte Carlo simulations

We now analyze H.;; with Monte Carlo (MC) simulations on a periodic system
containing L x L x L (L = 16) unit cells of B2 structure. We used a single-flip
update within Metropolis scheme and adjusted the step-size of configurational {7;,
7;} updates to maintain the acceptance ratio of ~ 0.5 near the transformation tem-
perature. In each Monte Carlo sweep (MCS), we picked 7;, 7; randomly (totally
213 updates) and homogeneous strain variables L times. Thus, each MCS involves

(2L3 + L) attempts of updating configurations.
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Figure 3.7: Averages of components of strain tensor (a), absolute values of Ms, My
and My modes (b) as a function of temperature at ambient pressure. Histograms
of My mode obtained from configurations sampled during cooling (c) at T); and its
two temperatures in its close vicinity. Square of frequency of M5 phonon and its
Binder cumulant (d).

To identify different phases from the configurations sampled in MC simulations
at a given temperature, we accumulated absolute values of Fourier components of 7;
and 7;, and obtained averages of (Ms, My and My modes), and averages of strain
(<e>) components at each temperature. To assess the possibility of hysteresis, we
approach the transformation from high (low)-temperatures by cooling (heating) the
system. In cooling simulations, we start from 200 K temperature, equilibrate the
system to the cubic phase, and reduce the temperature in steps of 5 K (and 1 K near

the transformation temperature), down to a low-temperature of 100 K. In heating
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simulations, we start from T=100 K taking B19' structure as the initial configu-
ration and increase temperature in steps of 5 K (and 1 K near the transformation
temperature) to a high-temperature of 200 K (we checked that our results do not
depend on the choice of initial configuration). At each temperature, we used 10000
MCS for thermal equilibration and 50000 MCS for thermodynamic averaging.
Average values of homogeneous strain components ¢ (Fig. 3.7a), Ms, My and
My modes (Fig. 3.7b) vanish at high-temperatures, and change discontinuously
to non-zero values at low-temperatures. In cooling simulations, this discontinuity
marks the martensitic transformation at Th; = 163 K. In heating simulations, our
model transforms to austenite phase at T4 = 169 K. It is clear (Fig. 3.7a and 3.7b)
that NiTi transforms from B2 to B19' structure directly ruling out the intermediate
B19 structure. Results of our MC simulations reveal a sharp discontinuity in order
parameters at Th;. Even more remarkable is that they change only weakly below
Tyr. Histograms of the primary order parameter obtained from cooling (Fig. 3.7¢)
simulations reveal (i) relatively narrow distributions and (ii) a sharp jump across T),.
Bimodal nature of the histogram at T); confirms coexistence of B2 and B19’, and
the first-order character of the MT. In order to further corroborate these results, we
present frequency (w) and Binder fourth order cumulant (Cy) of the primary order

parameter (M; mode) obtained in both cooling and heating simulations:

w? T((Og)—<0)2)_1, (3.10)
_ (09
C, = 075 (3.11)

where N = L? is the number of unit cells used in simulations and O is ¢ = Z(011)

Fourier component of 7,. Softening in Ms phonon frequency and its T-coefficients
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(Fig. 3.7d) below and above T, and a discontinuity in Cj (inset, Fig. 3.7d) of
M mode at T = 163 (169) K in cooling (heating) confirm that My mode is the
primary order parameter of MT in NiTi. Our estimate of the equilibrium transition
temperature (Ty = $(Th + Ta)) [99] is underestimated with respect to experiment
(Thr = 318 K, Ty = 320 K and T;, = 319) [77]. This is similar to the efficacy of model
Hamiltonian schemes in prediction of ferroelectrics structural transitions [23]. This
is probably because of the GGA-DFT errors in energies and structural parameters,

and needs further investigation.
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Figure 3.8: Average of absolute values of Ms/, My and My modes as a function of
temperature at P = -5 GPa (a) and at P = 5 GPa (b).

To assess the sensitivity of our estimates of Ty to DFT-errors in lattice constants,
we simulated H. s of NiTi at -5 GPa and 5 GPa pressures. At P =-5 GPa, transfor-
mation from B2 to B19' structure (Fig. 3.8a) occurs at a notably higher temperature
with hysteresis over a much wider range of temperature: Ty, ~ 155 K, Ty ~ 225
K and Ty = 190 K. At P = 5 GPa, in heating (we start from T=10 K taking B19’
structure as the initial configuration) simulations, the MT occurs in two steps (i)
B19" — B19 at 60 K, and (ii) B19 — B2 at 155 K (Fig. 3.8b), with a weaker hys-
teresis over AT = 5 K range. While in cooling simulations, B2 structure transforms

into B19 structure at 155 K, and remains in this phase up on further cooling down



56 Chapter 3.

to 10 K (B19 structure does not transform into B19" structure). This is probably
because at P = 5 GPa, the energy difference between B19 and B19’ structure is
small (Table 3.14) and the energy barrier is higher, needing longer simulation for
a transition to occur. Thus, B19 phase can arise as a intermediate phase due to
inhomogeneous pressure and stress fields in NiTi near the transformation tempera-
ture. Secondly, Tj as well as the range of temperature of hysteresis in MT increase
with negative pressure (i.e. increase in volume of the unit cell of B2 structure). We
compared our pressure-induced martensitic transformation with the earlier experi-
mental work [100], which has been done on Ni-rich (50.375 at.% Ni) composition of
NiTi. Figure 6 of Ref. [100] shows that T} increases with increasing uniaxial stress,
which is unlikely in our work probably because we have applied hydrostatic pressure

on equiatomic NiTi.

Table 3.14: Energy difference between B19" and B19 structures determined by H.
at different pressures.

Pressure (GPa) FEpio_p1o (meV/fu.)

-9 -50
0 -35
) -8.9

We now discuss comparison between our results with the work in Ref. [63] in
which martensitic transition temperature was estimated using free energies obtained
using thermodynamic integration within AIMD. While T}, predicted by our H.ss
based analysis is underestimated with respect to experiment, free-energy based anal-
ysis [63] gives an overestimated Th;. As both the works are fundamentally based on
density functional theory treated within the same approximation, it would appear
that this discrepancy is likely due to further approximations or truncations in con-

struction of the effective Hamiltonian. Indeed, this comparison uncovers important
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Figure 3.9: Absolute value of M5 modes (a), and absolute values of My, My and
My for strains clamped at zero, corresponding to the lattice parameters of B19
structure (b) as a function of temperature at ambient pressure.

aspects of first-order structural phase transitions, which are typically fluctuation-
driven first-order phase transition in which strain-phonon coupling plays a crucial
role, as was shown in similar phase transitions in perovskite ferroelectrics [23,101].
If fluctuations in strain (e,3) are not allowed in a simulation, called as clamped
lattice analysis, the same effective Hamiltonian gives a second order phase transi-
tion at much higher 7,. To verify this, we simulated our H.¢; of NiTi with strain
clamped at the lattice parameters of B2 and B19’’s structures and found that (a) the
thermal hysteresis vanishes, confirming a second order transition, and (b) T.’s are
much higher (200 K for zero strains of the cubic lattice, and higher than 500 K for
strains clamped at the B19"’s lattice at P=0 GPa) (See Fig. 3.9). We note that free
energy estimation in Ref. [63] is based on thermodynamic integration along a path in
the structural (strain) space, and lattice constants are kept fixed in MD simulation
at each point along this path. As fluctuations in strain are thus not included, the
estimated T},’s from the resulting free energies are higher. More work is necessary
to obtain deeper understanding of the martensitic transitions in this context.

The hysteresis found in the vicinity of martensitic transition in our heating and
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cooling simulations is essentially due to first-order character of the martensitic tran-
sition, in a way similar to that found in simulations of ferroelectric phase transi-
tions [23]. The origin of this has been identified in fluctuations generated by the
strain-phonon coupling. While there is no time-scale in Monte Carlo simulations,
the hysteresis does arise in our quasi-static simulations, in which temperature is
varied in very small steps, and the system is equilibrated at each temperature.
Such simulated hysteresis should apply to experimental measurements carried out
at very slow rates of heating and cooling. As the systems simulated in our work
(8192 atoms) are much too small, their phase transition occurs homogeneously, i.e.
without nucleation and growth of domains (twins). Hence, it is not possible for
such simulations to be directly related to M, and M temperatures observed in ex-
periments. The simulated phase transition occurs marking a sharp, global change
in structure throughout the system. Indeed, our work forms a starting point of
multi-scale modeling and simulations [102] that will allow us to treat much larger

systems.

3.7 Landau theoretical analysis of H.;¢

To determine the couplings that are responsible for the observed MT in NiTi, we
now present a Landau theory obtained by projecting the H.ss into the subspace of
phonons at M-point Z(011) and strain degrees of freedom, (i) H2 ¥’ (75;) and H /()
projected on H[(n,,n,,7,) (Eq. 3.12), and (ii) Hgpe(7i, 73, €a3) Projected on
H ;@”daumx, Ny, Ta, €1, €2, €4, €5) (Eq. 3.13). To make Landau theoretical analysis sim-
ple, we exclude the high frequency M5 optical phonon mode, which has a negligible
contribution to the relevant structures of NiTi (Table 3.15). While this simplifi-

cation is made to facilitate analytical treatment, we include all the terms in our

exact numerical analysis results of which are shown in Fig. 3.10. In the projected
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subspace, 7, and 7, span the subspace of doubly degenerate unstable M5 phonon
modes, 7, and 7, span the subspace of My and My phonon modes respectively. We
restrict to structures with the symmetry of orthorhombic and monoclinic phases of

NiTi with n, = n,, €3 = €2 and €5 = €5, and write Hamiltonian in these subspace:

HEm ™ (g ny, 72) = ainl + aon, + asTy + asny + asn, + agnln,
+ar(; 4 207)° + as (i + 23)", (3.12)
H " (g, 0y, Tay €1,€2,€4,85) = (9161 + gag2)1; + (9361 + gag2 + gs€4)7))

+  96E5MNy + G7€5TeNy + G8E4NL T2
+ (goe] + g10€3 + gui€182)7>

4+ (g126T + g13e5 + 9145152)77@2,7 (3.13)

where a; and g; are the coefficients of phonon and strain-phonon coupling terms
in the Landau energy function respectively (their values are listed in Table 3.16).
The instability of Ms mode (ay =-8.4 eV/f.u. < 0) corresponds to {011} <0 1 1>
shuffle, whose coupling with £, (g3=116.4 eV /f.u.) is positive, and with €5 (g4=-188.6
eV/fu.) is negative. Therefore, 1 must be negative and £3 = &5 positive to reduce
the energy of system, consistent with Bain strain distortion that lowers the symmetry
of cubic structure of NiT1i to tetragonal one. Coupling of 7, with ¢, ({010}<0 0 1>
pure shear, gs=-143.7 eV /f.u.), transforms B2 structure to B19 structure. Though
1, and T, represent stable phonons at M-point and linear elastic moduli are positive
definite [103], the non-basal shear strain e = €5 couples strongly with 7,, 7, and 7,
(g6=-126.3 eV /f.u. and g;,=137.4 eV /f.u.) stabilizing B19’ structure relative to B19
structure through structural distortions involving M and M) modes. Rest of the

terms in Landau energy function play a supporting role in giving correct details of
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energetics and lattice parameters of B19 and B19" structures. From exact analysis
including all the terms, we determined the phase diagram of stability of B19 and
B19' structures (See Fig. 3.10) in the plane of these g-couplings, which can thus be
used as descriptors of stability of these phases. If the values of these couplings (gg
and g7) were weak, B2 structure of NiTi would transform through its MT to B19
structure, not B19’. The primary order parameter (phonon mode Ms/) drives the
MT, M)} and M} modes and strains constitute the secondary order parameters of
the MT in NiTi that determine stabilization of B19 vs B19" phases. Our analysis

suggests that the three order parameters [80] are not sufficient to study MT in NiTi.

Table 3.15: Values of amplitudes of LWF's and strains for different phases of NiTi,
obtained using DF'T, H.s; and Hrgndeu. LWFs are in unit of aps.

Phase Method M, Mo My M, €1 €9 = €3 €4 €5 = €
Ny =10 Te Ty =T:

B19 DFT 0.075 0.000 0.000 -0.003 -0.057 0.031 0.099 0.000

Hegy 0.093 0.000 0.000 -0.003 -0.064 0.038 0.145 0.000

Hiondgew 0.093  0.000 0.000 0.000 -0.062 0.037 0.146 0.000

B1Y DFT 0.095 0.066 -0.096 -0.002 -0.028 0.029 0.162 -0.141

Hepy 0.102 0.075 -0.083 -0.004 -0.028 0.034 0.214 -0.177

Higngew 0.104  0.072 -0.083 0.000 -0.032 0.036 0.212 -0.172

3.8 Structural disorder and microstructures rele-

vant to MT in NiTi

In addition to bulk crystalline phases, a martensitic transformation invariably in-
volves planar faults and microstructures (e.g. twinning and stacking faults). We now
demonstrate the efficacy of H.s¢ in capturing the physics of phases with structural
disorder and microstructures in NiTi. We present stability analysis of (i) average
austenitic structures reported in Refs. [104,105], and (ii) (100)[011] 52 twinning and

stacking faults that occur in the martensitic B19’ structure.
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979

Figure 3.10: Phase-diagram of the relative stability of B19 and B19’ structures of
NiTi as a function of third-order strain-phonon coupling coefficients g and ¢’. Black
filled circle shows the actual values of gg and g; which falls in B19" phase region in
phase-diagram.

Table 3.16: Coeflicients of terms in Landau energy function are linear combinations
of the parameters in H.yy.

Landau coeft. H.yy coeff. Values (eV/f.u)
ay 4A11 + 4A5 + 4As 9.2
as 8A1 + 4A 19 + 4As + 4Ag + 8As3 -8.4
as %Am + 4A11 + 812121 + 4/122 17.2
ay 32By1 + 64Bys 468.9
as 64B41 + 32Bys + 32By3 + 64By4 + 256 By5 4.0x10?
ag 64Byo + 64Byy + 256 B, 2.1x10%
as 128 Bg; -3.7x10*
as 512Bg; 8.3x10°
g1 8931 + 8932 -85.8
92 16g31 + 8935 -134.2
93 16g31 + 8933 116.4
ga 32g31 + 16g32 + 16933 + 8934 + 8935 -188.6
Js 8936 -143.7
J6 16936 + 8937 -126.3
g7 Dhsg 1374
gs Shsa 28.0
9o 8ga1 + 8942 1.2x10°
910 16941 + 89a3 9.1
g11 16944 -167.0
g12 16941 235.0
913 32941 + 16942 + 16gus 2.4x103
14 1645 + 16944 -655.3

3.8.1 Stablity of average austenitic structures

To simulate the reported average austenitic structures, we start with B2 structure

and relax its structural distortions in the subspace of unstable My phonons using



62 Chapter 3.

H.s; in MC simulation at T=10 K, constraning 7;s and € to be zero. We find a
structure resulting from a combination of two unstable M; phonons at distinct M-
points, =(011) and Z(101), which break the translational symmetry of B2 structure,
transforming it to a stable hexagonal austenite structure reported in Refs. [104,105].
This hexagonal structure (See Fig. 3.11a) has a periodic unit cell with 24 atoms
(12 Ni and 12 Ti atoms) and apey = bpes = 2v/2a and ¢, = V3a (a is the lattice
parameter of B2 structure) along [011] s, [101] g2 and [111] g5 directions respectively.
It is lower in the energy by 9.8 meV// f.u. than the B2 structure, and higher in the
energy by 71 meV/ f.u. than the B19’ structure. To stabilize this austenitic structure,
Ni and Ti atoms displace from their high symmetry positions in the B2 structure
along the eigenvectors of unstable Ms phonons such that the average structure
remains B2. This is one of the many possible stable austenitic structures, and
similar to the hexagonal structure of Refs. [104,105]. The main difference between
this hexagonal structure and that of Refs. [104, 105] is the size of the respective
periodic unit cell. The hexagonal structure reported in Refs. [104,105] has 54-atoms
unit cell, where ape, = bpes = 3v2a and ¢, = V3a. Thus, H.¢; does capture
the physics and stability of average austenite structure like the one reported in

Refs. [104,105].

3.8.2 Microstructure of NiTi

To examine microstructures relevant to the MT in NiTi, we simulated (100)[011] g2
twinning and stacking faults in its martensitic B19" structure using H.ss. Separated
by a (100) plane of the B2 structure, we introduced two domains (See Fig. 3.11b-
3.11d) in a L x L x L system. Domains (I, z < L/2) and (II, z > L/2) contain states
of B19’ structure with distinct orientation, charecterized by order parameters. In
the twinned structure, My and non-basal shear (g5 and €4) order parameters have

opposite values in the two domains. On the other hand, in stacking faulted structure,
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Figure 3.11: Analysis based on H.ss gives stable atomic structure of the hexagonal
austenitic phase (a). Optimized atomic structures of single-crystal (b), twinned B19’
(c), and stacking faulted (d) B19’ phase of NiTi obtained from MC simulations of
H.pp at 10 K temperature. Blue boxes in (b), (c¢) and (d) represent B19’ structural
unit cell. My (+) is the primary order parameter, and My (—) represents its opposite
value. €5 and e4 are the components of non-basal shear strain, which are the same
in both domains of the stacking faulted structures, while have opposite values in the
two domains of twinned structure of NiTi.

My, My and My have opposite values in the two domains though non-basal shear
strains are the same. Hydrostatic, Bain and pure shear strains (secondary order
parameters) are same in both domains of twinned and stacking faulted structures.
We constructed the twinning and stacking faults in B19" structure of NiTi using
the optimized values of order parameters obtained by H.;r. We estimated faults

formation energy in B19" structure of NiTi as follows.

Erp —nEpy

14

EFE =

where Erp, Erpp and Epjg are the faults (twinning and stacking fault) formation,
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faulted plane and single crystal B19" structure’s energy, respectively. n is the number
of unit cells lie on the plane which has the cross-sectional area A. Our estimates
of the twinning and stacking fault energies using Eq. (3.14) are 96.3 mJ/m? and
217.4 m.J/m?, respectively, confirming that twinning faults are more likely to occur
than stacking faults in NiTi. Our MC simulations at T= 10 K initialized with the
structures containing twinning and stacking faults reveal that both the structures
remain stable in their respective forms, and that the twinned structure is lower in
energy than the stacking faulted structure (See Table 3.17). While our H.s-based
estimates of twinning and stacking faults of NiTi are bit different in comparison
with their DFT values [106], their relative stability is captured qualitatively well by
our effective Hamiltonian. In the phonon-based theoretical framework of our Hyy,
a ferroelastic domain wall separating domains of B19" phases with distinct order
parameters orientation give the planar twinning faults are known to be relevant to
the MT in NiTi.

Table 3.17: The statistical averages of absolute values of My, My and My, averages
of components of strain tensor in the different structures of NiTi calculated by MC
simulations at T=10 K. < |My/| >, < £5 > and < g5 > are zero in twinned structure,
< |Msy| >, < |My| > and < |My| > are zero in stacking faulted strucures, because

these parameters have opposite values in both domains of their respective faulted
structures.

Statistical averages Stable Austenitic structure Single crystal B19" Twinned B19" Stacking fault B19’

< E > (meV/fu) -8.5 -77.0 -46.5 -14.9
< |My| > 0.051 0.102 0 0
< |My| > 0 0.075 0.075 0
< |My| > 0 0.085 0.086 0
<e > 0 -0.027 -0.027 -0.023
<egg> 0 0.033 0.033 0.032
< e3> 0 0.033 0.033 0.032
< g4 > 0 0.215 0.214 0.212
<es> 0 0.177 0 0.177
< egg > 0 0.177 0 0.177
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3.9 Summary

In summary, we have presented a microscopic picture of martensitic phase trans-
formation in NiTi in terms of its phonons and their interactions derived from first-
principles and captured in an effective Hamiltonian. We have shown that vibrational
entropy of soft modes stabilizes the monoclinic martensite B19" structure over its
BCO structure at T>43 K. Through Monte Carlo simulations of an effective Hamil-
tonian derived to capture its low-energy landscape of NiTi, we (a) determine its
soft modes and establish the cell-doubling M; phonon of the cubic phase as the
primary order parameter of MT, and (b) there are SIX other secondary order pa-
rameters that are relevant to the MT in NiTi. We show that pressure can introduce
an intermediate phase during the MT, thanks to the interesting physics of seven
coupled order parameters. Using Landau theoretical analysis, we show that relative
strengths of the third-order coupling between primary and secondary order parame-
ters including strain determine the specific symmetry of low-T structures emerging
from its MT. These can be used as first-principles descriptors in designing materi-
als with improved shape memory properties through substitutional alloying in NiTi.
We finally show that our H.;; qualitatively captures stability of other stable average
austenitic structures, twinning and stacking faults in NiTi, which are relevant to its

MT.






Chapter 4

Martensitic Structural
Transformation in PtTi: A

High-temperature Shape Memory
Alloy

4.1 Introduction

High-temperature shape memory alloys (HTSMAs) have been used extensively to
improve the efficiency of the automotive, aerospace and energy exploration indus-
tries. HTSMAs undergo a martensitic transformation (MT) at Ty, > 400 K [107],
and exhibit a shape memory effect [52]. Though the binary NiTi alloy is a promis-
ing shape memory alloy (SMA), its martensitic transformation temperature (7y;)
is close to room temperature [77], which limits its use in high-temperature shape
memory applications. However, MT in binary PtTi occurs at a much higher temper-
ature Ty =1343 K [108], making it ideal for use in technological high-temperature

shape memory applications. Experimentally [108-111], it was found that the crystal

66
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of PtTi changes from cubic B2 structure to orthorhombic B19 structure during the
MT, B19 being its ground state. However, first-principles calculations concluded
that B19" is the ground state structure of PtTi [60,112] and not B19. Thermal
properties of the B2 structure of PtTi have been studied using first-principles cal-
culation, and martensitic transformation using P* method [113]. They estimated
Ty = 1171 K, in good agreement with experiment. Fundamental understanding of
(i) the ground state structure, relative stability of B19 and B19’ structures, and (ii)
the precise atomistic mechanism of the MT in PtTi still needs to be understood.

Metallurgists typically explain MT using strain as the order parameter, the best
example being the BCC-FCC transformation in steel [10]. Within soft-mode the-
ory [114] it was argued that soft-phonon mode, strain and their couplings are impor-
tant to structural phase transitions, and successfully explained this kind of phase
transformations in ferroelectric materials [22, 115]. This approach has been ex-
tended successfully to study MT in NiTi SMA [45]. The biggest advantage of this
theory is that we start from high-symmetry structure as the reference and identify
soft-phonon modes and their symmetry allowed coupling with strain governing the
structural transformations. First-principles calculations have been used [112] to cal-
culate energetics of different structures of PtTi, reporting which phonon modes are
responsible for its martensitic transformation in PtTi. However, the issue of the
ground state and thorough statistical mechanical analysis of the MT in PtTi are
needed for its deeper understanding.

In this chapter, we present detailed first-principles and Landau theoretical anal-
ysis of the MT in PtTi with focus on soft-phonon modes and strain and goal to
uncover the microscopic governing mechanisms and couplings. Using this, (i) we
determine, the primary and secondary order parameters, and (ii) identify the micro-

scopic coupling between strain and phonons, which are responsible for the MT. Our
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goal here is to give a thorough analysis of MT in PtTi within the framework of effec-
tive Hamiltonian (H.sr) that we used in chapter 3 to study MT in NiTi. In Sec. 4.2,
we present details of first-principles calculations and crystal structures of different
phases of PtTi. In Sec. 4.3, we present phonon spectra and dispersion of B2, B19
and B19’ structures, T-dependent free energies of B19 and B19’ structures to resolve
the issue of their relative stability at low-T. In Sec. 4.4, we find the relevant sym-
metry invariant subspace of phonons and order parameters involved in MT in PtTi.
In Sec. 4.5, we determine PtTi-specific parameters of the effective Hamiltonian to
capture low-energy landscape of its B19 structure. In Sec. 4.6, we present results of
Monte Carlo simulations of H.s¢ to determine temperature dependent MT in PtTi,
followed by Landau theoretical analysis in Sec. 4.7 to identify specific couplings in
H.s¢ that stabilize its low-T structure, and finally, we summarize our work in Sec.

4.8.

4.2 First-principles computational details and struc-
tural parameters

Our first-principles calculations within the density functional theory (DFT) are
based on the plane-wave pseudopotential scheme as implemented in the Quantum
Espresso (QE) package [81], with a generalized gradient approximation (GGA) and
Perdew-Burke-Ernzerhof (PBE) [32] form of exchange-correlation energy functional.
We use an energy cutoff of 40 Ry and 320 Ry to truncate the plane-wave basis set
for representing Kohn-Sham wave functions and charge density respectively. In self-
consistent Kohn-Sham (KS) calculations with primitive unit cells, Brillouin zone
(BZ) integrations were sampled on uniform meshes of 20 x 20 x 20 k-points for B2
structure, and 20 x 12 x 12 k-points for B19 and B19’ structures. We relaxed struc-

tures to minimize energy with respect to lattice parameters and atomic positions
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until the magnitude of stresses are less than 3 kbar and Hellmann-Feynman force
on each atom is less than 5 meV/ A. We determined lattice-dynamical properties of
PtTi phases within the framework of density functional perturbation theory (DFPT)
as implemented in QE code [81]. Phonons and dynamical matrices were obtained
on a uniform 6 x 6 x 6 g-point mesh in BZ for B2, and 2 x 2 X 2 g-point mesh in
the BZ for B19 and B19’ structures.

We obtained the structural parameters and energies of B2, B19 and B19’ struc-
tures of PtTi using first-principles simulations, and benchmarked our methods through
good agreement with earlier theoretical results [112], reconfirming that B19' is the
ground state of PtTi (See Table 4.1). Though B19’ structure is not yet observed
experimentally, our calculated lattice parameters of B2 and B19 structures are in

good agreement with experimental results [109].

Table 4.1: Crystal structural parameters (4 atoms per unit cell) and energies of B2,
B19 and B19’ structures of PtTi relative to B19 structure as a reference, obtained
by DFT calculations.

Phase Space group  Method a(A) b(A) c(A) v°  E — Eg(meV/f.u)

B2 Pm3m GGA 318 450 450 90 267.8
LDA [112] 313 443 443 90 151.2
Exp. [109] 319 451 451 90

B19 Pmma GGA 278 487 463 90 0
LDA [112] 273 480 455 90 0
Exp. [109] 373 479 455 90

B1Y  P2/m GGA 278 489 461 935 -4.9
LDA [112] 274 482 453 936 -4.9

4.3 Phonon spectra and relative stability of PtTi
phases

To determine the thermodynamic stability of B2, B19 and B19’ structures at low-

temperature, we calculated their phonon dispersion using DFPT. We find that Ms,
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phonon mode is the strongest lattice instability of B2 structure (w ~97i em™!,

Fig. 4.1a) and is in good agreement with results of Ref. [112,116]. In the phonon
dispersion of B19 structure, one of the transverse acoustic (TA) phonon branches is
unstable (w ~50i cm™') along T' — Y direction (Fig. 4.1b) making it an unstable
structure at T=0 K. Phonon dispersion of B19’ structure, the ground state, exhibits
no instability anywhere in the Brillouin zone (Fig. 4.1c). We now estimate the free
energies of B19 and B19" within the harmonic (stable phonons) and anharmonic
(unstable phonons) approximation of quantum oscillators using Eq. (3.1). At T
=0 K, AG = Gpioo — Gp1g = -1.60 meV/f.u., confirms that theoretically B19' is
stable against B19 structures at low-temperature. However, at T > 112 (133) K
B19 structure gains stability relative to B19" structure based on the free energy
estimated with (without) including contributions of unstable modes to free energy
of B19 structure (Fig. 4.1d), thus providing a possible solution to the issue of B19’
structure as unexpected ground state of PtTi. Inclusion of contributions of the
unstable modes to free energy leads to stabilization of B19 structure at a slightly
lower temperature (Fig. 4.1d), because weak instabilities in the TA phonon branch of
B19 structure contribute strongly to vibrational entropy. We note that the difference
between structural parameters and energetics of B19 and B19' structure is rather
small (Table 4.1) and their relative stability depends on quantum vibrational energy
which is not captured by Monte Carlo or Molecular dynamics simulations. Therefore,
we will focus on the energy landscape B2 and B19 structures in our statistical

mechanical analysis of the MT.

4.4 Identification of order parameters

We identified the order parameters of the martensitic tranformation in PtTi, that

link its low-symmetry B19 and high-symmetry B2 structures in terms of phonon and
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Figure 4.1: Phonon dispersion of B2 (a), B19 (b), B19 (c) structures of PtTi
obtained using DFPT calculations. Unstable modes with imaginary frequencies
(w? < 0) are shown with negative values. Difference between free-energies of B19’
and B19 structures black (red) lines show with (without) contribution of unstable
modes of B19 structure to free energy (d). It is clear, B19 structure is stabilized
above 112 (133) K by vibrational entropy with (without) including unstable phonons
of B19 in free energy.

strain modes of the B2 structure. Phonon modes and strains of B2 structure take into
account of atomic displacements and lattice distortion of this structure, respectively.
M3 phonon at M-point (Z(011)) drives the B2 to B19 structural transformation with
orthorhombic lattice distortion of 1 x v/2 x v/2 super-cell of B2 structure (Fig. 3.4a,
3.4d in chapter 3). It being the strongest lattice instability of B2 structure, Ms
mode is the primary order parameter. The quantitative estimation of amplitudes of
phonons and strains involved as order parameters in B2 to B19 transformation are
listed in Table 4.2. It is evident from our results that four order parameters Ms

phonon mode, Bain strain (s3), hydrostatic strain (s3) and pure shear (s4) are the
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order parameters of B2 to B19 transformation.

Table 4.2: Order parameters (M-point phonon modes at ¢ = Z(011) of the cubic
B2 structure and strain tensor components) associated with B19 structure, obtained
from first-principles calculations. The amplitudes of phonon eigenmodes are in unit
of lattice constant of B2 structure, and phonon eigenmodes are expressed in terms of
atomic displacements é,, = |1, T, T, Pt,, Pt,, Pt, >. The strain eigenmodes
s = |e1,€9,€3,€4,€5,66 >, are in the Voigt notation.

Modes Eigenmode Character B2 B19
My |0,0.51,0.51,0,0.86,0.86 > {0111 <011> Basal shuffle 0 0.085
My 10,0,0,1,0,0 > {011}<100>, Pt displacements 0 0
My [1,0,0,0,0,0 > {011}<100>, Ti displacements 0 0

$1 %|0, 1,-1,0,0,0 > {011}<011> Basal shear 0 0
59 %| —2,1,1,0,0,0 > Bain strain 0 0.149
S3 %H7 1,1,0,0,0 > Hydrostatic strain 0 -0.006
54 |0,0,0,1,0,0 > {010}<001> Pure shear 0 0.054
S5 %|0,0,0,0, 1,1 > {100} <011> Non-basal shear 0 0

4.5 Effective Hamiltonian

Both PtTi and NiTi have the same structure (B2) of the austenite phase, and their
martensitic transformations are governed by M-point phonon and strain modes.
Subspaces of acoustic and optical phonons of PtTi are separated by a gap in frequen-
cies (Fig. 4.1a) like in NiTi (Fig. 3.3a in chapter 3), and these phonons dominated by
Pt and Ti displacements respectively. Though in NiTi seven order parameters (Ms,
My, My, sa, s3, s4 and ss5, see Table 3.2 in chapter 3) are involved where transfor-
mation occurs from B2 to B19’ structure, only four order parameters (Ms:, so, s3
and s4) are involved in the transformation from B2 to B19 structure of PtTi. These
four order parameters are common to the MTs of the two alloys. The similarity
between MTs in PtTi and NiTi allows us to use the same form of effective Hamil-
tonian (H.ss) to explain MT in PtTi, though the coefficients in this Hamiltonian
are PtTi-specific. Subspace of acoustic phonons in NiTi and PtTi are dominated
by Ni and Pt displacements respectively. Therefore, here we replace the Ni-centric

LWF's to Pt-centric LWF's to represent the subspace of acoustic phonons. Now, Hs¢
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can be expressed as an explicit symmetry invariant Taylor expansion in Pt-centric
LWFs (77;), Ti-centric LWFs (7;) and strains (,4), ¢ indicating the lattice unit cell

to which 7; and 7; belong. H.s¢ consists of four parts:

Heff - Hé}tf(ﬁi) + Heszf(ﬁ) + Hspc(ﬁia 7__;7 5045) + Helastic(gozﬂ)a (41>

where H[};(7;) and H}/(7;) operate in the subspaces of acoustic and optic
phonons respectively. Hepstic(€ap) is the linear and nonlinear elastic energy of ho-
mogeneous strain €,4, and the coupling of €, with both sets of LWF's is included
in Hgpe (77, T, €ap). The detailed derivation of this Hamiltonian and procedure for
computing its parameters are presented in Sec.3.5 of chapter 3. We follow here
the same procedure to determine H.¢; of PtTi. Calculated coefficients of phonon
and strain-phonon couplings part of H.s are listed in Table 4.3, while non-linear
elastic moduli of the B2 structure (coefficients of Hejastic(€a)) of PtTi are listed in
Table 4.4.

Though the B19’ structure is the ground state of PtTi, it destabilzes to B19
structure due to quantum fluctuations. Our H,ss thus does not capture the details
B19’ structure. Our H.s; reproduces the lattice parameters and energies of B19

structure with negligible errors relative to the first-principles results (Table 4.5).

4.6 Monte Carlo simulations

Having derived the H.s; of PtTi from first-principles, we now present analysis with
Monte Carlo (MC) simulations of H.f on a periodic system containing L x L x L
(L = 16) unit cells of B2 structure of PtTi. We used Metropolis algorithm with
a single-flip update of configurational variables {7;, 7;} maintaining the acceptance

ratio of ~ 0.5 near transformation temperature. In every Monte Carlo sweep (MCS),
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Table 4.3: Coefficients of harmonic (A;; and Aj;;), anharmonic (Bj;;) phonons and
strain-phonon couplings (g;; and h;;) terms in the effective Hamiltonian in the unit
of eV/f.u., obtained with first-principles calculations.

Coefl. Values Coefl. Values Coefl. Values
An 5.0 Ay -3.0 Ba 104.8
Ay 0.2 Aps 16.3 Bis 260.4
Ag 2.0 Ay 1.5 Bus 83.7
Aso 1.7 Ay -2.3 Bu -78.5
Aos 1.4 Asy -0.5 Bus 6.9
Asy 2.2 B -13.7 Bus 0.9
Asy 3.2 Bss 6.5 Bg: -1373.4
A 58.2 Bas 7.8 Bg 7893.5
g31 1.3 g3z 17.0 hiss 70.3
032 18.7 gn 2.0 Rias 51.9
933 23.4 Ju2 304.3 hs4 28.6
G3a -55.3 a3 -62.0 his 12.2
G35 -19.2 o -86.2 R 19.3
36 21.0 hs -39.3 . 10.4

Table 4.4: Elastic moludi of Hgs0(¢) in GPa, determined from first-principles.

Coeft. Values Coeft Values Coeft. Values
Ch -1 Clas -474 Cli44 5093
Ch1 174 Ciss -464 Cliss 2352
Cio 257 Cise -426 Cla255 1251
Cu 63 Chi 11381 Cl266 664
Cin -862 Chi12 -3355 Clase 1273
Clio -751 Chi22 4510 Clga4 3146
Clo3 -1020 Chi23 4526 Class 1335

Table 4.5: Structural parameters (4 atoms per unit cell) and energies of B2 and B19
structures relative to B19, obtained using first-principles and H,y;.

Phase Method a(A) b(A) c(A) v  E — Epig(meV/fu)
B2 GGA 3.18 4.50 4.50 90.0 267.8
H, 318 450 450 900 268.6
B19 GGA 2.78 4.87 4.63 90.0 0.0
Hyf 281 493 455 900 0.0
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we picked 7;, 7; randomly (totally 2L updates) and homogeneous strain variables L
times. Therefore, every MCS has a total (2L3 + L) attempts for updating the con-
figuration of model system. In order to recognize austenite and martensite phases
from configurations used in Monte Carlo simulations, we collected absolute values of
the Fourier components of n; and 7;, obtained averages of My, My and My phonon
modes, and averages of strain (< & >) at each temperature. We performed our MC
simulations by cooling and heating the system in the range of 400 to 700 K temper-
ature to assess the possibility of hysteresis. In cooling simulations, we start with B2
structure from 700 K temperature, equilibrate the system into this structure, and de-
crease the temperature in steps of 10 K (2 K near the transformation temperature),
down to a low-temperature of 400 K. In heating simulations, we start from T=400
K taking B19 structure as the initial configuration (though results do not depend
on the choice of the initial configuration of system), and increase the temperature
in steps of 10 K (2 K near the transformation temperature) to a high-temperature
of 700 K. At each temperature, we used 10000 MCS for thermal equilibration and
50000 MCS for statistical averaging of various observables.

Averages absolute value of the primary order parameter M5 (Fig. 4.2a) vanishes
at high-temperatures, and changes discontinuously to a non-zero value at T < T},.
In cooling simulations, this discontinuity marks the martensitic transformation at
Ty = 536 K. In heating simulations, our model transforms the martensite phase
into the austenite phase at T4 = 542 K. Average values of My and My modes
remain zero throughout the temperature range (Fig. 4.2a), and confirm that PtTi
transforms from B2 to B19 structure in the martensitic transformation. Disconti-
nuity in primary order parameter at the transformation temperature and hysteresis
of 6 K temperature in cooling and heating simulations reveal first-order character
of this transformation. Histograms of the primary order parameter obtained from

cooling (Fig. 4.2d) simulations reveal (i) relatively narrow distributions and (ii) a
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Figure 4.2: Averages of absolute values of My, My and My modes (a) as a function
of temperature at ambient pressure. Square of frequency of My phonon (b), its
Binder cumulant (c), and histograms of Ms mode obtained from configurations
sampled during cooling (d) at T, and its nearest temperatures.

sharp jump across T = T);. The bimodal nature of the histogram at Tj; confirms
the coexistence of B2 and B19, and hence first-order character of the MT. For fur-
ther confirmation of these results, we obtained square of frequency (w) and Binder
fourth-order cumulant (Cy) of the primary order parameter (M; mode) using Eq.
(3.10) and Eq. (3.11) respectively, in both cooling and heating runs of simulations.
Softening of Ms phonon frequency and its T-coefficients (Fig. 4.2b) below and above
Ty, and a discontinuity in Cy (Fig. 4.2¢) of M. mode at T = 536 (542) K in cooling
(heating) confirm that Mjs mode is the primary order parameter of MT in PtTi.
The equilibrium transformation temperature (T, = $(Ty + T4) = 539 K) is much
underestimated here with respect to experiment (7, = 1318 K), similar to the er-

rors in martensitic transformation in NiTi [45] and ferroelectric phase transition in
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PUTiO4 [23]. This is probably because of the GGA-DFT errors in energies and

structural parameters and needs further investigation.
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Figure 4.3: Average of absolute value (a) and square of frequency (b) of primary
order parameter My mode as a function of temperature in the clamped lattice
parameters of B2 structure of PtTi.

We now discuss the clamped lattice analysis of our effective Hamiltonian uncov-
ering important aspects of first-order phase transformation where the strain-phonon
coupling plays a crucial role. To verify this, we performed Monte Carlo simulations
using the same H.;; of PtTi with strain clamped at the lattice parameters of B2
structure (g,5 = 0) and find that (i) the thermal hysteresis vanishes that confirming
a second order phase transition, and (i) 7. = 565 K (Fig. 4.3a and b). If fluctua-
tions in strain are not allowed in simulation, the same H.;; may give a second order

transformation at much higher temperature T..

4.7 Landau theoretical analysis of Herf

To determine the specific couplings in H.y; that are relevant to the martensitic
transformation in PtTi, we present a Landau theoretical analysis by projecting the
full effective Hamiltonian into the subspace of phonons at M-point (Z(011)) and

strain degrees of freedom (Eq. 4.2 and 4.3). In the projected subspace, 7, and 7,



78 Chapter 4.

span the subspace of doubly degenerate unstable Ms phonon modes, 7, and 7,
span the subspace of My and My phonon modes respectively. Unlike in NiTi, the
contribution of doubly degenerate high frequency M; optical phonon mode (7, and
7.) also have significant contribution (Table 4.6) in the MT in PtTi that directly
relate to the atomic displacements. Therefore, we have included these variables
in our analysis of Landau theory of PtTi. We restrict the resulting structures of
projected Hamiltonian to the symmetry of relevant martensitic phases of PtTi with

N, =My, T- = Ty, €3 = €2 and € = €5, and Hamiltonian of their coupled dynamics:

Hﬁhandau(ﬁa T) = i+ asz +agTs + G4Ty2 + asn, + aﬁnfj + amﬁni
+ as(n? + 277;)3 + ag(n2 + 2775)4 (4.2)
Hstacndau(ﬂa T,e) = (gie1 + gac2)ns + (9381 + gago + 9554)775

96E5MxTy + G7€5TxTy + J8€4NzTx

+
+ (goc1 + 91082 + G11€4)1yT> + Gr2E5M0Ty
+ (9135% + 91483 + 9155162)773;

+

(916¢1 + 91785 + grs€1€2); (4.3)

where a;’s and g;’s are the coefficients of phonons and strain-phonon coupling
terms in the Landau energy function respectively and their values are listed in
Table 4.7. The instability of Ms mode (ay =-49.1 eV/fu. < 0) corresponds to
{011} <0 1 1> shuffle, whose coupling with &; (g3=208.7 eV/f.u.) is positive, and
with g9 (g4=-478.1 eV /f.u.) is negative. Therefore, 1 must be negative and €3 = &9
positive to minimize the energy of system, consistent with Bain strain distortion
that lowers the symmetry of cubic structure of PtTi to tetragonal one. Coupling of
n, with e4 ({010}<0 0 1> pure shear, gs=-167.7 ¢V /f.u.) transforms B2 structure

to B19 structure.
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Table 4.6: Values of LWF at M-point 7/a(011) and strains for different phases of

PtTi obtained using first-principles and effevtive Hamiltonian.

Phase Method €1 €9 = €3 €4 e5 = &g N My =1 Ty Ty =Tz
B2 GGA 0.000  0.000 0.000 0.000 0.000 0.000 0.000 0.000
Hpy 0.000  0.000 0.000 0.000 0.000 0.000 0.000 0.000

B19 GGA -0.125 0.057 0.054 0.000 0.000 0.085 0.000 -0.014
Hep -0.116  0.056 0.086 0.000 0.000 0.088 0.000 -0.016

Table 4.7: Coefficients of terms in Landau energy function are linear combinations
of the parameters in H.yy.

Landau coeff.

Heff coeff.

Values (eV/f.u)

ay
a2
as
Qg
as
Qg
ar
as
ag
9
92
g3
94
95
Je
g7
gs
99
gdio
g11
912
913
14
915
16
gir
918

4A11 + 4A9 +4A9
8A11 + 4A12 + 4A21 + 4A22 + 81423
%Am + 441 + 845 + 44y
Agy + 84y, + 4415 + 1645, + 44y
32By; + 64By5
64By1 + 32B4s + 32By3 + 64Byy + 25685
64 By + 64Byy + 256 Bys
128 Bg1
512Bg;
8931 + 8932
16931 + 8935
16931 + 8933
32g31 + 16g3s + 16933 + 8934 + 8935
8936
16936 + 8937
%h%
%h34
Lhsy
%(Qh:n + h3a + hss
%h:ss
%h?ﬂ
8ga1 + 892
16941 + 8gu3
16944
16941
32941 + 16942 + 16944
16943 + 16444

-18.8
-49.1
20.1
114.9
3.8x10°
1.4x104
1.3x10*
-1.8%x10°
4.0x106
-139.2
-132.2
208.7
-478.1
-167.7
-200.1
103.2
76.3
-209.8
231.9
64.9
55.3
2.4x103
-464.8
-1.3x10°
31.4
3.6x103
-2.4x103

Though the My mode also unstable (a; =-18.8 eV /f.u < 0), its fourth-order

phonon-phonon coupling (a; = 1.3 x 10*) with My mode and strain suppress its
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contribution in MT. In further analysis of third order strain-phonon couplings, we
found that couplings of non-basal shear e = €5 with n),, 7, and 1, (ge=-200.1 eV /f.u.
and g;=103.2 eV /f.u.) are relatively weak (Fig. 4.4) and do not favor of B2 to B19’
transformation. Rest of the terms in Landau energy function play a supporting role
to capture correct energetics and lattice parameters of B19 structure. We derived
the phase diagram of stability of B19 and B19’ structures (Fig. 4.4) in the plane of
these g-couplings, the descriptors of stability of these phases. It is clear from the
phase diagram that B2 structure of PtTi would transform through its MT to B19/
structure instead of B19 if the values of these couplings (g¢ and g7) were strong. The
couplings between primary order parameter (phonon mode Ms/) driving the MT and
strains as the secondary order parameters determine the relative stabilization of B19

versus B19" phases.

9'/9,

Figure 4.4: Phase diagram of the relative stability of B19 and B19" structures of
PtTi as a function of third-order strain-phonon coupling coefficients g and ¢’. Black
filled circle shows the actual values of g¢ and g; which falls in the B19 structure
region in phase-diagram.
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4.8 Summary

We presented a possible resolution of the issue of ground state structure (B19 versus
B19') of PtTi by calculating their free energies: we show that vibrational entropy
of soft modes stabilizes the B19 martensite structure at T>112 K. Through an
effective Hamiltonian of PtTi derived from first-principles, we (a) determine its soft
modes and establish the cell-doubling Ms5 phonon of the cubic phase as the primary
order parameter of MT, and (b) there are three other secondary order parameters
that are relevant to the MT in PtTi. Through Landau theory, we show that relative
strengths of the third-order coupling of the primary order parameter with secondary
order parameters determine the specific symmetry of low-T structures emerging at
its MT. Most importantly, successful description of the martensitic transformation
in PtTi validates our effective Hamiltonian approach, and opens up the avenue to

study MTs in other materials.



Chapter 5

Theory of 5 to a Phase

Transformation in Titanium

5.1 Introduction

Titanium (Ti) is an important metallic material widely used in industrial, aerospace,
marine and medical applications. The pressure-temperature (P-T) phase diagram of
Ti [117,118] demonstrates that (i) it undergoes through a martensitic transformation
(MT) from high-temperature body-centered cubic (BCC or ) phase to hexagonal
close-packed (HCP or «) phase at 1155 K temperature and ambient pressure, (ii) its
a phase transforms under pressure into hexagonal open-packed (HOP or w) phase,
and (iii) its 8 phase also directly transforms into w structure above a triple point.
The MT in titanium is similar to that occuring in NiTi, a shape memory alloy.
Despite this, any of the low-temperature structures of titanium do not exhibit the
shape memory behavior like NiTi. This is because the nearest neighbor (NN) atoms
have identical atomic arrangements, and have more than one way to transform from

a to [ structure at atomic level. Experimentally, a structure is the equilibrium
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state of Ti [117,118] at room temperature and ambient pressure. Theoretical calcu-
lations indicate, instead, that w is the ground state structure [119-123]. It is well
known that a martensitic transformation is a non-diffusive first-order phase trans-
formation involving atomic displacements and lattice distortion of the parent phase
of a material. The MT in titanium has been investigated through experiments and
theoretical [124-126] analysis over the years.

Studies of the transformation pathways connecting the three structures of Ti
have shown that § to « transformation occurs via {011}<011> shuffle correspond-
ing to softening of an acoustic phonon [127] at gy = 7(011) wave-vector, known
as the Burgers mechanism [128] of § to « transformation in Zirconium, and is sim-
ilar to the B2 to B19 transformation in the shape memory alloys [79]. The § to
w transformation occurs via plane collapse along the [111] direction of the BCC
structure corresponding to softening of a longitudinal acoustic phonon [129-131] at
Qv = %(111) wave-vector. Trinkle and co-workers [132] determined the path of « to
w transformation. Though soft phonons provide a piece of important information
relevant to the transformation, contribution of strain is not quite clear yet, which is
essential to the MT.

It is also not clear (i) how the strain-phonon coupling influences the MT as we
have seen in MT in NiTi [45], and (ii) which order parameters govern this trans-
formation in Ti.  and « structures and their transformation is relevant to many
industrial applications of titanium alloys. For this, (i) alpha stabilizers are alu-
minum, oxygen, nitrogen or carbon whose addition to titanium raises the « to
transition temperature, and (ii) beta stabilizers are molybdenum, vanadium, tanta-
lum, niobium or manganese whose addition lowers the « to 8 transition temperature.
Therefore, our focus here is on the 8 to «a transformation, particularly to develop
a quantitatively accurate microscopic model and theory to determine how coupled

phonons and strain constitute the mechanism of 3 to a phase transformation.
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In this chapter, we present a thorough investigation of temperature-induced
to a phase transformation in titanium, based on effective Hamiltonian H,;s which
is constructed from first-principles, and Landau theoretical analysis with focus on
order parameters involved in this transformation. In Sec. 5.2, we present the com-
putational details of first-principles methods, optimized structural parameters of
different structures of Ti and their energies. In Sec. 5.3, we present phonon spectra
of the conventional unit cell of 5 and « structures and discuss their lattice stability.
In Sec. 5.4, we identify the order parameters that are relevant to 5 to a phase
transformation. In Sec. 5.5, we present a detailed description of construction of
effective Hamiltonian (H,sy) taking 8 as the reference structure to capture the low
energy landscape of a structure of titanium. In Sec. 5.6, we present results of Monte
Carlo simulations of H.¢s using a Fortran code developed. In Sec. 5.7, we present
Landau theoretical analysis to identify the specific strain-phonon couplings in H. s
that govern the § to a martensitic transformation in titanium, and then we will
summarize our work in Sec. 5.8. Our work facilitates general understanding of g to

a stabilizers in Ti alloys.

5.2 Computational methods and structural pa-
rameters

Our first-principles calculations are performed within the density functional the-
ory (DFT) based on the plane-wave pseudopotential scheme implemented in the
Quantum Espresso (QE) package [81], with a generalized gradient approximation
(GGA) and PW91 [133] form of exchange-correlation energy functional. Results for
properties of Ti are sensitive to energy cutoff on basis set and k-points, and hence

we use a relatively high accuracy parameters in our calculations. We use energy
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cutoffs of 50 Ry and 400 Ry to truncate plane-wave basis sets used for represent-
ing Kohn-Sham wave functions and charge density respectively. In self-consistent
Kohn-Sham (KS) calculations, Brillouin zone integrations were sampled on uniform
meshes of 24 x 24 x 24 k-points for 3, 24 x 24 x 18 k-points for o and 24 x 24 x 36
k-points for w structures. We relaxed structures to minimize energy with respect
to lattice parameters and atomic positions until the magnitude of stresses are less
than 1 kbar and Hellmann-Feynman force on each atom is less than 1 meV/A. We
reconfirm structural parameters and relative energies of the structures of Ti using
calculations based on SCAN meta-GGA exchange-correlation functional [83,84] as
implemented in the VASP code [85,86] along with projector augmented wave (PAW)
potentials [87]. Within the framework of DFPT, we determined dynamical matrices
and phonons at g-points on a 6 x 6 x 6 mesh for 3, and 6 x 6 x 2 mesh in the BZ for «
structures. We performed first-principles calculations using different computations
schemes and flavors of exchange-correlational functional and have optimized the
structural parameters of all three Ti phases. Our estimates of structural parameters
and energies of the 8, o and w structures of Ti agree well with earlier theoretical
results [125], and reconfirm that w is the ground stable structure of Ti at 0 K tem-
perature and ambient pressure (Table 5.1). Our calculated lattice parameters of 3,

a and w structures are also in good agreement with experiment [127,134,135].

5.3 Lattice stabilities of 5 and o structures: Phonon
spectra

To assess the stability of § and a structures at low-T, we obtained phonon spectra
of B (using conventional unit cell) and « structures within the framework of first-
principles DFPT. We show that phonon-dispersion of 5 structure (Fig. 5.1a) in the

conventional cubic unit cell has many unstable phonon branches throughout the BZ
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Table 5.1: Structural parameters and energies of 3, a and w phases of Ti relative to a
phase, obtained with different computational schemes of first-principles calculations.

Phase Space group Wyckoff positions Method a (A) c¢/a  Volume(A%) E—-E,
(meV/atom)
; Im3m 24(0,0,0) GGA (PWO1) 3.25 17.16 106.5
(BCC) SCAN metaGGA 3.22 16.69 119.5
GGA (PWOL) [125]  3.26 17.32 108.0
Exp [127] 3.31 18.13
a PGy /mme  2¢(1/3,2/3,1/4) GGA (PWOL) 204 158 17.39 0
(HCP) SCAN metaGGA 2.91 1.58 16.86 0
GGA (PW91) [125] 2.95 1.58 17.56 0
Exp [134] 295 159 1768
w P6/mmm 1a(0,0,0) GGA (PW91) 4.57 0.62 17.08 -5.8
(Hexagonal) SCAN metaGGA 4.45 0.62 16.64 -24.5
GGA (PWO1) [125] 459 062  17.31 5.0
Exp [135] 4.62 0.61 17.42

making it unstable at low-T. Among them, the doubly degenerate M5 phonon at
wave-vector M is the strongest instability (w ~170i em™!). Phonon dispersion of
a structure (Fig. 5.1b) exhibits no instability anywhere in BZ, confirming that «

structure is stable at low-T.
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Figure 5.1: Phonon dispersion along high-symmetry lines of conventional unit cell of
B (a) and a (b) structures of titanium obtained using DFPT simulations. Unstable
modes with imaginary frequencies (w? < 0) are shown with negative values.

5.4 Identification of order parameters

Taking unit cell with two atoms basis of the [ structure as a reference, we established
a structural link between this and « structure of Ti by expressing their relative

atomic positions and lattice distortions in terms of its phonon modes and strains of
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[ structure respectively. We find that the doubly degenerate unstable My phonon
mode of 3 structure that dispalce alternating {011} planes opposite to each other in
< 011 > direction with Bain strain (s3), hydrostatic strain (s3) and pure shear (s,)
govern the f to a structural transformation (Fig. 5.2). The quantitative estimation
of amplitudes of phonons and strains involved in 3 to « transformation are listed in
Table 5.2. Clearly, four order parameters (Ms, s9, s3 and s4) are involved in the

to « transformation similar to those in B2 to B19 transformation in PtTi and NiTi.

Table 5.2: Order parameters (phonon modes at ¢y = =(011) wave-vector of the
conventional unit cell of 8 structure and strain) associated with 5 and « structures of
Ti, obtained from first-principles calculations. The amplitude of phonon eigenmodes
are in units of lattice constant of g structure. Phonon eigenmodes are in terms of
atomic displacements €y, = |7,,7y, 72, 7, 7,, T, > (7o and 7, are the displacemets
of atoms at corner and center of unit cell respectively). The strain eigenmodes
s = |e1, €2, €3, €4, €5, €6 >, here we have used the Voigt notations (€1 = €., €2 = £y,
€3 = €4z, €4 = 26y, €5 = 264, and €¢ = 2e4y).

Modes Eigenmode Character I5; Q@
My, %|07 1,1,0,1,1 > {011} < 011 > Basal shuffling 0 0.174
My 10,0,0,1,0,0 > {011}<100>, 7, displacements 0 0
My 11,0,0,0,0,0 > {011} <100>, 7/ displacements 0 0

51 %yo, 1,-1,0,0,0 > {011}<011> Basal shear 0 0
59 %| —2,1,1,0,0,0 > Bain strain 0 0.127
S3 %\1, 1,1,0,0,0 > Hydrostatic strain 0 0.009
S4 10,0,0,1,0,0 > {010}<001> Pure shear 0 0.097
S5 %\0, 0,0,0,1,1 > {100} <011> Non-basal shear 0 0

5.5 Construction of effective Hamiltonian

Having identified the phonons and strains responsible for 3 to a phase transforma-
tion in Ti, we constructed an effective Hamiltonian (H.ss) following the scheme of

lattice Wannier functions (LWFs) in Ref. [22] to model the low-energy landscape of
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Figure 5.2: Cell-doubling phonon modes of the high symmetry § structure that
constitute order parameters of 5 — « structural transformations. Atomic displace-
ments of Mz (011) view (a), (100) view (b) at ¢ = 7/a(011), shown in 1 x /2 x v/2
supercell of conventional unit cell of  structure. While M5 phonon and hexago-
nal strain give a structure (011) view (c¢), (100) view (d). The planar unit at ¢/2
distance along [0 1 1] direction contains Ti (blue).

Ti as function of these phonons and strains. In this process, we identify the symme-
try invariant subspaces of phonons starting with the full phonon dispersion of the
structure obtained along the high symmetry lines (I' = X - M -1 — R —- M,
see Fig. 5.1a) in the BZ of the cubic unit cell. Unlike in NiTi, where atoms at the
corner and the center of the cubic unit cell are different and acoustic and optical
phonons are separated by frequency gap, 3 structure has identical atoms at the cor-
ner and center of the conventional cubic unit cell, and hence no gap between acoustic
and optical phonons, which are inseparable in its phonon dispersion (Fig 5.1a). In
the conventional unit cell of g structure both corner and central atoms are identical
and interchangeable, and hence their LWF's must have identical subspace. Therefore,
we write H, ¢ of titanium in the subspace of atomic displacements instead of phonon

modes, unlike effective Hamiltonian of NiTi. Using symmetries and eigenvectors of
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the zone boundary phonons, we determine 7 and 7’ localized LWF's centered at cor-
ner and center of the conventional unit cell of 3 structure, respectively. Using the
cubic symmetry of 3 structure, we express H.;s as a symmetry invariant Taylor
expansion in 7;, 7, and homogeneous strains (€,4), ¢ indicating the unit cell. H.y;

consists of three parts:

Heff(ﬁ7 7_—;‘,7 5) = th(ﬁ; 7__;/) + Helastic(eaﬂ) + HSpC(ﬁa 7__;'/7 5(16) (51)

where H,,(7;, 7;) operates in the subcpaces of Ti atomic displacements, Hejgstic(€ag)
is linear and nonlinear elastic energy of homogeneous strains €, and the coupling of
£qp With set of LWFs is included in Hp (75, 77, €0p). @ and  in £,5 denote cartesian

coordinates x, y and z.

5.5.1 Effective Hamiltonian of phonons: H,,(7;, 7})

H,,(7;, T!) represents energetics of phonons and inhomogeneous strain, which include
all the lattice instabilities of unstable modes (Fig. 5.1a) of the § structure of Ti,
It includes harmonic and anharmonic terms, which relate to linear and nonlinear
elastic energy terms in Hjusc in the long-wavelength limit. This part of effective
Hamiltonian is invariant under translational and rotational symmetries. To impose
translational symmetry, we express energy terms using differences in LWFs (7; and
7/) at neighboring sites and their dot products.

In the harmonic part of Hy, (7, 7/), we consider differences between 7;’s in H}, ()

= RPN 2
and 7;'s in Hj,,

(7') up to third NN sites, and their interactions in H}

har

(7,7) with

a general form permitted by the symmetry of space group Pm3dm as,
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N 6
. 1 - L
Hy(7) = 3 DD Al + Awa(fiy; - diy)*}
i=1 j=1
12 ) A A
- Z{AQI(?Z@']‘ cdo;)? 4 Agy(Taij - darj)? 4 Aos(Thij - daoj)*}
=1
8 A
+ Z{Asﬂﬁ,iﬂ? + Asgo(Tyij - dsj)}], (5.2)
j=1
1 : .
Hp (7)) = 5 [Z{Allﬁz‘j‘z + Al2(ﬁij -dy;)?}
i=1 j=1
12 A A A
+ ) {An (T - doy)® + Ana(Tyy; - dory)* + Ass(7y; - dony)*)
=1
8 A~
+ Z{A31|7:§z’j|2 + Ao (T - dsy)? Y], (5.3)
=1

Hy (7)) = D0 {Anll* + Aee(ToiaToiydojadogy + cp)}],  (5.4)

i=1 j=1

where 75, Taij, T3ij (T1ij» Taij» T3;;) denote the LWFEs differences between 7; (7;) at
site 7 and its 7 (7;) at first, second and third NNs at site j respectively. Whereas, 7;;
shows the difference between 7; and its first NNs Fj’ (JZU, dAQj,d/\gj denote unit vectors
along the directions to first, second and third NN sites j respectively. dglj and czggj
are unit vectors perpendicular to czgj. czoj shows unit vector along the direction of first
NN ?; of 7;. A;;’s are the harmonic coefficients and determined from force constants

of phonons at high symmetry g-points (I', X, M and R) and ¢) = 3-(1,1,1). Linear

combinations of these coefficients give the corresponding eigenvalues of phonons.
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Since we have eight equations (Table 5.3) and nine coefficients, we use singular
value decomposition (SVD) to determine these coefficients, and have listed them in
Table 5.6.

Table 5.3: Linear combinations of coefficients in the harmonic part of H.sr at a g

wave-vector give the eigenvalue of corresponding phonon. M¢, and MY, are doubly

degenerate unstable acoustic and stable optical phonon modes respectively.

Phonon modes Linear combination of the coefficients Eigenvalue of phonon
modes (eV/f.u)

INT 8Ap 4.1

X, 4401 + 2A1 + 2415 + 449 + 4 A% + 8A3 + S As, 11.5

X5 4401 + 2A11 + 2451 + 2A9s + 4403 + 8431 + 543, 18.2

Moy 4A01 + 4A1 + 4As + 4As 22.4

Mg, 4Apg — 3 Agy + 4A1 + 2415 + 2491 + 24 + 443 -21.0

Mg, 4A01 + 2 A + 4A1; + 2A15 + 2Ag; + 2A0 + 4Ax 19.1
Ros 4Ao1 + 6A11 + 2415 + 8451 + § Az -11.0

A 2.25A0; — 0.252A02 + 2.25A11 + 0.75A15 + 1.5A2; + 0.75A53 + 2.25A3, + 0.25A3, -3.8

In the anharmonic part of H,,(7;,7;), we consider interaction between 7;’s in
H! . (7) and 7’s in H?2 , (7'), both being identical and interchangeable. In the third-
order terms, we include interaction up to the second NNs that are needed to include
inhomogeneous strain in the long-wavelength limit. Due to cubic symmetry, odd-
order terms do not contribute to the energy of phonons at high-symmetry g-point
but do contribute in the long-wavelength limit. We approximated interaction in the
third-order terms by considering the dominant term in interaction with NN sites
allowed by the cubic symmetry. Fourth-order terms include the cubic anisotropy,

while sixth- and eighth-order terms are simplified by restricting to isotropic terms

in differences between 7;’s (77) up to first NNs.

N 6 12
Hyw(P) = Y 1> BT - di)® + Y Bao(Foij - doj)°
i=1 j=1 j=1
6
+ Z{B4I|F1ij|4 + B42(7—12ijz7—12ijy + 7'12ijy712ijz + 712ijz712ijx)
=1
+ Bﬁl|7_:1ij|6 + BSl|F1ij|8}]7 (5.5)
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N 6 12
H2 (7)) = > > Ba(fly - dy)® + Y Bao(7; - doy)?
i=1 j=1 j=1
6
+ Z{Bﬂ |7_"{ZJ ’4 + B42(T5jx7—ﬁjy + Tﬁijﬁjz + Tﬁjoﬁjz)
j=1
+ Bal|7;l° + Bl 7;1°H, (5.6)

where B;;’s are coefficients of anharmonic terms. Third-order coefficients (Bs;
and Bss) are related to the nonlinear elastic moduli, and are obtained from the cor-
responding third-order elastic moduli. Since there are only two coefficients, we use
two inequivalent strain modes (uniaxial strain and Bain strain) to calculate these
coefficients (Table 3.4). The two fourth-order coefficients are determined from ener-
gies of structure obtained by freezing doubly degenerate unstable M (Table 3.5).
We fitted the energy of these configurations of structural distortions to these phonon
modes using a polynomial of 8" order. To determine the coefficients of sixth- and
eight-order terms, (32Bg = —3.98 x 10? eV/f.u) and (64Bg; = 4.51 x 10° eV/f.u),

we fit the polynomial to double-well energy of Mz mode (Fig. 5.3).

Table 5.4: Strain mode is represented with s = |e1, €9, €3, €4, €5, £¢ >, in the Voigt no-
tation. Uniaxial and Bain strain modes are represented by Suni: = €[1,0,0,0,0,0 >
and Spain = €| —2,1,1,0,0,0 > respectively. Coefficients of the 3" order terms are
linear combinations of the 3¢ order elastic moduli.

Strain mode Linear combination of Linear combination of
374 order coefficients 3" order elastic moduli
Suniaz 2B31 + 282332 %Clll = —-23.0

SBain —12831 -+ 849332 —0111 -+ 3C112 - 20123 =40.9
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100 r T . I . .
M-point = w/a(0,1,1)
® T=2¢,
| w t=e, |
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(¢)] 7/
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Figure 5.3: Energies of cell-doubling structural distortions (7 at ¢ = 2(0,1,1)),
e = %|O,1,0,0,0,1 > and e; = %|0,1,1,0,1,1 > are the phonon eigenvectors

of douﬁy degenerate unstable My phonon modes and their linear combination,
respectively. Lines represent the fits obtained with the 4", 6 and 8" anharmonic
parameters in Hgy.

Table 5.5: The amplitudes of phonon modes at M-point (Z(011)) are in unit of
lattice constant of 3 structure, and their eigenvectors are expressed in terms of
atomic displacements é = |7, 7y, 7., 7., 7,, T, >. eM and é)! are the eigenvectors of
unstable M5 mode and linear combination of its degenerate mode, respectively.

Mode Linear combination of 4" order coefficients 4" order fitting coefficients in
in polynomial (eV/f.u)
&' = 2510,1,0,0,0,1 > 16By; 468.68
e =10,1,1,0,1,1 > 1684 + 4By 999.11

Table 5.6: Coefficients of harmonic and anharmonic terms in effective Hamiltonian
in unit of eV/f.u.

Coeft. Values Coeft. Values Coeff. Values
Ay 5.9 Ago 0.4 B 127.1
Ago 30.1 Ao -0.6 Bys -135.2
A -2.8 Az 0.1 Bg1 -1244.0
Ay -7.5 Asp -0.7 Bg 7041.9
Aoy 2.5 B3, -5.5

5.5.2 Hamiltonian of homogeneous strain

In a martensitic § to « transformation a large lattice deformation occurs hinting

the importance of elastic energy of homogeneous strain, and we find that the 27¢
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order elastic constant C” (See Table 5.8) of axial strains is unstable. Therefore, in
the homogeneous strain Hamiltonian we consider non-linear elasticity up to fourth-
order in axial strains allowed by the cubic symmetry. For shear strain, second-order

terms are found to be sufficient to capture elastic energy landscape.

N
HS{€} = E{OH(E% + 53 + 5%) + 2012(6152 + €963 + 6381) + 044(5?1 + 5? + 6%)}
N
5{0111(6? + 8; + 83) + 30112(63(82 + 83) + 53(83 + 81) + 8%(81 + 52))
60123515253}

N
ﬂ{clm(&il + &5+ g3) + 4C1(e (62 + 3) + £5(e3 + 1) + £3(e1 + 22))

+ o+ o+ o+

601122(8%83 + €§E§ —+ 838%) + 1201123818283(51 + &9 + 53)} (57)

where N is the number of unit cells, C;;, Cjjr and Cjji are second-, third- and
fourth-order elastic moduli. To calculate elastic moduli, we fit the energy of struc-
tures distorted along with different strain modes to fourth-order polynomial in €, and
linear combinations of second-, third- and fourth-order elastic moduli give second-,
third- and fourth-order coefficient of the polynomial respectively (Table 5.7). Our

estimates of these compliances are listed in Table 5.8.

Table 5.7: In each type of strain modes s(g) = |e1, €2, €3, €4, €5, €6 >, the total energy
is expressed as a polynomial function of €. The linear combinations of second, third
and forth order elastic moduli are equal to the values of second-, third- and forth-
order coefficients of polynomial fit to the data.

Strain mode Linear combination of Cj; Linear combination of Cijp, Linear combination of Cjj
5018‘1,070,070,0> %C]] %C]]] 2170]11]
s, =¢€]1,1,0,0,0,0 > O+ Cpp éCul + Chio 71(501111 + %01112 + icum
Se = 5‘1, -1,0,0,0,0 > Ci — Chz 0 %01111 - %01112 + icuzz
sq=¢[1,1,1,0,0,0 > 301 430, 1C111 + 3C112 + Chas £Cin + Ciipz + $Cno + £Cnas

8625‘0,0,0,1,171> 3044
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Table 5.8: Elastic moludi of Hgsc(¢) in GPa, determined from first-principles.

Coeft. Values Coeft. Values Coeft. Values
Cn 117 Cit -817 Chi12 400
Cio 157 Chio -517 Chi22 6161
C’ -20 Cio3 -487 Cli23 -1164
C(44 57 01 111 583 1

5.5.3 Coupling between homogeneous strain and phonons

Coupling of homogeneous strain with phonons is important in MTs where atomic
displacements occur along with lattice deformations, and plays a crucial role. We

include third-order couplings between homogeneous strains (i) quadratic terms of

7i's (7)) in H,, (HZ,) taking differences between 7 (77) at site 4 and 7; (7)) at its

first and second NN sites j (Eq. 5.8 and 5.9), and (ii) with products of 7; and 7/
in H jpc (Eq. 5.10). To make sure that H.s; gives the lowest energy phase «, it is
necessury to take interactions upto the second NNs sites at third-order. However,
we find that only third-order strain-phonon coupling is not sufficient to capture the

details of o phase, and hence include fourth-order couplings between strain and 7;

(77) and given in HZ  (H? ) (Eq. 5.11 and 5.12).

spc spc
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N 6

H,,.(T.e) = Z[Z{QSO(& + &3 + £3)| Ty
i=1 j=1

+ o+ 4+ o+ o+ o+

+

931(517'12ijx + 52712ijy + 637—121']',2)

gs2(e1 + €2 4 €3)(Thij - Cle)z

933(517121‘”(1%” + 527—12ijyd%jy + 537—12ijzd%jz)

934(51(712¢jy + Tfijz)d%jx + 52(712@‘;; + Tfijx)d%jy + 53(7121']‘90 + Tfijy)d%jz)
935(€4T1ijyT1ijz + €5T1ij2T1ije + E6T1ijaT1ijy)

2 2 2
g36<547-1ijy7-1ijzd1jx + E5T14j2T1ija T, + 567-1ijw7—1ijyd1jz)
12
- 2
E {g37(e1 + €2+ €3) | Thyj|

j=1

2 2 2
938(517'2ijz Tt E2To5y T 537'21']‘2)

939(EaT2ijyT2ijz + €5T2ij5Toijz + E6T2ij2T2ijy) }s (5.8)
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N 6

H3p0<%¥7€) = Z[Z{g30(51+52+€3)’;{ij’2

=1 j=1
2
931 (Slle]x + 527—1ij + 837—11],3)
— 7 3\2
933 (nglljZ‘dljl‘ + 62leyydljy + €3le]zd1]z)
2

954(81 (lejy + le]z)dljx + &2 (le]z z]x)dljy + 63(7_12ja: + le]y)dljz)

/ / ! / / /
935(5471ijy71ijz + E5T145:Tija T 5671ijx71z'jy>

+ o+ o+ o+ o+ o+

936 (547-11]y7—1mzd1]x + €5lejolz]xd1jy + €6leijlzjydljz)
12

2{937(51 + 2 + e3) | oy
j=1

12 2 12
+ g38(€1Toy5, T E2Taj, T €372i).)

+

+ 939(€4T£ijy7_éijz + 55Téijz7—éijx + 567_£ij:c7_éijy)}]v (5.9)

8
Z[hi%(](gl + &2 + €3){70ij2T0ijyd0j=dojy + €D}
i=1 j=1

ha1 {517—0ijy7_0ijzd0jyd0jz + C.P}

o
= w
5
Y
o
I
R

h32{547-(?ijxd0jyd0jz + C.p}

h33{84(7-gijy + Tgijz)dijdsz + C.P}

+ o+ 4+ o+

h34{7—0ijz(557-0ijz + €6TOijy)d0jyd0jz + c.p}] (5~10)
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N 8

Hy (7e) = > > {gu(el + &3+ 3)[ s

i=1 j=1
2.2 2.2 2.2
941(517'1ijx + €145y T 5371ijz)
2 2 2

g43(51 (52 + 53)7—121‘]‘95 + 62(63 + 61)7_121‘]’3/ + 63(61 + 52)7—121‘]‘,2)

+ o+ o+ o+

944(5421(702@ + T()Qijz) + Eg(Tgijz + ng’jw) + 5%(7021‘3‘a: + T()Qijy))}v(5'11)

N 8
ijc(%vﬁg) = ZZ{g4O(5%+€%+€§)|F{m‘2

i=1 j=1

212 212 212
ga1 (5171ijx + €3 155y T 5371z‘jz)

2 2 2
g42(€1527‘1ijz + 52537—11’]‘:5 + 83617—1ijy)

g43(€1 (52 + 53)7‘{%90 + 52(83 + El)T{?jy + 53(51 + 82)T{ZQ~]~Z)

+ o+ o+ +

944(6421(T6?jy + T(g?jz) + 5%(7—(/)%]2 + Té?jx) + 6% (T(;?jaz + Téij))},<512)

where g;;’s denote couplings of strain with 7, and 7, individually, and h;;’s
are the third-order couplings that cause strain-induced mixing between 7; and 7/
LWFs. These coefficients were determined from calculations of structures obtained
by freezing M-point and R-point phonon modes at the different values of strain.
Values of the third- and fourth-order coupling coefficients are determined as first
and second derivatives of harmonic coefficients with respect to strain respectively
(Table 5.9), and listed in Table 5.10.

Our H.ss reproduces the lattice parameters and energies of 3 and a structures

with negligible errors relative to the DFT results (Table 5.11).



5.5 Construction of effective Hamiltonian 99

Table 5.9: At each type of strain modes s(g) = |1, €9, €3, €4, €5, 86 >, value of third
order strain phonon coupling coefficients are obtained as first derivatives of harmonic
force constants at different phonon modes (é(7) = |7, 7, 72, 7, 75, 7. >) of M-point
and R-point wave-vector. Fourth order strain phonon coupling are obtained as
second derivative of harmonic force constants of unstable Ms phonon mode (6! =
710,1,1,0,1,1 >).

Strain mode Phonon mode Linear combination of the coefficients 1%t derivative of
at M-point(Z(011) eigenvalue (eV/f.u)

sa =€]1,0,0,0,0,0 > &M =17|1,0,0,0,0,0 > 8¢30 + 8931 + 16937 + 16g3s 82.0

s, =¢[0,1,1,0,0,0 > &M =7[1,0,0,0,0,0 > 16g30 + 8934 + 32g37 -53.7
54 =¢€[1,0,0,0,0,0> &3 =17]0,1,1,0,1,1 > —3hso — 3ha1 + 8gs0 + 4932 + 16937 28.7

5. =¢/1,0,0,0,0,0 > é¥ =12/0,1,1,0,1,1 > 2hso + 2ha1 + 8gs0 + 4g32 + 16gs7 -128.9
Sa :€|1,070,O,0,0 > éﬁ/, = %‘0,10,0,01 > 8¢30 + 4932 + 4934 + 16937 -75.0
S¢:E|1,1,0,0,070> égI:%|0,171,071,1 > —%hgo-‘r16930+8931+8g32+4g33 -99.0

+49g34 + 32g37 + 16938

se=¢[1,1,0,0,0,1> & =1%[0,1,1,0,1,1 > 8h3o + 16930 + 8g31 + 8¢s2 + 4gss -119.5
+4g34 + 32937 + 16938

sq=¢[0,0,0,1,0,0 > &' = 75[1,0,0,1,0,0 > —Lps, 10.2

s4=¢[0,0,0,1,0,0 > & =1/0,1,1,0,1,1 > —Shas + 4gs5 + 8gso -50.9
s¢=¢[0,0,0,1,0,0 > &} =12/0,1,1,0,1,1 > Shas + 4gs5 + 8939 -105.3
s¢=¢0,0,0,0,1,0 > &} =2]v/2,1,0,0,0,1> —0.94hss — 2.83g35 — 141935 — 5.66g39 35.0

se =€[0,0,0,0,1,0 > & =12(0,1,0,v/2,0,1 > —0.94hss +2.83g35 + 1.41gs5 + 5.66g39 -21.5
5a =€[1,0,0,0,0,0 >  éF =7[1,0,0,0,0,0 > 12g30 + 1231 + 4gso + 4gss -129.1
sp=¢[1,1,1,0,0,0 >  éff =7(1,0,0,0,0,0 > 36930 + 12931 + 12932 + 4gs3 + 8934 1774
59 =¢[0,0,0,1,1,1> &= 7[1,1,1,0,0,0 > 1235 + 4gs6 -100.2

Strain mode Phonon mode Linear combination of the coefficients 2nd derivative of
at M-point(Z(011) eigenvalue (eV/f.u)

5. =¢/1,0,0,0,0,0 > &3 =120,1,1,0,1,1 > 840 61.4

s, =€[0,1,0,0,0,0 > e =17]0,1,1,0,1,1 > 8ga0 + 4941 481.9
sp=¢[0,1,1,0,0,0> & =170,1,1,0,1,1 > 16940 + 8941 + 8943 451.1
sy =¢[1,1,1,0,0,0 > &3 =17]0,1,1,0,1,1 > 24940 + 8941 + 8942 + 16943 345.4

s, =20,0,0,0,1,0 > M =1]0,1,1,0,1,1> 8gu 86.1
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Table 5.10: Coefficients of coupling between strain and atomic displacements part
of effective Hamiltonian in unit of eV /f.u..

Coeft. Values Coeft. Values Coeft. Values
930 4.1 937 -2.2 Gaa 10.8
g31 -5.1 J38 7.8 hso -3.9
J32 -12.0 739 -2.4 hs1 -55.3
J33 -17.0 940 20.2 hs3o -1.9
934 -6.2 gu1 80.1 hss3 -10.2
J35 -14.7 Ju2 30.7 hsy4 -7.2
936 19.1 943 -64.1

Table 5.11: Structural parameters and energies of § and « phases relative to «,
obtained using DFT and effevtive Hamiltonian.

Phase Method a(A) c¢/a Volume (A%) E — E,(meV/atom)

B PW9l 3.25 17.16 106
H.p  3.25 17.16 116
a  PW9l 294 158 17.39 0.0
H.y 293 158 17.22 0.0

5.6 Monte Carlo Simulations

After having full effective Hamiltonian that reproduces § and « structures accurately
in comparision with DFT results, we analyze this Hamiltonian with Monte Carlo
(MC) simulations on a periodic system containing L x L x L (L = 16) unit cells of
structure. We used a single-flip configuration update within Metropolis scheme and
adjusted the step-size of configurational {7;, 7/} updates to maintain the acceptance
ratio of ~ 0.5 near the transformation temperature. In each Monte Carlo sweep
(MCS), we picked 7; and 7/ randomly (totally 2L updates) and homogeneous strain
variables L times. Thus, each MCS involves (2L3 + L) attempts of updating the
configuration of the system. To identify different phases from the configurations
sampled in MC simulations at a given temperature, we accumulated absolute values
of Fourier components of 7; and 7/, project them on eigenvectors of M-point phonon

modes (Ms, My and My) and obtained their ensemble averages, and of strain
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(<e>) components at each temperature. To assess the possibility of hysteresis, we
approach the transformation from high (low)-temperatures by cooling (heating) the
system. In cooling simulations, we start from 600 K temperature, equilibrate the
system to the cubic phase, and reduce the temperature in steps of 10 K (and 2 K
near the transformation temperature), down to the 400 K temperature. In heating
simulations, we start from T=400 K taking « structure as the initial configuration
and increase the temperature in steps of 10 K (and 2 K near the transformation
temperature) to a high-temperature of 600 K (we checked that our results do not
depend on the choice of initial configuration). At each temperature, we used 10000
MCS for thermal equilibration and 50000 MCS for thermodynamic averaging of

various observables.
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-] | ] |
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Figure 5.4: Averages of absolute values of My, My and My modes (a) and compo-
nents of strain tensor (b) as a function of temperature at ambient pressure.

Average values of the |My |, |My| and |My| (Fig. 5.4a) and homogeneous strain
components ¢ (Fig. 5.4b) vanish at high-temperatures, and change discontinuously
to non-zero values at T' < T);. In cooling simulations, this discontinuity marks the
MT at T); = 478 K. In heating simulations « structure transforms into g structure

at T4 = 484 K. From these Monte Carlo simulations we find that averages of | My,
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Figure 5.5: Histograms of My mode obtained from configurations sampled during
cooling at T, and its two temperatures in its close vicinity.

|My| and components of non-basal shear (5 and g) remains zero at all tempera-
tures (Fig. 5.4a and 5.4b), confirming that titanium transforms from f to a structure
at ambient pressure. MC simulations reveal a discontinuity in order parameters at
Ty and hysteresis of AT ~6 K in cooling and heating simulations indicate the
first-order character of MT in titanium. We also analyze the histograms of primary
order parameter (My) obtained from cooling (Fig. 5.5) simulations, which reveal
(i) relatively narrow and sharp distributions of ordering parameters and (ii) a sharp
jump across Tj,. Bimodal nature of the histogram at T}, confirms the coexistence
of B and «, and the first-order character of the MT. In order to further corroborate
these results, we ploted square of frequency (w) and Binder fourth order cumulant
(Cy) of M mode using Eq. 3.10 and Eq. 3.11 in cooling and heating simulations
respectively. Softening in Ms phonon frequency and its T-coefficients (Fig. 5.6a)
below and above Ty, and a discontinuity in Cy (Fig. 5.6b) of M! mode at T = 478
(484) K in cooling (heating) confirm that M5 mode is the primary order param-
eter in § to « transformation in pure titanium. Our estimate of the equilibrium
transition temperature (7, = %(T v + T4) = 481 K) is much underestimated with

respect to experiment (7, = 1155 K) [117], similar to the errors in our estimates
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of transformation temperature in NiTi [45], PtTi (chapter 4) and in ferroelectrics
structural transformations [23]. This is probably because of the GGA-DFT errors

in energies and structural parameters, and needs further analysis.
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Figure 5.6: Square of frequency (a) and Binder fourth order cumulant (b) of primary
order parameter My phonon mode.

5.7 Landau theoretical analysis of effective Hamil-
tonian

To analyze H.s¢ and determine couplings that are relevant to the observed MT in
titanium, we present a Landau theory obtained by projecting the full H ;¢ into the
subspace of only in the non-zero order parameters Ms phonon at M-point =(011)
wave-vector and strain components involved in strain order parameters. In the
projected subspace, 7 span the subspace of primary order parameter given by My
phonon mode, restricting to the symmetries of the hexagonal phase of titanium with

53:52and56:5520,
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HLandau(Ta 5) = CL17'2 + Cl27'4 + a37'6 + Cl47'8
+ (gie1 + go&2 + g3ea) T

+ (g4} + g5&3 + gec182 + gre) T, (5.13)

where a;’s and g;’s are the coefficients of terms in My phonon and its coupling
with strains respectively. Values of these coefficients are the linear combinations
of respective coefficients of the full H.¢; and listed in Table 5.12. Instability of
M} mode (a; =-21.4 eV/fu. < 0) corresponds to {011} <0 1 1> shuffle, whose
coupling with & (¢1=28.7 eV/f.u.) is positive, and with &5 (go=-98.0 eV /fu.) is
negative. Therefore, €1 must be negative and €3 = ey positive to minimize the
energy of system, consistent with Bain strain distortion that lowers the symmetry
of cubic structure to tetragonal one. Coupling of 7 with ¢4 ({010}<0 0 1> pure
shear, g3=50.9 eV /f.u.) transforms f structure to « structure. Rest of the terms in
Hundau(T,€) are to capture the correct structural parameters and energetics of «
structure.

Table 5.12: Coefficients of Landau energy expression are the linear combination of
the coefficients of H.y.

Landau coett. H.ss coeff. Values (eV/unit cell)
a 4A0 — 3 Aoy + 4A11 + 2410 + 245 + 24 + 4 Ay 214
Qo 16B4; + 4By 1.49x103
as 32Bg1 -3.98x10%
as 64 B, 4.51%107
g —3(hso + ha1) + 8gso + 4g32 + 16937 28.7
92 —2hso + 16930 + 8931 + 8932 + 4933 + 4gsa + 32937 + 16g3s -98.0
93 —2hss + 4935 + 8930 50.9
94 8740 161.4
95 16940 + 8941 + 89a3 451.1
96 8942 + 843 -267.1

g7 8944 86.1
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5.8 Summary

In summary, we presented a thorough statistical mechanical analysis of an effective
Hamiltonian derived to capture its low-energy landscape of Ti using Monte Carlo
simulations. We (a) determined its soft modes and establish the cell-doubling Ms
phonon mode of the § structure as the primary order parameter of MT, and (b)
there are three other secondary order parameters marking the MT in Ti. Our
predictions of 5 to a transformation temperature are underestimated with respect

to experiments, and further analysis is needed to understand this.



Chapter 6

Fourier-Landau Theory of

Martensitic Transformations in

Group IV B Transition Metals

6.1 Introduction

Group IV B transition metals undergo following martensitic transformations (MT):
from (i) high-temperature body-centered cubic (BCC or ) phase to hexagonal close-
packed (HCP or «) phase, (ii) o phase under pressure to hexagonal open-packed
(HOP or w) phase, and (iii) § phase to w phase above a triple point [117]. Experi-
mentally, a structure is the ground state at room temperature and ambient pressure,
w phase stabilizes under pressure and S is the stable phase at high temperatures
(below the melting point) of these transition metals [117]. However, first-principles
theoretical calculations support that w structure is the ground state phase of Ti
and Zr, while a phase is the ground state structure of Hf [136,137]. The MTs in

group IV B metals have been extensively studied in experimental [117,135,138,139]

106
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and theoretical [125,136,137,140] analysis over the last few decades. It is well es-
tablished from these studies that (i) 8 to a transformation occurs via {011}<011>
shuffle corresponding to instability of a transverse acoustic (7'A;) phonon [127,128]
at wave-vector N = 1(011) of 3-phase and (ii) 3 to w transformation occurs via plane
collapse along the [111] direction of the § structure corresponding to instability of
a longitudinal acoustic (LA) phonon [129-131] at ¢, = 3(111) wave-vector.

Earlier first-principles based calculations [121, 125, 136, 140, 141] were focused
on calculating the structural parameters, electronic and vibrational properties of
these metals and comparing them with experiments. A few of them estimated
transformation temperatures determining free-energy of different structures of Ti,
Zr and Hf elemental metals [125,136]. Though theoretical understanding of different
structures and unstable phonons that link the parent § phase to product o and w
phases is achieved quite well, certain aspects of Landau-like theory to model energy
landscapes associated with paths connecting § structure to o and w structures are
not quite clear.

In this chapter, we present a Landau theoretical analysis of martensitic transfor-
mations in group I'V B transition metals with focus on the primary order parameters
of these transformations. In Sec. 6.2, we present details of first-principles calcula-
tions and optimized structural parameters of different structures of group IV B
elemental metals and their energies. In Sec. 6.3, we present phonon spectra of their
B structure and discuss various lattice instabilities in the BCC structure of these
metals. In Sec. 6.4, we present energy along the path of (i) 5 to a and (ii) 3 to
w martensitic transformations in these metallic materials and show that a periodic
generalization of Landau free energy function is necessary to capture the physics of

these transformations. We finally summarize our work in Sec. 6.5.
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6.2 Computational methods and structural sta-
bility

We performed first-principles calculations within density functional theory (DFT)
using a plane-wave pseudopotential scheme implemented in the Quantum Espresso
(QE) package [81], with a local density approximation (LDA) in a Perdew-Zunger
[82] parametrized form of exchange-correlation energy functional. Results for prop-
erties of group IV B metals are sensitive to energy cutoff used to truncate basis sets
and k-points, and hence we use fairly high accuracy parameters in our calculations.
We use energy cutoffs of 50 Ry and 400 Ry to truncate plane-wave basis sets used
for representing Kohn-Sham wave functions and charge density, respectively. Bril-
louin zone integrations in Kohn-Sham calculations were sampled on uniform meshes
of 24 x 24 x 24 k-points for 3, 24 x 24 x 18 k-points for o and 24 x 24 x 36 k-
points for w structures. We relaxed structures to minimize energy with respect to
lattice parameters and atomic positions until the magnitude of stresses is less than 5
kbar and Hellmann-Feynman force on each atom is less than 1 meV/A. Within the
framework of DFPT, we determined dynamical matrices and phonons at g-points
on a 4 x 4 x 4 mesh.

Our estimates of structural parameters (Table 6.1) are underestimated with re-
spect to experiments [138] as is typical of LDA based DFT calculations. Relative
energies of different structures of Ti, Zr and Hf reconfirm that w is the ground sta-
ble structure of Ti and Zr while « is the groud state of Hf at 0 K temperature and
ambient pressure (Table 6.1). These results are consistent with results of earlier

theoretical works [136,137].
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Table 6.1: Structural parameters and energies of 3, a and w phases of Ti, Zr and
Hf relative to their o phases respectively, obtained with first-principles LDA DFT
calculations.

Ti Zr Hf
Phase Method a (A) c/a E-E, a(4) c/a E-E, a(A4) c/a E-E,
(meV /atom) (meV /atom) (meV /atom)
B LDA 3.16 108 3.48 45 3.42 151
Exp [138]  3.28 3.59 3.55
o LDA 294 1.58 0 3.15  1.62 0 3.11  1.58 0
Exp [138] 2.95 1.59 3.23  1.59 3.19  1.58
w LDA 458 0.62 -5 492  0.63 -14 4.82 0.62 23
Exp [138] 4.62 0.61 5.04 0.62 4.98 0.62

6.3 Phonon dispersion of BCC () structure

We determined phonon spectra of group IV B elemental crystal stats in their 5 struc-
tures using DFPT calculations, and find unstable phonons at many wave-vectors
through the BZ, showing the structural instability of S-phase of these materials at
low-T. Our results agree well with earlier theoretical results [142,143]. In these
materials, the transverse acoustic (T'A;) phonon mode at N (= 3(011)) wave-vector
constitute the strongest lattice instability of 8 structure (Fig. 6.1a). This N point
instability is responsible for the f — a martensitic transformation in these transi-
tion metals, as we showed in our work on martensitic transformation in Ti in chapter
5 (where M wave-vector in the BZ of the conventional cubic unit cell of 5 structure

is equivalent to N wave-vector in the BZ of its primitive unit cell).

6.4 Landau theory

Landau theory models free energy function of order parameters of structural trans-
formations typically expressed as symmetry allowed polynomial using the parent
phase as the reference. It captures physics of all symmetry equivalent odered states.

We use these ideas to model the energy along path of martensitic transformations
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Figure 6.1: Phonon dispersion (a) along high-symmetry lines in Brillouin zone (b)
of primitive unit cell of § structures of Ti (black), Zr (red) and Hf (green) obtained
using DFPT simulations. Unstable modes with imaginary frequencies (w? < 0) are
shown with negative values.

expressed in terms of the order parameters of (i) § to «, and (ii) § to w transfor-
mations in the group IV B transition metals. We demonstrate that the polynomial
free-energy function in conventional Landau theory needs to be generalized here to

a Fourier series to capture the translational symmetry of the crystalline lattice.

6.4.1 [ — « transformation

Unstable T'A; phonon at N wave-vector is the primary order parameter of 8 to «
martensitic transformation that describes the required lattice distortion of 5 struc-
ture leading to « structure. At a particular value of the amplitude of eigenvector of
this T'A; phonon and strain /5 transforms to « structure (see Fig. 5.2 and Table 5.2
in chapter 5, N and M wave-vectors in the BZs of primitive and conventional unit
cells of 3 structure respectively are the same.). At different values of the magnitude
of primary order parameter, we relaxed the distorted structure with 2-atoms super
cell generated by N wave-vector phonon. We find that at «v = 0.092, § structure
transforms to a structure. We also observe that the energy landscape is a periodic

function of u, with periodicity of ug = 0.5. Such behavior of energy landscape forces
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us to use a periodic function as a model. As F(u) in Fig 6.2 is an even function, we

fitted this energy curve to a Fourier series:

Ew) = Fo+ Y ancos(—Tu), (6.1)

Ug

where Ey and a,’s are the parameters (Fourier coefficients) defining the periodic
function. uy denotes the periodicity in crystal lattice. We find that a series with at
N =4 in Eq. 6.1 fits energy landscape quite well, and its coefficients are presented
in Table 6.2. Now the free-energy F(u) as a function of order parameter can be

estimate using,

Flu) = E(u)+g/dx|Z—Z|2, (6.2)

where g (> 0) is a coeflicients, and last term in Eq. 6.2 denotes the kinetic
energy that minimize the free-energy if |u| does not vary along x. F'(u) can we use

to invastigate 8 to o martensitic transformations in group IV B metals.

Table 6.2: Coefficients of Fourier-Landau energy function (in unit of meV/atom).

Coeflicients Ti Zr Hf
(meV /atom)
Eq 32.5 69.4 29.8
ay -138.3 -153.6 -185.2
s 85.4 83.5 105.9
as 11.5 6.1 40.3

a4 -3.2 -13.6 -3.0
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Figure 6.2: Energy landscape as a function of unstable transverse acoustic (T'A;)
phonon mode u at gy = 3(011) wave-vector.

6.4.2 [ — w transformation

Longitudinal acoustic (LA) phonon at g, = %( 111) wave-vector is the primary order
parameter of # to w transformation. At a particular value of the amplitude of
eigenvector of this LA phonon, pair of (111) planes of BCC structure collapse into
one resulting in tripling of periodic cell of § structure, and transforming it to w
structure (see Fig. 6.3). At different values of the magnitude of primary order
parameter, we relaxed the three atoms super cell of the distorted structure generated
by ¢, wave-vector phonon. We find that at u = 0.1667, § structure transforms to
w structure, and the associated energy landscape of the path is periodic function of
u with a period of u = 1, forcing us to use a Fourier series (a periodic function) to
fit this. As we see in Fig. 6.3, the energy is neither even nor odd, and we fit this

energy landscape to a Fourier series:

N=4
2nm 2nm
FE = F n —_— b, sin(— , 6.3
(u) 0+ ngl{a cos( ” u) + bysin( o u)} (6.3)

where Ey, a,,’s and b,, are the Fourier coefficients. We find that at N = 4, Eq. 6.3
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fits the energy landscape quite well, and its coefficients are given in Table 6.3. Now

we can use Eq. 6.2 and Eq. 6.3 to study martensitic transformation from £ to w in

Ti, Zr and Hf.
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Figure 6.3: Unit cell of 8 structure showing (1 1 1) planes at a distance of ‘?ag (a),
(0001) plane view of w structure obtaining by the freezing of LA phonon at wave-
vector ¢, = 2(111) (b), atomic displacements of LA mode in the cell-tripling of the
[ structure that constitute order parameters of § — w structural transformations
(c¢) and (0 1 1 0) plane view of w structure (d).

Table 6.3: Coefficients of Fourier-Landau energy function in unit of meV/atom.

Coeflicients Ti Zr Hf

(meV /atom)
Ey 73.6 103.3 82.4
ax -83.3 -89.8 -97.0
as -8.3 -17.3 -10.9
as 3.7 7.7 10.3
ay 15.6 13.3 16.7
b 144.0 155.2 167.7
b 14.1 29.7 18.7
b3 0.01 0.01 0.02

by 27.2 23.3 29.1
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E (meV/atom)

_ 1 ] 1 ] 1 ] 1
150O 0.2 0.4 0.6 0.8 1

u (aB unit)

Figure 6.4: Energy landscape as a function of longitudinal acoustic phonon mode u
at g, = 2(111) wave-vector.

6.5 Summary

In summary, we presented Landau theoretical analysis of the energy along paths of
(i) B to av and (ii) 5 to w martensitic transformations in group IV B transition metals.
These paths are parametrized by the respective phonon-related order parameters:
phonon modes TA; at N and LA at ¢, wave-vectors respectively for § — « and
B — w transformations. We show that Landau-like energy function for these paths
of martensitic transformations in the Ti, Zr and Hf elemental metals are periodic
and require generalization of the polynomial free energy function in conventional

Landau theory to a Fourier series.






Chapter 7

Summary

The central theme of this thesis has been to determine interatomic interactions
using first-principles simulations providing access to detailed information on atom-
istic scale and connect it to macroscopic properties of a material. We have exten-
sively investigated how unstable phonons, nonlinear elasticity and their coupling
govern martensitic transformations in metallic materials. Materials studied here are
very important in technologies ranging from medical applications to the robotic,
aerospace and automotive industries: NiTi and PtTi shape memory alloys, and
group IV B elemental transition metals (Ti, Zr and Hf). In our analysis, we have
employed a combination of first-principles calculations based on density functional
theory, method of lattice Wannier functions for construction of materials-specific
effective Hamiltonian, and analysis based on Landau theories.

One of the new methods developed here was for estimating the contribution of
unstable phonons to free-energies. It has been successfully achieved by treating them
as quantum anharmonic oscillators including the fourth-order anharmonic term in
their model Hamiltonian. Solving this Hamiltonian of anharmonic oscillators using
a higher-order finite difference method of the kinetic energy operator on a uniform

grid in real-space, we presented a scheme to estimate free-energies of these phonons.
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We resolved some of the puzzling issues pertaining to relative stability of various
martensitic phases in NiTi and PtTi by calculating their free-energies using this
scheme.

In the second project, we constructed a materials-specific effective Hamiltonian
using the method of lattice Wannier functions in the symmetry invariant subspaces
of phonons and strain modes. Materials-specific parameters in this Hamiltonian
have been determined from well-designed sets of first-principles calculations. We
have performed Monte Carlo simulations of the resulting effective Hamiltonians and
investigated the martensitic transformations in NiTi, PtTi and pure titanium met-
als. Though results of our Monte Carlo simulations underestimate the martensitic
transformation temperature (73;) of these three systems needing further investiga-
tion, they uncovered amazingly rich physics of several coupled order parameters,
which is key to achieving large deformation without plasticity in shape memory
alloys (NiTi and PtTi). We have shown that the unstable Mz phonon mode of
austenite phase of these three materials drives the martensitic transformation as
the primary order parameter. There are SIX other secondary order parameters in
NiTi, and other THREE secondary order parameters in PtTi and Ti, governing their
respective martensitic transformations. Within Landau theoretical analysis of the
effective Hamiltonian, we show that relative strengths of the third-order couplings
of primary order parameter with secondary order parameters fundamentally deter-
mine the symmetry of low-T structures emerging at the structural transformation
in a given material.

In the final stage of this thesis, we have developed a Fourier generalization of
Landau theory, called Fourier-Landau theory, that is essential for a unified descrip-
tion of microstructure and the martensitic transformations in these materials. Using
this theory, we have successfully modeled the path of martensitic transformations

in the group IV B transition metals.
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We summarize our work in a schematic diagram (see Fig. 7.1) which expresses
flow of ideas in the topics covered in this thesis. In summary, we have shown that
first-principles methods are quite powerful as a tool in investigation of structural
stability and low-T properties of materials. These methods provide atomistic infor-
mation to identify relevant degrees of freedom and determine parameters that model
their interactions with an effective Hamiltonian which can be simulated to study fi-

nite temperature properties of materials like structural phase transformations.

First-principles Methods: DFT

Free-energy Phonons Nonlinear elasticity

T~

Symmetry invariant subspace
Order parameters and order parameters

Structural stability

Fourier-Landau theory Effective Hamiltonian

Landau theory Monte Carlo

Martensitic transformations Martensitic transformations
(Ti, Zr and Hf) (NiTi, PtTi and Ti)

Figure 7.1: A schematic summarizing our work presented in this thesis.

The methods developed in this thesis have general applicability, and open up
avenues for further research in physics of materials. Our method to estimate the
contributions of unstable phonons to free-energy can be useful in determination
of thermodynamic properties of many weakly unstable materials. Secondly, the

third-order couplings between the order parameters identified here to be relevant
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to symmetry of martensite phases will be useful as descriptors in design of im-
proved shape memory alloys as calculations of these couplings are relatively easy
within the framework of first-principles simulations. It should be possible to use
the Fourier-Landau theory developed here for martensitic transformations in group
IV B transition metals in understanding and design of a and S-stabilizers. Thus,
most of the work presented in this thesis will be helpful in the design of metallic
alloys with improved properties for smart structures and structural applications in

aerospace and automotive industries.
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